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"DLOPXMFEHNFOUT

1঑঒কঘজঘঙ঑ঢ DBO CF B IFBWJMZ MPBEFE UFSN
 QSJNBSJMZ EVF UP UIF IJTUPSZ JU DBSSJFT XJUI JU� #VU JO B QPTU�
NPEFSO TFUUJOH
 JU DBSSJFT BNPSFNFMMPXNFBOJOH BOE JT BDRVJSFE QJFDFNFBM UIBO UISPVHI B GPSNBM TZT�
UFN� .Z 1I% IBT EF୮ୢOJUFMZ CFFO QPTU�NPEFSO
 JO UIF CFTU QPTTJCMF TFOTF PG UIF UFSN� 5IBOLT UP UXP
QFPQMF GPS NBLJOH JU UIBU XBZ� 5IF GBDU UIBU * IBQQFOFE UP HFU 3BNB (PWJOEBSBKBO BOE /BSBZBOBO
.FOPOBTNZ BEWJTPST JT POF PG UIPTF SBSF TUSPLFT PG MVDL BT UIF FOHVM୮ୢOH PGNJUPDIPOESJB CZ BCBDUFSJB�
5IFZ CPUI IBWF TIPXONPSF UIBO UIFZ IBWF FYQSFTTFE JO XPSET XIBU UIFZ TUBOE GPS BOE IBWF JOTUJMMFE
JO NF B QFSNBOFOU TFOTF PG BXF BU UIFN� 3BNB IBT CFFO UIF HSFBUFTU TVQQPSU BDBEFNJDBMMZ BOE BO
VOKBVOEJDFE GSJFOE PVUTJEF� "MM UIF BSHVNFOUT PO BTZNQUPUJDT
 EPNJOBOU CBMBODF BOE RVFTUJPOJOH
IBT UBVHIU NF IPX UP OFWFS CF TBUJT୮ୢFE XJUI B NBUIFNBUJDBM FYQSFTTJPO
 VOMFTT ZPV VOEFSTUBOE XIBU
JU SFQSFTFOUT QIZTJDBMMZ� 0ODF JO UIF *$54 MBVOESZ SPPN
 * SFNFNCFS IFS UFMMJOH NF BCPVU XIBU LJOE
PG SFTFBSDI *OEJB OFFET BOE XIBU TUBOET JO UIF XBZ PG *OEJB CFDPNJOH B SFTFBSDI TVQFS QPXFS� )FS
DPOTDJPVTOFTT BCPVU TPDJFUZ
 *OEJB BOE UIF OFFE UP CF NVMUJ�DVMUVSBM BSF UIJOHT * XJMM SFNFNCFS� 5IF
BNPVOU PG GSFFEPN TIF IBT HJWFONF UP FYQMPSF
 UP DPMMBCPSBUFXJUI BOZPOF * MJLFE
 XPSL PO B QSPCMFN
PG NZ JOUFSFTU BOE UIF VOCSJEMFE GBJUI JO XIBU * EJE
 IBT JNQBSUFE B TFOTF PG SFTQPOTJCJMJUZ� %VSJOH
POF PG PVS UFB UBCMF BEEॵ
 * SFNFNCFS BTLJOH IFSXIBUNBEF IFS TP QBUJFOU BOE DPNQPTFE FWFO VOEFS
B MPU PG QSFTTVSF�P୭GFOTJWF BSHVNFOUT� 5P UIBU TIF OBSSBUFE UIF TUPSZ PG IJT OFJHICPVS XIP UIPVHI
IBE BMXBZT UIF SJHIU QPJOU OFWFS HBSOFSFE FOPVHI BUUFOUJPO KVTU CFDBVTF PG IPX JSBTDJCMF IFXBT� 5IBU
JT EF୮ୢOJUFMZ B MFTTPO * XPVME MJLF UP MFBSO
 JG OPU OPX CVU BU MFBTU XJUI BHF� * TJODFSFMZ UIBOL IFS GPS BMM
PG UIJT�

* IBWF CFFO JODSFEJCMZ GPSUVOBUF UP IBWF IBE UIF PQQPSUVOJUZ UP XPSL XJUI /BSBZBOBO� )JT IV�
NJMJUZ JT VOQBSBMMFMFE BOE PWFSTIBEPXT IJT LOPXMFEHF BOE VOEFSTUBOEJOH PG QIZTJDT� 8PSLJOH XJUI
/BSBZBOBO JT TP NVDI GVO
 XBUDIJOH IJN XSJUF BMXBZT UIF SJHIU TDBMJOH GPS FYQSFTTJPOT BOE MFBSOJOH
UISPVHI UIPTF TDBMJOH IBT CFFO JNNFOTFMZ JOTJHIUGVM� 4IPX IJN EBUB BOE IF TFFT UIF XIPMF TUPSZ
 IJT
NFUIPE PG JOUFSQSFUJOH EBUB JT TPNFUIJOH * XJTI * DPVME MFBSO� 8IFO JU DPNFT UP GSBNJOH B SFTFBSDI
RVFTUJPO
 IF IBT UBVHIU NF XIBU JT XPSUI BOTXFSJOH BOE XIBU JT OPU� "MM NZ VOEFSTUBOEJOH PG FMBT�
UJDJUZ JT QSJNBSJMZ EVF UP IJN BOE IJT BQQSPBDI PG IPX UIFPSZ TFSWFT B QVSQPTF POMZ XJUI FYQFSJNFOUT
IBT JNQBDUFE NZ UIJOLJOH EFFQMZ� "MTP XIJMF USFBEJOH UIF SFTFBSDI QBUI IF IBT TIPXFE IPX UP NBLF
DMBJNT GSPN SFTVMUT
 OPU TVQFS୯୳VPVT BOE BU UIF TBNF UJNF OPU VOEFSTFMMJOH IBT UBVHIU NF B MPU BCPVU
GBJSOFTT BOE FUIJDT JO SFTFBSDI� * SFNFNCFS BTLJOH IJN PODF JG IF CFMJFWFE JO BOZ أLJOEآ PG QIJMPTPQIZ

IF JO IJT VTVBM SF୮ୢOFE TFMG TBJE *آ BN B NPSF PG MJWF UIF NPNFOU LJOE PG HVZأ� * TUJMM EPOؠU VOEFSTUBOE
XIBU IF NFBOU CVU * JOUFSQSFUFE BT TPNFUIJOH MJLF QIJMPTPQIZ JT GPS QFPQMF PG UIF QBTU BOE XIBUT JN�
QPSUBOU JT UP IBWF GVO� )JT ZFBSOJOH UP MFBSO OFX UIJOHT
 GSPN BOZPOF BOE FWFSZPOF
 IJT LOPXMFEHF
PG BOZUIJOH BOE FWFSZUIJOH
 UIF LJOEOFTT XJUI XIJDI IF IBOEMFT EJ୭୮ୢDVMU TJUVBUJPOT IBWF UBVHIU NF
UIF QPXFS PG DPNQPTVSF� )F IBT CFFO NPSF UIBO B NFOUPS
 BOE B GSJFOE� "U FWFSZ TUBHF PG NZ 1I%
IF IBT CFFO FODPVSBHJOH
 HJWFO NF UIF GSFFEPN UP DPMMBCPSBUF
 MFU NF UBLF NZ PXO QBUI JO SFTFBSDI
BOE IBT BMXBZT XJTIFE 	BOE BMTP QVU JO B MPU PG F୭GPSU
 GPS NZ CFUUFSNFOU� * UIBOL IJN GPS CFJOH XIBU
IF JT�

"G୴FS NPWJOH GSPN )ZEFSBCBE UP #BOHBMPSF
 * BN TP IBQQZ UP IBWF NFU 7JTIBM� 7JTIBM JT B NBO
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DBQBCMF PG BOZUIJOH
 BTL IJN UP EFSJWF ,E7
 IF XJMM EP JU XIFO IF JT IBMG�BXBLF� BTL IJN UP HP GSPN
/BWJFS�4UPLFT UP MVCSJDBUJPO UIFPSZ
 IF XJMM EP UIBU XJUI UIF ESPQ PG B IBU� BTL IJN UP UFBDI ZPV65.
IF XJMM TQFOE B XIPMF BG୴FSOPPO ୯୳PPEJOH ZPVS CSBJO XJUI BMM IJT LOPXMFEHF� 8PSLJOH XJUI IJN IBT
CFFO UIF HSFBUFTU MFBSOJOH FYQFSJFODF JO #BOHBMPSF
 PG DPVSTF ୮ୢMMFE XJUI MPU PG MBVHIUFS� *G UIFSF JT
POF UIJOH * XPVME MJLF UP DBSSZ GSPN XPSLJOH XJUI IJN
 JU JT SJHPVS� /P FRVBUJPO JT UISFBUFOJOH
 OP
JOUFHSBM JT GFBSTPNF
 UIBUT IJT PVUMPPL BOE * XJTI * DPVME MFBSO UIBU GSPN IJN� )F IBT BMXBZT CFFO
FODPVSBHJOH BOE CFFO FYDJUFE CZ FWFSZ QSPCMFN UIBU * GFFM FYDJUFE BCPVU� * UIBOL IJN GPS BMM UIF UJNF
IF IBT TQFOU XJUI NF
 UFBDIJOH NF BMM UIBU * LOPX BCPVU 1%&T�

.FFUJOH +PFM JO )ZEFSBCBE XBT POF PG UIF IBQQJFTU BDDJEFOUT JO NZ 1I%� )F IBT CFFO DPOTUBOUMZ
TVQQPSUJWF BOE IBT QBUJFOUMZ CFFO UIFSF UP MJTUFO UP BMM UIF NJOPS EFUBJMT
 IVSEMFT JO FYQFSJNFOUT BOE
DBMDVMBUJPOT XIFO 3BNB BOE /BSBZBOBO XFSF CVTZ� #FZPOE B GSJFOE
 B NFOUPS
 +PFM JT BO BNB[JOH
SFTFBSDIFS UP MPPL VQ UP� )JT BCJMJUZ UP FTUBCMJTI DPOUBDUT XJUI QFPQMF JO PVS TDJFOUJ୮ୢD DPNNVOJUZ
IBT QSPWFE FYUSFNFMZ VTFGVM GPS NF� )F IBT CFFO BO BNB[JOH IPTU EVSJOH NZ WJTJUT UP #PTUPO BOE
1SJODFUPO� 5IBOLT +PFM GPS CFJOH TVDI BO BDDPNNPEBUJWF QFSTPO
 FTQFDJBMMZ EVSJOH NZ WJTJUT UP 64

BOE 'SBODF� * BN TVSF XF XJMM DPMMBCPSBUF FWFO GVSUIFS JO UJNFT UP DPNF BOE BMM UIF CFTU GPS ZPVS
DBSFFS JO "JY�.BSTFJMMF� %VSJOH POF PG NZ WJTJUT UP "NIFSTU
 * XBT MVDLZ UP DPMMBCPSBUF XJUI #FOOZ
%BWJEPWJDI� )JT SJHPSPVT BUUJUVEF UPXBSET DBMDVMBUJPOT BOE GFFM GPS BTZNQUPUJDT IBWF TVSQSJTFE NF
BMXBZT� * FYUFOE NZ TJODFSF UIBOLT UP #FOOZ GPS TQFOEJOH BMM IJT UJNF UFBDIJOH NF IJT JEFBT
 BOE
EFUBJMFE OPUFT UP FYQMBJO NF UIF DBMDVMBUJPO NFUIPE� * MFBSOU B MPU BCPVU FMBTUJDJUZ EVSJOH UIF TIPSU
WJTJU UIFSF� %VSJOHNZ"NIFSTU WJTJUT
 -FF
 %FFQBL BOE +PFZ IBWF CFFO WFSZ IFMQGVM JO TFUUMJOH JO UIFSF
BOE BMTP XJUI NZ FYQFSJNFOUT� 5IBOLT BMTP UP +PPZPVOH GPS IJT UJNF BOE IFMQJOH NF PVU XJUI ;ZHP�
"MM NPWJF DPOWFSTBUJPOT XJUI %FFQBL BOE XBMLT UP "NIFSTU DFOUFS XJUI (VBOHGFOH XJMM EF୮ୢOJUFMZ CF
SFNFNCFSFE�

5ISPVHI 3BNB BOE /BSBZBOBO * IBWF HPUUFO UP LOPX MPU PG BNB[JOH QFPQMF� 5XP PG XIPN * BN
WFSZ IBQQZ UP IBWF LOPXO BSF 4SJSBN BOE 4IVCIB� 4SJSBN
 * SFNFNCFS XIFO * KPJOFE 5$*4 )ZEFS�
BCBE
 DBNF VQ UPNF BOE JOUSPEVDFE IJNTFMG� .Z QBSFOUT BOE * XFSF BXFTUSVDL BU B JOTUJUVUF %JSFDUPS
CFJOH TP IVNCMF� +VTU XBUDIJOH IJN TQFBL JT B HSFBU TJHIU
 IF JT EFMJHIUFE BCPVU FWFSZUIJOH BOE LOPXT
TPNFUIJOH PS UIF PUIFS BCPVU FWFSZUIJOH� * BN IBQQZ UP IBWF CFFO QBSU PG BMM UIF TVQFS QMFBTBOU DPO�
WFSTBUJPOT XJUI IJN BOE IJT GBNJMZ� 4IVCIB
 * SFNFNCFS PODF IBE BO JOWJUBUJPO UP UBLF TPNFPOF
BMPOH UP B )JOEVTUBOJ DIBNCFS DPODFSU JO #BOKBSB IJMMT� * XBT MVDLZ UP CF UIF POF UP HP XJUI IFS UP
UIF DPODFSU� 4UBSUJOH GSPN UIFO
 UP UIF TUBZT * IBE BU UIFJS QMBDF EVSJOH NZNVMUJQMF WJTJUT UP "NIFSTU
BOE FWFO UIF MBTU WJTJU UP UIFJS QMBDF EVSJOH 5IBOLTHJWJOH IBWF BMM CFFO DSB[Z GVO� 4IF IBT CFFO B HSFBU
QFSTPO UP CPVODF JEFBT
 EJTDVTT TDJFODF
 BSU
 BOE CPPLT� 5IF BNPVOU PG F୭GPSU 4IVCIB BOE/BSBZBOBO
QVU JO BOE UIF IFMQ UIFZ IBWF CFFO EVSJOH NZ TUBZT BU "NIFSTU JT IBSE UP EFTDSJCF BOE * BN TVSF WFSZ
GFX QFPQMF XPVME CF XJMMJOH UP TUSFUDI TP NVDI GPS UIFJS TUVEFOUT� * UIBOL UIFN GSPN UIF CPUUPN
PG NZ IFBSU� *U IBT BMTP CFFO B MPU PG GVO LOPXJOH "DIJO
 ,BCJS
 "DIBMB
 BOE 7JEVS� 5IBOLT BHBJO
UP UIFJS QBSFOUT GPS JOUSPEVDJOH UIFN UP NF� * IBWF BMTP IBE B MPU PG GVO LOPXJOH 4BNSJEEIJ
 XIPTF
XJUUZ &OHMJTI TUZMFE DPNNFOUT
 GBTDJOBUJPO GPS 8PEFIPVTF
 BOE B IZQFS FOUIVTJBTUJD XPSLJOH TUZMF
IBWF JOTQJSFE NF� *U IBT BMTP CFFO HSFBU LOPXJOH )BSJTI
 4NBSBKJU
 1SBTBE
 )BSJ %BT BOE ,JSUIJ
 XIP
IBWF BMM CFFO FODPVSBHJOH�

'JSTU UXP BOE B IBMG ZFBST PG NZ 1I% JO )ZEFSBCBE XBT OPUIJOH CVU SFWFMSZ XJUI BMM BNB[JOH QFP�
QMF BSPVOENF� * IBWF NBOBHFE UP CF JO UPVDI XJUI TFWFSBM PG UIFN TP GBS� * BN IBQQZ UP IBWF LOPXO
+PTF
 $SPPS
 #IBSBU
 4VSCIJ
 1BSWBUIJ
 1SBUIZVTIB
 "OBOZP
 4VSPQSJZB
 3BZBO
 4IVCIBEFFQ� 5IF
BNPVOU PG NJTDIJFG XF BT B HBOH JOEVMHFE JO JT VOQBSBMMFMFE BOE PVS SJEFT UP IBWF "MMBN�-FNPO
DIBJ JO 1BOEFZؠT WFIJDMF UP /BSTJOHJ BSF VOGPSHFUUBCMF� 4QFDJBM UIBOLT UP +PTF GPS SFBEJOH QBSUT PG NZ
UIFTJT BOE HJWJOH FYUSFNFMZ QFSUJOFOU BOE VTFGVM DPNNFOUT� )F IBT BMTP CFFO B HSFBU TPVSDF PG JO�

WJ



TQJSBUJPO JO UFSNT PG UIF QBUJFODF IF FYVEFT BOE BMTP UIF WBSJFUZ PG CPPLT IF SFBET� 5IBOLT +PTF GPS
BMXBZT CFJOH FODPVSBHJOH BOE GPS TIBSJOH ZPVS UFFOBHF .BOHBT XJUI VT� *U IBT CFFO HSFBU BOE TQFDJBM
LOPXJOH 5IFKBT
 XIP TJODF * IBWF LOPXO IJN IBT SFNBJOFE WFSZ DMPTF
 UIPVHI CZ EJTUBODF IBT CFFO
GBS GPS B XIJMF OPX� )JT HPPE LJOE PG JOOPDFODF IBT JOTQJSFE NF BOE IJT QMBZGVMOFTT IBT DIFFSFE NF
EVSJOH MVMMT� 4QFDJBM UIBOLT UP IJN BOE 4VSCIJ GPS LFFQJOH JO UPVDI BOE CFJOH UIFSF� 5IFKBT IBT CFFO B
HSFBU BOE HFOVJOF MJTUFOFS BOE IBT CFDPNFNPSF UIBO B GSJFOE 	* BN TVSF XFXJMM CF JO UPVDI GPS B MPOH
UJNF
� 0VS USJQ UP FBTUFSO &VSPQF BOE UJ୭୮ୢO IPQQJOH JO .BMMFTIXBSBN XJMM CF SFNFNCFSFE� 5IBOLT
5IFKBT� +PJOJOH WJPMJO DMBTTFT BG୴FS NZ ୮ୢSTU WJTJU UP 64 XBT POF PG UIF SJHIU EFDJTJPOT * DBO DPO୮ୢEFOUMZ
TBZ * IBWF UBLFO� (FUUJOH UP LOPX 7BTV TJS
 /JLIJM
 )BSJ
 ,SJTIOBNVSUIZ
 1BUBOKBMJ IBT CFFO B HSFBU
FYQFSJFODF� "MM PVS 6EVQJ DPOWFSTBUJPOT PO EJTDVTTJOH 3BHBT
 UIFJS USFBUNFOU CZ EJ୭GFSFOU MFHFOET
XFSF TVQFS FYDJUJOH� * XJTI * DPVME IBWF NPSF TVDI DPOWFSTBUJPOT� 0VS USJQ UP $PPSH XJUI WJPMJOT PO
PVS CBDL XBT BO VOGPSHFUUBCMF FYQFSJFODF� 5IBOLT GPS CFJOH TVDI BXFTPNF QFPQMF�

"G୴FS NPWJOH UP #BOHBMPSF
 * IBWF HPUUFO UP LOPX BOPUIFS CVODI PG BNB[JOH BOE FRVBMMZ GVO
QFPQMF� *U GFFMT HSFBU UP IBWF LOPXO 1SJZBOLB
 +FNTFFOB
 4BMFFN
 1SJUB
 4BOLBSBO
 .VLFTI
 3BIVM

1VTILBM
 4VNJU
 $IBOEBO
 +BTPO BOE (BZBUSJ� $POUJOVJOH UIF )ZEFSBCBE USBEJUJPO
 BMM UIF UFB UBCMF
DPOWFSTBUJPOT IBWF CFFO TVQFS GVO� 5IF CBENJOUPO HBOH IBT CFFO HSFBU UP CVSTU BMM UIF EBZ�UP�EBZ
TUSFTT
 GPS BMM UIF SPBE USJQT BOE SBWF QBSUJFT� 5IBOLT UP UIFN GPS CFJOH TVDI KPMMZ HPPE DIVNT� (FUUJOH
UP LOPX "EIJQ IBT CFFO TQFDJBM
 IF IBT CFFO B QBSUOFS JO DSJNF 	4UIBZJ

 BOE IBT CFFO WFSZ HFOVJOF

TVQQPSUJWF BOE QSPWJEFE VTFGVM BEWJTF XIFOFWFS * IBWF BTLFE GPS� * UIBOL IJN GPS UIBU BOE XJTI IJN
UIF CFTU GPS IJT GVUVSF� * XPVME MJLF UP TQFDJBMMZ UIBOL 3BIVM $IBKXB BOE 4VNJU #JSXB GPS CFJOH HSFBU
MBC NBUFT� 5IFZ IBWF NBEF XPSLJOH JO ,4 ,SJTIOBO MBC B QMFBTBOU FYQFSJFODF� "MM UIF BDBEFNJD DPO�
WFSTBUJPOT XJUI $IBKXB IBWF CFFO WFSZ VTFGVM
 BOE IF IBT CFFO B HSFBU QFSTPO UP CPVODF JEFBT� )F IBT
BMTP JOTQJSFE BMM PG VT JO UIF MBC UP XPSL
 UISPVHI IJT JNNFOTF IBSE XPSL� 4VNJU IBT CFFO WFSZ TVQ�
QPSUJWF GSPN UIF CFHJOOJOH PGNZ1I%BOEIBT BMXBZT CFFO FODPVSBHJOH� "MM PVS GVO DPOWFSTBUJPOT JO
UIF MBC XJMM EF୮ୢOJUFMZ CF SFNFNCFSFE� * UIBOL IJN GPS CFJOH TVDI B GVO TQPSU� 3JUBCSBUB
 BOE 1SBOBW
IBWF CFFO BNB[JOH ୯୳BU�NBUFT� -JWJOH JO UIF TBNF CVJMEJOH XJUI UIFN IBT CFFO FYUSFNFMZ QFBDFGVM

UIFZ HBWFNF FOPVHI TQBDF BOE3JUBCSBUB UPPL TFWFSBM PG UIF DIPSFT PO IJNTFMG XIJDI SJHIUMZ * TIPVME
IBWF UBLFO B TIBSF� )F IBT BMTP CFFO BO BNB[JOH MJTUFOFS
 CF JU BDBEFNJD JEFBT PS SBOEPN EJTDVTTJPOT

BOE IBT BDUFE SFBMMZ NBUVSF JO TFWFSBM TJUVBUJPOT
 * UIBOL IJN GPS UIBU BOE MJTUFOJOH UP BMM UIF DSBQ *
IBWF CMBCCFSFE� "MM PVS KBNNJOH TFTTJPOT
 IJLFT UP UIF XFTUFSO HIBUT XJMM CF SFNFNCFSFE�

#FJOH JO #BOHBMPSF IBT IBE UIF CJH BEWBOUBHF PG QSPYJNJUZ UP GBNJMZ� 3BN BOE 4SJOJEIJ TUBZFE
DMPTF GPS NPSF UIBO B ZFBS BOE JU XBT TP FBTZ UP ESPQ CZ UIFJS QMBDF GPS UFB
 GPPE BOE NPLLBJ QVUUJOHT�
5IFZ IBWF CFFO IJHIMZ FODPVSBHJOH
 TVQQPSUJWF BOE BMXBZT CFFO UIFSF UP GBMM CBDL� "MM UIF ୮ୢHIUT XJUI
3BN IBWF CFFO TP VTFGVM BT UIFZ IBWF BMXBZT QSPWJEFE QFSTQFDUJWF
 BOE * BN IBQQZ UP IBWF IBE IJN
BT B QBSUOFS JO DSJNF� .Z QBSFOUT BOE 3BN IBWF CFFO UIF HSFBUFTU TVQQPSU UISPVHIPVU NZ MJGF� 5IFZ
IBWF BMXBZT CFFO CZ NZ TJEF TJODF NZ TDIPPM EBZT� * IBE OFWFS JNBHJOFE UIBU * XPVME FOE VQ EPJOH B
1I% JO QIZTJDT CVU XIFO *NBEF UIBU EFDJTJPO
 UIFZ FOEPSTFE JU XJUIPVU UIF TMJHIUFTU PG IFTJUBUJPO� *O
IJOETJHIU * UIJOL NZ QBSFOUT IBWF CFFO WFSZ MJCFSBM BMM UIF XBZ GSPN DIJMEIPPE BOENZ GBUIFSؠT WJTJPO
JT SFBMMZ CFIJOE UIJT PVUMPPL� * BMTP SFBMJTF OPX UIFJS EFMJHIUGVM JOOPDFODF JT SFBMMZ B HJG୴� 'PS B TNBMM
UPXO CPZ MJLF NZTFMG
 B NBKPS QBSU PG NZ VOEFSTUBOEJOH PG XPSME IBT DPNF GSPNNZ QBSFOUT BOE UIFZ
IBWF TQFOU BO JNNFOTF BNPVOU PG F୭GPSU PO VT� *U XPVME CF MVEJDSPVT UP USZ UP UIBOL UIFN IFSF
 BMM
UIBU * DBO EP JT USZ UP TVDDFFE�
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8঎ কঘঘঔ BU UIF NFDIBOJDT PG TMFOEFS FMBTUJD TUSVDUVSFT
 BOE SJHJE TQIFSJDBM QBSUJDMFT JO ୯୳VJE
୯୳PXT JO UIJT UIFTJT� *O UIJT DIBQUFS XF JOUSPEVDF UIF NPUJWBUJPO CFIJOE PVS FOEFBWPVS CZ
CSJF୯୳Z BMMVEJOH UP MJUFSBUVSF ୮ୢSTU BOE EFUBJMJOH UIF TDIFNF PG UIJOHT UIBU BSF IBQQFOJOH JO UIF
୮ୢFME MBUFS�
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&MBTUJD TUSVDUVSFT XJUI POF EJNFOTJPO MPOHFS UIBO PUIFS UXP TJNJMBS EJNFOTJPOT BSF DBMMFE
୮ୢMBNFOUT� 5IFTF ୮ୢMBNFOUT BSF BMM BSPVOE VT
 TUBSUJOH GSPN DJMJBSZ IBJST <��> JOTJEF PVS FBST UP
DBOPQZ PG USFFT <��> JO GBSNT� &YUFSOBM GPSDFT BOE NPNFOUT BQQMJFE PO UIF ୮ୢMBNFOUT JOUSP�
EVDF EFGPSNBUJPOT UIBU DIBOHF UIF ୮ୢMBNFOUؠT TIBQF� " NBKPS VOEFSTUBOEJOH PG UIF NFDIBO�
JDT PG ୮ୢMBNFOUT JO UIF QSFWJPVT DFOUVSZ DBNF BCPVU BTTVNJOH UIFTF EFGPSNBUJPOT UP CF TNBMM�
.BOZ UFYU CPPLT <���
 ��> PONFDIBOJDT PG FMBTUJD TUSVDUVSFT TVDI BT CFBNT QSFTFOU UIF VOEFS�
TUBOEJOH JO UIJT MJNJU PG TNBMM EFGPSNBUJPO� *O UIF TNBMM EFGPSNBUJPO MJNJU
 UIF GPSDFT EVF UP
EFGPSNBUJPO BSF MJOFBS JO UIF EJTQMBDFNFOU ୮ୢFME XIFSFBT MBSHF EFGPSNBUJPONBLFT UIF TZTUFN
PG FRVBUJPOT OPO�MJOFBS 	QSJNBSJMZ BSJTJOH PVU PG HFPNFUSZ SBUIFS UIBO MBSHF TUSBJOT
� 5IPVHI
UIF MJOFBS UIFPSZ IBT QSPWJEFE QSFMJNJOBSZ JOTJHIUT JOUP UIF NFDIBOJDT PG ୮ୢMBNFOUT
 JU IPX�

�



FWFS EPFT OPU DBQUVSF B XJEF SBOHF PG QIFOPNFOB� *U JT UIJT OPO�MJOFBSJUZ UIBU IBT QPTFE B
EJ୭୮ୢDVMUZ JO TFWFSBM TDFOBSJPT BT IBOEMJOH UIF OPO�MJOFBSJUZ CPUI OVNFSJDBMMZ BOE BOBMZUJDBMMZ
IBT QSPWFO UP CF EJ୭୮ୢDVMU�

"OPUIFS BTQFDU PG MBSHF EFGPSNBUJPO JT UIBU HFPNFUSJDBM DPOTUSBJOUT TVDI BT DPOTFSWBUJPO
PG MFOHUI PG ୮ୢMBNFOU QMBZ B WFSZ JNQPSUBOU SPMF� *O GBDU UIFTF HFPNFUSJDBM DPOTUSBJOUT BSF
TUSPOHMZ SFMBUFE UP UIF OPO�MJOFBSJUZ JUTFMG� -BSHF EFGPSNBUJPOT DBO CF QIZTJDBMMZ JOUSPEVDFE
JO UIF ୮ୢMBNFOUT JO UXP QSPUPUZQJDBM NBOOFST� (a) BDSPTT FOUJSF ୮ୢMBNFOU MFOHUI CZ FYUFS�
OBMMZ�JOUFSOBMMZ BQQMJFE GPSDFT BOE NPNFOUT
 (b) MBSHF MPDBMMZ BQQMJFE FYUFSOBM GPSDFT BOE
NPNFOUT� 3FDFOU TUVEJFT <���
 ��
 ��
 ��
 �> JO UIF MBSHF�EFGPSNBUJPO SFHJNF IBWF MPPLFE
BU EJ୭GFSFOU JOTUBCJMJUJFT JO ୮ୢMBNFOUT IPXFWFS UIF TQFDJ୮ୢD SPMF PG OPO�MJOFBSJUZ IBT OPU CFFO
DMFBSMZ BEESFTTFE� 'VSUIFS
 B UZQJDBM XBZ CZ XIJDI UIJT MBSHF EFGPSNBUJPO JT JOUSPEVDFE JO UIF
୮ୢMBNFOU TZTUFN JT UISPVHI OBUVSBM DVSWBUVSF <��
 ��> PS FYUFSOBMMZ BQQMJFE CPEZ GPSDF� *U JT
OPU DMFBS JG UIFTF MBSHF EFGPSNBUJPOT DBO CF JOUSPEVDFE JO PUIFS NBOOFST�

-BSHF EFGPSNBUJPO MPDBMJTFE BU B HJWFO MPDBUJPO PO UIF ୮ୢMBNFOU TVSGBDF IBT CFFO TUVEJFE JO
MJUFSBUVSF <���
 ��> CZ VTJOH UIF DBQJMMBSZ GPSDF PG B MJRVJE ESPQMFU JOUFSGBDF� 4JODF TVSGBDF UFO�
TJPO FYJTUT POMZ BU UIF ESPQMFU JOUFSGBDF
 QMBDJOH UIF FMBTUJD TUSVDUVSF TVDI UIBU UIJT JOUFSGBDF
DPNFT JO DPOUBDU XJUI UIF FMBTUJD TUSVDUVSF FOTVSFT B MPDBMJTFE GPSDF� *O UIF JNQPSUBOU FYQFSJ�
NFOUT PG 1Z FU BM� <���> 	GPMMPXFE CZ TFWFSBM UIFPSFUJDBM TUVEJFT

 B ESPQMFU PG XBUFS JT QMBDFE PO
UPQ PG B TIFFU TVDI UIBU UIF TVSGBDF UFOTJPO GPSDF BU UIF ESPQMFU�TIFFU DPOUBDU MJOF DBO EFGPSN
UIF TIFFU� "T UIF ESPQMFU FWBQPSBUFT UIFZ TBX UIBU UIF DBQJMMBSZ GPSDF BQQMJFE BU UIF DPOUBDU
MJOF EFGPSNFE UIF TIFFU
 FWFOUVBMMZ GPMEJOH JU� 5IJT GPMEJOH NFDIBOJTN UIFZ QSPQPTFE DBO
CF VTFE UP GPME TIFFUT CZ EFTJHO VTJOH DBQJMMBSZ GPSDFT
 TJNJMBS UP UIF QBQFS GPMEJOH UFDIOJRVF
PG 0SJHBNJ� 5IF TIFFU FRVBUJPOT VTFE CZ 1Z FU BM� <���> BSF UIF TBNF BT UIF FRVBUJPOT GPS ୮ୢM�
BNFOUT BT UIFZ BTTVNF JOWBSJBODF JO UIF USBOTWFSTF EJSFDUJPO 	QFSQFOEJDVMBS UP UIF MFOHUI PG
UIF TIFFU
 BOE UIVT UIF JNQMJDBUJPOT EFSJWFE CZ UIFN GPS TIFFUT BSF VTFGVM GPS ୮ୢMBNFOUT BT
XFMM� *O UIFJS FYQFSJNFOUBM SFHJNF
 UIPVHI UIF EFGPSNBUJPOT BU UIF DPOUBDU MJOF BSF MBSHF
 JU
JT IPXFWFS OPU DMFBS XIBU XPVME IBQQFO UP UIF EFGPSNBUJPOT OFBS UIF DPOUBDU MJOF XIFO UIF
TIFFUT�୮ୢMBNFOUT XFSF FYUSFNFMZ UIJO� *O UIF UIJO MJNJU
 XF FYQFDU UP IBWF WFSZ MBSHF MPDBMJTFE
EFGPSNBUJPO CVU UIF TIBQF PG UIJT EFGPSNBUJPO JT OPU SFBMMZ VOEFSTUPPE� 5IF HFOFSBM RVFT�
UJPO PG IPX MBSHF MPDBMJTFE GPSDFT PO UIFTF FMBTUJD TUSVDUVSFT B୭GFDU HMPCBM NFBTVSBCMF GFBUVSFT
JT WFSZ NVDI BO PQFO RVFTUJPO�

*O UIJT UIFTJT XF MPPL BU UISFF FYBNQMFT XIFSF MBSHF EFGPSNBUJPO QMBZT BO JNQPSUBOU SPMF
JO EFUFSNJOJOH UIF NPSQIPMPHZ PG ୮ୢMBNFOUT� (i) JO UIF ୮ୢSTU TFU PG FYQFSJNFOUT XF BEESFTT

�



UIF RVFTUJPO PG SPMF PG OPO�MJOFBSJUZ JO UIF EZOBNJDT PG FMBTUJD ୮ୢMBNFOUT CZ QFSGPSNJOH FY�
QFSJNFOUT BOE EFSJWJOH JNQMJDBUJPOT GSPN UIF OPO�MJOFBS NPEFM EFWFMPQFE CZ(PMETUFJO BOE
-BOHFS <��> GPS TUJ୭G QPMZNFST
 (ii) BT B XBZ UP JOUSPEVDF MBSHF EFGPSNBUJPO BDSPTT UIF MFOHUI
PG UIF ୮ୢMBNFOU
 XF CSJOH JO UIF BTQFDU PG HFPNFUSZ PG UIF TVCTUSBUF PWFS XIJDI ୮ୢMBNFOU MJWFT�
#Z DIBOHJOH UIF TIBQF PG UIF TVCTUSBUF
 XF DBO JOUSPEVDF EJ୭GFSFOU LJOET PG CPEZ GPSDF BT B
DPOTFRVFODF UP UIF OPSNBM SFBDUJPO GSPN UIF TVCTUSBUF� *O PVS TFDPOE TFU PG FYQFSJNFOUT
 XF
JOUSPEVDF TVCTUSBUF HFPNFUSZ VTJOH TPBQ CVCCMFT XIJDI IPME UIF FMBTUJD ୮ୢMBNFOU UP JU TVSGBDF�
8F UIFO BTL IPX EPFT MBSHF EFGPSNBUJPO JOUSPEVDFE OPX UISPVHI UIF CVCCMF NPEJGZ UIF ୮ୢM�
BNFOU TIBQF
 (iii) PVS MBTU TFU PG FYQFSJNFOUT UP VOEFSTUBOE UIF F୭GFDUT PG WFSZ MBSHF MPDBMJTFE
GPSDF BU B HJWFO MPDBUJPO PO UIF ୮ୢMBNFOU TVSGBDF VTFT DBQJMMBSZ GPSDFT
 TJNJMBS UP 1Z FU BM� <���>

CVU OPX JO UIF MJNJU PG WFSZ UIJO ୮ୢMBNFOUT� 8F MPPL BU UIF TIBQF UIF WFSZ UIJO ୮ୢMBNFOU UBLFT
XIFO MBSHF BNQMJUVEF PG DBQJMMBSZ GPSDF JT BQQMJFE�

5IPVHI UIF GPDVT PG UIF FYQFSJNFOUT BOE UIF TVQQMFNFOUJOH UIFPSZ BSF UP VOEFSTUBOE
UIF F୭GFDUT PG OPO�MJOFBSJUZ
 XF BMTP MPPL BU PUIFS BTQFDUT JO UIF FYQFSJNFOU XIJDI BSF IJUIFSUP
VOLOPXO� *O FBDI PG UIF FYQFSJNFOUT
 XF MPPL BU EJ୭GFSFOU NPSQIPMPHJFT PG UIF ୮ୢMBNFOU
UISPVHI UIF MFOT PG DPO୮ୢOFNFOU WT CFOEBCJMJUZ 	BT EFUBJMFE MBUFS JO UIJT DIBQUFS
� 8F ୮ୢOE UIF
QIBTF TQBDF PG ୮ୢMBNFOU TIBQFT JO UIFTF TFUUJOHT UISPVHI UIFPSFUJDBM DBMDVMBUJPOT
 FWFO UIPVHI
XF BSF MJNJUFE CZ FYQFSJNFOUBM DBQBCJMJUJFT UP FYQMPSF BMM PG UIFN JO FYQFSJNFOUT�

��� 1ঊছঝ঒ঌক঎জ ঒গ একঞ঒঍জ

%ZOBNJDT PG QBSUJDMFT JO ୯୳PX JT TUVEJFE CZ EJ୭GFSFOU DPNNVOJUJFT XJUI WBSJFE JOUFSFTUT TVDI
BT UP VOEFSTUBOE QIZTJDT PG FNVMTJPOT <��>
 EZOBNJDT PG NJDSPPSHBOJTNT JO ୯୳PXT <��>
 EZ�
OBNJDT PG EVTU JO BUNPTQIFSF <��> BOE TP PO� 4UVEZ PG QBSUJDMFT JO ୯୳VJE ୯୳PXT EBUF CBDL UP
UIF UJNF PG 4UPLFT <��> JO ��UI DFOUVSZ� 5IF TPMVUJPO UP UIF TUFBEZ TUBUF QSPCMFN XIFSF UIF
GPSDF PO TFEJNFOUJOH QBSUJDMF JT CBMBODFE CZ ESBH GPSDFXBT TPMWFE CZ 4UPLFT� 5IF UJNF EFQFO�
EFOU QSPCMFN XBT GPVOE UP CF NPSF EJ୭୮ୢDVMU UIBO UIF TUBUJPOBSZ QSPCMFN BOE JU XBT TPMWFE
CZ #BTTFU <��>
 JO IJT USFBUJTF PO IZESPEZOBNJDT JO ����� 5IF TPMVUJPOXBT TIPXO UP JOWPMWF B
IJTUPSZ JOUFHSBM
 OPXOBNFE BG୴FS #BTTFU IJNTFMG
 XIFSF UIF GPSDF PO B QBSUJDMF EFQFOET PO UIF
FOUJSF WFMPDJUZ BMPOH USBKFDUPSZ JU IBT USBWFMFE UJMM UIBU UJNF JOTUBOU� 5IFTF TPMVUJPOT IPXFWFS
EP OPU BDDPVOU GPS UIF ୮ୢOJUF 3FZOPMET OVNCFS F୭GFDUT
 XIJDI CFDPNF JNQPSUBOU BU MBUF UJNFT
BU BOZ WBMVF PG 3FZOPMET OVNCFS� 5IJT QSPCMFN PG BDDPVOUJOH GPS ୮ୢOJUF 3FZOPMET OVNCFS
F୭GFDUT XBT TPMWFE JO UIF MBOENBSL XPSL PG -PWBMFOUJ BOE #SBEZ <��
 ��>� 5IF XPSL XBT FY�
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IBVTUJWF
 IPXFWFS UIF TPMVUJPO PCUBJOFEXBT DPNQMFY BOEXBT OPU FYUFOEFE UPNBOZ QBSUJDMF
TZTUFNT� $PNQMFY TZTUFNT TVDI BT QBSUJDMFT JO UVSCVMFODF
 XIJDI BSF SFMFWBOU UP VOEFSTUBOE
EZOBNJDT PG SBJO GPSNBUJPO <��
 ��>
 BHHSFHBUJPO PG QIZUPQMBOLUPO <��
 ��> JO PDFBO BSF MJN�
JUFE CZ UIF FYUFOTJPO PG UIF TJOHMF QBSUJDMF TZTUFN UP NBOZ QBSUJDMF EZOBNJDT� 5IVT UIFSF
FYJTUT B CPUUMFOFDL UP ୮ୢSTUMZ SFTPMWF UIF JTTVF PG F୭GFDUT PG IJTUPSZ JOUFHSBM
 JG JU JT JNQPSUBOU
BOE JG TP JO UIF LJOE PG TDFOBSJPT XIFSF UIFZ BSF SFMFWBOU�

"OPUIFS BTQFDU PG UIF IJTUPSZ GPSDF
 XIJDI XBT POMZ SFDFOUMZ VOEFSTUPPE JT JUT TJOHVMBS OB�
UVSF <��> BU UIF JOJUJBM UJNF JOTUBOU� 5IF PSJHJOBM TPMVUJPO PG #BTTFU SFTVMUFE JO BO VOQIZTJDBM
JOUFHSBM USBWFSTJOH GSPN−∞ UP t
 BMPOH UIF FOUJSF USBKFDUPSZ PG QBSUJDMF� 'BSB[NBOE FU BM� <��>
TIPXFE UIBU UIF #BTTFU GPSDF IBT B TJOHVMBS DPOUSJCVUJPO JG JU TUBSUFE BU t = 0� 5IF OVNFSJ�
DBM NFUIPET UIBU FYJTU TP GBS <���
 ��> EP OPU JODMVEF UIF TJOHVMBS DPOUSJCVUJPO
 IPXFWFS UIFZ
FWBMVBUF UIF JOUFHSBM VTJOH B RVBESBUVSF TDIFNF� 5IFTF TDIFNFT
 UIPVHI QSPWJEFE JOJUJBM VO�
EFSTUBOEJOH PG UIF EZOBNJDT PG QBSUJDMFT XJUI IJTUPSZ F୭GFDUT BDDPVOUFE JO UVSCVMFODF <���>

JU IBT GBJMFE UP DSFBUF BO JNQBDU JO TFWFSBM TDFOBSJPT EVF UP UIF MBSHFNFNPSZ SFRVJSFNFOUT 	UP
TUPSF UIF USBKFDUPSZ PG QBSUJDMFT
� 5IVT XF PCTFSWF UIBU B OVNFSJDBM UFDIOJRVF XJUI MPXNFN�
PSZ DPTU JT BO JNNFEJBUF OFFE BOE BMTP CF BO F୭GFDUJWF XBZ UP BDDPVOU GPS UIF ୮ୢOJUF 3FZOPMET
OVNCFS F୭GFDUT� *O UIJT UIFTJT XF BEESFTT UIF JTTVFT SFMBUFE UP TUPSJOH UIF IJTUPSZ GPSDF CZ
B OPWFM UFDIOJRVF UIBU NBQT UIF OPO�MPDBM IJTUPSZ UFSN BT B MPDBM UFSN CZ UIF UFDIOJRVF PG
EPNBJO FYUFOTJPO� 8F ୮ୢOE FYBDU TPMVUJPO GPS BMM UJNF EFQFOEFOU TQBDF JOEFQFOEFOU ୯୳PX
WFMPDJUJFT� 6TJOH UIJT UFDIOJRVF
 XF DPNF VQ XJUI B TQFDUSBMMZ BDDVSBUF OVNFSJDBM UFDIOJRVF
UIBU DBQUVSFT UIF IJTUPSZ XJUI POMZ B DPOTUBOU NFNPSZ DPTU
 JOEFQFOEFOU PG UJNF GPS HFOFSJD
OPO�MJOFBS ୯୳PX ୮ୢFMET�

��� #঒ছ঍ؠজ ঎ঢ঎ ট঒঎ঠ ঘএ ক঒ঝ঎ছঊঝঞছ঎

.PEFSO TDJFODF DBO CF TFFO BT B DPOUJOVBUJPO PG OBUVSBM QIJMPTPQIZ
 TIFE PG BMM UIF TPDJPMPH�
JDBM TIBDLMFT UIBU JU XBT CPVOE CZ EVSJOH JUT UJNF� 6OEFSTUBOEJOH QIFOPNFOB PDDVSSJOH JO
OBUVSF JT B UIFNF OPU OFX CVU BODJFOU <���>
 IPXFWFS UIF NPOPDMF XJUI XIJDI XF PCTFSWF
BOE EFTDSJCF UIF OBUVSBM QIFOPNFOB IBT VOEFSHPOF TFWFSBM DIBOHFT� 5IFTF OBUVSBM QSPDFTTFT
UIBU PDDVS BU PCTFSWBCMF MFOHUI TDBMFT∼ O(µm)−O(km) BOE UJNF TDBMFT∼ O(sec)−O(hr)

BSF HFOFSBMMZ QFSDFJWBCMF CZ IVNBO CFJOHT� *U JT VTVBMMZ QPSUSBZFE CZ CPUI UIF QPQVMBS NF�
EJB�CPPLT BOE HSBEVBUF MFWFM DPVSTFT UIBU UIJT IVNBO QFSDFJWBCMF SFHJNF JT BMM VOEFSTUPPE�
)PXFWFS
 UIJT JT GBS GSPN UIF USVUI BT QIFOPNFOB TVDI BT MPPQ GPSNBUJPO JO MFBG WFJO <��>
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MPDPNPUJPOPG TNBMM BRVBUJDXJMEMJGF <��
 ��>
 BHHSFHBUJPOPGQIZUPQMBOLUPO <��
 ��>
NPSQIPM�
PHZ PG IBJS <��
 ��>
 TOBQQJOH PG WFOVT ୯୳ZUSBQ <��>
 QFUBM GPSNBUJPO JO QMBOUT <��>
 JOTFDU BOE
CJSE ୯୳JHIU <���>
 XSJOLMJOH PG TLJO <��>
 TVMDJ�HZSJ HFOFSBUJPO JO CSBJO <��>
 WJMMJ DSFBUJPO JO
UIF HVU <���>
 DMJNCJOH PG DSFFQFST BSPVOE B QPMF <���>
 ESJOLJOH NFDIBOJTN JO CJSET BOE BOJ�
NBMT <�
 ���
 ���>
 TXJNNJOHPG MBSHF TDBMF PSHBOJTNT TVDI BT TIBSLT BOEXIBMFT <��>
 TXBSNJOH
PG CJSET BOE JOTFDUT <��
 ���
 ���>
 GPSNBUJPO PG DMPVE BOE SBJOGBMM <���
 ���
 ��
 ��> FUD� BSF BMM
UPQJDT PG SFDFOU�DVSSFOU SFTFBSDI BOE B NBKPS JOJUJBUJPO JOUP UIFJS VOEFSTUBOEJOH IBT UBLFO
QMBDF POMZ JO UIF MBTU UXP EFDBEFT� 5IFTF RVFTUJPOT XIJDI POF XPVME JNBHJOF UP IBWF QSPTBJD
BOTXFST
 IBWF CFFO TIPXO UP IBWF DPNQMJDBUFE BOTXFST NBUIFNBUJDBMMZ NPSF PG୴FO UIBO OPU�
"O JNQPSUBOU BTQFDU PG BMM UIFTF FYBNQMFT JT UIF SPMF PG NFDIBOJDT
 XIFSF B TQFDJ୮ୢD GVODUJPO
PS GFBUVSF JO UIFTF TZTUFNT BSJTFT PVU PG UIF JOUFSQMBZ CFUXFFO GPSDFT�

5IF NPUJWBUJPO CFIJOE UIFTF SFTFBSDIFT XFSF PG୴FO QVSFMZ GVOEBNFOUBM
 CVU IBWF IFBWJMZ
CFFO CPSSPXFE GPS VTFGVM XPSL MBUFMZ� %FWFMPQNFOUT JO QPMZNFS UFDIOPMPHZ BOE �%QSJOUFST
IBWF MFE UP BSUJ୮ୢDJBM EFTJHOT JO B MBCPSBUPSZ UP NJNJD OBUVSBMMZ PDDVSSJOH QIFOPNFOB� 5IFTF
IBWF QSPWJEFE B OFX NFUIPEPMPHZ UP EFBM XJUI DPNQMJDBUFE RVFTUJPOT GPS XIJDI OBUVSF BM�
SFBEZ IBT BO BOTXFS
 PQUJNBM PS PUIFSXJTF� 7BSJPVT SPCPUJDT UFDIOPMPHZ TVDI BT TXJNNFST
BOE BNQIJCJBO SPCPUT PG 1MJBOU &OFSHZ 4ZTUFNT <��>
 'FTUP)સ
 TPG୴ SPCPUT UIBU NJNJD UIF
IBOE
 ୮ୢOHFST BOE MFH <���>
 PS,JSJHBNJ JOTQJSFE TOBLFCPUT <���> BSF BOPVUDPNFPG UIJT TDIFNF
PG UIJOLJOH� 5IJT UIFNF PG OBUVSF JOTQJSFE SPCPUJDT IBT MBVODIFE UIF ୮ୢFME PG MPDPNPUJPO JO
FTPUFSJD FOWJSPONFOUT GPS XIJDI USBEJUJPOBM TPMVUJPOT UP NJHSBUJPO EP OPU XPSL� 4VDI B EF�
TJHO QSJODJQMF JT CBDLFE CZ UIF SFBTPOJOH UIBU OBUVSF IBT IBE UJNF CZ JUT TJEF UP FYQFSJNFOU
XJUI USJBM BOE FSSPS UP BSSJWF BU B TPMVUJPO�

"MM UIFTF IVNBO�NBEF SPCPUT BOE FWPMVUJPO�NPEVMBUFE PSHBOJTNT FNQMPZ JOTUBCJMJUJFT UP
FYFDVUF B TQFDJ୮ୢD SFTQPOTF� #Z JOTUBCJMJUZ XFNFBO UIBU UIF SFTQPOTF FYFDVUFE JOWPMWFT B USBO�
TJUJPO GSPN POF FRVJMJCSJVN TUBUF UP BOPUIFS TUBUF CZ UVOJOH B QBSBNFUFS� 4PNF FYBNQMFT
GSPN UIF BRVBUJD XPSME JODMVEF WBSJPVT TXJNNJOH NFDIBOJTNT� NPUJPO CZ HFOFSBUJOH USBW�
FMJOH XBWFT JO KFMMZ୮ୢTI
 ୯୳BQQJOH ୯୳BHFMMB JO TQFSNT
 XBHHJOH ୮ୢOT BOE�PS UBJM JO TIBSLT <��
 ��>�
5IFTF JOTUBCJMJUJFT UIBU SFTVMU JO MPDPNPUJPO BSF HFOFSBUFE JO UIFTF BOJNBMT WJB BO BDUJWF QSP�
DFTT UIBU BDUVBUF UIF NVTDMFT PS ୯୳BHFMMB� 5IF BDUJWF QSPDFTTFT UIBU EFUFSNJOF UIF BOJNBMؠT
BCJMJUZ UP NPWF VTVBMMZ IBWF B GFFECBDL SFTQPOTF XIFSF UIF BNPVOU PG GPSDF PS UPSRVF UIF
QSPQFMMJOH NFDIBOJTN HFOFSBUFT JT B GVODUJPO PG JUT FOWJSPONFOU� 5IVT JO PSEFS UP VOEFS�
TUBOE UIF NFDIBOJTN PG QSPQVMTJPO JO UIFTF BOJNBMT
 JU CFDPNFT NBOEBUPSZ UP QSJNBSJMZ
VOEFSTUBOE UIF JOTUBCJMJUZ BOE BMTP NBQ UIF GFFECBDL OFUXPSL UIBU EFUFSNJOFT UIF BOJNBMؠT

�



SFTQPOTF� 5IFSF TUJMM EPFT OPU FYJTU BO FYBNQMF XIFSF IVNBOT IBWF CFFO BCMF UP SFQSPEVDF
FYBDUMZ UIF GFFECBDL OFUXPSL BOE UIF JOTUBCJMJUZ NFDIBOJDT XF PCTFSWF JO OBUVSF� " TUFQ JO
UIJT EJSFDUJPO JT UIF POF UBLFO CZ BEWBODF SPCPUJDT MBCT TVDI BT #PTUPO %ZOBNJDT�

*OTUBCJMJUJFT IBWF BMTP CFFO QSPQPTFE UP IBSOFTT VTFGVM XPSL JO NBOVGBDUVSJOH UFDIOPMP�
HJFT CZ VTJOH UIF GBDU UIBU UIF QBUUFSO GPSNFE BT B DPOTFRVFODF PG UIF JOTUBCJMJUZ JT QSFDJTF <��

���> BOE NPTU PG୴FO FBTJMZ SFQSPEVDJCMF� 4PNF FYBNQMFT GSPN SFDFOU SFTFBSDI JODMVEF QBU�
UFSOJOH B TVCTUSBUF VTJOH XSJOLMFT PG TQFDJ୮ୢFE XBWFMFOHUI <��
 ��>
 GBCSJDBUJOH UIJO FMBTUJD
TIFMMT <��>
 QBSDFMJOH UJOZ MJRVJE ESPQMFUT <���
 ��>
 DSFBUJOH MFOTFT VTJOH 3BZMFJHI�5BZMPS JO�
TUBCJMJUZ <��>
 BOE NBOVGBDUVSJOH MPOH ୮ୢMBNFOUT NBEF PVU PG HMBTT <��>�

����� $কঊজজ঒এ঒ঌঊঝ঒ঘগ ঘএ জঘক঒঍জ ঊগ঍ ক঒હঞ঒঍জ

&WFSZ QIFOPNFOPO EFTDSJCFE TP GBS JOWPMWFT FJUIFS PG UIF UXP DMBTT PG NBUFSJBMT� FMBTUJD TPMJET
PS WJTDPVT MJRVJET� &MBTUJD TPMJET CBTFE PO UIFJS HFPNFUSJD BTQFDUT DBO CF DMBTTJ୮ୢFE FJUIFS BT
CVML TPMJET
 TIFFUT
 TIFMMT
 SJCCPOT PS ୮ୢMBNFOUT <��
 ��>� 8IFO l, w, t BSF UIF MFOHUI
 XJEUI
BOE UIJDLOFTT PG BO FMBTUJD TUSVDUVSF
 JU DBO CF CPYFE JOUP POF PG UIF GPMMPXJOH DBUFHPSJFT
CBTFE PO UIF DSJUFSJB�

#VML TPMJET : l ∼ w ∼ t,

4IFFUT : l ∼ w ≫ t,

3JCCPOT : l ≫ w ≫ t,

'JMBNFOUT : l ≫ w ∼ t.

4IFMMT BSF TIFFUT XJUI JOUSJOTJD DVSWBUVSF
 XIPTF QSJODJQBM SBEJVT PG DVSWBUVSF JT DPNQBSBCMF
UP UIBU PG UIF MBSHFTU EJNFOTJPO PG UIF TIFFU� &BDI DMBTT PG UIFTF FMBTUJD PCKFDUT IBT EJTUJODUNF�
DIBOJDT CBTFE PO UIF GPSDFT UIFZ FYQFSJFODF
 NBLJOH UIJT DPEJ୮ୢDBUJPO XPSUIXIJMF� 7JTDPVT
୯୳VJET PO UIF PUIFS IBOE NBOJGFTU UIFNTFMWFT BT TIBMMPX PS EFFQ CBTFE PO UIF HFPNFUSJD TFU�
UJOH JO XIJDI UIFZ BSF DPO୮ୢOFE� %ZOBNJDT JO WJTDPVT ୯୳VJET BSF BMTP DMBTTJ୮ୢFE CBTFE PO UIF
WJTDPTJUZ PG UIF ୯୳VJE
 XIFSF BU WFSZ IJHI WBMVFT PG WJTDPTJUZ UIFZ SFEVDF UP UIF UJNF�SFWFSTJCMF
4UPLFT SFHJNF BOE BU NPEFSBUF�MPX WJTDPTJUZ UIFZ BSF JO UIF JOFSUJBM SFHJNF�

&MBTUJD TPMJET BSF BMTP GVOEBNFOUBMMZ EJ୭GFSFOU GSPN WJTDPVT ୯୳VJET CFDBVTF ୯୳VJET VOEFSHP
TIFBS UP BSCJUSBSZ BNQMJUVEFT XIFO UIFZ BSF BQQMJFE B DPOTUBOU TUSBJO
 XIFSFBT FMBTUJD TPMJET
SFTJTU TUSBJO� "U B DPOTUBOU BQQMJFE TUSFTT
 ୯୳VJET TIFBS BU B SBUF EFQFOEFOU PO UIFJS WJTDPTJUZ
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Figure 1.1: (a) Schematic of a load hanging at the end of a beam, a problem considered by Galileo in 1638
in his publication Discorsi e Dimostrazioni Matematiche Intorno a Due Nuove Scienze. (b) Problem of the shape
of a `spring' with a hanging weight considered by Bernoulli published in Curvatura Laminae Elasticae in 1694.
(c) Euler's solution in his work Methodus Inveniendi Lineas Curvas Maximi Minimive Proprietate Gaudentes in
1744, to the problemproposed byBernoulli showing different shapes the filament takes, described by elliptic
functions.
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XIJMF FMBTUJD TPMJET FYQFSJFODF B TUSBJO UIBU EFQFOET PO JUT TUJ୭GOFTT� 5IJT GVOEBNFOUBM EJG�
GFSFODF CFUXFFO BO FMBTUJD TPMJE BOE B ୯୳VJE NBOJGFTUT JUTFMG JO JNQPSUBOU NBOOFST� 0OF PG
UIF EJ୭GFSFODFT CFJOH UIBU FMBTUJD TZTUFNT BSF FOFSHZ DPOTFSWJOH
 BOE BSF EFTDSJCBCMF VTJOH UIF
)BNJMUPOJBO GSBNFXPSL� 'MVJE TZTUFNT PO UIF PUIFS IBOE BSF JOUSJOTJDBMMZ EJTTJQBUJWF
 BOE
BSF ESJWFO PVU PG FRVJMJCSJVN JO PSEFS UP GPSNQBUUFSOT� "O JTPUSPQJD FMBTUJD TPMJE
 XIJDI JT PG
JOUFSFTU JO UIJT FOUJSF UIFTJT
 DBO CF MBCFMMFE CZ UXP DPOTUBOUT� E � :PVOHؠT NPEVMVT
 νp � 1PJT�
TPOؠT SBUJP� " WJTDPVT ୯୳VJE PO UIF PUIFS IBOE JT EFTDSJCFE CZ JUT WJTDPTJUZ
 µ� :PVOHؠTNPEVMVT
PG BO FMBTUJD NBUFSJBM JT UIF DPOTUBOU PG QSPQPSUJPOBMJUZ UIBU SFMBUFT UIF BQQMJFE OPSNBM TUSFTT
BOE UIF SFTVMUJOH TUSBJO JO UIF NBUFSJBM� νp PO UIF PUIFS IBOE JT UIF BNPVOU PG USBOTWFSTBM FY�
QBOTJPO UIBU B NBUFSJBM PG DPOTUBOU WPMVNF VOEFSHPFT JG JU JT DPNQSFTTFE BYJBMMZ� µ PG B ୯୳VJE
JT UIF DPF୭୮ୢDJFOU UIBU SFMBUFT BQQMJFE TUSFTT BOE SFTVMUJOH TIFBS JO B ୯୳VJE�

��� *গ঎ডঝ঎গজ঒ঋক঎ '঒কঊখ঎গঝজ � ঝ঑঎ أࠟࠡࠧ࠲࠱ࠟࠪࠣآ ক঒খ঒ঝ

4MFOEFS FMBTUJD TUSVDUVSFT JO XIPN POF EJNFOTJPO JT NVDI MBSHFS UIBO PUIFS UXP TJNJMBS EJ�
NFOTJPOT BSF DBMMFE ୮ୢMBNFOUT� *G UIF MFOHUI PG UIFTF ୮ୢMBNFOUT BSF QSFTFSWFE VOEFS EFGPSNB�
UJPO PG UIF TUSVDUVSF
 UIFZ BSF UFSNFE �أFMBTUJDBآ &VMFS EFTDSJCFE UIF NBUIFNBUJDBM RVFTUJPO
PG TIBQF PG FMBTUJDB VOEFS TFWFSBM QSPUPUZQJDBM DPO୮ୢHVSBUJPOT
 BT B TPMVUJPO UP B QSPCMFN QSP�
QPTFE CZ +BNFT #FSOPVMMJ JO ����
 TDIFNBUJDBMMZ TIPXO JO ୮ୢH� ���� 1MFBTF SFGFS UP -FWJFO FU
BM� <��> GPS B EFUBJM SFWJFX PG UIF IJTUPSZ PG UIF QSPCMFN� 5IF FMBTUJDB BQQSPYJNBUFT XFMM
UIF TIBQF PG ୮ୢMBNFOUT VOEFS NPEFSBUF MPBEJOH GPS UIF GPMMPXJOH SFBTPOT� 5IF BSHVNFOU
QSFTFOUFE IFSF JT B QBSBQISBTFE WFSTJPO PG UIF TDBMJOH EJTDVTTFE JO UIF CPPL PG "VEPMZ BOE
1PNFBV <��>�

$POTJEFS B UZQJDBM GPSDF F BDUJOH PO B ୮ୢMBNFOU PG MFOHUI l BOE UIJDLOFTT t
 UIJT HFOFSBUFT B
TUSFUDIJOH HJWFO CZ�

ε ∼ F

Et2
,

XIFSF XF IBWF KVTU VTFE UIF SFMBUJPO UIBU TUSFTT JT QSPQPSUJPOBM UP TUSBJO XJUI B DPOTUBOU E

UIF :PVOHؠT NPEVMVT
 t2 IFSF JT KVTU UIF NBOOFS JO XIJDI UIF BSFB TDBMFT
 BOE ε JT OPUIJOH
CVU UIF TUSFUDIJOH EFGPSNBUJPO� 8F DBO BMTP VTF UIF GVOEBNFOUBM MBX PG CFOEJOH UIBU SFMBUFT
CFOEJOH NPNFOU UP UIF GPSDF BQQMJFE
 HJWFO CZ�

Fl ∼ EIκ,

��



XIFSF I ∼ t4 JT UIF BSFB NPNFOU GPS B ୮ୢMBNFOU PG DJSDVMBS DSPTT�TFDUJPO
 κ JT UIF DVSWBUVSF
EVF UP UIF BQQMJFE GPSDF� 'SPN UIJT XF DBO XSJUF�

κ

1/l
∼ F

Et2

(
l

t

)2

.

'SPN UIF BCPWF UXP SFMBUJPOT XF HFU�

ε ∼ κ

1/l

(
t

l

)2

,

GSPN XIJDI
 HJWFO UIBU l ≫ t GPS BMM ୮ୢMBNFOUT
 XF IBWF ε≪ 1� 5IJT TJNQMZ NFBOT UIBU XIFO
B ୮ୢMBNFOU FYQFSJFODFT B GPSDF F 
 UIF BYJBM TUSBJO JU FYQFSJFODFT JT WFSZ TNBMM BT B DPOTFRVFODF
TJNQMZ PG UIF BTQFDU SBUJP PG UIF ୮ୢMBNFOU BOE JUT NFDIBOJDT� /PX UIBU XF TFF GPS NPEFSBUF
BNQMJUVEFT PG GPSDFT
 UIF ୮ୢMBNFOU SFNBJOT JOFYUFOTJCMF UP MFBEJOH PSEFS� 8F OPX MPPL BU TFW�
FSBM TDFOBSJPT JO XIJDI UIF JOFYUFOTJCMF NPEFM IBT CFFO FNQMPZFE UP VOEFSTUBOE B QBSUJDVMBS
QIFOPNFOPO�

����� 4ঝঊঝ঒ঌজ

'JMBNFOUT IBWF UXPNPEFT PG CFOEJOH EFGPSNBUJPO BOE POF NPEF PG UPSTJPOBM EFGPSNBUJPO�
8IFO UIF ୮ୢMBNFOU JT DPO୮ୢOFE UP B QMBOBS TVSGBDF
 UIJT SFEVDFT UP POMZ POF CFOEJOH NPEF�
'JMBNFOUT DBO VOEFSHP JOTUBCJMJUJFT JO �% CZ VOEFSHPJOH USBOTGPSNBUJPO POMZ JO UIJT NPEF�
5IJT TJNQMF �% TZTUFN IBT CFFO FYQMPSFE JO EFUBJM JO TFWFSBM QIZTJDBM TDFOBSJPT TVDI BT� &VMFS�
CVDLMJOH XIFSF UIF ୮ୢMBNFOU�CFBN CVDLMFT XIFO JU FYQFSJFODFT BO FYUFSOBM MPBE <��>� VOEFS�
TUBOEJOH EJ୭GFSFOU NPSQIPMPHJFT PG IBJS XIFSF HSBWJUZ DPNQFUFT JO DIBOHJOH BO JOUSJOTJDBMMZ
DVSWFE IBJSؠT TIBQF 	EVF UP UIF DIFNJTUSZ JOWPMWFE QFQUJEF CPOE GPSNJOH QSPDFTT
 <��>� TOBQ�
QJOH PG B CVDLMFE CFBN XIFSF UIF CFBN JOJUJBMMZ CVDLMFE HPFT VOTUBCMF XIFO B QPJOU�GPSDF
JT BQQMJFE BU B HJWFO MPDBUJPO JO UIF CFBN <���>� XSJOLMF GPSNBUJPO JO B CFBN VOEFSHPJOH
DPNQSFTTJPO XIFO UIF ୮ୢMBNFOU JT CPVOE UP B TVCTUSBUF TVDI BT B XBUFS CBUI <���>�

5IF �% QSPCMFN PO UIF PUIFS IBOE
 EVF UP UIF DPNQMFYJUZ JOWPMWFE JO TPMWJOH UIF GPSDF
BOE NPNFOU CBMBODF FRVBUJPOT 	,JSDIIP୭G FRVBUJPOT
 JT MFTT FYQMPSFE BOBMZUJDBMMZ UIBO UIF
�% DPVOUFSQBSU� 5IF OVNFSJDBM UFDIOJRVFT SFRVJSFE UP TPMWF UIFTF FRVBUJPOT BSF BMTP DPN�
QMFY EVF UP UIF TUJ୭G HFPNFUSJD DPOTUSBJOUT UIF FMBTUJD TZTUFN OFFET UP TBUJTGZ� 5IJT MFE UP TQF�
DJBM UFDIOJRVFT TVDI BT%JTDSFUF &MBTUJD 3PENPEFM
 BNFUIPE JOJUJBMMZ DSFBUFE CZ BOJNBUPST UP
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TJNVMBUF ୮ୢMBNFOUT BOE MBUFS CPSSPXFE JOUP QIZTJDT� 0UIFS UFDIOJRVFT TVDI BT BOBMZUJDBM DPO�
UJOVBUJPO
 FNQMPZJOH "650��Q <��> PS .ঊগকঊঋ <�> IBWF BMTP CFFO VTFE UP VOEFSTUBOE
CJGVSDBUJPO JO UIFTF TZTUFNT� 4PNF PG UIF QSPCMFNT TVDI BT� TIBQF PG FMBTUJD ୮ୢMBNFOU DPO�
TUSBJOFE UP B TVSGBDF J�F�
 UIF FMBTUJDB QSPCMFN JO �% XIFO UIF ୮ୢMBNFOU JT CPVOE UP B �% TVS�
GBDF 	XF XJMM EJTDVTT UIJT JO EFUBJM JO DIBQUFS �
� .JDIFMMؠT JOTUBCJMJUZ <��
 ��> XIFSF B SJOH
CVDLMFT PVU PG QMBOF CFZPOE B DSJUJDBM WBMVF PG UXJTUJOH� TIBQFT PG LOPUT BOE.PFCJVT TUSJQ BT
EFTDSJCFE CZ UIF,JSDIIP୭G FRVBUJPOT <��>� TIBQFT PG%/"
 GSPNCFJOH TUSBJHIU UP POFXIFSF
JU HFUT JOUFSUXJOFE 	DBMMFE BT QMFDUPOFNFT
<��
 ��>� TIBQF PG B DVSMZ IBJS XIJDI JT UIF FRVJWB�
MFOU QSPCMFN PG B IBJS TIBQF JO �% XIFSF HSBWJUZ DPNQFUFT XJUI CFOEJOH BOE UPSTJPO <��>�
QBDLJOH PG BO FMBTUJD XJSF JO B ୯୳FYJCMF TIFMM XIFSF UIF ୮ୢMBNFOU UBLFT EJ୭GFSFOU NPSQIPMPHJFT
BT B GVODUJPO PG ୮ୢMBNFOU UP TIFMMؠT CFOEJOH SJHJEJUZ BOE GSJDUJPO CFUXFFO ୮ୢMBNFOU <���>� IBWF
CFFO TUVEJFE VTJOH FJUIFS PG UIFTF OVNFSJDBM UFDIOJRVFT�

5IPVHI UIF UIFPSZ PG FMBTUJDB IBT CFFO BWBJMBCMF TJODF UIF ��UI DFOUVSZ
 B NBKPS QSPCJOH PG
UIJT UIFPSZ IBT UBLFO QMBDF POMZ JO UIF MBTU EFDBEF BOE BMM SFDFOU EFWFMPQNFOUT IBWF TIPXFE
VT XBZT CZ XIJDI TMFOEFS FMBTUJD TUSVDUVSFT VOEFSHP JOTUBCJMJUJFT� 5IFTF CJGVSDBUJPOT UIBU XF
TFF JO �% BOE �% TZTUFNT IBWF QSPWJEFE VT XJUI DPNQMFUFMZ OFX XBZT CZ XIJDI FMBTUJD TUSVD�
UVSFT CFIBWF XIJDI XBT IJUIFSUP VOLOPXO� 5IFTF JOTUBCJMJUJFT BSF BMM QBSBNFUSJD JOTUBCJMJUJFT
XIFSF UIF FRVJMJCSJVN ୮ୢMBNFOU NPSQIPMPHZ VOEFSHPFT B USBOTJUJPO GSPN POF TUBCMF TUBUF UP
BOPUIFS CZ UVOJOH TJOHMF QBSBNFUFS JO UIF TZTUFN� 5IF QIZTJDBM SFMFWBODF PG UIF QBSBNFUFS
BOE UIF NPSQIPMPHZ XJMM CF EFTDSJCFE JO EFUBJM JO UIF MBUFS TFDUJPOT VTJOH UIF GSBNFXPSL PG
OFNFOU׹DPO؟ WT CFOEBCJMJUZؠ�

����� %ঢগঊখ঒ঌজ

'JMBNFOU BMTP VOEFSHPFT UFNQPSBM JOTUBCJMJUJFT CBTFE PO UIF JOJUJBM DPO୮ୢHVSBUJPO BOE BMTP
UIF QBSBNFUFST JOWPMWFE� 1SPCMFNT TVDI BT� NPUJPO PG TUFSFP DJMJB JO IBJS�DFMM JOTJEF UIF FBS

BTZNNFUSJD CSFBLJOH PG B TQBHIFUUJ <��> XIFO SFMFBTFE GSPN B CFOU TUBUF� SFMBYJOH SVCCFS
CBOE GSPN B TUSFUDIFE TUBUF <���>� FMBTUJD TFXJOH NBDIJOF QSPCMFN <��> XIFSF B GBMMJOH ୮ୢMB�
NFOU GPSNT EJ୭GFSFOU QBUUFSOT PO B NPWJOH TVCTUSBUF CBTFE PO UIF WFMPDJUZ PG UIF TVCTUSBUF�
NFDIBOJDT PG MBTTP <��> XIFSF UIF TIBQF UIF ୮ୢMBNFOU UBLFT BT UIF MBTTP JT SPUBUFE CZ .FYJDBO
WBRVFSPT� BO FMBTUJDB DVSMJOH GSPN B ୯୳BU TUBUF UP B SPMMFE VQ TUBUF WJB B TFMG�TJNJMBS QSPDFTT <��>�
MJG୴ P୭G BOE TOBQQJOH PG B GBMMJOH DIBJO PO B QVMMFZ <��>� UIF NFDIBOJTN CFIJOE XBHHJOH IBJS
PG B SVOOFS <��>� EZOBNJDT PG B SVDL JO B SVH <���> XIJDI USJFT UP VOEFSTUBOE UIF NFDIBOJTN

��



CFIJOE UIF TIBQF PG SVDL� IBWF CFFO TUVEJFE VTJOH CPUI FYQFSJNFOUT BOE UIFPSZ� *O UIF UJNF�
EFQFOEFOU QSPCMFN
 UIF DPNQFUJUJPO JT VTVBMMZ CFUXFFO UIBU PG JOFSUJBM GPSDF BSJTJOH PVU PG
UIF ୮ୢMBNFOUؠT EFOTJUZ XIJDI JT BDDFMFSBUFE GSPN B TUBUF GBS GSPN FRVJMJCSJVN BOE UIF EZOBN�
JDT IBQQFO TVDI UIBU UIF ୮ୢOBM TUBUF PG UIF ୮ୢMBNFOU NBSDIFT JT B NJOJNVN FOFSHZ TUBUF� *U JT
XPSUI NFOUJPOJOH IFSF UIBU UIF JOFSUJBM GPSDFT FOBCMF UIF QPTTJCJMJUZ PG FMBTUJD XBWFT XIJDI
USBWFM BU UIF TQFFE PG TPVOE JO UIF NFEJVN PG ୮ୢMBNFOU� 5FNQPSBM JOTUBCJMJUJFT BSF BMM BSPVOE
VT BOE VOEFSTUBOEJOH UIFN QSPWJEF JNQPSUBOU JOTJHIUT JOUP FQIFNFSBM QSPDFTTFT XIJDI XF
GBJM UP PCTFSWF JO EBJMZ MJGF�

����� $ঘগঝঊঌঝ ঠ঒ঝ঑ একঞ঒঍জ

*OTUBCJMJUJFT EFTDSJCFE TP GBS PG ୮ୢMBNFOUT IBWF CPEZ GPSDFT BQQMJFE CZ NFBOT PG FYUFSOBM NP�
NFOUT PS UXJTU
 PS UISPVHI HSBWJUZ� "OPUIFS NFDIBOJTN CZ XIJDI CPEZ GPSDFT BSF VTVBMMZ
FYFSUFE PO ୮ୢMBNFOUT JT UISPVHI ୯୳VJET� 8IFO ୮ୢMBNFOUT JOUFSBDU XJUI MJRVJE JO UIFJS CVML

UIFZ HFU B୭GFDUFE CZ UIF WJTDPTJUZ PG UIF ୯୳VJE� 0O UIF PUIFS IBOE XIFO UIFZ BSF BU UIF JO�
UFSGBDF CFUXFFO MJRVJE BOE WBQPVS
 PS CFUXFFO MJRVJE BOE MJRVJE
 UIFZ FYQFSJFODF DBQJMMBSZ
GPSDF BT B DPOTFRVFODF PG UIF FOFSHZ PG UIF JOUFSGBDF� 'JMBNFOUT VOEFSHP TFWFSBM LJOET PG
JOTUBCJMJUJFT EVF UP CPUI WJTDPTJUZ BOE DBQJMMBSJUZ� 4PNF PG UIF QIFOPNFOB TUVEJFE GSPN MJU�
FSBUVSF JODMVEF� QSPQVMTJPO PG NJDSP�PSHBOJTNT VTJOH ୯୳BQQJOH PG ୯୳BHFMMB <��>� CVDLMJOH BOE
GPMEJOH PG B ୯୳PBUJOH ୮ୢMBNFOU BU B MJRVJE JOUFSGBDF EVF UP DBQJMMBSZ BDUJPO PG UIF JOUFSGBDF <��>�
CFOEJOH QBQJMMBF PG B UPOHVF XIJDI IFMQ BOJNBMT ESJOL XBUFS <�
 ���>� CVDLMJOH PG B ୮ୢMBNFOU
CFZPOE B DSJUJDBM WBMVF PG TIFBS <���>� TIBQF PG ୮ୢMBNFOU XIFO UIFZ BSF BU UIF CPVOEBSZ PG
NJOJNBM TVSGBDFT XIFSF B TPBQ ୮ୢMN JT CPVOEFE CZ B UIJO ୮ୢMBNFOU <��>� DBQJMMBSZ PSJHBNJ <���>
XIFSF B ESPQ PG MJRVJE QMBDFE PO B ୯୳BU TIFFU BTTFNCMFT JOUP B EFTJHOFE TIBQF BT B DPOTFRVFODF
PG DBQJMMBSZ GPSDF� NBLJOH BO FMBTUJD ୮ୢMBNFOU SJTF CFZPOE FMBTUPDBQJMMBSZ MFOHUI TDBMF <��> CZ
TPBLJOH UIF ୮ୢMBNFOU NBEF PVU PG 7JOZ 1PMZTJMPYBOF JO TJMJDPOF PJM
 TVDI UIBU ୮ୢMBNFOU TXFMMT
BOE SBJTFT EVF UP EJ୭GFSFOUJBM HSPXUI� JOTUBOU XSBQQJOH PG B ESPQMFU VTJOH ୯୳BU TIFFU CZ ESPQ�
QJOH MJRVJE ESPQMFUT PO B ୯୳BU TIFFU <��
 �>� CVOEMJOH PG IBJS�CSVTI XIFO EJQQFE JO B MJRVJE BT
B DPOTFRVFODF PG DBQJMMBSZ GPSDF FYFSUFE CZ UIF MJRVJE <��
 ��>� CVDLMJOH PG B TFEJNFOUJOH ୮ୢMB�
NFOU <��> EVF UP ESBH GPSDF BMPOH UIF MFOHUI� TQPPMJOH PG B MPOH ୮ୢMBNFOU JOTJEF B ESPQMFU <��>

JOTQJSFE CZ TQJEFS DBQUVSF UISFBE� CVDLMJOH PG B IFMJDBM ୮ୢMBNFOU BT JU JT SPUBUFE JOTJEF B IJHIMZ
WJTDPVT ୯୳VJE <��>
 VTFE CZ NJDSPPSHBOJTNT UP DIBOHF EJSFDUJPOT� 5IFTF QSPCMFNT TIPX UIF
NVMUJUVEF PG JOTUBCJMJUJFT ୮ୢMBNFOUT NBOJGFTU UIPVHI CFJOH B NFSF �% FOUJUZ�
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4PNF PG UIF QSPCMFNT EFTDSJCFE BCPWF JOWPMWF TIFFUT CVU BSF IPXFWFS EFTDSJCBCMF CZ ୮ୢM�
BNFOU FRVBUJPOT PS CFIBWF BT ୮ୢMBNFOUT CFDBVTF UIF UIJSE EJNFOTJPO PG UIF TIFFU EPFT OPU
B୭GFDU UIF NFDIBOJTN PG JOTUBCJMJUZ
 BT EFUBJMFE MBUFS JO DIBQUFS �� &MBTUJD ୮ୢMBNFOUT DBO FYQF�
SJFODF JOIPNPHFOFPVT GPSDFT PO JUT TVSGBDF EVF UP TIFBS
 UIVT UIFZ CVDLMF EJ୭GFSFOUMZ BOE
TUVEZJOH UIF EZOBNJDT PG ୮ୢMBNFOUT JO TVDI B DPOUFYU JT FBTJFS OVNFSJDBMMZ BT UIF OPO�MJOFBS
FRVBUJPOT CFDPNF IBSE UP IBOEMF BOBMZUJDBMMZ� 5PSOCFSH BOE 4IFMMFZ <���> DBNF VQ XJUI B
OVNFSJDBM TDIFNF UP TJNVMBUF TFWFSBM ୮ୢMBNFOUT JO B ୯୳VJE XIFSF UIF ୮ୢMBNFOU JT BQQSPYJNBUFE
BT B TJNQMZ DPOOFDUFE TFSJFT PG 4UPLFTMFUT XJUI CFOEJOH BOE UPSTJPOBM NPEVMVT� 5IJT NPEFM
JT WBMJE GPS WFSZ MPX3FZOPMET OVNCFS ୯୳PXT J�F�
 ୯୳PXT XIFSF UIF WJTDPTJUZ PG UIF ୯୳VJE JT IJHI�
*U JT XPSUI NFOUJPOJOH IFSF UIBU UIFTF TZTUFNT BSF PWFS�EBNQFE BOE ୮ୢMBNFOU JO UIJT MPX
3FZOPMET OVNCFS SFHJNF EP OPU FYIJCJU XBWFT� 5IFTF TZTUFNT BMTP IBWF UIF GFBUVSF PG CSFBL�
JOH UIF 4DBMMPQ UIFPSFN 	EVF UP UJNF�SFWFSTBM TZNNFUSZ PG UIF 4UPLFT FRVBUJPO
� 4DBMMPQ
UIFPSFN TUBUFT UIBU JG B SJHJE PCKFDU FYFDVUFT B QFSJPEJD NPUJPO
 JU XPVME NPWF GPSXBSE JO
POF IBMG PG UIF QFSJPE BOE SFUVSO CBDL UP UIF TBNF QPTJUJPO XIFSF JU TUBSUFE BG୴FS UIF TFDPOE
IBMG PG UIF QFSJPE� )PXFWFS BEEJUJPO PG FMBTUJDJUZ UP UIF TZTUFN JOUSPEVDFT B SFMBYBUJPO UJNF
TDBMF JOWFSTFMZ QSPQPSUJPOBM UP UIF FMBTUJD NBUFSJBMؠT :PVOHؠT NPEVMVT� 5IJT BTQFDU XJMM CF EJT�
DVTTFE JO EFUBJM JO DIBQUFS �� 5IJT EFQBSUVSF GSPN 4DBMMPQ UIFPSFN BT B DPOTFRVFODF PG UIF
FMBTUJDJUZ JT B DPNNPONFDIBOJTN JO TFWFSBM NJDSPPSHBOJTNT UIBU NBLFT QSPQVMTJPO QPTTJCMF
BU MPX 3FZOPMET OVNCFS�

��� $ঘগএ঒গ঎খ঎গঝ টজ #঎গ঍ঊঋ঒ক঒ঝঢ

*O UIF QSFWJPVT TFDUJPO XF EJTDVTTFE TFWFSBM QBUUFSOT UIBU ୮ୢMBNFOUT GPSN BT B DPOTFRVFODF
PG DPNQFUJUJPO CFUXFFO BO FYUFSOBM CPEZ GPSDF BOE CFOEJOH�UXJTUJOH GPSDF� 5IPVHI BMM UIF
JOTUBCJMJUJFT BSF PG JOUFSFTU GPS UIF TQFDJ୮ୢD QVSQPTF BOE UIF NFDIBOJTN CZ XIJDI UIFZ PDDVS

UIFSF FYJTUT B GSBNFXPSL POF DBO VTF UP MPPL BU UIFN UP HBJO B CSPBE QIZTJDBM VOEFSTUBOE�
JOH� 5IJT QBSBEJHN JT UIBU PG DPO୮ୢOFNFOU WT CFOEBCJMJUZ <��
 ��
 ���>� $PO୮ୢOFNFOU TJNQMZ
RVBOUJ୮ୢFT WBSJPVT TUSFTTFE DPO୮ୢHVSBUJPOT UIBU DPFSDF B ୮ୢMBNFOU UP EFWJBUF GSPN UIF TUSFTT�GSFF
TUBUF
 PG CFJOH TUSBJHIU� -BSHF DPO୮ୢOFNFOU JNQMJFT MBSHF EFWJBUJPO GSPN B TUSBJHIU DPO୮ୢHVSB�
UJPO BOE TNBMM DPO୮ୢOFNFOU JOEJDBUFT TIBQFT DMPTF UP B TUSBJHIU MJOF� -FU VT UBLF UIF FYBNQMF
PG &VMFS CVDLMJOH UP JOUSPEVDF DPO୮ୢOFNFOU� *O UIF TDFOBSJP PG &VMFS CVDLMJOH
 BO FYUFSOBM
GPSDF JT BQQMJFE BU UIF FOE PG UIF CFBN BMPOH UIF BYJT PG UIF CFBN� #FZPOE B DSJUJDBM UISFTI�
PME PG BQQMJFE GPSDF UIF CFBN CVDLMFT BOE BT XF LFFQ JODSFBTJOH UIF NBHOJUVEF PG UIJT GPSDF
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Figure 1.2: Statics: Problems of snapping by applying force on a initially buckled beam [103], plectoneme
formation by twisting [11], Michell's instability where [97] the ring goes out of plane with increase in twist.
Dynamics (anti-clockwise): Self-similar curling of an naturally coiled elastica [24] released from a flat state,
lifting of a falling chain from a pulley [20], asymmetric breaking of a spaghetti [10]. Contact with fluids (anti-
clockwise): Instantwrapping of a droplet by dropping it on top of a flat sheet [5], buckling of a helical filament
as it is rotated inside a bath of highly viscous fluid [68], bundling instability of a collection of filaments as it is
wet by a fluid [17, 18], shape of soap filmwith a filament at its boundary [54].
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MBSHFS JT UIF BNQMJUVEF PG CVDLMJOH� *O TVDI B TDFOBSJP
 XF DBO EF୮ୢOF DPO୮ୢOFNFOU BT UIF OPO�
EJNFOTJPOBM OVNCFS UIBU RVBOUJ୮ୢFT UIJT CVDLMFE TUBUF� "O JOUVJUJWF DIPJDFXPVMECF UIF SBUJP
PG FOE EJTQMBDFNFOU UP UIF MFOHUI PG UIF CFBN
 XIPTF NBHOJUVEF JODSFBTFT XJUI JODSFBTF JO
CVDLMJOH BNQMJUVEF� 5IVT XF DBO VTF UIJT SBUJP UP RVBOUJGZ DPO୮ୢOFNFOU
 CFDBVTF MBSHFS UIF
NBHOJUVEF PG UIJT SBUJP
 MBSHFS JT UIF EFWJBUJPO GSPN UIF TUSFTT�GSFF TUBUF PG CFJOH TUSBJHIU� 5IF
CFOEBCJMJUZ PO UIF PUIFS IBOE JT B OPO�EJNFOTJPOBM OVNCFS XIJDI DBQUVSFT UIF DPNQFUJUJPO
CFUXFFO BQQMJFE GPSDFT XJUI FMBTUJD GPSDFT� *U JT OPUIJOH CVU UIF SBUJP PG UIF CFOEJOH GPSDF JO
୮ୢMBNFOU UP UIF CPEZ GPSDF UIBU JT BQQMJFE PO JU� #FOEBCJMJUZ JT EFQFOEFOU POMZ PO UIF NBUF�
SJBM QSPQFSUJFT TVDI BT :PVOHؠT NPEVMVT
 ୮ୢMBNFOU UIJDLOFTT
 BOE ୮ୢMBNFOU MFOHUI
 XIJDI BSF
SFMFWBOU UP EFTDSJCF B ୮ୢMBNFOU
 BOE BMTP PO PUIFS QSPQFSUJFT�DPOTUBOUT TVDI BT HSBWJUBUJPOBM
DPOTUBOU
 TVSGBDF UFOTJPO
 BOE EFOTJUZ PG NBUFSJBM CBTFE PO BQQMJFE CPEZ GPSDF� $BQJMMBSZ
CFOEBCJMJUZ
 GPS FYBNQMF
 JT UIF SBUJP PG MFOHUI TDBMF EVF UP CFOEJOH GPSDF BOE DBQJMMBSZ GPSDF�
8IFO UIF TVSGBDF UFOTJPO JT MBSHF PS CFOEJOH TUJ୭GOFTT PG UIF ୮ୢMBNFOU JT TNBMM
 DBQJMMBSZ CFOE�
BCJMJUZ JT MBSHF BT CFOEBCJMJUZ JT QSPQPSUJPOBM UP TVSGBDF UFOTJPO BOE JOWFSTFMZ QSPQPSUJPOBM UP
CFOEJOH TUJ୭GOFTT� 5IJT JNQMJFT UIBU UIF ୮ୢMBNFOU JT TVTDFQUJCMF UP CFOEJOH CZ UIF DBQJMMBSZ
GPSDF� 5IVT CFOEBCJMJUZ JOGPSNT VT XIFUIFS UIF FMBTUJD TUSVDUVSF JT FBTJMZ EFGPSNBCMF CZ UIF
CPEZ GPSDF�

*O PSEFS UP JMMVTUSBUF UIF VTFGVMOFTT PG UIJT GSBNFXPSL XF DPOTJEFS BO FYBNQMF GSPN MJU�
FSBUVSF
 XIJDI QSFEBUFT UIF OPUJPO PG DPO୮ୢOFNFOU WT CFOEBCJMJUZ� #Z UBLJOH UIJT FYBNQMF
XF XBOU UP IJHIMJHIU UIF GBDU UIBU UIJT QBSBEJHN FYUFOET CFZPOE UIF FYBNQMFT EJTDVTTFE JO
UIJT UIFTJT
 BOE XF DBO QMBDF SFUSPTQFDUJWFMZ TFWFSBM PUIFS NPSQIPMPHJDBM USBOTJUJPOT JO FMBT�
UJD TUSVDUVSFT GSPN MJUFSBUVSF JO UIJT GSBNFXPSL� 5IF TIBQF PG B IBJS JO �%
 BT NFOUJPOFE
FBSMJFS GSPN UIF XPSL PG .JMMFS FU BM� <��>
 JOWPMWFT DPNQFUJUJPO CFUXFFO CFOEJOH GPSDF
 UPS�
TJPO BOE UIF JOUSJOTJD DVSWBUVSF PG IBJS� -FU VT EFOPUF κic BT UIF DPOTUBOU OBUVSBM DVSWBUVSF
PG UIF IBJS XIJDI JT UIF SFTVMUBOU PG BO VOEFSMZJOH DIFNJDBM QSPDFTT� 8F DBO EF୮ୢOF B OPO�
EJNFOTJPOBM OVNCFS Φ = κicl
 XIFSF l JT MFOHUI PG UIF ୮ୢMBNFOU� 5IJT OPO�EJNFOTJPOBM
OVNCFS JT OPUIJOH CVU B HFPNFUSJD RVBOUJUZ UIBU TJHOJ୮ୢFT DPO୮ୢOFNFOUXIFSF MBSHFΦ JNQMJFT
MBSHF EFWJBUJPO GSPN B TUSBJHIU DPO୮ୢHVSBUJPO
 CF JU UISPVHI MBSHF WBMVFT PG l PS κic� 5IF PUIFS
OPO�EJNFOTJPOBM OVNCFS JT UIF CFOEBCJMJUZ
 XIJDI IFSF JT EVF UPXFJHIU PG UIF ୮ୢMBNFOU�IBJS�
8F DBMM ϵ−1 = Bκ3ic/mg BT UIF CFOEBCJMJUZ 	XIJDI XF XJMM FODPVOUFS TFWFSBM UJNFT JO UIF UIF�
TJT
 XJUI m CFJOH UIF NBTT QFS VOJU MFOHUI PG IBJS
 B UIF CFOEJOH TUJ୭GOFTT PG IBJS BOE g UIF
DPOTUBOU PG HSBWJUZ� /PX XF DBO EF୮ୢOF B QIBTF TQBDF PG Φ WT ϵ−1 XIFSF BMM UIF TIBQFT PG UIF
IBJS DBO CF SFQSFTFOUFE� "T XF USBWFSTF UIJT QIBTF TQBDF XF XJMM FODPVOUFS EJ୭GFSFOU JOTUBCJM�
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JUJFT TVDI BT POFT TIPXO JO .JMMFS FU BM� <��>� 'JHVSF � JO UIJT BSUJDMF JT OPUIJOH CVU UIF QIBTF
TQBDFXF IBWF EF୮ୢOFE IFSF
 IPXFWFS UIFZ EP OPU SFBMJTF UIF DPOOFDUJPOXJUI UIF DPO୮ୢOFNFOU
WT CFOEBCJMJUZ QBSBEJHN
 XIJDI BT XF BMSFBEZ TFF QSPWJEFT BO JOUVJUJWF OPUJPO UP UIF EJ୭GFSFOU
TIBQFT POF TFFT JO UIFJS FYQFSJNFOUT� 5IJT GSBNFXPSL XBT JOJUJBMMZ FNQMPZFE UP VOEFSTUBOE
UIFNFDIBOJTNPGXSJOLMJOH JO UIJO FMBTUJD TIFFUT CVU UIFO BTXF TFF FYUFOET UPNPSQIPMPHJDBM
JOTUBCJMJUJFT JO FMBTUJD TUSVDUVSFT JO HFOFSBM� 8F VTF UIJT QBSBEJHN UP VOEFSTUBOE UIF EJ୭GFSFOU
QIBTFT XF PCTFSWF JO PVS FYQFSJNFOUT UISPVHIPVU UIF UIFTJT� 8F XJMM FYQMPSF UIF EFUBJMT PG
UIF EJ୭GFSFOU QIBTFT BOE UIF NFDIBOJTN PG USBOTJUJPO CFUXFFO UIFN JO UIF FOTVJOH DIBQUFST�

"TXF TFF
 CFOEBCJMJUZ JT B RVBOUJUZ DPNQPTFE PGNBUFSJBM DPOTUBOUT BOE EJNFOTJPOT PG UIF
TUSVDUVSFT BU QMBZ JO UIF FYQFSJNFOUT� 5IJT QSPWJEFT B WFSZ JNQPSUBOU JOTJHIU JOUP UIFPSJFT
UIBU EFQFOE PO CFOEBCJMJUZ� *U JT UIJT GBDU UIBU JO UIF MJNJU PG WBOJTIJOH NBUFSJBM DPOTUBOUT
	XIFSF CFOEBCJMJUZ JT FJUIFS JO୮ୢOJUZ PS [FSP CBTFE PO EF୮ୢOJUJPO

 UIF UIFPSZ NVTU CFDPNF
QVSFMZ HFPNFUSJD� 5IF SFBTPO UIJT NVTU CF UIF DBTF JT CFDBVTF FMBTUJD TUSVDUVSFT XJUIPVU UIFTF
NBUFSJBM QSPQFSUJFT UFOE UP CFDPNF TJNQMF HFPNFUSJD PCKFDUT J�F�
 ୮ୢMBNFOUT CFDPNF MJOFT JO
�%
 TIFFUT BOE TIFMMT CFDPNF �% TVSGBDFT BOE TP PO� 0O UIF PUIFS IBOE XIFO CFOEBCJMJUZ
WBMVFT BSF WFSZ TNBMM
 XF HP CBDL UP UIF TNBMM EFGPSNBUJPO MJNJU XIFSF UIF GPSDFT POMZ EFGPSN
UIF FMBTUJD TUSVDUVSF NJMEMZ 	XIJDI IBT CFFO UIF GPDVT PG TUVEZ JO UIF MBTU DFOUVSZ
� 5IPVHI
NPTU PG UIF NBUIFNBUJDT PG MJOFT BOE TVSGBDFT IBWF CFFO VOEFSTUPPE JO UIF ��UI DFOUVSZ
 UIF
DPOOFDUJPO CFUXFFO UIFTF HFPNFUSJD PCKFDUT BOE UIF XBZ CZ XIJDI UIFZ DPVQMF XJUI NBUF�
SJBM CFIBWJPVS JT WFSZ NVDI B NPEFSO VOEFSTUBOEJOH� 5IF OPUJPO PG CFOEBCJMJUZ BDUT BT UIF
CSJEHF UP USBWFSTF CFUXFFO UIJT HFPNFUSJD MJNJU BOE UIF TNBMM EFGPSNBUJPO MJNJU� 5IF FYQFSJ�
NFOUT BOE UIFPSJFT JO UIJT UIFTJT GBMM JO UIF SFHJNF PG MBSHF FOPVHI WBMVFT PG CFOEBCJMJUZXIFSF
HFPNFUSJD BTQFDUT PG UIF FMBTUJDJUZ UIFPSZ NBOJGFTU UIFNTFMWFT BOE BSF GBS GSPN UIF TNBMM EF�
GPSNBUJPO MJNJU�

8JUI UIJT MJUFSBUVSF PWFSWJFX XF OPX UVSO UPXBSET UIF PVUMJOF PG UIF UIFTJT BOE UIFO EF�
TDSJCF CSJF୯୳Z UIF DPOUFOUT PG FBDI PG UIF DIBQUFST JO UIF UIFTJT�

��� 5঑঎জ঒জ ঘঞঝক঒গ঎ ঊগ঍ খঘঝ঒টঊঝ঒ঘগ

5IJT UIFTJT JT EJWJEFE JOUP UXP QBSUT� 5IF ୮ୢSTU QBSU EFBMT XJUI NFDIBOJDT PG FMBTUJD ୮ୢMBNFOUT
BOE UIF TFDPOEQBSU EFBMT XJUI EZOBNJDT PG QBSUJDMFT JO ୯୳PX� 5ISFF FYQFSJNFOUT GPSN UIF ୮ୢSTU
QBSU PG UIF UIFTJT BOE UIFTF FYQFSJNFOUT BSF� (i) SFMFBTJOH B IJHIMZ EFGPSNFE FMBTUJD ୮ୢMBNFOU BU
UIF JOUFSGBDF PG B IJHIMZ WJTDPVT ୯୳VJE
 (ii) QMBDJOH BO PJM ESPQMFU JO UIF WJDJOJUZ PG B UIJO FMBTUJD
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୮ୢMBNFOU TVDI UIBU UIF ESPQMFU DPOUBDU�MJOF BQQMJFT B MPDBMJTFE GPSDF EVF UP TVSGBDF UFOTJPO PO
UIF ୮ୢMBNFOU BOE (iii) QMBDJOH B UIJO FMBTUJD ୮ୢMBNFOU PO UPQ PG B TQIFSJDBM CVCCMF TVDI UIBU
UIF ୮ୢMBNFOU SFNBJOT DPO୮ୢOFE PO UIF CVCCMF TVSGBDF�

*O DIBQUFS � XF TUVEZ UIF SFMBYBUJPO PG B IJHIMZ EFGPSNFE ୮ୢMBNFOU VTJOH FYQFSJNFOUT BOE
OVNFSJDBM TJNVMBUJPO UP VOEFSTUBOE UIF SPMF PG UFOTJPO JO UIF FMBTUJD ୮ୢMBNFOU BSJTJOH EVF UP
MBSHF EFGPSNBUJPO� 8F EFTDSJCF UIF NFDIBOJTN CZ XIJDI UFOTJPO JOTJEF UIF ୮ୢMBNFOU B୭GFDUT
UIF SFMBYBUJPO EZOBNJDT� 8F BMTP TIPX IPX UIF UFOTJPO QMBZT B SPMF JO SFMBYJOH BTZNNFUSJD
JOJUJBM TIBQFT UP TZNNFUSJD TUBUFT EVSJOH SFMBYBUJPO� 8F TUBUF JNQMJDBUJPOT PG PVS SFTVMUT UP
VOEFSTUBOEJOH BOE FTUJNBUJOH EJTTJQBUJPO
 BOE FOFSHZ DPOTVNQUJPO PG QSPQVMTJPO JO MPX
3FZOPMET OVNCFST�

*O DIBQUFS � XF MPPL BU UIF QSPCMFN PG B ESPQMFU JO DPOUBDU B UIJO FMBTUJD ୮ୢMBNFOU PO UIF
TVSGBDF PG XBUFS� 5IF JOJUJBM QBSU PG UIJT DIBQUFS EFBMT XJUI UIF DBMDVMBUJPOT PG B DZMJOESJDBM
ESPQMFU JO DPOUBDU XJUI BO JO୮ୢOJUFMZ XJEF TIFFU VOEFS BQQMJFE CPVOEBSZ UFOTJPO� 8F PCUBJO
FYBDU SFTVMUT JO UIF MJNJU PG WBOJTIJOH UIJDLOFTT XIFSF UIF DPTUT UP ୮ୢMBNFOU�TIFFU CFOEJOH
BSF OFHMJHJCMF� 8F ୮ୢOE UXP CJGVSDBUJPOT BT XF DIBOHF UIF BQQMJFE UFOTJPO XIFSF UIF ୮ୢMBNFOU
ESPQMFU TZTUFN VOEFSHPFT TIBQF USBOTJUJPOT� 5IFTF UXP CJGVSDBUJPOT IBQQFO BT XF LFFQ SF�
EVDJOH UIF WBMVF PG BQQMJFE UFOTJPO GSPN B MBSHF WBMVF
 POF GSPN B TUBUF XIFSF UIF ESPQMFU TJUT
XJUI QBSU PG JUT JOUFSGBDF FYQPTFE UP WBQPVS UP B TUBUF DPNQMFUFMZ XSBQQFE CZ UIF TIFFU� 5IF
TFDPOE CJGVSDBUJPO JT XIFO B XSBQQFE TUBUF PG ESPQ�TIFFU TZTUFN XJUI QBSU PG TIFFU FYQPTFE
UP WBQPVS HPFT VOTUBCMF BOE UIF ESPQMFU DPNQMFUFMZ XFUT UIF TIFFU� 8F UIFO MPPL BU TIBQFT
UIF TIFFU UBLFT JO UIJT GVMMZ XFU TUBUF VTJOH EJSFDU OVNFSJDBM NJOJNJTBUJPO� 5IJT QSPCMFN JO
IJHIFS EJNFOTJPOT JT LOPXO CZ UIF OBNF 8JMMNPSFآ QSPCMFNأ� *O UIF MBUUFS IBMG PG UIF DIBQ�
UFS XF VTF UIJO ୮ୢMBNFOUT UP VOEFSTUBOE UIF WBMJEJUZ PG QSFEJDUJPOT NBEF CZ UIF UIFPSZ� 0VS
FYQFSJNFOUT JOWPMWF VTJOH UIF JOUFSGBDF PG BJS�XBUFS BT UIF TVCTUSBUF UP EP NFDIBOJDT� 8F
DPO୮ୢOF ୮ୢMBNFOU UP UIJT JOUFSGBDF BOE QMBDF B ESPQMFU JO UIF WJDJOJUZ PG UIF ୮ୢMBNFOU� 0OF FOE
PG UIF ୮ୢMBNFOU JT BUUBDIFE UP B TPG୴ CFBN 	VTFE BT B TFOTPS UPNFBTVSF UFOTJPO JO UIF ୮ୢMBNFOU

BOE UIF PUIFS FOE JT BUUBDIFE UP B USBOTMBUJPOBM TUBHF 	UP BQQMZ UFOTJPO
� 0VS FYQFSJNFOUBM
PCTFSWBUJPOT PG DPOUBDU BOHMFT BT B GVODUJPO PG BQQMJFE CPVOEBSZ UFOTJPO
 BSF DBQUVSFE BD�
DVSBUFMZ CZ UIF UIFPSZ XIJDI BTTVNFT WBOJTIJOH UIJDLOFTT PG ୮ୢMBNFOU� 8F BMTP VTF PVS �%
FYQFSJNFOUBM TFUVQ UP TUVEZ XSBQQJOH PG ESPQMFU VTJOH ୮ୢMBNFOU�

'PMMPXJOH UIF ESPQMFU�PO�୮ୢMBNFOU QSPCMFN XF QSPCF UIF RVFTUJPO PG NPSQIPMPHZ PG ୮ୢMB�
NFOUT DPO୮ୢOFE UP B �% TVSGBDF XJUI ୮ୢOJUF QPTJUJWF HBVTTJBO DVSWBUVSF� 5P UIJT FOE XF UPPL
UIF TJNQMFTU QPTTJCMF TVDI TVSGBDF
 J�F� B TQIFSF BOE PVS FYQFSJNFOU XFSF QFSGPSNFE PO B
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TQIFSJDBM TPBQ CVCCMF� " UIJO ୮ୢMBNFOU JT JOTFSUFE PO UIF TVSGBDF PG CVCCMF GSPN JUT OPSUI
QPMF
 XJUI HSBWJUZ QPJOUJOH UPXBSET TPVUI� 8F ୮ୢOE UIBU HSBWJUZ TUBSUT B୭GFDUJOH UIF ୮ୢMBNFOU
TIBQF CFZPOE B DFSUBJO MFOHUI PG ୮ୢMBNFOU BOE TJ[F PG CVCCMF� 5IF DPO୮ୢOFNFOU WT CFOE�
BCJMJUZ BQQSPBDI BHBJO QSPWJEFT B XJOEPX UISPVHI UIF EJ୭GFSFOU TIBQFT XF PCTFSWF JO CPUI
FYQFSJNFOUT BOE UIFPSZ� $PO୮ୢOFNFOU
 XIJDI XF DBMM TQFDJ୮ୢD UP UIJT QSPCMFN BT UIF DPJMJOH
QBSBNFUFS
 JT OPUIJOH CVU UIF SBUJP PG MFOHUI PG ୮ୢMBNFOU UP CVCCMF SBEJVT� #FOEBCJMJUZ IFSF
JT OPUIJOH CVU UIF SBUJP PG CFOEJOH GPSDF UP GPSDF EVF UP HSBWJUZ� 6TJOH B TJNQMF HFPNFUSJD
UIFPSZ XF EFTDSJCF UIF DSJUJDBM QPJOU BU XIJDI HSBWJUZ B୭GFDUT UIF TIBQF PG UIF ୮ୢMBNFOU� "T XF
GVSUIFS JODSFBTF UIF MFOHUI PG UIF ୮ୢMBNFOU PO UIF TQIFSF PS SFEVDF UIF CVCCMF TJ[F GPS B ୮ୢYFE
୮ୢMBNFOU MFOHUI
 XF TFF UIBU UIF ୮ୢMBNFOU TUBSUT DPJMJOH PO UIF TVSGBDF PG CVCCMF�

5IF TFDPOE QBSU PG UIF UIFTJT EFBMT XJUI EZOBNJDT PG QBSUJDMFT JO B MPX 3FZOPMET OVNCFS
୯୳PX� "T XF IBWF TFFO JO UIF QSFWJPVT TFDUJPO
 UIF IJTUPSZ JOUFHSBM JO UIF .3 FRVBUJPOT IBT
MPOH CFFO OFHMFDUFE� *O DIBQUFS � XF EJTDVTT JO EFUBJM UIF UFDIOJRVF XF IBWF EFWFMPQFE UP
TPMWF UIJT FRVBUJPO BOE GVSUIFS TIPX UIBU FYBDU TPMVUJPOT FYJTU GPS TFWFSBM TJNQMF TDFOBSJPT�
8F ୮ୢSTUMZ TIPX UIBU UIF .3 FRVBUJPOT DBO CF SFGPSNVMBUFE BT B CPVOEBSZ DPOEJUJPO UP �%
IFBU FRVBUJPO� 6TJOH 6OJ୮ୢFE 5SBOTGPSN .FUIPE 	65.

 XIJDI JT B TQFDUSBM UFDIOJRVF UP
TPMWF QBSUJBM EJ୭GFSFOUJBM FRVBUJPO JO CPVOEFE EPNBJOT
 XF TPMWF UIF TZTUFN PG FRVBUJPOT GPS
BMM UJNFEFQFOEFOU TQBDF JOEFQFOEFOU ୯୳PXT� 0VS SFTVMUT QSPWJEF B OFXQBUI UP TPMWF EJ୭GFSFOU
LJOET PG JOUFHSP�EJ୭GFSFOUJBM FRVBUJPOT� 5IF OVNFSJDBMNFUIPEXFEFWFMPQ GPS DPNQMFY ୯୳PXT
BDIJFWFT TQFDUSBM BDDVSBDZ
 CZ MFWFSBHJOH UIF QSPQFSUJFT PG %JTDSFUF $IFCZTIFW 5SBOTGPSN� *O
UIF MBTU QBSU PG UIJT DIBQUFS XF TPMWF UIF QSPCMFN PG QBSUJDMF EZOBNJDT JO O�WPSUJDFT XIFSF
CPUI UIF QBSUJDMF BOE ୯୳PX FWPMWFT JO UJNF�

*O UIF DMPTJOH TFDUJPO PG UIF UIFTJT
 XF QSPWJEF GVUVSF EJSFDUJPOT GSPN JOTJHIUT PCUBJOFE
PVU PG UIJT XPSL� 8F BMTP QSPQPTF B GFX PQFO RVFTUJPOT UIBU NJHIU CF JNNFEJBUFMZ TPMWFE
VTJOH UIF UFDIOJRVFT EFWFMPQFE JO UIJT UIFTJT�
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“+FFWॶ
Ԝ * TBJE� “" SVNNZ DPNNVOJDBUJPO Iॵ BSSJWFE� 'SPN .S�
(MPTTPQ�Ԝ “*OEFFE
 TJS Ԝ “* XJMM SFBE JU UP ZPV� )BOEFE JO BU 6QQFS
#MFBDIJOH� .FTTBHF SVOT ॵ GPMMPXT� 8IFO ZPV DPNF UPNPSSPX
 CSJOH
NZ GPPUCBMM CPPUT� "MTP
 JG IVNBOMZ QPTTJCMF
 *SJTI XBUFS�TQBOJFM� 6S�
HFOU� 3FHBSET� 5VQQZ�Ԝ “8IBU EP ZPV NBLF PG UIBU
 +FFWॶ Ԝ “"T *
JOUFSQSFU UIF EPDVNFOU
 TJS
 .S� (MPTTPQ XJTIॶ ZPV
 XIFO ZPV DPNF
UPNPSSPX
 UP CSJOH Iॷ GPPUCBMM CPPUT� "MTP
 JG IVNBOMZ QPTTJCMF
 BO
*SJTI XBUFS�TQBOJFM� )F IJOUT UIBU UIF NBUUFS ॷ VSHFOU
 BOE TFOET Iॷ
SFHBSET�Ԝ “:ॶ
 UIBU ॷ IPX * SFBE JU� #VU XIZ GPPUCBMM CPPUT Ԝ “1FSIBQT
.S� (MPTTPQ XJTIॶ UP QMBZ GPPUCBMM
 TJS�Ԝ

�)�1؛ 8PEFIPVTF
 7FSZ (PPE
 +FFWFT� 2
3FMBYJOH FMBTUJD ୮ୢMBNFOU

5IJT DIBQUFS JT B WFSCBUJN SFQSPEVDUJPO PG PVS BSUJDMF JO 1IZTJDBM 3FWJFX 'MVJET UJUMFE �3Fآ
MBYBUJPO PG B IJHIMZ EFGPSNFE FMBTUJD MBNFOU׹ BU B VJE׺ JOUFSGBDFأ�

��� *গঝছঘ঍ঞঌঝ঒ঘগ

)JHIMZ EFGPSNFE TMFOEFS FMBTUJD ୮ୢMBNFOUT BSF UP CF GPVOE BDSPTT TFWFSBM EFDBEFT PG MFOHUI
TDBMFT TUBSUJOH GSPN DSPQT BOE USFF DBOPQJFT JO XJOE <��>
 BRVBUJD QMBOU TUFNT JO ୯୳PXJOH
TUSFBNT <��>
 QSPQFMMJOH ୯୳BHFMMBF PG PSHBOJTNT <���
 ��
 ��
 ���>
 TUFSFPDJMJB JOTJEF FBST <��
 ��>

UP TVTQFOTJPOT PG ୮ୢCSFT 	TFF SFG� <��> GPS B SFDFOU SFWJFX
� 5IF NPTU IFBWJMZ TUVEJFE PG UIFTF
FYBNQMFT JT UIF ESJWFO EZOBNJDT PG ୯୳BHFMMB <���
 ���>
 XIFSF UIF CBMBODF JT CFUXFFO GPSDFT EVF
UP CFOEJOH
 XIJDI UFOE UP TUSBJHIUFO UIF ୮ୢMBNFOU
 BOE WJTDPVT ESBH
 XIJDI BDUT UP EBNQ UIF
NPUJPO�

6OMFTT UIFZ BSF IFME JO UIBU TUBUF CZ FYUFSOBM PS JOUFSOBM GPSDFT
 ୮ୢMBNFOUT XJMM SFMBY GSPN B
IJHIMZ CFOU TUBUF UP UIFJS FRVJMJCSJVN
 TUSFTT�GSFF TUBUF� 'PS B ୮ୢMBNFOU XJUI CFOEJOHNPEVMVT
B BOE MFOHUI Lo
 UIF CFOEJOH FOFSHZ QFS VOJU MFOHUI JT Bκ2/2
 RVBESBUJD JO UIF MPDBM DVSWB�
UVSFκ� 5IJT MFBET UP CFOEJOHNPNFOUT BOE GPSDFT∼ BL−3

o UIBU BSF MJOFBS JO UIF EJTQMBDFNFOU
GSPN UIF VOTUSFTTFE DPOGPSNBUJPO PG UIF ୮ୢMBNFOU <��>� #BMBODFE BHBJOTU UIF ESBH 8πµLo/τ

GSPNB ୯୳VJE PG WJTDPTJUZµ
 XF PCUBJO B DIBSBDUFSJTUJD UJNF TDBMF GPS EZOBNJDT PWFS UIF MFOHUI PG
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UIF ୮ୢMBNFOU� τ = 8πµL4
o/B� )PXFWFS
 XIFO UIF EFGPSNBUJPOT BSF MBSHF
 BOPUIFS TPVSDF PG

TUSFTT CFDPNFT TJHOJ୮ୢDBOU� JO PSEFS UP TBUJTGZ UIF DPOTUSBJOU PG DPOTUBOU MFOHUI
 B HSBEJFOU PG
UFOTJPO BQQFBST BMPOH UIF ୮ୢMBNFOU� 5IJT UFOTJPO JT B OPOMJOFBS GVODUJPO PG UIF HFPNFUSZ <��>�
1SFWJPVT XPSL IBT DPODFOUSBUFE PO CFOEJOH BMPOF
 BOE UIF SPMF PG UIJT OPOMJOFBSJUZ JT MBSHFMZ
VOFYQMPSFE� 5IF HPBM PG UIJT XPSL JT UP VOEFSTUBOE UIF SFMBYBUJPO PG B IJHIMZ�EFGPSNFE ୮ୢMB�
NFOU GSPN JUT IJHI FMBTUJD�FOFSHZ TUBUF
 XJUI GVMM DPOTJEFSBUJPO PG UIF OPOMJOFBS F୭GFDUT PG UIF
HFPNFUSZ�

8F QFSGPSN FYQFSJNFOUT UP TUVEZ UIF SFMBYBUJPO UP B TUSBJHIU DPO୮ୢHVSBUJPO PG BO JOJUJBMMZ
IJHIMZ EFGPSNFE FMBTUJD ୮ୢMBNFOU� 5IF EZOBNJDT BSF SFTUSJDUFE UP B UXP�EJNFOTJPOBM QMBOF
CZ QMBDJOH UIF ୮ୢMBNFOU BU UIF JOUFSGBDF PG B WJTDPVT ୯୳VJE� 5IF ୮ୢMBNFOU JT JOJUJBMMZ EFGPSNFE
CZ IPMEJOH JUT FOET JO QMBDF XJUI UXP ୮ୢOF OFFEMFT BU UIF JOUFSGBDF� 8IFO UIFTF BSF SFNPWFE

JU SFMBYFT UPXBSET B TUSBJHIU
 VOCFOU TIBQF� 'JH� ���(a) TIPXT UIF JOJUJBM EFGPSNFE TUBUF BOE
TFWFSBM JOUFSNFEJBUF TUFQT JO UIJT SFMBYBUJPO QSPDFTT� 8F WBSZ UIF QBSBNFUFST PG UIJT TZTUFN ؛
UIF MFOHUI
 EJBNFUFS BOENBUFSJBM PG UIF ୮ୢMBNFOU؛ UPVOEFSTUBOE UIF UJNF�EFQFOEFODFPG UIJT
QSPDFTT� *O PSEFS UP QSPCF JOUFSOBM WBSJBCMFT TVDI BT UIF UFOTJPO
 XF TPMWF B OVNFSJDBM NPEFM
<��> UP DPNQVUF FMBTUJD GPSDFT JO UIF ୮ୢMBNFOU� 5IJTNPEFM JODMVEFT B GVMMZ OPOMJOFBS USFBUNFOU
PG UIF FMBTUJDJUZ PG UIF ୮ୢMBNFOU
 CVU B TJNQMJ୮ୢFE EFTDSJQUJPO PG UIF IZESPEZOBNJD ESBH� 8F
BMTP QFSGPSN 1BSUJDMF *NBHF 7FMPDJNFUSZ UP WJTVBMJTF UIF ୯୳PX�୮ୢFME BSPVOE UIF ୮ୢMBNFOU BOE
WBMJEBUF UIF SFTVMUT PG UIF UIFPSFUJDBM NPEFM�

��� &ডঙ঎ছ঒খ঎গঝঊক খ঎ঝ঑ঘ঍জ

5IF ୮ୢMBNFOUT XF VTF BSF NBEF PG B FMBTUPNFS
 WJOZM QPMZTJMPYBOF 	714

 XIJDI XBT QSFQBSFE
XJUI UXP EJ୭GFSFOU :PVOHؠT NPEVMJ
 E 	PG 240kPa BOE 800kPa
� 5IF QSFDVSTPS NBUFSJBM JT
JOKFDUFE JOUP B DBQJMMBSZ UVCF XIJDI EF୮ୢOFT UIF EJBNFUFS d PG UIF ୮ୢMBNFOU� 0ODF UIF QPMZNFS
DVSFT
 UIF ୮ୢMBNFOU JT FYUSBDUFE GSPN UIF UVCF BOE DVU UP UIF EFTJSFE MFOHUI Lo� "MM EFGPSNB�
UJPOT PG UIF FMBTUPNFS BSF GVMMZ SFWFSTJCMF�

5IJT ୮ୢMBNFOU JT QMBDFE PO UIF TVSGBDF PG B DZMJOESJDBM EJTI PG HMZDFSPM� 5IF FOET PG UIF
୮ୢMBNFOU BSF IFME
 UIFO SFMFBTFE CZ OFFEMFT BUUBDIFE UP B UXFF[FS NFDIBOJTN NPVOUFE PO B
USBOTMBUJPOBM TUBHF� 5IF BJS�HMZDFSPM TVSGBDF UFOTJPO JT 64mN/m
 TP UIBU UIF ୮ୢMBNFOU TUBZT PO
UIF JOUFSGBDF BOE UIF EZOBNJDT BSF GVMMZ ��EJNFOTJPOBM� /P UXJTU PDDVST JO UIF FYQFSJNFOUT
BOE BMTP UIFSF JT OP SPMMJOH� 5IF IJHI WJTDPTJUZ 	µ ∼ 1.412Pa.s BU 100% DPODFOUSBUJPO
 LFFQT
UIF EZOBNJDT JO UIF TUPLFTJBO SFHJNF� UIF 3FZOPMET OVNCFSRe ≈ 10−2− 10−3 JNNFEJBUFMZ
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Figure2.1: (a)Superimposed imagesof thefilament takenat intervalsof1 sec. The twoneedlesat thebottom
of the image are used to release the filament from its initial configuration. (b) The thick white line over the
filament (seen as the cyanoutline) is theBezier fit. Weplot below this the corresponding curvature computed
with this fit. Here the position vector is r(s) and the unit vectorsn(s) and t(s) in the normal and tangential
directions.

BG୴FS SFMFBTF
 XIFO UIF ୮ୢMBNFOU JT NPWJOH BU JUT GBTUFTU� "T TIPXO JO ୮ୢH� ���(a)
 BU OP UJNF JO
UIF SFMBYBUJPO QSPDFTT EPFT BOZ QBSU PG UIF ୮ୢMBNFOU DPNF DMPTF UP TFMG�DPOUBDU 	PS UP UIF XBMMT
PG UIF EJTI

 TP DBQJMMBSZ GPSDFT DBO CF OFHMFDUFE�

8F USBDL UIF ୮ୢMBNFOU TIBQF BT B GVODUJPO PG UJNF VTJOH B /JLPO%���� DBNFSB BU B SFTPMV�
UJPO PG 4288px×2848px BOE B GSBNF SBUF PG 1fps� "T TIPXO JO ୮ୢH� ���(b)
 GSPN UIF JNBHFT XF
FYUSBDU r(s, t)
 UIF QPTJUJPO WFDUPS PG UIF ୮ୢMBNFOU DFOUFSMJOF BMPOH UIF BSD MFOHUI s
 VTJOH UIF
GPMMPXJOH QSPDFEVSF� 8F ୮ୢSTU TFQBSBUF UIF ୮ୢMBNFOU GSPN UIF CBDLHSPVOE
 BOE UIFO SFEVDF
UIFTF QJYFMT UP B TFU PG FRVBMMZ TQBDFE QPJOUT�

*O PSEFS UP BDDVSBUFMZ UBLF IJHIFS PSEFS EFSJWBUJWFT XJUI SFTQFDU UP NBUFSJBM DPPSEJOBUFT

XFNBLF B #F[JFS ୮ୢU UP UIFTF QPJOUT� 5IJT JT B VOJRVF QPMZOPNJBM ୮ୢU PGO(ln) UP B HJWFO TFU PG
n QPJOUT JO r(s) = B{x(l), y(l)}
 l CFJOH UIF QBSBNFUFSJTBUJPO PG UIF #F[JFS DVSWF� "T l HPFT
GSPN � UP �
 s HPFT GSPN 0 UPLo
 CVU OPUF UIBU UIF UXP BSF OPU MJOFBSMZ SFMBUFE� 5IF BOBMZUJDBM
GPSN PG UIF ୮ୢU BMMPXT VT UP DBMDVMBUF κ(s) 	୮ୢH� ���(c)
 BT B DPOUJOVPVT GVODUJPO� 5IF DVSWBUVSF
JT HJWFO CZ

κ(s) =
x′y′′ − y′x′′

(x′2 + y′2)3/2
,

XIFSF UIF QSJNFT EFOPUF EJ୭GFSFOUJBUJPO XJUI SFTQFDU UP l� 8F BMTP DPNQVUF UIF FMBTUJD FOFSHZ
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Eel(t) <= (1/2)
∫ Lo

0 Bκ2(s)ds> GSPN UIF DVSWBUVSF QSP୮ୢMFT FYUSBDUFE GSPN UIF JNBHFT� *O
BQQFOEJY� ����� UIF EFUBJMT PG UIF JNBHF FYUSBDUJPO BMHPSJUIN JT QSPWJEFE JO EFUBJM� 5IF DPEF
GPS UIF USBDLJOH BOE FYUSBDUJPO QSPDFEVSF JT BMTP BWBJMBCMF JO GitHub�

��� &ডঙ঎ছ঒খ঎গঝঊক ছ঎জঞকঝজ

4JODF UIF FMBTUJDJUZ PG UIF ୮ୢMBNFOU JT EFUFSNJOFE CZ JUT CFOEJOH NPEVMVT B = Eπd4/64
 XF
WBSZ d BOE E UP TUVEZ UIF EFQFOEFODF PG UIF SFMBYBUJPO UJNF PO UIFTF ୮ୢMBNFOU QBSBNFUFST�
8F BMTP WBSZLo� TJODF UIF EJTUBODF CFUXFFO UIF OFFEMFT IPMEJOH UIF ୮ୢMBNFOU JO JUT JOJUJBM DPO�
୮ୢHVSBUJPO JT ୮ୢYFE UIF JOJUJBM BWFSBHF DVSWBUVSF
 BOE UIF SFMBUJWF JOJUJBM TFQBSBUJPO CFUXFFO UIF
FOET
 CPUI WBSZ� 'SPN UIF TFRVFODF PG JNBHFT UIBU DIBSBDUFSJ[F UIF TIBQFT PG UIF SFMBYJOH ୮ୢM�
BNFOU
 XF FYUSBDU UXP SFMFWBOU QIZTJDBM RVBOUJUJFT� 0OF PCTFSWBCMF JT UIF OPO�EJNFOTJPOBM
FOE�UP�FOE EJTUBODF
L(t)/Lo 	TFF ୮ୢH� ���

 BT B GVODUJPO PG UJNF� 8F BMTP SFQPSU UIF FMBTUJD FO�
FSHZ Ēel(t)
 OPSNBMJ[FE CZ UIBU PG B ୮ୢMBNFOU PG MFOHUILo SPMMFE JOUP B DJSDMF: 2Bπ2/Lo� 5IFTF
RVBOUJUJFT BSF QMPUUFE JO UIF JOTFUT PG ୮ୢH� ���(a, b)
 GPS UXP EJ୭GFSFOU WBMVFT PG :PVOHؠT NPE�
VMVT
 BOE GPS TFWFSBM WBMVFT PG UIF MFOHUI Lo� *U JT BQQBSFOU UIBU UIF SFMBYBUJPO UJNF JODSFBTFT
NPOPUPOJDBMMZ BOE TUSPOHMZ XJUI Lo BOE EFDSFBTFT XJUI JODSFBTJOHE�

"T TIPXO JO UIF NBJO ୮ୢH� ���(a, b)
 BMM UIF EBUB GPS MFOHUI BOE FMBTUJD FOFSHZ DPMMBQTF PO B
TJOHMF TDBMFE DVSWF� 5IF UJNF IBT CFFO TDBMFE JO FBDI DBTF CZ τ = 8πµB−1L4

o� &WFO UIPVHI
XF BSF JO B WFSZ OPOMJOFBS SFHJNF
 UIFTF DVSWFT DPMMBQTF XIFO QMPUUFE JO UFSNT PG t/τ � 8F
SFNBSL UIBU UIF UJNF TDBMF τ IBT CFFO PCUBJOFE NFSFMZ CZ CBMBODJOH WJTDPVT BOE CFOEJOH
GPSDFT JO UIF MJOFBS SFHJNF� *O BMM UIF EBUB JO ୮ୢH� ��� XF IBWF DIPTFO UIF PSJHJO PG UJNF t = 0

BT UIF JOTUBOU XIFSF OPO�EJNFOTJPOBM FMBTUJD FOFSHZ
 Ēel = 0.4 CVU UIF EBUB DPMMBQTF FWFO BU
OFHBUJWF UJNFT UIVT EF୮ୢOFE� .PSFPWFS
 VQPO DIPPTJOH KVTU Ēel(t = 0) BT 0.4
 UIF SFTQFDUJWF
FOE�UP�FOE EJTUBODFT BVUPNBUJDBMMZ DPMMBQTF BU UIF JOJUJBM UJNF� 5IF WBMVF PG ��� JT BSCJUSBSZ
BOE UIF TDBMJOH XPSLT XFMM GPS BOZ PUIFS PSJHJO PG UJNF� 8F OPUF UIBU NPTU PG UIF SFMBYBUJPO
JT BDDPNQMJTIFE XIFO UIF OPOEJNFOTJPOBM UJNF JT WFSZ TNBMM
 UIBU JT
 t/τ ∼ 2 × 10−2 SBUIFS
UIBO t/τ ∼ O(1)�

8F BMTP WBSZ UIF CFOEJOH NPEVMVT UISPVHI JUT TUSPOH EFQFOEFODF PO d
 UIF EJBNFUFS PG
UIF ୮ୢMBNFOU� 8F DIPPTF UXP EJ୭GFSFOU EJBNFUFST
 d = 1.04mm BOE 0.57mm XJUI :PVOHؠT
NPEVMVT ୮ୢYFE BU E = 240kPa
 BU TFWFSBM EJ୭GFSFOU MFOHUIT 	Lo WBSJFE GSPN 4.1cm UP 7.3cm

GPS 240kPa BOE GSPN 4.6cm UP 7.8cm GPS 800kPa
� 5IF EBUB JO UIF JOTFUT PG ୮ୢH� ���(c, d) USBDL
UIF NFBTVSFE SFMBYBUJPO EZOBNJDT BOE TIPX UIBU UIF TNBMMFS EJBNFUFS SFMBYFT TMPXFS� 0ODF
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https://github.com/sgangaprasath/experiment_codes


BHBJO
 UIF SFMBYBUJPO EZOBNJDT DPMMBQTFT XIFO EBUB PCUBJOFE CZ WBSZJOH Lo BOE d BSF QMPUUFE
BHBJOTU UIF TDBMFE UJNF
 t/τ BT TIPXO JO ୮ୢH� ���(c, d)� 5IF TMPXFTU BOE UIF GBTUFTU EZOBNJDT
TQBO B GBDUPS PG 27 WBSJBUJPO JO UJNF TDBMF τ �

5IFSF BSF UXP NBKPS ୮ୢOEJOHT JO PVS FYQFSJNFOUT� 'JSTU
 UIF UJNF TDBMF τ VTFE UP DPMMBQTF
UIF EBUB JT UBLFO GSPN UIF CBMBODF PG GPSDFT JO UIF MJOFBS SFHJNF
 FWFO UIPVHI NPTU PG UIF
EZOBNJDT XF QSPCF BSF JO UIF EFFQMZ OPOMJOFBS SFHJNF
 XIFSF DVSWBUVSF∼ L−1

o � 4FDPOE
 UIF
UJNF�TDBMF PG SFMBYBUJPO JT BCPVU UXP PSEFST PG NBHOJUVEF TNBMMFS UIBO τ � " EFFQFS VOEFS�
TUBOEJOH PG UIJT QV[[MF SFRVJSFT VT UP RVBOUJGZ UIF EZOBNJDT JO UIF OPOMJOFBS SFHJNF� 5IF
OPOMJOFBS SFHJNF JT HPWFSOFE CZ UIF JOUFSOBM UFOTJPO
 XIJDI JT OPU BDDFTTJCMF JO PVS FYQFSJ�
NFOUT� 8F UIVT UVSO UP B OVNFSJDBM TJNVMBUJPO PG UIF GVMMZ OPOMJOFBS FRVBUJPOT EJTDVTTFE
CFMPX�

��� /ঘগক঒গ঎ঊছ ঍ঢগঊখ঒ঌঊক ঎હঞঊঝ঒ঘগজ
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5IF FOFSHZ JO BO FMBTUJD ୮ୢMBNFOU BSJTFT GSPN JUT CFOEJOHNPEFT 	TFF <��
 ���> GPS NPSF EFUBJMT
�
5IFNFDIBOJDBM FOFSHZ PG CFOEJOH BT XFMM BT B DPOTUSBJOU UFSN UP FOGPSDF MFOHUI DPOTFSWBUJPO
ZJFMET BO FMBTUJD FOFSHZ PG�

Eel =
B

2

∫ Lo

0
κ2(s)ds+

∫ Lo

0

T (s)

2
{|t(s)|2 − 1}ds, 	���


T (s) IFSF JT UIF MBHSBOHF NVMUJQMJFS FOGPSDJOH MFOHUI DPOTUSBJOU� 5IJT MBHSBOHF NVMUJQMJFS JT
UIF UFOTJPO JOTJEF UIF ୮ୢMBNFOU
 XIJDI JT UIF UBOHFOUJBM DPNQPOFOU PG UIF GPSDF JOTJEF UIF
୮ୢMBNFOU� 5IF DVSWBUVSF |κ(s)| = |rss(s)| BOE BTTVNJOH QFSUVSCBUJPO JO r(s)
 UIF QPTJUJPO
PG UIF ୮ୢMBNFOU
 UIF WBSJBUJPO JO FMBTUJD FOFSHZ UBLFT UIF GPSN�

δEel = B

∫ Lo

0
(rss · δrss)ds+

∫ Lo

0

T (s)

2
{rs · δrs}ds 	���


5IF ୮ୢSTU UFSN DBO UIFO CF FYQBOEFE CZ UIF NFUIPE PG JOUFHSBUJPO CZ QBSUT BT�

Brss · δrs|Lo
0 −Brsss · δr|Lo

0 +B

∫ Lo

0
(rssss · δr)ds 	���
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Figure 2.2: (a)Normalised elastic energy, Ēel and (b)non-dimensional end-to-end distance,L(t)/Lo for two
different values of Young's modulus,E (240kPa and 800kPa) and different lengths (Lo varied from 4.1cm
to 7.3cm for 240kPa and from 4.6cm to 7.8cm for 800kPa). The insets show the data as functions of di-
mensional time, whereas the main figures are plotted in terms of scaled time t/τ . (c), (d) Similar plots to
that of (a), (b) for two different diameters, d − 0.57mm, 1.04mm (E = 240kPa) andLo varied between
4.6cm− 7.2cm for the former and 3.3cm− 6.3cm for the latter. The solid lines in all the subfigures indicate
results obtained by solving eqs. 2.8, 2.9 numerically, and scaled by a factor of 4.2 in time, as discussed later in
the text.
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" TJNJMBS NBOJQVMBUJPO GPS UIF TFDPOE UFSN MFBET VT UP�

T (s)rs · δrs|Lo
0 −

∫ Lo

0
[∂s(T (s)rs) · δr]ds 	���


/PX UIF GPSDF EVF UP FMBTUJD FOFSHZ DBO CF XSJUUFO BT�

fel = −δEel
δr

5IJT SFTVMUT JO�
fel = −Brssss + ∂s[T (s)rs] 	���


����� 7঒জঌঘঞজ এঘছঌ঎

5IF WJTDPVT GPSDF QFS VOJU MFOHUI JT TJNQMZ BQQSPYJNBUFE BT B ESBH�DPF୭୮ୢDJFOU UJNFT UIF WFMPD�
JUZ PG UIF SPE JUTFMG� 5IF DPF୭୮ୢDJFOU UVSOT PVU UP CF 8πµ BOE UIF FYQSFTTJPO GPS GPSDF JT HJWFO
CZ�

fvis = 8πµ∂tr(s)

*O BO PWFS�EBNQFE TJUVBUJPO
 UIF WJTDPVT GPSDF CBMBODFT UIF FMBTUJD GPSDF BOE DBO UIVT CF XSJU�
UFO BT�

8πµ∂tr = −Brssss + ∂s[T (s)rs]. 	���


5IPVHI UIF ESBH EVF UP BOJTPUSPQZ PG ୮ୢMBNFOU JT EJ୭GFSFOU BMPOH JUT BYJBM BOE USBOTWFSTF EJ�
SFDUJPO
 XF VTF IFSF BO JTPUSPQJD GPSN BT UIF F୭GFDUT PG BOJTPUSPQZ BSF TNBMM EFTDSJCFE JO EFUBJM
JO BQQ� ������

����� $ঘগজঝছঊ঒গঝজ এছঘখ ঐ঎ঘখ঎ঝছঢ

*O UIF QSFWJPVT TVCTFDUJPOXF TBX UIBU UIF MFOHUI DPOTUSBJO JT JOEVDFE BT B MBHSBOHFNVMUJQMJFS
BOE JT UIF TPVSDF GPS UFOTJPO JUTFMG� /PX UIF DPOTUSBJOUT GSPN HFPNFUSZ IFMQT VT PCUBJO BO
FYQSFTTJPO GPS UFOTJPO�
5IF UBOHFOU JT B VOJU WFDUPS BOE XF XPVME MJLF JU UP SFNBJO TP UISPVHIPVU UIF DVSWF� 5IJT
SFTVMUT JO�

∂(rs · rs) = ∂(|t̂|2) = 0

rss · rs = 0
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"HBJO VTJOH UIF TBNF USJDL
 XF HFU�

rsss · rs = −|rss|2

rssss · rs = −3rss · rsss

rsssss · rs = −3|rsss|2 − 4rss · rssss

/PXEJ୭GFSFOUJBUJOH FR���� XJUI SFTQFDU UP s BOE UBLJOH TDBMBS QSPEVDU XJUI rs
 XF IBWF UFSNT
rsssss · rs
 rss · rs� 6TJOH UIF BCPWF SFMBUJPOT
 UIF ୮ୢOBM FRVBUJPO GPS UFOTJPO JO EJNFOTJPOBM
GPSN JT�

(∂ss − |rss|2)T (s) = −B[3|rsss|2 + 4(rss · rssss)] 	���


"G୴FS B CSJFG OPO�EJNFOTJPOBMJTBUJPO� r → Lr
 t → τ t
 UIF FRVBUJPO PG NPUJPO GPS UIF SPE
JT�

µ̄∂tr = − rssss︸︷︷︸
F1

+ ∂s[T (s)rs]︸ ︷︷ ︸
F2

, 	���


(∂ss − |rss|2)T (s) = −(3|rsss|2 + 4(rss · rssss)). 	���


5IF CPVOEBSZ DPOEJUJPOT BSF� rss(0) = rss(Lo) = 0 DPSSFTQPOEJOH UP [FSP NPNFOU BOE
rsss(0) = rsss(Lo) = 0
 T (0) = T (Lo) = 0
 DPSSFTQPOEJOH UP [FSP GPSDF BU UIF GSFF FOET�
5IF OPO�EJNFOTJPOBM WJTDPTJUZ
 µ̄ JT HJWFO CZ�

µ̄ =
8πµL4

EIτ
.

/PUF UIBU XIFO XF TFU τ1 = τ 
 XF HFU µ̄ = 1
 BOE UIF BCPWF FRVBUJPO CFDPNFT QBSBNFUFS�
GSFF� &RVBUJPOT ��� BOE ��� DPOTUJUVUF UIF CBTJD FRVBUJPOT GPS UIF NFDIBOJDT PG UIF ୮ୢMBNFOU�
5IFSF BSF UXP BQQSPYJNBUJPOT JO UIFTF FRVBUJPOT GPS UIF EZOBNJDT PG UIF ୮ୢMBNFOU DFOUSFMJOF�
'JSTU
 UIF IZESPEZOBNJD JOUFSBDUJPO CFUXFFO QPJOUT PO UIF ୮ୢMBNFOU JT OFHMFDUFE� 4FDPOE
 UIF
ESBH GPSDF EVF UP UIF NPUJPO PG UIF ୮ୢMBNFOU JT BTTVNFE UP CF JTPUSPQJD� 'VSUIFSNPSF
 JO PVS
FYQFSJNFOUT
 XF EP OPU IBWF BO JOEFQFOEFOUNFBTVSF PG UIF ESBH BU UIF JOUFSGBDF 	XIJDI XJMM
EFQFOEPOXFUUJOH QSPQFSUJFT BNPOH PUIFS UIJOHT

 BOE TP JO UIF UIFPSFUJDBM DPNQVUBUJPOT PG
ESBH
 XF VTF UIF WBMVF PG UIF CVML WJTDPTJUZ PG UIF MJRVJE� "O F୭GFDUJWF WJTDPTJUZ BU UIF JOUFSGBDF
DPOUBJOT BO VOLOPXO GBDUPS UP CF EFUFSNJOFE FYQFSJNFOUBMMZ�

��



Figure 2.3: (a) Shape of the filament for various time instants in the simulation super-imposed on each other,
with an experimental image, seen in white, in the background. (b) Evolution of curvature,κ(s) vs s for differ-
ent times. κ(s) is always positive anddecaysmonotonicallywith time. (c)Thedecayof themaximumvalueof
curvature comparedwith that of experiments (◦)without anyfitting parameter in thenumerics. All quantities
are non-dimensionalised usingLo and τ as scales.
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"T JO 5PSOCFSH BOE 4IFMMFZ <���> XF TPMWF UIF UFOTJPO FRVBUJPO BT XFMM BT UIF FRVBUJPO PG
NPUJPO CZ EJTDSFUJ[JOH UIF ୮ୢMBNFOU JOUP JOUFS�DPOOFDUFE SPET PG MFOHUI ds XIJMF DPOTFSWJOH
UIF UPUBM MFOHUI VTJOH QFOBMJTBUJPO� 8F VTF B 5%." TDIFNF UP DBMDVMBUF T (si) VTJOH UIF
WBMVF PG r(si) BU EJTDSFUF BSD�MFOHUIT
 si� " TLFX�୮ୢOJUF EJ୭GFSFODF JT VTFE GPS JNQMFNFOUJOH
UIF CPVOEBSZ DPOEJUJPOT JO IJHIFS�PSEFS EFSJWBUJWFT� )FSF XF HJWF UIF EFUBJMT PG UIF USJDLZ
��UI EFSJWBUJWF BSJTJOH JO UIF CFOEJOH UFSN JO FR� ���� 8F IBWF�

D4r =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(−2rj+5 + 11rj+4 − 24rj+3 + 26rj+2 − 14rj+1 + 3rj)/ds4, j = 0,

(−rj+4 + 6rj+3 − 14rj+2 + 16rj+1 − 9rj + 2rj−1)/ds4, j = 1,

(rj+2 − 4rj+1 + 6rj − 4rj−1 + rj−2)/ds4, 2 ≤ j ≤ N − 2,

(2rj+1 − 9rj + 16rj−1 − 14rj−2 + 6rj−3 − rj−4)/ds4, j = N − 1,

(3rj − 14rj−1 + 26rj−2 − 24rj−3 + 11rj−4 − 2rj−5)/ds4, j = N.

)FSF rj = r(sj)
D4 JT UIF GPVSUI�EFSJWBUJWF NBUSJY
N JT UIF OVNCFS PG SPET BOE XF DIPPTF
N = 62, Lo = 8 BOE EJTDSFUJTBUJPO JO UJNF dt = 10−4 JO PVS TJNVMBUJPOT� 8F VTF B TFNJ�
JNQMJDJU TDIFNF GPS TQBUJBM EFSJWBUJWFT BOE B TFDPOE PSEFS DFOUSBM EJ୭GFSFODF TDIFNF JO UJNF�

'JH� ���(a) TIPXT UIF FWPMVUJPO PG UIF DPNQVUFE ୮ୢMBNFOU TIBQF
 DPNQBSFE UP BO JNBHF
GSPN UIF FYQFSJNFOU� .PSF RVBOUJUBUJWFMZ
 XF HP CBDL UP ୮ୢH� ���(a, b)
 XIFSF XF TIPX Ēel(t)

��



WT t/τ BOE L̄(t) WT t/τ DPNQVUFE CZ TFUUJOH µ̄ = 1� 5IF UJNF�FWPMVUJPO PG UIF TIBQF BHSFFT
XFMM XJUI UIF FYQFSJNFOUBM EBUB
 B TBNQMF PG XIJDI JT TIPXO JO ୮ୢH� ���(a)� 5IF FWPMVUJPO
PG L̄(t) 	TFF FR� ��� JO UIF BQQFOEJY
 EFQFOET POMZ PO UIF HSBEJFOU PG T (s) BU UIF CPVOEBSZ�
5IF GBTU FWPMVUJPO PG L̄(t) BU FBSMZ UJNFT JT B DPOTFRVFODF PG T (s) IBWJOH B HSBEJFOU PG MBSHF
NBHOJUVEF BU UIF CPVOEBSZ� )PXFWFS
 UIF TJNVMBUJPO SFTVMU JT P୭GTFU GSPN UIF FYQFSJNFOUBM
EBUB CZ B GBDUPS PG 4.2� 5IJT EJTDSFQBODZ CFUXFFO FYQFSJNFOU BOE TJNVMBUJPO DPVME CF EVF UP
	J
 BCTFODF PG IZESPEZOBNJD JOUFSBDUJPO BOE BOJTPUSPQJD ESBH JO UIF TJNVMBUJPO
 	JJ
 OFHMFDU
PG XFUUJOH QSPQFSUJFT PG UIF ୮ୢMBNFOU
 BOE QPUFOUJBMMZ NPTU JNQPSUBOUMZ 	JJJ
 PVS VTF PG UIF
CVML WJTDPTJUZ PG UIF MJRVJE JO UIF NPEFM FWFO UIPVHI UIF ESBH PDDVST BU BO JOUFSGBDF� *O
UIF FYQFSJNFOU UIF ୮ୢMBNFOU BU UIF JOUFSGBDF JT QBSUJBMMZ FYQPTFE UP BJS BOE JT POMZ QBSUJBMMZ
TVCNFSHFE JO UIF WJTDPVT MJRVJE� 5IVT UIF F୭GFDUJWF WJTDPTJUZ BU UIF JOUFSGBDF JT FYQFDUFE UP CF
MFTT UIBO UIBU PG UIF CVML MJRVJE
 FYQMBJOJOH BU MFBTU JO QBSU UIF GBDUPS PG ���� 8F FNQIBTJ[F
UIBU UIF JEFBMJ[BUJPOT JO UIF OVNFSJDBM NPEFM BSF JO UIF USFBUNFOU PG ESBH
 BOE OPU JO UIF
FMBTUJDJUZ PG UIF ୮ୢMBNFOU�

*OEFFE
 ୮ୢH� ���(b) TIPXT UIBU UIF DPNQVUFE DVSWBUVSF JT BMXBZT QPTJUJWF BMPOH UIF ୮ୢMBNFOU�
5IF NBYJNVN PG UIF DVSWBUVSF BT B GVODUJPO PG UJNF JT TIPXO JO ୮ୢH� ���(c)
 XIFSF JU JT DPN�
QBSFE UP UIF FYQFSJNFOUBM EBUB� "T EJTDVTTFE FBSMJFS
 UIF UJNF FWPMVUJPO PG FYQFSJNFOU BOE
OVNFSJDBM DPNQVUBUJPO IBWF UIF TBNF GVODUJPOBM GPSN
 CVU UIF UJNF TDBMF PCTFSWFE JO UIF
OVNFSJDT JT GBTUFS�

����� 5঎গজ঒ঘগ

)BWJOH WBMJEBUFE PVS NPEFM
 XF OPX NPWF UP DPNQVUFE RVBOUJUJFT UIBU BSF OPU BDDFTTJCMF
JO UIF FYQFSJNFOUT� "T JT DMFBS JO ୮ୢHVSF ���
 UIF DVSWBUVSF JT OPU VOJGPSN
 BOE UIFSFGPSF UIF
୮ୢMBNFOU TIPVME OPU CF FYQFDUFE UP PQFO VOJGPSNMZ� *O ୮ୢH� ���(a)XF TIPX UIF UFOTJPO
 T (s)
DPNQVUFE VTJOH FR� ���� 5IF SFMBUJPOTIJQ CFUXFFO DVSWBUVSF BOE UFOTJPO JT OPU MJOFBS BOE
EFQFOET PO IJHIFS EFSJWBUJWFT PG DVSWBUVSF� $POTFRVFOUMZ
 VOMJLF UIF DVSWBUVSF
 XIJDI JT
BMXBZT QPTJUJWF
 UIF UFOTJPO DIBOHFT TJHO GSPN DPNQSFTTJWF JO UIF DFOUSBM SFHJPO UP UFOTJMF
OFBS UIF GSFF FOET� 'PSDF CBMBODF BMPOH UIF UBOHFOUJBM EJSFDUJPO UIVT SFRVJSFT UIBU UIF WJTDPVT
ESBH GPSDF CF B GVODUJPO PG BSD�MFOHUI�

*O PSEFS UP UFTU XIFUIFS UIF UFOTJPO EJTUSJCVUJPO PCTFSWFE JO UIF TJNVMBUJPO SFTVMUT BSF
TVQQPSUFE CZ FYQFSJNFOUBM PCTFSWBUJPOT PG UIF WJTDPVT ESBH PO UIF ୮ୢMBNFOU
 XF VTF 1BSUJDMF
*NBHF7FMPDJNFUSZ 	1*7
 UPNFBTVSF UIF WFMPDJUZ ୮ୢFME BU UIF JOUFSGBDF� 8FNBLF B TVTQFOTJPO

��



PG IPMMPX HMBTT TQIFSFT PG 10µm BWFSBHF EJBNFUFS JO UIF ୯୳VJE BOE JMMVNJOBUF UIF JOUFSGBDF
XJUI MBTFS TIFFUT 	8঒ঌঔ঎঍ -ঊজ঎ছজ < 500mW BOE XBWFMFOHUI ≈ 532nm
� 5IF NPUJPO PG
UIF QBSUJDMFT GSPN UIF SFDPSEFE JNBHFT JT USBDLFE VTJOH PQFO�TPVSDF QBDLBHF
 1*7-ঊঋ <���>�
5IF SFTVMUBOU WFMPDJUZ ୮ୢFME GPS UIF SFMBYBUJPO JT QMPUUFE JO ୮ୢH� ���(c)� "T UIF ୮ୢMBNFOU CFHJOT
UP SFMBY
 UXP TZNNFUSJD QBJST PG WPSUJDFT BSF GPSNFE� 5FOTJPO JO UIF TZTUFN IBT DPOUSJCVUJPOT
POMZ GSPN UIF UBOHFOUJBM QSPKFDUJPO PG UIF TUSFTT UFOTPS� /PX VTJOH FR� ��� XF DBO XSJUF�

rs · t̂ ∂sT (s) = µ̄∂tr · t̂+ rssss · t̂

T (s) =

∫ s

0
(rssss · t̂+ µ̄rt · t̂)ds

5IJT RVBOUJUZ HPFT UP [FSP BU UIF QPTJUJPO XIFSF OFU CFOEJOH GPSDF JT CBMBODFE CZ WJTDPVT
EJTTJQBUJPO� $PNQBSJOH UIF 1*7 ୮ୢFME BOE ୮ୢH� ���(b) XF PCTFSWF UIBU UIJT MPDBUJPO JT DMPTF UP
UIF QPJOU XIFSF WPSUJDJUZ DIBOHFT TJHO� 5IJT MPDBUJPONPWFT UPXBSET UIF FOET PG UIF ୮ୢMBNFOU
BT JU SFMBYFT
 DPOTJTUFOU XJUI UIF TJNVMBUJPO SFTVMUT�

5P TFQBSBUF UIF DPOUSJCVUJPOT PG UIF MJOFBS CFOEJOH GPSDF
 F1
 BOE UIF OPOMJOFBS UFOTJPO
BSJTJOH GSPN MFOHUI DPOTFSWBUJPOF2
 XF QMPU JO ୮ୢH� ���(b) UIFTF JOEJWJEVBM UFSNT PO UIF SJHIU
TJEF PG FR� ���� 4VSQSJTJOHMZ
 UIF MJOFBS 	F1
 BOE OPOMJOFBS 	F2
 UFSNT BSF DPNQBSBCMF JO
NBHOJUVEF
 UIPVHI PQQPTFE JO TJHO
 FWFO GPS UIF IJHIMZ EFGPSNFE SFHJNF� 5IF BMHFCSBJD
TVN PG UIFTF GPSDFT JT CBMBODFE CZ B WJTDPVT UFSN UIBU JT NVDI TNBMMFS JO NBHOJUVEF UIBO
FBDI PG UIFTF UFSNT�

7JFXFE JO UIF MJHIU PG UIFTF SFTVMUT
 JU JT FWJEFOU UIBU JHOPSJOH UIF UFOTJPO UFSN JO UIF MBSHF
EFGPSNBUJPO MJNJU OPU POMZ MFBET UP OPO�DPOTFSWBUJPO PG MFOHUI CVU MFBET UP B TJHOJ୮ୢDBOU PWFS�
FTUJNBUJPO PG UIF EJTTJQBUJPO EVF UP WJTDPTJUZ� 4FDPOE
 BT XF TFF GSPN UIF FOFSHZ GVODUJPOBM

T ∼ B/L2

o
 UIF OPOMJOFBS UFOTJPO UFSN 	F2
 IBT UIF TBNF TDBMJOH BT UIF CFOEJOH UFSN 	F1
�
*O PUIFS XPSET
 τ FNFSHFT BT B TJOHMF UJNF TDBMF JO UIF QSPCMFN
 FWFO JO UIF OPOMJOFBS SFHJNF�
8F SFDBMM UIBU UIF ୮ୢMBNFOU SFMBYFT NVDI GBTUFS FYQFSJNFOUBMMZ UIBO UIF UJNF TDBMF τ 
 J�F�
 UIF
CBMBODF CFUXFFO UIF UXP UFSNT MFBET UP B TNBMM OVNFSJDBM QSFGBDUPS�

��� "জঢখখ঎ঝছ঒ঌ ঒গ঒ঝ঒ঊক ঌঘগ঍঒ঝ঒ঘগজ

"MM UIF SFTVMUT XF EFTDSJCF BCPWF BSF GPS JOJUJBM TIBQFT UIBU BSF TZNNFUSJD BCPVU UIF NJEQPJOU
PG UIF ୮ୢMBNFOU 	κ(Lo/2− s) = κ(s)
� *G UIF ୮ୢMBNFOU JT SFMFBTFE GSPN BO BTZNNFUSJD
 IJHIMZ
EFGPSNFE TIBQF
 XF ୮ୢOE FYQFSJNFOUBMMZ UIBU JU ୮ୢSTU EFGPSNT JOUP B TZNNFUSJD TIBQF
 UIFO

��



Figure 2.4: (a) Tension, T (s) vs s at various time instants. The profile of tension changes shape as it decays,
which is evident from the fact that the position where it crosses zero travels towards the ends in time. (b) x-
component of force due to bending (F1), tension (F2) and the resultant viscous force (their sum) fromeq. 2.6
for the filament configuration shown at the bottom right. The contribution from bending force and that of
tension are very similar in magnitude but opposite in sign, so a small viscous force (as seen) is sufficient to
balance them. The filament in the inset is colored based on T (s) and the dots show the position where T (s)
goes to zero. (c)Velocity field obtained by PIVwhere a pair of vortices is formed on each side of the filament.
The tension in the filament vanishes near the location where the sign of vorticity changes. Scales in units of
cm.

��



SFMBYFT BMPOH UIF TFRVFODFT PG TZNNFUSJD TIBQFT XF IBWF QSFWJPVTMZ TIPXO� 5IJT JT TIPXO
JO ୮ୢH� ���(a, b) WJB UIF FWPMVUJPO PG Ēel(t) BOE L̄(t)� 5IF JNBHFT PG ୮ୢMBNFOUT TIPXO MBCFM UIF
JOJUJBM DPOEJUJPO JO FBDI PG UISFF EBUB TFUT EJTQMBZFE� 8F IBWF DIPTFO t = 0 UP CF UIF QPJOU
XIFSF UIFSF JT OP FYQFSJNFOUBMMZ EJTDFSOJCMF BTZNNFUSZ� 'PS t > 0 UIF SFMBYBUJPO GPMMPXT UIF
TBNF QBUI JO BMM DBTFT�

*O UIF MJOFBS SFHJNF
 UIF SFMBYBUJPO UJNF PG B 'PVSJFS DPNQPOFOU WBSJFT POMZ XJUI XBWF�
MFOHUI
 BOE BOZ JOJUJBM BTZNNFUSZ XPVME CF QSFTFSWFE� 5IVT XF FNQIBTJ[F IFSF UIBU UIF
DPMMBQTF JOUP B TZNNFUSJD TIBQF JT B DPOTFRVFODF PG CFJOH JO B EFFQMZ OPOMJOFBS SFHJNF� 5IF
MJOFBS SFHJNF PG PVS QSPCMFN JT TJNJMBS UP BOPUIFS DVSWBUVSF�ESJWFO QSPCMFN ؛ UIBU PG UIF
SFMBYBUJPO PG B QFSUVSCFE MJRVJE�BJS JOUFSGBDF <��
 ��> ؛ JO UIBU UIFZ ୯୳PX UP BUUSBDUJOH TFU PG
TIBQFT BU MPOH UJNFT� 8F TIPX UIJT FYQMJDJUMZ CZ TJNVMBUJOH ୮ୢWF EJ୭GFSFOU BTZNNFUSJD JOJUJBM�
DPOEJUJPOT FBDI XJUI B TUSBJHIU QPSUJPO BUUBDIFE UP B TFNJ�DJSDVMBS QPSUJPO BT JO ୮ୢH� ���(e)�
5IF UPUBM MFOHUI PG UIF ୮ୢMBNFOU GPS BMM UIF JOJUJBM DPOEJUJPOT JT IFME ୮ୢYFE XIJMF UIF EJBNFUFS

b PG UIF TFNJ�DJSDVMBS TFDUJPO JT WBSJFE� 8F RVBOUJGZ UIF BTZNNFUSZ JO UFSNT PG UIF EJ୭GFSFODF
JO DVSWBUVSF PO FJUIFS TJEF PG UIF NJEQPJOU� φ =

∫ Lo/2
0 |κ(Lo/2 − s) − κ(s)|ds� φ UBLFT B

WBMVF PG � GPS B DPNQMFUFMZ TZNNFUSJD TIBQF BOE QPTJUJWF WBMVFT GPS EJ୭GFSFOU MFWFMT PG BTZN�
NFUSZ� 8F QMPU φ(t) JO ୮ୢH� ���� *O BMM DBTFT
 UIF ୮ୢMBNFOU ୮ୢSTU SBQJEMZ CFDPNFT TZNNFUSJD BOE
UIFO SFMBYFT NPSF TMPXMZ UP B TUSBJHIU MJOF� 5IF TUSBJHIU TFDUJPO ୮ୢSTU DVSWFT JO PSEFS UP BUUBJO
PWFSBMM TZNNFUSZ
 UIVT TIPXJOH UIBU UFOTJPO NVTU QMBZ B SPMF
 BT UIFSF JT OP CFOEJOH GPSDF
PO UIF TUSBJHIU TFDUJPO� 5IF UJNF�TDBMF UP SFBDI UIF TZNNFUSJD TIBQF JODSFBTFT NPOPUPOJDBMMZ
XJUI b� 	TFF ୮ୢH� ��� PG BQQFOEJY UP TFF UIF NPWFNFOU PG T (s) BMPOH UIF ୮ୢMBNFOU UP SFHJPOT PG
[FSP CFOEJOH GPSDF�


8FNBLF BO FOFSHZ BSHVNFOU UP TIPX UIBU UIF FOFSHZ PG UIF TZNNFUSJD TUBUF JT BNJOJNVN
XJUI SFTQFDU UP BTZNNFUSJD QFSUVSCBUJPOT� -FU VT BTTVNF B TNPPUI TZNNFUSJD QSP୮ୢMF GPS
DVSWBUVSF
 κ̂(s) = κ̂(−s)� 8F QFSUVSC UIF DVSWBUVSF
 κ̂(s)
 XIJMF NBJOUBJOJOH UIF CPVOEBSZ
DPOEJUJPOT
 XJUI B GVODUJPO −ϵ(s) JO s ∈ [−Lo/2, 0] BOE XJUI ϵ(−s) JO s ∈ [0, Lo/2] � 5IF
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Figure2.5: (a)Evolutionof elastic energy and (b)L(t)/Lo for the twoasymmetric initial conditions shown in
the legend fromexperiments, comparedwith the symmetric case (Lo = 6.5cm, E = 240kPa, d = 1.1mm).
We see that the curvesmerge quickly and the decay beyond that time becomes identical. (c, d)Evolution of a
rodwith symmetric κ(s) about s = 0.5which relaxes to a straight configuration along a symmetric path. (c)
consists of superimposed images from experiment while (d) is from numerics for the same initial condition.
(e)Non-dimensional parameterφ(t)which quantifies the asymmetry in a given configuration. This is plotted
for different initial conditions with different values of b, where b is the diameter of the semi-circular section
shown above the plot. b here is varied between 0.0625 and 0.1875. We see that a configuration with smaller
b symmetrises faster.
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UPUBM FMBTUJD FOFSHZ CFDPNFT�

Eel =
B

2

[ ∫ 0

−Lo/2
(κ̂(s)− ϵ(s))2ds+

∫ Lo/2

0
(κ̂(s) + ϵ(−s))2ds

]

=
B

2

[ ∫ Lo/2

−Lo/2
κ̂2(s)ds+

∫ Lo/2

0
(ϵ2(−s) + ϵ2(s))ds

]

≥ B

2

∫ Lo/2

−Lo/2
κ̂2(s)ds

*U JT UIVT FWJEFOU UIBU GPS B HJWFO DVSWBUVSF
 B TZNNFUSJD TIBQF IBT NJOJNVN FOFSHZ� 5IJT
TIPXT UIBU BTZNNFUSJD QFSUVSCBUJPOT BCPVU BO BSCJUSBSJMZ MBSHF�EFGPSNBUJPO TUBUF XJMM CF SF�
MBYFE UP B TZNNFUSJD TUBUF� 5P FNQIBTJ[F UIF GBDU UIBU JU JT B TZNNFUSJD TUSFTT PS DVSWBUVSF

SBUIFS UIBO B TZNNFUSJD TIBQF
 UIBU JT BUUBJOFE
 XF TIPX BO FYBNQMF JO ୮ୢH� ���(c, d) XIFSF
r(s) JT OPU TZNNFUSJD CVU κ(s) JT� 5IFTF JOJUJBM DPOEJUJPOT BMTP SFMBY BMPOH B TUSFTT�TZNNFUSJD
TFRVFODF PG TIBQFT� 5IF GBTU SFMBYBUJPO PG UIF BTZNNFUSJD TUSFTT TUBUF UP B TZNNFUSJD POF JT
UP CF FYQFDUFE CFDBVTF UIF F୭GFDUJWF MFOHUI PG UIF QPSUJPO PG UIF ୮ୢMBNFOU VOEFS UFOTJPO JT
TIPSUFS BU FBSMZ UJNFT
 BOE DIBOHFT XJUI UJNF BT UIF UFOTJPO HFUT EJTUSJCVUFE FWFSZXIFSF JO
UIF ୮ୢMBNFOU�

��� $ঘগঌকঞজ঒ঘগ

8F ୮ୢOE UIBU UIF FOUJSF SFMBYBUJPO QSPDFTT PG B IJHIMZ EFGPSNFE FMBTUJD ୮ୢMBNFOU JT EFTDSJCFE
CZ B TJOHMF UJNF TDBMF BSJTJOH PVU PG CBMBODJOH WJTDPVT ESBH BOE CFOEJOH GPSDF� 'PSDF CBMBODF
JT BDIJFWFE CZ B OFBS�DBODFMMBUJPO PG UXP MBSHF FMBTUJD DPOUSJCVUJPOT
 POF PG UIFN QVSFMZ OPO�
MJOFBS
 XJUI UIF EJ୭GFSFODF CBMBODJOH UIF FYUFSOBM WJTDPVT ESBH� 5IF UJNF�TDBMF PG SFMBYBUJPO
JO CPUI PVS FYQFSJNFOUBM BOE OVNFSJDBM EBUB JT NVDI GBTUFS UIBO UIF DIBSBDUFSJTUJD UJNF TDBMF
GSPN UIF MJOFBS EZOBNJDT� 8F EP OPU IBWF B TJNQMF RVBMJUBUJWF FYQMBOBUJPO GPS UIJT
 CVU PC�
TFSWF UIBU UIF SFMBYBUJPO BT NFBTVSFE CZ UIF FOE�UP�FOE EJTUBODF
 GPS JOTUBODF
 JT HPWFSOFE CZ
MBSHF UFOTJPO HSBEJFOUT 	TFF FR� ���
� 5IJT FYQFSJNFOUBM TFUUJOH NBZ QPTTJCMZ CF VTFE UP NFB�
TVSF JOUFSGBDJBM WJTDPTJUZ CZ XBUDIJOH UIF SFMBYBUJPO PG B ୮ୢMBNFOU XJUI LOPXO FMBTUJD QSPQFS�
UJFT BOE HFPNFUSZ� "MUFSOBUJWFMZ
 PODF UIF ESBH BU BO JOUFSGBDF JT DBMJCSBUFE GPS B LOPXO FMBTUJD
SPE
 UIJT TFUUJOH DBO CF VTFE UP JOGFS UIF CFOEJOH NPEVMVT PG B ୮ୢMBNFOU� 5IF QSFGFSFODF GPS
TZNNFUSJD TIBQF PG UIF ୮ୢMBNFOU PWFS BTZNNFUSJD TIBQFT XPVMENBLF UIF FYQFSJNFOU SPCVTU
UP TNBMM WBSJBUJPOT JO JOJUJBM DPOEJUJPOT�
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4UPSZ����#VU XIBU ॷ UIF QPJOU PG ZPVS MJTUFOJOH UP B
TUPSZ :PV DBOԙU QBTT JU PO� .BO� *ԙMM MJTUFO UP ZPV� 4�
:PV XJMM .� :ॶ� 4� 5IFSF ॷ B DPOEJUJPO
 IPXFWFS�
:PV DBOԙU KVTU MJTUFO UP UIF TUPSZ BOE MFBWF JU BU UIBU�
:PV NVTU UFMM JU BHBJO UP TPNFPOF FMTF� .� 5IBU *
DFSUBJOMZ TIBMM
 JG * MJWF� #VU STU׹ * NVTU CF BMJWF UP���
5IBU SFNJOET NF� * IBWF B DPOEJUJPO UPP� 4� :ॶ .�
* NVTU OPU EP[F P׸ EVSJOH UIF UBMF� *G * EP
 * EJF�
"MM ZPVS UFMMJOH XJMM CF XBTUFE� 4� "T B TFMG�SFTQFDUJOH
TUPSZ
 UIBU ॷ UIF MFBTU * DBO QSPNJTF�

JSJTI)؛ ,BSOBE
 /BHB�NBOEBMB 3
��% NFDIBOJDT PG TIFFU�୮ୢMBNFOU JO

DPOUBDU XJUI B ESPQMFU

*O UIJT DIBQUFS
 XF FYQMPSF UIF F୭GFDUT PG MBSHF EFGPSNBUJPO CZ DPOTJEFSJOH UIF TDFOBSJP PG
B MJRVJE ESPQMFU JO DPOUBDU XJUI B UIJO FMBTUJD ୮ୢMBNFOU� 5IF NPUJWBUJPO GPS UIJT QSPCMFN
DPNFT GSPN UIF RVFTUJPO PG NPSQIPMPHZ PG B UIJO FMBTUJD TIFFU XJUI B MJRVJE ESPQMFU TJUUJOH
PO UPQ PG JU 	SFG� )VBOH FU BM� <��>
 4DISPMM FU BM� <���>
� 5IF �% WFSTJPO PG UIJT QSPCMFN JT
EJTDVTTFE JO UIJT DIBQUFS
 XIFSF XF QFSGPSN DBMDVMBUJPOT GPS B DZMJOESJDBM ESPQMFU TJUUJOH PO
UPQ PG BO JO୮ୢOJUFMZ XJEF TIFFU� 5IF DBMDVMBUJPO PG UIF TIBQF PG BO JO୮ୢOJUFMZ XJEF TIFFU BOE
UIBU PG B ୮ୢMBNFOU BSF UIF TBNFEVF UP UIF USBOTMBUJPOBM JOWBSJBODF PG BMM UIF SFMFWBOU WBSJBCMFT JO
UIF JO୮ୢOJUF USBOTWFSTF EJSFDUJPO� *O UIF TFDPOE QBSU PG UIJT DIBQUFS
 XF QFSGPSN FYQFSJNFOUT
VTJOH UIJO FMBTUJD ୮ୢMBNFOUT BOE DPNQBSF UIF SFTVMUT GSPN FYQFSJNFOUT XJUI UIF DBMDVMBUJPO
GPS JO୮ୢOJUFMZ XJEF TIFFUT� 8F ୮ୢOE UIBU TFWFSBM BTQFDUT UIBU XFSF FBSMJFS FYQMPSFE JO UIF �%
QSPCMFN CZ 4DISPMM FU BM� <���> USBOTMBUF UP UIF �% TDFOBSJP PG B ESPQMFU JO DPOUBDU XJUI B
୮ୢMBNFOU�
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��� *গঝছঘ঍ঞঌঝ঒ঘগ

5IF QSFTTVSF JOTJEF B MJRVJE ESPQMFU TVSSPVOEFE CZ WBQPVS JT HJWFO CZ :PVOH�-BQMBDF MBX�
p = γ(1/R1 + 1/R2)
 XIFSF R1 BOE R2 BSF UIF QSJODJQBM SBEJJ PG DVSWBUVSF PG UIF MJRVJE JO�
UFSGBDF
 BOE γ UIF MJRVJE WBQPVS TVSGBDF UFOTJPO� 8IFO UIJT ESPQMFU JT JO DPOUBDU XJUI B TPMJE
TVSGBDF
 UIF TPMJE�WBQPVS TVSGBDF UFOTJPO BT XFMM BT MJRVJE�TPMJE TVSGBDF UFOTJPO NPEJGZ UIF
TIBQF PG ESPQMFU BOE BT B DPOTFRVFODF p ∼ γR−1

dr sin2/3(ϑY /2) <���> XIFSFRdr JT UIF ESPQMFU
SBEJVT
 XIJMF ϑY JT :PVOHTؠ DPOUBDU BOHMF� 8IFO UIJT TPMJE TVCTUSBUF JT NBEF PG B TPG୴�FMBTUJD
NBUFSJBM
 γ DBO DSFBUF TUSFUDIJOH BU WFSZ TNBMM MFOHUI TDBMFT ∼ O(µm) <��> BOE UIF QSFTTVSF
EFQFOET PO UIFNBHOJUVEF PG EFGPSNBUJPO BU UIF DPOUBDU�MJOF� )PXFWFS
 XIFO UIF TVCTUSBUF
JT B UIJO ୯୳PBUJOH FMBTUJD TIFFU 	TIPXO TDIFNBUJDBMMZ JO ୮ୢH� ���(a)

 UIF TJUUJOH ESPQMFU BQQMJFT B
-BQMBDF�QSFTTVSF PO UIF TIFFU� 5IJT QSFTTVSF DSFBUFT CFOEJOH EFGPSNBUJPOT PGO(lec)
 XIFSF
lec JT UIF FMBTUPDBQJMMBSZ MFOHUI� %J୭GFSFOU SFHJNFT PG CFOEJOH WT DBQJMMBSZ GPSDF BSJTF CZ DPN�
QBSJOH lec XJUI UIF TJ[F PG UIF ESPQMFU
Rdr� 5IF CFOEJOH PG BO FMBTUJD TIFFU EVF UP UIF QSFTFODF
PG B ESPQMFU IBT CFFO FYQMPSFE JO EFUBJM JO UIF DBQJMMBSZ�PSJHBNJآ MJNJUأ <���
 ���
 ���
 ��> XIFSF
lec ∼ Rdr� *O UIF PUIFS MJNJU PG lec ≪ Rdr
 NFDIBOJDT PG UIF ESPQMFU TIFFU TZTUFN JT WFSZ
EJ୭GFSFOU BOE IBT CFFO FYQMPSFE JO FBSMJFS XPSLT <��
 ��
 ���
 ���>� 5IF TIFFU GPSNT XSJOLMFT
XIFO UIF ESPQMFU JT QMBDFE PO UPQ PG JU EVF UP UIF ESPQMFUؠT TVSGBDF UFOTJPO BU UIF ESPQ�TIFFU
DPOUBDU MJOF� 5IJT TVSGBDF UFOTJPO JOEVDFT JO�QMBOF TUSFTT BU UIF DPOUBDU�MJOF
 XIJDI HFUT USBOT�
NJUUFE BT IPPQ TUSFTT CVDLMFT UP SFTVMU JO XSJOLMFT� 5IPVHI UIF EJTQMBDFNFOU PG TIFFU JO UIF
�% QSPCMFN IBT CFFO TPMWFE FBSMJFS <��
 ��
 ��
 ���
 ���>
 UIF SFMBUJPO CFUXFFO QSFTTVSF BOE
UIFTF EFGPSNBUJPOT BT B GVODUJPO PG CPVOEBSZ UFOTJPO JT MBSHFMZ VOFYQMPSFE� 4FDPOE
 JO UIF
�% QSPCMFN
 UIF UIFPSZ QSFEJDUT UIBU UIF DPOUBDU BOHMF JT B GVODUJPO PG UIF BQQMJFE UFOTJPO BU
UIF CPVOEBSZ PG UIF TIFFU
 XIJDI XBT EJ୭୮ୢDVMU UP NFBTVSF JO FYQFSJNFOUT EVF UP DPNQMJDB�
UJPOT BSJTJOH PVU PG XSJOLMFT�

*O UIJT DIBQUFS XF NPWF UP B ��EJNFOTJPOBM WFSTJPO PG UIF QSPCMFN PG ESPQMFU PO UPQ BO
FMBTUJD TIFFU CVU XJUIPVU UIF DPNQMJDBUJPOT PG XSJOLMFT
 GPMET BOE DSVNQMFT� 0VS TZTUFN
DPOTJTUT PG B DZMJOESJDBM ESPQMFU TJUUJOH PO UPQ PG BO JO୮ୢOJUFMZ XJEF TIFFU XJUI BQQMJFE UFOTJPO
BU JUT FEHFT� 8F BSF BCMF UP FMJNJOBUF UIF DPNQMJDBUJPOT UIBU BSJTF JO �% TJODF UIF �% WFSTJPO
PG B ESPQMFU PO TIFFU DBOOPU FYIJCJU XSJOLMFT
 EVF UP UIF BCTFODF PG HBVTTJBO DVSWBUVSF JO B
�% TIFFU� *O B �% TDFOBSJP
 BMM EFGPSNBUJPOT PG UIF TIFFU BSF JTPNFUSJD UP B QMBOF BOE UIVT
UIFSF JT OP TUSFUDIJOH JOWPMWFE JO UIF EJTQMBDFNFOU PG TIFFU�

��



Figure 3.1: Phase diagrams for two classes of contact angles, ϑY showing three different types of sheet
morphologies: open-state, closed-state, wrapped-state in the non-dimensional tension, T̃ vs bendability ϵ−1

space. (a) ϑY < π/2, (b) π/2 < ϑY < π. On top is the schematic of the setup, where To is the applied
tension andw the droplet radius.

��� 3঎ক঎টঊগঝ ঙঊছঊখ঎ঝ঎ছজ ঊগ঍ ক঒খ঒ঝজ ঘএ ঙছ঎জ঎গঝ ঠঘছঔ

5IF ESPQ�PO�TIFFU QSPCMFNIBT TFWFSBM MFOHUI�TDBMFT UIPVHI
 BTXF TIBMM TFF
 POMZ B GFX MFOHUI
TDBMFT QMBZ BO JNQPSUBOU SPMF JO UIF TIFFU NPSQIPMPHZ�

ا UIJDLOFTT PG TIFFU
 t


ا FMBTUP�DBQJMMBSZ MFOHUI TDBMF 	BSJTJOH PVU PG CBMBODJOH CFOEJOH GPSDF BOE TVSGBDF UFO�
TJPO

 lec = (Et3/γ)1/2 XIFSFE JT UIF :PVOHTؠ NPEVMVT PG TIFFU
 BOE ESPQMFU�WBQPVS
TVSGBDF UFOTJPO γ


ا CBMBODJOH TVSGBDF UFOTJPO BOE TUSFUDIJOH
 lm = γ/E XIJDI JT SFMFWBOU DMPTF UP UIF DPO�
UBDU MJOF

ا MFOHUI PG UIF TIFFU
 L


ا UIF SBEJVT PG ESPQMFU
Rdr�

*O UIJT JOUSJOTJDBMMZ NVMUJ�TDBMF QSPCMFN
 XF BSF JOUFSFTUFE JO B SFHJNF XIFSF UIF TIFFU JT
JOFYUFOTJCMF
 lm ≪ t
 XIFO UIFSF JT B DMFBS TDBMF TFQBSBUJPO CFUXFFO UIF TJ[F PG ESPQMFU BOE
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FMBTUP�DBQJMMBSZ MFOHUI
Rdr ≫ lec BOE GPS TIFFUT MBSHFS UIBO UIF TJ[F PG ESPQMFU L ≫ Rdr� 8F
DBO VTF B OPO�EJNFOTJPOBM OVNCFS UP JOEJDBUF UIF TDBMF TFQBSBUJPO CFUXFFO FMBTUP�DBQJMMBSZ
MFOHUI BOE ESPQMFU TJ[F
 XIJDI JT DBMMFE UIF CFOEBCJMJUZ
 ϵ−1 = (Rdr/lec)2 = γR2

dr/Et3� "O�
PUIFS OPO�EJNFOTJPOBM OVNCFS DPOTUSVDUFE PVU PG HFPNFUSZ PG TIFFU BOE ESPQMFU JT UIF SBUJP
CFUXFFO MFOHUI PG TIFFU BOE ESPQMFU TJ[F
Φ = L/Rdr� 4DBMF TFQBSBUJPO OPX JNQMJFT ϵ−1 ≫ 1

BOE Φ ≫ 1� 5IF SFBTPO XF BSF JOUFSFTUFE JO TVDI B SFHJNF JT CFDBVTF UIF EFQFOEFODF PG
DPOUBDU BOHMF PG ESPQMFU PO UIF NFDIBOJDT PG UIF TIFFU JT GPVOE UP CF B IJHI�CFOEBCJMJUZ QIF�
OPNFOPO JO UIF �% TDFOBSJP BOE XF XPVME MJLF UP ୮ୢSTUMZ TFF JG UIBU JT USVF JO UIF �% WFSTJPO�
0VS TFUUJOH JT TIPXO TDIFNBUJDBMMZ JO ୮ୢH� ���(a) XIFSF XF IBWF UIF ESPQMFU JO HSBZ PO UPQ PG
B ୯୳PBUJOH TIFFU JO CMBDL�

#FZPOE CFOEBCJMJUZ BOE TIFFU MFOHUI UP ESPQMFU TJ[F
 XF BMTP IBWF UIF FYUFSOBMMZ BQQMJFE
CPVOEBSZ UFOTJPO To
 XIJDI DBO CF OPO�EJNFOTJPOBMJTFE VTJOH γ UP HJWF T̃ = To/γ� 5IF
EJNFOTJPO PG UIF UFOTJPO IFSF JT N/m BT UIF BQQMJFE GPSDF BMPOH UIF TIFFU JT TQSFBE BDSPTT JUT
FOUJSF XJEUI� 5IVT XF OFFE UIF GPMMPXJOH GPVS OPO�EJNFOTJPOBM RVBOUJUJFT UP EFTDSJCF UIF
ESPQMFU�TIFFU DPO୮ୢHVSBUJPO�

T̃ = To/γ, ϵ−1 = γR2
dr/Et3, Φ = (L/Rdr), ϑY .

��� .ঊগ঒এ঎জঝঘ

*O UIF SFHJNF PG ϵ−1 → ∞,Φ ≫ 2π
 UIF TIFFU SFNBJOT TUSBJHIU GPS MBSHF FOPVHI UFOTJPO BOE
UIF DPOUBDU BOHMF TFFO IFSF JT ϑY � 5IJT DIBOHFT BT XF SFEVDF UFOTJPO
 UIF TIFFU OPX CFOET
CVU SFNBJOT JO B QBSUJBM�XFUUJOHآ TUBUFأ
 XIFSF UIF MFOHUI PG FYQPTFE MJRVJE�WBQPVS JOUFSGBDF
JT O(Rdr) 	TDIFNBUJDBMMZ TIPXO JO ୮ୢH� ���(a)

 BOE XF FWBMVBUF UIF QSFTTVSF BT B GVODUJPO PG
T̃ � *O UIF QBSUJBM XFUUJOH DPO୮ୢHVSBUJPO
 XF BMTP DBMDVMBUF UIF DPOUBDU BOHMF PG UIF ESPQMFU PO
UPQ PG UIJT TIFFU BOE TIPX UIBU JU EFQFOET PO UIF BQQMJFE CPVOEBSZ UFOTJPO
 T̃ � 4JODF UIF DBM�
DVMBUJPO JT BTTVNJOH WBOJTIJOH UIJDLOFTT PG UIF TIFFU
 UIF BOHMFT EP OPU EFQFOE PO BOZ PG UIF
NBUFSJBM QSPQFSUJFT� 5IJT JNQPSUBOU QSFEJDUJPO JT NFBTVSFE VTJOH B RVBTJ��% FYQFSJNFOUBM
TFUVQ JO UIF TFDPOE QBSU PG UIJT DIBQUFS� 5IF TUSFTTFT JO UIF TIFFU XF ୮ୢOE EFQFOE POMZ PO UIF
DPOUBDU BOHMFT� 'PS WFSZ MBSHF WBMVFT PG CFOEBCJMJUZ
 J�F�
 ϵ−1 → +∞ BOE T̃ < cos2(ϑY /2)
 UIF
QBSUJBM XFUUJOH TUBUF HPFT VOTUBCMF BOE NBLFT B USBOTJUJPO UP QBSUJBM�XSBQQJOHآ TUBUFأ DIBSBD�
UFSJTFE CZ UIF TIFFU DPWFSJOH UIF ESPQ DPNQMFUFMZ
 IPXFWFSXJUI QBSU PG UIF TIFFU TUJMM FYQPTFE
UP UIF WBQPVS� 5IF TIBQFT BSF TIPXO TDIFNBUJDBMMZ JO ୮ୢH����(a)� 8F DBMDVMBUF UIF CJGVSDBUJPO
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Figure 3.2: Phase diagrams for two classes of contact angles, ϑY showing three different types of sheet
morphologies: open-state, closed-state, wrapped-state in the non-dimensional tension, T̃ vs bendability ϵ−1

space. (a) ϑY < π/2, (b) π/2 < ϑY < π. On top is the schematic of the setup, where To is the applied
tension andw the droplet radius.

DVSWF XIFO ϵ−1 → +∞ BOE TIPX UIBU UIF USBOTJUJPO GSPN QBSUJBM�XFUUJOH TUBUF UP QBSUJBM�
XSBQQJOH TUBUF JT TVQFS�DSJUJDBM�

"QBSU GSPN FWBMVBUJOH UIF QSFTTVSF DMPTF UP UIF CJGVSDBUJPO DVSWF
 XF EFNPOTUSBUF UIBU
OFBS UIF QBSUJBM�XSBQQJOH TUBUF UIF TIFFU FYIJCJUT B VOJWFSTBM TFMG�TJNJMBS TIBQF DMPTF UP UIF
DPOUBDU�MJOF
 JOEFQFOEFOU PG ϵ−1� "T UIF OPO�EJNFOTJPOBM UFOTJPO JT EFDSFBTFE FWFO GVSUIFS

XF TIPX UIBU B MPXFS MJNJU FYJTUT
 J�F�
 T̃ = cosϑY CFMPX XIJDI UIF TIFFU VOEFSHPFT B TFD�
POEBSZ JOTUBCJMJUZ JOUP B DPNQMFUFآ XFUUJOH TUBUFأ
 XIFSF UIF ESPQ XFUT UIF FOUJSF TIFFU� *O
UIF DPNQMFUF XFUUJOH TUBUF
 UIF FOET PG TIFFU DPNF JO DPOUBDU BOE NPNFOU CBMBODF FOTVSFT
UIBU UIF FOET BSF JOEJTUJOHVJTIBCMF GSPN PUIFS QPJOUT PO UIF TIFFU TVSGBDF� 5IF TIBQF PG UIF
TIFFU JT HJWFO CZ UIF TPMVUJPO UP UIF 8JMMNPSF QSPCMFN <�> JO UXP EJNFOTJPOT
 XIJDI JT UIF
TIBQF UIBUNJOJNJTFT CFOEJOH FOFSHZ GPS B ୮ୢYFE WPMVNFPG ESPQMFU� 8F DPNQVUF UIFXSBQQFE
TIBQF VTJOH EJSFDU OVNFSJDBMNJOJNJTBUJPO PG UPUBM FOFSHZ PG UIF ESPQ�TIFFU TZTUFNXIFSF UIF
QSFTTVSF BQQFBST BT B MBHSBOHF�NVMUJQMJFS UIBU QSFTFSWFT ESPQ BSFB� #Z VTJOH TJNQMF TDBMJOH BS�
HVNFOUT XF FYQMBJO UIF NFDIBOJTN PG NPEF�TFMFDUJPO JO BOZ XSBQQFE DPO୮ୢHVSBUJPO�
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��� .঎ঌ঑ঊগ঒ঌজ ঊঝ কঊছঐ঎ 	ϵ−1 ≫ 1
 ঊগ঍ ঒গএ঒গ঒ঝ঎ ঋ঎গ঍ঊঋ঒ক঒ঝঢ 	ϵ−1 → ∞


����� 1঑ঢজ঒ঌজ ঒গ ঝ঑঎ ঌঊঙ঒ককঊছঢ�ঘছ঒ঐঊখ঒ ক঒খ঒ঝ

-FU VT DPOTJEFS UIF DBTF PG TNBMM CFOEBCJMJUZ
 ϵ−1 ∼ O(1) XJUI Φ ≫ 2π
 XIFSF UIF TVSGBDF
UFOTJPO DBO CFOE UIF TIFFU POMZ HFOUMZ� *O UIF BCTFODF PG BQQMJFE UBOHFOUJBM UFOTJPO
 UIF JO�
QMBOF GPSDF CBMBODF XPVME HJWF� TI ≈ −γ cosϑY 
 XIFSF TI JT UIF UFOTJPO JO UIF CVDLMFE [POF�
/PUF UIBU TI JT DPNQSFTTJWF GPS ϑY < π/2 BOE UFOTJMF GPS π/2 < ϑY < π� 5IF TIFFU CVDLMJOH
EVF UP UIF ESPQMFUؠT -BQMBDF QSFTTVSF JT WFSZ TJNJMBS UP UIF &VMFS CVDLMJOH TDFOBSJP XIFSF UIF
TIFFU CVDLMFT CFZPOE B DSJUJDBM T c

I � 5IF DSJUJDBM TIFFU UFOTJPO JT DBMDVMBUFE CZ FOFSHZ CBMBODF
CFUXFFO XPSL EPOF CZ TI BOE UIF TUPSFE CFOEJOH FOFSHZ
 XIJDI HJWFT T c

I ∼ ϵγ� 8F TFF UIBU
XIFO UIF CFOEBCJMJUZ PG UIF TIFFU JT WFSZ TNBMM
 J�F�
 ϵ ≪ 1
 T c

I XJMM CF MBSHFS UIBO (− cosϑY )

XIJDINFBOT UIBU UIF TVSGBDF UFOTJPO JT OPU TUSPOH FOPVHI UPCVDLMF UIF TIFFU� )PXFWFS BTXF
SFEVDF UIF WBMVF PG ϵ PS JODSFBTF ϵ
 XF XPVME SFBDI B TUBUF XIFSF UIF T c

I < (− cosϑY )
 XIJDI
JT XIFO UIF TIFFU XPVME CVDLMF� 5IJT FYBNQMF QSPWJEFT B OBJWF NFDIBOJTN GPS UIF TIFFU
CVDLMJOH EVF UP UIF QSFTFODF PG B ESPQMFU
 XF XJMM IPXFWFS TFF JO EFUBJM UIF DPOUSJCVUJPOT PG
EJ୭GFSFOU FOFSHJFT UP TIFFU CVDLMJOH JO UIF QSFTFODF PG BO BQQMJFE CPVOEBSZ UFOTJPO JO UIF
FOTVJOH TVCTFDUJPOT�

����� %ছঘঙ�জ঑঎঎ঝ খঘছঙ঑ঘকঘঐ঒঎জ ঊজ ঍঒এএ঎ছ঎গঝ ঙ঑ঊজ঎জ

/PUF� 5IF JO୮ୢOJUF CFOEBCJMJUZ DBMDVMBUJPO QSFTFOUFE JO UIF ୮ୢSTU QBSU PG UIJT DIBQUFS XBT EF�
SJWFE CZ #FOOZ %BWJEPWJUDI BOE 'BCJBO #SBV� * IBWF IPXFWFS SFEFSJWFE UIFTF FYQSFTTJPOT
TJODF UIFTF SFTVMUT BSF JNQPSUBOU GPS UIF FYQFSJNFOUT EFUBJMFE JO UIF TFDPOE IBMG PG UIF DIBQ�
UFS� *O UIF ୮ୢSTU QBSU
 * IBE DPOUSJCVUFE UP UIF XPSL CZ TPMWJOH UIF TIFFU TIBQF JO JOOFS BOE
PVUFS SFHJPOT BOE BMTP SFQSPEVDJOH UIF SFTVMUT PG /FVLJSDI FU BM� <���>
 XIJDI JT OPU TIPXO
IFSF�

5IF UPUBM FOFSHZ PG UIF ESPQ�TIFFU TZTUFN JO UIF BCTFODF PG BQQMJFE UFOTJPO BU TIFFU FOET
DBO CF XSJUUFO BT UIF TVN PG DPOUSJCVUJPOT GSPN TVSGBDF FOFSHJFT BOE CFOEJOH� Us = Usurf +

Ubend� *O UIF MJNJU PG WBOJTIJOH UIJDLOFTT
 t → 0 PS ϵ−1 → +∞
 UIF DPOUSJCVUJPOT GSPN
Ubend → 0
 BT UIF DPTU PG CFOEJOH JT WBOJTIJOHMZ TNBMM� 5IVT UIF TUBUF PG UIF ESPQ�TIFFU
TZTUFN JT EPNJOBUFE CZ DPOUSJCVUJPOT GSPN EJ୭GFSFOU JOUFSGBDFT� MJRVJE�WBQPVS
 MJRVJE�TIFFU
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Figure 3.3: Contact angles ϑ,φ of the droplet sitting top of the elastic sheet which undergo bifurcation for
different values of boundary tension, T̃ when ϑY = π/3 . Here T̃c = cos2(ϑY /2) is the critical non-
dimensional tension for transition from partially-wetting phase to partially wrapped phase. We see ϑ = φ
happens when T̃ = 2T̃c. T̃ = cosϑY is the transition criteria on tension for transition from partially-
wrapped phase to complete wetting.

TIFFU�WBQPVS� 8F DBO XSJUF UIF FOFSHZ DPOUSJCVUJPOT GSPN EJ୭GFSFOU JOUFSGBDFT BT 	TFF ୮ୢH� ���
�

Us = 2γsv(L− Lb) + (γsv + γsl)Lb + γLd, 	���


XIFSFLb JT UIF MFOHUI PG UIFXFU SFHJPO
Ld = (L−Lb) UIF MFOHUI PG ESZ SFHJPO
 γsv JT UIF TVS�
GBDF UFOTJPO PG TPMJE�WBQPVS JOUFSGBDF
 γsl JT UIF TVSGBDF UFOTJPO PG TPMJE�MJRVJE JOUFSGBDF� 8F
LOPX GSPN :PVOH�-BQMBDF�%VQS© 	:-%
 SFMBUJPO UIBU FRVJMJCSJVN DPOUBDU BOHMF JT SFMBUFE
UP UIF TVSGBDF FOFSHJFT CZ UIF SFMBUJPO� cosϑY = ∆γ/γ = (γsv−γsl)/γ� 8F DBO VTF UIF :-%
SFMBUJPO UP XSJUF UIF FOFSHZ BT�

Us = Usurf = 2γsvL− γ cosϑY Lb + γLd. 	���


"QBSU GSPN UIF FOFSHZ PG UIF JOUFSGBDF
 XF BMTP LOPX UIBU UIF ESPQMFU WPMVNF JT DPOTFSWFE�
*O UIF �% MJNJU UIJT USBOTMBUFT UP UIF BSFB CFJOH DPOTFSWFE� 8F DBO XSJUF UIF FYQSFTTJPO GPS

��



UIF BSFB PG UIF ESPQMFU JO UFSNT PG θ,φ, Rb, Rd TIPXO JO ୮ୢH� ���(b) BT�

A = πR2
dr = R2

d

(
θ − 1

2
sin 2θ

)
+R2

b

(
φ− 1

2
sin 2φ

)
, 	���


XIJDI JT UIF TVN PG DPOUSJCVUJPOT GSPN UIF UPQ BOE CPUUPN QBSU JO ୮ୢH� ���(b)� )FSF Rd, Rb

BSF UIF SBEJVT PG DVSWBUVSFT PG UIF ESPQ BOE UIF CVDLMFE SFHJPO PG TIFFU
 Rdr JT UIF SBEJVT
PG ESPQMFU� 5IJT BSFB FYQSFTTJPO JT BSSJWFE CZ TVNNJOH TFDUJPOT PG B DJSDMF BT UIF ESPQMFU JT
OPU EFGPSNFE CZ HSBWJUZ PS PUIFS TVDI CPEZ GPSDFT� 8F DBO OPSNBMJTF BSFB UP HFU UIF OPO�
EJNFOTJPOBM GPSN�

A

R2
b

=

[
sin2 φ

(
θ − 1

2 sin 2θ

)
+ sin2 θ

(
φ− 1

2 sin 2φ

)]

sin2 φ
=

G2(φ, θ)

sin2 φ
. 	���


6TJOH HFPNFUSZ XF BMTP IBWF UIF SFMBUJPOT� Lb = 2φRb, Lb = 2θRb, Rb sin θ = Rd sinφ =

W/2� 5IFTF SFMBUJPOT DBO CF JNNFEJBUFMZ EFSJWFE GSPN UIF TDIFNBUJD TIPXO JO ୮ୢH� ���(a)� "T
EFTDSJCFE FBSMJFS
 XF IBWF BQQMJFE UFOTJPOTo BU UIF FOET PG UIF TIFFU BOE TP UIF UPUBM FOFSHZ PG
UIF TZTUFN JT B DPOUSJCVUJPO PG UIF TVSGBDF FOFSHJFT BOE UIF XPSL EPOF CZ UIF UFOTJPO� /PX
UIF UFOTJPO EJTQMBDFT UIF TIFFU FOET CZ B EJTUBODF d/2 BT TIPXO JO ୮ୢH� ���(b)
 TP UIF XPSL
EPOF Ut = −dTo
 EVF UP UFOTJPO BU CPUI FOET� 5IF EJTQMBDFNFOU DBO CF XSJUUFO JO UFSNT PG
L,w,W BT d = L − 2w − W = Lb(1 − sinφ/φ)� )FSF XF VTF UIF HFPNFUSJD SFMBUJPO UIBU
2w = (L−Lb)
 BT DBOCF TFFO JO ୮ୢH� ���(b) BOE BMTP UIF SFMBUJPOCFUXFFOW BOELb GSPNFBSMJFS�
'JOBMMZ UIF FYQSFTTJPO GPS UIF UPUBM FOFSHZ
 XIJDI JT UIF FRVJWBMFOU PG FOUIBMQZ GPS UIJT PQFO
TZTUFN
 JT UIF EJ୭GFSFODF CFUXFFO TVSGBDF FOFSHZ BOE XPSL EPOF EVF UP UFOTJPO� 5IJT DBO CF
XSJUUFO JO OPO�EJNFOTJPOBM UFSNT BG୴FS FYQSFTTJOH BMM UIF WBSJBCMFT JO UFSNT PG KVTU θ,φ, T̃ BT�

Uf = Us − Ut = 2γsvL+ 2γ

[
θ sinφ− φ sin θ cosϑY + T̃ sin θ(φ− sinφ)

]
, 	���


Ūf (φ, θ) =

(
Uf − 2γsvL

2γ
√
πRdr

)
=

[θ sinφ− φ sin θ cosϑY + T̃ sin θ(φ− sinφ)]

G(φ, θ)
. 	���


5IF ୮ୢOBM FYQSFTTJPO GPS FOFSHZ Ūf JT EFQFOEFOU POMZ PO UXP WBSJBCMFT θ,φ GPS B HJWFO WBMVF
PG T̃ BOE FRVJMJCSJVN DPO୮ୢHVSBUJPO PG UIF ESPQMFU�TIFFU TZTUFN JT PCUBJOFE CZ FYUSFNJTJOH
UIJT FOFSHZ FYQSFTTJPO� 8F PCUBJO UIF TPMVUJPO CZ TPMWJOH UIF FRVBUJPOT� ∂φU = ∂θU = 0�

��



8F HFU UXP FYQSFTTJPOT GPS T̃ 
 XIJDI NVTU CF UIF TBNF�

T̃ =
2φ(cosϑY sinφ+ sin θ) + cos(θ + 2φ)− cos θ

2 sinφ(φ− sinφ)
	���


=
2θ(cosϑY sinφ+ sin θ) + cosϑY cos(2θ + φ)− cosϑY cosφ

2 sinφ(θ − sin θ cos θ) + 2(1− cosφ) sin2 θ
. 	���


8F DBO PCUBJO BO FYQSFTTJPO GPS cosϑY , T̃ JO UFSNT PG θ,φ CZ TPMWJOH UIF BCPWF UXP FYQSFT�
TJPOT JO .ঊঝ঑঎খঊঝ঒ঌঊ BT

cosϑY =
sin(θ + φ)

sinφ
− sin θ

sinφ
	���


T̃ =
sin(θ + φ)

sinφ
. 	����


8F TFF JO FR� ��� UIBU UIF ୮ୢSTU UFSNPO UIF SJHIU IBOE TJEF JT OPUIJOH CVU T̃ 
 GSPN FR� ����� /PX
JO PSEFS UP JOUFSQSFU UIF TFDPOE UFSN JO FR� ���
 XF VTF UIF GBDU UIBU UIF -BQMBDF QSFTTVSF JO
UIF ESPQMFU JT HJWFO CZ p = γ/Rd = TI/Rb 	TFF ୮ୢH� ���(a)
� 5IJT JNQMJFT UIBU

T̃I =
TI

γ
=

Rb

Rd
=

sin θ

sinφ
.

5IJT JNNFEJBUFMZ MFBET UP JOUFSQSFUJOH UIF FR� ��� BT

T̃ − T̃I = cosϑY , 	����


XIJDI SFNBSLBCMZ SFTFNCMFT UIF :PVOH�-BQMBDF�%VQS© SFMBUJPO
 FYDFQU UIBU UIF TVSGBDF FOFS�
HJFT BSF OPX SFQMBDFE CZ UIF TUSFTT JO UIF TIFFU� 8F DBMM UIJT UIF FMBTUJD :PVOH�-BQMBDF�%VQS©
SFMBUJPO� 5IF TFDPOE BTQFDU PG UIJT ୮ୢOEJOH JT UIBU XF DBO JNNFEJBUFMZ FYQBOE FR� ���� BT�

T̃ = T̃I cosφ+ cos θ, 	����


XIJDI JT OPUIJOH CVU UIF MPDBM GPSDF CBMBODF BU UIF DPOUBDU MJOF� " JNQPSUBOU EJ୭GFSFODF IPX�
FWFS JT UIBU UIJT BSJTFT PVU PG HMPCBM FOFSHZ NJOJNJTBUJPO� &RVBUJPO ����
 ���� UIVT QSPWJEF
UIF TUSFTTFT JOTJEF UIF TIFFU BOE TIPX UIBU UIFSF FYJTUT B KVNQ JO UIF TUSFTT BU UIF DPOUBDU MJOF
EFQFOEFOU PO UIF FRVJMJCSJVN :PVOHؠT DPOUBDU BOHMF�

��



5ছঊগজ঒ঝ঒ঘগ এছঘখ ঘঙ঎গ জঝঊঝ঎ ঝঘ ঌকঘজ঎঍ জঝঊঝ঎

8F TUBSUFE PVU CZ TPMWJOH GPS UIF DPOUBDU BOHMFT BOE IPX UIFZ SFMBUF UP UIF TUSFTTFT JO UIF TIFFU�
8F IBWF DBMDVMBUFE UIF TUSFTTFT JO UIF QSFWJPVT TFDUJPO BOE XF OPX FWBMVBUF UIF BOHMFT GSPN
UIF NJOJNJTFE TPMVUJPO� 6TJOH UIF FRVBUJPOT PCUBJOFE CZ NJOJNJTJOH FOFSHZ JO FR� ���
 ���

XF PCUBJO BO FYQSFTTJPO GPS cos θ, cosφ�

cos θ =
T̃ 2 − T̃ 2

I + 1

2T̃
, 	����


cosφ =
T̃ 2 + T̃ 2

I − 1

2T̃ T̃I
. 	����


'FX JNQPSUBOU JNQMJDBUJPOT BSJTF KVTU CZ MPPLJOH BU UIF FYQSFTTJPO GPS cos θ, cosφ� 'JSTUMZ XF
XBOU UIF WBMFT PG θ BOE φ UP CF SFBM BOE UIJT JNQMJFT cos θ, cosφ MJF JO UIF JOUFSWBM [−1, 1]� 5IJT
JNNFEJBUFMZ JNQMJFT GSPN FRT� ����
 ���� UIBU T̃ + T̃I ≥ 1 BOE |T̃ − T̃I | ≤ 1� 6TJOH FR� ����
UIFTF FYQSFTTJPOT TJNQMZ NFBO�

| cosϑY | ≤ 1, 	����

T̃ ≥ T̃c = cos2(ϑY /2). 	����


5IF ୮ୢSTU JOFRVBMJUZ TJNQMZ EF୮ୢOFT UIF DSJUFSJB GPS QBSUJBM XFUUJOH XIFSFBT UIF TFDPOE JOFRVBM�
JUZ JTNPSF JOUFSFTUJOH BT JU TFUT B MPXFS CPVOEPO UIF WBMVF PG UFOTJPO GPSXIJDIQBSUJBMXFUUJOH
QIBTF FYJTUT�

8IFO T̃ → T̃c UIF UFOTJPO JO UIF CVDLMFE [POF BQQSPBDIFT T̃I → sin2(ϑY /2)� 'PS WBMVFT
PG UFOTJPO MPXFS UIBO T̃c XF TFF UIBU UIF TIFFU DPO୮ୢHVSBUJPO JO QBSUJBM XFUUJOH QIBTF HPFT
VOTUBCMF BOE FOUFST B QBSUJBMXSBQQJOHQIBTF� 8FEFTDSJCF UIF DIBSBDUFSJTUJDT PG UIJT USBOTJUJPO
JO UIF OFYU TVCTFDUJPO CZ FYQBOEJOH UIF FOFSHZ PG UIF TZTUFN BSPVOE UIJT ୮ୢYFEآ QPJOUأ�

1ঊছঝ঒ঊক ঠ঎ঝঝ঒গঐ�ঠছঊঙঙ঒গঐ ঝছঊগজ঒ঝ঒ঘগ

8FTFF GSPNUIFQSFWJPVT TVCTFDUJPO UIBU UIF MPXFSCPVOEPO UFOTJPO GPS TUBCMF QBSUJBM�XFUUJOH
QIBTF JNQMJFT UIBU UIF DPO୮ୢHVSBUJPO HPFT VOTUBCMF CFMPX B DSJUJDBM UFOTJPO WBMVF
 EFOPUFE CZ
T̃c� 'PS T̃ < T̃c
 UIF FOFSHZ PG UIF TZTUFN Ūf JT NJOJNJTFE XIFO φ = π, θ = 0� 5IJT TJNQMZ
NFBOT UIBU UIFSF JT OP MJRVJE�WBQPVS JOUFSGBDF
 Ld → 0 XIFSFBT Lb → 2πRdr� 5IF SFBTPO
XIZ UIJT QIBTF JT DBMMFE أQBSUJBMMZ�XSBQQFEآ QIBTF JT CFDBVTF UIFSF JT B GSBDU PG UIF TIFFU XIJDI

��



JT TUJMM FYQPTFE UP WBQPVS
 J�F�
 UIF MFOHUI PG UIF ESZ SFHJPO JT OPU [FSP� 5IF UPUBM FOFSHZ PG UIF
QBSUJBMMZ�XSBQQFE QIBTF JT HJWFO CZ�

Ūwrap = Ūf (φ = π, θ = 0) →
√
π(T̃ − cosϑY ).

/PX UP QSPCF UIF USBOTJUJPO GSPNQBSUJBM XFUUJOH UP QBSUJBM XSBQQJOH
 XF FYQBOE BSPVOE UIF
FRVJMJCSJVN DPO୮ୢHVSBUJPO φ = π, θ = 0� 8F JOUSPEVDF OFX WBSJBCMFT 	XIJDI XF XJMM TFF JT
NPSF VTFGVM
 JO UFSNT PG φ, θ� 5IFTF BSF� δφ = π−φ, δT̃I = T̃I−sin2(ϑY /2) = sin θ/ sinφ−
sin2(ϑY /2)� 5IF DPOUSPM QBSBNFUFST T̃ ,ϑY DBO UIFO CF XSJUUFO BT� δT̃o = (T̃ − T̃c),ϑY =

arccos(∆γ/γ)� &RVBUJPO ���� DBO CF XSJUUFO VTJOH UIFTF OFX WBSJBCMFT BT�

δφ0 = arccos

[
1− 8δT̃o(1 + δT̃o)− cos 2ϑY

1 + 8δT̃o(1 + δT̃o)− cos 2ϑY

]
	����


δT̃ 0
I = δT̃o. 	����


)FSF UIF TVQFSTDSJQU PG 0 JT JOUSPEVDFE UP JOEJDBUF UIF TPMVUJPO PG UIF FOFSHZ NJOJNJTFE
DPO୮ୢHVSBUJPO� 8IFO δT̃o → 0 XF HFU CBDL UIF TPMVUJPO BU UIF USBOTJUJPO TVDI UIBU δφ →
0, δT̃I → 0� 5P TFF IPX UIFZ BQQSPBDI UIF FOFSHZ NJOJNJTFE TUBUF
 XF FYQBOE UIF TPMVUJPO
FYQSFTTJPO BSPVOE δT̃o → 0 TUBUF UP HFU�

δφ0 =
4

sinϑY

√
δT̃o +O(δT̃ 3/2

o ), 	����


θ0 = δφ0 sin2
(
ϑY
2

)
. 	����


8F DBO TVCTUJUVUF UIJT JOUP UIF FOFSHZ FYQSFTTJPO JO FR� ��� UP HFU�

Ū0
f =

√
π sin2

(
ϑY
2

)
+

√
πδT̃o −

16

3
√
π sinϑY

δT̃ 3/2
o +O(δT̃ 5/2

o ). 	����


8F OPUF UIBU BT δT̃o → 0
 UIF WBSJBCMFT δφ0, δT̃ 0
I BOE UIF FOFSHZ Ū0

f BT XFMM BT UIFJS EFSJWBUJWFT
BQQSPBDI UIF FRVJMJCSJVN WBMVF DPOUJOVPVTMZ UP UIF QBSUJBMMZ XSBQQFE TUBUF� 5IJT TJNQMZ JN�
QMJFT UIBU UIF QBSUJBM�XFUUJOH UP QBSUJBM�XSBQQJOH USBOTJUJPO JO UIF MJNJU PG WBOJTIJOH CFOEJOH
F୭GFDUT JT B TFDPOE PSEFS USBOTJUJPO PS B TVQFS�DSJUJDBM CJGVSDBUJPO�

��



&હঞ঒ঙঊছঝ঒ঝ঒ঘগ ঘএ ঊগঐক঎জ ঞগ঍঎ছ কঊছঐ঎ ঝ঎গজ঒ঘগ

*O UIF XPSL PG 4DISPMM FU BM� <���> JU XBT PCTFSWFE UIBU GPS MBSHF CPVOEBSZ UFOTJPO UIF BOHMFT
φ, (ϑY −θ) BSF FRVBM� *U XPVME CF JOUFSFTUJOH UP TFF JG UIF MPX�EJNFOTJPOBM BOBMPH PG UIF TBNF
QSPCMFN BMTP DBSSJFT UIJT GFBUVSF� *O PSEFS UP EP UIBU
 XF FYQBOE UIF FYQSFTTJPOT ����
 ���� JO
UIF MJNJU T̃ ≫ 1 BOE XF HFU�

(ϑY − θ) =
sinϑY

T̃
+O(1/T̃ 2), 	����


φ =
2 sinϑY

T̃
+O(1/T̃ 2), 	����


XIJDI MFBET UP UIF DPODMVTJPO UIBU (ϑY − θ)/φ→ 1/2� 5IVT XF TFF UIBU JO UIF �% WFSTJPO PG
UIF ESPQMFU�PO�TIFFU QSPCMFN
 UIF DPOUBDU BOHMFT HFU FRVJQBSUJUJPOFE�

1ঊছঝ঒ঊক�ঠছঊঙঙ঒গঐ ঝঘ $ঘখঙক঎ঝ঎ ঠ঎ঝঝ঒গঐ ঝছঊগজ঒ঝ঒ঘগ

5IF FOFSHZ PG UIF TIFFU JO UIF QBSUJBMMZ XSBQQFE QIBTF DBO CF XSJUUFO JO EJNFOTJPOBM GPSN
BT�

Uwrap = 2γsvL+ (To −∆γ)Lb,

XIFSF Lb = 2πRdr GPS DJSDVMBS XSBQQJOH
 IPXFWFS PUIFS OPO�DJSDVMBS TIBQFT BSF QPTTJCMF
GPS SFEVDFE WBMVFT PG UFOTJPO T̃ < T̃c
 XIFSF 2πRdr < Lb ≤ L� .PSFPWFS XF TFF UIBU GPS
To/γ < cosϑY 
 UIF FOFSHZ DPOUSJCVUJPO PG UIF TFDPOE UFSN JT OFHBUJWF GPS 0 < cosϑY < 1

J�F�
 0 < ϑY < π/2 BOE UIVT UIF UPUBM FOFSHZ JT NJOJNJTFE XIFO Lb = L
 BT NPSF UIF
OFHBUJWF DPOUSJCVUJPO GSPN UIF TFDPOE UFSN
 UIF MPXFS UIF UPUBM FOFSHZ HFUT� 5IVT FOUJSF ESZ
QPSUJPO PG UIF TIFFU JT FODBQTVMBUFE CZ UIF ESPQMFU GPS T̃ = To/γ < cosϑY � 5IJT QIBTF XF
DBMM UIF DPNQMFUF XFUUJOH QIBTF BOE XF TFF B USBOTJUJPO GSPN QBSUJBM�XSBQQJOH UP DPNQMFUFMZ
XFU QIBTF JO UIF MJNJU PG WBOJTIJOH TIFFU UIJDLOFTT GPS T̃ < cosϑY � 5IF QBSUJBM XSBQQJOH
UP DPNQMFUF XFUUJOH USBOTJUJPO IBQQFOT GPS −1 < cosϑY < 0 PS π/2 < ϑY < π XIFO UIF
UFOTJPO To < γ cosϑY XIJDI NFBOT UIBU UIF UFOTJPO NVTU CF DPNQSFTTJWF
� 5IVT XF TFF GPS
UIJT SBOHF PG DPOUBDU BOHMFT
 UIF ESPQ�TIFFU NPSQIPMPHZ SFNBJOT JO QBSUJBMMZ�XSBQQFE QIBTF
GPS BMM WBMVFT PG FYUFOTJMF CPVOEBSZ UFOTJPO�

��



Figure 3.4: Schematic of the inner-zone, close to the contact line. θcon - contact angle of droplet, determined
from force balance; θo - far-field angle at the applied tension end; xin - half-length of liquid-vapour interface;
zw - leading order height of bending from liquid interface.

��� #঎গ঍ঊঋ঒ক঒ঝঢ঎এএ঎ঌঝঘগঙঊছঝ঒ঊক�ঠ঎ঝঝ঒গঐঝঘঙঊছঝ঒ঊক�ঠছঊঙঙ঒গঐঝছঊগ�
জ঒ঝ঒ঘগ

*O UIF QSFWJPVT TFDUJPO XF MPPLFE BU UIF TIFFU NPSQIPMPHZ BOE UIFJS USBOTJUJPOT VOEFS EJ୭GFS�
FOU WBMVFT PG UFOTJPOT
 JO UIF MJNJU PG ϵ−1 → +∞� *O BMM UIF FYQFSJNFOUT
 XIJDI XF EJTDVTT JO
EFUBJM JO UIF MBUFS TFDUJPOT PG UIF DIBQUFS
 XF BMTP XBOU UP VOEFSTUBOE UIF F୭GFDUT PG OPO�[FSP
WBMVFT PG ϵ� 8F BDDPVOU GPS ୮ୢOJUF CFOEJOH SJHJEJUZ CZ DPOTJEFSJOH UIF FOFSHZ EVF UP CFOEJOH
JO UIF UPUBM FOFSHZ� 5IF CFOEJOH FOFSHZ PG UIF TIFFU JT OPUIJOH CVU�

Ubend =
B

2

∫ L/2

−L/2
κ2(s) Es, 	����


XIFSFB = Et3 JT UIF CFOEJOH TUJ୭GOFTT
 κ(s) JT UIF DVSWBUVSF BMPOH UIF TIFFU BSD�MFOHUI s� 8F
XJMM TFF JO UIF OFYU TFDUJPO UIBU UIFSF JT B VOJWFSTBM TPMVUJPO UP UIF TIBQF PG UIF TIFFU
 PCUBJOFE
CZ BDDPVOUJOH UIF CFOEJOH FOFSHZ DMPTF UP UIF QBSUJBM XFUUJOH UP QBSUJBM XSBQQJOH USBOTJUJPO�
8F TIPX UIBU XF DBO TQMJU UIF TIFFU JOUP UXP SFHJPOT
 UIF JOOFS SFHJPO PS DPNNPOMZ SFGFSSFE
JO ୯୳VJE NFDIBOJDT OPNFODMBUVSF BT UIF CPVOEBSZ MBZFS
 DMPTF UP UIF ESPQMFU DPOUBDU MJOF BOE
UIF PVUFS SFHJPO
 GBS GSPN UIF DPOUBDU MJOF 	TIPXO TDIFNBUJDBMMZ JO ୮ୢH� ���
� *O UIF FOTVJOH
TVCTFDUJPOT XF QSFTFOU UIF TIBQF PG UIF TIFFU JO CPUI UIFTF SFHJPOT�

��



*গগ঎ছ ছ঎ঐ঒ঘগ ঊগ঍ ঘঞঝ঎ছ ছ঎ঐ঒ঘগ

5IF FRVJMJCSJVNFRVBUJPOT PCUBJOFECZNJOJNJTJOH UIFCFOEJOH FOFSHZPG UIF TIFFU BSF LOPXO
BT UIF '¶QQM�WPO ,BSNBO 	'W,
 FRVBUJPOT GPS MBSHF EFGPSNBUJPO PS UIF ,JSDIIP୭G FRVBUJPOT�
,JSDIIP୭G FRVBUJPOT BSF EFSJWFE GPS ୮ୢMBNFOUT
 IPXFWFS TJODF UIF USBOTWFSTF BYJT PG UIF TIFFU
JO PVS DBTF EPFT OPU QMBZ B SPMF JO UIF TIFFU NPSQIPMPHZ
 UIF FRVBUJPOT SFEVDF UP UIBU PG ୮ୢM�
BNFOU� 8F TIPX IFSF UIBU UIFSF FYJTUT BO ϵ−1 JOEFQFOEFOU BTZNQUPUJD TFMG�TJNJMBS TPMVUJPO
UP ,JSDIIP୭G FRVBUJPOT DMPTF UP UIF DPOUBDU MJOF
 J�F�
 UIF JOOFS SFHJPO IBT B CFOEBCJMJUZ JOEF�
QFOEFOU TFMG�TJNJMBS TPMVUJPO� 8F EJWJEF UIF TIFFU JOUP UXP QBSUT� ESZ BOEXFU SFHJPOT
 XIFSF
TIFFU JT JO DPOUBDU XJUI WBQPVS BOE ESPQMFU SFTQFDUJWFMZ� /PX UIF GPSDF CBMBODF JO UIF OPSNBM
BOE UBOHFOUJBM EJSFDUJPOT PG UIF TIFFU DBO CF XSJUUFO BT <��
 ��>�

B

[
κ̈(s) +

κ3(s)

2

]
− Tjκ(s) = −γ sin(θcon)δd(s)− pj

To − TI = −γ cos θcon 	����


XIFSF θcon JT UIF BOHMF CFUXFFO UIF UBOHFOU WFDUPS BU DPOUBDU�MJOF BOE NFOJTDVT 	TIPXO JO
୮ୢH� ���

 j = ESZ�XFU XJUI Tj , pj CFJOH UIF DPSSFTQPOEJOH UFOTJPO JO UIF TIFFU BOE -BQMBDF
QSFTTVSF� Tj = To, pj = 0 JO UIF ESZ SFHJPO
 Tj = TI , pj = p JO UIF XFU SFHJPO�

5IF PVUFS [POF JO UIF XFU SFHJPO JT EF୮ୢOFE CZ UIF SFHJPO GBS GSPN UIF DPOUBDU MJOF� 4JODF
IJHI�CFOEBCJMJUZ JNQMJFT TDBMF TFQBSBUJPO CFUXFFO FMBTUPDBQJMMBSZ BOE ESPQMFU TJ[F
 UIF SFMF�
WBOU MFOHUI TDBMF GBS GSPN DPOUBDU MJOF JT OPUIJOH CVU ESPQMFU TJ[F
 r ∼ Rdr 	SFGFS ୮ୢH� ���
 BT
CFOEJOH JT JNQPSUBOU POMZ DMPTF UP UIF DPOUBDU MJOF� 5IJT TJNQMZ JNQMJFT κ ∼ r−1 FWFSZXIFSF
BOE UIVT UIF GPSDF CBMBODF JO UIF PVUFS XFU SFHJPO HJWFT

B

2
r−3 − TIr

−1 ≈ p.

%PNJOBOU CBMBODF CFUXFFO BOZ UXP UFSNT HJWFT VT UISFF QPTTJCMF TDFOBSJPT�

pr

γ
≈ −1

2
ϵ;

|TI |
γ

≪ ϵ, 	����


|p|r
γ

≪ ϵ;
TI

γ
≈ 1

2
, ϵ 	����


pr

γ
=
TI

γ
≫ ϵ. 	����


��



5IF ୮ୢSTU UXP BSF SBUIFS QFDVMJBS BT UIFJS SFBMJTBUJPOT BSF QIZTJDBM POMZ XIFO θcon ≈ π/2XIFSF
UFOTJPO WBOJTIFTXJUI ϵ
 XIJMF UIF UIJSE TDFOBSJP JTNPSF HFOFSBM� 6TJOH UIJT
 XF DBO HFOFSBMJTF
UIF QSFTTVSF GPS ϵ−1 ≫ 1
 TIκo = p BOE κo → r−1 GPSNT UIF PVUFS TPMVUJPO UP MFBEJOH PSEFS�
5IJT XF TFF JT BMTP DPOTJTUFOU XJUI UIF TPMVUJPO PCUBJOFE JO UIF FBSMJFS TFDUJPO XIFSF UIF TIFFU
UBLFT UIF TIBQF PG B DJSDMF PG SBEJVT r XIFSF r → Rdr XIFO ϵ−1 → +∞�

/PXNPWJOH DMPTF UP UIF DPOUBDU�MJOFXIJDI JT UIF JOOFS [POF
 FR� ���� IBT UXP FMBTUP�UFOTJMF
MFOHUI TDBMFT
 lo, li� POF FBDI JO ESZ SFHJPO 	XIFSF UIF UFOTJPO JT To
 BOE XFU SFHJPO 	XIFSF
UIF UFOTJPO JT TI
� 5IF QPJOU PG s = 0 JT VTFE UP EFOPUF UIF MPDBUJPO PG DPOUBDU MJOF PO UIF
TIFFU� 8F DBO TPMWF UIF ,JSDIIP୭G FRVBUJPOT QBSBNFUFS�GSFF UP MFBEJOH PSEFS JO CPUI ESZ BOE
XFU SFHJPOT XIFO TDBMFE VTJOH BQQSPQSJBUF MFOHUI�TDBMF�

lo = ϵ1/2T̃−1/2Rdr, li = x−1/2ϵ1/2T̃−1/2Rdr, 	����


XIFSF XF IBWF JOUSPEVDFE B OFX OPO�EJNFOTJPOBM OVNCFS x = TI/To� 5IJT VOJRVF DPNCJ�
OBUJPO BDDPVOUT GPS F୭GFDU PG UFOTJPO JO ESZ�XFU SFHJPO BT XFMM BT CFOEBCJMJUZ� 5IF MFBEJOH PS�
EFS OPO�EJNFOTJPOBM QSFTTVSF JOTJEF UIF ESPQMFU GSPN FR� ���� CFDPNFT� p̃ = ϵ1/2T̃−1/2x−1/2

XIJDI JT FWJEFOUMZO(

√
ϵ) BOE XJMM OPU QMBZ B SPMF JO EFUFSNJOJOH TIFFUؠT TIBQF BUO(1)� 5IJT

XF TIPX JO EFUBJM IFSF�

%ছঢ ছ঎ঐ঒ঘগ

5IF ESZ SFHJPO FYJTUT JO UIF SFHJPO EF୮ୢOFE CZ s ∈ [L/2, s∗d) XIFSF s∗d JT UIF DPPSEJOBUF UIBU
OFFET UP CF GPVOE CZ NBUDIJOH XJUI UIBU PG UIF XFU SFHJPO TPMVUJPO� 5IF OPO�MJOFBS DVSWB�
UVSF FRVBUJPO GPS B TIFFU XJUI JO୮ୢOJUF MBUFSBM XJEUI DBO CF XSJUUFO GSPN FR� �����

B

[
κ̈(s) +

κ3(s)

2

]
− Toκ(s) = 0 	����


5IJT JGXF TDBMF CZCFOEBCJMJUZ EFQFOEFOU lo
 XF BSF MFG୴XJUI BQBSBNFUFS GSFFOPO�EJNFOTJPOBM
FRVBUJPO� [

κ̂′′d(ŝ) +
κ̂3d(ŝ)

2

]
− κ̂d(ŝ) = 0 	����


8F TFF UIBU UIJT FRVBUJPO DBO CF JOUFHSBUFE CZ NVMUJQMZJOH XJUI κ̂′d BOE XF HFU�

(κ̂′d)
2 = −1

4
κ̂4d + κ̂2d

��



5IJT HJWFT VT UIF GVODUJPOBM GPSN GPS DVSWBUVSF UIBU EFDBZT UP [FSP BU GBS�୮ୢFME BT�

κ̂d(ŝ) =
−4Fŝ
F2ŝ + 1

= −2 TFDI(ŝ).

5IF BOBMZUJDBM GPSN PG UIF DVSWBUVSF JT JOUFHSBUFE UP PCUBJO UIF BOHMF ψ(ŝ)XIJDI UIF UBOHFOU
WFDUPS NBLFT XJUI x�BYJT� 5IJT BOHMF DBO GVSUIFS CF VTFE UP DBMDVMBUF UIF DPPSEJOBUF PG UIF
TIFFU� *U JT XPSUI IJHIMJHIUJOH UIBU UIF TPMVUJPO JO UIF ESZ SFHJPO JT DPNQMFUF BOE OPU QFSUVS�
CBUJWF BT UIF QSFTTVSF JO UIF ESZ SFHJPO JT [FSP FWFSZXIFSF� *U JT UIF QSFTTVSF JO UIF XFU SFHJPO
UIBU
 XF XJMM TIPX
 UIBU JT BDDPVOUFE BU IJHIFS PSEFST JO ϵ�

8঎ঝ ছ঎ঐ঒ঘগ

*O UIF XFU SFHJPO
 EF୮ୢOFE BMPOH s ∈ [s∗w, 2πRdr)
 XIFSF s∗w JT BHBJO B WBMVF BSJTJOH PVU PG
NBUDIJOH XJUI UIF ESZ TPMVUJPO
 UIF FRVBUJPO HPWFSOJOH UIF CFIBWJPVS PG UIF TIFFU JT
 BT TFFO
JO FR� �����

B

[
κ̈(s) +

κ3(s)

2

]
− TIκ(s) = p 	����


XIFSF TI JT UIF UFOTJPO JOTJEF TIFFU JO XFU [POF BOE p UIF -BQMBDF QSFTTVSF PG ESPQMFU� 8IFO
XF BSF JO B TDBMF TFQBSBUFE SFHJNF PG Rdr ≫ lec
 XIFSF lec JT UIF FMBTUP�DBQJMMBSZ MFOHUI TDBMF

XF DBO TFF GSPN FR� ���� UIBU UIF UFSNT EVF UFOTJPO BOE -BQMBDF QSFTTVSF BSF UP MFBEJOH PSEFS
PG NBHOJUVEF O(Rdr)� 5P QVU JU EJ୭GFSFOUMZ
 UIF QSFTTVSF F୭GFDU PO UIF TIBQF PG UIF TIFFU JO
UIF JOOFS SFHJPO PDDVST POMZ BU IJHIFS PSEFST JO ϵ� 5IVT JO UIF XFU SFHJPO DMPTF UP UIF DPOUBDU
MJOF
 UIF ୮ୢMBNFOU JT HPWFSOFE NBJOMZ CZ UIF OPO�MJOFBS CFOEJOH BOE UFOTJPO� 5IF FRVBUJPO
XIFO TDBMFE VTJOH li = x−1/2ϵ1/2T̃−1/2Rdr
 UIF MFBEJOH PSEFS FRVBUJPO JT�

[
κ̂′′w(ŝ) +

κ̂3w(ŝ)

2

]
− κ̂w(ŝ) = 0. 	����


8F LOPX UIBU JO UIF JO୮ୢOJUF CFOEBCJMJUZ MJNJU
 p = TI/Rdr BOE UIVT UIF OPO�EJNFOTJPOBM
QSFTTVSF CFDPNFT p̃ = ϵ1/2T̃−1/2x−1/2
 XIJDI JT O(

√
ϵ)� 5IJT TIPXT UIBU UIF TPMVUJPO NBJO�

UBJOT B TJNJMBS GVODUJPOBM GPSN BT ESZ�SFHJPO UP MFBEJOH PSEFS HJWFO CZ�

κ̂w(ŝ) =
−4Fŝ
F2ŝ + 1

= −2 sech(ŝ)

8F OPUF IFSF UIBU UIF DVSWBUVSF PG UIF TIFFU
 κ̂d(ŝd), κ̂w(ŝw) → 0 JO UIF MJNJU ŝd →

��



−∞, ŝw → ∞� 5IJT JT CFDBVTF ŝd → −∞ DPSSFTQPOET UP s = −L/2 JO UIF MJNJU ϵ → 0

BOE ŝw → ∞ DPSSFTQPOET UP s = πRdr

.ঊঝঌ঑঒গঐ ঌঘগ঍঒ঝ঒ঘগজ

"U UIF DPOUBDU MJOF
 UIF TPMVUJPO GSPN UIF ESZ BOE XFU SFHJPO OFFET UP CF NBUDIFE XJUI TFMG�
DPOTJTUFOU TFU PG NBUDIJOH DPOEJUJPOT� 5IFTF DPOEJUJPOT BSJTF PVU PG DPOUJOVJUZ PG DVSWBUVSF
GPS UPSRVF CBMBODF
 KVNQ JO HSBEJFOU PG DVSWBUVSF EVF UP OPSNBM�GPSDF CBMBODF
 BOE JO�QMBOF
GPSDF CBMBODF� $POUJOVJUZ PG DVSWBUVSF BU UIF DPOUBDU MJOF DBO CF XSJUUFO JO OPO�EJNFOTJPOBM
UFSNT BT�

κ̂d(ŝ
∗
d) =

√
x κ̂w(ŝ

∗
w), 	����


XIFSF XF TFF UIF BQQFBSBODF PG√x CFDBVTF PG TI BQQFBSJOH JO UIF MFOHUI TDBMF PG XFU SFHJPO�
5IF OPSNBM GPSDF CBMBODF DBO CF PCUBJOJOH CF JOUFHSBUJOH FR� ���� BU UIF DPOUBDU MJOF BOE UIF
DPOUSJCVUJPOT BSF POMZ GSPN UIF MJOFBS CFOEJOH UFSN BOE TVSGBDF UFOTJPO XIJDI IBT B EFMUB
GPSDF BU UIF DPOUBDU MJOF� 5IJT SFBET BT�

T̃ (κ̂′d(ŝ
∗
d)− x κ̂′w(ŝ

∗
w)) = − sin θcon. 	����


'JOBMMZ
 UIF JO�QMBOF GPSDF CBMBODF PO UIF PUIFS IBOE JT TJNQMZ�

T̃ (1− x) = − cos θcon. 	����


)PXFWFS XF OPX LOPX GSPN UIF PVUFS TPMVUJPO UIBU UP MFBEJOH PSEFS JO ϵ
 UIF TUSFTTFT TBUJTGZ
UIF FMBTUJD :PVOH�-BQMBDF�%VQS©U SFMBUJPO
 EFSJWFE JO FR� ����� 5IJT TJNQMZ NFBOT UIBU UIF
DPOUBDU BOHMF JO UIF JOOFS SFHJPO GSPN FR� ����
 θcon = ϑY � 8F DBO BMTP SFXSJUF FR� ���� JO
UFSNT PG δT̃I , δT̃o BT TJNQMZ�

cos θcon = cosϑY + (δT̃o − δT̃I), 	����


VTJOH UIF SFMBUJPO δT̃I = T̃I − sin2(ϑY /2), δT̃o = T̃o − cos2(ϑY /2)� .PSFPWFS XF LOPX UIBU
δT̃I = δT̃o JO UIF MJNJU ϵ→ 0�

��



Figure 3.5: (a) − (c) The curvature of the sheet κ(s), angle the tangent makes with the contact line, ψ(s)
and shape of sheet close to the contact line for different values of tension in the partial-wrapping phase. (d)
Scaled curvature of the sheet for large values of tension collapses onto a single curve, showing the self-similar
nature in the large tension limit. All plots are forϑY = π/3.
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*G θcon = ϑY 
 XF DBO XSJUF UIF DPOUJOVJUZ PG DVSWBUVSF BOE OPSNBM GPSDF CBMBODF BT�
√

(T̃ − cosϑY ) sech(ŝ
∗
w) =

√
T̃ sech(ŝ∗d), 	����


T̃ sech(ŝ∗d)tanh(ŝ
∗
d)−

[
T̃ − cosϑY

]
sech(ŝ∗w)tanh(ŝ

∗
w) = − sinϑY

2
. 	����


5IF BCPWF UXP FRVBUJPOT DBO CF TPMWFE FYBDUMZ GPS ŝ∗d, ŝ∗w JO .ঊঝ঑঎খঊঝ঒ঌঊ� 5IF TPMVUJPO
SFBET�

ŝ∗d = − acosh(aT̃ 1/2) 	����

ŝ∗w = acosh[a(T̃ − cosϑY )

1/2], 	����


a =
2

sinϑY
[b+

√
b2 − 1]1/2, b = 2T̃ − cosϑY .

5IF BOHMF UIF UBOHFOU BMPOH UIF TIFFU NBLFT XJUI x�BYJT JT PCUBJOFE CZ JOUFHSBUJOH UIF TPMV�
UJPO GPS DVSWBUVSF BOE JT HJWFO CZ�

s < 0 : ψ(ŝd) = π + 2atan

[
tanh

(
ŝd + ŝ∗d

2

)]
, 	����


s > 0 : ψ(ŝw) = π − φ− 4atan

[
tanh

(
ŝw + ŝ∗w

2

)]
. 	����


8F QMPU JO ୮ୢH� ���(c) UIF TIBQF PG UIF TIFFU DMPTF UP UIF DPOUBDU MJOF
 VTJOH UIFTF FYQSFTTJPOT�
8F PCTFSWFE JO UIF FYQFSJNFOUT
 BT XF EFUBJM MBUFS JO UIJT DIBQUFS
 UIBU UIF DVSWBUVSF DMPTF UP
DPOUBDU MJOF EFDSFBTFT XJUI JODSFBTF JO UFOTJPO� 5IVT GPS MBSHF WBMVFT PG UFOTJPO
 T̃ ≫ 1 XF
୮ୢOE UIBU SFTDBMJOH κ CZ NVMUJQMZJOH JU XJUI ϵ1/2T̃ 1/2 BOE s CZ ϵ1/2T̃−1/2 DPMMBQTFT EJ୭GFSFOU
DVSWBUVSF TIBQFT PO UP B TJOHMF DVSWF BT TIPXO JO ୮ୢH� ���(d)�

��� $ঘখঙক঎ঝ঎ ঠ঎ঝঝ঒গঐ ঙ঑ঊজ঎ ঊজ 8঒ককখঘছ঎ ঙছঘঋক঎খ

5IF DPNQMFUFMZ XFU TUBUF BT XF IBWF TFFO JO TFDUJPO ����� JT DIBSBDUFSJTFE CZ UIF FOUJSF TIFFU
FOHVM୮ୢOH UIF ESPQMFU XIFSF UIF XFUUJOH MFOHUI PG UIF TIFFU
 Lb = L� 5IF TIBQF PG TIFFU
XIFO JUT MFOHUI JT 2πRdr JT B QFSGFDU DJSDMF PG SBEJVT Rdr BT JU QPTTFTTFT NJOJNVN CFOEJOH
FOFSHZ� #VU GPS BOZ L > 2πRdr
 UIF ESPQMFU IBT UP JODSFBTF JUT QFSJNFUFS XIJMF QSFTFSWJOH JUT
BSFB UP BEBQU UP JODSFBTF JO TIFFU MFOHUI�

��



5IF DPOUSJCVUJPO UP CFOEJOH FOFSHZ PG TIFFU BSJTFT GSPN -BQMBDF QSFTTVSF PG ESPQMFU BOE
NPSFPWFS TJODF UIFSF JT OP MJRVJE�WBQPVS JOUFSGBDF
 TVSGBDF FOFSHZ DPOUSJCVUJPO GSPN MJRVJE�
TPMJE DPOUBDU BOE TPMJE�WBQPVS DPOUBDU JT B DPOTUBOU� -FBWJOH BTJEF UIJT DPOTUBOU TVSGBDF FO�
FSHZ
 UIF UPUBM FOFSHZ DBO CF XSJUUFO BT�

Ubend =
B

2

∫ L

0
κ2Es−

∫ L

0
T (|t|2 − 1)Es− p

[ ∫

EΩ
EA− πw2

]
	����


XIFSF T JT UIF UFOTJPO JO UIF TIFFU XIJDI FOGPSDFT MFOHUI DPOTUSBJOU
 -BQMBDF QSFTTVSF p JT UIF
MBHSBOHF NVMUJQMJFS UIBU QSFTFSWFT BSFB
 EΩ JT UIF CPVOEBSZ PG UIF ESPQMFU� 5IF QSPCMFN PG
NJOJNJTJOH UIF TRVBSFE EJ୭GFSFODF PG QSJODJQBM DVSWBUVSF GPS B TVSGBDF XJUI B HJWFO FODMPTFE
WPMVNF IBT CFFO TUVEJFE JO �%
 BOE JT DBMMFE BT 8JMMNPSF FOFSHZ <�>� 5IJT 8JMMNPSF FOFSHZ
JO UIF �% TFUUJOH CFDPNFT UIF DPNQMFUF XFUUJOH QSPCMFNXF IBWF IFSF� 8F TFF UIBU XIFO UIF
FOFSHZ JT TDBMFE CZ B
 UIF TPMVUJPO JT JOEFQFOEFOU PG CFOEBCJMJUZ BOE UIF QSPCMFN JT QVSFMZ
HFPNFUSJD XIPTF TUBUF JT EFUFSNJOFE VOJRVFMZ CZ UIF WBMVF PG Φ = L/Rdr�

/঎ঊছ ঌ঒ছঌঞকঊছ ঠছঊঙজ
 Φ ∼ 2π

5IF TPMVUJPO UP TIBQF PG TIFFU GPS Φ = (2π + η)
 XIFSF η ≪ 1 DBO CF BQQSPYJNBUFE CZ B
TIBQF XJUI UXP IBMWFT PG B DJSDMF PG SBEJVT (Rdr − ERdr) DPOOFDUFE CZ B SFDUBOHMF PG XJEUI

λ� 5IF CFOEJOH FOFSHZ PG TVDI B DPO୮ୢHVSBUJPO JT U = Bπ/(Rdr − ERdr) BOE DPOTUSBJOUT PG
MFOHUI
 BSFB DPNCJOF UP HJWF�

(L− 2λ)2

4π
+ λ

(
L− 2λ

π

)
=

πL2

(2π + η)2
.

5IJT HFPNFUSJD QSPCMFN VOEFS η ≪ 1 DBO CF FYQBOEFE BOE XF ୮ୢOE�

λ ≈
L
√
η

2
√
π
(1− 3η

8π
)

ERdr

Rdr
≈

√
η

π

[
1− 1

2

√
η

π
+

η

2π

]

XIJDI TIPXT CPUI UIF JODSFBTF JO MFOHUI BT XFMM BT DIBOHF JO SBEJVT
 λ, ERdr ∼
√
η BXBZ GSPN

B DJSDMF�

��



Figure 3.6: Schematic representation of the sheet represented using qji (t), j = x, y. Both qxi (t) and q
y
i (t)

are series of rods connected to its neighbour under consistency condition of continuous slope and curvature
at end points.

/ঞখ঎ছ঒ঌঊক খ঒গ঒খ঒জঊঝ঒ঘগ ঘএ 8঒ককখঘছ঎ ঎গ঎ছঐঢ

8F DPNQVUF UIF TIFFU NPSQIPMPHZ GPS EJ୭GFSFO WBMVFT PG Φ CZ EJSFDU OVNFSJDBM NJOJNJTB�
UJPO PG UPUBM FOFSHZ PG ESPQ�TIFFU TZTUFN JO FR� ����� 5IJT JT QFSGPSNFE CZ FYQBOEJOH UIF
TIFFU QPTJUJPO WFDUPS (x(s), y(s)) JO B DVCJD�IFSNJUF QPMZOPNJBM CBTJT BOE FYQSFTTJOH CFOE�
JOH FOFSHZ JO UFSNT PG DPF୭୮ୢDJFOUT PG UIFTF QPMZOPNJBMT FYQMBJOFE JO EFUBJM JO UIF FOTVJOH
TVCTFDUJPOT� *O PSEFS UP NJOJNJTF UIF FOFSHZ GVODUJPO JO B XSBQQFE TUBUF GPS EJ୭GFSFOU WBM�
VFT PG Φ > 2π
 XF XSJUF UIF FOFSHZ PG TZTUFN JO UFSNT PG (x(td), y(td)) XJUI td CFJOH BO
BSCJUSBSZ QBSBNFUFS UIBU HPFT GSPN 0 UP 2π� 5IF DPOOFDUJWJUZ PG TIFFUؠT FOET JT FOTVSFE CZ�
x(0) = x(2π), y(0) = y(2π)�

Ubend =
B

2

∫ 2π

0
κ2(td) Etd − T

(∫ 2π

0
(x′2(td) + y′2(td))1/2 Etd − L

)
,

XIFSF UIF DVSWBUVSF JO UIJT OFX QBSBNFUFSJTBUJPO JT OPUIJOH CVU�

κ(td) =
x′(td)y′′(td)− y′(td)x′′(td)

(x′2(td) + y′2(td))3/2
. 	����


8F OPX EJWJEF UIF TIFFU JOUP (N − 1) SPET FBDI PG DPOTUBOU MFOHUI 	TFF ୮ୢH� ���(a)

 l =

L/(N − 1)� 5IF EJTDSFUF QPJOUT (x(tdi ), y(tdi )) = (xi, yi) BSF UIFO VTFE UP DPOTUSVDU B TQMJOF

��



VTJOH )FSNJUF QPMZOPNJBMT�

qxi (t
d) = xi + sxi (t

d − tdi ) +
x′i − sxi

l
(td − tdi )

2 +
(sxi + sxi+1 − 2x′i)

l
(td − tdi )

2(td − tdi+1),

	����


qyi (t
d) = yi + syi (t

d − tdi ) +
y′i − syi

l
(td − tdi )

2 +
(syi + syi+1 − 2y′i)

l
(td − tdi )

2(td − tdi+1).

	����


7BSJBCMFT sxi , s
y
i BSF UIF TMPQF PG TQMJOF BU UIF CFHJOOJOH PG ith SPE BOE

x′i =
xi+1 − xi

l
, y′i =

yi+1 − yi
l

.

5IF CFOEJOH FOFSHZ UFSN DBO CF FYQBOEFE VTJOH UIF DVSWBUVSF FYQSFTTJPO GSPN BCPWF BOE
JOUFHSBUFE VTJOH B (BVTT�RVBESBUVSF TDIFNF HJWFO CZ�

Ubend =
B

2

∫ 2π

0
κ2(td)Etd, 	����


=
B

2

N−1∑

i=1

M∑

j=1

(tdi+1 − tdi )

2
w(j)κ2i (mj), 	����


mj =
(tdi+1 − tdi )

2
cos

(
jπ

(M − 1)

)
. 	����


5IF GVODUJPOw(j) JT UIFXFJHIU GVODUJPO GPS UIF RVBESBUVSF TDIFNF PO-PCPUUP QPJOUT� 5IF
DVSWBUVSF CFUXFFO OPEFT (i, i+ 1) DBO CF FYQMJDJUMZ XSJUUFO VTJOH UIF qxi (td), q

y
i (t

d) BT�

κi(t
d) =

qx
′

i (td)qy
′′

i (td)− qyi
′(td)qx

′′
i (td)

(|qx′
i |2(td) + |qy

′

i |2(td))3/2
. 	����


8IBU SFNBJOT UP CF EPOF JT UPNBUDI UIF TMPQF
 TFDPOE EFSJWBUJWF BOE FOE QPJOUT PG UIF TIFFU�
5IJT DBO CF XSJUUFO BT�

sj1 = sjN , 	����

qj

′′

1 (td1) = qj
′′

(N−1)(t
d
N ), 	����


2sj1 + sj2 + 2sjN + sjN−1 = 3(j′1 + j′N−1), GPS j = (x, y). 	����


��



Figure 3.7: Energy of the sheet in a wrapped state as a function of Φ = (L/Rdr) with and without self-
intersection.Φ = 2π represents a circle andall higher values arenon-circular configurations andnumerically
we find the critical value where self-intersection begins to beΦc ≈ 12.5.

"QBSU GSPN UIFTF CPVOEBSZ DPOEJUJPOT
 XF BMTP IBWF UIF DPOTJTUFODZ DPOEJUJPO UIBU UJFT UXP
SPET UPHFUIFS� 5IJT JT VTFE UP ୮ୢOE TMPQFT BU OPEFT tdi �

sji + 4sji+1 + sji+2 = 3(j′i + j′i+1).

'SPN FR� ���� XF TFF UIBU UIF EJTDSFUF GPSN PG CFOEJOH FOFSHZ JT POMZ B GVODUJPO PG UIF DPF୭୮ୢ�
DJFOUT PG UIF IFSNJUF QPMZOPNJBM BOE XFNJOJNJTF UIJT FOFSHZ XJUI (N +1) SJHJE DPOTUSBJOUT�
N PG UIFN DPNF GSPN MFOHUI DPOTFSWBUJPO PG FBDI PG UIF SPE XIJMF UIF MBTU POF UP LFFQ UIF
BSFB ୮ୢYFE GPS B HJWFO Rdr� 5IFTF JOUFHSBM DPOTUSBJOUT BSF BHBJO XSJUUFO JO RVBESBUVSF GPSN
BOE TVQQMJFE JOUP UIF NJOJNJTBUJPO UPPMCPY PG .ঊঝকঊঋ�

/ঘগ�঒গঝ঎ছজ঎ঌঝ঒গঐ ঋঘঞগ঍ঊছঢ ঌঘগ঍঒ঝ঒ঘগ

8F TFF GSPN ୮ୢH� ��� UIBU BT XF EFDSFBTF UIF TJ[F PG ESPQMFU GPS B ୮ୢYFE TIFFU MFOHUI XIJDI JO�
DSFBTFT UIF WBMVF Φ
 UIFSF FYJTUT B DSJUJDBM WBMVF PG ΦXIJDI XF DBMM Φc CFZPOE XIJDI UIF TIFFU
TUBSUT UP TFMG�JOUFSTFDU
 XIJMF TUJMM QSFTFSWJOH BSFB 	USBKFDUPSJFT PG TPMJE MJOF JO ୮ୢH� ���(a)
� 5IF
OVNFSJDBMNJOJNJTBUJPOXJUI BSFB DPOTUSBJOU IPXFWFSXPSLT CFDBVTF UIF TJHO PG BSFB JO UIF JO�
UFSTFDUFE SFHJPO JT PQQPTJUF UP PUIFS SFHJPO� *O PSEFS UP MPPL GPS QIZTJDBMMZ SFMFWBOU TPMVUJPO

XF NVTU QSFWFOU TIFFU GSPN QBTTJOH UISPVHI JUTFMG� 8F EP UIBU CZ UIF GPMMPXJOH UFDIOJRVF�

ا $PNQVUF UXP QPJOUT (xm, ym), (xk, yk) UIBU BSF DMPTFTU BMPOH UIF TIFFU GPSΦ ! Φc BOE

��



NJHIU UPVDI GPS B IJHIFS WBMVF PG Φ�

ا -PDBUF B TFSJFT PG nc QPJOUT UIBU BSF OFJHICPVSJOH (xk, yk)
 PO FJUIFS PG JUT TJEFT�

ا 5P FOTVSF OPO�DSPTTJOH
 XJUI SFTQFDU UP WFDUPS x̃m+1 UIFTF 2nc+1NVTU QPJOUT SFNBJO
PO UIF TBNF TJEF BT XF JODSFBTF Φ CFZPOE Φc XIFSF x̃j = (xj − xm, yj − ym)�

ا 6TJOH UIF TJHO PG DSPTT�QSPEVDU XF DBO XSJUF�

sgn(x̃m+1 × x̃k) < 0.

5IJT XF TVQQMZ BT JOFRVBMJUZ DPOTUSBJOUT GPS 2nc+1 QPJOUT JOUP UIFNJOJNJTBUJPO UPPM�
CPY� 5IF BEWBOUBHF PG UIJT UFDIOJRVF DPNQBSFE UP PUIFS UFDIOJRVFT TVDI BT BEEJOH
TBNF TJHOFE DIBSHFT BU OPEFT JT UIBU UIF GPSN PG UIF FOFSHZ PG UIF TIFFU SFNBJOT VO�
DIBOHFE
 FYDFQU OPX GPS B GFX BEEJUJPOBM DPOTUSBJOUT�

����� 4঑঎঎ঝ খঘছঙ঑ঘকঘঐঢ ঠ঑঎গ Φ ≫ 2π

6TJOH UIF OVNFSJDBM UFDIOJRVF EFTDSJCF JO UIF QSFWJPVT TVCTFDUJPO
 XF HP CFZPOE TNBMM WBSJ�
BUJPOT BCPVU B DJSDMF
 J�F�
 XF FYQMPSF UIF SFHJNF PGΦ ≫ 2π� 8F TFF GSPN ୮ୢH� ���(a) UIF TIBQF
PG UIF TIFFU GPS Φ > 2π BOE XF BMTP TFF B EJQPMF NPEF XJUI UXP MPCFT BT UIF NJOJNVN FO�
FSHZ NPSQIPMPHZ PG UIF TIFFU� " TJNQMF XBZ UP TFF UIJT NPEF TFMFDUJPO JT UP DBMDVMBUF UIF
FOFSHZ GPS B NPEF XJUI n�MPCFT� -JLF JO TFDUJPO ���
 XF DBO BQQSPYJNBUF n�MPCFT PG UIF TIFFU
BT DJSDMFT PG SBEJVT α DPOOFDUFE UP FBDI PUIFS CZ TUSBJHIU TFHNFOUT PG MFOHUI λ� 5IF CFOEJOH
FOFSHZ PG TVDI B TUBUF JT HJWFO CZ Ubend = nBπ/α� .PSFPWFS GSPN BSFB DPOTUSBJOU XF IBWF
α = Rdr/

√
n� 5IVTXF TFF UIBUUbend ∼ n3/2� 4JODF JO UIF TDFOBSJPXF BSF JOUFSFTUFE JOn ≥ 2


XF TFF EJQPMF CFJOH UIF MFBTU FOFSHZ NPEF� *O PSEFS UP FOTVSF UIBU UIF EJQPMF NPEF JT OPU B
NFUB�TUBCMF TPMVUJPO
 XF JOJUJBMJTF UIF OVNFSJDBM NJOJNJTBUJPO XJUI TIBQFT UIBU IBWF IJHIFS
NPEFT BOE ୮ୢOE UIBU UIF NJOJNJTFE TPMVUJPO FWFOUVBMMZ SFBDI B EJQPMF 	TFF ୮ୢH� ���(a)
� .PW�
JOH BIFBE
 CZ TJNQMZ NJOJNJTJOH UIF FOFSHZ JO FR� ���� UIF TPMVUJPO TUBSUT TFMG�JOUFSTFDUJOH
BG୴FS B DSJUJDBMΦc ≈ 12.5 BOE TJODF UIFTF TFMG�JOUFSTFDUJPO TPMVUJPOT BSF VOQIZTJDBM
 XF FOTVSF
UIBU BOZ UXPQPJOUT PO UIF TIFFU EP OPU DSPTT FBDI PUIFS CZ UIF UFDIOJRVF EFTDSJCFE FBSMJFS� *O
୮ୢH� ��� XF QMPU UIF FOFSHZ XJUI BOE XJUIPVU OPO�JOUFSTFDUJOH DPOTUSBJOU BOE Φc JT UIF QPJOU
BU XIJDI UIF FOFSHZ EFWJBUFT GSPN UIBU PG TFMG�JOUFSTFDUJOH TPMVUJPOT�

*O UIJT DPNQMFUF XFUUJOH QIBTF XF TFF UIBU UIF FOFSHZ EJWFSHFT XJUI JODSFBTF JOΦ
 IPXFWFS
OPU JOEF୮ୢOJUFMZ� 5IJT EJWFSHFODF JT DVU�P୭G CZ UIF TNBMMFTU MFOHUI�TDBMF JO PVS XPSLJOH MJNJU
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Figure 3.8: Three different initial conditions corresponding to (a) tripole (b) quadrupole, (c) pentapole
modes that result in the same dipole solution, (d)Φ = 1.08 for these numerical optimisations.

XIJDI JT lec� 8IFO UIF MPCFT JO UIF XSBQQFE TUBUF BSF TNBMMFS UIBO O(lec)
 TVSGBDF UFOTJPO
DBO OPNPSF IPME UIF TIFFU XSBQQFE BOE UIF QBSDFM CFDPNFT VOTUBCMF� 8F DBO TFF UIBU JO UIF
MJNJU ϵ−1 ≫ 1
 UIF SFHJPO PG TUBCMF XSBQQJOH JT TFU CZ UIF BCTPMVUF WBMVF PG ϵ−1 CVU UIF TIBQF
JOUFSFTUJOHMZ JT JOEFQFOEFOU PG UIJT WBMVF�

��� '঒গ঍঒গঐজ

4P GBS XF IBWF EFSJWFE UIF TPMVUJPO GPS UIFNPSQIPMPHJFT PG UIJO FMBTUJD TIFFUT JO DPOUBDU XJUI
B MJRVJE ESPQMFU
 XJUI BQQMJFE CPVOEBSZ UFOTJPO� 8F IBWF PCUBJOFE FYBDU SFTVMUT JO UIF TJO�
HVMBS MJNJU PG ϵ−1 → 0
 BOE JO UIJT MJNJU UIFSF BSF UXP CJGVSDBUJPOT SFTVMUJOH JO UISFF EJTUJODU
QIBTFT XIJDIXF DBMM UIF QBSUJBM�XFUUJOH QIBTF
 QBSUJBM�XSBQQJOH QIBTF BOE DPNQMFUF XFUUJOH
QIBTF� 8F BMTP ୮ୢOE UIBU UIF TUSFTTFT JO UIF TIFFU PCFZ BO FMBTUJD :PVOH�-BQMBDF�%VQS© SFMB�
UJPO
 WFSZ TJNJMBS UP UIF DMBTTJDBM :PVOH�-BQMBDF�%VQS© SFMBUJPO
 BSJTJOH IFSF PVU PG HMPCBM
FOFSHZ NJOJNJTBUJPO� *O UIF SFHJNF DMPTF UP UIF USBOTJUJPO PG QBSUJBM�XFUUJOH UP QBSUJBM XSBQ�
QJOH
 XF MPPL BU UIF TIBQF PG TIFFU DMPTF UP UIF DPOUBDU MJOF BOE GBS GSPN JU� 5IF QSPCMFN PG
TIBQF OFBS DPOUBDU MJOF IBT BO JOOFS SFHJPO EPNJOBUFE CZ DPNQFUJUJPO CFUXFFO CFOEJOH BOE
UFOTJPO BOE BO PVUFS SFHJPO EPNJOBUFE CZ -BQMBDF QSFTTVSF PG ESPQMFU� 5IF NPSQIPMPHZ PG
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UIF TIFFU JO UIF JOOFS SFHJPO GPMMPXT B VOJWFSTBM TFMG�TJNJMBS TIBQF
 JOEFQFOEFOU PG ϵ BOE UIF
TIFFU JT DJSDVMBS JO TIBQF JO UIF PVUFS SFHJPO�

*O UIF DPNQMFUF XFUUJOH QIBTF
 XF DIBSBDUFSJTF UIF TIFFU TIBQF CZ TIPXJOH UIBU UIF FOFSHZ
JO UIJT QIBTF JT OPUIJOH CVU �%8JMMNPSF FOFSHZ
 BOE VTF B)FSNJUF QPMZOPNJBM CBTFE TQMJOF
UFDIOJRVF UP EFTDSJCF UIF TIFFU TIBQF� 5IF OVNFSJDBMMZNJOJNJTFE TIFFU TIBQF JT EFTDSJCFE CZ
B TJOHMF QBSBNFUFS Φ = L/Rdr� 8IFO UIF MFOHUI PG UIF TIFFU JT L = 2πRdr
 J�F�
 Φ = 2π UIF
TIFFU CFDPNFT B DJSDMF XIJMF GPS WFSZ MBSHF WBMVFT
 Φ > 12.5 UIF TIFFU TUBSUT TFMG�JOUFSTFDUJOH�
8F DPNF VQXJUI B TJNQMF UFDIOJRVF UP SPCVTUMZ DBQUVSF UIF QIZTJDBMMZ SFMFWBOU TIBQFT
 XJUI�
PVU NPEJGZJOH UIF GPSN PG UIF 8JMMNPSF FOFSHZ�

��� #ঊঌঔঐছঘঞগ঍ ঝঘ ঎ডঙ঎ছ঒খ঎গঝজ

5IF XFUUJOH QSPQFSUJFT PG B ESPQ PO B SJHJE TVCTUSBUF EFUFSNJOFT UIF BOHMF PG DPOUBDU XJUI
UIF TPMJE
 LOPXO BT UIF :PVOH BOHMF PG DPOUBDU� )PXFWFS JG UIF TVCTUSBUF JT B TPG୴ TPMJE <��

���
 ��
 ���> PS BO VOTUSFUDIBCMF CVU UIJO ୮ୢMN <��
 ���
 ���>
 JU DBO EFGPSN VOEFS UIF DBQJM�
MBSZ BDUJPO PG UIF ESPQ� *O UIF GPSNFS DBTF
 UIF MJRVJE�WBQPVS TVSGBDF UFOTJPO JOEVDFT MBSHF
MPDBMJTFE TUSFUDIJOH DMPTF UP UIF DPOUBDU MJOFXIJMF JO UIF MBUUFS
 UIF ୮ୢMN CFOETXJUIPVU TUSFUDI�
JOH
 SFTVMUJOH JO MBSHF CFOEJOH DMPTF UP UIF DPOUBDU�MJOF� *O CPUI UIFTF TDFOBSJPT UIF QFSDFJWFE
DPOUBDU BOHMF BU TDBMFT PG UIF ESPQMFU�TJ[F EFWJBUFT GSPN UIF :PVOHؠT DPOUBDU BOHMF
 ϑY <�>�
5IF NBHOJUVEF PG UIJT DPOUBDU BOHMF JT PCUBJOFE GSPN B HMPCBM FOFSHZ NJOJNJTBUJPO SBUIFS
UIBO B TJNQMF MPDBM GPSDF CBMBODF <���>� 5IJT BOPNBMPVT DPOUBDU BOHMF CFIBWJPVS IBT TFWFSBM
BQQMJDBUJPOT SBOHJOH GSPN CJP�MPDPNPUJPO UP DSFBUJOH IZESPQIPCJD GBCSJD <��
 ��
 ��
 ��>�

8F TUVEZ B UXP�EJNFOTJPOBM WFSTJPO PG UIF XFUUJOH FYQFSJNFOU BU BO BJS�XBUFS JOUFSGBDF

XIFSF UIF UIJO TIFFU JT SFQMBDFE CZ B TMFOEFS FMBTUJD ୮ୢMBNFOU BOE JT XFU CZ B OFBSMZ ୯୳BU PJM
ESPQ ୯୳PBUJOH PO UIF XBUFS JOUFSGBDF� 5IF UISFF�EJNFOTJPOBM QSPCMFN PG B ESPQMFU PG MJRVJE
PO UPQ PG B ୯୳PBUJOH UIJO TIFFU <��> XBT JOJUJBMMZ TUVEJFE CFDBVTF UIF DBQJMMBSZ GPSDFT BU UIF
DPOUBDU�MJOF HFOFSBUF B SBEJBM XSJOLMJOH QBUUFSO <��
 ���>� )PXFWFS
 GSPN UIF WJFXQPJOU PG
TUVEZJOH UIF DPOUBDU BOHMF
 UIF XSJOLMFT BSF B IJOESBODF
 BT UIFZ JNQFEF UIF NFBTVSFNFOU
PG UIF DPOUBDU BOHMF BOE UIF EFGPSNBUJPO PG UIF TIFFU DMPTF UP UIF DPOUBDU MJOF XIFSF UIFSF JT
MBSHF MPDBMJTFE CFOEJOH� 0O UIF PUIFS IBOE
 UIF �% TZTUFN EPFT OPU IBWF UIF DPNQMJDBUJPO PG
XSJOLMFT XIJDI BSJTF JO �%�8IFO UIF ESPQMFU TJ[F BQQSPBDIFT UIF TJ[F PG UIF TIFFU
 JG UIF TIFFU
JT IJHIMZ CFOEBCMF UIFO JU DBO XSBQ BSPVOE UIF ESPQMFU BOE FODMPTF JU FOUJSFMZ� 8SBQQJOH JO
�% DBO PDDVS XJUI TNPPUI
 JTPNFUSJD CFOEJOH
 VOMJLF JO �%
 UIVT UIF �% ୮ୢMBNFOU�ESPQMFU
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Figure 3.9: (a) Schematic of the experimental setup where a droplet of Mineral oil (orange) is placed in the
vicinity of a floating thin elastic filament at the air-water interface of a water bath. One end of the filament
is connected to a soft beam (green) whose end displacement is used to measure the applied tension To. Ten-
sion in our experiments is controlled by inducing in-plane displacement of the free end of the filament. (b)
Variables of interest are shown on top of an image from experiments : ϑ,φ - angle made by the droplet with
the buckled filament; To - applied boundary tension and TI - tension in the droplet-wet region, γ - effective
surface tension of the 2-D droplet along `contact-line' as detailed in the article;Rd, Rb - radius of curvature
of the free interface of droplet and the radius of curvature of the filamentwet by droplet. The scale bar in the
image is 5mm. Further details of the setup are provided in fig. 7.7.

TZTUFN BMMPXT VT UP TUVEZ QIFOPNFOPO PG XSBQQJOH PG UIF ESPQMFU CZ UIF ୮ୢMBNFOU NPSF
FBTJMZ UIBO JO UIF �% TZTUFN�

5IF FOUJSF SBOHF PG QIFOPNFOB
 GSPN UIF :PVOH DPOUBDU HFPNFUSZ
 UP MBSHF EFWJBUJPOT
GSPN BQQBSFOU :PVOH DPOUBDU
 UP XSBQQJOH
 DBO CF PCUBJOFE CZ UVOJOH UIF DPNQFUJUJPO CF�
UXFFO UIF MJRVJE�WBQPVS TVSGBDF UFOTJPO
 BOE UIF CFOEJOH SJHJEJUZ PG UIF TIFFU PWFS UIF TDBMF
PG UIF ESPQ� 5IJT DPNQFUJUJPO JT DBQUVSFE JO B EJNFOTJPOMFTT QBSBNFUFS DBMMFE UIF CFOEBCJM�
JUZ
 XIJDI JT UIF SBUJP PG UIF ESPQMFU�TJ[F
 w UP UIF DBQJMMBSZ�CFOEJOH MFOHUI
 lec XIJDI JT UIF
MFOHUI TDBMF BU XIJDI TIFFU CFOEJOH BOE DBQJMMBSZ GPSDFT BSF TJNJMBS JO NBHOJUVEF� .PTU TUVE�
JFT <���
 �
 ���
 ���
 ��
 ���> BSF JO UIF SFHJNF XIFSF UIF CFOEBCJMJUZ JT O(1) XIJMF PVS FYQFS�
JNFOUT BSF JO UIF IJHI�CFOEBCJMJUZ MJNJU� 8F BDIJFWF UIJT MJNJU CZ VTJOH UIJO ୮ୢMBNFOUT BOE
MBSHF ESPQMFU TJ[FT� 5IJT HVBSBOUFFT B TFQBSBUJPO JO TDBMFT CFUXFFO ESPQMFU TJ[F BOE DBQJMMBSZ�
CFOEJOH MFOHUI
 BOE UIF CFIBWJPVS JO UIJT MJNJU JT ESBNBUJDBMMZ EJ୭GFSFOU GSPN UIBU JO MPX
CFOEBCJMJUZ MJNJU <���
 ���
 ��>� "OPUIFS NFUIPE UP TNPPUIMZ NPEJGZ UIF SJHJEJUZ PG UIF
୮ୢMBNFOU UP UIF DBQJMMBSZ GPSDF BQQMJFE CZ UIF ESPQMFU JT UP QMBDF UIF ୮ୢMBNFOU VOEFS UFOTJPO�
8IFO UIF ୮ୢMBNFOU JT VOEFS MBSHF UFOTJPO
 JU EPFT OPU EFGPSN BOE UIF :PVOH TDFOBSJP JT SFDPW�
FSFE� XIFO JU JT TMBDL
 UIFO MBSHF EFGPSNBUJPO BOE XSBQQJOH DBO PDDVS�

"T TIPXO JO ୮ୢH� ���(b)
 XF NFBTVSF UIF DPOUBDU BOHMFT ϑ,φ PG B QBSUJBMMZ XFUUFE ୮ୢMBNFOU
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BT B GVODUJPO PG BQQMJFE UFOTJPO� 8F TIPX JO UIJT QBQFS UIBU UIF DPOUBDU BOHMFT FYIJCJU B VOJ�
WFSTBM CFIBWJPVS JO UIF UIJO�୮ୢMBNFOU MJNJU XIJDI XFSF OPU NFBTVSFE JO FBSMJFS XPSL PO UIF
FRVJWBMFOU �% TZTUFNT<���
 ��
 ���>� *O UIF MJNJU PG JO୮ୢOJUF CFOEBCJMJUZ
 PVS SFTVMUT NBUDI
XFMM XJUI UIFPSZ EFSJWFE FBSMZ JO UIF DIBQUFS
 XJUI UIF F୭GFDUJWF TVSGBDF UFOTJPO PG UIF ��%
ESPQMFU CFJOH UIF POMZ ୮ୢUUJOH QBSBNFUFS� 6OEFS MBSHF NBHOJUVEFT PG BQQMJFE UFOTJPO
 UIF
UIFPSZ QSFEJDUT UIBU UIPVHI φ BOE (ϑY − ϑ) → 0
 UIF SBUJP (ϑY − ϑ)/φ BTZNQUPUFT UP B DPO�
TUBOU PG ���� 8F NFBTVSF UIJT SBUJP JO PVS FYQFSJNFOUT BOE PCTFSWF UIF USFOE QSFEJDUFE CZ
UIF UIFPSZ UP IPME USVF� 8F BMTP ୮ୢOE UIBU UIF BQQMJFE UFOTJPO BOE UIF UFOTJPO JO UIF CVDL�
MFE [POF PCFZ B GPSDF CBMBODF SFMBUJPO SFNBSLBCMZ TJNJMBS UP UIF :PVOH�-BQMBDF SFMBUJPO� *O
UIF UIFPSZ PG WBOJTIJOH CFOEJOH TUJ୭GOFTT
 UIF SFHJPO DMPTF UP UIF DPOUBDU�MJOF JT PG JO୮ୢOJUF
DVSWBUVSF� )PXFWFS
 JO UIF FYQFSJNFOUT UIF ୮ୢMBNFOU IBT B ୮ୢOJUF NBHOJUVEF PG DVSWBUVSF EF�
OPUFE CZ 1/RFC
 BO FMBTUP�CFOEJOH TDBMF� XF TUVEZ UIF WBSJBUJPO PG RFC XJUI To
 UIF BQQMJFE
CPVOEBSZ UFOTJPO� 5IF F୭GFDUT PG ୮ୢOJUF CFOEBCJMJUZ IFSF QSPEVDF EFWJBUJPOT GSPN UIF IJHI
CFOEBCJMJUZ UIFPSZ� *O UIF XSBQQFE SFHJNF XIFO UIF ୮ୢMBNFOU MFOHUI JT MFTT UIBO UIF QFSJNF�
UFS PG ESPQMFU
 XF ୮ୢOE UIBU UIF ୮ୢMBNFOU GPSNT QBSU PG B DJSDMF BSPVOE UIF ESPQ
 VOMJLF JO UIF
TIFFU XSBQQJOH FYQFSJNFOU<���> XIFSF UIF TIBQF SFTFNCMFT B QBSBDIVUF� 5IF DJSDVMBS TIBQF
FOTVSFT UIFSF JT OP KVNQ JO DVSWBUVSF BU UIF JOUFSGBDF CFUXFFO ୮ୢMBNFOU FOE BOE ESPQMFU JOUFS�
GBDF� UIJT MFBET UP TFBNMFTTXSBQQJOH BT PCTFSWFE JO UIF DBTF PG VMUSB�UIJO TIFFUT <��>� 8IFSFBT
GPS MPX�CFOEBCJMJUZ ୮ୢMBNFOUT
 UIF SBEJVT PG DVSWBUVSF PG UIF ESPQMFU�JOUFSGBDF EJWFSHFT BT UIF
FOET PG UIF ୮ୢMBNFOU BQQSPBDI FBDI PUIFS�

��� 3঎ক঎টঊগঝ টঊছ঒ঊঋক঎জ এঘছ ঍ছঘঙক঎ঝ�ঘগ�এ঒কঊখ঎গঝ

'PVS MFOHUI TDBMFT HPWFSO UIF PWFSBMM NFDIBOJDT PG UIF ୮ୢMBNFOU�ESPQ TZTUFN� 5IFTF BSF UIF
EJBNFUFS d PG UIF ୮ୢMBNFOU
 UIF ESPQMFU SBEJVTRdr
 UIF MFOHUI PG UIF ୮ୢMBNFOU L
 UIF DBQJMMBSZ�
CFOEJOH MFOHUI TDBMF lec = (B/γ)1/3 XJUIB CFJOH UIF CFOEJOH TUJ୭GOFTT
 HJWFO GPS B ୮ୢMBNFOU
PG DJSDVMBS DSPTT�TFDUJPO BT� B = Eπd4/64
 	E � :PVOHTؠ NPEVMVT PG ୮ୢMBNFOU NBUFSJBM
� "
୮ୢG୴I MFOHUI TDBMF BSJTJOH PVU PG TUSFUDIJOH
 lm = γ/E 	γ � ESPQMFU�WBQPVS TVSGBDF UFOTJPO

JT JSSFMFWBOU JO PVS FYQFSJNFOUT CFDBVTF lm = 0.03µN ≪ d ≈ O(10µN)� .PSFPWFS XF
BSF JOUFSFTUFE JO B IJHI�CFOEBCJMJUZ SFHJNF XIFSF UIF TJ[F PG ESPQMFU JT NVDI MBSHFS UIBO UIF
DBQJMMBSZ�CFOEJOH MFOHUI TDBMF
Rdr ≫ lec� 5IF OPO�EJNFOTJPOBM RVBOUJUZ UIBU JOEJDBUFT UIJT
TDBMF TFQBSBUJPO JT UIF CFOEBCJMJUZ� ϵ−1 = (Rdr/lec)2�

#Z WBSZJOH UIFTF MFOHUI�TDBMFT BOE UIF BQQMJFE UFOTJPO XF DBO FYQMPSF UIF QIBTFT PG UIF
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Figure 3.10: (a) Schematic of the soft beam attached to one end of the filament to measure tension in the
filament with the relevant variables: ψ(s) - angle between tangent and vertical; F̃ - non-dimensional force
applied at beam's end; σ - angle at which the force is applied; s - non-dimensional arc-length; δx/l, δy/l -
non-dimensional displacement alongx, y-direction. Alongside is the image of the beam from the experiment
superimposedon thenumerically-solved shape fromeqn. 3.56. (b)Numerically computeddisplacement δy/l
vs non-dimensional force, F̃ for three different σ values: π/2,π/4,π/8. (c) Fluorescence intensity along
two radial lines, one close to the contact-line of PDMS filament and one far from it (shown schematically in
the inset). This indicates that the presence of the filament does not distort the 3D height profile of the drop,
except perhaps very close to the 4-phase contact line as shown in (d)wherewe see 3-D effects appear as the
droplet becomes thin near the contact line. The droplet we use here is ofMineral oil and is dyed using Sudan
Red dye.

୮ୢMBNFOU�ESPQ QIBTF EJBHSBN� 5IF BYFT PG UIF EJBHSBN BSF UISFF OPO�EJNFOTJPOBM RVBOUJUJFT
DPOTUSVDUFE GSPN UIFTF WBSJBCMFT�

T̃ = To/(γd), ϵ−1 = (Rdr/lec)
2, Φ = (L/Rdr). 	����


)FSF To JT UIF BQQMJFE UFOTJPO BU UIF TIFFU CPVOEBSZ
 BT TFFO JO ୮ୢH� ���(b)� T̃ JT UIF OPO�
EJNFOTJPOBM BQQMJFE UFOTJPO� Φ UIF SBUJP PG ୮ୢMBNFOU MFOHUI L UP ESPQMFU SBEJVT Rdr� *O UIF
QBSUJBMMZXFU SFHJNFXFNBJOUBJO UIF MJNJU� ϵ−1 ≫ 1,Φ ≫ 2π� *O UIF TFDPOEQBSU PG UIF BSUJDMF
XF FYQMPSF UIF PUIFS SFHJNF PG ϵ−1 ≫ 1,Φ ≤ 2π UP VOEFSTUBOE UIF XSBQQJOH NFDIBOJTN�

���� &ডঙ঎ছ঒খ঎গঝঊক জ঎ঝ�ঞঙ

0VS FYQFSJNFOU DPOTJTUT PG B UIJO FMBTUJD ୮ୢMBNFOU ୯୳PBUJOH BU BJS�XBUFS JOUFSGBDF
 QMBDFE JO
DPOUBDU XJUI B ୯୳PBUJOH PJM ESPQMFU BT TIPXO JO ୮ୢH� ���(a)� 0OF FOE PG UIF ୮ୢMBNFOU JT BUUBDIFE
UP B USBOTMBUJPO TUBHF BOE UIF PUIFS FOE UP B CFBN NBEF PVU PG B TPG୴ FMBTUJD NBUFSJBM 	7JOZM
QPMZTJMPYBOF
� 8F DPOUSPM UIF UFOTJPO JO UIF ୮ୢMBNFOU CZ NPWJOH UIF CFBN� "T EFTDSJCFE
JO EFUBJM MBUFS
 UIPVHI UIF ୯୳PBUJOH ESPQMFU JT UISFF�EJNFOTJPOBM JO TIBQF
 JU JT ୯୳BUUFOFE CZ
HSBWJUZ BOE TP CFIBWFT BQQSPYJNBUFMZ MJLF B UXP�EJNFOTJPOBM PCKFDU� 8F EF୮ୢOF UIF DPOUBDU

��



BOHMFT ϑ BOE φ JO UIF QMBOF PG UIF BJS�XBUFS JOUFSGBDF 	TFF ୮ୢH� ���(b)
� 5IF F୭GFDUJWF TVSGBDF
UFOTJPO PG UIJT ��% ESPQMFU JT UIF MJOF UFOTJPO PG UIF ESPQMFU BU UIF BJS�XBUFS JOUFSGBDF� *O UIF
QBSUJBMMZ�XSBQQFE TUBUF XF WBSZ UIF TJ[F PG UIF ESPQMFU
 EJBNFUFS PG UIF ୮ୢMBNFOU BOE UIF BQ�
QMJFE CPVOEBSZ UFOTJPO
 XIJMF JO UIF XSBQQJOH FYQFSJNFOUT
 XF WBSZ UIF ESPQMFU TJ[F GPS WBS�
JPVT ୮ୢMBNFOU EJBNFUFST� 5IFTF UISFF QBSBNFUFST IFMQ VT FYQMPSF EJ୭GFSFOU IJHI�CFOEBCJMJUZ
NPSQIPMPHJFT PG UIF ୮ୢMBNFOU� 8F JNBHF UIF ୮ୢMBNFOU TIBQF BOENFBTVSF UIF DVSWBUVSF PG UIF
୮ୢMBNFOU DMPTF UP DPOUBDU�MJOF PG UIF ESPQMFU� 5IF QSPDFEVSF VTFE GPS ୮ୢMBNFOU TIBQF FYUSBD�
UJPO GSPN JNBHFT JT UIF TBNF BT EFTDSJCFE GPS SFMBYJOH ୮ୢMBNFOUT JO DIBQUFS �
 XIPTF EFUBJMT
BSF JO BQQFOEJY� ������ /FBS GVMM XSBQQJOH
 XF VTF ୯୳VPSFTDFODF JNBHJOH UP BDDVSBUFMZ DBQUVSF
UIF TIBQF PG UIF ୮ୢMBNFOU� 5IJT BMMPXT VT UP DBMDVMBUF UIF SBEJVT PG DVSWBUVSF PG UIF ୮ୢMBNFOU
BOE UIBU PG UIF ESPQMFU BT B GVODUJPO PG JUT CFOEBCJMJUZ�

.ঊঔ঒গঐ এ঒কঊখ঎গঝজ

5IF UIJO ୮ୢMBNFOUT VTFE JO PVS FYQFSJNFOUT BSF NBEF PVU PG 1PMZEJNFUIZMTJMPYBOF 	1%.4

XIPTF :PVOHؠT NPEVMVT JT E = 1MPa� 8F VTF B NJYUVSF PG 1%.4 CBTF 	4ZMHBSE ���
 %PX
$PSOJOH

 BDDFMFSBUPS BOE DSPTT�MJOLFS JO UIF SBUJP 	������
 BU SPPN UFNQFSBUVSF
 BOE BT UIF
NJYUVSF CFHJOT UP TFU
 XF UBLF B ESPQMFU PG UIJTNJYUVSF BOEQVMM JU VTJOH UXFF[FST UP DSFBUF UIJO
MPOH UISFBET XIJDI UIFO TFU� 8F NBLF ୮ୢMBNFOUT XIPTF EJBNFUFS d WBSJFT CFUXFFO 80µN −
200µN BOE XJUI MFOHUI
 L � 1000d� *O BQQFOEJY ��� XF QSPWJEF EFUBJMT UP NBLF UIF ୮ୢMBNFOU
BOE JNBHFT PG UIFTF ୮ୢMBNFOUT VOEFS NJDSPTDPQF�

.঎ঊজঞছ঒গঐ ঝ঎গজ঒ঘগ

5IF DBQJMMBSZ GPSDFT PSJHJOBUF GSPN TVSGBDF UFOTJPOT UIBU BSF∼ 10mN/m 	TPVSDF�%BUB 4IFFU


BOE UIFZ BDU PO ୮ୢMBNFOUT∼ 100µN JO EJBNFUFS
 SFTVMUJOH JO GPSDFT PGO(µN) JO NBHOJUVEF�
UIJT EFNBOET B TFOTJUJWF GPSDF TFOTPS� 8F DMBNQ B MPOH
 TPG୴ CFBN BU POF FOE UP B USBOTMBUJPO
TUBHF BOE BUUBDI UIF ୮ୢMBNFOU BU JUT PUIFS FOE� 5IJT JT TIPXO TDIFNBUJDBMMZ JO ୮ୢH� ���(a)� 5IF
TPG୴ CFBN JT NBEF PG 7JOZM QPMZTJMPYBOF 	714
 BOE IBT B EJBNFUFS PG 0.5mm
 MFOHUI PG l =
6cm BOE :PVOHؠT NPEVMVT PG Es = 200kPa� 8IFO UIF USBOTMBUJPOBM TUBHF JT EJTQMBDFE UIF
CFBN CFOET BOE XF USBDL UIF UJQ PG UIF TPG୴ CFBN BU UIF FOE BUUBDIFE UP UIF ୮ୢMBNFOU� 5IF
TUBOEBSE TNBMM EF୯୳FDUJPO BQQSPYJNBUJPO HJWFT UIF EFQFOEFODF PG GPSDF PO EJTQMBDFNFOU BT�
F ≈ 3Bsδx/l3 XIFSF Bs JT UIF CFOEJOH TUJ୭GOFTT PG TPG୴ CFBN
 HJWFO CZ Bs = Esπt4b/4
 tb �
CFBN EJBNFUFS
 δx � IPSJ[POUBM EJTQMBDFNFOU
 l � MFOHUI PG TPG୴�CFBN BT TIPXO JO ୮ୢH� ����(a)�

��

https://us.vwr.com/assetsvc/asset/en_US/id/9467235/contents


)PXFWFS
 GPS UIF SBOHF PG UFOTJPO XF BSF JOUFSFTUFE JO 	XIJDI XF TIBMM TFF MBUFS
 USBWFSTFT
NPSF UIBO B EFDBEF JO OPO�EJNFOTJPOBM UFOTJPO TDBMF

 XF SFRVJSF UIF TPMVUJPO UP UIF GVMM OPO�
MJOFBS CFBN FRVBUJPO� )FSF
 VOMJLF JO UIF TNBMM EJTQMBDFNFOU MJNJU
 UIF EJTQMBDFNFOU JO UIF
WFSUJDBM EJSFDUJPO PG UIF CFBN
 δy DBOOPU CF OFHMFDUFE BOE GPS MBSHF UFOTJPOT UIF EJTQMBDFNFOU
JO UIJT EJSFDUJPO JT TFOTJUJWF UP BQQMJFE UFOTJPO BT TIPXO JO ୮ୢH� ����(b)� 'VSUIFSNPSF
 UIF BOHMF
CFUXFFO UIF FOE PG UIF ୮ୢMBNFOU BOE UIF JOJUJBM DPO୮ୢHVSBUJPO DIBOHFT BT B GVODUJPO PG UFOTJPO
DSFBUJOH BO BOHMF σ 	VQ UP B NBYJNVN PG 30 EFHSFFT JO FYQFSJNFOUT
� 8F NFBTVSF σ
 δx
 δy
GPS FBDI UFOTJPO WBMVF JO UIF FYQFSJNFOUT� 8F UIFO ୮ୢOE TPMVUJPOT UP UIF OPO�MJOFBS QSPCMFN
HJWFO CZ�

ψ′′(s) + F̃ cosσ sinψ(s) + F̃ sinσ cosψ(s) =0, 	����


XIFSF ψ JT UIF BOHMF CFUXFFO UIF UBOHFOU UP UIF CFBN BOE WFSUJDBM 	TFF ୮ୢH�����(a)

 s UIF OPO�
EJNFOTJPOBM BSD�MFOHUI BMPOH CFBN 	OPO�EJNFOTJPOBMJTFE VTJOH l
 XJUI s = 0 JOEJDBUJOH UIF
୮ୢYFE FOE BOE s = 1 JT UIF FOE DPOOFDUFE UP UIF FMBTUJD ୮ୢMBNFOU� F̃ = Fl2/Bs JT UIF OPO�
EJNFOTJPOBM BQQMJFE GPSDF� 8F TPMWF UIJT TZTUFN OVNFSJDBMMZ VTJOH B TIPPUJOH NFUIPE <�>
VOEFS CPVOEBSZ DPOEJUJPOT� ψ(0) = 0,ψ′(1) = 0� 'SPN UIF TPMVUJPO GPS EJ୭GFSFOU WBMVFT PG
F̃ GPS B HJWFO σ XF MPPL GPS UIF F̃ UIBU DPSSFTQPOET UP UIF NFBTVSFE δx/l BOE δy/l
 XIJDI JT
UIF SFRVJSFE RVBOUJUZ UP DPNQVUF To� 5IJT QSPDFEVSF JT FYFDVUFE GPS BMM EJTQMBDFNFOUT BOE
XF TIPX JO ୮ୢH� ����(a) UIBU UIF DPNQVUFE TIBQF 	HSFFO MJOF
 NBUDIFT XFMM XJUI UIF FYQFSJ�
NFOUBMMZ PCTFSWFE TIBQF 	HSBZ MJOF
�

%ছঘঙক঎ঝ ঊগ঍ জঌঊক঎ জ঎ঙঊছঊঝ঒ঘগ

8F VTF NJOFSBM PJM PG EFOTJUZ ���� H�N- GPS UIF ESPQMFUT� 5IF PJM JT EZFE XJUI 4VEBO SFE
(
 B IZESPQIPCJD
 XBUFS�JOTPMVCMF EZF� 5IJT DBQUVSFT UIF TIBQF PG UIF ESPQMFU QSFDJTFMZ BT
XF JNBHF JU VOEFS VOJGPSN MJHIU� 5IF PJM ESPQMFU JT B UISFF�EJNFOTJPOBM PCKFDU XJUI UISFF
MFOHUI�TDBMFT SFMFWBOU BU EJ୭GFSFOU SFHJPOT PG UIF ESPQMFU� 5IFTF BSF Rdr � SBEJVT PG ESPQMFU

d � EJBNFUFS PG ୮ୢMBNFOU
 lc � DBQJMMBSZ MFOHUI� 5IF ESPQMFU TJ[F Rdr JT UIF MBSHFTU PG UIFTF
MFOHUI�TDBMFT
 d JT SFMFWBOU DMPTF UP UIF SFHJPOXIFSF UIF ESPQMFU JT JO DPOUBDUXJUI ୮ୢMBNFOU BOE
lc JO UIF DVSWFE SFHJPO BQQSPBDIJOH BJS�XBUFS JOUFSGBDF� 'PS MBSHF ESPQMFUT
 HSBWJUZ FOTVSFT B
VOJGPSN UIJDLOFTT∼ lc BOE JG XFXPSLXJUI TNBMM�d ୮ୢMBNFOUT
 UIFOXF BSF JO B TDBMF TFQBSBUFE
SFHJNF HJWFO CZ� d ≪ lc ≪ Rdr� 'VSUIFSNPSF UIF RVBOUJUJFT PG JOUFSFTU JO PVS FYQFSJNFOUT
ϑ BOE φ
 BSF BMM O(Rdr) GFBUVSFT� 8F FOTVSF UIJT TFQBSBUJPO CZ DIPPTJOH Rdr JO UIF SBOHF

��



0.5cm − 2cm XJUI UIF DBQJMMBSZ MFOHUI PG .JOFSBM PJM lc = 1.8mm BOE d = 80µN − 200µN�
*O ୮ୢH� ����(c) XF QMPU UIF ESPQMFU TVSGBDF QSP୮ୢMF DMPTF UP ୮ୢMBNFOU DPOUBDU MJOF
 BOE GBS GSPN
JU
 UP TIPX UIBU UIF TIBQF PG UIF ESPQMFU JT OPU TUSPOHMZ QFSUVSCFE JO UIF UIJO EJSFDUJPO CZ UIF
QSFTFODF PG UIF ୮ୢMBNFOU BOE UIVT UIF ��% BQQSPYJNBUJPO JT WBMJE�� 8FNFBTVSF UIFTF QSP୮ୢMFT
JO PVS FYQFSJNFOUT CZNFBTVSJOH UIF ୯୳VPSFTDFODF JOUFOTJUZ PG B ESPQMFU XJUI/JMF 3FE VOEFS
B VOJGPSN MJHIU TPVSDF� 5IFTF JOUFOTJUJFT BDU BT QSPYZ GPS UIF IFJHIU PG UIF ESPQMFU BOE XF
IBWF QMPUUFE UIF TDBMFE WBMVF PG UIF JOUFOTJUZ 	TDBMFE CZ UIF NBYJNVN WBMVF
 BU UIF DFOUFS PG
UIF ESPQMFU
 JO ୮ୢH� ����(c)�

7঒জঞঊক঒জ঒গঐ এ঒কঊখ঎গঝ

*O PSEFS UP WJTVBMJTF UIF ୮ୢMBNFOUT JO PVS XSBQQJOH FYQFSJNFOUT XF XFU UIF ୮ୢMBNFOU JO B TP�
MVUJPO PG /JMF 3FE 	)*.&%*"3.����
 JO FUIBOPM BOE BMMPX UIF FUIBOPM UP FWBQPSBUF� 8F
MFBWF UIF ESPQMFU VODPMPVSFE BOE TIJOF B MBTFS CFBN 	8঒ঌঔ঎঍ -ঊজ঎ছ
 500mW BU 500nm

PO UIF ୮ୢMBNFOU� 5IF ୮ୢMBNFOU ୯୳VPSFTDFT JO UIF SFE
 BOE B ୮ୢMUFS JT VTFE UP FMJNJOBUF UIF HSFFO
JMMVNJOBUJPO MJOF� 5IPVHI /JMF 3FE JT B IZESPQIPCJD EZF BOE EJ୭GVTFT JOUP NJOFSBM PJM BU
MPOH UJNFTDBMF
 PVS FYQFSJNFOUT XFSF QFSGPSNFE CFGPSF UIF EZF EJ୭GVTFT JOUP UIF ESPQMFU�

)঒ঐ঑ক঒ঐ঑ঝজ ঘএ ঝ঑঎ঘছঢ

8F NBLF DPNQBSJTPOT UP B UIFPSZ PG B ��% ESPQ�PO�TIFFU QSPCMFN
 i.e., B ESPQ NPEFMMFE BT
B DZMJOEFS TJUUJOH PO UPQ PG BO JOFYUFOTJCMF SFDUBOHVMBS TIFFU
 JO UIF JO୮ୢOJUF�CFOEBCJMJUZ MJNJU�
5IJT JOWPMWFT NJOJNJTJOH UIF UPUBM TVSGBDF FOFSHZ PG UIF TZTUFN
 XJUI DPOUSJCVUJPOT GSPN
MJRVJE�WBQPVS
 MJRVJE�TPMJE
 BOE TPMJE�WBQPVS JOUFSGBDFT� 5IF BOBMZTJT SFEVDFT UP B QVSFMZ HFP�
NFUSJD RVFTUJPO XJUI DPOUBDU BOHMF
 ϑY BOE BQQMJFE UFOTJPO
 T̃ CFJOH UIF SFMFWBOU QBSBNFUFST�
(JWFO UIFTF QBSBNFUFST
 UIF DPNQMFUF TIBQF PG UIF ESPQMFU BOE TIFFU JT QSFEJDUFE
 GPS B ୮ୢYFE

�8FEP OPU FYQMPSF IFSF JO EFUBJM UIF RVFTUJPO PG XIZ UIF ୮ୢMBNFOU DIPPTFT UP TJU BU UIF UISFF QIBTF
DPOUBDU MJOF JOTUFBE PG QBTTJOH VOEFWJBUFE PWFS PS VOEFS UIF ESPQ� 1PTTJCMZ UIF CFOEJOH FOFSHZ MPTU
JO DVSWJOH BSPVOE UIF ESPQ JT NPSF UIBO DPNQFOTBUFE CZ UIF PJM�BJS BOE XBUFS�BJS JOUFSGBDF QSPUFDUFE
CZ UIF ୮ୢMBNFOU�

��



Figure 3.11: (a) Measured values of ϑ and φ from experiments for different bendability values of
the drop-filament system. For the filament diameter 205µm, we choose four different droplet sizes:
12.7mm, 13.8mm, 18.0mm, 20.2mm shown using!. Similar angles ϑ and φmeasured for a filament of di-
ameter 77µm and three different droplet sizes : 10.6mm, 14.2mm, 16.6mm plotted as ". We see a clear
collapseof all thedata indicatingauniversal behaviourofperceivedcontact angle in thehigh-bendability limit,
with solid line being eqns. 3.57, 3.58 for ϑY = 115◦ and dashed line for ϑY = 125◦. The point where ϑ,φ
intersect is where T̃ = 2T̃c, which in our experiments giveTc/d = 2.2mN/m, from γ = 7.6mN/m,ϑY =
115◦. (b)Computed values of (ϑY −ϑ)/φ in experiments (symbols) compared to the theoretical predictions
from eqs. 3.57, 3.58 which approach a value of 1/2 at large tensions. ! corresponds to the thicker and" to
the thinner of the filaments. (i)− (iv) show the shape of filament-drop system as the tension in the filament
is decreased. Scale bar in (i) is 5mm.
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BSFB PG ESPQMFU� 5IF FYQSFTTJPOT GPS UIF BOHMFT ϑ,φ BSF HJWFO CZ FR� ����
 �����

cosϑ =
(1 + 2T̃ cosϑY − cos2 ϑY )

2T̃
, 	����


cosφ =
(1− cosϑY /T̃ + (cos2 ϑY − 1)/2T̃ 2)

1− cosϑY /T̃
. 	����


'SPN UIF FYQSFTTJPOT BCPWF
 XF TFF UIBU UIF BOHMFT SFNBJO BU ϑ = 0,φ = π GPS WBMVFT PG
UFOTJPO T̃ TNBMMFS UIBO B DSJUJDBM UFOTJPO
 T̃c = cos2(ϑY /2)� 5IJT JT QSFDJTFMZ UIF USBOTJUJPO
GSPN B QBSUJBMMZ XFU TUBUF XIFSF POMZ B QBSU PG UIF ESPQ CPVOEBSZ JT DPWFSFE CZ UIF TIFFU
 UP
B XSBQQFE TUBUF XIFSF UIF ESPQMFU CPVOEBSZ JT DPNQMFUFMZ FODBQTVMBUFE� *OUFSFTUJOHMZ UIF
UFOTJPO BU XIJDI ϑ = φ PDDVST BU T̃ = 2T̃c� 8F XJMM VTF UIF DSJUJDBM UFOTJPO
 T̃c UP NFBTVSF UIF
VOLOPXO MJOF UFOTJPO γ JO PVS FYQFSJNFOUT�

���� 3঎জঞকঝজ

$ঘগঝঊঌঝ ঊগঐক঎ ঊগ঍ ঌছ঒ঝ঒ঌঊক ঠছঊঙঙ঒গঐ ঝ঎গজ঒ঘগ

*O ୮ୢH� ����(a)XFQMPUϑ,φ BT GVODUJPOT PG T̃ 
 TDBMFE CZ UIF DSJUJDBM UFOTJPO GPSXSBQQJOH
 T̃c� 8F
TIPX EBUB GPS ୮ୢMBNFOUT PG UXP EJ୭GFSFOU EJBNFUFST
 77µN BOE 205µN� 5IF EBUB XFSF UBLFO
CZ WBSZJOH UIF UFOTJPOXIJMF IPMEJOH UIF ESPQ TJ[F ୮ୢYFE� 5IF ESPQ TJ[F XBT UIFO WBSJFE JO UIF
SBOHF 10.6mm−20.2mm� 5IFTF UXP ୮ୢMBNFOU EJBNFUFST BOE UIF EJ୭GFSFOU ESPQMFU TJ[FT IFMQFE
VT TQBO CFOEBCJMJUZ WBMVFT CFUXFFO ϵ−1 = 80− 1920� 5IF QSPDFEVSF VTFE GPS FYUSBDUJOH UIF
DPOUBDU BOHMFT GSPN UIF FYQFSJNFOUBM JNBHFT JT FYQMBJOFE JO EFUBJM JO BQQFOEJY� ������ *O PSEFS
UP DPNQVUF UIFCFOEBCJMJUZ ϵ−1 = (Rdr/lec)2 PG UIFESPQMFU�୮ୢMBNFOU TZTUFN
XFOFFE UIF MJOF�
UFOTJPO PG UIF PJM ESPQMFU� 5P PCUBJO γ
 XF OPUF JO ୮ୢH� ����(a) UIBU BT UIFNBHOJUVEF PG UFOTJPO
JODSFBTFT UIFSF JT B DSPTTPWFS JO NBHOJUVEF CFUXFFO φ BOE ϑ� 'SPN UIF JO୮ୢOJUF CFOEBCJMJUZ
UIFPSZ XF FYQFDU UIJT DSPTT�PWFS UP IBQQFO BU T̃ /T̃c = 2 	TFF FROT� ���� � ����
� *O PSEFS UP
NBUDI UIJT DSPTT�PWFS QPJOU JO FYQFSJNFOUT
 γ JT UIF POMZ ୮ୢUUJOH QBSBNFUFS� 5IF γ�WBMVF IFSF
JT EJ୭୮ୢDVMU UP NFBTVSF TJODF UIJT JT OPU UIF VTVBM TVSGBDF UFOTJPO PG B MJRVJE�WBQPVS JOUFSGBDF
CVU JT UIF MJOF�UFOTJPO PG UIF ESPQMFU DPOUBDU MJOF XJUI UIF XBUFS CBUI� 5SBEJUJPOBM NFBTVSJOH
UFDIOJRVFT TVDI BT QFOEBOU ESPQMFU UFDIOJRVF
 UFOTJPNFUFST EP OPU QSPWJEF BNFBTVSF PG UIJT
MJOF�UFOTJPO� 8F ୮ୢOE UIBU BMM UIF EBUB DPMMBQTF XJUI UIF BOBMZUJDBM FYQSFTTJPO JO ୮ୢH� ����(a) GPS
γ = 7.6mN/m� 5P FYUSBDU ϑY XF NFBTVSF UIF DPOUBDU BOHMF GPS T̃ ≫ T̃c� 'PS UIJT TVSGBDF
UFOTJPO γ
 XF ୮ୢOE Tc = 2.2mN/m XIFO ϑY = 115◦ GPS UIF UIJDLFS ୮ୢMBNFOU BOE Tc =

��



Figure 3.12: (a) Non-dimensional applied tension T̃o, (b) tension in the portion of the filament wet by the
droplet T̃I , and (c) the difference between these tension values, (T̃o − T̃I) evaluated by using angles ϑ,φ
measured fromexperiments (usingeqn.3.59) as functionsof theapplied tension, T̃ measuredusing soft-beam
displacement. ! correspond tofilament diameter205µmand" to diameter77µmfor different droplet sizes.
The solid and dashed lines respectively indicate theoretical predictions from eqn. 3.60.

1.6mN/mXIFO ϑY = 125◦ GPS UIF UIJOOFS POF JO PVS FYQFSJNFOUT�
/PX GPS T̃ ≫ cos2(ϑY /2)XF DBO FYQBOE UIF FRT� ����
 ���� UP HFU

φ ≈ 2 sinϑY

T̃
, ϑY − ϑ ≈ sinϑY

T̃
. 	����


'SPN UIJT JU JT FBTZ UP TFF UIBU GPS BQQMJFE UFOTJPO
 T̃ ≫ 1
 UIF BTZNQUPUJD WBMVF PG UIF GVOD�
UJPO (ϑY − ϑ)/φ → 1/2� 6TJOH UIF NFBTVSFE WBMVFT PG ϑ,φ BOE ϑY JO PVS FYQFSJNFOUT
 XF
DPNQVUF (ϑY − ϑ)/φ BT TIPXO JO ୮ୢH� ����(b)� 5IF USFOE QSFEJDUFE CZ UIF BOBMZUJDBM FYQSFT�
TJPO JT DBQUVSFE
 UIPVHI UIF EBUB BSF OPJTJFS BU MBSHF UFOTJPOT EVF UP ୮ୢOJUF QSFDJTJPO JO UIF
NFBTVSFNFOU PG φXIPTF NBHOJUVEF BQQSPBDIFT [FSP�

*O UIF JO୮ୢOJUF CFOEBCJMJUZ MJNJU
 UIF OPSNBMJ[FE JOUFSOBM TUSFTTFT BSF SFMBUFE UP HFPNFUSJD

��



WBSJBCMFT ϑ BOE φ BMPOF UISPVHI UIF FYQSFTTJPOT

T̃I =
sinϑ

sinφ
, T̃o =

sin(ϑ+ φ)

sinφ
. 	����


5IFTF FYQSFTTJPOT BSF EFSJWFE CZ VTJOH UIF SFMBUJPO UIBU UIF UFOTJPO JO UIF CVDLMFE [POF
JT HJWFO CZ TI/(dRb) = γ/Rd XIFSF Rb, Rd BSF UIF SBEJVT PG CVDLMFE [POF PG TIFFU BOE UIF
SBEJVT PG UIF ESPQMFU JOUFSGBDF� /PX UIF SBUJP T̃I = TI/(dγ) = Rb/Rd DBOCFXSJUUFO JO UFSNT
PG ϑ,φ� 5IF FYQSFTTJPO GPS T̃o PO UIF PUIFS IBOE JT EFSJWFE CZ NJOJNJTJOH UIF UPUBM FOFSHZ
PG UIF TZTUFN BT EFUBJMFE JO UIF QSFWJPVT TFDUJPO� *O ୮ୢH� ����(a) XF DPNQBSF UIF CPVOEBSZ
UFOTJPO T̃o DPNQVUFE GSPN ϑ,φ BOE FRO� ���� BOE UIF EJSFDU NFBTVSFNFOU PG UFOTJPO VTJOH
UIF EF୯୳FDUJPO PG UIF TPG୴ CFBN�T̃ � 8F OFYU DPNQBSF JO ୮ୢH� ����(b) FYQFSJNFOUBM EBUB GPS T̃I 

UIF TUSFTT JO UIF CVDLMFE [POF PCUBJOFE GSPN UIF NFBTVSFE DPOUBDU BOHMFT
 UP UIF BOBMZUJDBM
FYQSFTTJPO GPS T̃I GPS UXP EJ୭GFSFOU ϑY = 115◦, 125◦ DPSSFTQPOEJOH UP UIF UIJDL BOE UIJO
୮ୢMBNFOU� 5IF KVNQ JO UIF NBHOJUVEF PG UFOTJPO BU UIF DPOUBDU MJOF JT QSPQPSUJPOBM UP UIF
FRVJMJCSJVN DPOUBDU�BOHMFϑY BOE JT HJWFO CZ� (T̃o−T̃I) = cosϑY 
 XIJDI JT UIF FRVJWBMFOU GPS
UIJO�୮ୢMBNFOUT PG UIF :PVOH�-BQMBDF�%VQS© SFMBUJPO� *O ୮ୢH� ����(c)XF DPNQBSF UIF EJ୭GFSFODF
(T̃o−T̃I) BT B GVODUJPO PG BQQMJFE UFOTJPO T̃ BOE TFF UIBU JU SFNBJOT DPOTUBOU
 DMPTF UP UIF WBMVF
cosϑY 
 QSFEJDUFE CZ UIFPSZ� 5IFSF JT B SFBTPOBCMFNBUDI CFUXFFO FYQFSJNFOUT BOE UIF BCPWF
FYQSFTTJPO ���� XJUI UIF CJHHFTU EFWJBUJPOT BU TNBMM UFOTJPOT�

$কঘজ঎ ঝঘ ঝ঑঎ ঌঘগঝঊঌঝ�ক঒গ঎

5IF BOHMFT BOE UFOTJPOT NFBTVSFE JO UIF QSFWJPVT TFDUJPO XFSF DPNQBSFE XJUI BO JO୮ୢOJUF�
CFOEBCJMJUZ UIFPSFUJDBM NPEFM� *O UIJT TFDUJPO
 XF FYQMPSF RVBOUJUJFT UIBU SF୯୳FDU NPSF PCWJ�
PVTMZ UIF ୮ୢOJUF CFOEBCJMJUZ PG UIF ୮ୢMBNFOUT� *O UIF JO୮ୢOJUF�CFOEBCJMJUZ QSFEJDUJPO
 UIF ୮ୢMB�
NFOU JT CVDLMFE JOUP B DJSDMF PG SBEJVTRb XIFSF JU JT JO DPOUBDU XJUI UIF ESPQMFU
 BOE TUSBJHIU
FMTFXIFSF XJUI B TIBSQ DVTQ DPOOFDUJOH UIF TUSBJHIU SFHJPO BOE UIF XFUUFE SFHJPO� )PXFWFS

୮ୢOJUF CFOEBCJMJUZ JOUSPEVDFT ୮ୢOJUF DVSWBUVSF
 1/RFC
 JO UIJT USBOTJUJPO [POF DMPTF UP UIF DPO�
UBDU MJOF�

8FNFBTVSF 1/RFC BT B GVODUJPO PG BQQMJFE UFOTJPO
 T̃ GPS UISFF EJ୭GFSFOU ESPQMFU TJ[FT 	w =

6.2mm, 7.6mm, 9.4mm
 BT TIPXO JO ୮ୢH� ����(c)� 5P JNBHF UIF ୮ୢMBNFOU TIBQFOFBS UIF ESPQMFU

XF EZF UIF ୮ୢMBNFOU 	BOE OPU UIF ESPQMFU BT JO UIF QSFWJPVT TFDUJPO
 XJUI 4VEBO 3FE ( BOE
JMMVNJOBUF XJUI B VOJGPSN XIJUF MJHIU TPVSDF� "G୴FS FYUSBDUJOH UIF ୮ୢMBNFOU TIBQF
 XF EP B
#ୖ4QMJOF DVSWF ୮ୢU UP UIF ୮ୢMBNFOU TIBQF BOE DBMDVMBUF UIF TJHOFE DVSWBUVSF BT B GVODUJPO PG
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Figure 3.13: (a) Three different filament shapes extracted from experiments as the applied tension To is
decreased for a fixed droplet size of Rdr = 6.2mm and filament diameter d = 120µm. (b) Correspond-
ing signed curvature, κ(s) of shapes in (a) computed as a function of non-dimensional arc length s (scaled
using filament length) after fitting Bezier spline to the extracted shapes. 1/Reb, 1/Rb correspond to maxi-
mum and minimum of κ(s). (c) The curvature of transition-zone close to the contact-line between filament
and droplet, 1/Reb and (d) the curvature of the droplet wet part of filament, 1/Rb as a function of applied
boundary tensionTo (inµN ) for a filament of fixed diameterd = 120µmbut for three different droplet sizes
Rdr = 6.2mm(△), 7.6mm(!), 9.4mm(") and several values ofTo. The corresponding bendability values
calculated using these different droplet sizes are ϵ−1 = 74, 110, 190. The solid lines in (c, d) correspond to

T−1
o , T−1/2

o and the dashed ones areT−1/2
o , T−1

o .

୮ୢMBNFOU BSD MFOHUI BT TIPXO JO ୮ୢH� ����(b)� 5IF UISFF TIBQFT JO ୮ୢH� ����(a) DPSSFTQPOE UP
UISFF EJ୭GFSFOU UFOTJPOT JO EFDSFBTJOH NBHOJUVEF GPS B ୮ୢYFE ESPQMFU TJ[F PG w = 6.2mm� 8F
JEFOUJGZ UIF NBYJNVN WBMVF PG DVSWBUVSF NBY	κ(s)
 XJUI 1/RFC BOE UIF NJOJNVN WBMVF

NJO	κ(s)
 XJUI 1/Rb� 8F ୮ୢOE UIBU CPUI DVSWBUVSFT EFDSFBTF XJUI JODSFBTJOH PVUFS UFOTJPO
To BT TIPXO JO ୮ୢH� ����(c, d)�

5IF DVSWBUVSF1/Rb PG UIFCVDLMFEQBSU PG UIF ୮ୢMBNFOUNBZCF FTUJNBUFE JO UFSNTPG UIF �%
-BQMBDF QSFTTVSF PG UIF GSFF TVSGBDF PG UIF ESPQMFU� 5IJT OBJWF FTUJNBUF QSFEJDUT 1/Rb ∼ 1/TI 
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Figure3.14:Rb
√
ϵ/Reb computedusing thedata shown infig. 3.13(c, d), as a functionof applied tensionwith

solid line indicating T̃ 1/2.

IPXFWFS
 UIF EBUB BSF NPSF DPOTJTUFOU XJUI 1/Rb ∼ 1/
√
TI 	OPUF UIBU TI BOE To BSF QSPQPS�

UJPOBM UP FBDI PUIFS
� 5IF MFOHUI�TDBMF RFC DMPTF UP UIF DPOUBDU MJOF DBO CF FTUJNBUFE GSPN
CBMBODJOH CFOEJOH GPSDFT BOE UFOTJPO JO UIF ୮ୢMBNFOU� *O BO JEFBMJ[FE �% TJUVBUJPO
 UIF UFO�
TJPO KVNQT BDSPTT UIF DPOUBDU MJOF SFTVMUJOH JO B DIBOHF JO DVSWBUVSF GSPN ϵ−1/2T̃−1/2

I JO UIF
SFHJPO XFU CZ UIF ESPQMFU UP ϵ−1/2T̃−1/2

o PVUTJEF� )PXFWFS
 UIF FYQFSJNFOUBM NFBTVSFNFOU
PG 1/RFC TIPX DVSWBUVSF EFDSFBTJOH BT T−1

o � 5IFSF BSF UISFF NBKPS EJ୭GFSFODFT CFUXFFO UIF
FYQFSJNFOU BOE UIF NPEFM� POF JT UIBU UIF ୮ୢMBNFOU CFOEBCJMJUZ SBOHFT GSPN ������
 XIFSFBT
UIF NPEFM BTTVNFT JO୮ୢOJUF CFOEBCJMJUZ� " TFDPOE SFTQFDU JO XIJDI UIF FYQFSJNFOU JT OPO�
JEFBM JT UIBU UIF NFOJTDVT OFBS UIF DPOUBDU MJOF JT GVMMZ ��EJNFOTJPOBM
 BT TIPXO JO ୮ୢH� ����(d)�
5IJT ��EJNFOTJPOBMJUZ DPNFT BCPVU CFDBVTF UIF ESPQMFU DMPTF UP UIF DPOUBDU MJOF TFFT UIF FG�
GFDUT PG UIF UIJDLOFTT PG UIF ୮ୢMBNFOU BOE UIF TIBQF PG UIF ESPQMFU BU UIJT TDBMF EFQFOET OPXPO
UIF ୮ୢMBNFOU UIJDLOFTT� .PSFPWFS PVS BTTVNQUJPOT PG TDBMF TFQBSBUJPO XIFSF UIF PCTFSWBCMFT
XFSF PG UIFO(Rdr) GBJMT BU UIJT TDBMF� -BTUMZ UIF UIFPSFUJDBM FTUJNBUFT BMTP BTTVNF ୮ୢYFE BSFB PG
UIF ESPQMFU XIJMF JO UIF FYQFSJNFOUT B ୮ୢYFE WPMVNF PG ESPQMFU JT NBJOUBJOFE BT UIF UFOTJPO
JT WBSJFE� *O UIJT QSPDFTT UIF QSPKFDUFE BSFB WBSJFT
 XJUI POMZ 5% DIBOHF PWFS UIF SBOHF PG UFO�
TJPOT JO UIF FYQFSJNFOU� 8F HVFTT UIBU UIFTF DPOUSJCVUF UP UIF MBSHF TQSFBE JO Rb

√
ϵ/RFC WT

To/γ TIPXO JO ୮ୢH� ����(b)
 XIJDI TDBMFT BT T̃ 1/2 BT TFFO JO ୮ୢH� ���(d)�
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Figure 3.15: (a, b)Fluorescence images showing shape of filament encapsulating the droplet for a filament of
diameter d = 90µm, 170µm and a droplet of sizeRdr = 7.5mm, 2.3mmwith droplet-interface shown as
dashed-line. The scale bar is 3.7mm. (c) Radius of curvature of the buckled zone in the filament,Rb vs the
radius of curvature of free interface of the droplet,Rd inmm. Solid line indicatesRb = Rd. We consider
three different filament diameters d = 80µm(△), 90µm(#), 170µm(!).

������ 8ছঊঙঙ঒গঐ ঙছঘঌ঎জজ

*O PSEFS UP FNVMBUF UIF QSPDFTT PG DPNQMFUF XSBQQJOH PG UIF ESPQMFU
 XF BEPQU UIF GPMMPX�
JOH QSPDFEVSF� " GSFFMZ ୯୳PBUJOH ୮ୢMBNFOU JT CSPVHIU JOUP DPOUBDU XJUI B ୯୳PBUJOH ESPQMFU TVDI
UIBU Φ < 2π BOE UIF ESPQMFU TJ[F JT SFEVDFE VOUJM UIF FOET PG UIF ୮ୢMBNFOU DPNF DMPTF UP
UPVDIJOH� 5IJT XF EP CZ TVDLJOH UIF PJM ESPQMFU GSPN UIF XBUFS CBUI VTJOH B TZSJOHF BOE
JNBHJOH JU BG୴FS FBDI TVDI WPMVNF SFEVDUJPO� 8F FYUSBDU UIF TIBQF PG UIF ୮ୢMBNFOU GSPN ୯୳V�
PSFTDFODF JNBHFT TVDI BT JO ୮ୢH� ����(a)� 5IF FYQFSJNFOUBM EFUBJMT PG UIF ୯୳VPSFTDFODF TFUVQ JT
QSPWJEFE JO BQQFOEJY� ������ 5IJT QSPDFEVSF JT GPMMPXFE GPS UISFF EJ୭GFSFOU ୮ୢMBNFOU EJBNF�
UFST
 d = 80µN, 90µN, 170µN� 5IF QBSBNFUFST Rd BOE Rb
 UIF SBEJVT PG DVSWBUVSF PG UIF
ESPQMFU�XBUFS JOUFSGBDF BOE SBEJVT PG DVSWBUVSF PG UIF CVDLMFE [POF EFTDSJCF UIF HFPNFUSZ PG
UIF ESPQMFU�୮ୢMBNFOU TZTUFN� *O UIF IJHI�CFOEBCJMJUZ MJNJU
 BT XF TIBMM TFF
 UIFTF BSF FOPVHI
UP EFTDSJCF UIF TZTUFNؠT FOUJSF TIBQF�
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'JSTU
 XF PCTFSWF UIBU UIF UIJOOFTU ୮ୢMBNFOU IBT B DPOTUBOU DVSWBUVSF BMPOH UIF MFOHUI BT
TIPXO JO ୮ୢH� ����(a)� 5IJT SBEJVT PG DVSWBUVSF NBUDIFT UIBU PG UIF ESPQMFU JOUFSGBDF SBEJVT
PG DVSWBUVSF
 Rd QMPUUFE JO ୮ୢH� ����(c) DPSSFTQPOEJOH UP △
 XIFSF UIF TPMJE MJOF JOEJDBUFT
Rd = Rb� "T UIF ESPQMFU TJ[F EFDSFBTFT UIF CVDLMJOH SBEJVT EFDSFBTFT BT EPFT UIF ESPQMFU
JOUFSGBDF SBEJVT� )PXFWFS UIF UIJDLFTU ୮ୢMBNFOU DPSSFTQPOEJOH UP ! TIPXT B EFWJBUJPO GSPN
UIF TUSBJHIU MJOF IJOUJOH UIBU UIF JOUFSGBDF CFDPNFT ୯୳BUUFS CFGPSF UIF FOET DPNF JO DPOUBDU�
5IJT EJWFSHFODF JT B MPX�CFOEBCJMJUZ F୭GFDU XIJDI EPFT OPU FYJTU GPS UIF UIJOOFTU ୮ୢMBNFOU BT
TFFO JO ୮ୢH� ����(b)�

4FDPOE
 JO UIF IJHI CFOEBCJMJUZ MJNJU UIF TIBQF PG UIF ୮ୢMBNFOU JT QBSU PG B DJSDMF XIJDI JT
JO DPOUSBTU XJUI UIF CFIBWJPVS PG BO BYJTZNNFUSJD TIFFU TFFO JO 1BVMTFO FU BM� <���> XIFSF
UIF TPMVUJPO JT OPU QBSU PG B TQIFSF CVU SFTFNCMFT UIBU PG QBSBDIVUF� 5IJT EJ୭GFSFODF DPNFT
BCPVU GSPN HFPNFUSJD DPOTUSBJOUT PG BSFB CFJOH QSFTFSWFE JO JOFYUFOTJCMF TIFFUT XIFSF JU JT
UIF MFOHUI UIBU JT QSFTFSWFE JO ୮ୢMBNFOUT� 'SPN UIF GPSDF�CBMBODF FRVBUJPO XF IBWF�

B

[
κ̈(s) +

κ3(s)

2

]
− Toκ(s) = − γ

Rdr
	����


XIFSF κ(s) JT UIF DVSWBUVSF BMPOH UIF ୮ୢMBNFOU� /PX JO UIF IJHI�CFOEBCJMJUZ MJNJU UIF EPNJ�
OBOU CBMBODF DPNFT GSPN UFOTJPO JO ୮ୢMBNFOU BOE ESPQMFU TVSGBDF UFOTJPO
 γ� )PXFWFS TJODF
To ≈ γ UIJT JNQMJFT κ ≈ R−1

dr � 5IF QBSUJBMMZ XSBQQFE DJSDVMBS ESPQMFU OPX PCFZT :PVOH�
-BQMBDF SFMBUJPO PWFS GSFF JOUFSGBDF PG UIF ESPQMFU BOE UIF FMBTUJD :PVOH�-BQMBDF SFMBUJPO PWFS
UIF ୮ୢMBNFOU� 8F TFF UIBURdr EFUFSNJOFT UIF FOUJSF TIBQF PG UIF ୮ୢMBNFOU�ESPQMFU TZTUFN
 JO�
EFQFOEFOU PG BOZ QIZTJDBM QBSBNFUFST JO UIF TZTUFN
 KVTU BT JO UIF VOXSBQQJOH TDFOBSJP� 5IF
TFBNMFTT CFIBWJPVS TFFO JO ,VNBS FU BM� <��>NVTU CF B DPOTFRVFODF PG UIF DPOUJOVJUZ PG DVS�
WBUVSF BU UIF TIFFU�ESPQMFU CPVOEBSZ
 BT XF PCTFSWF JO UIF DBTF PG ୮ୢMBNFOUT� 5IJT JT JO TUBSL
DPOUSBTUXJUI UIF DBQJMMBSZ PSJHBNJ <���>
 XIFSF UIFXSBQQFE TUBUF PG UIF PSJHBNJ QSFTFOUT MBSHF
PQFOJOHT XJUI QPJOUFE FOET CFDBVTF ϵ−1 ∼ O(1)� 5IF QPTU�DPOUBDU TIBQFT PG UIF ୮ୢMBNFOU
XIFSF JU UBLFT UIF GBNPVT UFOOJT SBDRVFU TIBQF JT TIPXO JO BQQFOEJY� ������

���� $ঘগঌকঞজ঒ঘগ

5IF UXP EJNFOTJPOBM FYQFSJNFOUBM TZTUFN EFWFMPQFE IFSF UP TUVEZ DBQJMMBSZ CFOEJOH BOE
XSBQQJOH JMMVNJOBUFT TPNF GFBUVSFT PG JUT UISFF EJNFOTJPOBM DPVOUFSQBSU� 5IF JOFYUFOTJCMF

JO୮ୢOJUF�CFOEBCJMJUZ �% NPEFM HJWFT B HPPE EFTDSJQUJPO PG UIF HFPNFUSZ PG UIF DPOUBDU BO�
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HMFT JO QBSUJBM XFUUJOH� 5IF UFOTJPO JOTJEF UIF XFUUFE SFHJPO BOE UIF BQQMJFE UFOTJPO PCFZ
UIF QSFEJDUFE FMBTUJD WFSTJPO PG UIF :PVOH�-BQMBDF�%VQS© SFMBUJPO� )PXFWFS
 TPNF GFBUVSFT
PG UIF FYQFSJNFOUBM TZTUFN
 TVDI BT UIF �% HFPNFUSZ PG UIF ESPQ OFBS UIF DPOUBDU MJOF
 OPU
IJHI FOPVHI WBMVFT PG CFOEBCJMJUZ JO TPNF PG UIF FYQFSJNFOUT B୭GFDU UIF DPNQBSJTPO XJUI
UIF QVSFMZ �% NPEFM
 JO୮ୢOJUF CFOEBCJMJUZ� 'VSUIFSNPSF
 GVOEBNFOUBM RVFTUJPOT TVDI BT UIF
NFDIBOJTN CFIJOE F୭GFDUJWF TVSGBDF UFOTJPO PG B ୯୳PBUJOH ESPQMFU JO DPOUBDU XJUI B ୮ୢMBNFOU
OFFE GVSUIFS QSPCJOH� 5IF ��% TZTUFN BMTP QSPWJEFT B WFOVF UP GVSUIFS FYQMPSF EJ୭GFSFOU
QIBTFT JO UIF XFUUJOH QIBTF�EJBHSBN TIPXO JO ୮ୢH� ���
 TVDI BT UIF QBSUJBM XSBQQJOH QIBTF BOE
UIF DPNQMFUF XFUUJOH QIBTF�

��



“5IF POMZ QFPQMF XIP TFF UIF XIPMF QJDUVSF
ԙ IF NVS�
NVSFE
 ‘BSF UIF POॶ XIP TUFQ PVU PG UIF GSBNFԜ
4BMNBO؛ 3VTIEJF
 5IF (SPVOE #FOFBUI )FS 'FFU

4
4IBQFT PG B ୮ୢMBNFOU DPO୮ୢOFE UP B

CVCCMF TVSGBDF

��� *গঝছঘ঍ঞঌঝ঒ঘগ

(FPNFUSZ FOUFST FMBTUJDJUZ UIFPSZ UISPVHI UIF EFGPSNBUJPO UIBU BO FMBTUJD TUSVDUVSF VOEFS�
HPFT GSPN B SFGFSFODF DPO୮ୢHVSBUJPO JO TQBDF� *O UIF DBTF PG FMBTUJD ୮ୢMBNFOUT
 UIJT JTNBOJGFTUFE
JO UIF GPSN PG UIF DVSWBUVSF WFDUPS BOE JUT PSJFOUBUJPO JO B HJWFO DPPSEJOBUF TZTUFN
 XIJDI
BSF SFRVJSFE UP EFTDSJCF UIF ୮ୢMBNFOU� "OPUIFS BTQFDU CZ XIJDI HFPNFUSZ DPNFT JOUP QMBZ JO
TMFOEFS FMBTUJD TUSVDUVSFT JT UISPVHI JOUSJOTJD DVSWBUVSF� 5IF ୮ୢMBNFOU IBT B OBUVSBM DVSWBUVSF
UP XIJDI JU SFMBYFT JO UIF BCTFODF PG BO FYUFSOBM CPEZ GPSDF� 5IJT OBUVSBM DVSWBUVSF DPVQMFT
XJUI CFOEJOH BOE UPSTJPOBM NPNFOUT UP DPNQFUF XJUI BQQMJFE CPEZ GPSDFT JO EFUFSNJOJOH
UIF ୮ୢMBNFOUNPSQIPMPHZ� 5IFTF UXPXBZT CZXIJDI HFPNFUSZNBOJGFTUT UISPVHI JOUSJOTJD ୮ୢM�
BNFOU DIBSBDUFSJTUJDT IBWF BMSFBEZ CFFO FYQMPSFE JO MJUFSBUVSF� )PXFWFS B UIJSEXBZ CZXIJDI
HFPNFUSZ DBO B୭GFDU ୮ୢMBNFOU NPSQIPMPHZ JT UISPVHI UIF ୮ୢMBNFOUؠT DPO୮ୢOFNFOU� 8IFO UIF
୮ୢMBNFOU JT DPO୮ୢOFE UP B �% TVSGBDF UIF HFPNFUSZ PG UIF TVSGBDF NPEJ୮ୢFT UIF ୮ୢMBNFOUؠT DPO�
୮ୢHVSBUJPO� 5IJT GPSNT UIF NPUJWBUJPO PG UIJT DIBQUFS XIFSF XF MPPL BU UIF TIBQFT BO FMBTUJD
୮ୢMBNFOU UBLFT XIFO JU JT DPO୮ୢOFE UP B �% TVSGBDF�

5IF TVSGBDF XF DIPPTF UP FYQMPSF UIF ୮ୢMBNFOU TIBQFT JT UIBU PG B TQIFSF BT UIJT JT UIF TJN�
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Figure 4.1: (a) Experimental setup with a bubble hanging from the end of a capillary tube of diameter 1mm
and filament sitting on the bubble surface with one end hinged to the capillary tube. (b) Coordinate system
used in the calculation where u(1) is the azimuthal angle, u(2) is the polar angle and s being the arc-length of
the filament.

QMFTU �% DMPTFE TVSGBDFXJUI QPTJUJWF(BVTTJBO DVSWBUVSF FWFSZXIFSF� 5IJT XF SFBMJTF JO FYQFS�
JNFOUT VTJOH B TQIFSJDBM TPBQ CVCCMF BT PVS TVCTUSBUF BOE B UIJO FMBTUJD ୮ୢMBNFOU NBEF PVU PG
4JMJDPOF QPMZNFS� 0VS FYQFSJNFOUBM TZTUFN JT TIPXO JO ୮ୢH� ���(a) XIFSF UIF EBSL MJOF JT UIF
FMBTUJD ୮ୢMBNFOU TJUUJOH PO UIF TVSGBDF PG UIF CVCCMF� 8F IPME POF FOE PG UIF ୮ୢMBNFOU IJOHFE
UP UIF OPSUI QPMF PG UIF CVCCMFXIFSF UHF OPSUI�TPVUI WFDUPS JT EF୮ୢOFE BT CFJOH QBSBMMFM UP UIF
EJSFDUJPO PG HSBWJUZ� 6OEFS TVDI B TFUUJOH XF QSPCF UIF EJ୭GFSFOU TIBQFT UIF ୮ୢMBNFOU UBLFT PO
UIJT TQIFSJDBM TVSGBDF BOE UIF SPMF PG UIF TQIFSJDBM NFUSJD JO EFUFSNJOJOH UIF ୮ୢMBNFOUؠT TIBQFT�
#FGPSF XF EFMWF JOUP UIF EFUBJMT PG UIF MFOHUI�TDBMFT UIBU BSF JNQPSUBOU JO UIJT FYQFSJNFOUBM
TZTUFN
 XF EFTDSJCF PVS FYQFSJNFOUBM TFUVQ JO EFUBJM OPX�

��� &ডঙ঎ছ঒খ঎গঝঊক জ঎ঝঞঙ

0VS FYQFSJNFOUBM TFUVQ DPOTJTUT PG B QFOEFOU TPBQ CVCCMF
 IBOHJOH BU UIF FOE PG B DBQJMMBSZ
UVCF BT TIPXO JO ୮ୢH� ���(a)� 5IF CVCCMF JT NBEF PVU PG %"8/ TPBQ TPMVUJPO XJUI IJHI DPO�
DFOUSBUJPO PG (MZDFSPM 	��� CZ WPMVNF
 UP SFEVDF UIF F୭GFDUT PG ESBJOJOH BT (MZDFSPM JT IJHIMZ
WJTDPVT XJUI WJTDPTJUZ PG ���� $TU� 5IJT IFMQT UIF CVCCMF TVSWJWF MPOHFS CFGPSF CVSTUJOH� 8F
QMBDF B UIJO FMBTUJD ୮ୢMBNFOU NBEF PVU PG 4JMJDPOF PO UPQ PG UIF CVCCMF� 8F XFU UIF ୮ୢMBNFOU
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CZ EJQQJOH JU JO UIF TPBQ TPMVUJPO CFGPSF QMBDJOH JU PO UIF TVSGBDF PG UIF CVCCMF BT XF EP
OPU XBOU UIF F୭GFDUT PG ୮ୢMBNFOU TVSGBDF FOFSHZ UP B୭GFDU UIF ୮ୢMBNFOU CFIBWJPVS PO UIF TVS�
GBDF� 0OF FOE PG UIF ୮ୢMBNFOU JT HSJQQFE OFBS UIF FOE PG DBQJMMBSZ UVCF 	TFF ୮ୢH� ���(a)
 BOE UIF
PUIFS FOE JT GSFF� 8F VTF B NJDSPQVNQ UP DPOUSPM UIF WPMVNF PG BJS JOTJEF UIF CVCCMF� .J�
DSPQVNQ TVQQMJFT B TQFDJ୮ୢFE ୯୳PX SBUF PG ୯୳VJE CZ QVTIJOH UIF FOE PG B TZSJOHF DPOOFDUFE UP
UIF QVNQ BU B DPOTUBOU SBUF� 5IF QIPUP PG UIF FYQFSJNFOUBM TFUVQ
 UIF EFUBJMT PG UIF CVCCMF
NBLJOH QSPDFEVSF BOE UIF ୮ୢMBNFOU NBLJOH QSPDFEVSF BSF QSPWJEFE JO BQQFOEJY� ������ 8F
FYQMPSF EJ୭GFSFOU TIBQFT UIF ୮ୢMBNFOU UBLFT CZ SFEVDJOH TMPXMZ UIF WPMVNF PG BJS JOTJEF UIF
CVCCMF� 8F ୮ୢOE UIBU PVS TZTUFN EPFT OPU IBWF BOZ IZTUFSFTJT VOUJM UIF ୮ୢMBNFOU JT TFQBSBUFE
BOE EPFT OPU DPNF JOUP TFMG�DPOUBDU� 5IVT JODSFBTF JO WPMVNF PG BJS JO CVCCMF BMTP XPSLT�
8F SFQFBU UIJT FYQFSJNFOU GPS EJ୭GFSFOU ୮ୢMBNFOU MFOHUIT BOE UIJDLOFTTFT 	XF VTF UIJDLOFTT
BOE EJBNFUFS JOUFSDIBOHFBCMZ JO PSEFS UP SFGFS UP UIF ୮ୢMBNFOU EJBNFUFS
� "T XF TIBMM TFF
 UIJT
IFMQT VT FYQMPSF UIF QIBTF�TQBDF PG ୮ୢMBNFOU NPSQIPMPHJFT PO UIJT TQIFSJDBM CVCCMF� "MM PVS
FYQFSJNFOUT BSF JO UIF RVBTJ�TUBUJD SFHJNF BOE UIF EZOBNJDT PG ୯୳VJE BSF TMPX TVDI UIBU UIFZ
EP OPU B୭GFDU UIF TIBQF PG UIF ୮ୢMBNFOU�

0VS ୮ୢMBNFOUT BSFNBEF CZ ୮ୢSTU NFMUJOH B CBS PG 4JMJDPOF BU 300◦C VTJOH B 4JMJDPOF HVO BOE
UIFO MJG୴JOH B TNBMM ESPQMFU PG UIF NFMU VTJOH UXFF[FST� 5IJT ESPQMFU JT UIFO QVMMFE RVJDLMZ
TVDI UIBU UIFZ GPSN B MPOH ୮ୢMBNFOU UIBU TFUT XJUIJO GFX TFDPOET� 8F DIFDL UIFTF ୮ୢMBNFOUT
CZ PCTFSWJOH UIFN VOEFS B NJDSPTDPQF UP DIFDL GPS VOJGPSNJUZ JO UIJDLOFTT BT XFMM BT UPNFB�
TVSF UIFJS UIJDLOFTT 	TFF BQQFOEJY ���
� "G୴FS UIJT GBCSJDBUJPO QSPDFEVSF
 UIFTF USBOTQBSFOU
୮ୢMBNFOUT BSF DPBUFE XJUI 4VEBO 3FE ( EZF 	4*(." �����

 VTJOH B QSPDFEVSF BMSFBEZ EF�
TDSJCFE JO DIBQUFS �� 4VEBO 3FE EZF NBLFT UIF ୮ୢMBNFOU WJTJCMF JO VOJGPSN XIJUF MJHIU BT
TIPXO JO ୮ୢH� ���(a)�

��� 3঎ক঎টঊগঝ ক঎গঐঝ঑�জঌঊক঎জ

" GSFF TUBOEJOH FMBTUJD ୮ୢMBNFOU XIPTF JOUSJOTJD DVSWBUVSF JT JO୮ୢOJUZ DIPPTFT B DPO୮ୢHVSBUJPO
UIBU NJOJNJTFT UIF CFOEJOH FOFSHZ BSJTJOH PVU PG UIF BWBJMBCMF UXP CFOEJOH NPEFT JO B ��
EJNFOTJPOBM TQBDF� 8F OFHMFDU UIF UPSTJPOBM NPEF IFSF CFDBVTF UIF UXJTU EVF UP UIF ୮ୢMBNFOU
DPO୮ୢOFE UP UIF TQIFSF JT TNBMM� 5IPVHI UIF UPSTJPOBM TUJ୭GOFTT PG B ୮ୢMBNFOU JT QSPQPSUJPOBM
UP d4 	d � ୮ୢMBNFOU UIJDLOFTT

 KVTU MJLF CFOEJOH TUJ୭GOFTT
 CVU UIF BOHMF PG UXJTU EVF UP DPO୮ୢOF�
NFOU JT TNBMM BOE UIVT XF OFHMFDU UIJT F୭GFDU� *G UIF ୮ୢMBNFOU JT DPO୮ୢOFE UP B ୯୳BU TVSGBDF
 TVDI
BT B IPSJ[POUBM TPBQ ୮ୢMN
 XJUI CPUI FOET PG UIF ୮ୢMBNFOU GSFF
 UIF ୮ୢMBNFOU SFNBJOT TUSBJHIU BT

��



UIJT DPO୮ୢHVSBUJPO IBT B UPUBM FOFSHZ PG [FSP� /PX XIFO UIF ୮ୢMBNFOU JT DPO୮ୢOFE UP B TQIFS�
JDBM TVSGBDF
 UIF DPO୮ୢHVSBUJPO UIBU NJOJNJTFT CFOEJOH FOFSHZ JO UIF HJWFO TQIFSJDBM NFUSJD
DBO OP NPSF CF [FSP BT UIF TQIFSF IBT QPTJUJWF (BVTTJBO DVSWBUVSF FWFSZXIFSF PO JUT TVSGBDF
BOE UIVT UIF ୮ୢMBNFOU OFFET UP IBWF OPO�[FSP CFOEJOH FWFSZXIFSF�

'PS B TQIFSJDBM CVCCMF
 XIJDI JT UIF TVCTUSBUF PO XIJDI UIF ୮ୢMBNFOU MJWFT
 NBEF PG B ୯୳VJE
PG TVSGBDF UFOTJPO γ
 SBEJVTRb BOE B ୮ୢMBNFOU PG MFOHUIL
 :PVOHTؠNPEVMVTE
 EFOTJUZ ϱ
 BOE
UIJDLOFTT t
 UIFSF BSF TJY MFOHUI�TDBMFT UIBU BSF BU QMBZ JO UIF FYQFSJNFOUT� 5IFTF BSF L,Rb, t

DBQJMMBSZ MFOHUI lc ∼

√
γ/ϱg
 FMBTUP�DBQJMMBSZ MFOHUI lec ∼ (B/γ)1/3 BOE MBTUMZ UIF FMBTUP�

HSBWJUBUJPOBM MFOHUI TDBMF leg ∼ (ϱgπt2/(2EI))1/3� *O UIJT NVMUJ�TDBMF QSPCMFN XF XBOU UP
FOTVSF UIBU UIF CVCCMF SFNBJOT TQIFSJDBM i.e., XF XBOU UIF DBQJMMBSZ MFOHUI UP CF UIF MBSHFTU
MFOHUI TDBMF JO UIF TZTUFN BOE XF XBOU UIF TVSGBDF FOFSHZ PG UIF CVCCMF UP OPU B୭GFDU ୮ୢMB�
NFOU CFOEJOH i.e., XF XBOU UIF FMBTUP�DBQJMMBSZ MFOHUI UP CF WFSZ TNBMM� 5IJT JT FOTVSFE CZ
PQFSBUJOH JO B TDBMF�TFQBSBUFE SFHJNF� t ≪ lec ≪ (L,Rb, leg) ≪ lc� 8IFO UIF SFMFWBOU
MFOHUI�TDBMFT BSF (L,Rb, leg)
 UIF ୮ୢMBNFOU NPSQIPMPHZ JT HPWFSOFE CZ HFPNFUSZ
 CFOEJOH
GPSDF BOE XFJHIU PG ୮ୢMBNFOU� 5IJT TDBMF TFQBSBUJPO JO PVS FYQFSJNFOUT JT FOTVSFE CZ DIPPT�
JOH B UIJO 	d ∼ O(100µm)

 TPG୴ ୮ୢMBNFOU 	E ∼ 1MPa
 XJUI B CVCCMF TJ[F NVDI MBSHFS UIBO
୮ୢMBNFOU EJBNFUFS 	l, w ∼ O(cm)
 MFBEJOH UP BO FMBTUP�DBQJMMBSZ MFOHUI�TDBMF lec ∼ O(mm)�
" OPO�EJNFOTJPOBM OVNCFS UIBU RVBOUJ୮ୢFT UIF SFMBUJWF JNQPSUBODF PG HSBWJUZ BOE CFOEJOH
i.e., UIF أFMBTUP�HSBWJUZآ CFOEBCJMJUZ JT EF୮ୢOFE BT Ωg = (leg/Rb)3 = ϱgR3

bπt
2/(2EI)� -BSHF

Ωg JNQMJFT TUSPOH F୭GFDUT PG HSBWJUZ BOE TNBMM Ωg JNQMJFT TUSPOH F୭GFDUT PG CFOEJOH� 5IF SB�
UJP PG DBQJMMBSZ GPSDF BOE CFOEJOH GPSDF DBO CF RVBOUJ୮ୢFE VTJOH DBQJMMBSZ JOWFSTF CFOEBCJMJUZ

Ω = (lec/Rb)3� 5IF TDBMF TFQBSBUJPONFOUJPOFE BCPWF DBO BMTP CFXSJUUFO BTΩ−1 ≫ Ω−1

g # 1�
'VSUIFSNPSF UIF ୮ୢMBNFOU SFNBJOT JOFYUFOTJCMF BOE XF BSF JO UIF أFMBTUJDBآ MJNJU 	EFTDSJCFE
JO EFUBJM JO DIBQUFS �
� 5IJT
 BT XF IBWF TFFO JO FBSMJFS DIBQUFST
 JT FOTVSFE CZ DIPPTJOH lm =

γ/E ∼ O(ON) ≪ t�
5IF SBEJVT PG UIF CVCCMF Rb JT UIF POMZ MFOHUI�TDBMF BTTPDJBUFE XJUI UIF �% TQIFSJDBM TVS�

GBDF BOE UIF OPO�EJNFOTJPOBM OVNCFS QFSUJOFOU UP B ୮ୢMBNFOU PG MFOHUI l PO UIJT TVSGBDF JT
ϕ = (l/Rb)� 8F DBMM UIJT OPO�EJNFOTJPOBM OVNCFS UIF DPJMJOHآ QBSBNFUFSأ
 BT XF XJMM TFF
MBUFS UIJT OVNCFS IFMQT EFTDSJCF UIF TUBUF PG DPJMJOH� 5IF UXP OPO�EJNFOTJPOBM OVNCFST PG
JOUFSFTU UIVT BSF UIF DPJMJOH QBSBNFUFS ϕ BOE UIF FMBTUP�HSBWJUZ CFOEBCJMJUZ Ω−1

g � %J୭GFSFOU
NPSQIPMPHJFT PG UIF FMBTUJD ୮ୢMBNFOU PO UIF TQIFSJDBM CVCCMF BSF EFTDSJCFE JO UIF QIBTF TQBDF
EF୮ୢOFE CZ ϕ WT Ω−1

g � $IBOHJOH ୮ୢMBNFOU MFOHUI l BOE CVCCMF SBEJVT w BOE ୮ୢMBNFOU UIJDL�
OFTT d IFMQT FYQMPSF EJ୭GFSFOU SFHJPOT PG UIF QIBTF�EJBHSBN JO FYQFSJNFOUT� 8F XJMM TFF UIF

��



OVNFSJDBM WBMVFT PG UIFTF WBSJBCMFT VTFE JO PVS FYQFSJNFOUT JO UIF SFTVMUT TFDUJPO�

����� &গ঎ছঐঢ ঘএ ঝ঑঎ জঢজঝ঎খ

*O PVS FYQFSJNFOUT POF FOE PG UIF ୮ୢMBNFOU JT IJOHFE UP UIF QPMBS OPSUI XJUI SFTQFDU UP UIF
EJSFDUJPO PG HSBWJUZ� 8F ୮ୢSTU JMMVTUSBUF UIF DPJMJOH JOTUBCJMJUZ UIFPSFUJDBMMZ XIFO CPUI UIF ୮ୢMB�
NFOU FOET BSF GSFF PO UIF CVCCMF BOE XJMM MBUFS FYUFOE PVS BOBMZTJT UP UIF ୮ୢYFE�FOE TDFOBSJP
CZ BDDPVOUJOH GPS UIF XPSL EPOF BHBJOTU HSBWJUZ UP IPME UIF ୮ୢMBNFOU JO QMBDF
 BT XF TUVEZ JO
PVS FYQFSJNFOUT� 5IJT TJNQMF DBMDVMBUJPO QSPWJEFT JNQPSUBOU JOTJHIUT JOUP UIF DPJMJOH JOTUB�
CJMJUZ XIJDI XJMM IFMQ VT VOEFSTUBOE GVSUIFS UIF ୮ୢYFE FOE TDFOBSJP�

5IF UPUBM FOFSHZ PG UIF ୮ୢMBNFOU DPO୮ୢOFE UP B TQIFSJDBM TVSGBDF JT HJWFO CZ�

E =
EI

2

∫ L

0
κ2(s) Es+ ϱg

πd2

4

∫ L

0
(S(s)− So) · ẑ Es, 	���


XIFSF S(s) ≡ S(u(2)(s), u(1)(s)) JT UIF MPDBUJPO PG UIF ୮ୢMBNFOU PO UIF TVSGBDF PG UIF TQIFSF
XJUISo CFJOH B SFGFSFODF MPDBUJPO
κ(s) UIFNBHOJUVEF PG DVSWBUVSF BMPOH BSD�MFOHUI s BOE ẑ

UIF EJSFDUJPO BHBJOTU HSBWJUZ 	TFF ୮ୢH� ���(b)
� 'PS UIF TQFDJ୮ୢD DBTF PG B TQIFSF XF DBO FYQMJDJUMZ
XSJUF UIF QBSBNFUFSJTBUJPO BT�

S(u(2), u(1)) = w(cosu(2) cosu(1), cosu(2) sinu(1), sinu(2)).

5IF DVSWBUVSF WFDUPS κκκ DBO CF EFDPNQPTFE JO UIF PSUIPHPOBM %BSCPVY GSBNF BT�

κκκ = κnN̂ + κg(N̂ × d̂3), 	���


κn CFJOH UIF OPSNBM DVSWBUVSF BMPOH UIF TVSGBDF OPSNBM HJWFO CZ

N̂ =
Su(1) × Su(2)

||Su(1) × Su(2) ||
.

XIFSF Su(j) EFOPUFT EFSJWBUJWF XJUI SFTQFDU UP uj BOE κg JT UIF HFPEFTJD DVSWBUVSF BMPOH UIF
CJOPSNBM EJSFDUJPO (N̂ × d̂3)
 XJUI d̂3 CFJOH UIF UBOHFOU WFDUPS BMPOH UIF DVSWF S(s)� 5IF
BSD�MFOHUI
 DVSWBUVSF BOE UPUBM FOFSHZ DBO CF XSJUUFO JO OPO�EJNFOTJPOBM GPSN XJUI CVCCMF
SBEJVT w BT MFOHUI TDBMF� ŝ = s/w, κ̂ = κw BOE Ê = E /(EI/2w)� 8F HFU BO FYQSFTTJPO GPS

��



UIF OPO�EJNFOTJPOBM GPSN PG UIF FOFSHZ BT�

Ê =

∫ ϕ

0
[(κ̂2

g + κ̂2
n) + Ωg(Ŝ(s)− Ŝo) · ẑ] Eŝ. 	���


'PS B TQIFSF XF LOPX UIBU UIF OPSNBM DVSWBUVSF JT B DPOTUBOU
 κn = (1/w) FWFSZXIFSF BOE
VTJOH UIJT XF DBO SFXSJUF UIF FOFSHZ FYQSFTTJPO BT�

Ê =

∫ ϕ

0
[κ̂2

g + Ωg(Ŝ(s)− Ŝo) · ẑ] Eŝ+ ϕ. 	���


��� '঒কঊখ঎গঝ ঠ঒ঝ঑ এছ঎঎ ঎গ঍জ

8IFO UIF FOET PG UIF ୮ୢMBNFOU BSF GSFF
 JU JT GSFF UP MJWF BOZXIFSF PO UIF TQIFSF BOE JU DIPPTFT
B TIBQF UIBU NJOJNJTFT UIF FOFSHZ EFTDSJCFE BCPWF� 8F TUBSU CZ MPPLJOH BU UIF TIBQF PG UIF
୮ୢMBNFOU XIFO UIF F୭GFDUT PG HSBWJUZ BSF OFHMJHJCMF BOE UIFONPWF PO UP BDDPVOU GPS UIF F୭GFDUT
PG HSBWJUZ�

����� -঒খ঒ঝ ঘএ ণ঎ছঘ ঐছঊট঒ঝঢ
 Ωg → 0

*O UIF BTZNQUPUJD MJNJU PG OFHMJHJCMF HSBWJUZ F୭GFDUT
 i.e.,XIFOΩ−1
g → ∞
 ୮ୢMBNFOU NPSQIPM�

PHZ JT EFUFSNJOFE POMZ CZ UIF CFOEJOH FOFSHZ BOE UIF DPOUSJCVUJPO GSPN QPUFOUJBM FOFSHZ
CFDPNFT OFHMJHJCMF� 5IF TPMVUJPO BNPVOUT UP NJOJNJTJOH CFOEJOH FOFSHZ BMPOF
 HJWFO CZ�

Ê =

∫ ϕ

0
κ̂2
g Eŝ+ ϕ. 	���


5IF DPOTUBOUϕ SFNBJOT ୮ୢYFE GPS B HJWFO ୮ୢMBNFOU MFOHUI
 l BOECVCCMF SBEJVT
w� φ JT B QPTJUJWF
RVBOUJUZ BOE XF DBO FBTJMZ TFF UIBU κ̂g = 0 JT UIF TUBUF UIBU NJOJNJTFT UIJT FOFSHZ� .PSFPWFS
κ̂g = 0 JT UIF EF୮ୢOJUJPO PG B DVSWF CFJOH B HFPEFTJD
 BOE UIVT JO UIF XFBL HSBWJUZ MJNJU UIF
୮ୢMBNFOU GPMMPXT USBKFDUPSJFT XIJDI BSF HFPEFTJDT� 5IJT JT B HSFBU DJSDMF
 XIJDI JT UIF HFPEFTJD
PO B TQIFSF
 GPS ϕ ≤ 2π� #FZPOE UIJT MFOHUI PG ୮ୢMBNFOU
 J�F�
 ϕ > 2π XF FYQFDU UIF TPMVUJPO
UP EFWJBUF GSPN B HFPEFTJD BT ୮ୢMBNFOU XPVME TFMG�JOUFSTFDU JG XF JODSFBTF UIF ୮ୢMBNFOU MFOHUI�
8F DBO OPXEF୮ୢOF UIBU UIF DSJUJDBM MFOHUI GPS DPJMJOH VTJOH UIF DPJMJOH QBSBNFUFS BT UIF DSJUJDBM
୮ୢMBNFOU MFOHUI BU XIJDI TFMG�JOUFSTFDUJPO PDDVST BOE ୮ୢMBNFOU TUBSUT DPJMJOH CFZPOE UIJT DSJUJ�
DBM WBMVF� 8F VTF UIF WBSJBCMF ϕc UP EF୮ୢOF UIF UISFTIPME GPS DPJMJOH
 XIJDI GPS Ω−1

g → ∞XF

��



TFF JT ϕc = 2π� 8F EP OPU UBLF JOUP BDDPVOU BOZ DBQJMMBSZ JOUFSBDUJPO FOFSHZ PG UIF ୮ୢMBNFOU
XJUI JUTFMG�

����� '঒গ঒ঝ঎ ঐছঊট঒ঝঘ�ঋ঎গ঍ঊঋ঒ক঒ঝঢ ঎এএ঎ঌঝজ

0OF BQQSPBDI UP VOEFSTUBOE UIF NPSQIPMPHZ PG B ୮ୢMBNFOU XIFO UIF HSBWJUZ TUBSUT QMBZJOH
B SPMF JT UP TPMWF UIF ,JSDIP୭G FRVBUJPOT GPS ୮ୢMBNFOUT SFQSFTFOUFE JO UIF %BSCPVY GSBNF� 8F
IPXFWFS PCTFSWF JO FYQFSJNFOUT UIBU UIF ୮ୢMBNFOU UBLFT UIF TIBQF PG B MPOHJUVEF GPS B HJWFO
MFOHUI UP CVCCMF SBEJVT CFZPOEXIJDI JU TUBSUT DPJMJOH BU B HJWFO QPMBS BOHMF
 BQQSPYJNBUFE CZ
MBUJUVEF
 XIJDI JT OPU B HFPEFTJD� .PUJWBUFE CZ UIFTF FYQFSJNFOUT 	EFUBJMFE MBUFS

 XF NPEFM
UIF ୮ୢMBNFOU TIBQF CBTFE PO UXP DPO୮ୢHVSBUJPOT� B MPOHJUVEF 	XIJDI JT B HFPEFTJD

 B MBUJUVEF

BOE DBMDVMBUF UIF DSJUJDBM DPJMJOH QBSBNFUFS
 ϕ GPS USBOTJUJPO GSPN POF UP UIF PUIFS BT B GVOD�
UJPO PG Ωg�

-ঊঝ঒ঝঞ঍঎

5IF QBSBNFUFSJTBUJPO PG ୮ୢMBNFOU TIBQF MZJOH BMPOH BOZ MBUJUVEF XJUI QPMBS BOHMF ξ JT HJWFO
CZ�

u(2) = ξ, u(1) = ŝ/λ, Ŝ = (cos ξ cos(ŝ/λ), cos ξ sin(ŝ/λ), sin ξ). 	���


$POTFSWBUJPO PG MFOHUI
 XIJDI JT OPUIJOH CVU UIF JOFYUFOTJCJMJUZ DPOTUSBJOU
 JT FOGPSDFE CZ
TFUUJOH λ = ± cos ξ� 5IF QPUFOUJBM FOFSHZ PG UIJT DPO୮ୢHVSBUJPO DBO CF DBMDVMBUFE BT�

Ê p
g =

∫ ϕ

0
Ωg(x− xo) · ẑ Eŝ 	���


= Ωg

∫ ϕ

0
(sin ξ + zo)Eŝ = Ωg(sin ξ + zo)ϕ 	���


8FDBOXSJUF UIF HFPEFTJD DVSWBUVSFPG BOZ MBUJUVEFVTJOH UIF$ISJTUP୭GFM TZNCPM GPS B TQIFSJDBM
NFUSJD BT�

κ̂g =
√
g

Γ2
11

cos3 ξ
, 	���


Γ2
11 = −g22

2

∂g11
∂u(2)

= sin(2ξ), 	����

√
g = cos ξ, 	����


κ̂g = tan ξ. 	����
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Figure 4.2: (a)Total energy of a filament as a function of its non-dimensional length,ϕwhen it lies on a longi-
tude and a latitude forΩg = 1. Filaments choose the minimum of these and we see the mode switching at

ϕc = 5.13. (b)Phase boundary defined based on intersection of energy Êl, Êg . The filament switches modes
beyondϕc indicated here as green solid line, based onminimum of either energies.

8F TFF UIBU BQBSU GSPN Γ2
11 BMM PUIFS DPNQPOFOUT WBOJTI GPS B TQIFSJDBM NFUSJD BOE √

g IFSF
JT UIF TRVBSF SPPU PG EFUFSNJOBOU PG NFUSJD UFOTPS� 5IF DPNQMFUF FOFSHZ PG UIF MBUJUVEF DPO�
୮ୢHVSBUJPO CFDPNFT

Êg[ϕ;Ωg] = Ωgϕ(sin ξ + zo) +

∫ ϕ

0
κ̂2
g Eŝ+ ϕ,

= ϕ(Ωg(sin ξ + zo) + 1 + tan2(ξ)), 	����

δÊg

δξ
= Ωg cos ξ + 2 tan ξsec2ξ = 0. 	����


5IVT XF IBWF BO ϕ�JOEFQFOEFOU CVU Ωg�EFQFOEFOU TPMVUJPO UIBU NJOJNJTFT UIF FOFSHZ GPS
BOZ MBUJUVEF HJWFO CZ UIF TPMVUJPO UP UIF GPMMPXJOH OPO�MJOFBS FRVBUJPO�

=⇒ Ωg cos
4 ξ = −2 sin ξ. 	����


-ঘগঐ঒ঝঞ঍঎

"MPOH B MPOHJUVEF UIF QPUFOUJBM FOFSHZ PG BOZ ୮ୢMBNFOU DPO୮ୢHVSBUJPO EFQFOET PO XIFSF UIF
TUBSUJOH QPJOU PG UIF ୮ୢMBNFOU ŝ = 0 MJFT� 8F DBO EFOPUF BO BSCJUSBSZ MPOHJUVEF CZ UIF QBSBNF�
UFSJTBUJPO� u(2) = ŝ−ϑ, u(1) = 0� 5IJT HJWFT SJTF UP UIF QPUFOUJBM FOFSHZ PG UIF DPO୮ୢHVSBUJPO
BT� Ê p

l = Ωg[cosϑ− cos(ϑ−ϕ)+ zoϕ]� 4JODF BMM MPOHJUVEFT BSF HFPEFTJDT
 κg = 0 BMPOH UIFTF

��



DVSWFT
 MFBEJOH UP UIF UPUBM FOFSHZ BT�

Êl[ϕ;Ωg] = Ωg[cosϑ− cos(ϑ− ϕ)] + ϕ(1 + Ωgzo), 	����


8F DBO NJOJNJTF UIF FOFSHZ CZ DBMDVMBUJOH WBSJBUJPO XJUI ϑ UP HJWF�

δÊl

δϑ
= Ωg[− sinϑ− sin(ϑ− ϕ)] = 0. 	����


5IF HSPVOE TUBUF JT UIVT HJWFO CZ�

=⇒ ϑmin =
[(2n+ 1)π + ϕ]

2
. 	����


5IF TPMVUJPO UIBU JOEJDBUFT UIBU UIF ୮ୢMBNFOU UBLFT MPOHJUVEFT QMBDFE TZNNFUSJDBMMZ BSPVOE
UIF TPVUI QPMF PG UIF TQIFSF�

����� .ঘ঍঎ জঠ঒ঝঌ঑঒গঐ ঊগ঍ ঌঘ঒ক঒গঐ

"T XF IBWF EFTDSJCFE FBSMJFS
 UIF ୮ୢMBNFOU IBT UXP QPTTJCMF NPEFT CFGPSF DPJMJOH PDDVST� 0OF
XIFSF JU PDDVQJFT B MPOHJUVEF PS BOZ PG UIF MBUJUVEF� )PXFWFS JO PSEFS UP TFF XIJDI PG UIFTF
JT TFMFDUFE
 POF IBT UP MPPL BU UIF FOFSHZ PG UIFTF DPO୮ୢHVSBUJPOT� 5IF ୮ୢMBNFOU TIBQF JT EFUFS�
NJOFE CZ XIJDIFWFS PG MBUJUVEF PS MPOHJUVEF FOFSHZ JT NJOJNVN GPS B HJWFO DPJMJOH QBSBN�
FUFS BOE FMBTUP�HSBWJUZ CFOEBCJMJUZ� *O PSEFS UP DBMDVMBUF UIF NJOJNVN FOFSHZ
 XF MPPL BU
FR� ����
 ���� BOE BT BO FYBNQMF QMPU JU GPSΩg = 1 BT B GVODUJPO PG OPO�EJNFOTJPOBM ୮ୢMBNFOU
MFOHUI PS UIF DPJMJOH QBSBNFUFS ϕ JO ୮ୢH� ���(a)� 5IF NJOJNVN FOFSHZ TUBZT BMPOH UIF MPOHJ�
UVEF USBKFDUPSZ BT UIF FOFSHZ PG UIF TPMJE CMBDL MJOF JT MPXFS UIBO UIF EBTIFE HSBZ MJOF VQUP B
DSJUJDBM WBMVF PG ϕ ≤ 5.13� #FZPOE UIJT DSJUJDBM WBMVF PG DPJMJOH QBSBNFUFS UIF TPMVUJPO CSBODI
TIJG୴T UP UIBU PG B MBUJUVEF
 JOEJDBUFE CZ TPMJE HSBZ MJOF
 BT UIF FOFSHZ PG UIF MPOHJUVEF FYDFFE
UIBU PG UIF MBUJUVEF PG UIF TBNF MFOHUI�

5IF QVSQMF TPMJE DVSWF JO ୮ୢH� ���(a) JT XIFSF UIF ୮ୢMBNFOU NPWFT GSPN MPOHJUVEF UP MBUJ�
UVEF
 DBMDVMBUFE BT B GVODUJPO PG ϕ GPS EJ୭GFSFOU WBMVFT PG Ωg� 5IF DSJUJDBM DPJMJOH QBSBNFUFS
JT SFBDIFE
 BT XF IBWF EF୮ୢOFE FBSMJFS
 POMZ XIFO UIF ୮ୢMBNFOU XSBQT B HJWFO MBUJUVEF DPN�
QMFUFMZ BOE DPNFT JO TFMG�DPOUBDU� 5IJT JT JOEJDBUFE CZ UIF CMVF DVSWF JO ୮ୢH� ���(b)
 XIJDI JT
DBMDVMBUFE CZ VTJOH UIF SFMBUJPO ϕc = 2π cos(ξc)
 XIFSF ξc JT UIF QPMBS BOHMF PG UIF MBUJUVEF
DPO୮ୢHVSBUJPO� *U JT JOUFSFTUJOH UP ୮ୢOE UIBU UIF ୮ୢMBNFOU EPFT OPU DIBOHF JUT MBUJUVEF MPDBUJPO
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Figure4.3: (a)Critical polar angle, ξc, (b) deviationof critical length from2π, δ as a functionofΩg which follow
the asymptotic scaling derived above plotted here as dashed line..

BG୴FS VOEFSHPJOH CJGVSDBUJPO GSPN B MPOHJUVEJOBM DPO୮ୢHVSBUJPO 	BT ξc JT JOEFQFOEFOU PG ϕ

TFFO JO FR� ����
� 'VSUIFS XF TFF UIBU BT HSBWJUZ CFDPNFT TUSPOHFS PS JODSFBTF JOΩg XF TFF UIBU
UIF QPMBS BOHMF UP XIJDI ୮ୢMBNFOU NJHSBUFT NPWFT UPXBSET TPVUI QPMF� 5IJT DPNFT GSPN B
DPNQSPNJTF CFUXFFO CFOEJOH FOFSHZ BOE QPUFOUJBM FOFSHZ
 XIFSF ୮ୢMBNFOU DIPPTFT UP CFOE
NPSF UP SFEVDF UIF QPUFOUJBM FOFSHZ XJUI JODSFBTF JO Ωg�

����� "জঢখঙঝঘঝ঒ঌ ঋ঎঑ঊট঒ঘঞছ

8F TFF GSPN ୮ୢH� ���(b) UIBU UIF DSJUJDBMϕ BU XIJDI CJGVSDBUJPO GSPN B MPOHJUVEF DPO୮ୢHVSBUJPO
UP B MBUJUVEF BQQSPBDIFT ϕ→ 2π BTΩg → 0� 5IJT MBUJUVEF JT EFTDSJCFE CZ UIF QPMBS BOHMF BOE
BT ϕ → 2π
 UIF QPMBS BOHMF ξc → 0� 5IVT XF IBWF UXP TNBMM QBSBNFUFST ξc BOE Ωg BOE XF
FWBMVBUF UIFJS SFMBUJPOTIJQ CZ FYQBOEJOH UIF TPMVUJPO DMPTF UP ϕ → 2π BT Ωg → 0� 'SPN UIF
NJOJNJTFE TPMVUJPO XF LOPX UIBU UIF MBUJUVEFؠT QPMBS BOHMF TBUJT୮ୢFT�

Ωg cos
4 ξc = −2 sin ξc.

&YQBOEJOH UIF BCPWF FYQSFTTJPO
 XF HFU UIF MFBEJOH PSEFS CFIBWJPVS�

ξc ∼ −Ωg

2
.
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*O PSEFS UP ୮ୢOE UIF SFMBUJPOTIJQ CFUXFFO UIF DSJUJDBM ϕ BU XIJDI CJGVSDBUJPO IBQQFOT JO UIJT
BTZNQUPUJD MJNJU PGΩg → 0
 XF FYQBOE UIF GVMM FOFSHZ FYQSFTTJPO GPS B MBUJUVEF JO FR� ���� BT�

Êg = ϕ(Ωg(sin ξc + zo) + 1 + tan2(ξc)), 	����

= ϕ(1 + ξ2c + Ωgξc) +O(ξ3c ), 	����


≈ ϕ

(
1−

Ω2
g

4

)
. 	����


" TJNJMBS FYQBOTJPO GPS UIF FOFSHZ PG B MPOHJUVEF DBO CF QFSGPSNFE UP HFU

Êl = ϕ− 2Ωg sin
ϕ

2
. 	����


4JODF XF BSF JOUFSFTUFE JO UIF SFHJPO DMPTF UP ϕ → 2π
 XF IBWF UIF TNBMM QBSBNFUFS
 δ =

(2π − ϕ)� 5IF MPOHJUVEF FOFSHZ DBO CF XSJUUFO JO UFSNT PG δ BT�

Êl ≈ 2π − δ − Ωgδ +O(δ3) 	����


5IF DSJUJDBM ϕ BU XIJDI CJGVSDBUJPO IBQQFOT JT XIFO Êg = Êl
 BOE UIJT DBO CF FWBMVBUFE CZ�

Ω2
gδ

4
−
πΩ2

g

2
= −Ωgδ, 	����


δ ≈ 2πΩg

Ωg + 4
=
πΩg

2
+O(Ω2

g). 	����


8F QMPU JO ୮ୢH� ���(a, b) UIF BTZNQUPUJD FYQSFTTJPOT EFSJWFE BCPWF GPS ξc BOE δ JO EBTIFE MJOFT
BOE DPNQBSF JU XJUI UIF GVMM TPMVUJPO�

��� &এএ঎ঌঝ ঘএ ঎গ঍�ঙ঒গগ঒গঐ

4P GBS XF IBWF EFBMU XJUI UIF DBTF PG ୮ୢMBNFOU FOET CFJOH GSFF
 XIJDI MFUT UIF ୮ୢMBNFOU DIPPTF
FJUIFS PG UIF HFPEFTJD PS MBUJUVEF DPO୮ୢHVSBUJPO� *O UIJT TVCTFDUJPOXFEFBMXJUI POF FOEPG UIF
୮ୢMBNFOU ୮ୢYFE
 BT JO PVS FYQFSJNFOUT� #FGPSF XF EFMWF JOUP UIF DBMDVMBUJPO
 XIJDI JT TUSPOHMZ
NPUJWBUFE CZ XIBU XF PCTFSWF JO FYQFSJNFOUT
 XF EFTDSJCF UIF FYQFSJNFOUBM SFTVMUT GPS UIF
TDFOBSJP XJUI POF FOE PG ୮ୢMBNFOU IJOHFE� "T IBT CFFO EFTDSJCFE
 XF FYQMPSF UIF QIBTF�TQBDF
ϕ WT Ω−1

g CZ DIBOHJOH MFOHUI PG ୮ୢMBNFOU L
 Rb BT XFMM BT UIJDLOFTT t PG UIF ୮ୢMBNFOU� *O PVS
FYQFSJNFOUT
 GPS B ୮ୢYFE MFOHUI PG ୮ୢMBNFOU IJOHFE BU OPSUI QPMF
 XF SFEVDF UIF CVCCMF SBEJVT

��



Figure 4.4: Sequence of images fromexperimentswherewedecrease the bubble size from (a−f) for a fixed
filament length. We see that the filament stays in the longitude shape and deviates form a longitude shape to
a different shape at (b). As we further decrease the bubble size, the filament comes into self-contact in (f),
which is the beginning of coiling. Scale bar is 3mm.
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Rb BOE UIVT JO UIF QIBTF�TQBDF XF USBWFM BMPOH USBKFDUPSJFT 1/Rb WT 1/R3
b � *O ୮ୢH� ���(a) XF

TIPX UIJT USBKFDUPSZ UBLFO GPS FBDI FYQFSJNFOU VTJOH EBTIFE MJOF� %J୭GFSFOU USBKFDUPSJFT DPSSF�
TQPOE UP EJ୭GFSFOU MFOHUIT PG ୮ୢMBNFOUT� "MPOH POF USBKFDUPSZ
 UIF QVSQMF EPUT DPSSFTQPOE UP
୮ୢMBNFOU DPO୮ୢHVSBUJPO BMPOH B HFPEFTJD BOE CMVF EPUT DPSSFTQPOE UP EFWJBUJPO GSPN JU� 8F
XJMM EFTDSJCF UIF EFWJBUJPO JO EFUBJM MBUFS JO UIJT TFDUJPO� 8F TIPX UIF TIBQF PG UIF ୮ୢMBNFOU
PO UIF CVCCMF GPS POF TVDI USBKFDUPSZ JO ୮ୢH� ���
 XIFSF TFF JO ୮ୢH� ��� (a − c) MJWF BMPOH UIF
MPOHJUVEF
 TIPXO BT QJOL EPUT JO ୮ୢH� ���(a) BOE BU (d) XF TFF B EFWJBUJPO GPSN UIJT HFPEFTJD
TIBQF
 XIJDI JT UIF CFHJOOJOH PG CMVF EPUT JO ୮ୢH� ���(a)� 8F QFSGPSN FYQFSJNFOUT XJUI ��
EJ୭GFSFOU ୮ୢMBNFOU MFOHUIT BOE UXP EJ୭GFSFOU ୮ୢMBNFOU UIJDLOFTTFT t = 70µm, 100µm� "T IBT
CFFO NFOUJPOFE BMSFBEZ
 DIBOHJOH CFOEJOH TUJ୭GOFTT 	B ∼ t4
 BOE UIVT DIBOHJOH CVCCMF TJ[F
BOE ୮ୢMBNFOU UIJDLOFTT IFMQT TQBO EJ୭GFSFOU WBMVFT PG Ωg�

5IF USBOTJUJPO GSPN QJOL EPUT UP CMVF EPUT JO ୮ୢH� ���(a) JT TJNJMBS UP UIF USBOTJUJPO GSPN B
MPOHJUVEF TUBUF UP B MBUJUVEF TUBUF JO UIF GSFF FOET DBTF� 8F QMPU JO ୮ୢH� ���(a) UIF TBNF DVSWF
JO TPMJE HSFFO PO UPQ PG EBUB QPJOUT UP TFF UIF NBUDI CFUXFFO QSFEJDUJPO XJUI GSFF FOET BOE
FYQFSJNFOUT XJUI ୮ୢYFE FOET� 8F DMFBSMZ TFF UIBU UIFSF JT NJTNBUDI JO QSFEJDUJPO PG UIF USBOTJ�
UJPOϕ WBMVF JOCPUI TNBMM BOE MBSHFΩ−1

g DBTF� 5IJT FNQIBTJTFT UIF SPMF PG CPVOEBSZ DPOEJUJPO
JO QSFEJDUJOH UIF CJGVSDBUJPO QPJOU� 8F EFWFMPQ B TJNQMJ୮ୢFE HFPNFUSJD NPEFM XJUI POF FOE
୮ୢYFE UP VOEFSTUBOE UIF NFDIBOJTN PG CJGVSDBUJPO PCTFSWFE JO FYQFSJNFOUT�

����� (঎ঘখ঎ঝছ঒ঌ খঘ঍঎ক

5IF ୮ୢYFE FOE DBTF EJ୭GFST GSPN UIF QSFWJPVT DBMDVMBUJPO JO UIBU UIFSF JT XPSL EPOF BHBJOTU
HSBWJUZ UP IPME JU JO QMBDF� *O UIJT TFDUJPOVTJOH PVS FYQFSJFODF TP GBS JOXSJUJOH FOFSHJFT GPS UIF
MPOHJUVEF BOE MBUJUVEF
 XFNBLF UIF.BYXFMM DPOTUSVDUJPO PG �أQIBTF�DPFYJTUFODFآ 8F TFF JO
୮ୢH� ���(d) UIF UIF DPO୮ୢHVSBUJPO KVTU BG୴FS CJGVSDBUJPO DBO CF BQQSPYJNBUFE CZ B DPNCJOBUJPO
PG B QBSU MBUJUVEF BOE B QBSU MPOHJUVEF� " GSBDUJPO α PG UIF OPO�EJNFOTJPOBM MFOHUI ϕ MJFT
BMPOH B MPOHJUVEF BOE SFNBJOJOH GSBDUJPO (1−α)ϕ MJWFT BMPOH B MBUJUVEF� 8FXSJUF UIF FOFSHZ
PG TVDI B TUBUF BT�

Ê = Êl[αϕ] + Êg[(1− α)ϕ], 	����

= αϕ(1 + Ωgzo) + Ωg

{
cosϑ− cos(ϑ− αϕ)

}

+ (1− α)ϕ
{
(1 + Ωgzo) + Ωg(sin ξ + zo) + 1 + tan2(ξ)

}
. 	����
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Figure 4.5: (a) Critical lengthϕg for transition from a longitudinal state to a super-posed longitude-latitude
state as a function ofΩ−1

g where circles correspond to data fromexperiments and the solid lines fromcalcula-
tion detailed in the text. (b)Bifurcation curve capturing the transition froma longitude state to a hybrid state.
The vertical axis is the fraction of filament along longitude in the hybrid phase, α as a function of ϕ for five
differentΩ−1

g values shown by different colours. α = 1 corresponds to the filament being along a longitude
state and deviation from 1 indicates the transition to a hybrid state. Thick black line corresponds toαϕ = π
showing thatα ∼ ϕ−1 forϕ greater than the critical transition value.

.PSFPWFS XF IBWF UIF HFPNFUSJD DPOTUSBJOU GSPN DPOTFSWBUJPO PG MFOHUI� αϕ = (π/2 − ξ)

BOE TJODF UIF ୮ୢMBNFOU JT IJOHFE UP UIF OPSUI QPMF
 UIJT JNQMJFT ϑ = −π/2� 5IF SFTVMUBOU
FOFSHZ DBO CF XSJUUFO BG୴FS TJNQMJ୮ୢDBUJPO BT�

Ê = αϕ+ Ωg sin(αϕ) + (1− α)ϕ
{
csc2(αϕ) + Ωg cos(αϕ)

}
	����


5IF FOFSHZ Ê JT IPXFWFS EJWFSHFOU XIFO Ω−1
g → +∞,αϕ → π
 UIJT JT CFDBVTF UIF DVSWB�

UVSF BMPOH UIF MBUJUVEF EJWFSHFT BT UIF TRVBSF PG DVSWBUVSF PG UIF MBUJUVEF QPSUJPO XIFSFBT
UIF GSBDUJPO PG MFOHUI BMPOH MBUJUVEF (1 − α) → 0 POMZ MJOFBSMZ� *O PSEFS UP BWPJE UIJT EJ�
WFSHFODF
 XF OFFE B SFHVMBSJTBUJPO MFOHUI TDBMF DPNJOH GSPN UIF TVC�MFBEJOH PSEFS QIZTJDT�
5IF SFHVMBSJTBUJPO JO FYQFSJNFOUT DPNF GSPN UIF TNBMMFS MFOHUI TDBMFT XIJDI IBWF CFFO OF�
HMFDUFE JO UIF FOFSHZ NJOJNJTFE IFSF
 TVDI BT lEC � *O PSEFS UP FNVMBUF UIF QIZTJDT GSPN UIJT
MFOHUI TDBMFT
 XF NVMUJQMZ UIF TJOHVMBS DPOUSJCVUJPO CZ B GVODUJPO Λ(β) UIBU TVQQSFTTFT UIF

��



TJOHVMBSJUZ� 5IF FOFSHZ UIFO CFDPNFT�

Ê = αϕ+ Ωg sin(αϕ) + Ωgϕ(1− α) cos(αϕ) + ϵ

+ (1− α)ϕ
{
(1− Λ(αϕ)− Λ(αϕ− π)− Λ(αϕ− 2π)) csc2(αϕ)

}
, 	����


XIFSF Λ(β) = exp

(
− β2

η(Ω)

)
.

)FSF η(Ω) JT UIF DVU�P୭G OPO�EJNFOTJPOBM MFOHUI�TDBMF BTTPDJBUFE XJUI UIF DBQJMMBSZ CFOEBCJM�
JUZ
 BT UIJT JT UIF MFOHUI TDBMF UIBU QSFWFOUT UIF EJWFSHFODF JO UIF FYQFSJNFOUT� 8IFO UIF SBEJVT
PG DVSWBUVSF BMPOH B MBUJUVEF BQQSPBDIFT UIF MFOHUI�TDBMF BTTPDJBUFE XJUI DBQJMMBSZ CFOEBCJM�
JUZ
 UIJT FOFSHZ FYQSFTTJPO JT OP NPSF WBMJE� 8F IBWF BEEFE UIFTF SFHVMBSJTJOH UFSNT BU UISFF
MPDBUJPOTαϕ = 0,π, 2π BT BMM UIFTF MPDBUJPOT MFBE UP EJWFSHFODFT JO UIF FOFSHZ� 8F BMTP BEE BO
BEEJUJPOBM FOFSHZ PG DPOTUBOU NBHOJUVEF ϵ
 XIJDI JT UIF FOFSHZ DPOUSJCVUJPO GSPN UIF USBO�
TJUJPO [POF CFUXFFO UIF MPOHJUVEF BOE MBUJUVEF UIBU IBT OPU CFFO BDDPVOUFE GPS FYBDUMZ� *O
UIF OFYU TVCTFDUJPO XF ୮ୢOE IPX UIJT USBOTJUJPO [POF FOFSHZ TDBMFT XJUI UIF OPO�EJNFOTJPOBM
OVNCFST JO UIF TZTUFN�

5IF FRVJMJCSJVN DPO୮ୢHVSBUJPO JT HJWFO CZ FYUSFNJTJOH UIF POF QBSBNFUFS FOFSHZ FYQSFT�
TJPO JO FR� �����
 BDIJFWFE CZ TFUUJOH δÊ /δα = 0� 8F BMTP IBWF UIF DPOEJUJPO UIBU α ∈ [0, 1]�
5IF USBOTJUJPOXF TFF JO ୮ୢH� ��� GSPN B MPOHJUVEF UP B IZCSJEآ TUBUFأ DBO CF TFFO JO UIF CJGVSDB�
UJPO EJBHSBN SFQSFTFOUFE CZ UIF WBMVF PG α BT B GVODUJPO PG ϕ GPS B ୮ୢYFE WBMVF PGΩg� 8F QMPU
UIJT CJGVSDBUJPO EJBHSBN GPS EJ୭GFSFOU WBMVFT PG Ωg JO ୮ୢH� ���(b)� 'JSTUMZ
 DPOTJEFSJOH B ୮ୢYFE
WBMVF PGΩg XF TFF UIBU UIF α = 1 GPS EJ୭GFSFOU WBMVFT PG ϕ BOE UIFSF JT B DSJUJDBM DPJMJOH QBSBN�
FUFS BU XIJDI XF TFF JU EFWJBUF GSPN UIJT WBMVF� 5IJT QPJOU JT OPUIJOH CVU UIF EFWJBUJPO GSPN B
MPOHJUVEF BOE BT XF LFFQ JODSFBTF UIF DPJMJOH QBSBNFUFS PS UIF MFOHUI GPS B ୮ୢYFE CVCCMF TJ[F

XF TFF UIJT WBMVF EFDSFBTF GVSUIFS
 BT α ∼ ϕ−1 CFZPOE CJGVSDBUJPO� 5IJT XF TFF CZ QMPUUJOH
αϕ = π BT UIF TPMJE CMBDL MJOF JO ୮ୢH� ���(b)� 'SPN UIF TPMJE CMBDL DVSWF JO ୮ୢH� ���(b) BT XFMM
BT UIF CMBDL DVSWF JO ୮ୢH� ���(a)
 XF TFF UIBU UIF ୮ୢMBNFOU CJGVSDBUFT GSPN MPOHJUVEF TUBUF POMZ
BG୴FS DSPTTJOH UIF TPVUI QPMF� 8IJDI JT XIZ BMM UIF α WBMVFT BSF BCPWF α = ϕ/π� "O JNQPS�
UBOU BTQFDU PG UIJT CJGVSDBUJPO EJBHSBN JT UIBU UIF ୮ୢMBNFOU VOEFSHPFT B ୮ୢSTU�PSEFS USBOTJUJPO
XIFSF UIFSF JT B KVNQ JO UIF WBMVF PG α BU UIF DSJUJDBM DPJMJOH QBSBNFUFS BU USBOTJUJPO� 5IJT
DSJUJDBM QPJOU GPS USBOTJUJPO JT DBMDVMBUFE GPS EJ୭GFSFOU WBMVFT PG Ω−1

g BOE QMPUUFE JO ୮ୢH� ���(a)
BT TPMJE CMBDL MJOF� 8F TFF UIBU UIF ୮ୢYFE DBMDVMBUJPO BQQSPYJNBUFE CZ PVS TJNQMF HFPNFUSJDBM
UIFPSZ DBQUVSFT UIF USBOTJUJPO BDDVSBUFMZ
 CPUI BU TNBMM WBMVFT PG Ω−1

g BT XFMM BT Ω−1
g ∼ O(1)�

��



Figure 4.6: Comparison of different bifurcation curves measured in experiments and theory. Color of data
points fromexperiments correspond to afixedvalueofΩ−1

g and the solid lines from theory for the samevalue
ofΩ−1

g . Thick black line corresponds toαϕ = π and the gray region shows that the length of filament along
longitude is less thanφ i.e., the longitudesectiondoesnot cross the southpole inexperimentswhile the theory
predicts that it does cross south pole. Value ofΩ−1

g for each colour is shown on the right.

����� $ঘখঙঊছ঒গঐ খঊঐগ঒ঝঞ঍঎ ঘএ α ঒গ ঎ডঙ঎ছ঒খ঎গঝজ ঊগ঍ ঝ঑঎ঘছঢ

4P GBS XF IBWF TFFO UIBU PVS NPEFM DBQUVSFT BDDVSBUFMZ UIF DSJUFSJPO GPS USBOTJUJPO GSPN B
MPOHJUVEJOBM TUBUF UP B IZESJE TUBUF� 5IF α WBMVF DBMDVMBUFE GSPN UIF UIFPSZ OPX OFFET UP CF
NFBTVSFE FYQFSJNFOUBMMZ
 IPXFWFS JO BMM UIF EBUB TIPXO TP GBS JO ୮ୢH� ���(a)
 UIF USBKFDUPSZ
BMPOH ϕ WT Ω−1

g DMFBSMZ WBSJFT BMPOH CPUI UIF BYJT
 BMPOH 1/w WT 1/w3
 BT BMSFBEZ NFOUJPOFE�
*G XF XBOU UP DPNQBSF XJUI UIF UIFPSFUJDBM QSFEJDUJPOT PG α
 XF OFFE UP LFFQ Ω−1

g ୮ୢYFE JO B
HJWFO FYQFSJNFOU� 5IJT XF EP CZ IPMEJOH UIF CVCCMF TJ[F ୮ୢYFE BOE JODSFBTJOH UIF ୮ୢMBNFOU
MFOHUI PO UIF TVSGBDF� 8F EP UIJT GPS ୮ୢWF EJ୭GFSFOU WBMVFT PG Ω−1

g CFUXFFO 0.04 − 0.1 BOE
QMPU JU JO ୮ୢH� ���(a)� 'JSTUMZ XF TFF UIBU UIF NBHOJUVEF PG α GSPN FYQFSJNFOUT JT MPXFS UIBO
UIF NBHOJUVEF GPVOE JO UIF UIFPSZ� 4FDPOEMZ XF TFF UIBU BMM UIF FYQFSJNFOUBM WBMVFT PG α
BSF CFMPX UIF αϕ = π MJOF XIJMF UIF UIFPSZ QSFEJDUJPOT BSF BCPWF UIJT MJOF� 'VSUIFS JO UIF
DBMDVMBUJPO
 UIPVHIXF TFF UIBU UIF USBOTJUJPO JT IBQQFOJOH GPSϕ > π i.e. UIF ୮ୢMBNFOU DSPTTFT
UIF TPVUIQPMF GPS BMM WBMVFT PGΩ−1

g CFGPSF VOEFSHPJOH USBOTJUJPO
 JNNFEJBUFMZ BG୴FS USBOTJUJPO
XF TFF UIBU UIF QPSUJPOXIJDI JT QBSU PG MPOHJUVEF JT MFTT UIBOαϕ < π� 5IJT JT OPU DBQUVSFE CZ
UIF UIFPSZ� *O UIF UIFPSZ
 BG୴FS UIF QPJOU XIFSF UIF ୮ୢMBNFOU EFWJBUFT GSPN UIF MPOHJUVEF QBSU

UIF MFOHUI PG UIF ୮ୢMBNFOU BMPOH UIF MPOHJUVEF SFNBJOT ୮ୢYFE BOE BOZ GVSUIFS JODSFBTF JT BEEFE
UP UIF MBUJUVEF� 5IF SFBTPO GPS UIJT IBT UP EP XJUI UIF NJTTJOH MFOHUI�TDBMF BU UIF USBOTJUJPO
[POF
 BT NFOUJPOFE BMSFBEZ� "DDPVOU GPS UIJT NJTTJOH MFOHUI TDBMF XPVME SFEVDF UIF MFOHUI PG
୮ୢMBNFOU PO UIF MPOHJUVEF BOE UIVT CSJOHJOH UIFNBHOJUVEF PGα MPXFS� 8F OPX FTUJNBUF UIF
FOFSHZ DPOUSJCVUJPO GSPN UIJT QPSUJPO
 XIJDI JT BT ZFU OPU BDDPVOUFE GPS JO UIF UIFPSZ
 BQBSU
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Figure 4.7: (a − d) Sequence of images post-self contact, in the coiling phase, where we see the filament
packing the surface of the bubble. Scale bar is 5mm.

GSPN UIF DPOTUBOU ϵ�

����� #঎গ঍঒গঐ ঎গ঎ছঐঢ ঒গ ঝছঊগজ঒ঝ঒ঘগ ণঘগ঎

&TUJNBUJOH UIF DPOUSJCVUJPO GSPN UIF USBOTJUJPO [POF JT VTFGVM TJODF UIF DPOUSJCVUJPO UP UIF
UPUBM FOFSHZ PG UIF ୮ୢMBNFOU DPNFT GSPN CFOEJOH BOE QPUFOUJBM FOFSHZ BMPOH UIF ୮ୢMBNFOU
MBUJUVEF BOE MPOHJUVEF QBSUT BT XFMM BT UIF FOFSHZ PG UIF USBOTJUJPO [POF BOE TFF JG BDDPVOUJOH
UIJT FOFSHZ XPVME DPSSFDUMZ DBQUVSF UIF WBMVF PG α� 8F DBO XSJUF UIF TDBMJOH PG JOEJWJEVBM
DPNQPOFOUT PG UIF FOFSHZ i.e. EVF UP CFOEJOH UP CF El ∼ Bl/w2
 HSBWJUBUJPO UP CF Eg ∼
ϱgd2l2 BOE CFOEJOH JO UIF USBOTJUJPO [POF UP CF Et ∼ Bleg(1/w2 + 1/l2eg)� 5IF TBNF TDBMJOH
DBO CF XSJUUFO JO OPO�EJNFOTJPOBM UFSNT JO CZ TDBMJOH UIFTF FOFSHJFT XJUIB/w BT UIF FOFSHZ
TDBMF UP HFU�

Êl ∼ ϕ, Êg ∼ Ωgϕ
2, Êt ∼ (Ω1/3

g + Ω−1/3
g ).

5IPVHI JU NJHIU TFFN BU ୮ୢSTU HMBODF UIBU UIF USBOTJUJPO [POF FOFSHZ Êt IBT TJOHVMBS DPOUSJ�
CVUJPO TJODF JU EJWFSHFT JO CPUI MJNJUT PG Ω−1

g → 0,∞
 UIJT JT IPXFWFS OPU UIF DBTF BT UIF
USBOTJUJPO [POF FYJTUT POMZ XIFO Ωg,Ω−1

g ∼ O(1)� *U JT BMTP FWJEFOU GSPN UIF TDBMJOH BCPWF
UIBU UIF DSJUJDBM MFOHUI GPS USBOTJUJPO ϕ ∼ Ω−1

g 
 XIJDI XF IBWF PCTFSWFE BMSFBEZ JO UIF QFS�
UVSCBUJPO FYQBOTJPO JO UIF QSFWJPVT TFDUJPO XJUI GSFF FOET� 5IPVHI XF IBWF GPVOE PVU UIF
TDBMJOH PG Êt XJUI SFTQFDU UP Ωg
 UIJT OFFET UP CF JODMVEFE JO UIF DBMDVMBUJPO UP TFF JG UIF VQ�
EBUFE QSFEJDUJPO DBQUVSFT UIF SJHIU α�
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8F IBWF TUVEJFE UIF DSJUFSJPO GPS CJGVSDBUJPO GSPN B MPOHJUVEJOBM TUBUF UP B IZCSJE TUBUF JO UIF
QSFWJPVT TFDUJPOT� "OE BT XF LFFQ JODSFBTJOH UIF MFOHUI PG UIF ୮ୢMBNFOU
 UIF ୮ୢMBNFOU DPNFT
JOUP TFMG�DPOUBDU
 XIJDI XF EF୮ୢOF BT UIF QPJOU PG DPJMJOH� 5IF UIFPSZ EFWFMPQFE TP GBS GBJMT
BG୴FS UIF ୮ୢMBNFOU DPNFT JO TFMG�DPOUBDU BOE XF FOUFS B EJ୭GFSFOU SFHJNF XIJDI XF DBMM UIF
DPJMJOH QIBTF XIFSF UIF ୮ୢMBNFOU TUBSU QBDLJOH UIF TVSGBDF PG UIF CVCCMF� 5IF QBDLJOH GSBD�
UJPO JT B QVSFMZ HFPNFUSJD RVBOUJUZ HJWFO KVTU CZ UIF MFOHUI BOE UIJDLOFTT PG UIF ୮ୢMBNFOU BOE
CVCCMF TJ[F� )PXFWFS UIF EFUBJMT PG QBDLJOH BSF EJ୭GFSFOU CBTFE PO UIF NBHOJUVEF PG Ω−1

g PG
UIF ୮ୢMBNFOU�CVCCMF TZTUFN� 5IF NFDIBOJTN PG DPJMJOH JO UIJT QIBTF SFNBJOT UP CF FYQMPSFE
CPUI JO UIFPSZ BOE FYQFSJNFOUT� 8F IPXFWFS TIPX UIF TIBQF PG DPJMT XF PCTFSWF JO ୮ୢH� ����
0VS UIFPSFUJDBM NPEFM XJMM DPOTJTU OPX PG B QBSU PG B ୮ୢMBNFOU BMPOH UIF MPOHJUVEF BOE UIF
SFTU PG UIF ୮ୢMBNFOU JO B DPJMFE TUBUF
 BQQSPYJNBUFE CZ B UIJDL ୮ୢMBNFOU XIPTF UIJDLOFTT JT EF�
UFSNJOFE CZ UIF WPMVNF PG ୮ୢMBNFOU JO UIF OPO�HFPEFTJD QBSU� 5IF NJOJNJTBUJPO QSPDFEVSF

KVTU BT JO UIF QSFWJPVT TFDUJPO
 XPVME JOWPMWF JEFOUJGZJOH UIF QPMBS BOHMF XIFSF UIF ୮ୢMBNFOU
୮ୢOBMMZ SFTUT�

��� $ঘগএ঒গ঎খ঎গঝ টজ #঎গ঍ঊঋ঒ক঒ঝঢ

*O DIBQUFS �
 XF EJTDVTTFE UIF QBSBEJHN PG DPO୮ୢOFNFOU WT CFOEBCJMJUZ BOE IPX JU QSPWJEFT
B GSBNFXPSL UP MPPL BU TIBQF JOTUBCJMJUJFT JO FMBTUJD TUSVDUVSFT� 8F DBO QMBDF UIF DPJMJOH JOTUB�
CJMJUZ XF IBWF QSFTFOUFE JO UIJT DIBQUFS BHBJO JO UIJT GSBNFXPSL� $PO୮ୢOFNFOU JO UIF DPJMJOH
QIBTF�EJBHSBN JT SFQSFTFOUFE CZ OPUIJOH CVU UIF DPJMJOH QBSBNFUFS� 8IFO UIF ୮ୢMBNFOU XJUI
B ୮ୢYFE ୮ୢMBNFOU MFOHUI JT DPO୮ୢOFE UP UIF CVCCMF
 UIF DPO୮ୢOFNFOU PG UIF ୮ୢMBNFOU JODSFBTFT
XJUI EFDSFBTF JO CVCCMF TJ[F� 5IF PUIFS BYJT XF IBWF JO UIF DPJMJOH QIBTF�EJBHSBN JT OPUI�
JOH CVU UIF FMBTUP�HSBWJUZ CFOEBCJMJUZ� "T XF USBWFSTF BDSPTT UIF DPO୮ୢOFNFOU BYJT
 GPS B ୮ୢYFE
CFOEBCJMJUZ UIF ୮ୢMBNFOU VOEFSHPFT JOTUBCJMJUZ BT UIF QBSBEJHN QSFEJDUT� *O DIBQUFS � XF TBX
UIBU UIF DPO୮ୢOFNFOU DBNF BCPVU EVF UP BQQMJFE CPVOEBSZ UFOTJPO BOE ESPQMFU TVSGBDF UFO�
TJPO XIFSFBT JO UIF DPJMJOH DBTF JU DPNFT BCPVU POMZ EVF UP TVCTUSBUF BOE ୮ୢMBNFOU HFPNFUSZ�
5IPVHI DPO୮ୢOFNFOU TFFNT BU ୮ୢSTU TJHIU UP NBOJGFTU JUTFMG BT B QBSBNFUFS JO UIF XSBQQJOH
QIBTF�EJBHSBN BOE UIF DPJMJOH QIBTF�EJBHSBN
 JU IBQQFOT UP CF UIF PCWJPVT FYUFSOBM DPOUSPM
WBSJBCMF� #Z PCWJPVT DPOUSPM WBSJBCMF XF NFBO UIBU
 GPS B ୮ୢYFE NBUFSJBM PG ESPQMFU PS TJ[F
PG CVCCMF XIJDI JO UVSO ୮ୢYFT UIF CFOEBCJMJUZ
 UIF PCWJPVT FYUFSOBM QBSBNFUFS UP FYQMPSF UIF
QIBTF�TQBDF JT UIF UFOTJPO PS UIF ୮ୢMBNFOU MFOHUI� 5IVT JO BMM UIF JOTUBCJMJUJFT TUVEJFE TP GBS XF
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TFF UIBU DPO୮ୢOFNFOU WT CFOEBCJMJUZ QSPWJEFT B DPNGPSUBCMF GSBNFXPSL UIBU QSPWJEFT BO VOJ�
GZJOH QJDUVSF
 UIPVHI UIF EFUBJMT PG UIF NFDIBOJTN PG JOTUBCJMJUJFT CFUXFFO EJ୭GFSFOU QIBTFT
DBO CF EJ୭GFSFOU�

��� $ঘগঌকঞজ঒ঘগ

*O UIJT DIBQUFS XF TIPXFE UIBU UIF TVCTUSBUF HFPNFUSZ DBO QMBZ B WJUBM SPMF JO USJHHFSJOH JOTUB�
CJMJUJFT JO FMBTUJD ୮ୢMBNFOUT� 0VS FYQFSJNFOUT DPOTJTUFE PG B TQIFSJDBM CVCCMF XJUI BO FMBTUJD
୮ୢMBNFOU DPO୮ୢOFE UP UIF CVCCMFؠT TVSGBDF BOE XJUI POF FOE PG UIF ୮ୢMBNFOU IJOHFE PO UIF
OPSUIQPMF PG UIFCVCCMF� 'PS B ୮ୢYFECVCCMF TJ[F
 B TIPSU ୮ୢMBNFOU UBLFT UIF TIBQF PG B HFPEFTJD

XIJDI JT B MPOHJUVEF PO B TQIFSF� "T XF JODSFBTF UIF MFOHUI PG UIF ୮ୢMBNFOU PO UIF TVSGBDF PG
UIF CVCCMF
 UIF ୮ୢMBNFOU NBLFT B USBOTJUJPO GSPN B MPOHJUVEF UP B TIBQF BQQSPYJNBUFE CZ B
QBSU MPOHJUVEF BOE B QBSU MBUJUVEF� 8F EFWFMPQ B TJNQMF HFPNFUSJD NPEFM UIBU DBQUVSFT UIF
DSJUJDBM MFOHUI PG USBOTJUJPO GSPN UIF MPOHJUVEF TUBUF UP UIF IZCSJE TUBUF� 5IF UIFPSFUJDBM QSF�
EJDUJPOT PG UIF GSBDUJPO PG ୮ୢMBNFOU BMPOH UIF MPOHJUVEF JO UIF IZCSJE TUBUF PWFS�QSFEJDUT UIF
PCTFSWFE WBMVFT GSPN FYQFSJNFOUT BOE UIJT XF SFBTPO JT EVF UP B NJTTJOH FOFSHZ DPTU JO UIF
UIFPSZ
 XIJDI BSJTFT GSPN UIF DVSWBUVSF JO UIF [POF PG USBOTJUJPO GSPN MPOHJUVEF UP MBUJUVEF�
8F QMBDF UIF DPJMJOH QIBTF�EJBHSBN JO UIF GSBNFXPSL PG DPO୮ୢOFNFOU WT CFOEBCJMJUZ UIBU QSP�
WJEFT B VOJWFSTBM NFUIPE UP VOEFSTUBOE QBUUFSO GPSNBUJPO JO FMBTUJD TUSVDUVSFT
 MFBWJOH BTJEF
UIF EFUBJMT PG JOTUBCJMJUZ NFDIBOJTNT CFUXFFO EJ୭GFSFOU QIBTFT�

8F IBWF DPOTJEFSFE IFSF UIF TVCTUSBUF UP CF B TQIFSJDBM CVCCMF XIJDI IBT DPOTUBOU QPTJUJWF
HBVTTJBO DVSWBUVSF FWFSZXIFSF� " GVUVSF EJSFDUJPO UIBU XF BSF DVSSFOUMZ QVSTVJOH JT UP DPO�
TJEFS B TVSGBDF XJUI DPOTUBOU OFHBUJWF DVSWBUVSF FWFSZXIFSF� 8F DPOTJEFS B DBUFOPJE TIBQFE
TPBQ ୮ୢMN CFUXFFO UXP DJSDVMBS SJOHT IFME XJUI BYJT QBSBMMFM UP HSBWJUZ� $BUFOPJE JT B NJOJNBM
TVSGBDF XJUI B TZNNFUSZ BYJT PG SFWPMVUJPO� 8F XPVME MJLF UP TFF JG UIF HFPEFTJD IBT BOZ SPMF
UP QMBZ MJLF UIF TQIFSF TDFOBSJP BOE GVSUIFS JG UIFSF FYJTUT B DPJMJOH JOTUBCJMJUZ�
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“5Iॷ ॷ XIBU * NFBO XIFO * TBZ * XPVME MJLF UP TXJN
BHBJOTU UIF TUSFBN PG UJNF� * XPVME MJLF UP FSBTF UIF
DPOTFRVFODॶ PG DFSUBJO FWFOUT BOE SFTUPSF BO JOJUJBM
DPOEJUJPO� #VU FWFSZ NPNFOU PG NZ MJGF CSJOHT XJUI JU
BO BDDVNVMBUJPO PG OFX GBDUT
 BOE FBDI PG UIFTF OFX
GBDUT CSJOH XJUI JU DPOTFRVFODॶ� TP UIF NPSF * TFFL UP
SFUVSO UP UIF [FSP NPNFOU GSPN XIJDI * TFU PVU
 UIF
GVSUIFS * NPWF BXBZ GSPN JU����Ԝ

UBMP*؛ $BMWJOP
 *G PO B 8JOUFSؠT /JHIU B 5SBWFMFS 5
%ZOBNJDT PG TQIFSJDBM QBSUJDMFT JO ୯୳PX

5IJT DIBQUFS JT B WFSCBUJN SFQSPEVDUJPO PG PVS BSUJDMF UP CF QVCMJTIFE JO UIF +PVSOBM PG 'MVJE
.FDIBOJDT UJUMFE DDVSBUF"آ TPMVUJPO NFUIPE GPS UIF .BYFZ�3JMFZ FRVBUJPO
 BOE UIF F׸FDUT PG
#BTTFU IJTUPSZأ�

��� *গঝছঘ঍ঞঌঝ঒ঘগ

1BSUJDMFT JO ୯୳VJE ୯୳PXT BSF VCJRVJUPVT <���>
 FYBNQMFT JODMVEF QMBOLUPO JO UIF PDFBO <�
 ��>

DPMMPJEBM TQIFSFT JO 4UPLFT ୯୳PX
 ESPQMFUT JO DMPVET <��
 ��
 ���>
 TVTQFOEFE QBSUJDVMBUF NBUUFS
JO UIF BUNPTQIFSF BOE WBSJPVT JOEVTUSJBM ୯୳PXT� 5IF TJNQMFTU XBZ UP TUVEZ UIFTF ୯୳PXT JT
UP BTTVNF B POF�XBZ JOUFSBDUJPO
 XIFSF UIF QBSUJDMF EZOBNJDT JT EJDUBUFE CZ UIF ୯୳PX
 CVU
EPFT OPU EJTUVSC UIF ୯୳PX
 OPS JT JU JO୯୳VFODFE CZ PUIFS QBSUJDMFT� 5IJT JT B HPPE BTTVNQUJPO
XIFO QBSUJDMFT BSF GBS TNBMMFS UIBO BMM SFMFWBOU ୯୳PX MFOHUI TDBMFT
 BOE XIFO UIF TVTQFOTJPO
PG QBSUJDMFT JT EJMVUF
 BT JT UIF DBTF JO TFWFSBM PG UIF FYBNQMFT HJWFO BCPWF� *O UIJT TFUUJOH
 UIF
QBSUJDMF PCFZT UIF .BYFZ�3JMFZ 	.3
 <��> FRVBUJPO
 XIJDI JT B GPSDF CBMBODF JO -BHSBOHJBO
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Figure5.1: Situations forwhich analytical solutions including theBasset force are providedby the present ap-
proach. (a)A relaxing particle, (b) particle settling under gravity, (c) particle in a oscillating field, (d) particle
in a shear flow, (e) particle in a single point vortex.
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XIFSF y,v BSF UIF WFDUPS QPTJUJPO BOE WFMPDJUZ SFTQFDUJWFMZ PG UIF QBSUJDMF
 BOE u SFQSFTFOUT
UIF 	QPTTJCMZ TQBUJBMMZ BOE UFNQPSBMMZ EFQFOEFOU
 ୯୳VJE WFMPDJUZ� 8F OPUF IFSF UIBU XIFO
TQBUJBM WBSJBUJPO JO UIF ୯୳VJE JT OPU BDDPVOUFE GPS JO 	���

 UIF FRVBUJPO JT LOPXO BT UIF #BTTFU�
#PVTTJOFTR�0TFFO FRVBUJPO <��
 ���>� "T PVS GPDVT JT UPXBSET HFOFSBM ୯୳VJE ୯୳PXT XF TUJDL UP
UIF OPNFODMBUVSF PG .BYFZ�3JMFZ FRVBUJPOT� %PUT SFQSFTFOU -BHSBOHJBO EFSJWBUJWFT JO UJNF
t BOE%/%t SFQSFTFOUT UIF NBUFSJBM EFSJWBUJWF XJUI SFTQFDU UP UIF ୯୳VJE WFMPDJUZ� 'VSUIFSNPSF
ϱp, ϱf BSF UIF QBSUJDMF BOE ୯୳VJE EFOTJUZ SFTQFDUJWFMZ
 R UIF F୭GFDUJWF EFOTJUZ SBUJP JODMVEJOH
BEEFE�NBTT F୭GFDUT
 BOE S UIF 4UPLFT OVNCFS
 EF୮ୢOFE IFSF BT UIF SBUJP PG QBSUJDMF SFMBYBUJPO
UJNF�TDBMF 	a2/3ν
 UP ୯୳PX UJNF�TDBMF 	T 
� 5IF MBTU UFSN PO UIF SJHIU IBOE TJEF PG 	���
 JT
LOPXO BT UIF #BTTFU IJTUPSZ GPSDF PS #BTTFU IJTUPSZ JOUFHSBM <��>� *U JT BO JOUFHSBM GPSDF BMPOH
UIF USBKFDUPSZ PG UIF QBSUJDMF
 GSPN UIF JOJUJBM UJNF VOUJM UJNF t
 SFTVMUJOH GSPN UIF EJ୭GFSFODFT
JO BDDFMFSBUJPO PG QBSUJDMF BOE TVSSPVOEJOH ୯୳VJE
 BOEXJMM CF PG QSJNBSZ JOUFSFTU JO UIJT QBQFS�
"O JNQPSUBOU DPOUSJCVUJPO UP UIF GPSDF CBMBODF XBT CSPVHIU PVU CZ <��>XIP TIPXFE UIF FY�
JTUFODF PG B TJOHVMBS DPOUSJCVUJPO GSPN B OPO�[FSP SFMBUJWF WFMPDJUZ BU UIF JOJUJBM UJNF�JOTUBOU�
5IVT GBS JO UIF MJUFSBUVSF
 UIF JNQMJDBUJPOT PG UIJT TJOHVMBS UFSN BSF MBSHFMZ VOFYQMPSFE� 8F
XJMM EJTDVTT JUT TJHOJ୮ୢDBODF JO MBUFS TFDUJPOT�
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.PTU TUVEJFT DPODFSOJOH QBSUJDMF EZOBNJDT JO UIF MPX 4UPLFT OVNCFS MJNJU JODMVEF DPO�
USJCVUJPOT GSPN UIF 4UPLFT ESBH
 UIF TFDPOE UFSN PO UIF SJHIU�IBOE TJEF JO FRVBUJPO 	���


CVU UIF #BTTFU IJTUPSZ JOUFHSBM JT PG୴FO OFHMFDUFE� 5IF DPF୭୮ୢDJFOU PG UIJT UFSN JTO(S1/2) SFMB�
UJWF UP UIF 4UPLFT ESBH
 TP JU JT OPNJOBMMZ OFHMJHJCMF BU TNBMM 4UPLFT OVNCFS
 CVU UIF GBDUPS JU
NVMUJQMJFT DPVME DBVTF UIF F୭GFDU UP CFDPNF JNQPSUBOU JO QIZTJDBM ୯୳PXT� " NBKPS IVSEMF JO
FWBMVBUJOH UIF #BTTFU IJTUPSZ JOUFHSBM JT UIF DPOUJOVBMMZ JODSFBTJOH NFNPSZ DPTU BTTPDJBUFE JO
DPNQVUJOH UIJT UFSN� 5IF JODMVTJPO PG UIF #BTTFU IJTUPSZ JOUFHSBM SFOEFST UIF.3 FRVBUJPOT
UP OPU SFQSFTFOU B EZOBNJDBM TZTUFN
 J�F�
 UIF GVUVSF FWPMVUJPO PG UIF QBSUJDMFNPUJPO EFQFOET
OPU POMZ PO UIF DVSSFOU QPTJUJPO BOE WFMPDJUZ
 CVU BMTP PO UIF FOUJSF TPMVUJPO VQ UP UIBU UJNF�
4UBOEBSE BOBMZUJDBM UFDIOJRVFT TVDI BT QFSGPSNJOH B -BQMBDF USBOTGPSN BSF JO HFOFSBM OPU
VTFGVM JO TPMWJOH UIJT TZTUFN UIF GVMM OPOMJOFBS FRVBUJPO� .PSFPWFS
 FWFO GPS UIF MJOFBS DBTF

JOWFSUJOH UIF -BQMBDF USBOTGPSN PG B HFOFSBM GVODUJPOG(t)XJUI B LFSOFM PG UIF GPSN∼ 1/

√
t

NVMUJQMJFE UP JU EPFT OPU MFBE UP BO FYQMJDJU GVODUJPO PG t� 5IVT SFTFBSDIFST IBWF SFTPSUFE UP
RVBESBUVSF TDIFNFT <���
 ��> PS BQQSPYJNBUJPOT UP UIFIJTUPSZ LFSOFM <��
 ��
 ���>� 4JODF UIFTF
UFDIOJRVFT BQQSPYJNBUF UIF IJTUPSZ�LFSOFM BOE BSF OPU BJNFE BU PCUBJOJOH UIF USVF BTZNQ�
UPUJD CFIBWJPVS
 UIFZ OFHMFDU UIF BGPSFNFOUJPOFE 	NPTU CPUIFSTPNF
 TJOHVMBS DPOUSJCVUJPOT
BU t = 0
 XIJDI JT B WBMJE BTTVNQUJPO XIFO QBSUJDMFT BOE ୯୳VJE IBWF UIF TBNF JOJUJBM WFMPD�
JUZ
 XIJDI XF FNQIBTJ[F
 NBZ OPU IPME JO NBOZ QIZTJDBM TJUVBUJPOT� #Z DPOTUSVDUJPO
 UIF
BQQSPYJNBUF TDIFNFT NFOUJPOFE BSF QPMZOPNJBM PSEFS BDDVSBUF�

*O UIJT QBQFS XF QSFTFOU (i) BOBMZUJDBM TPMVUJPOT
 GPS UIF ୮ୢSTU UJNF UP PVS LOPXMFEHF
 PG UIF
DPNQMFUF .BYFZ�3JMFZ FRVBUJPO
 JODMVEJOH UIF #BTTFU IJTUPSZ UFSN
 GPS QBSUJDMF EZOBNJDT JO
TFWFSBM DBOPOJDBM TJUVBUJPOT� 5IF POMZ TPMVUJPO XF BSF BXBSF PG GSPN FBSMJFS XPSL JT MJNJUFE
UP B SFMBYJOH QBSUJDMF <��
 ��> XIFSF UIFZ VTF B -BQMBDF USBOTGPSN BQQSPBDI� 8F TIPX UIBU
PVS BQQSPBDI QSPWJEFT B TJNQMFS BOE B NPSF HFOFSBM TPMVUJPO� (ii) EFNPOTUSBUF B OVNFSJDBM
BQQSPBDI
 CZ NFBOT PG BO FYBNQMF
 PG QBSUJDMF EZOBNJDT OFBS B QPJOU WPSUFY
 UP TPMWF UIF
DPNQMFUF FRVBUJPOT GPS BOZ HFOFSBM ୯୳PX UP TQFDUSBM BDDVSBDZ
 BHBJO GPS UIF ୮ୢSTU UJNF UP PVS
LOPXMFEHF� 0VS QSFGFSFODF GPS TQFDUSBM BDDVSBDZ JO UIF DVSSFOUXPSL TUFNT GSPNPVS QSJNBSZ
HPBM PG JOWFTUJHBUJOH UIF SFMFWBODF BOE JNQBDU PG UIF#BTTFU IJTUPSZ JOUFHSBM PO UIFEZOBNJDT PG
QBSUJDMFT� )FODF XF TFFL UP FMJNJOBUF BOZ QPTTJCMF TPVSDF PG FSSPS GSPN MPXFS�PSEFS TDIFNFT�

8F EP UIJT CZ SFGPSNVMBUJOH UIF FRVBUJPOT PG NPUJPO PG UIF QBSUJDMF XJUI UIF OPO�MPDBM
IJTUPSZ�EFQFOEFODF JOUP B MPDBM QSPCMFN GPS BO FYUFOEFE EZOBNJDBM TZTUFN� 5IF NBJO QSJO�
DJQMF FNQMPZFE JO EFSJWJOH UIF FYUFOEFE EZOBNJDBM TZTUFN JT B EPNBJO FYUFOTJPO <���>� *O
PUIFS XPSET
 XF SFQSFTFOU UIF FOUJSFUZ PG UIF .3 FRVBUJPO BT B CPVOEBSZ DPOEJUJPO UP UIF
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POF�EJNFOTJPOBM EJ୭GVTJPO FRVBUJPO� 5IF FYUFOEFE EZOBNJDBM TZTUFN DPVQMFT UISFF RVBOUJ�
UJFT UIBU NBSDI JO UJNF� UIF QPTJUJPO PG UIF QBSUJDMF
 UIF WFMPDJUZ PG UIF QBSUJDMF BOE UIF ୮ୢFME
TBUJTGZJOH UIF EJ୭GVTJPO FRVBUJPO 	XIJDI F୭GFDUJWFMZ FODPEFT UIF IJTUPSZ UFSN
� 5IF SFGPSNV�
MBUJPO FOBCMFT VT UP XSJUF TPMVUJPOT FYQMJDJUMZ GPS TQBUJBMMZ VOJGPSN ୯୳VJE ୯୳PXT� 8F EFSJWF
FYQMJDJU FYQSFTTJPOT GPS (i) B QBSUJDMF SFMBYJOH JO B TUBUJPOBSZ ୯୳VJE� *O UIJT DBTF
 UIF FRVBUJPOT
TJNQMJGZ UP B DPOTUBOU DPF୭୮ୢDJFOU MJOFBS QSPCMFNXIJDI DBO CF FYQMJDJUMZ TPMWFE VTJOH -BQMBDF
USBOTGPSN BT XFMM� )PXFWFS
 FWFO JO UIJT DBTF
 UIF TPMVUJPO CZ UIBU BQQSPBDI JT OPU BO FY�
QMJDJU GVODUJPO PG UJNF
 CVU HJWFO BT B DPOWPMVUJPO JOUFHSBM <��>� (ii) B QBSUJDMF TFUUMJOH VOEFS
HSBWJUZ
 (iii) B QBSUJDMF JO BO PTDJMMBUJOH CBDLHSPVOE BOE (iv) B QBSUJDMF JO QMBOBS $PVFUUF ୯୳PX�
'PS TIPSU UJNFT
 XF ୮ୢOE UIF QBSUJDMF WFMPDJUZ SFMBYFT GBTUFS XIFO UIF #BTTFU IJTUPSZ JOUFHSBM
JT BDDPVOUFE GPS UIBO XIFO JU JT OPU� .PSFPWFS
 PO BDDPVOUJOH GPS UIF F୭GFDU PG UIF IJTUPSZ
JOUFHSBM
 B DSPTT�PWFS UJNF FYJTUT CFZPOE XIJDI UIF QBSUJDMF SFMBYFT XJUI B QPXFS�MBX EFDBZ

XIFSFBT UIF EFDBZ XPVME CF FYQPOFOUJBM XJUIPVU� *O UIF ୯୳PXT XF TUVEZ
 XF ୮ୢOE UIBU UIPVHI
UIF USBOTJFOU CFIBWJPVS PG QBSUJDMFT JO ୯୳PXT JT EJ୭GFSFOU
 UIF JO୮ୢOJUF UJNF CFIBWJPVS SFNBJOT
VODIBOHFE
 DPOTJTUFOU XJUI UIF BOBMZTJT PG <��>�

5IF TPMVUJPO GPSNVMB UIBU XF PCUBJO JT PG B GPSN XIFSF 8BUTPOؠT MFNNB <��> NBZ CF
BQQMJFE BOE IFODF UIF MBSHF�UJNF CFIBWJPVS JT SFBEJMZ DPNQVUBCMF� 0VS SFGPSNVMBUJPO PG
UIF .3 FRVBUJPO IBT UIF BEEJUJPOBM CFOF୮ୢU PG CFJOH MPDBM� 5IJT BMMPXT VT UP DPOTUSVDU B
OPWFM OVNFSJDBM TDIFNF UIBU PCWJBUFT UIF JTTVF PG SJTJOH NFNPSZ TUPSBHF� 4JODF UIF F୭GFDU
PG UIF #BTTFU IJTUPSZ JOUFHSBM JT BDDPVOUFE GPS JO UFSNT PG B EZOBNJDBM WBSJBCMF
 PVS NFUIPE
NBZ BMTP CF FNQMPZFE JO MBSHF TJNVMBUJPOT XJUI SFTUBSUT� *O MBSHF OVNFSJDBM DPNQVUBUJPOT PG
UVSCVMFODF
 GPS FYBNQMF JO DMPVE ୯୳PXT
 UIF OVNCFS PG QBSUJDMFT DPOTJEFSFE DPVME CF PG UIF
PSEFS PG CJMMJPOT� 0VS NFUIPE P୭GFST B XBZ PG JODMVEJOH UIF #BTTFU IJTUPSZ JOUFHSBM JOUP TVDI
TJNVMBUJPOT XJUIPVU BO VONBOBHFBCMF JODSFBTF JO TUPSBHF SFRVJSFNFOUT�

$MPTF UP B QPJOU WPSUFY
 VQPO OFHMFDUJOH UIF #BTTFU IJTUPSZ
 UIF EZOBNJDT PG QBSUJDMFT IBT
CFFO TIPXO UP PCFZ B CPVOEBSZ�MBZFS TUSVDUVSF <���
 ��>
 XIFSF QBSUJDMFT JOJUJBMMZ MPDBUFE
XJUIJO B DSJUJDBM SBEJVT rc BSF BCMF UP GPSN DBVTUJDT BOE FWBDVBUF UIF WJDJOJUZ PG UIF WPSUFY
SBQJEMZ
 XIFSFBT QBSUJDMFT JOJUJBMMZ PVUTJEF UIJT SBEJVT EP OPU GPSN DBVTUJDT
 BOE TP UIFJS EZ�
OBNJDT NBZ CF SFQSFTFOUFE CZ B WFMPDJUZ ୮ୢFME� 8F EF୮ୢOF DBVTUJDT BT TQBDF�UJNF QPJOUT XIFSF
UXP QBSUJDMFT DBO FYJTU TJNVMUBOFPVTMZ XJUI EJ୭GFSFOU WFMPDJUJFT� 8F EFNPOTUSBUF PVS OVNFS�
JDBM NFUIPE CZ TUVEZJOH IPX UIF #BTTFU IJTUPSZ JOUFHSBM B୭GFDUT DBVTUJD GPSNBUJPO� 8F TIPX
UIBU UIF IJTUPSZ JOUFHSBM TISJOLT UIF DSJUJDBM DBVTUJD SBEJVT
 rc GPS BMM 4UPLFT OVNCFST
 CVU UIF
TDBMJOH rc ∼

√
S JT VODIBOHFE� -BTUMZ
 UIPVHI BMM UIF CPVOEBSZ�CVML FYUFOTJPO JEFBT BSF

���



BQQMJFE IFSF UP .3 FRVBUJPOT UIBU EFTDSJCF EZOBNJDT PG B TQIFSJDBM QBSUJDMF
 XF TIPX UIBU
BO FYBDU NBQ DBO CF BQQMJFE UP QBSUJDMFT XJUI PUIFS HFPNFUSJFT TVDI BT TQIFSPJET BOE EJTLT
JO B ୯୳PX XIFSF BO BOBMPHPVT #BTTFU IJTUPSZ JOUFHSBM FYJTUT� 8F EJTDVTT UIF JNQMJDBUJPOT PG
PVS ୮ୢOEJOHT UP UVSCVMFOU TDFOBSJPT
 XIFSF UIF F୭GFDU PG UIF #BTTFU IJTUPSZ JOUFHSBM PO QBSUJDMF
DMVTUFSJOH
 JT TUJMM OPU DMFBSMZ VOEFSTUPPE�

8IJMF PVS QSFTFOU TUVEZ JT EFWPUFE UP UIF .BYFZ�3JMFZ FRVBUJPOT
 XF OPUF UIBU DPOWFD�
UJWF JOFSUJB F୭GFDUT CFDPNF JNQPSUBOU CFZPOE UIF EJ୭GVTJWF UJNF TDBMF <��
 ��
 ��>
 IPXFWFS
TNBMM UIF 3FZOPMET OVNCFS� 4P UIF BTZNQUPUJD CFIBWJPVS XF DBMDVMBUF CFMPX VTJOH UIF .3
FRVBUJPOXJMM POMZ CF WBMJE VQ UP UIJT UJNF TDBMF
 CFZPOEXIJDIXFNVTU VTF UIF FOUJSF/BWJFS�
4UPLFT FRVBUJPO UP HFU UIF DPSSFDU CFIBWJPVS� 'PS FYBNQMF
 JO B QBSUJDMF SFMBYJOH UP SFTU JO RVJ�
FTDFOU ୯୳PX
 BT DBMDVMBUFE JO UIF QJPOFFSJOH XPSL PG <��>
 UIF SFMBYBUJPO CFIBWPVS DIBOHFT
GSPN B 1/

√
t EFDBZ
 BT QSFEJDUFE CZ UIF .3 FRVBUJPO XJUI #BTTFU IJTUPSZ
 UP B GBTUFS EFDBZ

PG 1/t2 BU MPOH UJNFT� *O UIF QSFTFOU XPSL
 XF BTTVNF B UJNF�TDBMF TFQBSBUJPO CFUXFFO UIF
IJTUPSZ F୭GFDUT BSJTJOH PVU PG VOTUFBEZ JOFSUJBM F୭GFDUT BOE UIF UJNF�TDBMF EVF UP DPOWFDUJWF JO�
FSUJBM DPSSFDUJPOT� "T B DPOTFRVFODF PVS MPOH UJNF BTZNQUPUJD SFTVMUT BSF WBMJE BU UJNF TDBMFT
TIPSUFS UIBO UIF DPOWFDUJWF TDBMF ν/u2c 
 XIFSF uc JT B DIBSBDUFSJTUJD DPOWFDUJWF WFMPDJUZ� 5XP
TJUVBUJPOT XIFSF UIFSF JT BU MFBTU UXP PSEFST PG NBHOJUVEF PG TFQBSBUJPO CFUXFFO UIF 4UPLFT
BOE DPOWFDUJWF UJNF TDBMFT
 BOE #BTTFU IJTUPSZ DPVME CF WJUBM UP VOEFSTUBOEJOH UIF SFMFWBOU
EZOBNJDT
 BSF ESPQMFU HSPXUI JO DMPVE ୯୳PXT
 BOE TFEJNFOUBUJPO PG NBSJOF TOPX� *U JT TJH�
OJ୮ୢDBOU UP OPUF UIBU UIBU UIF UFDIOJRVF EFWFMPQFE IFSF DBO CF FYUFOEFE UP BDDPVOU GPS UIF
DPOWFDUJWF JOFSUJB BT XFMM
 VTJOH B IJTUPSZ LFSOFM JOUSPEVDFE CZ <��>
 XIJDI XJMM CF BEESFTTFE
JO GVUVSF XPSL�

#FGPSF XF EJWF JOUP UIF EFUBJMT PG UIF DBMDVMBUJPO
 XF EFTDSJCF PVS QSPDFEVSF UP IBOEMF UIF
#BTTFU IJTUPSZ UFSN� *U JT LOPXO UIBU UIF IJTUPSZ JOUFHSBM JT OPUIJOH CVU B IBMG�EFSJWBUJWF JO
UJNF PG UIF QBSUJDMF WFMPDJUZ SFMBUJWF UP ୯୳VJE NPUJPO BOE JU JT OP TVSQSJTF UIBU UIF PSJHJOT PG
UIJT IBMG�EFSJWBUJWF IBT UP EP XJUI UIF VOTUFBEZ 4UPLFT FRVBUJPO XJUI QBSUJDMF NPNFOUVN
CFJOH EJ୭GVTFE CZ WJTDPTJUZ� 0O UIF PUIFS IBOE
 JU JT BMTP LOPXO UIBU UIF IBMG�EFSJWBUJWF JT UIF
%JSJDIMFU�UP�/FVNBOO NBQ GPS UIF EJ୭GVTJPO FRVBUJPO PO UIF IBMG�MJOF� -FU VT VOQBDL UIF
QSFWJPVT TUBUFNFOU� 4VQQPTF g0(t) JT UIF %JSJDIMFU DPOEJUJPO GPS B GVODUJPO q(x, t) UIBU TBUJT�
୮ୢFT UIF EJ୭GVTJPO FRVBUJPO GPS x > 0 	XJUI [FSP JOJUJBM DPOEJUJPOT
� 5IFO UIF IBMG�EFSJWBUJWF
PG g0(t) JT FRVBM UP UIF /FVNBOO DPOEJUJPO qx(0, t)� 5IJT GBDU BMMPXT VT UP SFMBUF UIF .3
FRVBUJPO
XIJDI JT BOPSEJOBSZ JOUFHSP�EJ୭GFSFOUJBM FRVBUJPO
 UP B CPVOEBSZ DPOEJUJPO UP B EJG�
GVTJPO FRVBUJPO� 5IFCPVOEBSZ DPOEJUJPO
XIJDI JT UIF.3FRVBUJPO JUTFMG
 JT B UJNF FWPMWJOH

���



Figure 5.2: (a) RegionD defined by x ∈ [0,∞), t ∈ [0, T ] in which the diffusion equation evolves and ED
is its boundary. (b) DomainD± where the integrating factor Fω(k)t decays. The boundary of this region in
C− is defined by contour ∂D− and CR whose various contributions help establish the relation between the
Dirichlet andNeumann boundary conditions for the diffusion equation.

3PCJO�UZQF CPVOEBSZ DPOEJUJPO BOE VTJOH UIF 6OJ୮ୢFE 5SBOTGPSN .FUIPE
 BT EFTDSJCFE CF�
MPX
 XF BSF JNNFEJBUFMZ BCMF UP TPMWF GPS UIF QBSUJDMF FWPMVUJPO GPS BSCJUSBSZ UJNF�EFQFOEFOU
୯୳PXT�

��� %঒এএঞজ঒ঘগ ঎હঞঊঝ঒ঘগ ঘগ ঑ঊকএ�ক঒গ঎

#FGPSF XF EJTDVTT UIF.3 FRVBUJPO JUTFMG
 XF ୮ୢSTU EFTDSJCF B GFX SFTVMUT QFSUBJOJOH UP UIF 1�%
EJ୭GVTJPO FRVBUJPO UIBU BSF FTTFOUJBM UP PVS SFGPSNVMBUJPOPG UIF QSPCMFN� 5IF6OJ୮ୢFE5SBOT�
GPSN .FUIPE
 BMUFSOBUJWFMZ LOPXO BT UIF 'PLBT USBOTGPSN NFUIPE
 JT FNQMPZFE JO EFSJWJOH
UIF SFTVMUT JO UIJT TFDUJPO� 5IFTF SFTVMUT BSF OPU OFX� 0VS JOUFOU JT UP JOUSPEVDF OPUBUJPO BT
XFMM BT UIF UFDIOJRVFT UIBUXJMM CF SFMFWBOU JO UIF GPMMPXJOH TFDUJPOT� 'VSUIFS EFUBJMT SFHBSEJOH
UIF 6OJ୮ୢFE 5SBOTGPSN .FUIPE DBO CF GPVOE JO 'PLBT <��>� 'PS B CSJFG JOUSPEVDUJPO UP UIF
NFUIPE TFF %FDPOJODL FU BM� <��>�

$POTJEFS UIF ��% EJ୭GVTJPO FRVBUJPO PO B IBMG�MJOF PG �TQBDFؠQTFVEP؟ x XJUI B %JSJDIMFU
CPVOEBSZ DPOEJUJPO HJWFO CZ go(t) BU x = 0 BOE MFU q(x, t) CF UIF WBSJBCMF UIBU HFUT EJ୭GVTFE�
/PUF UIBU x JT B ୮ୢDUJUJPVT TQBDF
 OPU UP CF DPOGVTFE XJUI UIF QIZTJDBM TQBDF SFQSFTFOUFE CZ
y
 TP XF DBMM x B QTFVEP�TQBDF� *U JT VTFE POMZ UP FTUBCMJTI UIF SFMBUJPOTIJQ CFUXFFO UIF #BT�
TFU IJTUPSZ JOUFHSBM BOE UIF /FVNBOO CPVOEBSZ DPOEJUJPO GPS UIF EJ୭GVTJPO FRVBUJPO� 5IJT

���



QSPCMFN DBO CF GPSNVMBUFE JO B UJNF�JOUFSWBM (0, T ] BT

qt = qxx, x > 0, t ∈ (0, T ],

q(x, 0) ≡ qo(x) = 0, x > 0, 	���

q(0, t) = go(t), t ∈ [0, T ].

4VCTDSJQUT IFSF EFOPUF QBSUJBM EFSJWBUJWFT BOE UIF FWPMVUJPO PG UIF WBSJBCMF q(x, t) UBLFT QMBDF
JO UIF x − t QMBOF JO UIF EPNBJO D TIPXO TDIFNBUJDBMMZ JO ୮ୢHVSF ���(a)� "T JT UZQJDBM GPS
QSPCMFNT QPTFE PO B TFNJ�JO୮ୢOJUF EPNBJO
 XF BTTVNF UIF ୮ୢFME q(x, t) WBOJTIFT BT x → ∞
VOJGPSNMZ GPS BMM t� 5IPVHI UIJT QSPCMFNNBZCF TPMWFEVTJOH DMBTTJDBM UFDIOJRVFT
 XF FNQMPZ
UIF 6OJ୮ୢFE 5SBOTGPSN .FUIPE GPS SFBTPOT UIBU XJMM CFDPNF FWJEFOU JO TVCTFRVFOU TFDUJPOT�

8F CFHJO CZ SFXSJUJOH UIF EJ୭GVTJPO FRVBUJPO JO JUT EJWFSHFODF GPSN VTJOH UIF MPDBM؟ SFMB�
UJPOؠ <��
 ��
 ��>

(F−ikx+ω(k)tq)t − (F−ikx+ω(k)t(qx + ikq))x = 0, k ∈ C, 	���


XIJDI JT WBMJE JO BOZ TNBMM QPSUJPO PG D XIFSF ω(k) = k2� 5IF MPDBM SFMBUJPO JT TJNQMZ UIF
EJ୭GVTJPO FRVBUJPO NVMUJQMJFE CZ F−ikx+ω(k)t
 BT POF DBO TFF CZ BQQMZJOH UIF QSPEVDU SVMF PG
EJ୭GFSFOUJBUJPO UP 	���
�

����� 5঑঎ ঐকঘঋঊক ছ঎কঊঝ঒ঘগ ঊগ঍ জঘখ঎ গঘঝঊঝ঒ঘগ

/FYU XF JOUFHSBUF FRVBUJPO 	���

 PWFS UIF FOUJSFUZ PG D BOE FNQMPZ UIF EJWFSHFODF UIFPSFN
UP PCUBJO B HMPCBM؟ SFMBUJPOؠ


$

D

[(F−ikx+ω(k)tq)t − (F−ikx+ω(k)t(qx + ikq))x]Ex Et =0,

	���


⇒
∫

ED
[F−ikx+ω(k)tq Ex+ F−ikx+ω(k)t(qx + ikq) Et] = 0,

	���


⇒
∫ ∞

0
F−ikxqo(x)Ex−

∫ ∞

0
F−ikx+ω(k)Tq(x, T )Ex−

∫ T

0
Fω(k)t(qx(0, t) + ikgo(t))Et = 0.

	���


���



5IF UFSNT BU UIF CPVOEBSZ PG D BU JO୮ୢOJUZ WBOJTI TJODF q(x, t) → 0 BT x → ∞� -FU VT EF୮ୢOF
UIF 'PVSJFS USBOTGPSN JO QTFVEP�TQBDF BT

q̂o(k) =

∫ ∞

0
F−ikxqo(x) Ex, 	���


q̂(k, T ) =

∫ ∞

0
F−ikxq(x, T ) Ex, 	����


BOE UIF UJNF�USBOTGPSN PG UIF CPVOEBSZ UFSNT BT

g̃o(ω, T ) =

∫ T

0
Fω(k)tgo(t) Et, 	����


g̃1(ω, T ) =

∫ T

0
Fω(k)tqx(0, t) Et. 	����


'VSUIFS XF EF୮ୢOFD+ BT

D+ = {k ∈ C : ℜ(ω(k)) < 0 ,ℑ(k) > 0},

BOED− BT
D+ = {k ∈ C : ℜ(ω(k)) < 0 ,ℑ(k) < 0},

BT TIPXO JO ୮ୢHVSF ���(b)� /PUF Fω(k)t JT BOBMZUJD
 CPVOEFE BOE EFDBZJOH GPS MBSHF k JO UIFTF
EPNBJOT
 B QSPQFSUZ XF TIBMM VTF SFQFBUFEMZ� 'JOBMMZ XF BSSJWF BU UIF HMPCBM SFMBUJPO HJWFO CZ

q̂o(k)− Fω(k)T q̂(k, T )− g̃1 − ikg̃o = 0, k ∈ C−. 	����


4JODF UIF JOJUJBM DPOEJUJPO JT [FSP FWFSZXIFSF PO UIF SFBM MJOF
 XF IBWF

Fω(k)T q̂(k, T ) + g̃1 + ikg̃o = 0, k ∈ C−. 	����


����� %঒ছ঒ঌ঑ক঎ঝ ঝঘ /঎ঞখঊগগ খঊঙ

&RVBUJPO 	���
 EFTDSJCFT UIF %JSJDIMFU CPVOEBSZ WBMVF QSPCMFN GPS UIF EJ୭GVTJPO FRVBUJPO�
8F OPX DPNQVUF UIF BTTPDJBUFE /FVNBOO DPOEJUJPO
 J�F�
 XF BTL XIBU /FVNBOO CPVOEBSZ
DPOEJUJPO XPVME HJWF UIF TBNF TPMVUJPO BT UIJT %JSJDIMFU DPOEJUJPO JO UIF FOUJSF EPNBJO� 5P
EP TP XF NVMUJQMZ FRVBUJPO 	����
 CZ ikF−ω(k)t GPS 0 < t < T BOE JOUFHSBUF PWFS UIF DPOUPVS

���



∂D−
 UIF CPVOEBSZ PGD− TIPXO JO ୮ୢHVSF ���(b)�
∫

∂D−

[
ik

∫ T

0
Fω(s−t)qx(0, s) Es− k2

∫ T

0
Fω(s−t)q(0, s) Es+ ikFω(k)(T−t)q(k, T )

]
Ek = 0.

	����


"G୴FS UIF NBOJQVMBUJPOT EFUBJMFE JO "QQFOEJY �����
 XF PCUBJO

−πqx(0, t)−
√
π

t
q(0, 0)−

∫ ∞

−∞

∫ t

0
F−k2(t−s)q̇(0, s) Es Ek = 0. 	����


4FUUJOH k2(t − s) = m2
 XIFSF m JT SFBM BOE FWBMVBUJOH UIF SFTVMUJOH (BVTTJBO JOUFHSBM
 XF
PCUBJO UIF %JSJDIMFU�/FVNBOO NBQ BT

qx(0, t) =−
√

1

πt
q(0, 0)− 1√

π

∫ t

0

q̇(0, s)√
t− s

Es. 	����


5IF JOUFHSBM UFSN BCPWF JT UIF EF୮ୢOJUJPO PG UIF 3JFNBOO�-JPVWJMMF IBMG�EFSJWBUJWF� 5IJT
FYQSFTTJPO SFMBUJOH UIF /FVNBOO DPOEJUJPO GPS UIF EJ୭GVTJPO FRVBUJPO BOE UIF 3JFNBOO�
-JPVWJMMF IBMG�EFSJWBUJWF GPSNT UIF CBTJT PG PVS SFGPSNVMBUJPO PG UIF .3 FRVBUJPOT� .PSF
HFOFSBM DPOOFDUJPOT CFUXFFO CPVOEBSZ�WBMVF QSPCMFNT UP QBSUJBM EJ୭GFSFOUJBM FRVBUJPOT BOE
GSBDUJPOBM EFSJWBUJWFT BSF FYQMPSFE JO 7BTBO FU BM� <���>� 'PS UIF TBLF PG DPNQMFUFOFTT
 XF QSP�
WJEF UIF EFUBJMT PG UIF /FVNBOO UP %JSJDIMFU NBQ EFSJWBUJPO JO BQQFOEJY� ������

��� 3঎ঌঊজঝ঒গঐ ঝ঑঎ .3 ঎હঞঊঝ঒ঘগ

8FNBZ OPX VTF FRVBUJPO 	����
 UP SFXSJUF UIF.BYFZ�3JMFZ FRVBUJPO 	���
 JO JUT FOUJSFUZ JO B
SFGFSFODF GSBNF NPWJOH XJUI UIF QBSUJDMF BT

ẏ = q(0, t) + u, 	����

qt(0, t) + αq(0, t)− γqx(0, t) = f(q(0, t),y, t), 	����


α =
1

RS
, γ =

1

R

√
3

S
, f(q(0, t),y(t), t) =

(
1

R
− 1

)%u

%t
− q(0, t) ·∇u, 	����


���



Figure5.3: Region ink ∈ C+where thepolesk± fromequation (5.32) are located for Stokes numberS in the
range0.01−1anddensity ratios corresponding toR in the range1/3−5. As theStokesnumber increases the
poles approach the real-line shownusing arrows and similarly aswe increase density ratio. Note thatwithout
Basset history the poles wouldmerely lie symmetrically on the kr line.

XIFSF q(0, t) = v(t) − u(y(t), t) JT UIF SFMBUJWF WFMPDJUZ PG UIF QBSUJDMF� *O UIJT DIPJDF PG
SFGFSFODF GSBNF
 XJUI UIF IJTUPSZ UFSN PO UIF MFG୴�IBOE TJEF JO 	����

 XF BSF MFG୴ XJUI B GPSDJOH
GVODUJPO f XIJDI JT MPDBM JO UJNF
 XIFSFBT JO UIF PSJHJOBM GPSN 	���
 GPSDJOH BQQFBSFE JO B
OPO�MPDBM NBOOFS� "T q(0, t) BOE qx(0, t) SFQSFTFOU UIF %JSJDIMFU BOE /FVNBOO DPOEJUJPO
PG B ୮ୢFME TBUJTGZJOH UIF EJ୭GVTJPO FRVBUJPO
 XF BSF OBUVSBMMZ MFE UP DPOTJEFS UIF GPMMPXJOH
CPVOEBSZ�WBMVF QSPCMFN

qt = qxx, x > 0, t ∈ (0, T ], 	����

q(x, 0) = 0, x > 0, 	����


qt(0, t) + αq(0, t)− γqx(0, t) = f(q(0, t),y, t), t ∈ [0, T ], 	����

ẏ(t) = q(0, t) + u(y(t)), t ∈ [0, T ], 	����


lim
t→0

q(0, t) = vo, 	����


y(0) = yo. 	����


5IF.3 FRVBUJPO 	���
 UIVTNBOJGFTUT JUTFMG BT B OPO�MJOFBSNPEJ୮ୢFE 3PCJO CPVOEBSZ DPOEJ�
UJPO
 PO UIF UJNF BYJT PG ୮ୢHVSF ���(a)
 UP UIFEJ୭GVTJPO FRVBUJPO� 5IF HFOFSBM UJNF�USBOTMBUJPOBM
QSPQFSUJFT PG .3 FRVBUJPOT BOE UIFJS JOUFSFTUJOH SFMBUJPO UP UIF JOJUJBM DPOEJUJPO q(x, 0) PG

���



UIF IFBU FRVBUJPO JO BQQFOEJY� ������ 5IJT XF XJMM TFF GPSNT UIF CBTJT GPS PVS OVNFSJDBM
TDIFNF EJTDVTTFE JO TVCTFDUJPO� ������ 8F EP OPU ZFU LOPX q(0, t) PO UIJT BYJT
 J�F�
 UIF QBSUJ�
DMF WFMPDJUZ JO UIF SFMBUJWF GSBNF PG SFGFSFODF
 GPS XIJDI XF EFSJWF BO FYQSFTTJPO JO UIF OFYU
TVC�TFDUJPO� 'SPN IFSF PO XF XPSL XJUI UIJT GPSN PG UIF .3 FRVBUJPO BOE UIF HMPCBM SF�
MBUJPO 	����
 GPS UIF EJ୭GVTJPO FRVBUJPO� )JHIFS PSEFS DPSSFDUJPOT JO QBSUJDMF TJ[F
 UIF 'BY©O
DPSSFDUJPO
 FUD� DBO BMTP CF BDDPNNPEBUFE JO UIF GPSDJOH FYQSFTTJPO
 f(q(0, t),y, t)� )FSF u
JT B LOPXO WFMPDJUZ ୮ୢFME� *O UIF HFOFSBM DBTF
 POF XPVME DPVQMF UIF.3 FRVBUJPOXJUI B ୯୳VJE
NPEFM 	TVDI BT UIF /BWJFS�4UPLFT FRVBUJPO
 UP TJNVMUBOFPVTMZ SFTPMWF QBSUJDMF MPDBUJPOT BOE
୯୳VJE WFMPDJUJFT� "O FYBNQMF PG UIJT LJOE
 JO UIF GPSN PG QBSUJDMFT BSPVOE B QPJOU WPSUFY
 JT
TUVEJFE JO B MBUFS TFDUJPO�

����� 4ঘকঞঝ঒ঘগ এঘছ ঝ঒খ঎�঍঎ঙ঎গ঍঎গঝ এঘছঌ঒গঐ

5IF GPSN PG UIF .3 FRVBUJPO 	���������

 TVHHFTUT UIF GPSDJOH GVODUJPO JT CPUI TQBDF BOE
UJNF�EFQFOEFOU� )PXFWFS JU JT JOTUSVDUJWF BOE VTFGVM UP ୮ୢSTU TUVEZ B DBTF XIFO UIF GPSDJOH JT
B GVODUJPO PG UJNF BMPOF
 J�F�
 f(t)� 5IF JEFBT QSFTFOUFE IFSF XJMM MBUFS CF FYUFOEFE UP NPSF
DPNQMJDBUFE TDFOBSJPT JO MBUFS TFDUJPOT�

6TJOH UIF EF୮ୢOJUJPOT 	���������

 XF UBLF UIF UJNF�USBOTGPSN PG UIF CPVOEBSZ DPOEJUJPO
	����
 BOE BG୴FS JOUFHSBUJOH CZ QBSUT XF HFU

(Fω(k)Tq(0, T )− vo) + (α− k2)g̃o − γg̃1 = f̃ . 	����


)FSF f̃ JT UIF UJNF�USBOTGPSN PG UIF GVODUJPO f � 6TJOH UIF HMPCBM SFMBUJPO 	����
 XF FMJNJOBUF
g̃1 GSPN UIF BCPWF FYQSFTTJPO BOE NVMUJQMZ UIF SFTVMUJOH FRVBMJUZ CZ ikF−ω(k)t GPS 0 < t < T

BOE ୮ୢOBMMZ JOUFHSBUF PWFS ∂D−� 5IJT MFBET UP

∫

∂D−
ikg̃o(ω, T )F−ω(k)t Ek =

∫

∂D−
ikF−ω(k)t

[
f̃ − FωTq(0, T ) + vo − γFωT q̂(k, T )

(α− k2 + ikγ)

]
Ek,

	����

∫

∂D−
ikF−k2t

∫ T

0
Fk2sq(0, s) Es Ek =

∫

∂D−

ikF−k2t
(
f̃(k, T ) + vo

)

(α− k2 + ikγ)
Ek 	����


−
∫

∂D−
ik

Fk2(T−t)
(
q(0, T ) + γq̂(k, T )

)

(α− k2 + ikγ)
Ek,

XIFSF 	JO UIF TFDPOE MJOF
 XF IBWF VTFE UIF EF୮ୢOJUJPO PG g̃0 BOE UIF GBDU UIBU ω(k) = k2� 8F

���



TVCTUJUVUF k2 = il JO UIF MFG୴�IBOE�TJEF UFSN BCPWF
 XIJDI EFTDSJCFT UIF CPVOEBSZ ∂D−
 TFF
୮ୢHVSF ���(b)
 UP BSSJWF BU

−1

2

∫ ∞

−∞
F−il(t−s)

∫ T

0
q(0, s) El Es =

∫

∂D−

ikF−k2t
(
f̃(k, T ) + vo

)

(α− k2 + ikγ)
Ek 	����


−
∫

∂D−
ik

Fk2(T−t)
(
q(0, T ) + γq̂(k, T )

)

(α− k2 + ikγ)
Ek,

−πq(0, t) =
∫

∂D−

∫ t

0

ikF−k2(t−s)f(s)

(α− k2 + ikγ)
Ek Es+

∫

∂D−

voikF−k2t

(α− k2 + ikγ)
Ek

+

∫

∂D−

∫ T

t

ikFk2(s−t)f(s)

(α− k2 + ikγ)
Ek Es

−
∫

∂D−
ik

Fk2(T−t)
(
q(0, T ) + γq̂(k, T )

)

(α− k2 + ikγ)
Ek, 	����


XIFSF XF IBWF VTFE UIF TUBOEBSE 'PVSJFS JOWFSTJPO GPSNVMB PO UIF MFG୴�IBOE TJEF� 5IFSF BSF
UXP QPMFT EVF UP UIF RVBESBUJD JO UIF EFOPNJOBUPS PG BCPWF FRVBUJPO XIJDI BSF MPDBUFE BU

k± =
1

2
(iγ ±

√
4α− γ2). 	����


4JODFCPUIγ BOEα BSF QPTJUJWF QBSBNFUFST
 UIFQPMFTk± BMXBZT MJF JOC+ BOE SFBDI UIF SFBM MJOF
GPS γ = 0
 J�F�
 XIFO #BTTFU IJTUPSZ JT BCTFOU 	TFF ୮ୢHVSF ���
� "O BQQFBM UP +PSEBOؠT MFNNB <�

QBHF ���> TIPXT UIBU UIF UIJSE BOE GPVSUI UFSN 	UIPTF JOWPMWJOH GVODUJPO FWBMVBUJPOT BU T 

JO FRVBUJPO 	����
 EP OPU DPOUSJCVUF
 TJODF k2 JT OFHBUJWF JO D− BOE (t − s) > 0� *U JT OPU
TVSQSJTJOH UIBU UIFTF UXP UFSNT EP OPU DPOUSJCVUF BT UIJT POMZ FOTVSFT DBVTBMJUZ� UIF EZOBNJDT
PG UIF QBSUJDMF GPS BMM UJNFT t < T DBOOPU EFQFOE PO B RVBOUJUZ GSPN GVUVSF UJNFT � 6TJOH UIF
GBDU UIBU F−k2t JT EFDBZJOH JO UIF SFHJPO PVUTJEFD−
 XF DBOXSJUF UIF ୮ୢOBM TPMVUJPO FYQSFTTJPO
BT�

−πq(0, t) =
∫

∂D−

∫ t

0

ikF−k2(t−s)f(s)

(α− k2 + ikγ)
Es Ek −

∫ ∞

−∞

voikF−k2t

(α− k2 + ikγ)
Ek. 	����


/PUF UIBU UIF QBSUJDMF WFMPDJUZ JT OPXHJWFO CZ UIF BCPWF FYQSFTTJPO EJSFDUMZ 	BOE FYQMJDJUMZ
 JO
UFSNT PG UIF JOJUJBM DPOEJUJPO vo(= v(0)−u(0)) BOE UIF GPSDJOH f(t) JO UIF SFMBUJWF GSBNF PG
SFGFSFODF� 5IF RVBOUJUZ q(0, t) SFQSFTFOUT UIF%JSJDIMFU CPVOEBSZ DPOEJUJPO GPS UIFNPEJ୮ୢFE

���



3PCJO CPVOEBSZ WBMVF QSPCMFN GPS UIF EJ୭GVTJPO FRVBUJPO� 0ODF UIF SFMBUJWF WFMPDJUZ q(0, t)
JT BWBJMBCMF
 POF NBZ SFBEJMZ DPNQVUF QBSUJDMF USBKFDUPSJFT y(t) GSPN 	����
�

8JUIPVU UIF 6OJ୮ୢFE 5SBOTGPSN .FUIPE
 POF NBZ OPU IBWF TVTQFDUFE TVDI B CPVOEBSZ
WBMVFQSPCMFN JT JOEFFE TPMWBCMF� 0G DPVSTF
 POF DPVME JOQSJODJQMF IBWF FNQMPZFE UIF-BQMBDF
USBOTGPSN UP PCUBJO UIF TPMVUJPO UIPVHI B DPVQMF PG JTTVFT BSJTF UIFO� *G POF XFSF UP VTF
-BQMBDF USBOTGPSN
 UIF JOWFSTF XPVME JOWPMWF CSBODI�DVUT JO UIF HFOFSBM DBTF
 XIJDI BSF EJG�
୮ୢDVMU UP FWBMVBUF
 BOE BT NFOUJPOFE BCPWF
 FYQMJDJU TPMVUJPOT BSF NPTU PG୴FO OPU QPTTJCMF�
)PXFWFS UIF 6OJ୮ୢFE 5SBOTGPSN .FUIPE QSPWJEFT UIF BQQSPQSJBUF SF�QBSBNFUFSJTBUJPO UP
BWPJE UIFTF DPNQMJDBUJPOT
 BOE UP GVSUIFS QSPWJEF BO FYQMJDJU FYQSFTTJPO JO t GPS UIF TPMVUJPO

HJWFO CZ FRVBUJPO 	����
� "T XF TIBMM TFF JO UIF GPMMPXJOH TFDUJPOT
 FTQFDJBMMZ XIFO DPOTJEFS�
JOH UIF OPOMJOFBS QSPCMFN f(q(0, t),y, t)
 UIF USVF CFOF୮ୢU PG BEPQUJOH UIF OFX GPSNVMBUJPO
JT UIF MPDBM OBUVSF PG UIF FYUFOEFE TZTUFN XIJDI JT QSFDJTFMZ EVF UP UIF DPOOFDUJPO CFUXFFO
UIF .3 FRVBUJPOT BOE UIF EJ୭GVTJPO FRVBUJPO�

��� &ডঙক঒ঌ঒ঝ জঘকঞঝ঒ঘগ এঘছ ঙঊছঝ঒ঌঞকঊছ একঘঠজ

*O TFWFSBM ୯୳VJE TDFOBSJPT
 UIFSF JT B DPOTJEFSBCMF TFQBSBUJPO CFUXFFO EJ୭GVTJWF BOE DPOWFDUJWF
UJNF�TDBMFT� 5XP TVDI FYBNQMFT BSF IJHIMJHIUFE CFMPX� *O TVDI TDFOBSJPT
 UIF #BTTFU IJTUPSZ
GPSDF IBT B OPO�OFHMJHJCMF F୭GFDU PO UIF SFTVMUBOU QBSUJDMF EZOBNJDT� $POTFRVFOUMZ
 XF QSFTFOU
TFWFSBM FYBNQMF ୯୳PXT XIJDI QFSNJU FYQMJDJU USFBUNFOU PG UIF #BTTFU IJTUPSZ UFSN BOE JUT JN�
QBDU PO UIF QBSUJDMF NPUJPO�

ا $MPVET� *O DMPVET UIF EJ୭GVTJPO UJNF�TDBMF
 τ GPS B ESPQMFU PG TJ[F a ∼ 10µN JT O	NT

XIJMF UIF FOFSHZ EJTTJQBUJPO SBUF PG ε ∼ 10m2/s3 MFBET UP B ,PMNPHPSPW FEEZ PG TJ[F
ηk ∼ 0.1NN� $BMDVMBUJOH UIF DPOWFDUJWF WFMPDJUZ TDBMF uk VTJOH UIF SFMBUJPO ukηk ∼ ν
XIFSF ν JT UIF LJOFNBUJD WJTDPTJUZ
 XF HFU uk ∼ 1DN�T� 'SPN UIJT XF HFU UIF DPOWFDUJWF
JOFSUJBM UJNF TDBMF τin ∼ ν/u2k = O	���T
� 8F IBWF B GBDUPS PG O(100) TIPXJOH UIBU
UIFSF JT B MPOH UJNF SFHJPO FWFO BU UIF MFOHUI TDBMF PG B,PMNPHSPW FEEZ BU XIJDI #BTTFU
IJTUPSZ JT FYQFDUFE UP QMBZ B SPMF�

ا 1MBOLUPOT� 1MBOLUPOT JO UIF PDFBO DPNF JO WBSJPVT TJ[FT BOE EJ୭GFSFOU EFOTJUZ SBUJPT�
5IF F୭GFDU PG UVSCVMFODF PO DMVTUFSJOH <��> JT QPPSMZ VOEFSTUPPE BOE XF CFMJFWF #BTTFU
IJTUPSZ
 HJWFO JUT OPO�USJWJBM EZOBNJDT
 NJHIU QMBZ B SPMF JO JUT TFUUMJOH� " QMBOLUPO PG
TJ[F a ∼ 100µN IBT B UFSNJOBM WFMPDJUZ PG Ut ∼ 0.1NN�T XIFO ∆ρ/ρ ∼ 0.1 	XIFSF
∆ρ JT UIF EJ୭GFSFODF CFUXFFO QBSUJDMF EFOTJUZ BOE ୯୳VJE EFOTJUZ BOE ρ CFJOH EFOTJUZ PG
XBUFS
� 5IF EJ୭GVTJWF UJNF TDBMF a2/ν ∼ 1T XIJMF UIF τin = ν/U2

t ∼ O	IST
� 5IJT

���
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Figure 5.4: Particle velocitywith (solid lines), andwithout (dashed lines) Basset history, alongwith the asymp-
totic solution (dotted lines) fromequation (5.36). Thecurves frombottomtotopcorrespondto threedifferent
density ratios respectively: light particles, withβ(= ϱp/ϱf ) = 0.01, neutrally buoyant particles withβ = 1,
and heavy particles with β = 5 at a fixed Stokes number of S = 1. The decay rate of particle velocity goes
as t−3/2 for long times when Basset history is accounted for, in contrast to the exponential decay when it is
neglected.

DMFBSMZ TIPXT UIBU TVDI B IVHF UJNF TDBMF TFQBSBUJPO NBLFT TUVEZJOH #BTTFU IJTUPSZ FG�
GFDUT XPSUIXIJMF� "MTP XF TVTQFDU UIBU UIF DMVTUFSJOH PG QMBOLUPO DPVME IBQQFO JO
TIPSU UJNF
 EZOBNJDT EPNJOBUFE CZ EJ୭GVTJWF F୭GFDUT�

(JWFO UIJTNPUJWBUJPO
 XF TUBSU MPPLJOH BU TJNQMF TDFOBSJPTXIFSF ୯୳VJE WFMPDJUZ JT POMZ UJNF
EFQFOEFOU BOE TQBDF JOEFQFOEFOU BT XF CVJME POUP DPNQMFY ୯୳PXT�

����� &ডঊখঙক঎ �� " ছ঎কঊড঒গঐ ঙঊছঝ঒ঌক঎

*O UIF BCTFODF PG B CBDLHSPVOE ୯୳PX 	OBNFMZ XIFO f = 0

 FYQSFTTJPO 	����
 GPS UIF SFMB�
UJWF WFMPDJUZ q(0, t)
 NBZ CF BOBMZTFE VTJOH 8BUTPOؠT MFNNB� 4JODF UIF SFBM�MJOF JO k IBQQFOT
UP CF UIF QBUI PG TUFFQFTU EFTDFOU
 -BQMBDFؠT NFUIPE QSPWJEFT UIF BTZNQUPUJD CFIBWJPVS GPS
GVODUJPOT PG UIF GPSN

K (ζ) :=

∫ b

a
Fg(ζ)tψ(ζ) Eζ BT t → ∞, t > 0, 	����


���



JO UFSNT PG UIF MPDBM NBYJNVN WBMVF PG GVODUJPO g(ζ) XIFO ζ ∈ [a, b]� 5IJT MFBET UP UIF
XFMM�LOPXO BTZNQUPUJD SFTVMU GPS JOUFHSBMT PG UIF BCPWF GPSN

K (ζ) :=

∫ ∞

−∞
F−ζ2tψ(ζ) Eζ ≈

√
π

t

∞∑

n=0

ψn(0)

22nn!
t−n, BT t → ∞. 	����


0O TFUUJOH f = 0XF TFF UIBU UIF EPNJOBOU DPOUSJCVUJPO PG UIF JOUFHSBM JO 	����
 DPNFT GSPN
k = 0� 5P MFBEJOH PSEFS XF IBWF

q(0, t) ≈ vo√
πt3/2

γ

2α2
+O(t−5/2), t ≫ 0. 	����


<��
 ��> BQQSPBDIFE UIJT QSPCMFN CZ VTJOH -BQMBDF USBOTGPSN� 5IFJS DPNQMFUF TPMVUJPO XBT
QSPWJEFE JO UFSNT PG DPOWPMVUJPOT BOE OPU EJSFDUMZ BT XF PCUBJO JO FRVBUJPO 	����
� 'PS MBSHF
UJNFT IPXFWFS
 <��> QSFTFOU UIF TBNF FRVBUJPO BT 	����
� 5IFJS TPMVUJPO GPS B SFMBYJOH QBS�
UJDMF JT UIF POMZ FBSMJFS DMPTFE GPSN TPMVUJPO UIBU XF LOPX PG
 XIJDI BDDPVOUT GPS UIF JOJUJBM
DPOEJUJPOT DPSSFDUMZ� 8F DPOUSBTU UIF DPNQMFUF TPMVUJPO 	����
 XJUI UIF POF PCUBJOFE VQPO
OFHMFDUJOH UIF #BTTFU IJTUPSZ JOUFHSBM JO UIF PSJHJOBM .3 FRVBUJPO� 5IJT JT FRVJWBMFOU UP OF�
HMFDUJOH UIF/FVNBOO UFSNqx(0, t) JO FRVBUJPO 	����
 BOE SFQFBUJOH UIF DBMDVMBUJPOPGq(0, t)�
"MUFSOBUJWFMZ XF KVTU TFU γ = 0 JO 	����
 UP PCUBJO

πq(0, t) =

∫ ∞

−∞

voikF−k2t

(k2 − α)
Ek. 	����


5IF OPO�[FSP DPOUSJCVUJPO UP UIF JOUFHSBOE DPNFT POMZ GSPN UIF QPMFT BT UIF JOUFHSBOE JT
PEE MFBEJOH UP

q(0, t) = voF−αt, 	����


BOE JT QSFDJTFMZ UIF FYQSFTTJPO POF HFUT CZ TPMWJOH UIF.BYFZ�3JMFZ FRVBUJPO EJSFDUMZ XJUIPVU
UIF IJTUPSZ UFSN 	BOE f = 0
�

*O ୮ୢHVSF ��� XF QMPU UIF WFMPDJUZ PCUBJOFE CPUI CZ JODMVEJOH UIF IJTUPSZ JOUFHSBM BOE FY�
DMVEJOH JU GPS UISFF DBTFT� OFVUSBMMZ CVPZBOU 	β = 1

 MJHIU 	β = 0.01
 BOE IFBWZ QBSUJDMF
	β = 5
� 5XP JNQPSUBOU GFBUVSFT BSF FWJEFOU� 'JSTU
 UIF TPMVUJPO XJUI #BTTFU IJTUPSZ TFUUMFT
OPU FYQPOFOUJBMMZ CVU BT B QPXFS�MBX 	JO UIJT DBTF B WFSZ TMPX t−3/2
� 4FDPOEMZ
 UIFSF FYJTUT B
DSPTT�PWFS UJNF QSJPS UPXIJDI
 B QBSUJDMF FWPMWJOH VOEFS UIF JO୯୳VFODF PG UIF #BTTFU IJTUPSZ JO�

���



UFHSBM BOE 4UPLFT ESBH
 SFMBYFT GBTUFS UIBO UIF QBSUJDMF FWPMWJOH POMZ VOEFS 4UPLFT ESBH� )PX�
FWFS
 BG୴FS UIF DSPTT�PWFS UJNF UIF QBSUJDMF UIBU FWPMWFT POMZ VOEFS 4UPLFT ESBH SFMBYFT GBTUFS�
5IJT DPOUSBEJDUT UIF QPQVMBS OPUJPO UIBU #BTTFU IJTUPSZ BDUT BT BO F୭GFDUJWF ESBH� 5IVT GBS
 GPS
UIJT FYBNQMF
 XF IBWF DPOTJEFSFE UIF F୭GFDU PG WBSZJOH EFOTJUZ SBUJPT PO UIF QBSUJDMF SFMBYBUJPO
UJNF� /PUF
 WBSZJOH UIF 4UPLFT OVNCFS EPFT OPU MFBE UP TVCTUBOUJBMMZ EJ୭GFSFOU WFMPDJUZ QSP�
୮ୢMFT TJODF UIF 4UPLFT OVNCFS NBZ CF TDBMFE PVU PG UIF TPMVUJPO CZ SFQMBDJOH k → k̃/

√
S BOE

t → t̃S� 1BSUJDMF WFMPDJUJFT GPS 4UPLFT OVNCFS S ̸= 1NBZ CF PCUBJOFE GSPN UIPTF EFQJDUFE JO
୮ୢHVSF ��� CZ TVJUBCMZ TDBMJOH UJNF�

����� &ডঊখঙক঎ �� 4঎঍঒খ঎গঝ঒গঐ ঙঊছঝ঒ঌক঎জ

5IF EZOBNJDT PG QBSUJDMFT TFUUMJOH VOEFS HSBWJUZ JT SFMFWBOU JO JOEVTUSJBM BQQMJDBUJPOT
 GPS
BFSPTPM QBSUJDMFT BOE ESPQMFUT JO UIF &BSUIؠT BUNPTQIFSF
 BOE GPS DBSCPO TFRVFTUSBUJPO CZNB�
SJOF TOPX JO UIF PDFBOT� *O UIJT TFDUJPO B UXP�EJNFOTJPOBM ୯୳PX JT DPOTJEFSFE
 XJUI B TVQFS�
TDSJQU (·)(2) JOEJDBUJOH UIF WFSUJDBM DPNQPOFOU PG UIF SFMFWBOU WFDUPS
 XIJMF (·)(1) JOEJDBUFT UIF
IPSJ[POUBM DPNQPOFOU� 8IFO UIF QBSUJDMF JT BDUFE VQPO CZ B CPEZ GPSDF TVDI BT HSBWJUZ
 UIF
WFSUJDBM DPNQPOFOU PG GPSDJOH GVODUJPO f 
 f (2)(t)
 JT B DPOTUBOU PG NBHOJUVEF σ� 5IJT BMMPXT
VT UP FWBMVBUF UIF UJNF�USBOTGPSN FYQMJDJUMZ BT

f̃ (2)(ω, T ) =

∫ T

0
σFωs Es = σ(FωT − 1)

ω
.

5IF TFUUMJOH WFMPDJUZ PG UIF QBSUJDMF JT

πq(2)(0, t) =

∫ ∞

−∞

ikF−k2tv(2)o

(α− k2 + ikγ)
Ek +

∫ ∞

−∞

σγ(1− F−k2t)

((α− k2)2 + k2γ2)
Ek. 	����


" TPMVUJPO GPS UIJT QSPCMFN JT QSPWJEFE JO <��>� )PXFWFS
 UIFJS TPMVUJPO OFDFTTJUBUFT B [FSP
JOJUJBM�WFMPDJUZ DPOEJUJPO GPS UIF QBSUJDMF� .PSFPWFS UIFJS TPMVUJPO JT JO UFSNT PG TVNT PG FS�
SPS GVODUJPOT
 BOE TP UIF BTZNQUPUJD GPSN GPS MBSHF UJNF JT EJ୭୮ୢDVMU UP HMFBO EJSFDUMZ� 8F
FWBMVBUF UIF GVMM TPMVUJPO 	����

 XJUIPVU UIF [FSP JOJUJBM�WFMPDJUZ SFRVJSFNFOU
 GPS UIF TBNF
QBSUJDMF EFOTJUZ SBUJPT BT JO UIF QSFWJPVT FYBNQMF 	CVU ୮ୢYFE 4UPLFT OVNCFS S = 0.01

 DPS�
SFTQPOEJOH UP OFVUSBMMZ CVPZBOU
 MJHIU BOE IFBWZ QBSUJDMFT� β = 1, 0.01 BOE 5
 SFTQFDUJWFMZ

TFF ୮ୢHVSF ���(a, b)� 8F BMTP PCUBJO UIF MFBEJOH PSEFS BTZNQUPUJD CFIBWJPVS GPS UIF QBSUJDMF

���



Figure 5.5: (a)Particle velocity relative to fluid, q(2)(0, t) along y(2)-direction and (b) particle trajectory as a
function of time for three density ratios, β = 0.01, 1, 5 corresponding to light, neutrally buoyant and heavy
particlewhen acted upon by gravity forS = 0.01,σ = −1 in equation (5.39). The asymptotic expression for
velocity in (5.41) is plotted as dotted line in (a) and the dashed line in (b) is the trajectory of particle without
accounting for Basset history. Time taken by particles to reach y(2) = 0when accounted for Basset history
for these density ratios is t = 1.1, 1.15, 1.2 andwithout Basset history it takes t = 1, 1.01, 1.04.

WFMPDJUZ

q(2)(0, t) ≈ c(α, γ) +
σγ

α2(πt)1/2
+O(t−3/2), t ≫ 0, 	����


c(α, γ) =

∫ ∞

−∞

σγ

((α− k2)2 + k2γ2)
Ek =

πσ

α
, 	����


XIFSF c(α, γ) JT UIF WFMPDJUZ PG UIF TFEJNFOUJOH QBSUJDMF BU MPOH UJNFT�
/PUF UIBU UIF UFSNJOBM WFMPDJUZ c(α, γ) JT JO GBDU UIF TBNF RVBOUJUZ BT UIBU PCUBJOFE GPS B

QBSUJDMF JO UIF BCTFODF PG UIF #BTTFU IJTUPSZ GPSDF BOENPSF JNQPSUBOUMZ
 UIJT UFSNJOBM WFMPDJUZ
JT JOEFQFOEFOU PG γ� 5IF FYQSFTTJPO σπ/α JT UIF DPOTUBOU WFMPDJUZ PCUBJOFE GSPN B CBMBODF PG
HSBWJUBUJPOBM GPSDFT BOE TUFBEZESBH JO PVSOPUBUJPO� 5IF FWBMVBUJPOPG UIF JOUFHSBM FYQSFTTJPO
GPS c(α, γ) JT WJB BO BQQFBM UP UIF SFTJEVF UIFPSFN
 BMCFJU GPS UISFF EJ୭GFSFOU DBTFT� γ2/α < 4

γ2/α = 4 BOE γ2/α > 4� *O BMM UISFF DBTFT
 UIF JOUFHSBM IBT UIF TBNF WBMVF�

8F PCTFSWF UIBU B TFEJNFOUJOH QBSUJDMF BUUBJOT JUT UFSNJOBM WFMPDJUZ BU B SBUF PG t−1/2
 XIJDI
JT GBS TMPXFS UIBO UIF FYQPOFOUJBM USFOE BT QSFEJDUFEXJUIPVU#BTTFU IJTUPSZ� *U JTXPSUIOPUJOH
UIBU B TFEJNFOUJOH QBSUJDMFؠT SFMBYBUJPO JT FWFO TMPXFS UIBO UIF t−3/2 USFOE PCTFSWFE GPS UIF
GPSDF�GSFF SFMBYBUJPO 	����
� "OPUIFS JOUFSFTUJOH GFBUVSF PG UIJT EZOBNJDT
 XIJDI XPVME CF
NJTTFE PO OFHMFDUJOH UIF #BTTFU IJTUPSZ JOUFHSBM
 JT UIBU UIF MPOH UJNF USBKFDUPSZ PG UIF QBSUJDMF
JT HJWFO CZ y(2) ∼ −1/(y(1) − ξ) 	ξ CFJOH UIF ୮ୢOBM IPSJ[POUBM DPPSEJOBUF
� 5IJT CFIBWJPVS JT
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Figure5.6: (a)Velocity as a functionof time, of aparticle growing in size as it sediments throughauniformdis-
tribution of smaller particles and coalesces with those it collides with. (b) Size of this particle, a as a function

of time in terms of its relaxation time scale τp(∼ a2)with initial τp = 0.01s, v(2)o = 0.01, ν = 10−5m2/s
and β = 10 in an environment with solid fractionϕ = 0.002. Solid lines correspond to dynamics accounting
for history effects while dashed to particles relaxation with Stokes drag alone.

BOPNBMPVT JO UIF TFOTF UIBU JU JT OFJUIFS QSPKFDUJMF OPS CBMMJTUJD�
5IF QSFWJPVT SFNBSLT TVHHFTU UIBU #BTTFU IJTUPSZ DPVME QMBZ B TJHOJ୮ୢDBOU SPMF JO DPNQMFY

୯୳PXT� 'PS FYBNQMF
 TFEJNFOUBUJPO SBUFT PG JOEJWJEVBM QBSUJDMFTXJMM EFUFSNJOFIPXGSFRVFOUMZ
QBSUJDMFT DPMMJEF XJUI POF BOPUIFS BOE DPBMFTDF BT UIFZ TJOL� 5IJT RVFTUJPO JT PG JNQPSUBODF
UP FTUJNBUJOH DBSCPO TFRVFTUSBUJPO CZ QMBOLUPO JO UIF PDFBO
 SBJOESPQ HSPXUI
 BOE GPS QVM�
WFSJTFE DPBM JO UIFSNBM QPXFS QMBOUT� 5P UIJT FOE
 XF NBLF IFSF B TJNQMF FTUJNBUF GPS IPX B
QBSUJDMF HSPXT JO TJ[F BT JU TFEJNFOUT UISPVHI B TFB PG TNBMMFS QBSUJDMFT�

*U JT TJNQMFS JO UIJT DBTF UP XPSL XJUI UIF EJNFOTJPOBM FRVBUJPO
 PCUBJOFE CZ SFQMBDJOH
σ → (β− 1)g/R, S → τp
 XIFSF g JT HSBWJUZ BOE τp = a2/ν JT UIF QBSUJDMF UJNF TDBMF
 TP 	����

SFBET BT

πq(2)(0, t) =

∫ ∞

−∞

ikF−k2tv(2)o

( 1
Rτp

− k2 + ik
R
√
τp
)
Ek −

∫ ∞

−∞

(β−1)g
R2√τp

(1− Fk2t)

(( 1
Rτp

− k2)2 + k2

R2τp
)
Ek. 	����


/PX k IBT UIF EJNFOTJPOT PG t−1/2 BOE v(2)o , q(2)(0, t) BSF EJNFOTJPOBM WFMPDJUJFT� 8F GPMMPX
POF MBSHF QBSUJDMF PG HSPXJOH SBEJVT a BT JU TFEJNFOUT UISPVHI B RVJFTDFOU ୯୳VJEXJUI B VOJGPSN
EJTUSJCVUJPO PG JEFOUJDBM TNBMM QBSUJDMFT PG SBEJVT (as < a) PDDVQZJOH B TPMJE GSBDUJPO ϕ� 5IF
MBSHFS QBSUJDMF GBMMT GBTUFS UIBO UIF TNBMMFS POFT
 BOE JO B TIPSU UJNF ∆t
 JU DPMMJEFT XJUI BMM
TNBMM QBSUJDMFT XIPTF DFOUSFT MJF XJUIJO B DZMJOEFS PG SBEJVT (a + as) BOE IFJHIU q(2)(0, t)∆t�
"TTVNJOH UIBU BMM TNBMM QBSUJDMFT JU DPMMJEFT XJUI XJMM DPBMFTDF XJUI UIF CJHHFS QBSUJDMF BOE UIBU

���



a ≫ as
 JUT WPMVNF JODSFBTFT CZ ϕπa2q(2)(0, t)∆t� 5IVT XF HFU BO FWPMVUJPO GPS UIF QBSUJDMF
UJNF�TDBMF BT

τ (n)p =

(
τ3/2p +

3

4
ϕτp

q(2)(0, t)∆t√
ν

)2/3

, 	����


XIJDI NPEJ୮ୢFT α, γ JO FRVBUJPO 	����
� "G୴FS FBDI UJNF JOUFSWBM∆t XF SFJOJUJBMJTF UIF TZTUFN
XJUI B OFX JOJUJBM DPOEJUJPO v(2)o CFJOH UIF WFMPDJUZ GSPN UIF QSFWJPVT UJNF JOTUBOU BOE B OFX
SFMBYBUJPO UJNF τ (n)p � 'PS B ESPQMFU PG ν ∼ 10−5m2/s, a ∼ 0.3mm,β = 10 XF HFU τp ∼
10−2s� *O ୮ୢHVSF ���(a)XF QMPU UIF EZOBNJDT PG TVDI B QBSUJDMF BOE JO ୮ୢHVSF ���(b) UIF QBSUJDMF
TJ[F JT SFQSFTFOUFE JO UFSNT PG JUT UJNF TDBMF τp BT B GVODUJPO PG UJNF GPS UXP TDFOBSJPT� (i)

BDDPVOUJOH GPS IJTUPSZ F୭GFDUT 	TPMJE MJOFT
 BOE (ii) POMZ 4UPLFT ESBH 	EBTIFE MJOFT
� 8F TFF
UIBU CZ OFHMFDUJOH UIF IJTUPSZ GPSDF XF XJMM HSPTTMZ PWFSFTUJNBUF QBSUJDMF TJ[F BU B HJWFO UJNF�

8F IBWF DPOTJEFSFE POMZ WFSUJDBM USBKFDUPSJFT JO UIJT FYBNQMF� )PXFWFS JO HSBWJUBUJPOBM
TFUUJOH JO UVSCVMFOU QBSUJDVMBUF ୯୳PXT UIF BOPNBMPVT USBKFDUPSZ DPVME JOUSPEVDF OPO�USJWJBM
DIBOHFT JO UIF EZOBNJDT
 XIJDI XJMM CF B UPQJD GPS GVUVSF TUVEZ�

����� &ডঊখঙক঎ �� 1ঊছঝ঒ঌক঎ ঒গ ঊগ ঘজঌ঒ককঊঝঘছঢ ঋঊঌঔঐছঘঞগ঍

8FOPXDPOTJEFS UIF CFIBWJPVS PG B TJOHMF QBSUJDMFXJUI B CBDLHSPVOE ୯୳PX UIBU PTDJMMBUFTXJUI
B TJOHMF GSFRVFODZ� 5IF GPSDJOH GVODUJPO JT f (2)(s) = sin(λs) BOE UIF ୮ୢSTU UFSN JO FRVBUJPO
	����
 DBO CF SFXSJUUFO BT

I =

∫ ∞

−∞

∫ t

0

ikF−k2mf (2)(t−m)

(α− k2 + ikγ)
Em Ek, XJUIm = (t− s), 	����


=

∫ ∞

−∞

iλk

(α− k2 + ikγ)

[
λF−k2t − λ cos(λt) + k2 sin(λt)

(λ2 + k4)

]
Ek. 	����


5IF TPMVUJPO GPS UIF TDFOBSJP XJUI 4UPLFT ESBH 	CVU OP #BTTFU IJTUPSZ JOUFHSBM
 JT

q(2)(0, t) = q(2)(0, 0)F−αt +
λF−αt

(α2 + λ2)
+
α sin(λt)− λ cos(λt)

(α2 + λ2)
. 	����


8F FWBMVBUF UIJT WFMPDJUZ FYQSFTTJPO BT B GVODUJPO PG UJNF JO ୮ୢHVSF ���(a) BOE ୮ୢOE UIBU XJUI
#BTTFU IJTUPSZ
 QBSUJDMFT PTDJMMBUF XJUI TNBMMFS BNQMJUVEFT BU FBSMZ UJNF
 BOE UIBU UIFZ BUUBJO
UIFJS ୮ୢOBM QFSJPEJD TUBUF GBTUFS UIBO XIFO #BTTFU IJTUPSZ JT OFHMFDUFE� 5IJT CFIBWJPVS
 HPW�
FSOFE CZ UIF TIPSU�UJNF EZOBNJDT
 JT RVBMJUBUJWFMZ EJ୭GFSFOU GSPN UIBU PG UIF DBTFT XF TUVEJFE
JO FBSMJFS TFDUJPOT
 XIFSF #BTTFU IJTUPSZ TJHOJ୮ୢDBOUMZ TMPXFE EPXO UIF BUUBJONFOU PG UFSNJ�
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Figure 5.7: (a) Particle velocity relative to oscillating background flowwhenβ = 5,S = 1 for three different
oscillating frequencies, λ = 0.5, 1, 5. The dashed lines correspond to the solution with Stokes drag alone,
and the solid line accounts for Basset history as well, from equation (5.45). (b) Phase difference, φ between
solutions including andexcludinghistory effects as a functionof Stokesnumber,S , for afixedλ = 1 and three
density ratios, β = 0.01, 1, 5.

OBM WFMPDJUZ� *O QBSUJDVMBS
 UIF #BTTFU IJTUPSZ JOUFHSBM JT OPU TJNQMZ BO BEEJUJPOBM ESBH� 8F
TFF UIBU FYQSFTTJPOT 	����
 BOE 	����
 BTZNQUPUF UP TJNJMBS FYQSFTTJPOT
 BMCFJU XJUI B QIBTF EJG�
GFSFODF� 8F DBO RVBOUJGZ UIF QIBTF EJ୭GFSFODF φ UIBU QFSTJTUT BU MPOH UJNFT CFUXFFO B QBSUJDMF
XJUI IJTUPSZ F୭GFDUT BOEXJUI POMZ 4UPLFT ESBH BU MPOH UJNFT� 5IJT JT TIPXO JO ୮ୢHVSF ���(b) GPS
4UPLFT OVNCFS JO UIF SBOHF S = 0.1− 1 BOE GPS UISFF EJ୭GFSFOU EFOTJUZ SBUJPT
 β = 0.01, 1, 5�
8F TIPVME IPXFWFS SFNJOE PVSTFMWFT UIBU UIPVHI XF IBWF DIPTFO λ ∼ O(1) XIFSF QBSUJDMF
SFMBYBUJPO UJNF TDBMF BOE GPSDJOH BSF TJNJMBS
 UIF TPMVUJPO FYQSFTTJPO JT HFOFSBM BOE BQQMJFT UP
BMM TDFOBSJPT XJUI GSFRVFODJFT DBQQFE CZ UIF EJ୭GVTJWF UJNF TDBMF�

��� 4ঙঊঝ঒ঊককঢ ঍঎ঙ঎গ঍঎গঝ একঘঠজ

5IVT GBS XF DPOTJEFSFE UIF.3 FRVBUJPO XJUI TQBUJBMMZ VOJGPSN ୯୳VJE ୯୳PXT� 8IFO UIF ୯୳VJE
୯୳PX WBSJFT JO TQBDF
 UIF .3 FRVBUJPO JT HFOFSJDBMMZ OPOMJOFBS BOE POF EPFT OPU PCUBJO B
DMPTFE�GPSN FYQSFTTJPO GPS UIF QBSUJDMF WFMPDJUZ q(0, t)� .PTU ୯୳VJE ୯୳PXT BSF JOEFFE TQBUJBMMZ
EFQFOEFOU� 5IF SPMF PG UIF #BTTFU IJTUPSZ JOUFHSBM JO EFUFSNJOJOH UIF EZOBNJDT PG JOFSUJBM
QBSUJDMFT JO TVDI ୯୳VJE ୯୳PXT IBT CFFO JOWFTUJHBUFE CZ PUIFST <���
 ��
 ��
 ��
 ��>� 5IFTF TUVE�
JFT GPDVTFE PO UIF DPOUSJCVUJPO PG UIF #BTTFU IJTUPSZ UP QBSUJDMF DPMMJTJPO SBUFT
 QSFGFSFOUJBM
DPODFOUSBUJPO BOE SFTJEFODF UJNF PG IFBWZ�MJHIU QBSUJDMFT� "MM PG UIF BGPSFNFOUJPOFE TUVEJFT
FNQMPZFE UIF OVNFSJDBM TDIFNF EFWFMPQFE JO <��>XIJDI BQQSPYJNBUFT UIF TJOHVMBS LFSOFM PG
UIF #BTTFU IJTUPSZ JOUFHSBM� *O UIJT TFDUJPO
 XF TIPX IPX PVS SFGPSNVMBUJPO PG UIF.3 FRVB�
UJPONBZ CF SFBEJMZ BEBQUFE UP UIF DBTF PG TQBUJBMMZ EFQFOEFOU ୯୳VJE ୯୳PXT� 8F FNQIBTJ[F UIBU

���



OP BQQSPYJNBUJPOT BSFNBEF JO IBOEMJOH UIF TJOHVMBS LFSOFM� 'VSUIFSNPSF
 UIFNFNPSZ DPTUT
BSF DPOTUBOU JO UJNF�

8F CFHJO UIF EJTDVTTJPO JO TVCTFDUJPO ����� CZ DPOTJEFSJOH UIF EZOBNJDT PG B QBSUJDMF JO
QMBOBS $PVFUUF ୯୳PX� 4JODF UIF ୯୳VJE WFMPDJUZ JT MJOFBS JO UIF TQBUJBM WBSJBCMF
 UIJT TQBUJBMMZ
EFQFOEFOU QSPCMFN JT JO GBDU FYBDUMZ TPMWBCMF� .PSFPWFS UIF FYBDU TPMVUJPO GPVOE IFSF NBZ
CF VTFE UP TJNVMBUF UIF EZOBNJDT PG QBSUJDMFT JO NPSF DPNQMJDBUFE
 CVU TMPXMZ WBSZJOH
 ୯୳PX
୮ୢFMET CZ VTJOH UIF UIF MFBEJOH PSEFS UFSN JO B HSBEJFOU FYQBOTJPO PG UIF ୯୳VJE WFMPDJUZ�

0VS OFYU FYBNQMF
 JO TVCTFDUJPO� �����
 JT UIBU PG B QBSUJDMF JO UIF OFJHICPVSIPPE PG B QPJOU
WPSUFY� )FSF XF QSPCF UIF F୭GFDU PG UIF IJTUPSZ�JOUFHSBM PO DBVTUJDT GPSNBUJPO BOE BMTP UIF
MBSHF�UJNF CFIBWJPVS PG UIF QBSUJDMF� 5IJT SFRVJSFT TPNFNPEJ୮ୢDBUJPO PG PVS PSJHJOBMNFUIPE
UP IBOEMF OPOMJOFBS GPSDJOH GVODUJPOT
 XIJDI XF EFTDSJCF JO EFUBJM CFMPX� 5IF FYUFOTJPO
PG UIF OVNFSJDBM NFUIPE
 QSFTFOUFE JO UIJT TFDUJPO
 UP DBTFT XIFSF UIF ୯୳VJE WFMPDJUZ JT OPU
TQFDJ୮ୢFE FYQMJDJUMZ JT TUSBJHIUGPSXBSE
 UIPVHI OPU UIF UPQJD PG UIF QSFTFOU NBOVTDSJQU� *U JT
UIVT PVS DPOUFOUJPO UIBU UIF OVNFSJDBM NFUIPE XF EFWFMPQ IFSF JT EJSFDUMZ BQQMJDBCMF GPS
JODMVEJOH UIF IJTUPSZ JOUFHSBM JO BOZ HFOFSBM ୯୳PX�

����� &ডঊখঙক঎ �� .঒ঐছঊঝ঒ঘগ ঒গ ঙকঊগ঎ $ঘঞ঎ঝঝ঎ একঘঠ

5IF $PVFUUF ୯୳PX WFMPDJUZ QSP୮ୢMF JT HJWFO CZ u(1) = λy(2)� "T CFGPSF
 UIF TVQFSTDSJQUT (·)(1)

BOE (·)(2) SFQSFTFOU UIF IPSJ[POUBM BOE WFSUJDBM DPNQPOFOUT SFTQFDUJWFMZ� 5IF QBSUJDMF WFMPDJUZ
FWPMVUJPO JO TVDI B CBDLHSPVOE ୯୳PX JT HJWFO CZ

∂t

[
q(1)(0, t)

q(2)(0, t)

]
= −

[
α λ

0 α

]

︸ ︷︷ ︸
M

[
q(1)(0, t)

q(2)(0, t)

]
+ γ

[
1 0

0 1

]

︸ ︷︷ ︸
I

[
q(1)x (0, t)

q(2)x (0, t)

]
. 	����


4JODF UIF CPVOEBSZ DPOEJUJPO JT MJOFBS XJUI DPOTUBOU DPF୭୮ୢDJFOUT
 XF NBZ GPMMPX B TJNJMBS
QSPDFEVSF BT FBSMJFS� 8F OPX IBWF UXP EJ୭GVTJPO FRVBUJPOT DPVQMFE BU BO JOUFSGBDF XIFSF UIF
JOUFSGBDJBM CPVOEBSZ DPOEJUJPO JO FBDI JT HJWFO CZ UIF .3 FRVBUJPO 	����
� /PUF IPXFWFS

UIBU UIF EJ୭GVTJPO FRVBUJPOT UIFNTFMWFT 	J�F� JO UIF CVML
 BSF EFDPVQMFE GSPN FBDI PUIFS� "T
B SFTVMU
 UIF HMPCBM SFMBUJPO GPS UIJT TZTUFN PG EJ୭GVTJPO FRVBUJPOT JT KVTU UIF WFDUPS WFSTJPO PG
	����


Fω(k)T q̂(k, T ) + g1(k, T ) + ikgo(k, T ) = 0, k ∈ C−. 	����
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Figure 5.8: Particle dynamics in Couette flow. Solid lines are the solutions in equation (5.52), while dashed
lines indicate dynamics upon neglecting Basset history in equation (5.53). Top row corresponds to solution
forS = 0.01 and bottom forS = 1 for a fixed density ratio of β = 5. (a, d) Horizontal component q(1)(0, t)
andvertical component q(2)(0, t) respectively of particle velocity relative tofluid velocitywith initial velocity
of particle relative to fluid q(0, 0) = 1. (b, e) Particle trajectory as a function of time. (c, f) Off-diagonal
component of sensitivity matrix in equation (5.55) which is due to shear in the flow.
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5IF CPVOEBSZ DPOEJUJPO CFDPNFT
(
q(0, T )FωT − q(0, 0)

)
− k2go(k, T ) = −M(α, γ,λ)go(k, T ) + γg1(k, T ). 	����


&MJNJOBUJOH g1(k, T ) KVTU BT FBSMJFS GSPN UIF BCPWF FRVBUJPO
 XF HFU GPS go(k, T )

(
(k2 − ikγ)I−M(α, γ,λ)

)
go(k, T ) =

{
q(0, T )FωT − q(0, 0) + γq̂(k, T )FωT

}
	����


XIFSF
(
(k2 − ikγ)I−M(α, γ,λ)

)−1
=

[
(k2 − α− ikγ)−1 λ(k2 − α− ikγ)−2

0 (k2 − α− ikγ)−1

]
. 	����


.VMUJQMZJOH UIF BCPWF FRVBUJPO CZ ikF−k2t BOE JOUFHSBUJOH PWFS ∂D− XF PCUBJO UIF TPMV�
UJPO

πq(0, t) = −
∫ ∞

−∞
ikF−k2t

[
(k2 − α− ikγ)−1 λ(k2 − α− ikγ)−2

0 (k2 − α− ikγ)−1

]
q(0, 0) Ek. 	����


0O UIF PUIFS IBOE
 UIF TPMVUJPO UP UIF .3 FRVBUJPO XJUIPVU UIF #BTTFU IJTUPSZ JOUFHSBM
TJNQMJ୮ୢFT UP

q(0, t) = F−αt

[
1 −λt
0 1

]
q(0, 0). 	����


5IF SFTVMUT BSF QSPWJEFE JO ୮ୢHVSF ���� 4VC�୮ୢHVSFT (a) BOE (d)
 SFTQFDUJWFMZ GPS 4UPLFT OVNCFS
S = 0.01 BOE 1
 TIPX QBSUJDMF USBKFDUPSJFT XJUI BOE XJUIPVU #BTTFU IJTUPSZ� 5IF y(2) DPPS�
EJOBUF IBT TBUVSBUFE UP UIF WBMVFT TIPXO� $MFBSMZ UIF NJHSBUPSZ CFIBWJPVS JT EJ୭GFSFOU
 BOE
OFHMFDUJOH #BTTFU IJTUPSZ QSFEJDUT UIF ୮ୢOBM MPDBUJPOT PG UIF QBSUJDMFT JODPSSFDUMZ� 'VSUIFSNPSF

UIF SFMBYBUJPO UJNF JT MPOHFS XJUI #BTTFU IJTUPSZ
 J�F� UIF WFMPDJUZ EFDBZ JT TMPXFS
 BT TFFO JO
୮ୢHVSF ���(b, e)� /PUF UIBU UIF SFMBUJWF WFMPDJUZ JT QMPUUFE IFSF
 TP FBDI QBSUJDMF BU MPOH UJNF
BUUBJOT UIF MPDBM WFMPDJUZ PG UIF $PVFUUF ୯୳PX 	= λy(2)
� 5IF TPMVUJPO FYQSFTTJPOT 	���������

SFBEJMZ MFBE UP UIF GPMMPXJOH FYQSFTTJPOT GPS UIF TFOTJUJWJUZ PG UIF TPMVUJPO UP B QBSUJDMFؠT JOJUJBM

���



WFMPDJUZ

(
δq(0, t)

δq(0, 0)

)

)JT
= − 1

π

∫ ∞

−∞
ikF−k2t

[
(k2 − α− ikγ)−1 λ(k2 − α− ikγ)−2

0 (k2 − α− ikγ)−1

]
Ek, 	����


(
δq(0, t)

δq(0, 0)

)

4UP
= F−αt

[
1 −λt
0 1

]
. 	����


5IF FJHFOWBMVFT PG UIJT TFOTJUJWJUZNBUSJY QSPWJEF UIF -ZBQVOPW FYQPOFOUT BOE CPUI FJHFOWBM�
VFT BSF FRVBM UP 1 GPS UIF TDFOBSJPTXJUI BOEXJUIPVU#BTTFU IJTUPSZ� )PXFWFS UIF FJHFOWFDUPST
DPSSFTQPOEJOH UP UIFTF NBUSJDFT BSF EJ୭GFSFOU BOE JO ୮ୢHVSF ��� (c, f)XF QMPU UIF FWPMVUJPO PG
UIF P୭G�EJBHPOBM DPNQPOFOU GPS UXP EJ୭GFSFOU S = 0.01, 1�

����� 4ঘকঞঝ঒ঘগ এঘছ গঘগ�ক঒গ঎ঊছ জঙঊঝ঒ঊক একঘঠজ

4P GBS
 XF IBWF CFFO BCMF UP FYQMJDJUMZ DPNQVUF UIF QBSUJDMF WFMPDJUZ
 GSPN g̃0(ω, T )
 TFF FRVB�
UJPO 	����
� )PXFWFS XIFO UIF TQBUJBM EFQFOEFODF PG UIF ୯୳VJE JT ୯୳PX JT OPOMJOFBS
 J�F�
 XIFO
f EFQFOET PO y
 FRVBUJPO 	����
 JT OPU BO FYQMJDJU FYQSFTTJPO GPS UIF QBSUJDMF WFMPDJUZ� $PO�
TFRVFOUMZ XF SFTPSU UP B OVNFSJDBM TDIFNF UP FWPMWF UIF EZOBNJDT PG UIF QBSUJDMF
 XIJDI XF
QSFTFOU JO UIJT TFDUJPO� 0VS OVNFSJDBM NFUIPE IBT UIF GPMMPXJOH BEWBOUBHFT�

ا 5IFNFUIPE DPNQMFUFMZ FMJNJOBUFT UIF OFFE UP TUPSF UIF FOUJSF USBKFDUPSZ PG UIF QBSUJDMF
UP FWBMVBUF UIF #BTTFU IJTUPSZ UFSN�

ا 0VS NFUIPE BDIJFWFT TQFDUSBM BDDVSBDZ CZ FNQMPZJOH $IFCZTIFW QPMZOPNJBMT UP FWBM�
VBUF UIF JOUFHSBMT JOWPMWFE�

ا 5IF NFUIPE JOWPMWFT B ୮ୢYFE NFNPSZ DPTU 	PG O(N)
 N CFJOH OVNCFS PG $IFCZTIFW
NPEFT
 JOEFQFOEFOU PG UJNF
 NBLJOH MPOH UJNF TJNVMBUJPOT OP NPSF FYQFOTJWF UIBO
TIPSU UJNF� 5IJT JT VTFGVM UP DPNQVUF TUBUJTUJDT JO UVSCVMFOU TJNVMBUJPOT�

ا 5IF F୭GFDU PG IJTUPSZ DBO CF SFDPSEFE 	XJUI ୮ୢYFE NFNPSZ TJ[F

 FOBCMJOH TJNVMBUJPOT
UP CF SFTUBSUFE� 4VDI B SFTUBSU JT JNQPTTJCMF JO PUIFS UFDIOJRVFT PXJOH UP FYQPOFOUJBMMZ
MBSHF NFNPSZ DPTUT JO FWBMVBUJOH UIF JOUFHSBM� 8IJMF QSFQBSJOH UIF NBOVTDSJQU XF CF�
DBNF BXBSF PG UIF XPSL PG <���> XIP BQQSPYJNBUF UIF IJTUPSZ LFSOFM CZ B TVNNBUJPO
PG FYQPOFOUJBMT BOE BDIJFWF UIF EFTJSFE BDDVSBDZ� )PXFWFS XF XPVME MJLF UP IJHIMJHIU
UIBU PVS UFDIOJRVF EPFT OPU NBLF BOZ BQQSPYJNBUJPO UP UIF LFSOFM BOE XF TIPX MBUFS
UIBU BMM JOGPSNBUJPO EVF UP IJTUPSZ DBO CF TUPSFE JO B WBSJBCMF XIPTF DPNQVUBUJPO JT
PG ୮ୢYFENFNPSZ UISPVHIPVU QBSUJDMF FWPMVUJPO� .PSFPWFS UIF GPSN PG UIF TPMVUJPO JO

���



Figure 5.9: Schematic showing numerical scheme where we evaluate q̂(k, t) at intervals to, (to +∆t) from
the solution at t ∈ [to −∆t, to], [to, to +∆t] and so on in order to eliminate the need to store q(0, t) from
t ∈ [0, to +∆t].

FRVBUJPO 	����
 JT TQFDJBMMZ VTFGVM GPS TUVEZJOH BTZNQUPUJD CFIBWJPVS 	SFG� <���>

 VOMJLF
PUIFS UFDIOJRVFT�

*O UIF GPMMPXJOH TVCTFDUJPO XF EFSJWF UIF FRVBUJPOT XF VMUJNBUFMZ TPMWF GPS UIF QBSUJDMF
USBKFDUPSZ BOE JO UIF TVCTFRVFOU TVCTFDUJPO XF QSPWJEF UIF EFUBJMT PG UIF OVNFSJDBM JNQMF�
NFOUBUJPO�

&টঘকঞঝ঒ঘগ ঎હঞঊঝ঒ঘগ এঘছ #ঊজজ঎ঝ ঑঒জঝঘছঢ�঒গঝ঎ঐছঊক

8F CFHJO CZ EJWJEJOH UIF x− t QMBOF JOUP EPNBJOT PG TJ[F [0,∞)× [to −∆t, to]
 XIFSF to =
m∆t GPS TPNF JOUFHFSm
 BT TIPXO JO ୮ୢHVSF ���� 0VS QSPDFEVSF JOWPMWFT UXP TUFQT
 SFQFBUFE
GPS FBDI TVDI EPNBJO�

�� 6TJOH UIF JOJUJBM DPOEJUJPO q(x, to−∆t) JO FBDI EPNBJO 	CPUUPNXBMM PG UIBU EPNBJO
JO UIF ୮ୢHVSF

 XF DPNQVUF UIF CPVOEBSZ DPOEJUJPO q(0, t), t ∈ (to−∆t, to] 	MFG୴ XBMM PG
UIBU EPNBJO
� 5IJT JT EPOF CZ TPMWJOH UIF.BYFZ�3JMFZ FRVBUJPO
 JO UIF GPSN HJWFO CZ
FRVBUJPO 	����
 CFMPX� 5IJT FRVBUJPO JT UIF FYUFOTJPO PG 	����
 UP UIF DBTF PG BSCJUSBSZ
JOJUJBM DPOEJUJPOT� .PSFPWFS UIF GPSDJOH f JT OPX B GVODUJPO PG q(0, t) BOE�PS y(t)� 4P
XF TUBSU XJUI B HVFTT GPS q(0, t) BOE y(t)
 BOE JUFSBUF VTJOH B OPOMJOFBS TPMWFS� 8F UIVT
IBWF UIF %JSJDIMFU DPOEJUJPO PO UIF MFG୴ XBMM PG ୮ୢHVSF ���
 PWFS [to −∆t, to]�

�� 6TJOH UIF DPNQVUFECPVOEBSZ DPOEJUJPOq(0, t) GSPNUIFQSFWJPVT TUFQ BOE UIF LOPXO
JOJUJBM DPOEJUJPO q(x, to − ∆t)
 XF EJSFDUMZ DPNQVUF q(x, to)
 UIF UPQ XBMM PG UIBU EP�
NBJO
 CZ VTJOH FRVBUJPO 	����
 XIJDI XJMM CF EFSJWFE CFMPX� 5IJT TUFQ JT FRVJWBMFOU

���



UP TPMWJOH UIF EJ୭GVTJPO FRVBUJPO XJUI B %JSJDIMFU CPVOEBSZ DPOEJUJPO BOE UIF TPMV�
UJPO PG UIJT CPVOEBSZ�WBMVF QSPCMFN MFBET UP UIF JOJUJBM DPOEJUJPO GPS UIF OFYU EPNBJO

t ∈ (to, to + ∆t]� 5ISPVHI BO F୭୮ୢDJFOU VTF PG UIF HMPCBM SFMBUJPO
 XF EP OPU SFRVJSF
UIF FYQMJDJU TPMVUJPO FYQSFTTJPO q(x, to)
 CVU POMZ UIF 'PVSJFS USBOTGPSN q̂(k, to)XIJDI
TJNQMJ୮ୢFT UIF DBMDVMBUJPOT DPOTJEFSBCMZ�

8F SFDPHOJTF UIBU PVS TZTUFN TJ[F 	OBNFMZ
 UIF OVNCFS PG EFQFOEFOU WBSJBCMFT
 JT IJHIFS
GPS B OPOMJOFBS DBTF
 BOE UIJT JT UIF QSJDF XF OFFE UP QBZ UP FMJNJOBUF UIF SJTJOH NFNPSZ DPTUT
DPNJOH GSPN UIF OPOMPDBM UJNF JOUFHSBM UFSN�

*O UIF ୮ୢSTU EPNBJO BMPOF [0,∞) × [0,∆t]
 FRVBUJPO 	����
 NBZ CF VTFE UP PCUBJO UIF QBS�
UJDMF WFMPDJUZ� 8F SFDPHOJTF UIBU f OPX EFQFOET PO y BOE q(0, t)� "MPOH XJUI 	����

 XIFSF
XF TFU T = ∆t
 XF OPX IBWF UXP FRVBUJPOT GPS UXP VOLOPXOT y BOE q(0, t) PWFS UIF UJNF
JOUFSWBM [0,∆t]� *O B TUBOEBSE OVNFSJDBM NFUIPE
 POF XPVME BQQSPYJNBUF UIF ୮ୢSTU JOUFHSBM
PG 	����
 VTJOH B RVBESBUVSF SVMF� 8F IPXFWFS
 BEPQU BO BMUFSOBUJWF SPVUF 	QBSUMZ UP FOTVSF
BDDVSBDZ
 CZ SFQSFTFOUJOH UIF VOLOPXOT q(0, t) BOE y(t) JO UFSNT PG $IFCZTIFW QPMZOPNJ�
BMT PWFS UIF JOUFSWBM [0,∆t]� "MM JOUFHSBMT BSF SFBEJMZ FWBMVBUFE UP B IJHI EFHSFF PG BDDVSBDZ�
8JUI UIF $IFCZTIFW QPMZOPNJBM SFQSFTFOUBUJPO
 FRVBUJPOT 	����
 BOE 	����
 BSF TPMWFE VTJOH
B OPOMJOFBS TPMWFS
 IFSF/FXUPOؠTNFUIPE
 GPS UIF DPF୭୮ୢDJFOUT PG UIF $IFCZTIFW QPMZOPNJBMT�
0ODF XF IBWF q(0, t) 	JO UFSNT PG $IFCZTIFW QPMZOPNJBMT

 XF TPMWF UIF EJ୭GVTJPO FRVBUJPO
XJUI UIJT%JSJDIMFU DPOEJUJPO UP PCUBJO UIF TPMVUJPO q(x,∆t)� 5IF FWBMVBUJPO PG TVDI OFX JOJ�
UJBM DPOEJUJPOT BU FWFSZ (to = m∆t) JT QPTTJCMF QSFDJTFMZ CFDBVTF PG UIF SFMBUJPOTIJQ CFUXFFO
#BTTFU IJTUPSZ JOUFHSBM BOE /FVNBOO�DPOEJUJPO UP EJ୭GVTJPO FRVBUJPO�

*O BMM MBUFS EPNBJOT
 UIF JOJUJBM DPOEJUJPO q(x, to) JT OP MPOHFS [FSP� *OEFFE q(x, to) JT UIF
TPMVUJPO PG UIF EJ୭GVTJPO FRVBUJPO BU UIJT UJNF� 5IF HMPCBM SFMBUJPO PG UIF EJ୭GVTJPO FRVBUJPO
JO UIF UJNF JOUFSWBM t ∈ (to, to +∆t] DBO CF XSJUUFO BT

Fk2(to+∆t)q̂(k, (to +∆t)) = Fk2to q̂(k, to)− ikg̃o(k
2, to, to +∆t)− g̃1(k

2, to, to +∆t), k ∈ C−.

	����


'PS UIF CPVOEBSZ UFSNT SFQSFTFOUFE CZ g̃i(k2, t1, t2)
 XF IBWF JOUSPEVDFE UIF BEEJUJPOBM BSHV�
NFOUT t1, t2
 XIJDI BSF UIF MJNJUT PG UIF JOUFHSBM EF୮ୢOJOH UIF UJNF USBOTGPSN� 5IJT OPUBUJPO
JT BMTP VTFE JO UIF GPSDJOH
 BT f̃(k2, t1, t2)� 'PMMPXJOH B QSPDFEVSF TJNJMBS UP UIBU FNQMPZFE UP

���



EFSJWF FRVBUJPO 	����

 XF PCUBJO UIF GPMMPXJOH FYQSFTTJPO GPS q(0, t)

−π
2
q(0, t) =

∫ ∞

0
kF−k2(t−to)ℑ{H (k, to)} Ek

︸ ︷︷ ︸
H(t)

+

∫ ∞

0
ℑ
{
kF−k2tf̃(k2, to, t)

(α− k2 + ikγ)

}
Ek

︸ ︷︷ ︸
F(t)

, t ∈ (to, to +∆t], 	����


5IF UFSN H (k, to) JO UIF JOUFHSBOE PG UIF ୮ୢSTU JOUFHSBM JO UIF FYQSFTTJPO BCPWF
 JT UIF NPEJ�
୮ୢFE JOJUJBM DPOEJUJPO HJWFO CZ

H (k, to) =

{
q(0, to) + γq̂(k, to)

(α− k2 + ikγ)

}
.

5IJT UFSN FODPEFT BMM UIF JOGPSNBUJPO BCPVU UIF IJTUPSZ PG UIF QBSUJDMF GSPN t ∈ (0, to]� &RVB�
UJPO 	����
 JT UIVT UIF FYUFOTJPO PG FRVBUJPO 	����
 GPS B HFOFSBM JOJUJBM DPOEJUJPO UP UIF EJ୭GV�
TJPO FRVBUJPO� 5IF SFOPSNBMJTFE JOJUJBM DPOEJUJPO H (k, t) JUTFMG FWPMWFT JO UJNF BOE UIJT
FWPMVUJPO JT PODF BHBJO PCUBJOFE GSPN UIF HMPCBM SFMBUJPO
 TFF BQQFOEJY ����� GPS EFUBJMT� 8F
TUBUF UIF SFMFWBOU FRVBUJPO IFSF�

H (k, to) = F−k2∆tH (k, to −∆t)− F−k2to

∫ to

to−∆t
Fk2sq(0, s) Es

︸ ︷︷ ︸
I1

− F−k2to f̃(k
2, to −∆t, to)

(α− k2 + ikγ)︸ ︷︷ ︸
I2

.

	����


/PUF BMM UFSNT PO SJHIU�IBOE TJEF PG 	����

 JODMVEJOH UIF GPSDJOH UFSN
 BSF LOPXO TJODF UIFZ
EFQFOE PO UIF QSFWJPVT UJNF JOUFSWBM [to − ∆t, to]� &RVBUJPO 	����
 NBZ BMTP CF XSJUUFO BT B
EZOBNJDBM TZTUFN GPS JOEJWJEVBM NPEFT PG IJTUPSZ BT

˙H (k, t) + k2H (k, t) = q(0, t) +
f(t,y(t), q(0, t))

(α− k2 + ikγ)
, t ∈ [to −∆t, to]. 	����


&RVBUJPOT 	����
 BOE 	����
 SFQSFTFOU UIF TPMVUJPO UP UIF GVMM .3 FRVBUJPOT GPS B QBSUJDMF JO
B UJNF�EFQFOEFOU JOIPNPHFOFPVT ୯୳PX ୮ୢFME� /PUF UIF JOEJWJEVBM NPEFT k PG H (k, t) JO
FRVBUJPO 	����
 FWPMWF JOEFQFOEFOUMZ� )PXFWFS UIF FYQSFTTJPO GPS UIF WFMPDJUZ JO FRVBUJPO
	����
 EFQFOET PO BMM PG UIFN
 BOE JOEFFE EFQFOET PO UIF JOUFHSBM PG UIF IJTUPSZ�

���



8FBSF OPXFOBCMFE UPNBSDI SFQFBUFEMZ UJMM BOZ to GSPNBOZ (to−∆t)VTJOH UIF TFU PG JOJUJBM
DPOEJUJPOT q̂(k, to −∆t)
 TPMWJOH FRVBUJPO 	����
 GPS y(t) BOE q(0, t) JO UIF JOUFSWBM (to −∆t)

UP to
 BOE VTJOH UIFTF %JSJDIMFU CPVOEBSZ DPOEJUJPOT JO FRVBUJPO 	����
 UP HFU q̂(k, to)� 0ODF
BHBJO
 XF FNQIBTJ[F UIBU UIF BCPWF QSPDFEVSF FMJNJOBUFT UIF OFFE UP TUPSF UIF FOUJSF QBSUJDMF
WFMPDJUZ GSPN UIF JOJUJBM UJNF JOTUBOU� 5IF F୭GFDU PG UIF #BTTFU IJTUPSZ JOUFHSBM JT FODPEFE JO
H (k, t)�

����� /ঞখ঎ছ঒ঌঊক ঝ঎ঌ঑গ঒હঞ঎

8F OPX EFUBJM B OVNFSJDBM TDIFNF UP TPMWF FRVBUJPOT 	���������
� 5IF DPOUJOVPVT WBSJBCMFT t
BOEk BSF SFTUSJDUFE UP B TFU PG EJTDSFUF WBMVFT PWFS UIFJS SFTQFDUJWF JOUFSWBMT
 t ∈ (to−∆t, to] BOE
k ∈ [0,∞)
 MFBEJOH UP EJTDSFUF UJNFT tj BOE EJTDSFUF XBWFOVNCFST kl XIFSF j = 1, . . . , L; l =

0, . . . , N � *O UIF DBTF PG tXF FNQMPZ $IFCZTIFW OPEFT VOEFS BO B୭୮ୢOF USBOTGPSNXIFSFBT GPS
kXF FNQMPZ BNBQQFE$IFCZTIFW OPEF BQQSPQSJBUF GPS SBUJPOBM $IFCZTIFW BQQSPYJNBUJPOT�
8F UIFO FYQBOE q(0, t) BOEH (k, to) JO B $IFCZTIFW QPMZOPNJBM CBTJTTn(t) 	SBUJPOBM $IFCZ�
TIFW QPMZOPNJBMT GPS H 
� 8F BEPQU B DPMMPDBUJPO BQQSPBDI UP TPMWF UIF SFTVMUJOH OPOMJOFBS
FRVBUJPO�

5IF EJTDSFUF WFSTJPO PG FRVBUJPO 	����
 DBO CF XSJUUFO BT B OPOMJOFBS FRVBUJPO GPS UIF DPFG�
୮ୢDJFOUT BT

T (tj) ≡
π

2
q(0, tj) +H(tj) + F(tj) = 0, tj = to +

∆t

2

(
1 + cos

(jπ
L

))
, 	����


XIFSF j = 1, . . . , L� %FUBJMT PO IPX UP DPNQVUF FBDI UFSN JO UIF BCPWF FRVBUJPO BSF QSF�
TFOUFE JO UIF"QQFOEJY ������ 5IF DPOUSJCVUJPO GSPNH (k, to) JT DBQUVSFE JOH(tj)
 XIFSFBT
UIF DPOUSJCVUJPO GSPN UIF OPOMJOFBS GPSDJOH EVF UP UIF ୯୳VJE WFMPDJUZ ୮ୢFME JT QSFTFOU JOF(tj)�
"O FRVBUJPO GPS UIF QPTJUJPO
 y DBO CF PCUBJOFE GSPN UIF EJTDSFUJTFE WFSTJPO 	����
� " TUBO�
EBSE/FXUPO SPPU ୮ୢOEFS JT FNQMPZFE UP TPMWF GPSq(0, t) BOEy(t) JO UIF UJNF JOUFSWBM (n∆t, (n+

1)∆t] GPS FBDI n = 0, 1, . . .XJUI BO BQQSPQSJBUF JOJUJBM HVFTT
 UZQJDBMMZ q(0, tj) = −2/πH(tj)�
&RVBUJPO 	����
 PO UIF PUIFS IBOE JT B TUSBJHIUGPSXBSE JOUFHSBM FWBMVBUJPOVTJOH LOPXOWBMVFT
PG q(0, tj) BOE H (kj , to −∆t) GSPN UIF QSFWJPVT UJNF TUFQ� 8F TIPX JO UIF BQQFOEJY UIBU
FYQBOEJOH q(0, t) BOE H (k, to − ∆t) JO $IFCZTIFW CBTJT BMMPXT VT UP QSF�DPNQVUF TFWFSBM
UFSNT XIJDI TQFFET VQ FWBMVBUJPO PG FYQSFTTJPOT JO 	����
�

���



Figure 5.10: Error estimates for the solution to a relaxing particle using the numerical scheme developed in
section (5.5.3). Error as a function of time for (a) different values ofN at fixed L = 20 and (c) different
values of L at fixedN = 50, 70. (b), (d)Maximum of the error as we increase the number of Chebyshev
modes in k and t.
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����� $ঘগট঎ছঐ঎গঌ঎ঙছঘঙ঎ছঝ঒঎জঊগ঍খ঎খঘছঢছ঎હঞ঒ছ঎খ঎গঝঘএঝ঑঎গঞখ঎ছ�
঒ঌঊক জঌ঑঎খ঎

5P TUVEZ DPOWFSHFODF PG PVS OVNFSJDBM TDIFNF
 XF DPNQBSF UIF FYBDU WFMPDJUZ PG B SFMBYJOH
QBSUJDMF 	GPS XIJDI XF IBWF BO BOBMZUJD FYQSFTTJPO
 UP UIF OVNFSJDBM TPMVUJPO PCUBJOFE GSPN
UIF TDIFNF EFTDSJCFE BCPWF� 8F ୮ୢSTU DIFDL UIF OVNFSJDBM NFUIPEؠT BDDVSBDZ BT B GVODUJPO PG
UIF OVNCFS PG $IFCZTIFW OPEFTN JO XBWF OVNCFS k̃
 XIFSF k̃ : k ∈ [0,∞] → [−1, 1]� 8F
BMTP DIFDL UIF BDDVSBDZ GPS OVNCFS PG $IFCZTIFW OPEFT L JO t ∈ [to, to +∆t] XJUIJO B UJNF
JOUFSWBM PG MFOHUI∆t� 5IF FSSPS JO UIF DBMDVMBUFE TPMVUJPO JT HJWFO CZ

E (tj) = |q(1)(0, tj)− q(1)e (0, tj)|

XIFSF q(1)e (0, tj) JT UIF FYBDU TPMVUJPO FWBMVBUFE BU EJTDSFUF tj BOE q(1)(0, tj) JT UIF TPMVUJPO
FWBMVBUFE VTJOH UIF QSFTFOU OVNFSJDBM UFDIOJRVF� *O ୮ୢHVSF ����(a)XF QMPU UIF FSSPS BT B GVOD�
UJPO PG UJNF GPS BMM UIF OVNCFS PG k̃ DIPTFO BOE XF TFF JUT NBHOJUVEF EFDSFBTF XJUI JODSFBTF
JON � *O ୮ୢHVSF ����(b)XF QMPU UIF NBYJNVN WBMVF PG E (tj)� 8F DMFBSMZ TFF UIBU FSSPS JT TNBMM
BOE EFDSFBTFT FYQPOFOUJBMMZ XJUI JODSFBTF JO N GPS ୮ୢYFE L = 20� 8F DBO SFBDI B EFTJSFE
BDDVSBDZ CZ DIPPTJOH UIF BQQSPQSJBUF OVNCFS PG $IFCZTIFW OPEFT N � .PWJOH OPX UP UIF
DPOWFSHFODF PG TPMVUJPO XJUI JODSFBTF JO OPEFT L JO ∆t XF TFF UIFSF JT B HFOFSBM JODSFBTF JO
FSSPS JO ୮ୢHVSF ����(d) GPS CPUI ୮ୢYFEN = 50 BOE 70� 4VDI B CFIBWJPVS JT FYQFDUFE BOE OPU BO
BOPNBMZ� 'JSTUMZ PCTFSWF UIBU UIF NBYJNVN FSSPS JT BUUBJOFE
 GPS BMM EJ୭GFSFOU WBMVFT PG L,N 

BU UIF ୮ୢSTU HSJE�QPJOU J�F� t1 JO tj ∈ (0,∆t]� 5IJT JT CFDBVTF PG UIF t−1/2 TJOHVMBSJUZ BU t = 0�
"T XF JODSFBTF UIF OVNCFS PG $IFCZTIFW OPEFT JO UIF JOUFSWBM PG MFOHUI∆t
 UIF ୮ୢSTU $IFCZ�
TIFW HSJE�QPJOU NPWFT DMPTFS UP UIJT TJOHVMBSJUZ� 8F DBO FBTJMZ BDDPVOU GPS UIJT CFIBWJPVS CZ
JODSFBTJOH UIF OVNCFS PG NPEFT JO TQBDF N � 8F TIPX UIJT CZ JODSFBTJOH UIF TQBUJBM $IFCZ�
TIFW NPEFT GSPN N = 50 UP 70 JO ୮ୢHVSF ����(d) XIJDI SFTVMUT JO B ESPQ JO UIF NBYJNVN
FSSPS�

8F FNQIBTJ[F UIF BEWBOUBHF B $IFCZTIFW CBTJT QSPWJEFT JO UFSNT PG DPNQVUBUJPOBM F୭୮ୢ�
DJFODZ� *O PSEFS UP DPNQVUF UIF $IFCZTIFW DPF୭୮ୢDJFOUT WJB UIF %JTDSFUF $IFCZTIFW 5SBOT�
GPSN 	DCT

 XF POMZ SFRVJSF O(N logN) PQFSBUJPOT XIFSF N JT UIF OVNCFS PG $IFCZTIFW
NPEFT� 5IJT JT EPOF CZ MFWFSBHJOH 'BTU�'PVSJFS5SBOTGPSN 	FFT
 QBDLBHF UP FWBMVBUF UIFDCTT
JOWPMWFE JO UIF QSPDFTT PG DPNQVUJOH $IFCZTIFW DPF୭୮ୢDJFOUT�

5IFNFNPSZ SFRVJSFNFOU GPS PVS UFDIOJRVF DPNFT GSPN TUPSJOH UIF WBSJBCMFT q(0, tj) BOE
H (kj , to)� $POTJEFSJOH L NPEFT JO tj 
 N NPEFT JO k̃j EFNBOET POMZ TUPSBHF PG O(N +

���



L) WBMVFT GPS BMM UJNFT� 8IFSFBT UIF PUIFS UFDIOJRVFT SFRVJSF B MJOFBSMZ JODSFBTJOH NFNPSZ
DPTU PG O(t/∆t)� 'PS N = 30, L = 20 POF SFRVJSFT UP TUPSF POMZ 50 WBMVFT XIJDI SFNBJO
୮ୢYFE UISPVHIPVU UIF TJNVMBUJPO� *O UIJT FTUJNBUF XF PG DPVSTF EP OPU BDDPVOU GPS UIF QSF�
DPNQVUFENBUSJDFT XIJDI UVSO PVU UP CF UISFFN×N NBUSJDFT 	TFF "QQFOEJY �����
 SFTVMUJOH
JO BOPUIFS 2700 WBMVFT GPSN = 30 CVU UIJT JOJUJBM DPTU SFNBJOT DPOTUBOU BOE IFMQT JO TIPSUFS
DPNQVUBUJPO UJNF�

����� &ডঊখঙক঎ �� 4঒গঐক঎ ঙঘ঒গঝ টঘছঝ঎ড ঊগ঍ ঌঊঞজঝ঒ঌজ

5IF TUBUJPOBSZ ୯୳PX�୮ୢFME DPSSFTQPOEJOH UP B TJOHMF WPSUFY JT

u =
Γ

2π
êz ×

y(t)

|y|2 . 	����


5IPVHI UIJT ୯୳PX ୮ୢFME EPFT OPU IBWF B UJNF WBSZJOH DPNQPOFOU
 JU TUJMM IBT DPOUSJCVUJPOT
GSPN CPUI (u · ∇)u BOE (q(0, t) · ∇)u� 5IJT NBLFT UIF TZTUFN PG FWPMVUJPO FRVBUJPOT GPS
QBSUJDMF QPTJUJPO
 y(t) BOE WFMPDJUZ
 q(0, t) DPVQMFE BOE OPO�MJOFBS� 5IF TPMVUJPO JT HJWFO CZ

y(t) = y(0) +

∫ t

o
q(0, s) Es+

∫ t

o

Γ

2π
êz ×

y(s)

|y|2 Es, 	����


GPS UIF WFMPDJUZ FWPMVUJPO

qt(0, t) + αq(0, t)− γqx(0, t) =

(
1

R
− 1

)
(u ·∇)u− (q(0, t) ·∇)u. 	����


6TJOH UIF OVNFSJDBM UFDIOJRVF EFTDSJCFE JO UIF QSFWJPVT TFDUJPO
 XF TPMWF GPS QPTJUJPO BOE
WFMPDJUZ GPS B 4UPLFT OVNCFS PG S = 0.01
 EFOTJUZ SBUJP β = 20 BOE QMPU UIF SBEJBM BOE BO�
HVMBS WFMPDJUZ JO ୮ୢHVSF ����(a, b)� %J୭GFSFOU MJOFT JO UIF ୮ୢHVSF DPSSFTQPOE UP EJ୭GFSFOU JOJUJBM
QPTJUJPO TFQBSBUFE CZ B EJTUBODF PG 0.15 UIPVHI BMM QBSUJDMFT TUBSU XJUI B JOJUJBM WFMPDJUZ PG
(0.05, 0.05)� 0ODF UIF QBSUJDMFT HFU DFOUSJGVHFE GBS BXBZ GSPN UIF WPSUFY
 UIF USBKFDUPSZ GPM�
MPXT y(r)(t) ∼ t1/4
 XIFSF y(r) JT UIF SBEJBM EJTUBODF GSPN UIF QPJOU WPSUFY� 5IVT UIF SBEJBM
WFMPDJUZ
 q(r)(0, t) ∼ t−3/4 BT JO ୮ୢHVSF ����(c)� 5IJT MPOH�UJNF CFIBWJPVS JT UIF TBNF BT UIBU
PCUBJOFE CZ <���> XJUIPVU #BTTFU IJTUPSZ� 5IF IJTUPSZ JOUFHSBM B୭GFDUT UIF USBOTJFOU CFIBWJPVS
BOE UIF BQQSPBDI UP UIF MPOH�UJNF MJNJU�

8F EJTDVTTFE JO UIF JOUSPEVDUJPO BCPVU DBVTUJDT OFBS B WPSUFY� "T TIPXO CZ <���> BOBMZUJ�
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Figure 5.11: (a) Radial velocity, (b) angular velocity and (c) radial distance travelled by particles starting at
5 different locations separated by a non-dimensional distance of 0.15 at S = 0.01,β = 10 and with initial
velocity of vo = (0.05, 0.05), Γ = 2π, the solid black lines correspond to power-law of t−3/4, t1/4. Solid
lines represent simulation including theBasset history integral, Stokes drag and addedmass effectswhile the
dashed lines are for Stokes drag with addedmass.

DBMMZ
 BOE JO UXP�EJNFOTJPOBM TJNVMBUJPOT PG UVSCVMFODF
 QBSUJDMFT JOTJEF B DSJUJDBM SBEJVT
 rc
BSF FWBDVBUFE SBQJEMZ
 SFTVMUJOH JO B SFHJPO PG IJHI QBSUJDMF DPODFOUSBUJPO JO UIF OFJHICPVS�
IPPE PG rc� *O PSEFS UP JEFOUJGZ UIJT DSJUJDBM SBEJVT JODMVEJOH UIF F୭GFDUT PG #BTTFU IJTUPSZ
 XF
USBDL UIF SBEJBM TFQBSBUJPO ∆r CFUXFFO UXP QBSUJDMFT UIBU BSF JOJUJBMMZ QMBDFE DMPTF UP FBDI
PUIFS� 5IJT JT TIPXO JO ୮ୢHVSF ����(a) GPS WBSJPVT JOJUJBM SBEJBM EJTUBODF ri GSPN UIF WPSUFY PG
UIF JOOFS QBSUJDMF 	UIF POF DMPTFS UP UIF WPSUFY
� 8IFO∆r DSPTTFT [FSP
 DBVTUJDT IBWF PDDVSSFE�
8F ୮ୢOE UIBU DBVTUJDT PDDVST GPS ri ≤ 0.44
 J�F�
 rc = 0.44. GPS UIJT 4UPLFT OVNCFS S = 0.02�
"MTP
 UIF USBKFDUPSJFT PG QBSUJDMFT UIBU FYIJCJU DBVTUJDT UBLF EJ୭GFSFOU QBUIT DPNQBSFE UP POFT
UIBU EP OPU
 JO UIF QIBTF�QMBOF EF୮ୢOFE CZ ∆vr WT ∆r XIFSF ∆vr JT UIF EJ୭GFSFODF JO SBEJBM
WFMPDJUJFT GPS UXP DMPTFMZ QMBDFE QBSUJDMFT 	TFF <���>
� 5IJT JT TIPXO JO ୮ୢHVSF ����(b) XIFSF B
OFHBUJWF WBMVF PG∆vr JNQMJFT UIBU UIF JOOFS QBSUJDMF USBWFMT GBTUFS UIBO JUT OFJHICPVS� 8IFO
∆r HPFT OFHBUJWF JU IBT PWFSUBLFO JUT OFJHICPVS� 5IVT USBKFDUPSJFT UIBU DSPTT UIF y−BYJT PG UIF
QIBTF�QMBOF GPSN DBVTUJDT�

*O ୮ୢHVSF ����(c)XF QMPU UIF DSJUJDBM SBEJVT
 rc 	GPVOE CZ UIF MPDBUJPOXIFSFmin(∆r(t))��

BT B GVODUJPO PG UIF 4UPLFT OVNCFS S� 4JNVMBUJPOT XJUI IJTUPSZ JOUFHSBM BOE BEEFE NBTT FG�
GFDUT JODMVEFE BSF TIPXO BT TPMJE MJOFT BOE XJUI KVTU 4UPLFT ESBH BT EPUUFE MJOFT� 5IF IJTUPSZ
JOUFHSBM BOE BEEFE NBTT UPHFUIFS SFEVDF UIF SFHJPO PWFS XIJDI DBVTUJDT BSF GPSNFE
 BOE NBZ
DBVTF B SFEVDUJPO JO UIF OVNCFS EFOTJUJFT PG QBSUJDMFT QSFEJDUFE XJUIPVU UIF IJTUPSZ UFSN�

���



Figure5.12: (a)Evolutionof thedifference inradialdistancebetweenparticles∆r fordifferent initialparticle
locations ri separated by a distance 0.05 for Stokes number,S = 0.02. The critical particle location at which
min(∆r) crosses t-axis is the location of end of caustic formation. (b)Thephase-portrait definedby∆vr the
difference in radial velocity vs∆r also shows the transition from caustic formation to no caustic formation
with increase in ri. (c)Critical radius rc for caustic formation as a function of Stokes numberS with history-
integral, addedmass (solid line) andwith Stokes drag alone (dashed line).

5IF JNQMJDBUJPOT GPS QBSUJDMF EZOBNJDT JO UVSCVMFOU ୯୳VJET ୯୳PXT BSF CFZPOE UIF SFBMN PG
QSFTFOU BSUJDMF BOE XJMM CF FYQMPSFE JO PVS VQDPNJOH TUVEZ�

��� %঒জঌঞজজ঒ঘগ

����� *গঝ঎ছঙছ঎ঝঊঝ঒ঘগ ঘএ ঝ঑঎ %঒ছ঒ঌ঑ক঎ঝ�/঎ঞখঊগগ খঊঙ

5IF NBQ UIBU XF FTUBCMJTI CFUXFFO UIF #BTTFU IJTUPSZ JOUFHSBM BOE UIF /FVNBOO DPOEJUJPO
PG UIF ��% EJ୭GVTJPO FRVBUJPO BSJTFT PO NBUIFNBUJDBM HSPVOET
 CVU DBO BMTP CF JOUFSQSFUFE
QIZTJDBMMZ BT GPMMPXT� 5IF EJ୭GVTJPO FRVBUJPO UIBU UIF WBSJBCMF q(x, t) PCFZT DBO CF TFFO BT EJG�
GVTJPO PG NPNFOUVN GSPN UIF QBSUJDMF CPVOEBSZ BOE UIF /FVNBOO DPOEJUJPO qx(0, t) PO
UIF PUIFS IBOE XPVME NFBO UIF ୯୳VY PG NPNFOUVN USBOTGFSSFE GSPN UIF QBSUJDMF CPVOEBSZ
JO UIF GPSN PG TIFBS TUSFTT UP UIF CVML PG ୯୳VJE� 5IF USBJM MFG୴ CZ UIF QBSUJDMF NPUJPO JT B DPO�
TFRVFODF PG UIJT NPNFOUVN ୯୳VY UIBU FNBOBUFT GSPN UIF QBSUJDMF CPVOEBSZ XIJDI IBT CFFO
TIPXO UP BSJTF GSPN UIF NBQ CFUXFFO%JSJDIMFU�/FVNBOO DPOEJUJPOT UP EJ୭GVTJPO FRVBUJPO�
5IJT SFMBUJPO UP UIF EJ୭GVTJPO PS IFBU FRVBUJPO GVSUIFS FNQIBTJ[FT UIF GBDU UIBU PVS BOBMZTJT
BDDPVOUT GPS UIF NPNFOUVN EJ୭GVTJPO WBMJE CFGPSF BOZ DPOWFDUJWF JOFSUJBM F୭GFDUT JNQBDU UIF
ؠXBLF؟ HFOFSBUFE CZ UIF QBSUJDMF�
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1SPMBUF TQIFSPJET 	κ > 1
 2[κ ln(κ +
√
κ2 − 1)−

√
κ2 − 1]

κ2
√
κ2 − 1− κ ln(κ +

√
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√
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)
/
√
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0CMBUF TQIFSPJET 	κ < 1
 2[κ cos−1 κ −
√
1− κ2]

κ2
√
1− κ2 − κ cos−1 κ

4(1−κ2)

3[(1−2κ2) cos−1
(
κ/

√
1−κ2

)
+κ]

%JTL
(
4

π

) (
8

3π
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Table 5.1: Comparison of drag-coefficients [29] of different particle shapes where κ is the aspect ratio of
spheroid,CA is the additional coefficient for addedmass term,Ca is the additional coefficient for stokes drag,
CH = C 2

a is in front of Basset history integral.

����� %঒এএ঎ছ঎গঝ ঐ঎ঘখ঎ঝছ঒঎জ

*O UIF QSFTFOU NBOVTDSJQU
 XF IBWF GPDVTTFE PO PVS SFGPSNVMBUJPO PG UIF.BYFZ�3JMFZ FRVB�
UJPO GPS TQIFSJDBM QBSUJDMFT� 5IF UFDIOJRVF VTFE FNQMPZFE IFSF JT
 IPXFWFS
 HFOFSBM BOE FY�
UFOET JNNFEJBUFMZ UP PUIFS QBSUJDMF TIBQFT� 5IF POMZ BEEJUJPOBM SFRVJSFNFOU GPS TQIFSPJET
BOE EJTLT USBWFMMJOH QBSBMMFM UP UIFJS BYJT PG TZNNFUSZ JT UIF SFEF୮ୢOJUJPO PG UIF UISFF OPO�
EJNFOTJPOBM RVBOUJUJFT

β̂ = β/CA, α̂ = Caα, and γ̂ = CHγ,

XIJDI SFTQFDUJWFMZ BQQFBS JO FRVBUJPO 	���
 BT DPF୭୮ୢDJFOUT UP UIF BEEFENBTT UFSN
 UIF 4UPLFT
ESBH UFSN BOE UIF #BTTFU IJTUPSZ JOUFHSBM� *O UBCMF ��� XF TIPXIPX UIFTF RVBOUJUJFT WBSZ GSPN
UIBU PG B TQIFSF BT UIF BTQFDU SBUJP κ JT WBSJFE� 5IF TPMVUJPO GPS BMM UJNF�EFQFOEFOU TQBUJBMMZ
IPNPHFOFPVT ୯୳PXT DBO OPX CF FBTJMZ XSJUUFO GPS BMM UIFTF HFPNFUSJFT BT

−πq(0, t) =
∫

∂D−

ikF−k2tf̃(k)

(α̂− k2 + ikγ̂)
Ek −

∫ ∞

−∞

voikF−k2t

(α̂− k2 + ikγ̂)
Ek. 	����


5IFOVNFSJDBMNFUIPEEFWFMPQFE GPS TQBUJBMMZ OPO�MJOFBS UJNFEFQFOEFOU ୯୳PX ୮ୢFMET JT VTBCMF
XJUIPVU BOZ DIBOHF�

����� *খঙক঒ঌঊঝ঒ঘগজ ঝঘ ঙ঑ঢজ঒ঌঊক জঌ঎গঊছ঒ঘজ

*O UIJT QBQFS XF FYQMPSFE B SBOHF PG TDFOBSJPT
 GSPN UIBU PG B QBSUJDMF SFMBYJOH UP [FSP WFMPDJUZ
GSPN B HJWFO JOJUJBM WFMPDJUZ UP B QBSUJDMF JO B OPO�MJOFBS ୯୳PX TVDI BT UIF QPJOU�WPSUFY� 3FBM
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୯୳PX TJUVBUJPOT BSF PG୴FO EFTDSJCBCMF CZ B DPNCJOBUJPO PG UIFTF TJNQMF ୯୳PX TJUVBUJPOT� 0VS
SFTVMUT PO UIF ESPQMFU HSPXUI IJHIMJHIU UIBU GPS SBJOESPQ GPSNBUJPO SBUFT
 UIF #BTTFU IJTUPSZ
JOUFHSBM JT JNQPSUBOU� 0VS FYBDU TPMVUJPOT GPS PTDJMMBUJOH ୯୳PX DBO EJSFDUMZ CF VTFE UP TUVEZ
QBSUJDMF EZOBNJDT JO TZOUIFUJD UVSCVMFODF
 EF୮ୢOFE CZ B TVQFSQPTJUJPO PG TJOVTPJEBM GPSDJOH PG
EJ୭GFSFOU GSFRVFODJFT 	TFF F�H� <���>
� "T IBT CFFO TIPXO JO <���> UIF CFIBWJPVS PG UIF QBSUJDMF
JO UIF QSFTFODF PG B QPJOU WPSUFY JT EJSFDUMZ BQQMJDBCMF UP ��% UVSCVMFODF� 5IF GBDU UIBU UIF
DSJUJDBM SBEJVT GPS DBVTUJD GPSNBUJPO TISJOLT XJMM IBWF JNQMJDBUJPOT GPS ESPQMFU DMVTUFSJOH�

��� $ঘগঌকঞজ঒ঘগ

5IF .BYFZ�3JMFZ FRVBUJPO IBT CFFO VTFE FYUFOTJWFMZ CZ SFTFBSDIFST
 CVU NPTU PG୴FO CZ OF�
HMFDUJOH UIF IJTUPSZ JOUFHSBM
 QSJNBSJMZ EVF UP UIF EJ୭୮ୢDVMUZ JO IBOEMJOH UIJT UFSN� 5IF OPO�
MPDBMJUZ JO UIJT UFSN IBT CFFO UIF CBSSJFS JO UFSNT PG OVNFSJDBM QSPHSFTT BT NFNPSZ SFRVJSF�
NFOUT LFFQ JODSFBTJOH XJUI UJNF� 5IJT JT B NBKPS IVSEMF FTQFDJBMMZ XIFO B MBSHF OVNCFS PG
QBSUJDMFT OFFE UP CF TJNVMBUFE JO IJHI 3FZOPMET OVNCFS UVSCVMFODF� "OPUIFS CBSSJFS XBT
UIBU SFTUBSUJOH B TJNVMBUJPO XJUI IJTUPSZ JOUFHSBMT XBT QSBDUJDBMMZ JNQPTTJCMF
 PXJOH UP FYQP�
OFOUJBMMZ MBSHF TUPSBHF SFRVJSFNFOUT� #PUI UIFTF JTTVFT IBWF CFFO BEESFTTFE JO UIJT QBQFS CZ
SFGPSNVMBUJOH UIF .BYFZ�3JMFZ FRVBUJPO BT B CPVOEBSZ DPOEJUJPO PG UIF ��% EJ୭GVTJPO FRVB�
UJPO� 4FWFSBM BOBMZUJDBM TPMVUJPOT UP UIF DPNQMFUF.BYFZ�3JMFZ FRVBUJPO
 XIJDI DBO GPSN UIF
CBTJT GPS HSBEJFOU FYQBOTJPOT JO NPSF DPNQMJDBUFE CBDLHSPVOE ୯୳PXT
 IBWF CFFO PCUBJOFE�
0VS BOBMZTJT TVHHFTUT UIBU UIF #BTTFU IJTUPSZ NBZ OPU CF DBUFHPSJTFE BT BO BEEJUJPOBM ESBH PO
B QBSUJDMF� *UT F୭GFDU PO QBSUJDMF WFMPDJUZ JT TFFO UP DBVTF B NPSF SBQJE TUSFUDIFE�FYQPOFOUJBM
EFDBZ BU TIPSU UJNFT BOE B QPXFS�MBX BU MPOH UJNFT� #BTTFU IJTUPSZ
 XF TIPX
 IBT F୭GFDUT PO
QBSUJDMFT TFUUMJOH VOEFS HSBWJUZ
 ESPQMFU HSPXUI SBUF BOE NJHSBUJPO JO B TJNQMF TIFBS
 JO BMM
PG XIJDI OFHMFDUJOH UIJT UFSN XPVME SFTVMU JO B RVBMJUBUJWFMZ EJ୭GFSFOU 	BOE JODPSSFDU
 QSFEJD�
UJPO� 0VS OVNFSJDBM TDIFNF JT UIF ୮ୢSTU TQFDUSBMMZ BDDVSBUF NFUIPE UP PVS LOPXMFEHF GPS UIF
DPNQMFUF.BYFZ�3JMFZ FRVBUJPO� *UT JNQMFNFOUBUJPO JT TUSBJHIUGPSXBSE
 TJODF $IFCZTIFW DP�
F୭୮ୢDJFOUT DBO CF DPNQVUFE F୭୮ୢDJFOUMZ VTJOH UIF FFTW QBDLBHF� 4FWFSBM PQFO RVFTUJPOT
 F�H�
SFHBSEJOH TUBUJTUJDBM QSPQFSUJFT PG QBSUJDMFT JO IPNPHFOFPVT JTPUSPQJD UVSCVMFODF DBO CF TUVE�
JFE CZ UIJT BQQSPBDI
 BOE UIF F୭GFDU PG #BTTFU IJTUPSZ JO UVSCVMFODF VOEFSTUPPE� 5IF MBSHFS
RVFTUJPO PG VOEFSTUBOEJOH UIF .3 FRVBUJPO GSPN B EZOBNJDBM TZTUFNT QFSTQFDUJWF JT BT ZFU
VOBOTXFSFE
 BT JT UIF RVFTUJPO PG XIFUIFS BUUSBDUPST BSF NPEJ୮ୢFE CZ UIF IJTUPSZ JOUFHSBM�

���



6
$PODMVTJPO BOE GVUVSF EJSFDUJPOT

*O UIJT UIFTJT XF IBWF DPOTJEFSFE UIF SPMF PG FMBTUJDJUZ BOE IZESPEZOBNJDT JOUFSBDUJPO JO EFUFS�
NJOJOH UIF CFIBWJPVS PG ୮ୢMBNFOUT BOE TQIFSJDBM QBSUJDMFT� 8F IBWF FYQMPSFE VTJOH UBCMF UPQ
FYQFSJNFOUT UIF CFIBWJPVS PG ୮ୢMBNFOUT
 BMTP TVQQMFNFOUJOH UIF PCTFSWBUJPOT JO FYQFSJNFOUT
XJUI B UIFPSZ UIBU DBQUVSFT UIF PCTFSWBUJPOT BDDVSBUFMZ� *O PSEFS UP VOEFSTUBOE UIF EZOBNJDT
PG UJOZ SJHJE TQIFSJDBM QBSUJDMFT JO B ୯୳VJE ୯୳PXXF IBWF EFWFMPQFE B OPWFM OVNFSJDBM UFDIOJRVF
UIBU DBQUVSFT UIF IJTUPSZ F୭GFDUT PG UIF QBSUJDMF BDDVSBUFMZ�

5IF FYQFSJNFOUT XF IBWF QFSGPSNFE IBWF QSPWJEFE UIF GPMMPXJOH JOTJHIUT JOUP UIF NF�
DIBOJDT PG FMBTUJD ୮ୢMBNFOUT�

ا -BSHF EFGPSNBUJPO PG BO FMBTUJD ୮ୢMBNFOU BDSPTT JUT MFOHUI SFTVMUT JO UFOTJPO JOTJEF UIF
୮ୢMBNFOU BOE UIJT UFOTJPO NPEJ୮ୢFT UIF SFMBYBUJPO SBUF PG FMBTUJD ୮ୢMBNFOUT�

ا -BSHF MPDBMJTFE EFGPSNBUJPO PG BO FMBTUJD ୮ୢMBNFOU CZ DPOUBDU GPSDFT TVDI BT DBQJMMBSZ
GPSDF DBO B୭GFDU MBSHF TDBMF GFBUVSFT TVDI BT DPOUBDU BOHMF�

ا 4VCTUSBUF HFPNFUSZ PWFS XIJDI BO FMBTUJD ୮ୢMBNFOU SFTJEFT QMBZT B WJUBM SPMF JO UIF NPS�
QIPMPHJDBM JOTUBCJMJUJFT PG UIF ୮ୢMBNFOU�

8F LOPX UIBU B ୯୳VJE PG DPOTUBOU EFOTJUZ JOUFSBDUT XJUI PUIFS ୯୳VJE PS B TPMJE TUSVDUVSF
UISPVHI DBQJMMBSZ GPSDFT BU UIF ୯୳VJE JOUFSGBDF BOE WJTDPVT GPSDFT JO UIF CVML PG UIF ୯୳VJE� "QBSU
GSPN QSPWJEJOH CSPBE JOTJHIUT NFOUJPOFE BCPWF
 PVS FYQFSJNFOUT BOE UIFPSFUJDBM NPEFMT

���



QSPWJEFT B OPWFMXBZCZXIJDI ୯୳VJE GPSDFT
 CPUI DBQJMMBSZ BOE WJTDPVT
 DBO JOUFSBDUXJUI FMBTUJD
୮ୢMBNFOUT UP SFTVMU JO QBUUFSO GPSNBUJPO JO UIF ୯୳VJE�FMBTUJD TZTUFN�

*O UIF DBTF PG EZOBNJDT PG QBSUJDMFT JO ୯୳VJE ୯୳PX
 PVS OVNFSJDBM UFDIOJRVF PQFOT VQ B
QMFUIPSB PG QPTTJCMF TDFOBSJPT XIFSF UIF F୭GFDU PG #BTTFU IJTUPSZ DBO CF JNNFEJBUFMZ VOEFS�
TUPPE� 5P PVS LOPXMFEHF
 PVST JT UIF POMZ UFDIOJRVF XIJDI BMMPXT GPS SFTUBSUJOH PG TJNVMB�
UJPO XJUI UIF SJHIU JOJUJBM DPOEJUJPO GPS UIF QBSUJDMFT� #FZPOE UIF JNQMJDBUJPOT XJUI SFTQFDU
UP TQIFSJDBM QBSUJDMFT
 UIF NFUIPENFOET JUTFMG UP BOJTPUSPQJD QBSUJDMFT TVDI BT TQIFSPJET� 'VS�
UIFSNPSF
 UIJT JT UIF ୮ୢSTU JOTUBODFXIFSF6OJ୮ୢFE5SBOTGPSN.FUIPE IBT CFFO VTFE UP DSFBUF B
OVNFSJDBM TDIFNF
 PQFOJOH VQ QPTTJCJMJUJFT UP FYUFOE PVSNFUIPEPMPHZ JO PUIFS ୮ୢFMET XIFSF
UIJT UFDIOJRVF JT VTFE�

6TJOH UIF TUVEJFT DPOEVDUFE IFSF
 UIFTF BSF TPNF PG UIF GVUVSF EJSFDUJPOT UIBU DBO CF QVS�
TVFE XJUI PVS SFTVMUT BT TUBSUJOH QPJOU�

ا 'JMBNFOUT JO NJDSPPSHBOJTNT BSF BDUJWF
 XJUI TUSFTTFT JOTJEF UIF ୮ୢMBNFOU BSJTJOH PVU PG
DIFNJDBM HSBEJFOUT� 5IJT TUSFTT DBO FBTJMZ CF BDDPVOUFE JO PVSNPEFM BOE UIJT PQFOT VQ
RVFTUJPOT TVDI BT NPUJMJUZ PG NJDSPPSHBOJTNT BOE UIFJS F୭୮ୢDJFODZ XIJDI JT DVSSFOUMZ
B UPQJD PG TFSJPVT SFTFBSDI� #FZPOE TJOHMF ୮ୢMBNFOU EZOBNJDT
 VOEFSTUBOEJOH UIF DPM�
MFDUJWF NPUJPO PG BDUJWF ୮ୢMBNFOUT XJUI IZESPEZOBNJD JOUFSBDUJPO JT B OBTDFOU UPQJD JO
UFSNT PG CPUI FYQFSJNFOUT BOE UIFPSZ�

ا *O DIBQUFS �
 XF QFSGPSNFE FYQFSJNFOUT UP FYQMPSF POMZ UIF QBSUJBM�XFUUJOH QIBTF BOE
TFWFSBM GFBUVSFT PG UIF QBSUJBM�XSBQQJOH BOE DPNQMFUF�XFUUJOH QIBTF BSF BT ZFU VOFY�
QMPSFE� 0VS RVBTJ��% FYQFSJNFOUBM TFUVQ ZJFMET JUTFMG UP FYQMPSJOH UIFTF QIBTFT FBTJMZ�

ا -FWFSBHJOH UIF XSBQQJOH UFDIOJRVF GPS QBSDFMJOH �% ESPQMFU VTJOH ୮ୢMBNFOUT
 TIPXO
JO DIBQUFS �
 XF DBO DSFBUF BO BSSBZ PG �%ESPQMFUT� 6TJOH UIJT DPMMFDUJPO PG �%ESPQMFUT
QSPUFDUFE CZ BO FMBTUJD CPVOEBSZ
 XF DBO TUVEZ EJ୭୮ୢDVMU RVFTUJPOT TVDI BT SFTQPOTF PG
DPMMFDUJPO PG �% TPG୴ EJTDT 	BQQSPYJNBUFE CZ UIF XSBQQFE ESPQMFU
 UP TIFBS BOE PUIFS
FYUFSOBM GPSDFT�

ا *O PSEFS UP VOEFSTUBOE UIF SPMF PG TVCTUSBUF HFPNFUSZ JO USJHHFSJOH JOTUBCJMJUJFT
 XF
IBWF POMZ TFFO UIF UJQ PG UIF JDFCFSH� 0VS SFTVMUT POMZ QFSUBJO UP UIF TQFDJ୮ୢD DBTF PG
BO FMBTUJD ୮ୢMBNFOU DPO୮ୢOFE UP B TQIFSF� %PFT B ୮ୢMBNFOU CFIBWF EJ୭GFSFOUMZ PO B IZ�
QFSCPMJD TVSGBDF J�F� TVSGBDF XJUI OFHBUJWF (BVTTJBO DVSWBUVSF� .PSFPWFS
 UIF CJHHFS
RVFTUJPO PG TIBQFT PG FMBTUJD ୮ୢMBNFOUT PO BO BSCJUSBSZ �% TVSGBDF JT BT ZFU VOFYQMPSFE�

ا 1BSUJDMF EZOBNJDT JO ୯୳VJE ୯୳PXT BDDPVOUJOH GPS #BTTFU IJTUPSZ GPSDF JT TIPXO JO PVS
XPSL UP CF JNQPSUBOU JO TFWFSBM DBTFT� )PXFWFS JO PSEFS UP TJNVMBUF UIFJS EZOBNJDT
XIFO UIFSF BSF B MBSHF OVNCFS PG UIFN
 TVDI BT JO DMPVET
 PVS OVNFSJDBM NFUIPE DBO
CF EJ୭୮ୢDVMU UP JNQMFNFOU� *O TVDI B TDFOBSJP XF IBWF QSPQPTFE JO DIBQUFS � UIBU VTJOH

���



MFBEJOH PSEFS UFSNT JO HSBEJFOU FYQBOTJPO
 XF DBO MPDBMMZ BQQSPYJNBUF ୯୳PXT VTJOH MJO�
FBS QSP୮ୢMFT BOE FWBMVBUF QBSUJDMF EZOBNJDT JO B TJNQMFS XBZ� 5IJT SFNBJOT UP CF EPOF
BOE DBO CF EPOF JNNFEJBUFMZ VTJOH PVS UFDIOJRVF�

ا 4FEJNFOUJOH SBJO ESPQMFU GSPN DMPVE HSPXT JO TJ[F NBJOMZ UISPVHI DPMMJTJPO BOE UIF
SPMF PG IJTUPSZ GPSDF PO UIJT BDDVNVMBUJPO SBUF JT BT ZFU VOLOPXO
 CPUI JO FYQFSJNFOUT
BOE UISPVHI TJNVMBUJPO�

"QBSU GSPN UIF RVFTUJPOT QSPQPTFE IFSF
 XIJDI SFMZ PO UIF SFTVMUT QSFTFOUFE JO UIJT UIFTJT

PVS FYQFSJNFOUBM UPPMT BSF VTFGVM CFZPOE UIFTF RVFTUJPOT� 0VS QSPDFEVSF GPS QSFQBSJOH UIJO
୮ୢMBNFOUT
 NFBTVSJOH UFOTJPO JOTJEF ୮ୢMBNFOUT VTJOH TPG୴�CFBNT
 UIF ୯୳VPSFTDFODF UFDIOJRVF
VTFE UP WJTVBMJTF UIJO ୮ୢMBNFOUT
 BOE ୮ୢMBNFOU USBDLJOH UFDIOJRVF BSF VTFGVM JO B XJEF WBSJFUZ
PG DPOUFYUT�

���



7
"QQFOEJY

"MM UIF DPEFT VTFE UP FYUSBDU TIBQF PG ୮ୢMBNFOU
 TIBQF PG ESPQMFU BOE CVCCMF BSF BWBJMBCMF
PO GitHub�

��� 3঎কঊড঒গঐ ঎কঊজঝ঒ঌ এ঒কঊখ঎গঝ

����� &ডঝছঊঌঝ঒গঐ এ঒কঊখ঎গঝ জ঑ঊঙ঎

5IF QSPDFEVSF XF GPMMPX UP USBDL UIF ୮ୢMBNFOU JO UIF SFMBYJOH ୮ୢMBNFOU FYQFSJNFOUT JOWPMWFT
B TFSJFT PG QSPDFTTFT� 5IFZ BSF�

ا &YUSBDUJOH JNBHF TFRVFODF GSPN FYQFSJNFOUT UIBU DBQUVSF UIF EZOBNJDT PG UIF ୮ୢMB�
NFOU� 5IFO USJNNJOH UIF JNBHF UP UIF SFHJPO PG JOUFSFTUXIFSF UIF ୮ୢMBNFOU JT TJUVBUFE�
4VDI B USJNNFE JNBHF JT TIPXO JO ୮ୢH� ���(a)�

ا 5IF USJNNFE JNBHF JT UIFO QBTTFE UISPVHI UISFTIPMEJOH UP DBQUVSF JUT CPVOEBSJFT BOE
UIFO B QSVOJOH QSPDFEVSF� 5IJT QSPDFEVSF JT JOUFOEFE UP DBQUVSF UIF DFOUFSMJOF PG UIF
୮ୢMBNFOU� 8F HFU BO JNBHF MJLF UIF POF TIPXO JO ୮ୢH� ���(b)�

ا "G୴FS DBQUVSJOH UIF EJTDSFUF QJYFMT BMPOH UIF ୮ୢMBNFOU DFOUFSMJOF
 XF IBWF UP BSSBOHF
UIFTF QJYFM DPPSEJOBUFT JO UIF SJHIU PSEFS
 TP UIBU XF DBO UIFO DBMDVMBUF UIF BSD�MFOHUI
GPSN PG UIF ୮ୢMBNFOU DFOUFSMJOF� *O PSEFS UP EP UIJT
 XF CPSSPX UIF UFDIOJRVF EFWFM�
PQFE UP DSFBUF GPSNVMBT GPS BOZ DVSWF PO Wolfram Blog� 5IJT UFDIOJRVF DIPPTFT B

���

https://github.com/sgangaprasath/experiment_codes
https://blog.wolfram.com/2013/05/17/making-formulas-for-everything-from-pi-to-the-pink-panther-to-sir-isaac-newton/


Figure 7.1: (a) Experimental image of the filament (in pink), (b) extracted shape of the filament centerline,
(c) calculated square of curvature along the filament arc-length using B-Spline fit to the shape in (b) after
arranging the pixel coordinates in right order.

SBOEPN QJYFM JO UIF JNBHF BOE UIFO MPPLT BSPVOE JO UIF OFJHICPVSIPPE GPS QPJOUT
BOE BSSBOHFT UIFN JO BO BSSBZ TVDI UIBU OFBSFTU POFT BSF OFYU JO UIF BSSBZ XIJMF GBSUIFS
POFT BQQFBS MBUFS JO UIF BSSBZ�

ا "G୴FS BSSBOHJOH UIF QPJOUT JO UIF SJHIU PSEFS
 XF UIFO ୮ୢU #ୖ4QMJOF DVSWF UP UIFTF QPJOUT�

ا 6TJOH UIF ୮ୢU #ୖ4QMJOF
XF DBMDVMBUF UIF DVSWBUVSF BMPOH UIF ୮ୢMBNFOU� 8FQMPU JO ୮ୢH� ���(c)
UIF TRVBSF PG DVSWBUVSF DPNQVUFE GSPN UIF JNBHF TIPXO ୮ୢH� ���(a)�

����� &ডঙছ঎জজ঒ঘগ এঘছ L(t)

5IF FWPMVUJPO PG WFDUPST BU UIF CPVOEBSZ PG UIF ୮ୢMBNFOU DBO CF XSJUUFO BT�

µ̄∂tr|0 = −rssss|0 + [rs∂sT (s)]|0 	���

µ̄∂tr|L = −rssss|L + [rs∂sT (s)]|L 	���


���



Figure 7.2: (a)Energy, (b) end-to-end distance for different heights of glycerol. Wedonot see any significant
effect except at the shallowest height of 0.6cm.

'PS TZNNFUSJD JOJUJBM DPOEJUJPOT UIBU XF VTF JO FYQFSJNFOUT
 XF DBO XSJUF�

rssss|0 = rssss|L
∂sT (s)|0 = −∂sT (s)|L

/PX VTJOH UIFTF UIF WFDUPS DPOOFDUJOH UIF FOET FWPMWFT BT


µ̄∂t(r|0 − r|L) = ∂sT (s, t)|0[rs|0 + rs|L] 	���

µ̄∂tL̄(t)ex = 2∂sT (s, t)|0 cos(θ(t))ex 	���


XIFSF θ(t) JT UIF BOHMF CFUXFFO UIF UBOHFOU WFDUPS BU s = 0 BOE UIF IPSJ[POUBM� 5IJT TIPXT
UIBU UIF FOE�UP�FOE EJTUBODF EFQFOET POMZ PO UIF HSBEJFOU PG UFOTJPO BU UIF CPVOEBSZ BOE
CFOEJOH JT FMJNJOBUFE GSPN UIF FRVBUJPO�

����� *গ঍঎ঙ঎গ঍঎গঌ঎ ঘএ ঑঎঒ঐ঑ঝ ঘএ ঐকঢঌ঎ছঘক

0OF NJHIU CF DPODFSOFE UIBU UIF SFMBYBUJPO EZOBNJDT XPVME CF B୭GFDUFE CZ UIF EFQUI PG UIF
HMZDFSPM JO UIF DPOUBJOFS� *O PVS FYQFSJNFOUT
 UIF ୮ୢMBNFOU JT QMBDFE BU UIF HMZDFSPM�BJS JOUFS�
GBDF� 8F SFQPSU IFSF UIF NJOJNVN IFJHIU PG HMZDFSPM SFRVJSFE JO UIF CFBLFS GPS UIF ୮ୢMBNFOU
SFMBYBUJPO EZOBNJDT UP CF OPU B୭GFDUFE CZ UIF WPMVNF PG HMZDFSPM JO UIF DPOUBJOFS� 'JH� ���
TIPXT UIF SFMBYBUJPO GPS GPVS EJ୭GFSFOU IFJHIU� h = 0.6cm, 1.1cm, 2.3cm, 3.3cm� 8F TFF UIBU
GPS IFJHIU HSFBUFS UIBO 0.6cm
 UIF EZOBNJDT SFNBJO UIF TBNF� 5IVT JO BMM PVS FYQFSJNFOUT
 B
IFJHIU HSFBUFS UIBO 3.3cm JT VTFE�

���



Figure 7.3: Ēel and L(t)/Lo vs t/τ for a filament with one end clamped and the other end deformed. L(t)
is obtained by mirroring the image about the normal at the hinged end. The effective length calculated by
combining the mirrored image and the normal relaxation is represented by Lo. Blue circles correspond to
relaxation of the symmetric initial configuration described earlier.

����� &এএ঎ঌঝ ঘএ ঑ঢ঍ছঘ঍ঢগঊখ঒ঌ ঒গঝ঎ছঊঌঝ঒ঘগ

5IF NPEFM VTFE UP TJNVMBUF UIF ୮ୢMBNFOU OFHMFDUT UIF IZESPEZOBNJD JOUFSBDUJPO CFUXFFO
EJ୭GFSFOU QPJOUT BMPOH UIF ୮ୢMBNFOU BT NFOUJPOFE JO UIF NBJO UFYU� #VU UIFTF JOUFSBDUJPOT
BSF QSFTFOU JO UIF FYQFSJNFOUT BOE UIVT UP TFF JG UIF SFMBYBUJPO JT SBEJDBMMZ NPEJ୮ୢFE CZ UIFTF
JOUFSBDUJPOT
 XF QFSGPSN UIF GPMMPXJOH FYQFSJNFOU� 8F DMBNQ POF FOE PG UIF ୮ୢMBNFOU BOE
EFGPSN UIF PUIFS FOE BOE MFU JU SFMBY GSPN UIJT DPO୮ୢHVSBUJPO� 5IF SFMBYBUJPO JT NJSSPSFE
BCPVU UIF OPSNBM BU UIF ୮ୢYFE FOE BOE UIF F୭GFDUJWF MFOHUI PG UIJT DPNCJOFE ୮ୢMBNFOU JT Lo�
/PXL(t) JT DBMDVMBUFE GPS UIJT DPNCJOFE QJDUVSF UIBU DPOTJTUT CPUI UIFNJSSPSFE QBSU BOE UIF
BDUVBM SFMBYBUJPO� 'JH� ��� TIPXT Ēel WT t/τ BOE L(t)/Lo WT t/τ GPS UISFF EJ୭GFSFOU MFOHUIT BOE
XF TFF UIBU UIF DPMMBQTF JT TQSFBE� 5IF CMVF SPVOET BSF UIBU PG UIF TZNNFUSJD SFMBYBUJPO GSPN
FBSMJFS FYQFSJNFOUT� 5IPVHI UIJT EPFT OPU DPODMVTJWFMZ RVBOUJGZ UIF F୭GFDU PG IZESPEZOBNJD
JOUFSBDUJPO
 XF TFF UIBU τ JT OPU FYPSCJUBOUMZ NPEJ୮ୢFE�

����� &এএ঎ঌঝ ঘএ ঌঘগঝঊঌঝ ঊগঐক঎

5IF #POE OVNCFS GPS UIF TUJ୭GFS 714 NFBTVSFE JT 5.6× 10−3 BOE UIBU PG TPG୴FS 714 JT 3.0×
10−2 BOE UIVT F୭GFDUT PG EFOTJUZ DBO CF OFHMFDUFE� 8F IBWF NFBTVSFE UIF XFUUJOH QSPQFSUJFT
PG HMZDFSPM PWFS 714 BOE WBMJEBUF PVS BQQSPYJNBUJPO UIBU UIF NPUJPO PG UIF ୮ୢMBNFOU JT �%�
8F TFF UIBU


5IF F୭GFDUJWF EJBNFUFS PG ୮ୢMBNFOU VOEFS DPOUBDUXJUI HMZDFSPM GPS UXPEJBNFUFST � 1.04mm


���



Figure7.4: (a, c)Twoarbitraryasymmetric initial conditions relaxing to symmetric stateswith (b, d) showing
similar behaviour from numerics. (d)We see that the tension, T (s)moves towards regions of zero bending
force and becomes symmetric. Even after symmetrising, the tension is still of finite amplitude, indicating that
the system is still non-linear.
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$POUBDU BOHMF PG TUJ୭GFS 714 102.4o

$POUBDU BOHMF PG TPG୴FS 714 94.6o

%FOTJUZ PG TPG୴FS 714 1.02g/cc
%FOTJUZ PG TUJ୭GFS 714 1.18g/cc
%FOTJUZ PG HMZDFSPM 1.216g/cc

Figure 7.5: Results comparing the method used in Quennouz et al. [112] assuming anisotropic drag for the
filament with that of the present technique without anisotropic drag.

0.57mmVTFE JOPVS FYQFSJNFOUT JT OPX 	TFF ୮ୢH�� PGNBJO BSUJDMF
� d = 1.0367mm
 0.5682mm

GPS TUJ୭GFS 714 BOE 1.0159mm
 0.5568mm GPS TPG୴FS 714� 5IJT TIPXT UIBU UIF DPOUBDU BSFB
PG UIF ୮ୢMBNFOU JT BQQSPYJNBUFMZ IBMG UIBU PG UIF TVSGBDF BSFB PG UIF ୮ୢMBNFOU 	OFHMFDUJOH TVS�
GBDF EFGFDUT
� *U JT BMTP XPSUI OPUJOH UIBU UIF EFQFOEFODF PG UIF ESBH GPSDF QFS VOJU MFOHUI PO
UIF DZMJOEFS IBT POMZ B MPHBSJUINJD EFQFOEFODF PO UIF DZMJOEFS EJBNFUFS
 NBLJOH UIF F୭GFDU
XFBL� 5IJT XF CFMJFWF JT UIF SFBTPO CFIJOE NJOJNBM DPOUSJCVUJPO PG DPOUBDU BOHMF F୭GFDUT PO
UIF GBDUPS PG ��� JO UIF BSUJDMF� 'JTDIFS FU� BM�<��> QPJOU PVU UIJT ESBH EFQFOEFODF PO UIF JO�
UFSGBDF #PVTTJOFTR OVNCFS 	TFF UIFJS ୮ୢH� �
� 'PS B MFOHUI�UP�EJBNFUFS SBUJP PG ∼ 100
 BT JO
PVS FYQFSJNFOUT
 UIFZ PCTFSWF B TUSPOH EFQFOEFODF PO UIF JOUFSGBDJBM #PVTTJOFTR OVNCFS� "
EJTDVTTJPO SFHBSEJOH UIJT IBT CFFO BEEFE UP UIF FYQFSJNFOUBM NFUIPET TFDUJPO�

����� "গ঒জঘঝছঘঙ঒ঌ ঍ছঊঐ

8F JNQMFNFOUFE UIF ESBH JO ]VFOOPVތ FU BM� <���> BOE XF QMPU CFMPX JO ୮ୢH� ��� B DPNQBSJ�
TPO PG JNQMFNFOUBUJPOT PG UIF BOJTPUSPQJD BOE JTPUSPQJD ESBH� "T FYQFDUFE
 XF TFF SFMBUJWFMZ
TNBMM F୭GFDUT PG UIF BOJTPUSPQZ EVF UP NPWFNFOU QSJNBSJMZ BMPOH UIF OPSNBM EJSFDUJPO PG UIF
୮ୢMBNFOU� 8F IBWF QSPDFFEFE XJUI UIF JTPUSPQJD JNQMFNFOUBUJPO
 BT UIF ESBH DPF୭୮ୢDJFOUT BSF
UIFO JOEFQFOEFOU PG UIF BTQFDU SBUJP L/d� 5IJT BMMPXT VT UP DPMMBQTF UIF QSJNBSZ WBSJBUJPOT
JO UIF FYQFSJNFOUBM EBUB
 XJUIPVU XPSSZJOH BCPVU UIF TNBMMFS F୭GFDUT PG UIF BOJTPUSPQZ�

���



Figure 7.6: Filaments made out of PDMS imaged under a microscope. These filaments have a diameter of
(a)30µN, (b)80µN and (c)190µN.

��� 8ছঊঙঙ঒গঐ ঎ডঙ঎ছ঒খ঎গঝজ

����� .ঊঔ঒গঐ ঝ঑঒গ 1%.4 এ঒কঊখ঎গঝজ

)FSF EFTDSJCF CSJF୯୳Z UIF QSPDFEVSF XF GPMMPX UP NBLF UIJO FMBTUJD ୮ୢMBNFOUT�

ا *O PSEFS UP NBLF 1%.4 ୮ୢMBNFOUT XF OFFE 4ZMHBSE ��� 4JMJDPOF &MBTUPNFS ,JU BOE
"DDFMFSBUPS�

ا 8F UBLF UIF QPMZNFS CBTF
 BDDFMFSBUPS BOE DSPTT�MJOLFS JO UIF SBUJP ������� "OENJY JU JO
B QFUSJ EJTI�

ا 8F DFOUSJGVHF UIF NJYUVSF UP SFNPWF CVCCMFT�

ا 0ODF UIF NJYUVSF TUBSUT UP TFUUMF
 XF XBJU GPS B UJNF XJOEPX CFUXFFO ����� NJOVUFT BU
SPPN UFNQFSBUVSF CFGPSF XF NBLF ୮ୢMBNFOUT�

ا 8JUIJO UIJT UJNF XJOEPXXF ୮ୢOE UIBU UIFNJYUVSF JT OFJUIFS B TPMJE OPS B MJRVJE CVU JO
B TUBUF PG USBOTJUJPO CFUXFFO UIF UXP QIBTFT� /PXXF UBLF B ESPQMFU PG UIJT NJYUVSF JO
B DBQJMMBSZ UVCF BOE QVMM UIJT ESPQMFU VTJOH UXFF[FST�

ا 5IF QVMMJOH QSPDFTT SFTVMUT JO B MPOH UISFBE XIJDI DBO UIFO CF IBOHFE�

ا 0ODF UIF ୮ୢMBNFOU TFUT UP B TPMJE
 XIJDI UBLFT QMBDF XJUIJO � IPVST BG୴FS NJYJOH UIF
JOHSFEJFOUT
 XF DBO VTF UIFN JO PVS FYQFSJNFOUT�

"G୴FS NBLJOH UIFTF ୮ୢMBNFOUT XF JOTQFDU UIFN VOEFS B NJDSPTDPQF UP DIFDL GPS UIF VOJ�
GPSNJUZ PG UIF ୮ୢMBNFOU EJBNFUFS� *O ୮ୢH� ��� XF TIPX TPNF PG UIF ୮ୢMBNFOUT NBEF VTJOH UIJT
QSPDFEVSF�

���



Figure 7.7: Image of the experimental setup with floating droplet in orange (due to Sudan Red dye). One end
of the filament is attached to the soft-beam whose end displacement is used to measure tension. The other
end of the filament is attached to a rigid rod which is attached to a translational stage. Soft-beam diameter if
0.5NN for scale.

����� ��% ঎ডঙ঎ছ঒খ঎গঝঊক জ঎ঝঞঙ

5IF FYQFSJNFOUBM TFUVQ GPS UIF DPOUBDU BOHMF BOE XSBQQJOH FYQFSJNFOUT JOWPMWF B ESPQMFU
୯୳PBUJOH BU BJS�XBUFS JOUFSGBDF� *O ୮ୢH� ��� XF TIPX UIF TFUVQ XJUI BMM UIF DPNQPOFOUT� 5IF
TPG୴ CFBN JO UVSRVPJTF DPMPVS
 BUUBDIFE UP POF FOE PG UIF ୮ୢMBNFOU
 JT NBEF PVU PG 714 BOE
JT DPOOFDUFE UP UIF FOE PG B OFFEMF� 5IFTF ୮ୢMBNFOUT BSF GBCSJDBUFE VTJOH UIF TBNF QSPDFEVSF
EFTDSJCFE JO DIBQUFS �
 VTJOH DBQJMMBSZ UVCFT� 5IF PUIFS FOE PG UIF ୮ୢMBNFOU JT BUUBDIFE UP B
SJHJE SPE� 5IJT SJHJE SPE JT UIFO BUUBDIFE UP B NJDSPNFUFS USBOTMBUJPOBM TUBHF XIPTF EJTQMBDF�
NFOU DPOUSPMT UIF UFOTJPO JO UIF ୮ୢMBNFOU� 8F BUUBDI UIF ୮ୢMBNFOU UP UIF TPG୴�CFBN BT XFMM BT
UIF SJHJE SPE VTJOH 'FWJLXJL DZBOPBDSZMBUF�

����� 'কঞঘছ঎জঌ঎গঌ঎ ঎ডঙ঎ছ঒খ঎গঝজ

*O UIF ୯୳VPSFTDFODF FYQFSJNFOUT EJTDVTTFE JO DIBQUFS � XF VTF /JMF 3FE EZFNJYFE JO &UIBOPM
UP DPBU UIF ୮ୢMBNFOU BOE UIFO MFU FUIBOPM FWBQPSBUF� 5IF EZFE ୮ୢMBNFOU JT ୯୳PBUFE BU UIF JO�
UFSGBDF PG UIF XBUFS CBUI� 6TJOH DZMJOESJDBM MFOT XF DPOWFSU UIF DJSDVMBS DSPTT�TFDUJPO PG UIF
MBTFS CFBN JOUP B TIFFU� 8F UIFO TIJOF UIJT TIFFU PG MBTFS DMPTF UP UIF JOUFSGBDF BOE DBQUVSF UIF
TIBQF PG ୮ୢMBNFOU BG୴FS ୮ୢMUFSJOH VTJOH B SFE ୮ୢMUFS�

8F IBWF TIPXO JO DIBQUFS � UIF TIBQF DBQUVSFE VTJOH ୯୳VPSFTDFODF PO JO IJHI CFOEBCJMJUZ

���



Figure 7.8: Fluorescence spectra of Nile Red. We shine laser in the green part of the spectrum and the emis-
sions happen in the red part. (Image credit: Thermo Fisher)

Figure 7.9: Shapes of filament captured using fluorescence post self-contact. (a−d) shows the shapes aswe
keep decreasing the volume of oil droplet.

BOE POF JO MPXCFOEBCJMJUZ CFGPSF UIF ୮ୢMBNFOU JTXSBQQFE� )FSF JO ୮ୢH� ���XF TIPX UIF JNBHF
PG ୮ୢMBNFOU TIBQFT QPTU XSBQQJOH XIFSF UIF ୮ୢMBNFOU JT JO TFMG�DPOUBDU�

����� .঎ঊজঞছ঒গঐ ঌঘগঝঊঌঝ ঊগঐক঎

*O PSEFS UP FYUSBDU UIF DPOUBDU BOHMF GSPN UIF FYQFSJNFOUBM JNBHFT
 XF VTF UIF GPMMPXJOH
UFDIOJRVF�

ا $PMPVS UIF ESPQMFU BMPOF TVDI UIBU JU JT WJTJCMF JO B VOJGPSN MJHIU�

ا 5ISFTIPME UIF ESPQMFU JNBHF UP HFU UIF CPVOEBSZ PG UIF ESPQMFU�

ا $BMDVMBUF UIF DVSWBUVSF BMPOH UIF CPVOEBSZ PG UIF ESPQMFU UP JEFOUJGZ TIBSU DPSOFST�
5IFTF TIBSQ DPSOFST SFQSFTFOU UIF ESPQMFU�୮ୢMBNFOU DPOUBDU MJOFT� "O FYBNQMF PG UIF
FYQFSJNFOUBM JNBHF TVQFSQPTFE XJUI FYUSBDUFE ESPQMFU CPVOEBSZ BOE DPOUBDU MJOF JT
TIPXO JO ୮ୢH� ���(a)�

ا "G୴FS ୮ୢOEJOH UIFTF DPOUBDU MJOFT
 XF OFFE UIF TMPQF JOGPSNBUJPO UP FYUSBDU UIF DPOUBDU
BOHMFT� *O PSEFS UP JEFOUJGZ UIF SJHIU QPJOU UP FTUJNBUF UIF TMPQF
 XF FTUJNBUF UIF BOHMF
BT B GVODUJPO PG UIF QPJOUT BMPOH UIF ESPQMFU OFYU UP UIF DPOUBDU MJOF� *O ୮ୢH� ���(b)XF

���



QMPU UIF BOHMFT FTUJNBUFE BT B GVODUJPO PG UIF JOEFY PG QPJOU GSPN DPOUBDU MJOF
 PO CPUI
TJEFT 	MFG୴ DPOUBDU MJOF
 SJHIU DPOUBDU MJOF
 PG UIF ESPQMFU�

ا 8F DIPPTF UIF TMPQF VTJOH UIF QPJOU XIFSF (ϑ+ φ) QMBUFBVT JO ୮ୢH� ���(c)�

����� 1঒গগ঒গঐ ঎এএ঎ঌঝজ ঘএ ঍ছঘঙক঎ঝ ঌঘগঝঊঌঝ ক঒গ঎ ঠ঒ঝ঑ এ঒কঊখ঎গঝ

*O PSEFS UP VOEFSTUBOE UIF QJOOJOH F୭GFDUT PG ESPQMFU DPOUBDU MJOF XJUI UIF FMBTUJD ୮ୢMBNFOU

XF FYQFSJNFOUT UP TFF JG UIFSF JT BOZ IZTUFSFTJT JO UIF ϑ,φ WTRb, Rd QMBOF� 8F TUBSU UIF FYQFSJ�
NFOUT CZ EFDSFBTJOH UIF CPVOEBSZ UFOTJPO PG UIF ୮ୢMBNFOU BOE BG୴FS TV୭୮ୢDJFOUMZ TNBMM UFOTJPO
WBMVF
 XF JODSFBTJOH JU� *O ୮ୢH� ���(c) XF QMPU FTUJNBUFE WBMVFT PG ϑ,φ BT B GVODUJPO PG Rd, Rb�
8F TFF UIBU UIF ୯୳VDUVBUJPO JO UIF WBMVFT PG DPOUBDU BOHMFT JT TNBMM BOE UIVT XF OFHMFDU UIF
F୭GFDUT PG DPOUBDU MJOF QJOOJOH�

��� $ঘ঒ক঒গঐ ঎ডঙ঎ছ঒খ঎গঝজ

����� &ডঙ঎ছ঒খ঎গঝঊক জ঎ঝ ঞঙ ঊগ঍ ঍঎ঝঊ঒কজ

5IF FYQFSJNFOUBM TFUVQ VTFE JO UIF DPJMJOH FYQFSJNFOUT DPOTJTUT PG B DBQJMMBSZ UVCF BU XIPTF
FOE IBOHT UIF CVCCMF
 B ୮ୢMBNFOU IPMEFS
 NJSSPS UP HFU UIF CPUUPN WJFX PG CVCCMF
 VOJGPSN
MJHIU TPVSDF
 BOE B DBNFSB� 5IJT TFUVQ JT TIPXO JO ୮ୢH� ����
 NPVOUFE PO B TUBJOMFTT TUFFM CSFBE�
CPBSE� 5IF CVCCMF JT CMPXO PVU PG B TZSJOHF DPOOFDUFE UP B NJDSPQVNQ�

5IF TPBQ TPMVUJPO VTFE UPNBLF UIFTF CVCCMFT BSF NBEF PVU PG %"8/ TPBQ TPMVUJPO XJUI
B IJHI DPODFOUSBUJPO PG HMZDFSPM UP SFEVDF ESBJOBHF JO UIF CVCCMF� 5IF WPMVNF SBUJP PG TPBQ
TPMVUJPO UP HMZDFSPM JO PVS CVCCMFT JT ���� *O PVS FYQFSJNFOUT XF SFEVDF UIF CVCCMF TJ[F GPS B
୮ୢYFE ୮ୢMBNFOU TJ[F
 BOE XF ୮ୢOE UIBU CVCCMF TPMVUJPO XJUI UIJT DPODFOUSBUJPO JT TUBCMF VQ UP
�� NJOVUFT� "OPUIFS BTQFDU JO PVS FYQFSJNFOUT JT UIBU XF EP OPU XBOU UIF TVSGBDF FOFSHZ PG
UIF ୮ୢMBNFOU B୭GFDUJOH UIF ୮ୢMBNFOU TIBQF UIVT XF DPBU UIF ୮ୢMBNFOU XJUI TPBQ TPMVUJPO CFGPSF
GFFEJOH POUP UIF CVCCMF TVSGBDF�

*O PSEFS UPNBLF UIF ୮ୢMBNFOU WJTJCMF VOEFS VOJGPSN MJHIU
 XF DPBU UIF ୮ୢMBNFOUXJUI 4VEBO
3FE VTJOH UIF TBNF QSPDFEVSF EFTDSJCFE FBSMJFS GPS 1%.4 ୮ୢMBNFOUT� )PXFWFS GPS TJMJDPOF
୮ୢMBNFOUT VTFE JO DPJMJOH FYQFSJNFOUT XF GPVOE UIBU JG UIF ୮ୢMBNFOU JT DPBUFE XJUI 4VEBO3FE
�&UIBOPMXIJMF UIF ୮ୢMBNFOU SFTUT PO BNJDSP�TMJEF
 UIF ୮ୢMBNFOU HBJOFE OBUVSBM DVSWBUVSF BG୴FS
&UIBOPM FWBQPSBUFT� *O PSEFS UP BWPJE UIJT OBUVSBM DVSWBUVSF
 XF DSFBUFE B CBUI PG 4VEBO 3FE

���



Figure 7.10: (a) Extracted shape of droplet from experiment super-imposed over the experimental image.
Dots are the corners representing the contact line of droplet. Rb, Rd are the radius of curvature of the buck-
led zone and droplet. (b) Calculated value of (ϑ + φ) as a function of the index of point from the contact
line used to estimage ϑ,φ. (c) Estimated value of θ,φ as a function ofRd, Rb (inmm) from experiments for
repeated cycles of increase and decrease of tension in the filament.
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Figure 7.11: Photo of the experimental setup used in the coiling experiments in chapter 4. The bubble is held
at the end of the capillary tube. The filament holder is used to feed the filament onto the bubble surface. We
usemirror to observe the bottom view of the bubble to get the shape of the coils. The setup is lit from the top
of the bubble and behind the bubble.

� &UIBOPM BOE ୯୳PBUFE UIF ୮ୢMBNFOU BU UIF JOUFSGBDF PG UIJT CBUI� "G୴FS SFNPWJOH UIF ୮ୢMBNFOU
GSPN UIJT CBUI
 XF ESZ UIF ୮ୢMBNFOU CZ IBOHJOH XJUI POF FOE ୮ୢYFE� 5IJT QSPDFEVSF XF ୮ୢOE
SFTVMUFE JO TUSBJHIU ୮ୢMBNFOUT CVU OPXXJUI B MBZFS PG 4VEBO3FE
 NBLJOH UIF ୮ୢMBNFOU WJTJCMF
XIFO JNBHFE�

���



��� )঒জঝঘছঢ ঎এএ঎ঌঝজ ঘগ ঙঊছঝ঒ঌক঎ ঍ঢগঊখ঒ঌজ

����� %঒ছ঒ঌ঑ক঎ঝ ঝঘ /঎ঞখঊগগ খঊঙ

'PS UIF DPOWFOJFODF PG UIF SFBEFS
 XF QSFTFOU IFSF UIF EFUBJMT PG UIF %JSJDIMFU UP /FVNBOO
NBQ GPS UIF EJ୭GVTJPO FRVBUJPO� 5IJT DBMDVMBUJPO NBZ BMTP CF GPVOE JO <��>� 8F CFHJO XJUI
UIF HMPCBM SFMBUJPO GPS UIF ��% EJ୭GVTJPO FRVBUJPO
 FRVBUJPO 	����

 BOE EFSJWF BO FYQSFTTJPO
GPS qx(0, t) JO UFSNT PG q(0, t)� 5P EP TP XF NVMUJQMZ 	����
 CZ ikF−ω(k)t
 GPS 0 < t < T 

BOE JOUFHSBUF PWFS UIF DPOUPVS ∂D− BT EFQJDUFE JO ୮ୢHVSF ���(b)� 8F EFOPUF CZ D− 	D+

UIF SFHJPOT PG UIF DPNQMFY−k QMBOF XIFSF ℜ(ω(k) = k2) < 0 BOE ℑ(k) < 0 	SFTQFDUJWFMZ

ℑ(k) > 0
� /PUF GPS k ∈ D±
 Fω(k)t JT CPVOEFE BOE EFDBZJOH GPS t > 0 BT k → ∞� 8F OPX
IBWF ∫

∂D−
[ikFω(k)(T−t)q̂(k, T ) + ikF−ω(k)t(g̃1 + ikg̃o)] Ek = 0. 	���


5IF ୮ୢSTU UFSN JO UIF JOUFHSBM B୭GPSET OP DPOUSJCVUJPO� 5IJT GPMMPXT CZ OPUJOH UIBU UIF JOUFHSBM
PG UIJT UFSN BMPOH CR
 TFF ୮ୢHVSF ���(b)
 WBOJTIFT BT R → ∞ GPS (T − t) > 0� .PSFPWFS TJODF
UIFSF BSF OP QPMFT JO D−
 UIF JOUFHSBM PG UIF ୮ୢSTU UFSN BMPOH UIF DPOUPVS ∂D− JT BMTP [FSP�
/FYU XF FNQMPZ UIF EF୮ୢOJUJPO PG g̃0 BOE g̃1 UP PCUBJO

∫

∂D−

[
ik

∫ T

o
Fω(k)(s−t)qx(0, s) Es− k2

∫ T

o
Fω(k)(s−t)q(0, s) Es

]
Ek = 0. 	���


5IF JOUFHSBOE PG UIF DPOUPVS JOUFHSBM JO UIF BCPWF FYQSFTTJPO DPOTJTUT PG UIF TVN PG UXP
UFSNT� 'PS UIF ୮ୢSTU UFSN XF TVCTUJUVUF k2 = il, l ∈ R UP PCUBJO

−1

2

∫ T

0

∫ ∞

−∞
F−il(t−s)qx(0, s) El Es−

∫

∂D−
k2
(∫ T

0
Fk2(s−t)q(0, s) Es

)
Ek = 0. 	���


5IF 'PVSJFS JOWFSTJPO UIFPSFN UIFO BMMPXT VT UP SFQMBDF UIF ୮ୢSTU UFSN XJUI UIF /FVNBOO
DPOEJUJPO qx(0, t)� 5IF TFDPOE UFSN PO UIF MFG୴�IBOE TJEF NBZ CF TJNQMJ୮ୢFE BT GPMMPXT� 'JSTU

���



XF JOUFHSBUF CZ QBSUT PODF BOE UIFO EFGPSN UIF JOUFHSBM GSPN ∂D− UP UIF SFBM MJOF

− πqx(0, t)−
∫

∂D−
k2
[(Fk2(T−t)q(0, T )− F−k2tq(0, 0)

k2

)
−

∫ T

0
Fk2(s−t)q̇(0, s) Es

]
Ek = 0,

	���


⇒− πqx(0, t)−
∫ ∞

−∞
F−k2tq(0, 0) Ek

−
∫

∂D−

[
Fk2(T−t)q(0, T )−

(∫ t

0
+

∫ T

t

)
Fk2(s−t)q̇(0, s) Es

]
Ek = 0, 	���


⇒− πqx(0, t)−
√
π

t
q(0, 0)−

∫ ∞

−∞

∫ t

0
Fk2(s−t)q̇(0, s) Es Ek = 0. 	����


5IF MBTU UFSN PG 	���
 DPOTJTUT PG BO JOUFHSBM PWFS s ∈ (t, T ]� 5IJT UFSN WBOJTIFT TJODF GPS (s−
t) > 0
 Fk2(s−t) JT BOBMZUJD
 CPVOEFE BOE EFDBZT BU JO୮ୢOJUZ GPS k ∈ D−� "O BQQFBM UP +PSEBOؠT
MFNNB BTTVSFT VT UIBU UIF DPOUSJCVUJPO GSPN UIJT UFSN JT [FSP� " TJNJMBS BSHVNFOU JNQMJFT
UIF UFSNXJUI q(0, T ) BMTP WBOJTIFT� 4XJUDIJOH UIF PSEFS PG JOUFHSBUJPOT GPS UIF JOUFHSBM UFSN
JO 	����
 MFBET UP UIF ୮ୢOBM FYQSFTTJPO GPS UIF %JSJDIMFU UP /FVNBOO NBQ

qx(0, t) =−
√

1

πt
q(0, 0)− 1√

π

∫ t

0

q̇(0, s)√
t− s

Es. 	����


����� )঒জঝঘছঢ ঎টঘকঞঝ঒ঘগ

.VMUJQMZJOH UIF CPVOEBSZ DPOEJUJPO 	����
 CZ Fk2t BOE JOUFHSBUJOH PWFS t ∈ [to, to+∆t] MFBET
UP

Fk2(to+∆T )q(0, to +∆t)−Fk2toq(0, to) + (α− k2)g̃o(k
2, to, to +∆t)

− γg̃1(k
2, to, to +∆t) = f̃(k2, to, to +∆t). 	����


8F NBZ OPX FMJNJOBUF g̃1(k2, to, to +∆t) JO 	����
 VTJOH UIF BCPWF FYQSFTTJPO� .VMUJQMZJOH
UIF SFTVMUJOH FYQSFTTJPO CZ kF−k2t/(α − k2 + ikγ) BOE JOUFHSBUJOH PWFS ∂D− SFTVMUT JO UIF

���
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Figure 7.12:Mapof variable k → k̃, where k̃l areGauss-Lobatto grid-points, the discrete version of k̃, which
is used to evaluate integral in equation (7.15).

GPMMPXJOH SFMBUJPO GPS UIF %JSJDIMFU DPOEJUJPO q(0, t)

iπq(0, t) = q(0, to)

∫

∂D−

kF−k2(t−to)

(α− k2 + ikγ)
Ek +

∫

∂D−

kF−k2tf̃(k2, to, to +∆t)

(α− k2 + ikγ)
Ek

+

∫

∂D−

kF−k2(t−to)q̂(k, to)

(α− k2 + ikγ)
Ek, to ≤ t ≤ to +∆t. 	����


5P PCUBJO UIF BCPWF FYQSFTTJPO XF BQQFBM UP +PSEBOؠT MFNNB TFWFSBM UJNFT JO PSEFS UP FMJN�
JOBUF JOUFHSBMT UIBU WBOJTI� &RVBUJPO 	����
 NBZ CF EFGPSNFE CBDL UP UIF SFBM MJOF UP PCUBJO
FRVBUJPO 	����
�

&RVBUJPO 	����
 FYQSFTTFT q(0, t) JO UFSNT PG BO JOJUJBM DPOEJUJPO q(0, to)
 JUTFMG 	WJB f̃ 
 BOE
q̂(k, to)� 8F OPX EFSJWF BO FYQSFTTJPO UP SFMBUF q̂(k, to) BOE q̂(k, to +∆t) JO PSEFS UP PCUBJO
B SVMF UP VQEBUF UIF q̂� 0ODF BHBJO
 FMJNJOBUJOH g̃1 GSPN UIF HMPCBM SFMBUJPO 	����
 BOE 	����

XF PCUBJO BG୴FS B CJU PG BMHFCSB

Fk2(to+∆t)H (k, to +∆t) + g̃o(k
2, to, to +∆t) = Fk2toH (k, to) +

f̃(k2, to, to +∆t)

(α− k2 + ikγ)
,

	����


XIFSF
H (k, to) =

{
q(0, to) + γq̂(k, to)

(α− k2 + ikγ)

}
,

XIJDI BU UIF JOJUJBM UJNF JOTUBOU JTH (k, 0) = q(0, 0)/(α−k2+ ikγ)� " TJNJMBS SFMBUJPO FYJTUT
CFUXFFO H (k, to−∆t) BOE H (k, to) 	PCUBJOFE CZ DPOTJEFSJOH 	����
 BOE 	����
 GPS UIF UJNF
JOUFSWBM [to −∆t, to] 
 XIJDI JT QSFDJTFMZ 	����
�

����� &টঊকঞঊঝ঒গঐ ঒গ঍঒ট঒঍ঞঊক ঝ঎ছখজ ঒গ ঎હঞঊঝ঒ঘগ 	����


*O PSEFS UP SFBDI FRVBUJPO 	����

 UIFSF BSF GPVS TUFQT JO UIF QSPDFTT PG CVJMEJOH H(tj) BOE
F(tj)� 8F TUBSUXJUI UIF ୮ୢSTU TUFQXIJDI JT UP FWBMVBUF JOEF୮ୢOJUF JOUFHSBMT� *O PSEFS UP FWBMVBUF

���



JOUFHSBMT PG UIF GPMMPXJOH UZQF OVNFSJDBMMZ

P(t) :=

∫ ∞

−∞
B(k)F−k2t Ek =

∫ ∞

0
ℑ
{
B(k)

}
F−k2t Ek. 	����


*OUFHSBMT PG UIJT GPSN BSF QSFWBMFOU JO CPUI FRVBUJPO 	���������
 GPS TNPPUI GVODUJPOT B(k)

XIJDI BSF XFMM CFIBWFE JO UIF FOUJSF JOUFSWBM k ∈ (−∞,∞)� 8F ୮ୢSTU NBQ UIF WBSJBCMF k → k̃

VTJOH UIF USBOTGPSNBUJPO� k = (1 + k̃)/(1− k̃), k̃ ∈ [−1, 1).6TJOH UIJT NBQ
 XF DBO FYQBOE
UIF GVODUJPO ℑ

{
B(k)

}
VTJOH $IFCZTIFW CBTJT BT� ∑N

n=0 cnTn(k̃)� 6TJOH 'BTU 'PVSJFS 5SBOT�
GPSN 	FFT
 QBDLBHFT
 XF DPNQVUF cn BOE FWBMVBUF UIF JOUFHSBUJPO P(t)� 5IVT FWBMVBUJOH
UIJT JOUFHSBM KVTU SFRVJSFT POF GPSXBSE $IFCZTIFW 5SBOTGPSN 	CT
�8F TIPX JO ୮ୢHVSF ���� UIF
NBQ CFUXFFO (BVTT�-PCBUUP HSJE QPJOUT k̃l ∈ [−1, 1) BOE kl ∈ [0,∞)� 6TJOH UIJT NFUIPE
XF DBO FWBMVBUF UIF FOUJSF FYQSFTTJPOH(tj)�

8FNPWF UP UIF TFDPOE TUFQ JO FWBMVBUJOH UIF FRVBUJPO 	����
 XIJDI JT UIF UFSNF(tj)� 'PS
B HJWFO HVFTT q(0, tj)
 XIJDI XF UBLF BT−2/πH(tj)
 XF DBO FWBMVBUF f(q(0, tj), tj)� 5IF OFYU
TUFQ JT UIFO UP DPNQVUF GSPN UIJT HJWFO q(0, tj) UIF JOUFHSBM F(t)�

F(t) =

∫ ∞

0
ℑ
{
kF−k2tf̃(k2, to, t)

(α− k2 + ikγ)

}
Ek, t ∈ [to, to +∆t], 	����


=

∫ t

to

f(q(0, s))

∫ ∞

0
ℑ
{

kF−k2(t−s)

(α− k2 + ikγ)

}
Ek Es. 	����


4VCTUJUVUJOH (t− s) = m
 XF HFU�

F(t) =

∫ t−to

0
f(q(0, t−m))

∫ ∞

0
ℑ
{

kF−k2(t−s)

(α− k2 + ikγ)

}
Ek

︸ ︷︷ ︸
L (m)

Em. 	����


8F DBO OPX FYQBOE f(q(0, t−m)) =
∑N

n=0 cnTn((t−m)− (to +∆t/2)/(∆t/2))XJUI cn

CFJOH GVODUJPO PG q(0, tj)� 8F DIPPTF t − to = t̃
 XIJDI FMJNJOBUFT UIF to EFQFOEFODF GSPN

���



UIF FYQBOTJPO BOE UIJT MFUT VT XSJUF

F(tj) =
N∑

l=0

cn

∫ t̃j

0
Tn

(
(t̃j −m)−∆t/2

∆t/2

)
L (m) Em, t̃j ∈ [0,∆t], 	����


=
N∑

l=0

cnMnj . 	����


8F DBO QSFDPNQVUFMnj 
 XIJDI JT BN ×N NBUSJY
 BOE FWBMVBUJOHF(tj) BHBJO SFRVJSFT POMZ
POF CT� 5IF OFYU UFSN JO FRVBUJPO 	����
 OFFET B TNBMM USJDL UP TJNQMJGZ BOE JT HJWFO CZ

I1 =

∫ to

to−∆t
F−k2(to−s)q(0, s) Es, 	����


=∆t

∫ 1

0
F−k2τq(0, to −∆tτ) Eτ, XIFSF s = to −∆tτ, 	����


=
∆t

k2

∫ k2

0
F−λq(0, to −∆t

λ

k2
) Eλ, XJUI τ =

λ

k2
. 	����


8F JNNFEJBUFMZ TFF GSPN UIJT FYQSFTTJPO UIBU GPS MBSHF k
 UIF JOUFHSBM HPFT UP� q(0, to)∆t/k2+

O(1/k2) JNQMZJOH UIBU UIJT QBSU DBO CF TFQBSBUFMZ FWBMVBUFE CZ 5BZMPS FYQBOTJPO BSPVOE to�
5IJT HJWFT SJTF UP

I1 =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

∫ to
to−∆t q(0, s) Es, JG k = 0

∆t
k2

[
q(0, to)(1− F−k2) +

∫ k2

0 F−λ

(
q(0, to −∆t λ

k2 )− q(0, to)

)
Eλ

]
, JG k ̸= 0

	����


5IF TFDPOE UFSN JO UIF BCPWF FRVBUJPO JT FWBMVBUFECZ FYQBOEJOHq(0, t)VTJOH WBMVFT BU t = tj

XIFO to ≤ tj ≤ (to+∆t) BT∑N
n=0 anTn(t̃)XIFSF t̃ = (2t− (2to+∆t))/∆t JT UIF NBQ GSPN

t → t̃� (JWFO UIJT QPMZOPNJBM BQQSPYJNBUJPO
 XF DBO XSJUF UIF JOUFHSBM BT B QSFDPNQVUFE
NBUSJYDnm UJNFT UIF CT WFDUPS PG q(0, tj)
 an� 5IF TVCTFRVFOU JOUFHSBM I2 GPMMPXT UIF TBNF
BSHVNFOU BOEXF DBO VTF UIF FYBDU TBNFNBUSJYDnm UP DPNQVUF JU� 5IVT UP DPNQVUFT (tj)

BMM UIBU XF OFFE JT QSFDPNQVUFE NBUSJDFT Dnm BOE Mnj CFZPOE XIJDI JU JT DPNQVUJOH UXP
CTT GPS FBDI UJNF
 to ≤ tj ≤ (to +∆t)�

���



����� /঎ঞখঊগগ�%঒ছ঒ঌ঑ক঎ঝ খঊঙ এঘছ ঑঎ঊঝ ঎હঞঊঝ঒ঘগ

8IFO UIF HMPCBM SFMBUJPO PG UIF IFBU FRVBUJPO JT NVMUJQMJFE CZ F−ω(k)t XF HFU�
∫

∂D−
[Fω(k)(T−t)q̂(k, T ) + F−ω(k)t(g̃1 + ikg̃o)] Ek = 0. 	����


5IF ୮ୢSTU UFSN JO UIF JOUFHSBM IBT OP DPOUSJCVUJPO CFDBVTF (T−t) > 0 CZ EF୮ୢOJUJPO BOE BT UIF
DPOUSJCVUJPO GSPN CR 	TFF ୮ୢH� ���
 JT [FSP BT R → ∞ TJODF Fω(k)s JT EFDBZJOH GPS MBSHF k BOE
s > 0� $PNCJOJOH UIJT XJUI UIF GBDU UIBU UIFSF BSF OP QPMFT JO D− FOTVSFT UIBU UIF JOUFHSBM
BMPOH DPOUPVS ∂D− JT [FSP� "G୴FS XF FYQBOE UIF PUIFS UXP UFSNT XF HFU�
∫

∂D−

[ ∫ t

0
F−ω(t−s)qx(0, s) Es+

∫ T

t
Fω(s−t)qx(0, s) Es+ ik

∫ T

0
Fω(s−t)q(0, s) Es

]
Ek = 0.

	����


5IF TFDPOE UFSN JO UIF BCPWF FYQSFTTJPO HJWF OP DPOUSJCVUJPO TJODF (s − t) > 0 BOE ∂D−

JT UIF SFHJPO PG EFDBZJOH Fω(k)t
 FTTFOUJBMMZ EVF UP +PSEBOؠT MFNNB� 5IF ୮ୢSTU POF DBO OPX CF
NBQQFE UP UIF SFBM MJOF BT UIFSF BSF OP QPMFT JO C−� %VF UP UIF EJSFDUJPO PG EF୮ୢOJUJPO PG UIF
DPOUPVS
 XF HFU BO BEEJUJPOBM OFHBUJWF TJHO�

−
∫ t

0

(∫ ∞

−∞
F−k2(t−s)qx(0, s) Ek

)
Es+

∫

∂D−

(
ik

∫ T

0
Fk2(s−t)q(0, s) Es

)
Ek = 0. 	����


5IF OFYU TUFQ JT UP TVCTUJUVUF k
√
t− s = m JO UIF ୮ୢSTU UFSN TP UIBU JU CFDPNFT B (BVTTJBO

JOUFHSBM BOE UIF TFDPOE UFSN DBO CF TJNQMJ୮ୢFE TJODF XF LOPX ∂D− JT XIFSF kr = ±ki
 XIJDI
JNQMJFT UIF CPVOEBSZ ∂D± JT HJWFO CZ k2 = il BOE UIJT MFBET UP ikEk = −El/2� 4VCTUJUVUJOH
UIJT XF HFU�

−
∫ t

0

(∫ ∞

−∞
F−m2 qx(0, s)√

t− s
Em

)
Es− 1

2

∫ T

0

(∫ ∞

−∞
F−il(t−s)q(0, s) El

)
Es = 0 	����


	����


8F UIVT IBWF UIF ୮ୢOBM NBQ GSPN /FVNBOO UP %JSJDIMFU CPVOEBSZ DPOEJUJPO BT�

q(0, t) = − 1√
π

∫ t

0

qx(0, s)√
t− s

Es. 	����


���



*O TFDUJPO BQQ� ����� XF TBX UIF EFSJWBUJPO PG %JSJDIMFU UP /FVNBOO NBQ
 BOE JO ��% UIJT
SFTVMU SFBET�

qx(0, t) =−
√

1

πt
q(0, 0)− 1√

π

∫ t

0

q̇(0, s)√
t− s

Es. 	����


)PXFWFS XIFO UIF JOJUJBM DPOEJUJPO qo(x) JT OPU [FSP
 XF IBWF�

qx(0, t) =−
√

1

πt
q(0, 0)− 1√

π

∫ t

0

q̇(0, s)√
t− s

Es−
∫

∂D−
ikF−k2tq̂o(k) Ek. 	����


/PX GPS B TZTUFN TUBSUJOH GSPN UJNF t = 0 USBWFSTJOH VQUP (to + τ)
 UIF BCPWF FYQSFTTJPO
CFDPNFT�

−πqx(0, to + τ) =

√
π

(to + τ)
q(0, 0) +

√
π

∫ to+τ

0

q̇(0, s)√
to + τ − s

Es. 	����


8F FYQFDU UIF TBNF TPMVUJPO GPS B TZTUFN TUBSUJOH BU to BOE USBWFSTJOH B EVSBUJPO PG τ CVUXJUI
B EJ୭GFSFOU JOJUJBM DPOEJUJPO GPS UIF IFBU FRVBUJPO� 8F DBO UIFO XSJUF�

−πqx(0, to + τ) =

√
π

τ
q(0, to) +

√
π

∫ τ

0

q̇(0, to + s)√
τ − s

Es+
∫

∂D−
ikF−k2τ q̂(k, to) Ek.

	����


'SPN IFBU FRVBUJPO XF LOPX UIF HMPCBM SFMBUJPO QSFDJTFMZ BT�

q̂o(k)− Fω(k)T q̂(k, T )− g̃1 − ikg̃o = 0 ∀ k ∈ C−. 	����


8F DBO FWBMVBUF UIJT FYQSFTTJPO GPS T = to BOE XF UIVT HFU�

q̂(k, to) = −(g̃1 + ikg̃o)F−ω(k)to ∀ k ∈ C−. 	����


8F UIVT IBWF UIF GPMMPXJOH JOUFHSBM GPS UIF NBQ TUBSUJOH GSPN to�

−πqx(0, to + τ) =

√
π

τ
q(0, to) +

√
π

∫ τ

0

q̇(0, to + s)√
τ − s

Es−
∫

∂D−
ikF−k2(to+τ)(g̃1 + ikg̃o) Ek.

	����


���



5IF ୮ୢSTU UFSN DBO CF FWBMVBUFE BT�

I1 = −
∫

∂D−

∫ to

0
ikF−k2(to+τ−s)qx(0, s) Es Ek, IFSF (to + τ − s) > 0 ∀ s ∈ (0, to),

	����


= −
∫

∂D−

∫ to

0
ikF−k2(to+τ−s)qx(0, s) Es Ek. 4VCTUJUVUJOH k2 = il, 	����


= − f12

∫

∂D−

∫ to

0
ikF−il(to+τ−s)qx(0, s) Es El, 	����


= − π

∫ to

0
qx(0, s)δ(to + τ − s) Es = 0. 	����


5IF TFDPOE UFSN OPX TJNQMJ୮ୢFT UP CFDPNF�

I2 = −
∫

∂D−

∫ to

0
k2F−k2(to+τ−s)q(0, s) Es Ek, 	����


= −
∫

∂D−

k2
{F−k2τq(0, to)− F−k2(to+τ)q(0, 0)

k2
−

∫ to

0

F−k2(to+τ−s)

k2
q̇(0, s)

}
Es,

	����


5IFTF UISFF JOUFHSBMT DBO CF JNNFEJBUFMZ FWBMVBUFE VTJOH (BVTTJBO JOUFHSBM GPSN BG୴FS XIJDI
XF HFU�

I2 = −
√
π

τ
q(0, to) +

√
π

to + τ
q(0, 0) +

√
π

∫ to

0

q̇(0, s)√
to + τ − s

Es. 	����


4VCTUJUVUJOH UIJT CBDL UP FR����� XF HFU�

−πqx(0, t) =
√

π

to + τ
q(0, 0) +

√
π

∫ τ

0

q̇(0, to + s)√
τ − s

Es+
√
π

∫ to

0

q̇(0, s)√
to + τ − s

Es 	����


XIJDI JT QSFDJTFMZ UIF UFSNT JO FR� ����XIJDI UIVT TIPXT UIBUXIFO UIF TZTUFN TUBSUT GSPN[FSP
PS to BOE OBWJHBUFT UJMM (to+ τ)
 UIF F୭GFDUJWF /FVNBOO DPOEJUJPO SFNBJOT UIF TBNF XIJMF UIF
JOJUJBM DPOEJUJPO GPS UIF TDFOBSJP TUBSUJOH BU to DIBOHFT� 8FXJMM VTF UIJT SFTVMU JO UIF GPMMPXJOH
TFDUJPO�

���



����� 5঒খ঎ ঝছঊগজকঊঝ঒ঘগঊক ঙছঘঙ঎ছঝ঒঎জ ঘএ .ঊড঎ঢ�3঒ক঎ঢ ঎હঞঊঝ঒ঘগ

"VUPOPNPVT TZTUFN PG PSEJOBSZ EJ୭GFSFOUJBM FRVBUJPOT IBWF UIF QSPQFSUZ PG UJNF USBOTMB�
UJPOBM JOWBSJBODF� *G UIF PSEJOBSZ FRVBUJPO�

ẇ(t) =f(w(t)), w(0) = wo 	����


IBT B TPMVUJPOw(t)
 UIFO p(t) = w(t−to) JT BMTP B TPMVUJPO� 8F DBO FBTJMZ TFF JU CZ TVCTUJUVUJOH
UIJT JO UIF FRVBUJPO XJUI s = t− to�

ṗ(t) =
E
Etw(t− to) =

E
Esw(s) = f(w(s)) = f(p(t)). 	����


)PXFWFS UIJT JT OPU UIF DBTF GPS UIF.BYFZ�3JMFZ FRVBUJPO TQFDJ୮ୢDBMMZ EVF UP UIF QSFTFODF PG
UIF IJTUPSZ JOUFHSBM� 8F OPX UBLF UIF ��EJNFOTJPOBM WFSTJPO PG .BYFZ�3JMFZ KVTU GPS UIF TBLF
PG JMMVTUSBUJPO IPXFWFS BEEJOH JOEJDFT NBLF JU ����EJNFOTJPOBM JNNFEJBUFMZ� 8F DBO XSJUF
UIF .3 FRVBUJPO GPS SFMBUJWF WFMPDJUZ PG B QBSUJDMF XJUI UIF CBDLHSPVOE WFMPDJUZ BDUJOH BT
GPSDJOH BT�

ẇ(t) = − αw(t)− γ

{
w(0)√
πt

+
1√
π

∫ t

0

ẇ(s)√
t− s

Es
}
+ f(w(t), u(t)). 	����


/PX XF USBOTMBUF JO UJNF CZ NBQQJOH t 6→ to + τ VOEFS XIJDI XF HFU�

Ew
Et (to + τ) = − αw(to + τ)− γ

{
w(0)√
π(to + τ)

+
1√
π

∫ to+τ

0

ẇ(s)√
to + τ − s

Es
}

	����


+ f(w(to + τ), u(to + τ)). 	����


/PX XF SFQMBDF w(to + τ) CZ p(τ) BOE XF HFU�

Ep(τ)
Et = − αp(τ)− γ

{
w(0)√
π(to + τ)

+
1√
π

∫ to+τ

0

ẇ(s)√
to + τ − s

Es
}
+ f(p(τ), u(τ)).

	����


���



8F OPX BEE BOE TVCUSBDU UFSNT UP NBLF JU MPPL MJLF FR� �����

Ep(τ)
Et = − αp(τ)− γ

{
p(0)√
πτ

+
w(0)√
π(to + τ)

− p(0)√
πτ

+
1√
π

∫ to

0

ẇ(s)√
to + τ − s

Es 	����


+
1√
π

∫ to+τ

to

ẇ(s)√
to + τ − s

Es
}
+ f(p(τ), u(τ)). 	����


8F OPX NBLF UIF TVCTUJUVUJPO s′ = s− to UP HFU�

Ep(τ)
Et = − αp(τ)− γ

{
p(0)√
πτ

+
1√
π

∫ τ

0

ṗ(s′)√
τ − s′

Es′
}

	����


− γ

{
− p(0)√

πτ
+

w(0)√
π(to + τ)

+
1√
π

∫ to

0

ẇ(s)√
to + τ − s

Es
}

︸ ︷︷ ︸
I2

+f(p(τ), u(τ)).

	����


8F DBO JNNFEJBUFMZ TFF UIBU UIF TFDPOEQBSU PG UIJT FRVBUJPO FYBDUMZ SFTFNCMFT FR� ����XIPTF
DPOUSJCVUJPO DPNFT GSPN TUBSUJOH UIF TPMVUJPO GSPN to XJUI OFX JOJUJBM DPOEJUJPO q̂(k, to)�
'SPN UIJT FYQSFTTJPO JU JT DMFBS UIBU UIF QSPQBHBUJPO PG.3 FRVBUJPOXJUI UIF IJTUPSZ JOUFHSBM
EPFT OPU PCFZ UIF QSPQFSUJFT PG BVUPOPNPVT PSEJOBSZ EJ୭GFSFOUJBM FRVBUJPO CVU PONBQQJOH
UIJT UP UIF CPVOEBSZ PG IFBU FRVBUJPO
 XF DPOWFSU UIJT JOUP B TJNQMF QBSUJBM EJ୭GFSFOUJBM FRVB�
UJPO� 'VSUIFS UIF EJ୭GFSFODF JO TPMVUJPO BSJTJOH PVU PG USBOTMBUJOH UIF TPMVUJPO CZ to i.e., UIF
BEEJUJPOBM UFSNT JO FR� ���� DPNF GSPN SFTUBSUJOH .3 XJUI OFX JOJUJBM DPOEJUJPO q̂(k, to)�

����� (঎গ঎ছঊক঒জ঎঍ %঒ছ঒ঌ঑ক঎ঝ ঝঘ /঎ঞখঊগগ খঊঙ

*O UIJT TFDUJPO XF MPPL BU TMJHIUMZ EJ୭GFSFOU QBSUJBM EJ୭GFSFOUJBM FRVBUJPO
 JO PSEFS UP TIPX
UIBU UIF UFDIOJRVF XF EFWFMPQ JT HFOFSBM BOE DBO CF FYUFOEFE UP MJOFBS 1%&T XJUI DPOTUBOU
DPF୭୮ୢDJFOUT PG IJHIFS PSEFS�

qt + qxxx = 0, x > 0, t ∈ (0, T ], 	����

q(x, 0) = qo(x), x > 0, 	����

q(0, t) = go(t), t ∈ (0, T ]. 	����


���



*U JT FBTZ UP TFF UIBU UIF EJTQFSTJPO SFMBUJPO GPS UIJT TZTUFN JT� ω(k) = −ik3� 8F DBO FWBMVBUF
UIF SFHJPO JO XIJDI ℜ(ω(k)) < 0
 BOE JT HJWFO CZ�

D =

{
k : arg k ∈

(
π

3
,
2π

3

)
∪
(
π,

4π

3

)
∪
(
5π

3
, 2π

)}
. 	����


5IFTF UISFF EPNBJOT BSF SFQSFTFOUFE CZD+,D−
1 ,D

−
2 TIPX JO ୮ୢH�9� 8SJUJOH BHBJO UIF BCPWF

TZTUFN JO DPOTFSWBUJWF GPSN
 XF ୮ୢOE UIF HMPCBM SFMBUJPO UP CF�

q̂o(k)− [k2g̃o(ω, T )− ikg̃1(ω, T )− g̃2(ω, T )] = FωT q̂(k, T ). 	����


/PX UIF EJTDSFUF TZNNFUSJFT PG UIF EJTQFSTJPO SFMBUJPO BSF ν1(k) = F 2πi
3 BOE ν2(k) = F 4πi

3 �
8IFO k ∈ D+
 XF ୮ୢOE UIBU ν1(k), ν2(k) MJF JOD−

1 ,D
−
2 � 8F DBO XSJUF UIF HMPCBM SFMBUJPO
 GPS

k ∈ D+ XJUI Ω = F 2πi
3 BT�

q̂o(Ωk)− [Ω2k2g̃o(ω, T )− iΩkg̃1(ω, T )− g̃2(ω, T )] = FωT q̂(Ωk, T ), 	����

q̂o(Ω

2k)− [Ωk2g̃o(ω, T )− iΩ2kg̃1(ω, T )− g̃2(ω, T )] = FωT q̂(Ω2k, T ). 	����


6TJOH FR� ����
 ���� XF DBO XSJUF g̃1 JO UFSNT PG g̃o BT�

ikg̃1(ω, T ) = −Ω2k2g̃o(ω, T )−
1

(Ω− 1)

[
q̂o(Ωk)− q̂o(k)

]
	����


− FωT
(Ω− 1)

[
q̂(k, T )− q̂(Ωk, T )

]
. 	����


8F OPX VTF UIF IBOEZ USJDL XF IBWF VTFE FYUFOTJWFMZ BCPWF
 i.e.,NVMUJQMZ BCPWF FYQSFTTJPO
CZ kFik3t BOE JOUFHSBUF PWFS UIF EPNBJO ∂D+� "G୴FS B CJU PG BMHFCSB
 RVJUF TJNJMBS UP UIF FBSMJFS
DBMDVMBUJPO
 XF FOE VQ XJUI�

qx(0, t) =
3Ω2ϱ1(t)

2π
q(0, 0) +

3Ω2ϱ2
2π

∫ t

0

q̇(0, s)

(t− s)
1
3

Es, 	����


ϱ1(t) =

∫

∂D+
Fik3t Ek, ϱ2 =

∫

∂D+
Fik3 Ek. 	����


���



Figure 7.13: RegionsD+,D−
1,2 in the complex k-plane where the dispersion relation ω(k) = −ik3 is well

defined i.e.,ℜ(ω(k)) < 0 and the integral path ∂D+ used to find the generalised Dirichlet to Neumann
map.

����� $ঘগট঎ছঝ঒গঐ *%& ঝঘ ঊ ঋঘঞগ঍ঊছঢ ঌঘগ঍঒ঝ঒ঘগ ঝঘ 1%&

-FU VT DPOTJEFS OPX UIF *%& PG UIF GPSN�

v̇(t) + αv(t)− γ

{
3Ω2ϱ1(t)

2π
v(0) +

3Ω2ϱ2
2π

∫ t

0

v̇(s)

(t− s)
1
3

Es
}

= f(t). 	����


'SPN UIF FRVJWBMFODF FTUBCMJTIFE GPS UIF .BYFZ�3JMFZ FRVBUJPO
 XF DBO DMFBSMZ TFF UIBU UIJT
FRVBUJPO BHBJO DBO CF XSJUUFO BT B CPVOEBSZ DPOEJUJPO UP B 1%&�

qt + qxxx = 0, x > 0, t ∈ (0, T ], 	����

q(x, 0) = qo(x), x > 0, 	����


qt(0, t) + αq(0, t)− γqx(0, t) = f(t). 	����


5IF UJNF�USBOTGPSN PG UIF CPVOEBSZ DPOEJUJPO CFDPNFT�

FωT q(0, T )− q(0, 0) + (α+ ik3)− γg̃1 = f̃ . 	����


���



8F DBO TPMWF GPS g̃o(ω, T ) UP HJWF�

g̃o(ω, T ) =
q(0, 0) + f̃(ω, T )

(ik3 + (Ω+ 1)ikγ + α)
− FωT q(0, T )

(ik3 + (Ω+ 1)ikγ + α)
	����


− iγ

(ik3 + (Ω+ 1)ikγ + α)

[
q̂o(k)− q̂o(Ωk)

k(Ω− 1)

]
	����


+
iγFωT

(ik3 + (Ω+ 1)ikγ + α)

[
q̂(k, T )− q̂(Ωk, T )

k(Ω− 1)

]
. 	����


0ONVMUJQMZJOH UIJT BCPWF FYQSFTTJPO CZ k2Fik3t GPS t < T BOE JOUFHSBUJOH PWFS ∂D+
 XF ୮ୢOE
UIF TPMVUJPO UP CF�

−2π

3
q(0, t) =

∫

∂D+

k2Fik3t
{
q(0, 0) + f̃(ω, t)

}

(ik3 + (Ω+ 1)ikγ + α)
Ek 	����


−
∫

∂D+

iγkFik3t
(ik3 + (Ω+ 1)ikγ + α)

[
q̂o(k)− q̂o(Ωk)

(Ω− 1)

]
Ek. 	����
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