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Chapter 1

Introduction

The effective theory framework is a very useful tool for studying the dynamics of quantum
systems. In any such study, it is important to first identify the appropriate set of degrees of
freedom for the observables of interest. Then, based on the symmetries of the system, one can
try to construct an effective theory which governs the dynamics of these relevant degrees of
freedom. Such an effective theory enables one to compute physically interesting quantities in a
scenario where a microscopic computation is not feasible.

Traditionally, this effective theory paradigm has been employed to study the evolution of a
system given some data on its initial conditions. ! The physical observables associated with
this forward evolution (in time) of the system are determined by the time-ordered correlators
of its operators (in the Heisenberg picture).

However, quite recently, a different class of problems have drawn the attention of physi-
cists. These involve the sensitivity of the evolution of a quantum system to small changes
in the initial conditions 2. In such problems, one needs to compare two states of the system
which are connected by a succession of backward and forward evolutions in time accompanied
with insertions of operators in the middle. Consequently, such delicate comparisons require
information of correlation functions where the insertions violate time-ordering.

These Out-of-Time-Order Correlators (OTOCs) have been studied in varied contexts. They
have been found to be useful in determining the rate of scrambling of information in quantum

systems [1—4], and have been used as diagnostic measures for related phenomena such as chaos

'For a closed quantum system, such an initial condition would be the initial quantum state of the system. More
generally, for open systems, such initial conditions are typically encapsulated in the initial reduced density matrix
of the system.

2Such a small change in the initial state can be accomplished by the action of an operator close to identity.



[1,5-8], thermalisation and many-body localisation [9-13], and spread of entanglement [14—
16]. Parallelly, several experimental protocols [4,17—19] have been suggested to measure these
OTOCs which may lead to a set of new observables that encode hitherto unknown features of
quantum systems. We will now briefly discuss some of these progresses in our understanding

of OTOC:s.

1.1 A brief review of our present understanding of OTOCs

The first systematic analysis of OTOCs arose in the study of scrambling of information in black
holes [1,2]. The notion of scrambling of information in a system involves the spread/delocalisation
of an initially local perturbation introduced into the system. For instance, in the context of black
holes, one can consider some small object being thrown into the horizon. The information con-
tained in this object eventually gets delocalised in the Hawking quanta emitted by the black
hole. Similar scrambling of information takes place in most physical systems where there are
many degrees of freedom interacting with each other. In such systems, a small perturbation
introduced to a local degree of freedom eventually gets delocalised to other degrees of freedom
via the interactions between these degrees of freedom.

A natural question to ask in this context is how does one quantify the rate at which such a
spread of information takes place in a system. In recent years, it was found that a particular
kind of OTOC can actually capture this rate. To illustrate this, let us consider a generic d-
dimensional QFT in some state |i). Now, suppose we perturb this state by an operator V(X 1, 7o)
which is purely a function of the fields at the point (X1, o). If we consider some other operator
W(Tc) 2,1o) at the same time instant #, but localised at a different spatial point X,, then the
commutation of the fields at these two points leads to the vanishing of the commutator of the

two operators V(?c) 1,to) and W(Tc) 2, 1y). Therefore, we have

WIIW (X2, 1), V(R 1, 1) IW (R 2, 1), V(X 1, 1)) = O. (1.1)

Note that the operator whose expectation value appears in the LHS of the above equation is
positive semi-definite.

Now, one can evolve the operator V(x, ty) to a later instant t as follows

V(X1 1) = VR tg)e B0, (1.2)



where H is the Hamiltonian of the system. For sufficiently large values of t, the operators

V(%,,1t) and W(Tc’ 2, o) would have a nontrivial commutator, and hence we will have

F(t, o) = (WIW(E2, 10), VX1, DI W (R 20 10), V(X 1, )]I) > 0. (1.3)

The magnitude of the above quantity represents the overlap of the two operators V(X , ) and
W (X2, 1) as witnessed in the state |r). Therefore it can serve as a measure of delocalisation of

the initial perturbation applied at (¥4, fo) to the degrees of freedom at the point ¥, in the time
span (f — ty).

Notice that the above function ¥ (z, fy) can be written as a sum of 4 correlators as follows:

F (1. 10) = WV R, W (2, 10)W (X2, 10)V (X1, D)
+ W (X2, 10)VI(E 1 OV(R 1, OW (R, 1))
— W (X2, 1)V (Z 1, OW (R, 10) V(X 1, D)
— VIR 1L, OW (Ra, 10) V(R 1, OW (X2, 1))

(1.4)

The last two correlators in this sum has the interesting property that the insertions violate time-
ordering twice in each of them. Such correlators are examples of what are now known as
Out-of-Time-Order-Correlators (OTOCs). So, we see how the evaluation of such OTOCs is
important in determining the rate of scrambling of information among the degrees of freedom
of a system.

A particular case where such scrambling is of special interest is the class of systems which
demonstrate quantum chaos. In such systems, OTOCs like the function ¥ (¢, #y) grow exponen-
tially as the time interval (t — t,) is increased®. In fact, such exponential growth of OTOCs
allows one to identify and quantify chaos in quantum systems. This is a direct extension of
similar measures of chaos in classical systems as we explain below.

Consider a classical particle which is governed by a chaotic dynamics. For simplicity,
let us restrict our attention to the case where the particle is constrained to move in only one
direction. Let the position of the particle as a function of time ¢ be represented by ¢(¢) and the
corresponding momentum be given by p(#). Now, if we change the particle’s position at some

initial time #, by a very small amount d¢q(#y) (keeping the initial momentum fixed), then the

3This exponential growth persists upto a timescale beyond which it starts to saturate.



corresponding change in its position at some later time t is given by

_ 99
0q(to) p(to)

oq(1) 0q(to) = {q(1), p(t0)}6q(to) (1.5)

where {¢(), p(ty)} denotes the Poisson bracket between these ¢(¢) and p(#;). Therefore, we have

( 5q(t)

2
— 2
6q(t0)) = {q(®), p(to)}". (1.6)

For a chaotic system, the above ratio increases exponentially with time. The exponent which
determines the rate of this growth is known as the Lyapunov exponent.
Notice that the RHS of the above equation goes to the square of a commutator under the

standard rules of quantisation as shown below:

1 S 1 )
{q(0), p(to)* — (%[Q(l‘),P(lo)]) = —ﬁ[Q(t),p(to)]2 = ﬁ[P(fo)’Cl(l)]'[P(fo),CI(f)]- (L.7)

Thus, a natural way to extend the measure of chaos to quantum systems is to consider the
expectation value of the above operator. This expectation value has a structure quite similar to
the function ¥ (¢, ty) that we introduced earlier. Hence, we find that OTOCs can serve as nice
diagnostic measures of quantum chaos.

The Lyapunov exponents that determine the rate of growth of such OTOCs in chaotic sys-

tems satisfy the following interesting property [S]: For thermal states, these exponents have

2rkgT
i

an upper bound which is given by , where T is the temperature. Moreover, this bound is
saturated for holographic QFTs whose thermal states (at sufficiently high temperature) are dual
to black holes in the corresponding gravitational theories. This result has led to investigations
of potential holographic duals of several quantum mechanical models where the chaos bound
is saturated [7,20-27].

A phenomenon that is intimately related to scrambling and chaos in quantum systems is
thermalisation. To understand this phenomenon, consider a system with many degrees of free-
dom that are in thermal equilibrium. Now, suppose one perturbs this system slightly away from
equilibrium. Then, in most cases, the system eventually goes to a new state where many observ-
ables approximately behave as they would in a thermal state. This approximate equilibration of

the system is commonly known as thermalisation. There are some known exceptions where the

system actually fails to achieve such an equilibration (see [28] for a review on such systems).



In such cases, the system is said to be in a many-body localised phase. Whether a system
thermalises or not depends on whether the information contained in the perturbation gets de-
localised in its degrees of freedom. If such a delocalisation happens, then one has to perform
very fine measurements to recover information about the details of this perturbation. For more
coarse-grained observables, the system roughly appears to be in thermal equilibrium. Thus,
scrambling of information plays a central role in the thermalisation of a system, and OTOCs
can serve as good diagnostic measures of thermalisation. In situations where the system does
thermalise, such OTOCs can also be used to quantify the rate of thermalisation [11-13]. In
other cases, they can be used to diagnose many-body localisation [9, 10].

Another interesting aspect of OTOCs that has been explored in recent years is their relation
to the structure of entanglement between different components of a system. Intuitively, it seems
plausible that as some information gets scrambled in the degrees of freedom of a many-body
system, there is also a build-up of entanglement between these degrees of freedom. To detect
such entanglement, one has to look at very fine measures such as the Renyi entropies or multi-
partite quantm information between different components of the system [14—16]. However, as
we will briefly discuss in chapter 6, there is still a need to find appropriate generalisations of

standard information theoretic quantities which can fully capture the essence of OTOC:s.

1.2 An overview of the work described in this thesis

Despite the progresses in the study of OTOCs discussed in the previous section, we still lack
a convenient framework to compute them as many familiar tools of effective theory are yet to
be extended to include the information contained in them. In this thesis, we will discuss the
results of some recent works [29-32] which are aimed towards filling this gap.

To develop the basic ideas behind the construction of an effective theory for OTOCs, we will
consider a very simple system viz. a Brownian particle interacting with a large environment. In
this setup, we will discuss the OTO dynamics of the particle in a path integral formalism defined
on a contour with multiple time-folds*. We will see that couplings in this effective dynamics
receive contributions from the OTOCs of the environment. These relations between the par-
ticle’s effective couplings and the environment’s OTOCs provide a convenient way to extract

information of these OTOCs by performing measurements on the particle. Moreover, these

“This is a generalisation [33,34] of the Schwinger-Keldysh formalism [35-37].



relations also allow one to study the effects of symmetries in the environment’s microscopic
dynamics on the particle’s effective theory. We will consider the effects of one such symmetry,
viz. microscopic time-reversal invariance, and show that it leads to OTO generalisations of the
Onsager-Casimir reciprocal relations [38—40] between the particle’s effective couplings.

Apart from the generalised Onsager-Casimir relations, there are some additional constraints
on the effective couplings when the environment is in a thermal state. These constraints follow
from the Kubo-Martin-Schwinger relations [41-43] between the thermal correlators of the en-
vironment. At the level of the quadratic effective couplings in the high temperature limit, the
KMS relations imply the well-known fluctuation-dissipation relation [44—47] which connects
the thermal random force experienced by the particle to its damping coefficient. We will show
that the cubic and quartic couplings in the effective dynamics satisfy some generalisations of
this fluctuation-dissipation relation which connect the non-Gaussianity in the thermal noise ex-
perienced by the particle to a thermal jitter in its damping coefficient. We will argue that these
generalised fluctuation-dissipation relations arise due to a combined effect of microscopic re-

versibility in the environment’s dynamics and its thermality.

Organisation of the thesis:

In chapter 2, we will lay down the structure of a cubic OTO effective action of a Brownian
particle interacting with a general environment. We will see that certain cubic couplings in this
effective action receive contributions from the environment’s 3-point OTOCs. We will provide
the expressions of these couplings in terms of the environment’s OTOCs. Such expressions
may be useful in extracting information about the OTOCs of the environment by performing
measurements on the particle.

From chapter 3 onwards, we will focus on the case where the environment is a thermal
bath. The OTOC:s of such a thermal bath satisfy some relations between its correlators. These
relations are based on microscopic unitarity and thermality of the bath. We will show that
these relations can be encapsulated concisely by expressing the bath’s correlators in terms of
a minimal set of independent spectral functions. Such representations of the bath’s OTOCs
are useful for exploring the constraints imposed on the particle’s effective dynamics due to
thermality of the bath. In addition, they simplify the perturbative analysis of thermal OTOCs
in an interacting theory.

In chapter 4, we will discuss the constraints imposed on the particle’s cubic effective dy-



namics by microscopic reversibility and thermality of the bath. To illustrate these constraints
with a concrete model, we will consider a bath comprising of two sets of harmonic oscillators
coupled nonlinearly to the particle. We will show that the bath’s microscopic reversibility leads
to a set of generalised Onsager relations which connect the particle’s cubic OTO couplings to
its Schwinger-Keldysh (SK) couplings. Moreover, the bath’s thermality induces an OTO gen-
eralisation of the fluctuation-dissipation relation (FDR) between a cubic OTO coupling and a
Schwinger-Keldysh coupling. Combining these two kinds of relations, we will obtain a gener-
alised fluctuation-dissipation relation between two cubic SK couplings. We will show that the
SK effective couplings enter as parameters in a dual non-linear Langevin dynamics, where the
generalised FDR connects the non-Gaussianity in the noise distribution with a thermal jitter in
the particle’s damping.

In chapter 5, we will discuss the quartic terms in the OTO effective action. There, we will
extend many of the results obtained in the previous chapters to obtain some generalised Onsager
relations and a generalised fluctuation-dissipation relation between the quartic couplings.

In chapter 6, we will conclude with a brief summary of the contents of this thesis and some

discussion on future directions.



Chapter 2

Cubic OTO effective theory

This chapter is based on the paper [29] written by the author in collaboration with R. Lo-

ganayagam.

Comment on the conventions followed in this chapter:
In this chapter, we will work in units where 7 = 1 and the mass of the particle coupling to

the environment is unity.

2.1 Introduction

In this chapter, we will develop the basic framework of the out of time ordered effective theory
of a Brownian particle interacting with an environment in a generic state. The usual approach
towards studying the effective dynamics of an open system (like the Brownian particle in this
case) is to look at the evolution of the reduced density matrix of the system. We will first
discuss this effective dynamics and systematically take into account the contributions of 3-
point correlators of the environment in this dynamics. While this effective dynamics is useful
to study a host of phenomena such as decoherence, dissipation, thermalisation, etc. [48-50],
it fails to capture the effects of the OTO correlators of the environment. In addition, it is also
insufficient for the computation of OTO correlators of the particle.

To overcome these limitations, we will extend the effective dynamics by including the con-
tributions of the 3-point OTOCs of the environment '. We will see that these 3-point OTOCs

of the environment contribute to some cubic couplings in this extended effective theory. These

I'The effects of the 4-point OTOCs of the environment will be discussed later in chapter 5.



cubic couplings do not appear in the effective dynamics of the particle’s reduced density matrix.
However, they do contribute to the OTO correlators of the particle (see the discussion in 2.3.4).
For this reason, we would call them ‘OTO couplings’ of the particle. We will determine the
relations between these cubic OTO couplings and the 3-point OTOCs of the environment. Such
relations provide a way to extract information about the environment’s OTOCs by measuring
the particle’s effective OTO couplings. It would be interesting to extend the currently existing

OTOC measurement protocols [4,15,17-19,51,52] to this context.

Organisation of the chapter:

In section 2.2, we develop the cubic Schwinger-Keldysh effective theory of a Brownian
particle. We start by reviewing the evolution of the reduced density matrix of the particle. We
show that this evolution is determined by a path integral in the Schwinger-Keldysh formalism.
We discuss a Markovian regime where the influence phase in this SK path integral can be taken
to be approximately local in time. Corresponding to this effective dynamics, we lay down the
rules for constructing a cubic 1-PI effective action. These rules are based on the microscopic
unitarity of the (particle+environment) combined system and the Hermiticity of the operator
representing the position of the particle. Although the effective action derived from these rules
correctly describes the evolution of the reduced density matrix and allows one to compute the
Schwinger-Keldysh correlators of the particle, we argue that it is inadequate to compute the
OTO correlators of the particle.

In section 2.3, we extend the effective dynamics to include the OTOCs of the particle in
the analysis. This is done through a path integral formalism defined on a double-folded time
contour. By integrating out the environment’s degrees of freedom on this contour, we show
that one gets a generalisation of the influence phase of the particle which encodes the effects
of the OTOCs of the environment. Corresponding to this OTO dynamics of the particle, we
write down a cubic OTO 1-PI effective action. We identify the cubic couplings in this OTO
effective action which receive contributions of the environment’s 3-point OTOCs. We express
these OTO couplings in terms of the environment’s OTOCs upto leading order in the particle-
environment coupling. We also show how these OTO couplings appear in the OTOCs of the
particle.

In section 2.4 we conclude with some discussion on future directions.



2.2 Cubic Schwinger-Keldysh effective theory

2.2.1 Evolution of the reduced density matrix of the particle

Consider the situation where a Brownian particle (g) is coupled to an environment with a large
number of degrees of freedom. Let us denote these degrees of freedom collectively by X. The

Lagrangian of the combined system of the particle and the environment is given by 2

1
Lig, X] = E(q2 - miq’) + Lg[X] + 10q. 2.1

Here, my is the frequency of the particle and Lg[X] is the Lagrangian of the environment.
The environment couples to the particle’s position via an operator O. A is the strength of this
coupling. We will take A to be small i.e. the particle to be weakly coupled to the environment.
This allows us to employ perturbation theory in obtaining an effective dynamics of the particle.

Let us assume that the particle and the environment are initially unentangled and the inter-
action between them is switched on at a time #y. Then the state of the (particle+environment)

combined system at 7, is given by

Po = PE0 @ Ppos (2.2)

where pgo and p, are the density matrices of the environment and the particle respectively at
the time ¢.

After the particle starts interacting with the environment, an effective description of its
state can be given in terms of its reduced density matrix which is obtained by tracing out the
environment’s degrees of freedom in the density matrix of the combined system. The evolution
of the reduced density matrix is given by the quantum master equation [49] of the particle. An
equivalent description of this evolution can be developed in terms of an effective action of the
particle 3 in the Schwinger-Keldysh formalism [35-37,43,54,55].

In this formalism, one can determine the density matrix of the combined system at some
later time 7, from a path integral on the contour shown in figure 2.1. This contour has two legs
which we label as 1 and 2. For each of these legs, we need to take a copy of the degrees of
freedom of both the particle and the environment: {g;, X;} and {g,, X»}. The evolution of the

density matrix of the combined system is then obtained from a path integral with a Lagrangian

’In this chapter we work in units where the bare mass of particle is unity, and 7 = 1.
3We refer the reader to [53] for a discussion on how the quantum master equation is related to the Schwinger-
Keldysh effective action.

10



Figure 2.1: Contour for evolution of the density matrix
time
1

\
7

to 2 [f

of the following form®*

Lsx = L[q1, X1] — L[—q2, X5]. (2.3)

Let us denote all the degrees of freedom of the combined system collectively by Q. Then, the

two copies of these degrees of freedom can be expressed as

{q1, X1} — Q1. {—q2, X2} — 0s. 2.4)

Now, given the information that the initial density matrix at time f, is po(Q19, Q20), the density

matrix at the later time 7, is given by the following path integral:

O1(tr)=017,
Oa(tr)=0>f

pr(Qis, Qaf) = f dQio f d Q20 po(Q10, O20) f (DO, I[DQ, e 4 LsxlQ0.0:01 (3 5

01(t0)=010,
02(10)=020

To get the reduced density matrix (p,s) of the particle at the time 7, we need to trace out
the environment’s degrees of freedom at 7. This can be achieved in the above path integral by
setting

le = ng = Xf, (26)

and then integrating over Xy .

This path integral representation of the reduced density matrix still involves integrals over
the environment’s degrees of freedom. One can, however, express this integral in terms of only
the particle’s degrees of the freedom by integrating out the environment’s coordinates. Such
an integral over the environment’s coordinates leads to a correction to the particle’s action.
This additional piece in the action which encapsulates the influence of the environment on the
particle’s dynamics is called the ‘influence phase’ of the particle [37]. Next, we discuss the

form of this influence phase.

“4Here we find it convenient to put an extra minus sign in ¢, over the standard convention followed in texts on
the Schwinger-Keldysh formalism [43, 54].

11



2.2.2 The influence phase of the particle

In the previous subsection we argued that the expression for the reduced density matrix p, ¢ can
be obtained from the path integral in (2.5) by identifying the environment’s degrees of freedom
on the two legs at the time 7. Therefore, in this expression, the environment’s coordinates have

to be integrated over a contour of the following form: This is the usual Schwinger-Keldysh

Figure 2.2: Schwinger-Keldysh contour

I ) > Iy

contour where the two legs are connected by a future-turning point. Path integrals over such
a contour give correlators where the insertions are contour-ordered according to the arrow in-
dicated in figure 2.2. Therefore, such contour-ordered correlators of the environment would
contribute to the effective action of the particle when the environment’s coordinates are inte-
grated out.

The contributions of the environment’s correlators are imprinted in the influence phase

(Wsk) which appears in the path integral for p, s as follows

Ppr(qif, —qoy) = fd(]mfd(hoppo(cho, —q20)

q1tp)=q1,

‘h(l/):qu
11 f D 22\ .0 22 (27)
[Dg1[Dgx)e ™™ by dt {(‘11‘“oql)—(qz—uoqz)}+wsx<
1 k) .
q1(to)=q10,
q2(10)=420

The influence phase in the above expression can be expanded as a perturbation series in A:
Wk = ) A'Wiy, (2.8)
n=1
where

2 1r In—1
ET Y f dt -+ f dty (TcOi, (1) Oy () @i (1) - i (). (2.9)
0

1o

i1, sip=1

Here (7¢O, (t)) - - - O; (t,)). 1s the cumulant (connected part) of a contour-ordered correlator of
O(1) where the insertion at time ¢; is on the i;.h leg.

In this chapter, we will restrict our attention to up to cubic terms in this influence phase.
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These terms are given below:

2 I 11
W =i Y [ [ i (7e0,1)0u 10 2.10)
0

ii=1 Y10

2 tf 1 53
Wa== Y, [ [ an [ dn 7c0,000.0)0,). anana e . @11)
10 o

it,ig,i3=1 Y10
Plugging these expressions for the quadratic and cubic terms in the influence phase into the
path integral given in (2.7), one can determine the evolution of the reduced density matrix
of the particle. The action that appears in this path integral can also be used to compute the
correlators of the particle.’ From the form of the influence phase in (2.9), we can see that
this action is non-local in time. Next, we discuss a certain limit in which one may get an

approximately local form for this action.

2.2.3 Markovian limit

The coeflicient functions appearing in the influence phase given in (2.9) are the cumulants of
the operator O which couples to the particle. Now, if these cumulants decay sufficiently fast
compared to the time-scales in which the particle evolves, then one can get an approximately
local dynamics of the particle. This regime is commonly known as the Markovian limit.°

In such a limit, the information about the particle’s state that gets transmitted to the bath
(via the operator O) is quickly forgotten by the bath. Hence, there is very little feedback of this
information on the particle’s later dynamics. Therefore, the effective dynamics of the particle
at any given instant is mostly determined by its state in the immediate past. This approximation
of a local effective dynamics is tantamount to Taylor-expanding the different q’s in the terms of

the influence phase about a single time instant (say, f;), and truncating at some finite order. We

3To compute the particle’s correlators from path integrals with this effective action, one needs to put ¢; = —¢»
at some time in the future of all the insertions.
®In chapter 4, we will discuss an explicit example of such a regime.
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show the forms of such approximately local terms in the influence phase below:

Wop ~ i Z f dr f dn <Tc0i1(fl)Oiz(lz»c}ql‘l(fl)CIiz(ll —€)

i1,ix=1

#{ [ e (70,0100 )y ()1~ € (2.12)

To
2

+1 f dty (Tc0i ()0, (12))e 5} (1)t = )]

To

Wey Z f dt, f dt, f dts (Tc0;, (1) 0, ()05, (13))c}

i1,02,03=1

i, (t1)qi, (11 — €)q;, (1 = 2e€)

+{,[0 dﬂj; diz (Tc0;, (10, (1) O (1)) 121 (2.13)

qi,(t1)qi, (1 — €)qi, (11 — 2€)
+ f di, f dts (Tc0;, (1105, (12) 01 (1)), 131
a1 (1)qi, (1 — )iy (11 = 26)] .

Here, we have kept up to second order derivative terms in the quadratic piece to take into
account the correction to the kinetic term in the particle’s action. For the cubic piece, we have
kept terms with at most a single derivative. To preserve the information about the original
ordering of the different time instants, we have kept a small point-split regulator € > 0.’

Using this approximate local form of the influence phase, one can determine the particle’s
correlators. The same correlators can be obtained from a local 1-PI effective action [56] 8. The
utility of such a local effective action is that its form is heavily constrained by the unitarity
of the (particle+environment) combined system. Hence, this form is quite insensitive to the
microscopic details of the environment’s dynamics. Next, we discuss this form of the particle’s

1-PI effective action and the constraints that lead to it.

"It is important to keep this regulator as otherwise one can get wrong answers while computing contributions
of loop diagrams where two of the q’s on the same vertex contract with each other.

80nly the connected tree level diagrams obtained from the 1-particle irreducible effective (1-PI) action con-
tribute to the connected parts of the particle’s correlators.
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2.2.4 The Schwinger-Keldysh 1-PI effective action

In the previous subsection we discussed an approximately local form of the influence phase
which is obtained by perturbatively expanding the effects of the particle-environment interac-
tion on the particle’s dynamics. By putting appropriate initial conditions on path integrals with
this influence phase one can calculate the correlators of the particle. However, as we saw, the
influence phase has a slight non-locality due to the presence of the point-split regulator. It is
cumbersome to keep track of this ordering of the time instants for the different q’s in the ef-
fective action. To avoid this, we introduce a 1-PI effective action for the particle which can be
employed to compute its correlators.” An additional advantage of developing this 1-PI effective
action is that its structure is constrained by some general principles which do not rely on the ex-
plicit form of the particle-environment interaction given in (2.1). We discuss these constraints

below:

e Collapse rule:

The effective action should vanish under the following identification:

9@ =-q=q (2.14)

As discussed in [43,57], this condition is based on the fact that the particle is a part of
a closed system governed by a unitary dynamics. At the level of correlators, it makes
sure that the value of a contour-ordered correlator of the particle just picks up a sign
when one slides the future-most insertion from one leg to the other without changing its
temporal position. The sign is introduced because we are putting an extra minus sign in

the definition of g, over the convention followed in [43,57].

e Reality condition:

The effective action should become its own negative under complex conjugation along
with the following exchange:

q1 < —q>. (2.15)

This condition is based on the Hermiticity of the operator q(t) which implies that the

correlators of q should remain unchanged under a reversal of the ordering of the inser-

9The issue of contraction of q’s on the same vertex does not arise in the 1-PI effective theory framework
because the correlators receive contributions only from tree-level diagrams. Hence, there is no need for a point-
split regulator in the terms of the 1-PI effective action.
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tions followed by a complex conjugation. The above reality condition ensures that such

relations between the particle’s correlators are satisfied.

The most general effective action (up to cubic terms with at most single time derivatives)
which is consistent with the above conditions is as follows:

2 2
m- , (m°)" ,

— 1 L., .. .. . Y, . .
Lsk 1-p1 =F(q1 + q2) + EZCﬁ — 7"+ i Zaq1Gy — —q1 + ——q5 — Imaq1qs + %(sz - 4192)

2 2 2
A3 A 03 oy O3y, 03y
- 30 T 3B DRt 0D+ 50— )~ 570 - 4).
(2.16)
The collapse rules further impose the following conditions [57] on the couplings:
Zx = Im[Z], m} = Im[m*], Im[A; + 303] = 0. (2.17)

The reality condition implies that F and 7 are real.

The quadratic terms in the SK effective action have been studied previously in detail by
Caldeira-Leggett [58] and Hu-Paz-Zhang [59, 60]. This quadratic effective theory has been
shown to be equivalent to a stochastic dynamics governed by a linear Langevin equation with a
Gaussian noise [55] following the methods developed by Martin-Siggia-Rose [61], De Dominicis-
Peliti [62] and Janssen [63]. In this Langevin dynamics, the coupling y is the coefficient of
damping, whereas m is the strength of the noise experienced by the particle. The real parts of
m? and Z are the renormalised frequency (squared) and mass of the particle respectively. The
linear term in (2.26) augments this dynamics by introducing a constant force on the particle.

Among the cubic terms given in (2.30), the term associated with the real part of A5 is the
usual cubic potential in a unitary dynamics of the particle. The non-unitary couplings o3 and
o3, are coeflicients of terms that mix the degrees of freedom on different legs. These cubic
terms introduce a nonlinearity in the equivalent stochastic theory. We will discuss this nonlinear

Langevin dynamics later in chapter 4.

2.2.5 Limitation of the Schwinger-Keldysh effective theory

The Schwinger-Keldysh effective theory developed in the previous subsections suffers from the

following limitations:
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1. It allows one to compute only correlators of the particle which can be obtained from path

integrals on the Schwinger-Keldysh contour shown in figure 2.2.

2. The effective couplings receive contributions only from similar Schwinger-Keldysh cor-

relators of the bath.

However, it is possible to consider more general correlators of the particle which cannot be
obtained from path integrals on the Schwinger-Keldysh contour. For example, consider the

correlator

(q(Dg(0)q(n)) = Tr[pog(1)g(0)g(1)], (2.18)

where 1 > t > 0 > f,. Starting from the initial density matrix in the above expression, one has
to go forward and backward in time twice to include all the insertions. To get a path integral
representation for such correlators, one needs to consider a contour with two time folds [33,34]
as shown in figure 2.3. The positions of the insertions that would give the correlator in (2.18)
are indicated in this diagram by the crosses. These insertions are contour-ordered according to

the arrow indicated in the diagram.

Figure 2.3: Contour-ordered correlator for {(g(¢)g(0)q(?))

o !
2 3 iq(t) >
o O t

' . an )

< T N <
| |

Correlators which can only be obtained by putting insertions on such a contour with mul-
tiple time-folds are known as out-of-time-order correlators (OTOCs). The construction of an
effective theory for computing such OTOCs requires incorporating the effects of similar OTOCs
of the environment.

In the next section, we will first extend the effective theory to include the particle’s OTOCs.
We will see that this extension requires the introduction of some additional couplings. We will

show how these OTO couplings are dependent on the OTO correlators of the environment.

2.3 Extension to the OTO effective theory

In this section, we will extend the effective theory of the particle to one that
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a) allows computation of the particle’s OTOCs, and
b) takes into account the contributions of the environment’s OTOCs.

In particular, we will see that certain cubic effective couplings in this extended framework

receive contributions from the 3-point OTOCs of the operator O that couples to the particle.

2.3.1 Generalised influence phase of the particle

At the end of the last section, we saw that a path integral representation for the OTOCs requires
us to introduce a contour with two time-folds as shown in figure 2.3. Then following the
strategy developed for obtaining the Schwinger-Keldysh effective dynamics, here we will have
to consider a copy of the microscopic degrees of freedom for each of the four legs in this
contour: {¢1, X1}, {g2, X2}, {¢3, X3} and {q4, X4}.

The Lagrangian of the combined system in this generalised Schwinger-Keldysh path inte-

gral is given by!’

Lgsk = Llq1, Xi1]1 = L[—q2, Xo] + Llg3, X3] — L[—qa4, X4]. (2.19)

While computing OTO correlators of the particle from path integrals with the above Lagrangian,
we can first integrate out the environment’s degrees of freedom. This would give us a generali-
sation of the influence phase which encodes the effect of the OTOCs of the bath on the particle’s

effective dynamics. This generalised influence phase is given by

Wask = > A" Wiy (2.20)
n=1
where
(n)
WGSK

4 If | Tn—1 (2.21)
=ty f dt f dty -+ f dty (T O (1) -+ O3, (t))e @i (1) -+~ 43, (1).
i1, sip=1 Y10 fo fo

Notice that the cumulants of the environment’s contour-ordered correlators on the double-
folded contour contribute to the generalised influence. In this chapter, we will focus on the

contributions of the cumulants of the environment’s 3-point correlators. Out of these cumulants,

19Here we again put extra minus signs while defining the q’s on the even legs.
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there are only two independent ones which cannot be obtained from the Schwinger-Keldysh
contour. These OTO cumulants are as follows: (O(#1)O(t3)O(t,)). and {O(t;)O(t3)O(t,))., for
t1, t, t3. These OTO cumulants can be obtained by putting insertions on the double-folded

time contour as shown in figures 2.4 and 2.5.

Figure 2.4: Insertions corresponding to (O(t;)O(t3)O(t>)).
I3 15) 1

L2 %0(12) 3 >
to( 0w, s 1 | t

4 3 10(1 1) >

Figure 2.5: Insertions corresponding to (O(t,)O(t3)O(t})).
3 15) h

! L \
, i ow )
o, ow s L
L 0w | )

We assume that, just like the cumulants of the SK correlators, these OTO cumulants also sat-
urate to sufficiently small values much faster than the time-scales in which the particle evolves
(See the discussion in section 2.4). In such a situation, one can get an approximately local form
for the generalised influence phase. The quadratic and the cubic terms in this approximately

local form are as follows:

4

I 11
Wose ~i ) f dr|{ f dty (T 04, (1) 04 (12))e i, (1)1 (1 — €)
i1,ir=1 0 0
|
+{ f dty (T 0, ()04 (12))e 1}, (1) (11 = €) (2.22)
fo
2

: Z‘21 .
+{ f dty (Tc0i ()05 (12))e 5} (1)t = €)]

4]
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4 1 11 153
W= f dn{ f dny f dts (T04,(1)04(6) 0 (13)).}
o Io

i1,in,iz=1 Y10

qi,(11)qi,(t; — €)qi, (11 — 2€)

+{‘ft; dtzft; dt; (TCOI-](ll)Oiz(t2)0i3(t3)>c t21} (2.23)

qi, (1), (11 — €)qi, (1 — 2€)
+{f dfzf di; (T cO;, (1) 0, (1) 0, (13)) f31}
a1 (1)qin(t1 = €1, (11 = 26)] .

This approximately local generalised influence phase can be used to compute the OTO
correlators of the particle. But just like the influence phase, it suffers from the problem of
having point-split regulators to preserve the original time-ordering in the non-local form. To
avoid this complication, we will construct a local 1-PI effective action of the particle on the 2-
fold contour. As we will see next, this OTO 1-PI effective action is a straightforward extension

of the Schwinger-Keldysh effective action discussed in the previous section.

2.3.2 Out of time ordered 1-PI effective action of the particle

The 1-PI effective action for OTOCs has to satisfy some constraints which are based on similar

principles as those mentioned in section 2.2.4. We summarise these constraints below:

e Collapse rules:

The 1-PI effective action should become independent of § under any of the following

identifications:
l. g1 =-q2 =4,
2. =—-q3 =4,
3. 43 = —q4 = q

Moreover, under any of these collapses, the OTO effective action should reduce to the

Schwinger-Keldysh effective action introduced in section 2.2.4.
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¢ Reality conditions:

The effective action should become its own negative under complex conjugation along

with the following exchanges:
g1 < =G4, G2 < —q3 . (2.24)

Just as before, these conditions are based on the microscopic unitarity of the (particle+environment)
combined system and the hermiticity of the operator g.

We will write down a local 1-PI effective Lagrangian consistent with the above conditions
which has the following expansion:

Lip =LY, + L8 + LY+, (2.25)

where the L(ll_;,l, L(lz_i)l and Lfi,l are the terms linear, quadratic and cubic in q’s respectively. The

linear and quadratic terms are given in (2.26) and (2.27) respectively.
L) =F(qi + g2+ g3 + q4) , (2.26)

1 ., . | : .
L = 52063 + @) = 32+ dD) +i Zy ) qid

i<j

m2 (mZ)*
- 7@% +q3) + 5 (43 + 43) (2.27)
— imj ; 99+ 5 ;(Qi(b - 4iq;) .

It is easy to see that these terms go to their negative under the exchange of the degrees of
freedom given in (2.24) and the complex conjugation of the coefficients !, thus satisfying
the reality conditions. Under any of the collapses mentioned above, these terms reduce to
linear and the quadratic terms in the SK 1-PI effective action given in (2.16). For any of these
collapses, the two residual degrees of freedom play the role of the right-moving and the left-
moving coordinates in the SK effective theory. As an example, consider the identification of

the degrees of freedom on the 3™ and the 4" leg, i.e. g3 = —¢4 = ¢, under which the quadratic

""Note that the coefficients Zx, m3 andy are real.
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part of the Lagrangian reduces to

1, 1 ., . m (m?)* . Yy o
L(12-1>1 — EZCI% - EZ B +iZagig - TQ% t @ — imyqiqa + 5(611612 - 4192)

1 . 1 —
{E(Z -7" - iZA}ZIJ - {E(m2 - (mz)*) — im> }qz] .

The last line (within the brackets) in the above expression vanishes due to the relations given

(2.28)
+

in (2.17). Consequently, this quadratic action becomes independent of ¢ and reduces to the
quadratic part of the SK effective action given in (2.16).

The cubic terms in the OTO 1-PI effective Lagrangian can be split into 2 parts: one part
which reduces to the terms in the SK 1-PI effective Lagrangian under any of the collapses
mentioned above, and another part which vanishes under such collapses. These 2 sets of terms
are given in (2.30) and (2.31).

@ _70 (3)
Ll-PI - Ll-PI,SK + Ll-PI,OTO ’ (2.29)

where
A 2
3 3 3
Llask = =30 + 49 = 3,(@2 + 4)
o
4@ + a3+ 40) — a5 + 40) + gau

0_*
+ 0@ - 6 + @) - a2(a - 4 + asdi]| (2.30)

g3 S L , ' ‘
+ 2_7[4%(‘12 s+ a) = B(Gs + 4a) + 430a — (B2 + 43G4))

0-3)/

Y

[%(qg ~ 43+ 4 ~ (g5 — 43) + dad; — (qidn + qié]a)],

(©)
Ll—PI,OTO

1
= ~(ks + S Relds = 031)(q1 + 42)(q2 + 43)( + 4a)
(2.31)
—(q2 + %)[(Ksy - Re[O'sy])(('h +G2)(q3 + q4)

+ (K;)’ - Re[o'h])(% +q2)(g3 + q'4)] )

The reality condition implies that «; is real.

The couplings k3 and «3, are the new couplings in the OTO effective theory that are not
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present in the SK 1-PI effective action. In the next subsection, we will see that these OTO
couplings encode information about the 3-point OTOC:s of the operator O(t) (see Table 2.1). In
subsection 2.3.4, we will show how these couplings enter in the OTO correlators of the particle

(see equations (2.40) and (2.41)).

2.3.3 Relations between 1-PI effective couplings and environment’s cor-

relators

The relations between the 1-PI effective couplings and the environment’s correlators can be
derived by comparing the particle’s correlators obtained from the 1-PI effective action with
the same obtained from the generalised influence phase given in (2.21). These couplings will
generally be functions of time. But we focus on the particle’s dynamics at a sufficiently late
time when the effective couplings have saturated to constant values. Moreover, we assume that

lim (O(?)) = 0. (2.32)

t—ty—o0

If this is not true, then one can give a constant shift to the centre of oscillation of the particle.
This effectively introduces a shift in the operator O(r) when the Lagrangian is recast into the
form given in (2.1). By appropriately choosing this shift, one can make sure that the condition
given in (2.32) is satisfied by the shifted operator. This condition implies that the O(A1) term in
the linear coupling vanishes. However, we expect a subleading contribution at O(4%). A correct
computation of this subleading term requires taking into account the perturbative corrections
to the state of the particle. We will consistently ignore such subleading corrections in what
follows.

We restrict our attention to the relations connecting the leading order forms of the quadratic
and the cubic couplings to the correlators of the operator O(¢). These relations are given in

equations (2.36), (2.37) and Table 2.1.

Notational conventions: While expressing the couplings in terms of the correlators of O(¢),

we have followed some notational conventions which are given below:

1. The interval between two time instants #; and #; is expressed as

tij =1 — lj. (233)
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2. We express the cumulant (O(t;,)O(t;,) - - - O(t;,)). as iip - - - ip). For example,

(123) = (0(1)O(12) O(13)). . (2.34)

3. The cumulant corresponding to a single-nested structure with commutators and anti-
commutators is expressed by angle brackets enclosing a pair of square brackets [64].
The insertions that one encounters while going outwards through the nested structure are
arranged from left to right within the square brackets. Positions of anti-commutators are

indicated by (+) signs. For example,

([123]) = ([[0(11), O(12)], O(#3)])e
([12,3]) = {{O(t1), O(12)}, Ot3) ) (2.35)
([321,]) = ({[0(®), O(12)], O(t1)})e -

Quadratic couplings:

3l
Z=1-i2 lim | f dn(12)13,] + 0%,

11—th—00 fo
11
m? = m(z) —2i A? tl_ltiorzl)c><> [f d12<12>] +0(h, (2.36)
]

y=i2 lim [ f ldtz([12]>t12]+0(/14).

1 —thy—00 0

Cubic couplings: Any cubic coupling g can be expanded in powers of A as

11 153
g=2" lim dtzf dt; I[g] + O(2%) . (2.37)
1 —th—o0 fo fo
We enumerate the integrand 7 for the cubic couplings in Table 2.1.
Notice that k3 and «3,, are the only two cubic couplings that receive contributions from the
OTO cumulants (132) and (231) which appear in the expansions of the nested structures ([321])
and ([321,]). In the next section, we give examples of two OTOCs of the particle where these

two couplings show up.
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Table 2.1: Relations between the particle’s 1-PI effective couplings and the correlators of O(¢)

8 Ilgl
A3 6(123)
Re[A3 + 03] 2([123])
“ ~([321])
2Re[03)] ~([123])(t12 + 113)
2 Re[ks, ] ([321]) (132 + 131)
2i Imfks,] | —(<112340) +(321.1) )iz = ([12,3]) 115
2iImfos,] | (12,3015 + 131) + (1231821 + 123)

2.3.4 OTOC:s of the particle

The 1-PI effective action introduced in subsection 2.3.2 can be used to express the particle’s
OTOC:s in terms of the effective couplings. The tree level diagrams in the effective theory pro-
vide these expressions of the OTOCs. To fix the values of the propagators in such diagrams,
one needs to find the appropriate initial condition of the particle at some time when the local
effective dynamics has set in. We choose this initial condition to be that of the ground state of
the unperturbed oscillator (with frequency my). Given this initial state, we express the cumu-
lants of two OTOC:s of the particle in (2.40) and (2.41). The OTO couplings k3 and k3, appear
in these cumulants.

While computing these OTOCs, we take the O(4%) terms in the effective couplings and
neglect the terms which are higher order in A. Similarly, we take the propagators to be those
corresponding to the ground state of the unperturbed oscillator and neglect O(4?) corrections
to them. This gives us the correct 3-point cumulants upto O(1%).

We find it convenient to express the time-dependence of the cumulants in terms of the

phases defined below:

Gn = Po + nA, (2.38)

where

Py = mo(t, + 1, —2t3), A=mo(t3 — 1) . (2.39)
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For t; > t, > t; > 1y, we get the following forms for the cumulants:

([lg(®3), q(12)), g(t1)De

= %{ —cos ¢y +3cosp; —3cosp, +cos¢3}
m

Re[«sy]

(2.40)

o { — 2sin ¢ + 3 sin ¢ — sin ¢3} + 0,
0

(q(t1)q(t3)q(t2))e — (q(12)q(13)q(t1)).

i Im[2k3, — 0
=— 2Ky 37]{ —sing; +2sin¢, — sin¢)3}

2m(3)
. (2.41)
+ M{ — sin(¢; + ¢) + 3sing, — sin ¢3}
6
M{ —4cos(¢; + ¢2) + 3 cos ¢y + cos ¢3} +O().
6m;

The couplings that appear in these cumulants are truncated to their leading order values in A4
whose forms were given in (2.37) and Table 2.1.
The above expressions together with Table 2.1 demonstrate how the OTOCs of the particle

encode information about the OTOCs of the operator O(¥).

2.4 Conclusion and Discussion

In this chapter, we have developed an OTO effective action of a Brownian particle interacting
with a generic environment. The couplings appearing in this effective action have been ex-
pressed in terms of the environment’s correlators integrated over a certain time domain. Focus-
ing on the cubic terms in the action, we have identified the couplings that encode information
about the 3-point OTOC:s of the environment.

We would like to emphasize that this information about the environment’s OTOCs is only
partial. As evident from equation (2.37) and table 2.1, the particle’s effective couplings depend
only on certain moments of the environment’s OTOCs. More information about these OTOCs
can be extracted by including higher derivative terms in the particle’s effective action. To
determine the complete expressions for the environment’s OTOCs, one would have to work
with the full non-local effective action of the particle.

Although we have restricted our analysis here to cubic terms in the effective action, in
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chapter 5 we will extend this formalism to take into account the quartic terms as well. We will
see that the corresponding couplings at leading order in A would receive contributions from the
4-point OTOCs of the system.

While discussing the Markovian limit for the effective theory, we demanded a sufficiently
fast decay of the environment’s cumulants (including the OTOCs). Such a decay can hap-
pen in several ways. For instance, the 3-point cumulants may be exponentially damped as
(e~mlitila2lti=ily where 1;,1;, 1; are some permutations of the time instants 7, %, #; and ay, @»
are positive numbers. Such a damping of the environment’s cumulants will be discussed for a
toy model in chapter 4. A similar damping of 4-point cumulants for another model will be dis-
cussed in chapter 5. But for more generic systems, this kind of exponential damping of OTOCs
may not hold in all time-regimes.

In fact, for several chaotic systems [65—-68], the 4-point OTO cumulants show an exponen-
tially rapid fall-off (the Lyapunov regime) before saturating to some constant values. Now, if
these values at which the cumulants saturate are sufficiently small and the saturation time-scales
are much shorter than the time-scales at which the particle’s correlators evolve, then we expect
a local dynamics of the particle. The effective couplings in this dynamics would then receive
contributions from the cumulants in all the different time-regimes mentioned above. It may be
useful to take a simple model of a chaotic system and determine the relative significance of con-
tributions from the different regimes to see whether information about the Lyapunov exponent
can be extracted from the OTO effective couplings of the probe particle.

We would like to draw attention to the fact that although we assume a weak particle-
environment coupling, no restriction has been imposed on the strength of couplings within
the environment. In particular, the environment may be strongly coupled (as long as its cumu-
lants decay sufficiently fast). For such an environment, it is not possible to employ the standard
methods of perturbation theory to compute the particle’s correlators directly from the micro-
scopic dynamics. However, using the effective theory framework introduced here, one can
derive the particle’s correlators in terms of the effective couplings. As we have shown, these
couplings encode information about the correlators of the environment. Hence, a measurement
of the effective couplings can provide valuable insight into the correlators of strongly coupled
systems.

The effective OTO dynamics of the particle presented in this chapter holds for any generic

state of the system where its cumulants decay sufficiently fast. In chapter 4, we would specialise
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to the case where the environment is in a thermal state. There, we will see that the KMS
relations [64] between the thermal correlators of the environment imply additional relations
between the the effective couplings of the particle which are generalisations of the fluctuation
dissipation relation [64, 69]. In the context of such an OTO effective dynamics of a system in
a thermal environment, it may be interesting to study the time-scale of thermalisation of the

system’s OTOCs vis a vis its time-ordered correlators.
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Chapter 3

Spectral representation of thermal OTO

correlators

In the previous chapter we saw that the couplings in the OTO effective theory of the Brownian
particle receive contributions from the OTO correlators of the environment. Now, suppose this
environment is in a thermal state. In such a situation, the environment can be considered as a
thermal bath. As we discussed in chapter 2, the OTOCs of such a bath can be obtained from
path integrals on a contour with multiple time-folds. We saw that such contour-ordered OTOCs
appear in the generalised influence phase of the particle given in (2.21). In this chapter we will
demonstrate that there are certain relations between these contour-ordered OTOCs of the bath
due to its microscopic unitarity and thermality. Such relations allow one to express the bath’s
OTOC:s in terms of a minimal set of independent objects viz. a set of spectral functions. These
spectral representations of the thermal OTOCs clarifies one’s understanding of the effects of
the thermality of bath on the particle’s dynamics. In addition, they also provide a convenient
basis for developing perturbation theory for OTOCs of a system in a thermal state.

The relations that lead to the spectral representations of the thermal OTOCs hold quite
generally for bosonic operators in arbitrary quantum systems. In particular, they are also valid
for systems with a continuum of degrees of freedom which are governed by quantum field
theories. Therefore, to keep the discussion general, we deviate from the (0+1)-dimensional case
in this chapter, and develop the spectral representations of thermal OTOCs of scalar operators
in a field theory defined on a general d-dimensional spacetime. In chapters 4 and 5 we will
again go back to considering thermal baths defined on a (0+1)-dimensional space.

The material of this chapter is drawn from the paper [30] written by the author in collabo-
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ration with Chandramouli Chowdhury and R. Loganayagam.

3.1 Introduction

The dynamics of quantum field theory at finite temperature is of fundamental interest in fields
ranging from dynamical critical phenomena to cosmology, in blackhole physics/quantum grav-
ity. Until recently, it had been conventional to assume that, in principle all the observables of
real time, finite temperature quantum field theory are encoded in its Schwinger Keldysh cor-
relators [35-37,43,53-55,70-72]. This statement has been upended by the advent of out of
time ordered correlators (OTOCs) [73] which fall beyond the conventional Schwinger-Keldysh
formalism and the usual edifice of intuitions, approximations and computations built around
it. These OTOCs require that we extend the standard Schwinger-Keldysh formalism to path
integrals with many time-fold contours [33,34].

From the viewpoint of a non-equilibrium field theorist, three crucial questions could be

asked regarding OTOCs :

e What new physics do these OTOCs encode ? A growing literature has shown relations to
notions of chaos vs ergodicity say in blackholes [1,5] via its relation to Loschmidt echo!,
thermalisation vs localisation [10,74-76], quantum information measures related to joint
quasi-probabilities in weak measurements [14, 69,77-79], generalised discontinuities of
the correlators [80-82] which encode useful spectral information in CFTs. The analytic
structure of OTOCs in quantum thermal systems has led to bounds on chaos [5, 83-86],
generalised FDTs [64] and in generalising Eigenstate hypothesis [87]. This fast growing

array of ideas show the usefulness of studying OTOCs.

e Secondly, how are they to be measured in experiments ? The dogma that only time-
ordered correlators can be measured in an experiment has yielded ground to an inge-
nious set of experiments/ experimental proposals aimed at reverse time evolution/weak
measurements [19, 88]. Despite, this, we are far from having experimental protocols to

measure OTOCs in complex systems.

e Thirdly, What are the most efficient ways to compute these correlators ? Any attempt

at setting up a naive diagrammatic perturbation theory, even in the simplest of quantum

See http://www.scholarpedia.org/article/Loschmidt_echo for a description.
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field theories, runs aground with a proliferation of fields and their Feynman vertices. This

definitely calls for new computational frameworks to systematise such calculations.

In this chapter, we will primarily address the last issue by constructing a practical framework
to compute and classify OTOCs of a system at thermal equilibrium. Stated briefly, this can
be done by recognising that the core physics of the system can be encoded in certain spectral
functions and the structure of thermal correlators naturally admit spectral representations in
terms of them. This statement is a finite-temperature generalisation of the Kallen-Lehmann
spectral representations in the zero temperature quantum field theory (See, for example, §§10.7
of [89] for a textbook discussion).

The idea of spectral representation for Schwinger-Keldysh real time correlators has a long
history [90-97] (for a discussion in terms of discontinuities see [98,99]). Such spectral repre-
sentations have been found useful in developing efficient perturbative formalisms [100—103].
They have found applications in transport computations at finite temperature and in developing
effective methods to truncate to kinetic theory descriptions (including effective actions encod-
ing hard thermal loops of gluons at high temperature ala Braaten-Pisarski [104]). Our aim in
this chapter is to develop a similarly useful formalism for out of time ordered thermal pertur-
bation theory.

We will now describe in slightly more detail, the idea of spectral functions/representations.
For example, in the above mentioned works, it was recognised that the 2-pt and 3-pt SK corre-
lators in the thermal state can be written down in terms of thermal expectation values of fully

nested time-ordered commutators (also termed fully retarded Green functions [92]) of the form:

(O12[0(11), O(12)] + O, [O(12), O)])g (©123[[O(11), O(12)], O(13)] + permutations)g .

Here ©;; . are step functions enforcing time-ordering t; > ¢; > . ... These are the aforementioned
spectral functions which are nicer objects to compute than the full real-time correlators and
they are also easiest to obtain by analytic continuation from Euclidean correlators [92, 105].
Commutators have nice causality properties in time domain which, via Kramers-Kronig type
arguments, enforce good analytic behaviour in appropriate regions of the frequency domain.
Another key insight relevant to our discussion in this chapter is the following : there is a
natural formalism in terms of arrays of certain column vectors which provides a convenient

way to organise and use such spectral representations [95, 96, 100—102]. This column vector
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basis is also naturally related to what is termed retarded-advanced (RA) basis [105-108] in the
thermal SK formalism.

When we move to 4-pt correlators, the time-ordered commutators are no more sufficient
to capture all thermal correlations [64], and OTO commutators/spectral functions should be
added to the set of spectral functions. The addition of OTO spectral functions into the analysis,
clears up the complexity visible in older analysis of thermal SK correlators. The authors of
[64] showed that, by adding in the OTO spectral functions, one can indeed reconstruct all n-
point Wightman correlators. In fact, the constraints imposed by thermal periodicity can be
completely solved for an arbitrary n-pt function , and a simple formula can be written down
expressing arbitrary Wightman correlators in terms of spectral functions [64].

Wightman correlators, however, are not natural objects to formulate perturbation theory
or to set up diagrammatics. Diagrammatics and path integral formalism naturally work with
contour-ordered correlators on the multi-time-fold contours. In principle, this is a simple mat-
ter of expressing contour correlators in terms of Wightman functions and using the relations
derived in [64]. In practice, however, combinatorics overwhelm this exercise, resulting in com-
plicated looking expressions which hide much of the structure.

Inspired by the previous work on SK correlators, in this chapter, we will extend the column
vector/retarded-advanced formalism to generalised SK correlators. Our basis is chosen such
that, on a time contour with k timefolds, we have k ‘retarded’ combinations which can occur
within a correlator only in the causal past of some other operators and k advanced combina-
tions which can occur only in the causal future. This is a natural generalisation of the usual
retarded-advanced formalism with a single retarded and a single advanced field. Our primary
aim here is to express the contour correlators in terms of spectral functions within such a for-

malism.

Organisation of the chapter:

We will begin in 3.2 by reviewing spectral representation of Schwinger-Keldysh two point
functions in terms of column vectors. The material here is well-known and is discussed in
a variety of reviews and textbooks (see, for example [54]). We write down many equivalent
expressions for the two point functions and note their underlying structure. Our notation and
emphasis here are aimed towards further generalisation. The reader familiar with this material

may wish to skim these sections and move ahead to 3.3 where we extend this spectral represen-
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tation to two point functions in the generalised SK contour. This section brings out the main
ideas behind the construction of these representations which is then applied to higher point
functions. This is followed by section 3.4 where we quote the results for higher point func-
tions within generalised Schwinger-Keldysh formalism. We end with a discussion of future
directions in 4.7.

For the convenience of the reader, many of the technical details are relegated to the ap-
pendices : in appendix A.1, we summarise the basis of column vectors on which our spectral
representations are based. The appendix A.2 details the structure of arguments used to con-
strain the structure of the contour-ordered thermal correlators. In appendices A.3.1, A.3.2 and

A.3.3, we present the analyses of 2 point, 3 point and 4 point functions respectively.

3.2 Spectral representation of SK two point functions

3.2.1 Example of a free scalar field

Before going into the general contour correlators and their relations, let us begin with a simple
example. Consider the contour-ordered, thermal two point functions of a free real scalar field

in SK formalism (in the mostly plus metric convention) :

(Tehd1(x1)@1(x2)) = (T dp(x1)p(x2)) = fpp(@l2 +§,)eP )

p

(Ted1(x)P2(x2)) = (d(x2)P(x1)) = fppfpeip‘(xl—xz) ’
A 3.1)

(Tcpa(x1)91(x2)) = (P(x1)P(x2)) = fpp(l +§,)eP )

p

(Teda(x)a(x2) = (T $(x1)d(x2)) = f Pp(@s1 + e 7).

p

Here, ¢, is the ‘ket’ field with time-ordered propagator whereas ¢, is the ‘bra’ field of Schwinger
formalism with anti-time-ordered propagators. The symbol 7 denotes SK contour ordering
and ©®,, denotes Heaviside step function in time. We have written down the corresponding cor-
relators in the single-copy notation (with the time-ordering operator 7~ and anti-time-ordering
operator 7 * ) for the convenience of the reader.

The symbol p, in the above equation stands for the spectral function which in a free scalar
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theory takes the form

2

pp = 2 sign(p")o(p” +m’) = 3
w

[0(w — wp) — 6(w + w,)] .
)4
Here w, = +/p? + m?. The spectral function is also directly related to the Fourier-transform of

commutators in the theory, viz.,

f ppe? 1) = ([B(x1), p(x2)])
V4

and it neatly encodes all the theory-dependent information. The factor f, is the Bose-Einstein

factor
1

T 1

I’

which obeys 1 +f, +f_, =0andf, = e‘ﬁf’o(l +§,). These Bose-Einstein factors are universal

and the way they occur in the correlators are completely fixed by general arguments.

N
,J @y

to denote the momentum integrals in d spacetime dimensions. Using these relations, we get the

Further, we have used the notation

more familiar two point correlators :

(Ted1(x1)P1(x2)) =T d(x1)p(x2))

dd—lp _ '
= fm [(@12 + fp)elp~(x] -x2) + (@21 + fp)e—zp-()q—xz)]
)4

b
Pl=wp

(Ted1(x1)Pa2(x2)) = {P(x2)P(x1))
dd—lp

B Q2r)y-2w, [Tpeipm_xz) + (1 + fp)e_ipm_m]

(Teda(x1)g1(x2)) = (P(x1)$(x2))
B dd—lp
- J 202w,
(Teha(x1)d2(x2)) = (T P(x1)p(x2))
B dd—lp
- J 202w,

b
Pozwp

(3.2)

ip-(x1—x2) —ip-(x1—x2)
(1+ fp)e + fpe

P0=wp

(@21 + )"0 4 (@5 + )¢ 1)

Pozwp
The reader can readily verify the correctness of the above expressions by starting with the
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free theory mode expansion

(x) = &[ ipx 4 ot —ip-X]
$0= ) Gy

and using the thermal expectation values (@), a,,) = (2m)*"'6" (3 — po)i,, and {(a, a),) =

Qo161 = Pa)(1 + ).

(3.3)

Pl=wp

3.2.2 The column vector structure

For a general scalar operator ®(x) instead of the free field, the above form of two point functions

in (3.1) still holds in SK formalism, just with a different spectral function still defined by

f ppe? 1) = ([O(xy), D(x2)]) -
14

This is the SK analog of the famous Kallen-Lehman representation in zero temperature QFT

and is a direct consequence of periodicity in imaginary time of thermal correlators, viz.,

(@(x1 = iB)D(x2)) = (P(x2)D(x,)) .

Here (" is a time-like vector defining thermal equilibrium with its direction giving the rest
frame and its magnitude (also denoted by ) giving rest frame inverse temperature.

The statement of periodicity is also termed Kubo-Martin-Schwinger(KMS) relations and is
the underlying reason behind fluctuation-dissipation theorems in QFTs. Using these relations
along with the second equation of (3.1) (which can be taken as the definition of p,,) , the rest of
(3.1) follows. Thus, the four two point functions of SK formalism depend eventually on only
one system-dependent spectral function and thermality fixes the rest, as advertised.

We will find it convenient to write the above correlators as an array :

© .
(TC(DI'(X])(DJ-()CZ)) = fpp{ 12¥ fp fp ]elp'(X1Xz)

p 1+§, Oy +f,

1+7 _ .
=0, f Op p T "N 4 @y f Op b " e (3.4)
P I+1, fp P I+, 1+7,

1 ip-x1 1+ Tp —ip-x) Tp ip-x1 1 —ip-xp
=0p | pp e ® e + 02 | pp e ® e ,
p 1 fp p I+7, 1
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where in the last line we have re-written the answer as tensor products of certain set of column
vectors for later convenience. The first term in the above expression corresponds to the retarded

propagator as it is nonzero only when x¥ > x9

| = X,. Similarly, the second term corresponds to

the advanced propagator as it is nonzero only when xJ > xU. Thus, this basis of column

vectors appears naturally when we decompose the contour ordered correlators into retarded
and advanced pieces. This is the origin of the name ‘retarded-advanced’ or RA basis for this
basis of column vectors.?

Such arrays and the column vectors have various structural features which generalise to the
case of OTOC:s as well as higher point functions. Note that the array that appears along with
the step function ®,; can be obtained from transposing the array that appears with the step
function ©,, followed by a map p — —p under which p, = —p, and f, = —(1 +1,). At the
level of tensor products, the transpose appears as a permutation in the order of tensor products

as the time-order changes.

A more symmetric representation is obtained by defining

f f pl12] PP = ([D(x), D(x,)])
P1 vV P2

in terms of which we can write a spectral representation [91,94-96]

<TC®i(X1)(Dj(X2)> = f

p1

-1 ip1-x TZ ipy-x
{p[lZ] 0, PRI PR
P -1 L +7,
3.7
Tl ip1-x - ipy-x
+p[21] O, eriel el
1+ -1

ZNote that our basis is closely related to RA basis (as it appears for example in [95]) upto overall normalisa-
tions. In the notations of [95], the column vectors appearing in this expression can be written as

[eR(p)]Hou-Wang—Heinz = (] ;ftjp) ’ [eA(p)]Hou—Wang—Heinz =" (}) ) (35)

Using, these column vectors, (3.4) can be rewritten as

® [eR(p)] eip'(xl—xz)

Hou-Wang-Heinz Hou-Wang-Heinz

(Te®ix))D(x2)) = - O f pplea-=p)]
! (3.6)

- ip-(x1-x2)
+ ®21 Lpp [eR( p)]Hou—Wang—Heinz ® [eA (p)]Hou—Wang—Heinze ’

We will find it convenient to work with a slightly different RA basis in the following.
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where we have used the notation f; = f,,, p[12] = p[pi, p2] etc. For a free scalar,
pl12] = 27 sign(p)é(p7 + m?) X 206 (py + p2) = —pl21] .

In this presentation, the action on the array can be described as the joint permutation of the time

ordering, the array indices and the momenta.

3.2.3 The Wightman array

At the end of the last subsection, we had obtained

(TeDi(x1)Pj(x2)) = O1,M(xy, x2) + permutation (3.8)

where

-1 . .
M(x;, xp) = f f pl12] [ Jelpl'x‘ ®[ E ]elm'xz : 3.9
p1Yp -1 1+

The permutation in (3.8) refers to the term given by

| 1)
@21ffp[21][ h ]elf’l'x'@[ Jelm'xz. (3.10)
P1 vV p2 1+f1 -1

Thus, the permutation involves summing over all possible time-ordering. This is accompanied
by a simultaneous transpositions of the column vectors, thus changing the order in which they
appear in the tensor product. We also exchange the momenta (p; < p,) appearing in the
argument of spectral function as well as the column vectors. As we will see later, this kind of
a permutation structure is common to higher point contour-ordered correlators whether time-
ordered or out of time-ordered.

The array M is actually an array of Wightman correlators :

M(xy, xp) =

(D1 (x)D2(x2))  (D(x2) Dy (1)) ]:[ (12) @ ] , G.11)

(D1 (x1)DP2(x2))  {D2(x2)D1(x1)) (12) (21)

Here we have introduced a useful notation for Wightman correlators [64] whereby only inser-

tion points and their ordering are retained. The Fourier representation is then obtained by using
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KMS relations :

<12>=—ffp[12]fzei”""‘k,
p

1 vYp2
<21>=—f fp[121(1+fz)e"”""‘k-
P1 Y2

Note that the array of Wightman correlators above is constructed so as to agree with the

(3.12)

contour-ordered correlators for a particular time-ordering of insertions,viz.,

O 12T cDPi(x)Pj(x2)) = O1oM(xy, x2) . (3.13)

Such an arrangement of Wightman correlators play a crucial role throughout this chapter and
we will henceforth refer to it as the Wightman array corresponding to a time-ordering and
denote it by M. Often, it is convenient to deal with the Fourier transform of the Wightman

array which we will denote by M :

N ip-(x1—x2) . A 1+Tp Tp
M(x1, xp) = | M(p)eP™™2 with M(p) = p, . (3.14)
p 1+1, fp
or
M(xq, xp) = f f M(pl’pz)eipk'xk ,
pP1 v p2
with
—_ -1 fa
M(p1, p2) = pl12] ® . (3.15)
-1 1+1,

This formula is the basic building block out of which spectral representations are constructed

via Fourier transforms and sum over time-orderings. We note the following features :

e First of all, there is a clear separation here between the theory dependent information
in the spectral function(viz. the Fourier transform of the commutators) and the array
structure imposed by KMS relations captured by the column vectors . In practical terms,
it is always easier to compute p[12] and use the above representation than computing

each of these thermal correlators in turn.

e Next one notes the causal structure of these correlators made manifest via step-functions
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in time. We note that the correlators here are written as a sum over various time-
orderings. Within each time-ordering, specific spectral functions appear in conjunction

with a particular tensor product of column vectors.

e As we permute across time-orderings, the arguments of spectral functions get permuted

along with a permutation in the order in which the tensor products are taken.

As we will see later on, all these features directly generalise to spectral representations of higher
point thermal correlators (whether time-ordered or out of time-ordered).

Before we move to the generalisation of these results, let us focus on an example of how
causal structure is encoded in these column vectors : consider taking either the first field to be
a SK difference field ®; = ®; — ®,. This is equivalent to contracting the first vector of the

product with a row vector (1 — 1) resulting in

, 1] .
<TC(q)l(xl)_(I)Z(xl))q)j(x2)>:®21f fp[Zl] fre?t . e (3.16)
P1 P2

We note that this vanishes unless the difference operator at x; is actually in the past of x,. What
we have shown is the largest time equation for difference operators : any correlator with the
future-most operator being the difference operator, vanishes [54].

The structure of the two-point thermal correlators that we just reviewed raises a variety
of questions : how much of these structures could be generalised to higher point functions ?
What is the systematic way to derive similar results ? Could one systematically understand
the structure of the column vectors whose tensor-products appear in such formulae ? How do
we generalise these results in the context of out of time order correlators beyond the usual SK

formalism ?

3.3 Spectral representation of generalised SK two point func-

tions

3.3.1 Structure of generalised SK two point functions

We would now like to generalise the column vector representation in Eqn(3.7) to two point

functions on a generalised SK contour like the one shown below :
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DX

& >
)2

Each of the two insertions can lie on any of the four legs of the contour thus resulting in a 4 X 4
array of contour ordered two point functions. This is a simple enough correlator that all the

contour-ordering can be explicitly worked out. We obtain

(Tc@i(x1)D;(x2)) = ©pM(xy, x2) + permutation (3.17)

with the Wightman array

(12) (21) 21) 21
12) (21) (21) (21
M:<><><><>. (3.18)
(12) (12) (12) (21)

(12) (12) (12) (21)

In Fourier domain, we have

M(Xl,xz)Effﬁ(Pbpz)eipk'xk
p1L Y p2

with

o 1+f, 1+% 1+1
— 1 1 1

M = —p[12] f 1+f2 1+f2 1+1 . (3.19)
o h f, 1+1

I f2 2 I+

We want to now choose a judicious ‘RA-like’ basis of column vectors which make the causal
structure of this array manifest. To see why a good basis is required, note that, a generic
4 x 4 array decomposed in a general basis is a sum of 16 tensor products. In the context of
perturbation theory, using the above two point function as the propogator, this is the statement
that, naively we seem to have 4 fields in the path-integral which all get changed into each
other during time-evolution, thus producing 16 propagators. The concomitant proliferation of

diagrams arising from this fact seems to be intimidating to all but profligate diagrammars.
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This way of proceeding is, however, excessively inefficient for the array under question.
For example, here is a column vector decomposition which does much better (with only two

tensor products) :

-1 fz 0 TZ

_ 1 1 0

M = p[12] of T4 o " . (3.20)
0 1+, -1 )
0 1+ fz -1 1+ fz

This is the OTO analogue of the familiar statement in real time SK perturbation theory: by
a judicious choice of basis which exploits the causal/KMS structure, the number of propaga-

tors/diagrams can be reduced drastically.

3.3.2 A basis of row vectors from causality and KMS

Let us pause to examine why such a simplification is made possible. By analysing the array
in Eq.(3.19), we note that M is annihilated by the following row vectors contracted to its first

index (i.e., the index corresponding to its future-most operator) :

¢D(w) =(-1,1,0,0),
(3.21)
e(w) =(0,0,-1,1).

Here the subscript F is to remind us that these vectors annihilate the future-most index. This is
the multi time-fold analogue of the largest time equation, whereby if the future-most operator
is set to be a difference operator, the correlator vanishes.

In pictures, the annihilation by the row vector efr“ is the statement that the following com-
bination of correlators vanish (irrespective of the position of the operator insertion 2, provided

it is in the past of insertion 1) :

% \ % \
\—y /) A\ />
1 1
¢ ¢ ¢ S ¢
_< + <
» ; » ;
¢ ¢ ¢ ¢

<

Thus, we say row vector e(F” encodes the sliding of operators against the first future turning
point. A similar picture of the row vector ef) describing the sliding across the second future

turning point is :
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These statements immediately generalise to any number of time-fold contours. In the case of
k time-folds, the row-vectors that annihilate the future most index are 2k dimensional and they

are k in number :

e)(w) = (-1,1,0,...,0),

6572)(('0) = (07 07 _17 1,07 teey 0),

ceey

| (3.22)
eE;J)(w) = (09 05 0, ey _12]'—1, 12j9 Oa seey 0)9

ceey

¢P(w)=(0,0,....,-1,1).

Here, the row vector ¢! describes the sliding across the ;’th future turning point.
The array M is also annihilated by the following row vectors contracted to its second index

(i.e., the index corresponding to its past-most operator) :

eil)(wZ) = (1 ) O s O s _e_ﬂwz) 5
(3.23)
eP(wy) =(0,-1,1,0),

where we have used f, = e#“2(1 + f,). Here the subscript P is to remind us that these vectors
annihilate the past-most index.

In pictures, the annihilation by the row vector eg) is the statement that the following com-
bination of correlators vanish (irrespective of the position of the operator insertion 1, provided

it is in the future of insertion 2) :

2 L L
J A4 7
) )!
(( ( _e_ﬁwz (\ A
, ,>2 ,/ 2 ,1>2

L
N A} N N4

This is a frequency domain version of the KMS relation

(01(11)0x(12)) = Oz, — iB)O1(21)) - (3.24)
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The readers familiar with the thermal SK formalisms will recognise the above as the combi-
nation which occurs in the retarded-advanced (RA) formalism for SK correlators [105-108].
Thus, the row vector eV describes the sliding across the thermal density matrix, which, by
convention, is treated as the first past turning point.

A similar picture of the row vector ef) describing the sliding across the second past turning

point is :

\ J\ \
7 \wy 7
2 ) )
pi ¢ L )
- (: N ~ N <
s > ” % >
j> 2 j) 2
pi ¢ pi )
< < <

These statements again generalise to any number of time-fold contours. In the case of k time-

folds, the row-vectors that annihilate the past most index are 2k dimensional and they are k in

number :

eM(w) = (1,0,0,0...,0, - ),
eP(w) =(0,-1,1,0,....,0),
eP(w) = (0,0,0,-1,1,0...), (3.25)

ceey

ef,j)(w) =(0,0,0,..., —12]‘—2, 12]‘—1,0, ., 0).

Here, the row vector % describes the sliding across the /™ past turning point. Thus causality

and KMS conditions naturally choose a basis® of 2k row vectors {e!/, ¢/} which annihilate the

future-most and past-most indices, thus implementing largest and smallest time equations.
Returning back to the case of k = 2 time-folds, we conclude that, due to causality and KMS

conditions, M contracted with the following 12 of the 16 basis tensors vanish :

(1) (1 (1) 2 (1 (1) (1) 2
e '®e, ", e '®e’”, e '®e.’, e.'®e”",
) (1 (2 (2 2 (1) (2 2
e’ ®e, ", e’ ' ®e”, e Qe ", e’ ' ®e”,
(3.26)
6] (1 (6] 2
e, ®e,’, e, ®e",

®)) 1) (2) )
e, ®eP s e, ®eP .

We will call such tensor structure orthogonal to M as orthogonal tensors. We will also introduce

3More precisely, one obtains a basis at non-zero frequencies w # 0. Throughout this chapter, we will stay
away from the special points where any one or more of the external frequencies go to zero. The expressions we
write down, in general, receive contact term corrections at these special loci.
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the following notation to denote the array M contracted against these row vectors
M, = Mj; (€)Y ()Y =M - ey, (3.27)

where A,B € {P,F} and i,j € {1,2} (or more generally i, j € {1,2,...,k}). We have also

introduced the convenient notation e, = eg) ® eg) .
For example, the orthogonal tensors listed above imply that the following contractions of

the array M are zero :

vl p 2 vl p 2
M., , M;;, \Y M,
Vel 122 Vel 122
MFP b} MFP P MFF . MFF b}
(3.28)
vl T2
MPP 0] MPP b

M. Mg,.
3.3.3 Dual basis of Column vectors

We concluded the previous subsection with the result that contractions of the array M with
many of the basis tensors vanish. By elementary linear algebra, these contractions are essen-
tially components of the array in the dual basis. This dual basis will also provide us a natural
generalisation of the Retarded-Advanced basis of the SK formalism.

To see this, let us begin by computing the basis of column vectors which is dual to the basis

of 4-dimensional row vectors mentioned above. We have

e (w) = (1 +f(w), 1+f(w), 1 +fw),1+Hw)",

e (w) = (f(w) , (W), 1+fw),1+f)",

(3.29)
&) = (@), 1+(@), 1+§@), 1+7@)",
d2(w) = (@), (W), (@), 1+iW)",
for any frequency w # 0, where f(w) = eﬁu}—_l is the Bose-Einstein distribution. These dual
column vectors satisfy the following:
&) () &) = () - &) =0,
(3.30)

D(w) - 29(w) = eP(w) - 29(w) = &
e, (w) el (w) =e () e’ (w) =6,
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for i, j € {1,2}. A dual basis for k time-folds can also be constructed and takes the form :

&) = (W), (), .., f(w), 1 + (), 1 +f(w),..., 1 +fw)"

2j-2 times 2k-2j+2 times (3.31)
V(W) = {j(w), f(w),....[w), 1 +f(w), 1 +fw),...,1 +f(w)}
2j-1 times 2k-2j+1 times

This furnishes the generalised Retarded-Advanced (RA) basis for k time-folds.
One can then expand the array M in the basis of tensor products of these column vectors

defined at w; and w :

M = MPP e (w) ® e (wy) + MFP e (w)) ® & (wy)
+ MY, 2%(w)) ® 2P (wy) + MY, e%(w)) ® e (w)) (3.32)

MPF e(l)((-’-)l) ® e(j)(wZ)

Here M’S denotes the array contracted against the basis row vectors and in the last step, we

have used the fact that many of these contractions vanish. So, we have to fix the 4 coefficients
1 MI2 w2l 22

- MPF, MPF, M o and MPF.

Let us look at the expansion of these coefficients in terms of the elements of the array M

(i.e., the usual contour ordered correlators):

MLL = —M,; + My, + e P My, — e My, = —p[12]

M}D%v = —Mj3 + My + e P91 My — e P My, = ePp12],

— — — — _ (3.33)
M} = My — My, — M3, + Ms, = p[12]

1\7[%,%5 = My; — Myy — M3 + M3y = -p[12] .

Here, we have computed the correlators directly term by term. We note a few salient aspects
of this result : first, many of the contractions with these basis vectors naturally evaluate to the
spectral function p[12]. Second, since all the components are proportional to p[12], we can

deduce additional linear combinations which vanish :

VIRV el T2 rl2 22l

Mpp +Mpp, Mz + "Mz, Mz — My (3.34)
This is equivalent to the statement that there are three additional, non-trivial orthogonal tensors
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(1) (1) (2) (1 2) (2) wi (1) (2) (2) 2 _ M )]
e, ®e ' +e Qe , e Qe + ¢ ‘ep e, e ®e; e, e’ . (3.35)

If we could somehow deduce the complete set of orthogonal tensors independently, then the
only explicit computation needed is that of IVI}D} We will develop a method to do so in the
appendix A.2, using which we systematically tabulate all the orthogonal tensors for 2,3 and 4
point functions in the appendices A.3.1, A.3.2 and A.3.3 respectively.

Returning to the array M., it can be expressed as

M = p[12](e7 (@) ® " (w)) - & (w)) @ 2" (w))

(3.36)
+ e e () ® 8P (w)) — 2P (w)) ® 8P (w))) .
Let us define
eP(w) = (¢7°,0,0,-1) = &V (w)
Hw) (3.37)
2)(w) = ee ) (w) = ———e(w) = ((w), f(w), W), (W) .
P P 1 + f((l)) P

Then, the final expression of the array M in terms of tensor products of the column vectors is

as follows:

2
M = p[12] ) (20" (1) @ 8 (wn) - &(w1) ® 2 (ws))
i=1

5 (3.38)
=p[121 ) (6 (w)) - &) @ & (wn)
i=1

One can check that these two terms correspond exactly to the terms encountered in Eq.(3.20):

-1 fa 0 fa
-1 1+ fz 0 fz
® + ®
0 1+ -1 f2
0 1+ fz -1 1+ fz
—_— T —) - ——
5(2)_5“) é(l) 6(3) E(z) e(z)
P ~€p F P ~¢p F
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As we will show in appendix A.3.1, for k time folds, the above result simply generalises to

k
M(2-Pt) = p[ Z (er-e)ee . (3.39)

r=1

Here, as in k = 2, we have defined

e*D(w) = (¢%,0,0,0...,0,-1) = &#*eD(w)
2 D) = ({w), ), ..., (W) = ePeP(w).

(3.40)

Instead of 4k* tensor products, only 2k tensor products appear, illustrating how much of sim-

plification a judicious choice of basis can achieve.

3.4 Spectral representation of higher point correlators

We will now move on to the question of how we get a spectral representation for the higher point
functions. Given the description in the previous sections, the basic logic on how to proceed is
clear.

First, we systematically construct all the orthogonal tensors of the Wightman array in
Fourier domain. This constrains the form of the array to a great extent with a few undeter-
mined coeflicients. In fact, we can count the number of orthogonal tensors using the following
fact derived in [64] : after KMS conditions are imposed, for sufficiently large k, there are (n—1)!
independent n point correlators. Thus, among (2k)" tensors, (2k)" —(n— 1)! linear combinations
would be orthogonal to the Wightman array. While the logic is straightforward, one needs
to proceed systematically and algorithmically. We will describe precisely such a systematic
method to list the orthogonal tensors in the appendix A.2, where the curious reader can find the
details behind our results.

Once the orthogonal tensors have been enumerated and the most general form with (n — 1)!
undetermined coeflicients is written down, we can then fix the undetermined coefficients by

(n — 1)! calculations.
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3.4.1 Spectral representation of three point functions

Implementing the above logic for three point functions, we find a simple expression in the

column vector basis :

k
MG3-Pt) = p[321] D (&P @) - & @2) g &
= (3.41)
—pl123] Y (@ —eM e 0.
r=1

Here, the spectral functions that appear in the Wightman array are defined by

fffp[123] PPt = ([[@(x), D(xy)], Px3)])
D1 v~ p2 vYp3

(3.42)
f f fp[321] PRI = ([[D(x3), D(x2)], DCxp)]) -
P1 v~ p2 vp3
The contour ordered correlators are then given by
<TCq)i(x1)q)j(x2)q)k(x3)>Ef ff®123 M(3-Pt) ¢l(Prvtpxatpyss)
p1 vV p2Vps3 (343)

+ (Rest of the 3! permutations) .

In the above expression, when the time-orderings are permuted, the tensors should also be
permuted as before. We note again the drastic reduction in number of tensor products due to
the choice of the basis : we go from 8> possible terms to only 4k non-zero terms. Among the 8
possible set of permutations of {P, F'} that can occur, causality forbids all combinations except
two : PPF and PFF. This justifies the claim that the above basis encodes causality constraints
quite efficiently. And when we contract M with row vectors in these two sectors, we naturally
obtain the two independent spectral functions that characterise 3-pt. functions.

Let us look at some examples. Consider the example of k = 1 (Schwinger-Keldysh). We

— -1
M(3-Pt) = —p[123] [ ]@[ E ]@[ k ]
-1 1+f2 1+f3
fi fa f3 I+ I+ f3
® ® - ® ® .
fi fa 1 +13 I+ 1+ 1 +13

48

get :

(3.44)
+ p[321]




This structure, when multiplied by the step function ®;,3 and then summed over all its permu-
tations, yields the contour-ordered 3-point functions of the Keldysh contour. For example, here

is the term obtained by 1 < 3 exchange (i.e., the combination that multiplies ®3;;) :

-1
1+fl 1+f2 -1

(3.45)
1+ 1+
4 p[123] fi o f2 ® f3 ~ fi ® f2 ® f3 .
I+ 2 f3 I+ I1+1 I+13
The Wightman array for the k = 2 contour is given similarly by
-1 f2 f3 0 f2 f3
_ -1 1+7§ 1+ f; 0 f f
M(3-Pt) = —p[123] ® e e o ° |e|
0 I+ 1 +13 -1 f2 f3
0 1+, 1 +1; -1 1+1, 1+1;
———— e e — e — e —
fi fa f3 I+ 1+, f3
f 1+ 1+ 1+ 1+
4 p[321] fi o 2 g f3 ~ fi o fa o f3
1+ 1+, 1+1; 1+ 1+7, 1+13
1+T] 1+f2 1+f3 1+T] 1+f2 1+f3
G 2 S 2 S S —
‘—2(2) E(Z) é(l) é(l) E(l) é(l)
P P F P P F
f1 2 f3 f1 f2 f3
fi fa f3 fi f2 f3
+ ® ® - ® ®
fi f2 f3 I+ 1+ f3
fi fa I+7; I+ 1+ I +13
—_—— — — — O~
&y &y é? & &2 é?
(3.46)

As for the k = 1 case, this structure when multiplied by the step function ®;,3, summed over

the permutations and Fourier transformed gives the contour ordered correlators.
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3.4.2 Spectral representation of four point functions

We now turn to the 4-point correlators. Classifying the orthogonal tensors and fixing the re-
maining coefficients, we can write the column vector representation for 4pt functions. There
are 16 combinations which are a priori possible, but most of them are forbidden by causality.

Only 4 combinations PPPF, PFFF, PFPF, PPFF are allowed. We can thus write

1\7[(4'1)'[) = MPPPF + MPFFF + MPFPF + MPPFF (3.47)

where we obtain

k
Mpppr = -p[4321] ) (e @l V02l e - e @l @l @) ,

r=1

k
Mprrr = p[1234] Z (e -e)ee e @2,
r=1

k
Merpr = (6o PL121341 + 6, pI341112]) (00 —20) @2 @2 @ 2

r,s=1

= > (62011211341 + 6., pI341[12]) (20D - 20) @2 @ @ 2l

r,s=1

k
Mpprr = (65 pI131124] + 0,2, p241[13]) (207" - &) @ 20" @& @ &Y (3.48)

r,s=1

k
Z s PL131124] + 6,4, p[24][13]) (20 - 2V) @ 2 @ 2 @ 2"

r,s=1

k
+ ) (62 pL141123] + 0, pI2311141)20 P & (2070 - &) @ 2 @ &

r,s=1

= > (63 pL141123] + O, p[23]1[14])20 & (201 - &) @ 2 @ 2

r,s=1

k
+pl2314] ) (M eel) - @) gel e .
r=1

Here we define the spectral functions via

f f f f pl1234] @ Provepzssatesd) = ([[[D(xy), B(xo)], P(x3)], P(xa)])
Pi
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[ [ [ pnzsay e < ow), oo, o).
p1 P3Ips

Our previous comments about the reduction of number of terms extend to the four point func-
tions : the column vector basis reduces the 16k* terms that can potentially appear in the 4-pt
vertices of a k time-fold contour to 12k* + 6k = 6k(2k + 1) number of terms.

For example, in the Schwinger Keldysh case, the above formulae evaluates to

— -1
M<4-Pt>Nested:p[1234]{ ]@[ E ]@[ i ]@{ h ]
-1 1+f2 1+f3 1+f4
1 1 1
4 p[4321] +fl] [ +f2] { +T3]®[ fa ]
1+f1 1+f2 1+T3 1+T4
— pl4321] "o I (3.49)
fz f3 I +14
1 1
_ p[2314] +Tl] [ +fz]®{ f3 ]@[ fa }
1+f1 1+f2 1+f3 1+f4
4 p[2314] fz f3 fa ’
b 1+B L +14

— 1 1
M(4-Pt)pousie = pl12][34] [ ]@[ E ]@[ ”3]@[ I ]
1 1+7, 1+ 1+1f4

1
oz el ls|"e| ™
1 I+ f3 L +74

1) (1
+ 1311241 | |® thigl B ]@[ T+ ]

and

1 1+, 1+ 1+,
(3.50)

1
o el ®le| P le| ™

1 f2 I+13 I +14

1
— p[14]123] h]@[ o 7 le| ™

I |
+ p[23][14] +T1]®[]®[ f ]@[ T ]
1+f1 1 1+f3 1+f4




The boxed equations of this and the previous subsections are the main results of this chapter.
On one hand, they give an efficient way to parametrise the contour-ordered correlators in terms
of spectral functions which are easier to compute. On the other hand, they give a basis in which
the diagrammatics is simplified and the number of vertices/propagators are reduced drastically.

Here we would like to emphasise that our choice of the independent spectral functions was
solely based on the fact that they appear as coefficients in the expansions of the Wightman
arrays in our column-vector basis. Moreover, the fact that they are Fourier transforms of ther-
mal expectation values of nested and double commutators means that generically they may be
easier to compute than the Wightman correlators.

The expression of thermal OTOCs in terms of spectral functions was also explored in [109].
There the authors obtained a spectral representation for the bipartite statistical average of the
following form:

Tr[p%A(t)B(t’)p%A(t)B(t’)], (3.51)

where p is a thermal density matrix and A and B are two operators. It was also shown there that
the Fourier transform of such a correlator can be obtained by an appropriate analytic continu-
ation of an analogous Euclidean correlator in the frequency domain. The main differences in

our approach from this work are as follows:

¢ Instead of the bipartite statistical averages of the above-mentioned form, we have consid-
ered the usual thermal correlators. Moreover, we have considered more general OTOCs

where all the operator insertions and the corresponding time instants can be distinct.

e Instead of studying the analytic continuation of Euclidean correlators to obtain the ther-

mal OTOCs, we have restricted our attention to the real time correlators themselves.

e We have worked in the generalised SK formalism where apart from the KMS relations,
there are additional relations between the contour-ordered correlators due to unitarity of
the underlying dynamics. Our main objective was to make these relations manifest by

introducing the column vector basis.

A brief comment on the generalisation of the RA basis: We saw that the Wightman arrays
on a k-fold contour simplify considerably when they are expanded in the generalised RA basis
provided by tensor products of the column vectors introduced in (3.31). This suggests that

while computing truncated correlators (correlators from which the external propagators are
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removed) in momentum space, it is convenient to switch to a basis for the fields that is obtained

by contraction with these column vectors as shown below:

2k
)= ), Bp) (),

" (3.52)
®P(p) = ) Bup)(EV(p"),
I=1
fori=1,...,k. Here 51( p) is the field (in momentum space) on the /" leg of the contour.

For a 1-fold contour (i.e. the SK contour) this basis reduces to the familiar Retarded-

Advanced (RA) basis

D4(p) = Dy (p) = (1 +1,)(@1(p) + Ba(p)),

Dr(p) = DV (p) = F,®1(p) + (1 + ,)Da(p).

(3.53)

Just as this RA basis simplifies the array of SK correlators by making use of the largest
time equation and the KMS relations, its generalisation (3.52) achieves a similar simplification
for correlators on the k-fold contour. Moreover, the diagrammatic analysis of thermal OTOCs
in weakly interacting theories should be considerably simpler in this basis due to the drastic
reduction in the number of propagators, and allowed vertices. We hope that such diagrammatic

techniques for thermal OTOCs would be developed in more detail in the future.

3.5 Conclusion and Discussion

In this chapter, we have set up the basic formalism of spectral representations of thermal out of
time order correlators. We have also explicitly worked out case of n = 2, 3,4 point functions
which, in an appropriate basis, take a nice and useful form that automatically encodes the
causality and KMS conditions. This opens up a way to simplify OTO perturbation theory,
Feynman rules and diagrammatics at finite temperature. A particular application would be to
develop a full-fledged OTO kinetic theory and hydrodynamics from a consistent truncation of
OTO Schwinger Dyson equations. We hope our formalism can play the role RA formalism has
played in traditional Schwinger-Keldysh applications [98].

While our final results for the spectral representations take a simple and compact form, their

derivation as we sketch in our appendices is somewhat elaborate due to the combinatorics in-
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volved. Perhaps, a simpler and shorter derivation of the spectral representations would provide
more insight into the physics behind the simplifications we see in our final results.

A set of interesting questions for future research would be to derive cutting rules for OTOCs.
Ideally, we would like to predict the OTO imaginary parts and give an ‘on-shell’ picture of
the physics behind them. Such a work should extend the classic work of Kobes and Se-
menoff [110-112] in the SK formalism (See also [98]). It should also automatically incorporate
the emerging understanding of the physics behind OTOCs via operator spreading/‘infection’
models or OTO combustion waves [6,33,113-115] as well as reveal the physical picture behind
the OPE inversion formula and double discontinuities in CFTs [80-82]. From the viewpoint
of thermal field theory, it would be interesting to extend the existing intuitions regarding hard
thermal loops(HTL) [104, 116] to OTOCs and for example, enquire whether thermal OTOCs
of QCD leave a signature in the heavy ion collision experiments.

Another set of interesting questions revolve around holography and black holes in AdS. It
would be nice to have a derivation of the OTOC spectral representations from gravity, say along
the lines of [117, 118]. Such a framework should allow us to compute OTO spectral functions
of energy momentum tensor and currents in strongly coupled gauge theories and study their
low frequency, high temperature behaviour that gives rise to OTO hydrodynamics.

Finally, the spectral representations we discussed in this chapter are valid modulo contact
terms in the frequency domain (since the basis row vectors we use, become linearly dependent
when any one of the external frequencies of a correlator is taken to vanish.) This is a limitation
already in the RA formalism of SK correlators, which the extended formalism inherits. This is
usually addressed by shifting to a Keldysh basis, in which only causality conditions are imple-
mented (and not the KMS conditions). Consequently, the column vector type representations
in such a basis contain more terms, but have the merit of being applicable in non-equilibrum
situations. A Keldysh type basis for OTOCs was described by [34] and it would be interesting

to see how our results can be extended away from equilibrium using similar basis [119].
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Chapter 4

Cubic OTO effective theory for thermal

environment

This chapter is based on the paper [31] written by the author in collaboration with Bidisha
Chakrabarty and R. Loganayagam.

Here we return to the study of the effective dynamics of a Brownian particle. Henceforth we
will restrict our attention mostly to the case where the environment is a thermal bath. For such a
Brownian particle interacting in a thermal environment, we will show that the cubic Schwinger-
Keldysh (SK) effective theory discussed in chapter 2 is dual to a stochastic dynamics governed
by a non-linear Langevin equation. Our strategy will be to first discuss the form of this non-
linear Langevin dynamics in detail, and then demonstrate its duality with the SK effective
theory.

To discuss this non-linear effective dynamics, we will introduce a simple toy model where
the oscillators of a harmonic bath are coupled nonlinearly to the particle. For this simple
model, we will derive the explicit forms of the particle’s cubic effective couplings in the high
temperature limit of the bath. We will see that these couplings satisfy a generalised fluctuation-
dissipation relation (FDR) which is based on microscopic reversibility and thermality of the
bath. From the point of view of the non-linear Langevin dynamics, this generalised FDR would
connect a thermal jitter in the particle’s damping coefficient to a non-Gaussianity in the thermal
noise experienced by the particle.

To derive this generalised FDR, we will consider the OTO extension of the effective dynam-
ics. We will see that this will allow us to study the effects of the bath’s microscopic reversibility

and thermality separately. These effects would manifest in the OTO effective dynamics of the
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particle in the form of some OTO generalisations of the Onsager-Casimir reciprocal relations
and the fluctuation-dissipation relation. By combining these relations, we will obtain the afore-

mentioned generalised FDR in the nonlinear Langevin dynamics.

Comment on the conventions followed in this chapter:

In this chapter, we will deviate slightly from the conventions followed in chapter 2. We
will not explicitly write the small parameter 4 which represented the strength of the particle-
environment coupling in chapter 2. Instead, we will implicitly assume that this coupling is
weak and that the perturbative analysis of chapter 2 holds here as well . Apart from this, we
will put appropriate powers of 7 in all the expressions. We choose to introduce these powers
of 7 in this chapter as we would mention the classical limit of the particle’s dynamics which is

obtained by truncating the expressions at the leading order in 7.

4.1 Motivation

The dynamics of a Brownian particle interacting with a thermal bath is a topic that has been
studied for over a hundred years. A systematic understanding of a quantum Brownian particle
emerged in the 1960s with the works of Schwinger [35] and Feynman-Vernon [37]. In these
works, an effective theory was derived for a quantum Brownian particle by tracing out the
thermal bath’s degrees of freedom.

These analyses were later extended by Caldeira and Leggett [58] to a concrete model of
a particle linearly coupled to a harmonic bath. The bath degrees of freedom can be exactly
integrated out to get a non-local, non-unitary theory describing the evolution of the particle.
In this simple model, Caldeira and Leggett managed to show the following interesting result:
First, if the distribution of the bath oscillator frequencies is chosen appropriately then the bath
correlators decay with time. Consequently, at sufficiently long time-scales, one obtains a lo-
cal effective theory for the particle which in classical limit reduces to the standard Langevin
dynamics. This model of Caldeira-Leggett and its generalisations [59, 60] (see [48—50] for
textbook level discussion) have been crucial in understanding dissipation and decoherence in
quantum systems.

In this chapter, we seek to generalise Caldeira-Leggett like models. We extend such models

in two directions : one extension is to go beyond the linear Langevin description to non-linear
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generalisations of Langevin equation. While the non-linear versions have indeed been consid-
ered in different contexts before (see references above), a systematic classification of all possi-
ble terms at the leading level of non-linearity for a Brownian particle coupled to a generic bath
was lacking. Such a systematic study along with the concomitant generalisation of the famous
fluctutation dissipation theorems and Onsager’s reciprocal relations is one of our objectives.

The power of Caldeira-Leggett model lies in its ability to relate the effective couplings of a
dissipative/open quantum system description to the underlying microscopic physics. At a su-
perficial level, the idea is the one familiar in usual effective theories : one computes correlators
in the effective description and in the microscopic description and then matches the two. But, in
open quantum systems, the integrated out degrees of freedom are not quite the heavy degrees of
freedom. Thus, the integrated degrees of freedom can go on-shell resulting in the non-unitarity
of the effective description. For this reason, the matching is not merely one of comparing low
frequency behaviour.

At high temperatures, a whole band of frequency domain contributes right upto the thermal
scale. Further, this contribution is modulated by how effectively the particle couples to the
various states of the bath. We will take these aspects into account by writing the effective
couplings as frequency integrals over complex contours with appropriate ie prescription that
picks up the correct causal response. The integrands would be the spectral functions of the
bath which encode the effective number of bath states accessible to the particle in a given
process. From a mathematical point of view, we will write down expressions that relate the
effective couplings of the Langevin description to generalised discontinuities of the appropriate
(in general, out of time ordered) bath correlators.

A second related objective is the generalisation of Caldeira-Leggett like models to take
into account out of time order correlations(OTOCs) and how they get transmitted from the
bath to the Brownian particle. In chapter 2, we showed how the OTOCs of the particle record
information about the OTOCs of the environment. In this chapter, we will discuss a concrete
realisation of the ideas discussed there.

The perspective provided by extending the ideas about open systems to include out of time
order correlations is crucial to the content of this chapter. As we shall show explicitly, the
fluctuation-dissipation theorems and Onsager’s reciprocal relations relate parameters governing
time-ordered correlations to those controlling out of time ordered correlations. The straight-

forward way to understand the relations between time-ordered couplings is via the relations
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between out of time-ordered correlations and time-ordered correlations. This is the macro-
scopic counterpart to the observation that including out of time ordered correlations simplify
the structure of thermal correlators in a general quantum field theory [30, 34, 64].

We illustrate our results about non-linear corrections to Langevin theory by considering
a simple extension of Caldeira-Leggett model. Our model consists of a Brownian particle
coupled to two sets of oscillators at the same temperature. Apart from the usual linear coupling,
we will also turn on weak three-body interactions involving the particle and two other bath
oscillators, one drawn from each set. We show that under appropriate distribution of couplings,
the bath continues to be Markovian. We derive the non-linear corrections to Langevin equation
that result from such an interaction in the Markovian limit and check that these couplings indeed
satisfy the correct generalisations of fluctuation-dissipation/Onsager reciprocal relations.

In the following sections, we will elaborate on these ideas and summarise our results. We
will begin by reviewing the model by Caldeira-Leggett in section 4.2. This is followed by a
detailed description of a non-linear generalisation of Langevin theory in section 4.3, where
we also summarise our main results on such non-linear corrections for a general bath. This is
followed by a description of the particular model we work with. A complete specification of
the ¢XY model is given in section 4.4. The derivation of the non-linear Langevin theory from
gXY model is the subject of section 4.5. We give a general analysis of both the generalised
Onsager and fluctuation-dissipation relations in the non-linear Langevin theory in section 4.6,
before our concluding remarks in section 4.7.

In appendix B.1, we enumerate the dimension of various physical quantities that appear
in this chapter. In appendix B.2, we summarise various contour integrals that are useful in

computation of the effective Langevin couplings from our microscopic model.

4.2 Review of Caldeira-Leggett model

We will now begin with a brief review of the salient features of the quantum Brownian particle
and later, how these get generalised in the context of our work. We will sketch the basic

structural features postponing detailed derivations for later.
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4.2.1 Review of Langevin theory and Fluctuation-Dissipation theorem

Consider, for definiteness, a Brownian particle whose evolution is described by Langevin equa-

tion :

d*q

g 49 _ e 4.1
a3ty = (PING). 4.1)

Here vy is the damping constant of the particle. The term ()N (¢) is the fluctuating force (‘the
noise term’) which is commonly approximated to be Gaussian and delta-correlated, viz., its

only non-zero cumulant is taken to be of the form

NON ) noise = Lz 6@t —1). (4.2)
f*

Here N(¢) is normalised to have the inverse dimension of velocity for later convenience, so
that (f?) measures the statistical variance of the fluctuating force per unit mass (and has the
dimension of acceleration’xtime). The cumulant statement above can also be recast into a
statement about the probability distribution governing the noise ensemble :

P[N] « exp {—@ dt NZ} . (4.3)
The significance of Caldeira-Leggett model is that it shows how such a system of equations can
arise from an underlying quantum mechanical model, under appropriate approximations, via
integrating out the effects of a harmonic bath.

Another triumph of Caldeira-Leggett model is that it can reproduce the well-known fluctuation-
dissipation relation [44—46,120] between the parameter ( f 2) characterising thermal fluctuations
and the parameter y characterising dissipation. Let us remind the reader the classical argument
why such a relation should be expected : the thermal fluctuations in the bath which source
the noise also cause the dissipative effects of the bath. On one hand, the rate of damping vy is
roughly determined by the effective number of degrees of freedom of the bath with which it
interacts. On the other hand, the thermal noise is produced by the energy fluctuations in the
bath which is roughly kg7 times the number of degrees of freedom (here, T denotes the tem-
perature of the bath and kg is the Boltzmann constant). This suggests a relationship of the form

(3 ~ )/kmB—T between the fluctuation and the dissipation parameters. Here, we have introduced
14
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the mass of the particle m,, to match the dimensions.
A more precise argument is as follows : at the level of classical stochastic dynamics, one

can integrate the Langevin equation to obtain

d d ! ,
el = R f dr e "IN . (4.4)
dt dt), o

We square this equation and average over the noise under the assumption that the initial velocity
distribution and the fluctuating force are uncorrelated. At large times, this yields for the long-

time average kinetic energy for a particle of mass m,, :

2 2
lim <lmp (i—?) >m)ise = —migj ) . 4.5)

Demanding that this average kinetic energy approach the thermal equipartition value %kBT, we

obtain the fluctuation-dissipation relation

kgT
=2y =2y, (4.6)
p

where we have introduced the rms thermal velocity v;, of the Brownian particle defined via

kT
Vi = —— . 4.7)
mp

The physics behind such a classical stochastic argument is clear : the kicks of the fluctuat-
ing force should, on average, replenish the energy lost due to dissipation so that the eventual
balance is achieved at the Maxwell-Boltzmann value for the average kinetic energy.

As pointed out by Kubo, Martin and Schwinger [41,42], the origins of this relation can be
traced back, in the underlying quantum description, to the mathematical structure of thermal
correlators. In the linear response theory, both the fluctuating force and damping rate felt by the
Brownian particle can be computed from a characteristic spectral function of the bath denoted

by p(w), related to the Fourier domain commutator of bath operators that couple to the particle
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(see below). We then have the frequency integrals (often termed the sum rules):

m2(f2) = f T dOp@) (4 o e

)
comic 2T W

foo—ie d(l)p(a))
mpy = - .

o2
comie 2T W

(4.8)

where B = L is the periodicity of the thermal circle and f, = e,3+

ksT - is the Bose-Einstein
B —

distribution. These relations make precise the afore-mentioned intuition that the same effective
degrees of freedom (encoded in the single function p(w) of the bath) determine both (f?) and
Y.

Note the factor (1 + 2f) whose three terms describe spontaneous emission, stimulated emis-
sion and absorption of the fluctuation of frequency w, all of which add incoherently into the
variance of noise. At high temperature limit (i.e., small 8) one then recovers Eq.(4.6). The ie
prescription for the frequency integral is the frequency domain analogue of step functions that
appear in time domain retarded Green functions. For example, the formula above for y can also

be written in the form

myy = f dt (1 -0 - 1) f ;l—Zp(w)e_i‘”(’_T) , (4.9)

which can be thought of as coming in turn from the approximation of a non-local retarded

Green function :

d ‘
m,yq(t) € f dr {@(l—r) f 2—7‘["ip(w)e-'w<’-f>} q(T) . (4.10)

While such time domain expressions clearly exhibit the causality properties, we will find it
convenient to work in frequency domain where the structure of thermal correlators can be ex-
amined clearly. All our frequency domain contour integrals can, if needed, be readily converted
into time domain integrals with appropriate step functions.

Let us examine in some more detail how this works : consider a probe particle coupled to
a bath in a general time-independent state and assume that at long enough time scales, a local
autonomous description is still possible for the particle (i.e., Markovian approximation can be
justified and any effect of the memory of the bath can be ignored). Under these assumptions, the

effect of the bath can be integrated out following the method of Schwinger [35] and Feynman-
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Vernon [37] to get a local Schwinger-Keldysh effective action (or equivalently a local Feynman-
Vernon influence functional). We can match this local effective action against the generating
functional for the Langevin correlators following the method of Martin-Siggia-Rose [61]-De
Dominicis-Peliti [62]-Janssen [63] (See [121] for a recent review). This results in a general

expression for the Langevin couplings :

mry= [ [T den pLI2
p - ’

co—ie 27” —oco+i€ 2r w1

co—i€ d(L) oo+i€e d(l)z p[lz]
myy =

—oo—i€ 2’”! —oo+i€ 27T

(4.11)

Here the integrands are the Fourier transformed expectation values of the commutator/anti-

commutator

1 )
pl12] = 2 f d f dt, €“ 1 (0(1), O]y,
4.12)

ol12,] = f dr, f dty D (O, O

In the above, O is the bath operator that couples linearly to the Brownian particle position ¢
and the expectation values are evaluated in an appropriate time-independent state of the bath.!
The reader should also note the specific energy-conserving ie prescription needed to write

the sum-rules above :

c0—i€ dw co+i€ d(,()
f f f E (4.13)
co+ie

The above expressions relating the microscopic dynamics of the bath degrees of freedom to the
effective couplings can be obtained by standard procedures of effective theory : for instance
by matching the correlators predicted by the effective theory against the microscopic com-
putations. The ie prescription then naturally appears when comparing appropriately retarded
correlators.

Another important property of the complex contour C; is the following : it remains invariant
under a simultaneous complex conjugation and the reversal of frequencies. It follows then

that, if the integrands are similarly invariant (as the above integrands indeed are), the resultant

'In the following, we stick to the convention that every commutator is divided by 7 in the definition of spectral
functions. This has the advantage that the classical limit of the spectral function p[12] is just the Fourier transform
of the Poisson bracket. For example, Eq.(4.11) is also valid in classical statistical mechanics, provided p[12] is
computed via Poisson brackets.
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answers are real.

The expressions above imply that, from the point of view of thermal correlators, whereas
the damping constant v is related to the commutator of bath operators, the fluctuation {f?) is
related to the anti-commutator. If the bath state is thermal, the Kubo-Martin-Schwinger(KMS)

conditions relate these frequency domain functions as

pl12,] = A(1 + 2f)p[12] = —A(1 + 2f)p[12] . (4.14)

Using time translation invariance to write p[12] = p(w;) 276(w +w;), we then recover Eq.(4.8).
The Eq.(4.14) can be motivated by the following relation between thermal averages in a har-

monic oscillator of frequency w :

(la,ayg = n (1 +2f,) %([a, a'l . (4.15)

KMS showed that such a relation continues to hold true for a general quantum system, thus
giving rise to Egs. (4.8) and (4.6) under very general assumptions.
To summarise, the microscopic justification of fluctuation-dissipation theorem lies in the

following steps :

e In the first step, one identifies the relevant effective couplings of the system (here (f?)
and y of the Brownian particle) and connects it with the appropriate bath correlators (via
sum rules like the ones in Eq.(4.11)). This step already assumes the emergence of a
Markovian description which can be checked explicitly in a simple model like that of

Caldeira-Leggett.

¢ In the next step, one uses thermality to derive KMS relations akin to Eq.(4.14). Note that
this step, by itself, does not immediately result in a simple relation between the effective

couplings of the local Markovian description.

KMS condition merely says that two couplings are related to two different moments of the
same spectral function (see Eq.(4.8)). These two moments are a priori two independent
numbers provided by the theory behind the bath. Thus, the KMS condition alone is of

limited utility to an experimentalist probing the local dynamics of the Brownian particle.?

20ne could however imagine a fine-grained experiment sensitive to non-Markovian/memory effects of the bath
(such experiments are within the realm of possibility [122—125]) and think of the integrands in Eq.(4.8) as part of
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¢ In the last step, we take a high temperature limit to get a fluctuation-dissipation relation
of the form Eq.(4.6). It is in this step that one obtains the fluctuation-dissipation relation

between the effective couplings.

Apart from the fluctuation-dissipation relations, there are other useful relations that can be
derived when one has more than one Brownian degree of freedom and when one can assume
additional symmetries. An example of such a symmetry is the microscopic time-reversal in-
variance whose consequences were explored by Onsager [38, 39] and Casimir [40] (we refer
the reader to the monograph by Stratonovich [126] for extensions and a detailed exposition).
Say we had many degrees of freedom denoted by the coordinate g4, which undergo coupled
Langevin dynamics governed by a matrix of Langevin couplings v, , and ¢ fA23>- In that case, the

sum rules of the discussion above generalise to

m>(f*) = foo “ dw, fmm dw, plla2g]
pNag/ T s

2mi cotie w1

foo i€ d oo+l€@ p[lAzB]

2
coie 27rl —cosie 2T wy

(4.16)

MpYaip =

Here O, is the bath operator that couples to the coordinate g4, and we have used a matrix of

spectral functions

1 .
plla2s] = 7 fdtl fdfz ewintenn) ([Oa(t1), Op(t)]),
4.17)

L1425, = f dn f dt, € (0, (1), Op())) -

Say the dynamics and the initial state of the bath are microscopic time-reversal invariant
and we will assume that the Hermitian operators {O,} have definite time-reversal parities {74}.
The microscopic time-reversal then acts by the simultaneous exchange of w; and w, along with

complex conjugation.> One then obtains the famous Onsager reciprocal relations [38,39] :

<f;§23> =175 <f32A> ’ Yag = MaTlp Vs - (418)

In this chapter, we will mainly confine ourselves to studying the dynamics of a single degree

the memory functions of the bath. For this reason, many authors (see, for example, Stratonovich [126, 127]) refer
to equations like Eq.(4.14) as non-Markovian fluctuation-dissipation theorems.

3We note that the contour C, is left invariant under this operation. Hence, the symmetry property of integrands
under this operation is inherited by the effective couplings.
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of freedom, which can in principle couple to many bath operators {O,} with different couplings
g,- Then, the Onsager reciprocal relations can be interpreted as statements relating the con-
tributions proportional to g,g, to the damping constant and the noise variance. We will later
meet an example of similar relations, when we study non-linear corrections to the dynamics of

a single degree of freedom (see the discussion in section 4.6.2).

4.2.2 Model of the harmonic bath in Caldeira-Leggett like models

We will now move from the general description to particular models of the bath. The equation
(4.11) for the damping constant y naively suggests the following: if we can engineer a bath of

harmonic oscillators with a linear spectral function of the form*

pl12] = p(w1)2n6(w; + wr) ~ myyw; 2n6(w; + ws) , 4.19)

a naive residue integral seems to pickup the required contribution. This is however misleading.
In fact, the integral for y with the linear spectral function is UV divergent and needs to be
regulated appropriately. A simple and commonly used regulator is to assume a Lorentz-Drude

form for the spectral function, with the linear growth at low frequencies :

(w) =21Im i 2 a)—z (4.20)
= m =2m , .
p Yoo Yo

which does give back vy after the contour integral is performed.
How can such a distribution be obtained from the underlying microscopic dynamics of the
harmonic bath ? Say we are interested in the thermal harmonic bath where g(¢) of the Brownian

particle is coupled linearly to the bath oscillators via
o®) = Z gri Xi(1) 4.21)

We want to now examine what set of couplings g,; and masses m,; for the bath oscillators will

result in a Lorentz-Drude spectral function. Computing the commutator of the bath operator in

“We note that, for Markovian approximation to hold, the spectral function should be sufficiently analytic near
real axis of the frequency domain [59, 60, 128].
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the thermal state and Fourier transforming yields

2
gx,i
276(|w1] — o)

1
plI2] = 5= 2m6(en + w2) Z

" (4.22)
" dp SN
= 2mo(wi + @) X | == (2m) sgn(@)d(w] = ) <<m_>> ,
0 X
where we have defined a function of y, :
2 2
8x gx,i
- = 218 x— M) . .
<<m>> Z — (= i) (4.23)

A spectral function p(w) as in Eq.(4.20) is then obtained, if we take a continuum of oscilla-

tors whose couplings add up to give
4 2Q2
(N =mr (4.24)

Thus, the continuum approximation with an infinite set of oscillators gives the required smooth
form for the spectral function. Only in this limit can the set of bath oscillators be idealised
as a perfect thermal bath into which the Brownian particle can irreversibly dissipate into. It is
also only in this limit that the information about the particle is quickly forgotten by the thermal
bath, thus allowing us to ignore any memory effect. This last point can be explicitly checked by
computing the bath correlators and confirming that they indeed decay at time scales set by Q.

Thus, we expect a local description to be good when there is a hierarchy of frequency scales :
kgT
Y<K Qx BT .

The continuum approximation and the resultant irreversibility are good approximations at time
scales much smaller than the inverse of the typical gap in the bath spectrum.

This ends our brief review of the standard Langevin theory. One main goal of this chapter
is to see many of these ideas and expressions generalise to higher point functions, out of time

order correlations and to non-linear Langevin dynamics.
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4.3 Introduction to Non-linear Langevin equation

It is a natural question to ask how these results generalise once we go beyond the linear
Langevin description. A particular non-linear generalisation is of relevance to this chapter,
which we shall now describe. Consider a non-linear generalisation of Langevin theory de-

scribed by the following stochastic equation :

_dq dqg - = d
Elql = A +(7+57N)E+(H2+§u/v)q+(/l3 — A3y a’_t)

q2

T F =N . (4.25)

Here, we will take N to be a random noise drawn from the non-Gaussian probability distribu-

tion

P[N] « exp {— ! f dt ((fIN - §NN2)2 - lz, f dt N2} . (4.26)
2(/% 2

We will assume that the corrections to the Langevin equation are small : this is equivalent to

assuming that the parameters {(,, {,, 5, 713y, {n,Z;} are small.

The physical meaning of these non-linear parameters should be evident : ,, {,, characterise
the thermal jitter in the damping constant y and the (renormalised) natural frequency ji* of the
Brownian oscillator. The parameters A3, 137 control the anharmonicity in the model whereas ¢,
characterises the non-Gaussianity of the thermal noise. The above equation includes all terms

upto quadratic in amplitudes of ¢ and N and upto one time derivative acting on ¢ (except for

dq
dr?

2
the inertial term =2

which was already present before the bath came into picture). In this sense,
this is indeed the most generic leading non-linear correction to the linear Langevin theory.
Another equivalent way to define these couplings would be to state how they occur in the
long-time three point cumulants of the Brownian particle which starts off from the harmonic
oscillator vacuum at an initial time ¢ = f,. While specification in terms of cumulants does
not have the immediate intuitive appeal of the description above, it is a very useful character-
isation for computing these couplings from a microscopic model. Consider long enough time
scales such that the memory effects of the bath can be ignored and the Markovian approxi-
mation is valid. We will however be interested in the time scales much smaller than y~!, the
time scale at which damping effects become substantial. In this time window, one can write

down universal expressions for the vacuum cumulants of the Brownian particle in terms of the

effective Langevin couplings. In the semi-classical limit (i.e., ignoring O(%) terms ), they take
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the following form [29] : for #; > £, > 13, we get

1 - = 0
72 (1aa()aDe = (& = Ay 5-)01as + O
1 0
5 (la()q()q())e = (%3 + zgya—&)ngl +0(),

%([q(tl)q(tz)q%h]% = o),

] o 2,0 0
([g(12)q(2)q(1)-1)e = 2my |4, + 25 = 505~ g )|Qwi + 0.

] o 2,0 0

7 @)a(15)a(0) D = ~2my| 4 2y -+ 3R = 5)| 0 + O

2
(lg(t)q(t2)+q(t3)+])e = ﬂ_—4{N[2 cos(u(ty3 + 1p3)) + 6 cos(utz) + cos(u(tyo + tro + 139))

— 3 cos(u(tiz — 130)) — 3 cos(u(taz — t1p)) — 3 cos(u(ts; — lzo))] + O(h) .

(4.27)
In the above expressions, we have defined the function
1
Qijp = ————{ coslu(t;; + ti)] = cos[f(t;; + t3)] — 3cos[fita] + 3cos[fitnl},  (4.28)
6(mpu)?

with 7;; = t; — ; and we have used the square bracket notation to indicate nested commutators

(with a + subscript indicating anticommutator). For example,

([g(t)q(22)q(13)])c = ([lg(11), q(22)], q(23)])c »
([g(1)q(2)q(13)+ De = {lg(t1), q(©2)], q(t3)}e 5 (4.29)
([g(11)q(12)+q(t3)+De = {{gq(11), (1)}, g(13)})c -

The six correlators given above cover all possible time orderings with three operators. In the
above, we have divided by a factor of 7 for every commutator in LHS, so that the commutators
smoothly go to Poisson brackets in the classical limit.

The reader should also note that apart from the non-linear Langevin/1-OTO couplings®,
three new ‘out of time ordered’ 2-OTO couplings k3, k3, and k3, are needed to fit the long-time

behaviour of arbitrarily ordered cumulants. © On general grounds, we expect correlators with

SThese labels characterise how much out of time ordered a particular correlator/coupling actually is. The
numbers here represent the number of minimum number of time-folds required to define a particular correla-
tor/coupling [34].

®Later, in equation (4.128) of section 4.5.3, we will relate these couplings to the couplings in the OTO effective
theory introduced in chapter 2.
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four out of the six time orderings to be computable via standard Schwinger-Keldysh/Feynman-
Vernon influence functionals : these are the 1-OTO correlators in the classification of [34]. A

basis of such correlators is provided by

(lgt)qg@)q(t)De ,  Lq(t)gt)qt3) e, [q(t)g(t2)+q(t3):])e
(Lg(t)q(2)+q(t3))e = —[q(13)q(82)q(t1)+1)e + [g(t1)q(t3)q(t2)+ ])e

(4.30)

all of which can be written down in terms of the standard non-linear Langevin/1-OTO cou-
plings, as is evident from the expressions above. The two other remaining time-orderings
are however genuinely out of time ordered which can neither be captured by the standard
Schwinger-Keldysh/Feynman-Vernon influence functionals nor can they be written solely in
terms of the standard non-linear Langevin couplings.

A historical aside may be in order : many authors have studied non-linear generalisation
of Langevin equations in a variety of contexts (See, for example [129-132]). However, to our
knowledge, there is no systematic discussion in the literature including all leading nonlinear
corrections allowed on general grounds, nor a microscopic model within which Markovian
approximation is justified and all couplings derived. Similarly, despite a long and rich literature
on non-linear fluctuation-dissipation/Onsager relations [120, 126, 127, 133—-140], the relations
we derive here for non-linear Langevin theory are new, as far as we know.

In the rest of this section, we will give a detailed summary of our results listing the inte-
grals that relate the couplings that appear in the above equation to the bath correlators in the
microscopic theory. 7 The reader desirous of a briefer summary is encouraged to consult the

subsection 4.3.6 at the end of this section.

4.3.1 Linear Langevin couplings

We will now summarise our results regarding how the above coefficients could be computed
starting from a non-linear generalisation of Caldeira-Leggett like setup. Assume the Langevin
degree of freedom ¢(t) is still linearly coupled to some bath operator O(f).® As in the discus-
sion above Eq.(4.11), take the bath to be in a general time-independent state and assume a

Markovian description at long enough time scales.

"These relations are obtained by converting the time domain integrals given in subsection 2.3.3 to frequency
space integrals, and then mapping the couplings discussed there to the couplings introduced in this chapter via
equation (4.128).

8We assume that the thermal 1-point function of this bath operator is zero.
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Under these assumptions, a general expression can be written for the Langevin couplings in
leading order causal perturbation theory in particle-bath coupling (or equivalently by matching
the local influence functional to MSRDPJ action of the above stochastic equation to leading

order in perturbation theory) :

_ [ el12] L[ pl2] _ [ pl12]
myy = .o > n/l,DAIJ - > Amp - 3
C, W c, Wi C, Wi

12, h
m2(f?) = f p [l.w ] _ f (1 + 21)pl12] 431)
C2 1 Cz 1
12, 17}
m?,ZI = —f p[. 3 ] = —f — (1 +2f)p[12],
C> l(,L)1 C l(JL)1

where as before, we have an integral over the causal contour

0o—I€ d 00-+i€ d
fsf ﬂf £ (4.32)
C —oco—i€ 2n —oco+ie 2n
Here Am, and Aii* denote the renormalisation of mass and frequency of the Brownian oscilla-

tors.

The spectral functions appearing in the integrand are defined via Fourier integrals

pl12,] = f dn f dts O (O1), O
(4.33)

1 .
pl12] = - f dt, f dty €1 ([O(t1), O(t2)])p -

Further, in writing the second equality for the couplings above, we have assumed that the bath
state is thermal and consequently, we have used the Kubo-Martin-Schwinger (KMS) relation
to convert the anti-commutator to commutator.

The complex contour C, has the following reality property : it remains invariant under a

simultaneous complex conjugation and the reversal of frequencies ;

Glow; = —w] = Clwil, (4.34)

where w{ denotes the complex conjugate of the frequency w;. Further, the hermiticity of bath

operator O(t) yields the result
(p[lZ])Z);, L _w, = —PI12], (p[12+])z)$ L = PI124]. (4.35)
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Thus, integrating the conjugated, frequency-reversed spectral function over the conjugated,
frequency-reversed contour gives the same answer as the original spectral function integrated
over the original contour. Since the relabelling of the integration variables w{ — -—w; should
not change the value of the integral, the above assertion is equivalent to the statement of reality
of the Langevin couplings.

The complex contour C, also has the following time-reversal property’ : it remains invariant
under a simultaneous complex conjugation and the exchange of frequencies w; and w,. Say
the spectral function has a specific time-reversal parity 7,, inherited from the time parity of

operators that define it. We then have

OU2Ds oy o = ~TP120 0 OUZD u = MPl124] (4.36)

thus guaranteeing that the couplings derived above obey Onsager reciprocal relations using a

similar argument to the above argument for reality.

A comment on the force term: The force per unit mass F appearing in the particle’s equation
of motion (4.25) is determined at leading order in the particle-bath coupling by the 1-point
function of the operator O(¢). For the gXY model introduced in section 4.4, this thermal 1-point
function is zero. This, in turn, leads to the vanishing of the leading order term in F. At sub-
leading order, it can receive contributions from the 3-point spectral functions of the bath. We

will ignore such sub-leading corrections to the couplings in this chapter.

4.3.2 Anharmonicity parameters : time ordered and out of time ordered

A similar exercise can be carried out for 3-point functions : for the anhormonic couplings we

have

- 123 — 1 2 1 Qw3 —
=2 [(A2L 5 - (———%maifiﬁi?mxy
c; Wiws3 c, lwiws \w; w3 c, Hwiws)

(4.37)

9We refer the reader to section 4.6 for a detailed discussion of time-reversal invariance and its action on causal
contours in the frequency domain.
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As before, we have defined here the spectral function

1 )
pl123] = 7 fdtl fdlz fdl3 N1t ess) ([10(t1), O(t2)], O(t3)])5 - (4.38)

and the frequency domain contour which picks up the causal part of three point function :

c0—i€] da) co+i€] —i€3 da) co+i€3 da)
f f 2 a3 (4.39)
—i€] —oo+i€| —ie3 27( —oo+i€3 2”
where €], 3 > 0. We will find it convenient to not fix a particular ordering between €, and e; :
the ordering will not matter, provided we take care that our integrands do not have poles/branch

cuts in w, near the real axis. For example, the above expression for the effective couplings is

valid provided the spectral function has no discontinuities or branch cuts in the real axis :

Disc,,p[123] =0 . (4.40)

In cases where there are discontinuities, they are known to lead to long time memory effects
which, in turn, lead to a breakdown of Markovian approximation [128]. Markovian approxi-

mation also needs the following constraint on the spectral function :

Jgn p[123] = (4.41)

The complex contour C; has the following reality property : it remains invariant under a
simultaneous complex conjugation and the reversal of frequencies (similar to our discussion
above for the two-point causal contour C,) . It follows then that, if the spectral function p[123]
is invariant under this operation, then the resultant answers for the anharmonic couplings are
real.

The line of argument which establishes this invariance is identical to the argument outlined
for two point functions : the hermiticity of bath operator O(f) guarantees the reality of the
double commutator {[[O(t;), O(t2)], O(t3)])p and in turn, the invariance of p[123] under simul-

taneous complex conjugation and the reversal of frequencies, viz.,

(P[123])ge -, _, = PL123]. (4.42)
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This along with the invariance of the contour guarantees reality of the couplings.

The complex contour C5 also has the following time-reversal property : it remains invariant
under a simultaneous complex conjugation and the exchange of frequencies w; and w; (with
the concomitant exchange of their imaginary parts €, and ;) . If there are no poles/branch cuts
in w, near the real axis, we can deform the contour back to Cs : it is in this sense that the
frequency contour C; is time-reversal invariant. This is similar to the time-reversal invariance
of the two-point causal contour C,. However, unlike the two point function case, the action on
the integrand cannot be simply described : the spectral function p[123] gets mapped to a new

function p[321]

(p[123])Z)f—>w3, Wi wy, WiowW) = 77123/3[321] ’ (443)

where 77,,, 1s the time parity of the spectral function inherited from the time parities of the un-
derlying operators. In the above, the function p[321] can be thought of as the time-reversed/out

of time order (OTO) spectral function :

1 .
p&ﬂzﬁfmdﬁaf%wwmwwwwmmmmamm. (4.44)

While the expression for p[321] looks formally similar to that of p[123], note that these are two
different functions on the C; contour due to the different ie prescriptions. For a bath with no
microscopic time-reversal invariance, these two spectral functions are a priori unrelated. On
the other hand, in the presence of time-reversal invariance, the analogue of Onsager relations
for cubic couplings relate the Langevin anharmonic couplings to anharmonic couplings in the
time-reversed stochastic dynamics.

The above statement can be made precise by introducing the out of time order (or time-

reversed) anharmonic couplings

321 1 1 2 -2
mi=2 [P = | (———%muif@Li%mm.
Cs wi1W3 Cs lwiws \Wq w3 Cs l((,l)l(,()3)

(4.45)

Say the bath operators O(t) with a definite time-reversal parity 7, couple to the single degree
of freedom of the Brownian particle. For simplicity, assume that the relevant spectral function

gets contribution only from the product of three operators Oy, 3. We can then write down the
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non-linear, OTO analogue of the Onsager reciprocal relations for the resultant couplings as

L=n,8,  dyy=1,K, (4.46)

where 17, = 1112173 1s the total time-reversal parity of the given spectral function. Thus, rather
than constraining the cubic couplings in the non-linear Langevin dynamics, the time-reversal
invariance ends up relating the standard anharmonic couplings to the OTO anharmonic cou-

plings.

4.3.3 Frequency Noise parameter (,

We now move on to quote the results for the other non-linear couplings that appear in the non-
linear Langevin equation. We begin with the parameter ¢, that governs the thermal jitter in the

frequency of the Brownian oscillator:

1
2
= 12,3 123
mpgﬂ fc; 2iw w3 (p[ 31+ pl +])

1
= f S P1231.] + p[132.1 4 pl123,]) (4.47)
C3

h
= f ——{(1+f1 +f2)p[321] = (1 + T, + T3)p[123]} .
C; lW1Ws3

Here, the spectral functions are defined as before by Fourier transforming the appropriate nested

commutators/anti-commutators.'® For example, we have

1 .
pl12,3] = - f dt, f dn f dty 1B (O(1), (1)}, O(13))5 »
(4.48)

1 .
pl23,1= f " f dr, f dty O, O1)], O s

where the subscript + indicates the anti-commutator. The integral is over the same causal
contour C; as before. The first line gives the appropriate causal Green function from which the
effective coupling ¢, can be extracted.

The expression in the second line above arise from generalised Jacobi identities of the form

p[12,3] = p[231,] + p[132,], p[123] + p[231] + p[312]1 =0 (4.49)

1%ncluding a factor of inverse 7 for every commutator to guarantee smooth classical limit.
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and permutations thereof, and the last line which follows from Kubo-Martin-Schwinger (KMS)

relation for three point functions :

p[123,] = —A(1 + 2§3)p[123] (4.50)

and permutations thereof. Here f; = f(w;) are the Bose-Einstein functions of the respective
frequencies. Thus, one can express the coupling as a causal contour integral over the spectral
function p[123] and the out of time order spectral function p[321] multiplied by the appropriate
Bose-Einstein factors.!!

The discussion on the reality properties is similar to before : the causal contour C3 and
the commutator spectral functions are invariant under simultaneous conjugation and frequency
reversal (assuming no w, discontinuities on the real axis). The anti-commutator spectral func-

tions are odd under simultaneous conjugation and frequency reversal :

(PI123.1),, - o, = —pl123.]. (123D, ., _,, = -pl12.3]. (451)

This, then ensures the reality of ,. The reality can also be shown using the expression in
terms of Bose-Einstein distributions, however the argument involved is slightly more subtle :

the following property of Bose-Einstein functions

f(-w) = = {1 +f(w)}, (4.52)

should be used along with the assumption that the potential discontinuity due to f, near w, — 0
is cancelled among the two terms.!?

As discussed in the last subsection, time-reversal acts on the causal contour C5 via a simul-
taneous complex conjugation and the exchange of frequencies w; and wj;. If the bath operator
O(t) has a definite time-reversal parity 7,, we can then write down the non-linear Onsager

reciprocal relation for ), as

$u =1, Sus (4.53)

1.e., one obtains a trivial relation for time-reversal even bath operators and for time-reversal odd

"'Note that these are the spectral functions that appeared in the spectral representation of the 3-point Wightman
array discussed in the previous chapter.
120ne can explicitly prove that this indeed happens in the Markovian models of the bath we use.
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bath operators, , =0 .

At large temperatures (or small 5), one can approximate

2
h mpvzh

hf(w) = o o (4.54)

We then get a high temperature formula for £, of the form

1 11 11
=V — + — |p[321] - [— + — | p[123
e whj;iw“%{(wl+(%)p[ I Pt L2 1}

_ 2 1 (p[123] p[321] (4.55)
=y _{ _ }’
C

th . 2 2
5 1095 a)3 (1)1

where, in the last line, we have used the fact that the spectral functions are proportional to
O0(w; + wy + w3) for time-independent state of the bath.

We now turn to possible fluctuation-dissipation type relation involving ,. While the in-
tegrand which appears in the first line above has structural similarities with the integrands in
the sum rules of the couplings 537 and k3,, we have not succeeded in establishing any general
fluctuation-dissipation type relation between these couplings. Nevertheless, in the ¢XY model

with time-reversal invariance, we find the following relation :

f_1“i+i%mu%i+i%mm
Cs lwiWw3 w1 w) W w3

1 2 1 1 1 2
:f' (__—%mﬂif, (———%mu,
c; W3 \Wq w3 C; W3 \ W w3

where the last equality is the relation 137 = k3, which holds for even time-reversal bath opera-

(4.56)

tors. More generally, we find that the following integral vanishes in this model :

Vtzh (23), + Eg},) — 24#

5 4.57)
L Ki+£+LPMﬂ%L+£+£MQ@=Q

m, Je, iwiws (\wy @, w3 W] Wy W3

thus resulting in a relation of the form

I, = _
du = Evzzh (/137 + K37) : (4.58)
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4.3.4 Dissipative noise parameter /, and its OTO counterpart

We will now move on to the parameter £, which describes the jitter in the dissipative constant

v of the Brownian particle. The sum rule(s) for computing ¢, is given by

myl, = N (2w1—w3)2((w3 - 2w) p[12,3] = w, p[123+])

1
= | Goor (@i - ws) p[321,] + (s = 2w1) p[132,] + (w1 + ws) p[123.])
Cs

_ f h
¢ Quiws)?

X {2(ws = 2w1)(1 + Ti + 12)o[321] = (w3 = 2w1)(1 + 202)p[123] + wa(1 + 2f3)pl[1231} .
(4.59)

In the first line, we have the representation in terms of the causal correlator. The second line
comes from generalised Jacobi identities and the last line from Kubo-Martin-Schwinger (KMS)
relations. Following arguments very similar to the ones sketched in the previous subsection,
one can argue that £, produced by the above integral is real.

Next we turn to examine the behaviour of the integrand under the exchange of frequencies
w; and w3 (which would be relevant for the action of time-reversal on this coupling). We have

the following identity :

Qwy —w3) p[321,] + (w3 — 2wy) p[132,] + (w; + w3) p[123,]
+ Qwsz — wy) p[123,] + (w1 — 2w3) p[312,] + (w3 + wy) p[321,] (4.60)

= 3(w1 p[321.] + (@3 = 1) p[132,] + w3 p[123.]).

This implies that if the bath operator O(¢) has a definite time-reversal parity 7, then the gener-

alised Onsager reciprocal relation for £, becomes

& =1, (Ksy = &) s Ky =1, Kay s (4.61)
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where we have defined a new OTO coupling k3, via

— 1
my Ky =3 fc G\ P + (3 =) pl132.] + s pl123,])

1
=3 —— 12,3 32,1
o, Qwiws)? (wl pLzl+ s pl ]) (4.62)

h
=-3 —— (201 +§1 + F2) —w3(1 +2 321
fc 3 (2w1w3)2({ wi(1+71 +12) — ws(1 +20)pl321]
+{2ws(1 + 12+ 13) — w1 (1 +272)}p[123]) .
We conclude that if 77, = 1, one has the constraint k3, = 2¢, whereas for , = —1, one has

the constraint k3, = 0. Thus, k3, can be thought of as the part of ¢, even under time-reversal,

whereas the part odd under time-reversal is given by

— 1
my (24, ~Tsy) = fc G (@ =209 3211+ 31 — w0 p[132,]+ Qo = 03) pl123,)

= [ Goo(fen(1 1 +12) + 301+ 200)pi21)

—{2wy(1 + 52+ 1) + 3wi(1 + 2f3)}p[123]) .

(4.63)
At high temperature, these expressions become
m,(. =2 f !
pSY th e 2(1)](,()3
1 2\, 1 1 2 1 w
x {(— - —)(— +—Jpl321] +( -— 22)p[123]} (4.64)
w1 w3 (O] w-H wWorws (05100 (,()1(1)3
1 1 3 3 1
= vfhf —{ (—2 - );;[321] +( - —z)p[123]} :
c; W3 " \w; W1ws W3y Wy
or equivalently
my (24, %) = v; f L pl321] - —pl123]) (4.65)
p \“5y ~ K3y " Jo, wrws o o7 ) :
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and

><{(w1 PRI Jo3211 + ( L, 1 Jol123]} (4.66)

w3 Wiy Wiy w3 Wiy  W3wWr

11 1
=32, f {—pl3211+ —pl123]} .
C; W1Wrw3 ' Wy w3

In simplifying these expressions, we have used the identity

1 1 1
+ + =0, 4.67)

w3 Wiy W3wy

which holds because of the 6(w; + w; + w3) inside the spectral functions.

4.3.5 Non-Gaussianity {y and its fluctuation-dissipation relation

We finally turn our attention to the last parameter of the non-linear Langevin model which is

the non-Gaussianity parameter (. We find the sum rule(s) for computing {y as

12,3, h?
mov= [ Gt = [ 2 20pl1231 - 200+ i + pl321) . (468)
C3 C

4(1)1(,()3 N 4(1)1(,()3

where we have used the condition for the nested anti-commutator to write the second equality.

The relevant spectral function is

pl12,3,] = f i f dr, f dty R ((0(1), O(12)), O (4.69)

It can be checked that the integral above does give a real coupling as an answer using meth-
ods described before. In order to study time-reversal, consider the following time-reversed/OTO

counterpart of the spectral function appearing above :

p[32,1,] = p[12.3.] + i* (p[123] - p[321]) , (4.70)

arelation which can be checked by a simple expansion of the nested commutators/anti-commutators.
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It follows that the combination of spectral functions with good time-reversal properties is

pl12.3.]+ p[32,1,]1 = 2 p[12,3,] + I* (p[123] - p[321]) . 4.71)

With this in mind, we examine the integral

fp[12+3+]+p[32+1+] :f 2 pl12,3,]1 + A* (p[123] - p[321])
C3 dwws Cs 4w w3

, 4.72)

h - _
= Zm;é:]v + gmp(/b -K3) .

Here, we have used the sum rules quoted before to write a combination of couplings with good

time-reversal properties. Microscopic time-reversal invariance thus implies

wooo— woo—
2mly + §m,,(a3 ~K3) =1, {2m;gN + §m,,(a3 - K3)} , (4.73)
which is trivially satisfied for n, = +1. For n, = —1, we get a generalised Onsager condition

of the form

2

- A3 —K3) . :
T2 (A3 — k3) (4.74)

{v =

Thus, the non-Gaussianity in thermal noise is quantum suppressed for time-reversal odd cou-
pling to the bath.

At high temperature limit, we get

mo- 1 1
mp{dy + 6 (A3 —k3)} = v;‘hf { pl123] - ( + )p[321]}
mp Cc; Wiw3 " W3 w3 w3W) (4 75)
1 1 '
= {——pl321] + pl123]} .
Cc; WiW3 "Wy wW3wy

where we have used Eq.(4.67). Comparing this against the high temperature limit of x3,, we

obtain the fluctuation-dissipation relation :

2

+ —_—
16mf7

- 1
{n (A3 —Kk3) = §K3yvt2h . (4.76)

We note that, in this way of writing both sides of these equations have the same time-reversal

property.
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4.3.6 Summary of relations in non-linear Langevin theory

We will now summarise all the Onsager type relations between the couplings of the non-linear

Langevin theory :

13:770@, Z3“y:'7oi3y’ =N 8u> & =1, K=&, Koy =1, K3y,
2 2 } @.77)

fi - _ h - _
ZngN + gmp(/h — K3) =1, {2}712{]\] + gmp(/h — K3)

In addition, we have the consequence of KMS relations :

2

— _ 1
+ @(@ —K3) = gkgyvfh : (4.78)

1, = _
gﬂ = Evtzh (/13), + K3y) . é/N
Note that, in general, each of these conditions relate the time-ordered Langevin couplings to
OTO Langevin couplings. These relations can be combined to solve for 5 of the non-linear

Langevin couplings in terms of the 3 remaining couplings {1, 237, 4}

K3 :’70/_13, E37:7707137’ ”237:(1"'770)5”
2 4.79)

7 _
Tomz (1 7004 -

1 — 1
Cu = (1+n,) /137Vz2h ) v = 3 (1+mn,) gyvtzh -
p

T2

These relations comprise one of the main results of this chapter. We collect in Table 4.4, the
Onsager pairs related to each other by time-reversal.

The following tables summarise the integrands J[g] associated with each coupling g. The
tables 4.1, 4.2 and 4.3 summarise the integrals for quadratic couplings that are induced, in
the leading order in perturbation theory, from a bath in a general time-independent state, by a
general thermal bath and by a bath at high temperature respectively. The couplings are given

by expressions of the form

¢= f Tlgl. (4.80)
C

2

Similarly, the tables 4.4, 4.5 and 4.6 summarise the integrals for cubic couplings that are in-
duced, in the leading order in perturbation theory, from a bath in a general time-independent

state, by a general thermal bath and by a bath at high temperature respectively. In this case, the
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couplings are given by
§= f I1g].
Cs

Table 4.1: Quadratic Couplings (general environment)

g | Tlgl |
Am,, Lp[lz]
ZI lm%wzp[lz]

A | -l
U] ropl2]

tm[,

lm)wzp[12]

Table 4.2: Sum rules for Quadratic Couplings (Thermal environment)

g | T[g] |
Am,, %p[l2]
Z [ =+ 20l
A —mp[IZ]
7 [12]
Y | el

Table 4.3: Sum rules for quadratic Couplings (High Temperature limit)

| g | Tlgl ]
Am,, L,0[12]
Z ,,,;7 Lpl12]
Aﬁz m w1 [1 ]
() | FELel12)
v | Sl
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Table 4.4: Cubic couplings : doublets/singlets under microscopic time-reversal (general envi-
ronment)

| g | Tg]

/13 m w1w3p[ 23]
5 o P[321]
Ay s o~ a) P1123]
“ e (L - 2)p1321]
& (2m1,w1w3)2 ((2(»1 w3) pI321,] + (w3 — 2wy) p[132,] + (w1 + w3) p[123+])

Ky =& (2mpwlw3)2 <(w1 + ws3) p[3214] + Qws — wy) p[132,] + Qw; — wy) P[123+])
Ky (@1 13211 + (w3 — w1) pl132,] + ws pl123..])
éu# 2in wlwz(p[123 ] p[321+] +P[132+])

20y + % (15 - Es) gm o (p[12 3.1+ p[32,1 ])

4.4 Introduction to the XY model

In this section, we will begin by describing a microscopic model of an oscillator coupled to
bath oscillator degrees of freedom in a way that results in an effective non-linear Langevin
equation for the original oscillator. Our motivation here is to construct a physical microscopic
description in which one can check the Markovian assumption and the relation between the

effective couplings that emerge therein.

4.4.1 Model of the bath

We will now begin with the Caldeira-Leggett model and then modify it to suit our requirements.
As described before, the model is that of a single system oscillator (denoted by a degree of
freedom ¢) coupled to a bath of oscillators (denoted by degrees of freedom X). One starts
with a distribution of couplings and masses of bath oscillators specified by a characteristic

distribution function, defined by

g g
((C=)) = D0~ 2m8(u — ) (4.82)

X 7 X,1
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Table 4.5: Sum rules for Coupling (Thermal environment)

| g | T[g]

A3 mpw]w p[123]

2 2 p[321]

/137’ impal)lw_a (a% B w%)p[lZ?)]

K3y o (2 — =) p1321]

& | o (2(@s = 200)(1 + T+ 12)p[321] = (03 = 201)(1 + 202)0[123]
+ wy(1 +2f5)pl123]]

Ksy B (2011 +71 +12) - ws(1 + 2i)jpl321]

+{2ws(1 + 12 + 13) — w1 (1 + 272 }p[123])

% o A (1 + 1 + fa)p[321] = (1 + o + f3)p[123]}

In T (14 20){(1+ 212)p[123] = 2(1 + i + T)p[321])

This distribution function multiplied by the spectral contribution of each bath oscillator can be

summed to give the Caldeira-Leggett spectral function :

~ dy, :
pl12]cr = j; 2’; 278(wy + wp) X (21) sgn(w))(w? — 1) ((g ). (4.83)

X

To obtain a Lorentz-Drude spectral function, we consider a continuum of oscillators whose

couplings add up to give a distribution of the form

2 202
(E)y =mm s (4.84)

where vy, denotes the contribution of X oscillators to the damping constant y of the particle

The contribution to the noise is determined by fluctutation-dissipation relation
f %y = 2’)"";2;,-

To get a simple nonlinear generalisation, we will double the number of oscillators into two
kinds of bath both at same temperature. We imagine them to be two different sets of bath

oscillators distinguished by the letters X and Y. For simplicity, we will assume that the Y type
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Table 4.6: Sum rules for Coupling (High Temperature limit)

(2 ] ITg] |
z3 mpjlwgp[123]
E3 mpa%1w3p[321]
= 1 2 1
/137 inyw)w3 (aTl B E)p[123]
E?ay im,,(j)1w3 (a+1 B U%)p[?)Zl]
V2
& | B[+ 2 o2+ (2 - &)en2s)
V2
%, 3#_(01&}2%{&%1,;[321] + Lpl123])
V2
L, e &pl123] - Lp[321])
v L =
éVN mLZwla}zws{u%lp[?)Zl] * ip[123]}

oscillators also have similar coupling distribution as X type oscillators

4,u§Q2

2
<(%>) =Y (4.85)

and they add to the damping due to X type oscillators. Thus, y = vy, + ¥, and the noise
contributions from the two sets of oscillators also add up. Till now, this is merely a relabelling
of the original model, and the model is hence exactly solvable and yields linear Langevin theory.

We will now introduce non-linearity into this theory by introducing a very small 3-body
interaction term of the form gXY. More precisely, one considers a system of oscillators with

the Lagrangian

1 —
LIg. X, Y] = LolX. Y] + 5mpo(@ = Boq) + q| D 8uiXi + ) 80,¥;+ D 8wuiXi¥s | (4.86)
i J i,j

where we denote the oscillator’s position by ¢ and Lg[X, Y] is the free Lagrangian of the har-

monic bath. The operator that acts on the Hilbert space of the bath and couples to ¢ is

0= guXi+ Y & ¥i+ ) guiXiY;. (4.87)
i J Lj

When we integrate out the effects of the bath degrees of freedom, the effective couplings are
now induced for the oscillator and there are corrections to the linear Langevin theory. These

Langevin effective couplings have their microscopic origin in the thermal correlators/spectral
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functions of the operator above.

One can think of the above as a toy model for say an atom coupled to photons whereby,
apart from the standard, dominant linear dipole coupling responsible for single photon emis-
sion/absorption processes, one also has two photon processes involving two photons of two
different frequencies. The physics here is familiar one say from Brillouin scattering of photons
against phonons or the inelastic Raman scattering of photons against molecules. At the level
of linear Langevin couplings, both the noise and the damping constant receive contributions
from the inelastic 3-body scattering : first, there is an effect due to two ‘photon’ emission and

absorption into/from the thermal bath which gives a contribution proportional to

A+ ) |1+ T8+ 7)) = Ty | (4.88)

in the spectral function. The second effect is due to inelastic scattering whose contribution is

proportional to

A(pe = ) [T+ ) = 7(1+ 0] - (4.89)

Putting these effects together, we get a spectral function'?

pl12] = Qm)(w; + wy) f >>(27r)sgn(w1)6(a)1 — i)

+(27T)5(a)1+w2)f >>(27T)Sgn(a)1)5(w1 /13)
+ 2m)6(w; + w)) f dp d“> gxy ))
mxm}
1
Gy 104+ 1) [“ #1001 +1) = 1| osen(@)s (6 - Guc+ )

+ 2 — ) [Fo(1 +Fy) = Ty(1 + )] @m)sgn(w2)s (@3 — (e = 1)) } -
4.91)

13The correction to the spectral function appearing in the last two lines comes from computing the Fourier
transform of the thermal commutator

([X@E)Y (1), X(22)Y (12)]) - (4.90)
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Here we have introduced the cubic coupling distribution

8y \\ 8
(=2)) = >0 =2 2ms(, — pi)2mb(pay — ) (4.92)

mxmy ij mx,imy,j

This cubic coupling distribution should be judiciously chosen so that its dynamics does not de-
stroy the Markovian approximation. We find it convenient to choose a distribution of couplings

such that

2 2

() ~ (N 49%)

More precisely, we take

-T,, . 4.94
) w2+ Q2 ,u§+92 ( )

<< ay > 4207 Ay

m.m,

As we will show later, this distribution function is sufficient to give a fast decay of correlator at
timescales larger than Q~'. In the large temperature limiti.e. § — 0, this distribution function

gives the following form of p[12] upto O(5°) :

1 , A 0
pl12] = 2m,[ =T, Qv + (. + 7y)m]w1(2n)5(w1 + W) . (4.95)
1

2 "Wt + 402

Thus, the damping constant acquires a correction of the order I',,Q v2. This is a small correc-

tion prov 1ided we have
y myy
< = L4

r — = )
QV?h QkBT

xy

a condition we will assume from now on.
We can now turn to the three point spectral functions obtained by Fourier transforming the

nested commutators of the bath operator O defined in Eq.(4.87). This yields

“du, (7 d,uy 8x8y8xy
123] =(2 o
p[123] =2m)é(w; + wy + w3)]0\ o0 L o << M., >>

[sen(@s)@md(e? — 1) [sen(@)@m)6(w: - 1) - sgn()ems@? —2)|  ¢99

+ sgn(ws)(2m)8(w] — 1) sgn(w2)2md(w; — 112) - sgn(w)md(w] — 1) |}
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and

) Tdpy (7 diy ) 8x8y8xy
pt1) e +n v 52 [T S

[sen(w)@08(@? — 1) [sgn(@)@ms(w; - 2) - sgn(ws)ems@3 — )] 497

+ sgn(w)2mo(w] — )] sgn(w2)2md(w3 — 1) - sgn(w3)2m3(ws - )]},

where we have defined the distribution function

CTE T H N
ij AT,

We will find it convenient to assume

(EE8e (oS, @99

More precisely, we take

&8u\\ My 4lQ> 4
<<g gyg)>> — _PF3 2”)( Iu} . (4'100)
mm, 4 72+ Q7 e+ Q2
Here, the parameter I'; can roughly be thought of as an inverse penetration depth for the three
body scattering. This induces a small correction to the usual Langevin dynamics if
Y _myy

I < 2 =22

a condition we will assume from now on. In the next subsection, we will examine the correla-

tion functions of the bath and to what extent they justify a Markovian appproximation.

4.4.2 KMS relations and decay of bath correlations

Consider the model described in the above section of a single oscillator coupled to two har-
monic baths. In this subsection, we will be interested in the evolution starting from an initial
time 7y and whether and how the bath correlators decay with time.

We will assume that the bath and the oscillator are unentangled at an initial time #y,. There-
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fore, the initial density matrix of the oscillator and the bath is given by

Hp
T kgT

Zg

pty) = ®pp (4.101)

where Hp is the Hamiltonian of the bath, Zj is its partition function, and p,, is the initial density
matrix of the oscillator at time .

The effective theory of the Brownian particle is obtained after integrating out the degrees
of freedom of the thermal bath. In the process, the bath correlation functions (in general out-
of-time-order) imprint themselves on the effective couplings of the Brownian particle. In this
section we are interested in studying the out-of-time-order bath correlators of the operator O.
We will use these correlators later to determine the effective couplings of the particle.

Since the bath is in a thermal state, not all the Wightman correlators of O are independent.
The bath correlators that are related to each other by cyclic permutations of insertions, satisfy
the KMS (Kubo-Martin-Schwinger) conditions [41,42,54,64,69,92,95,96,98, 141, 142]. For
a thermal n-point function of O(¢), the KMS condition in time domain gives the following

condition on the connected parts (cumulants) of the bath correlators :

<O(t1)0(t2)~-0(tn)>c = <O(tn - iﬁ)o(tl)O(IZ)-"O(tn—l»c- (4102)

In frequency space the KMS condition simplifies to

(O()O(@)..0(Wy))e = € (O(W)O(W))...O(Wy-1))e- (4.103)

This follows straightforwardly from the fact that the frequency domain analogue of O(z, — i8)
is e P O(w,).

At the level of the two point function, the statement implies that there is only one indepen-
dent two-point correlator of O. We choose that to be p[12]. Then, using the KMS relations, the

expectation value of the anticommutator is given by

pl12,] = —h (1 +2f) p[12], (4.104)

where f| = 5 — and f, = i are the Bose-Einstein distribution functions.

Similarly all the three point functions of O are determined by p[123] and p[321]. The other

89



3-point correlators are related to the two by the following KMS relations [64]

pl123.] == n(l + 2f3)p[123],

pI321.] = = n(l + 2f)p[321],
(4.105)

pl12.3] = = A(1 + 2F)p[123] + 2(1 + §, + f2)p[321]) ,

pl12:3,] =R*(1 +2i5)[ (1 +272)p[123] = 21 + T, + R)p[321]]

Hence the spectral functions p[12], p[123] and p[321] are sufficient to determine all two-point
and three-point bath correlators.

For the two-point function, the correlator of the anticommutator in equation (4.104) pro-
vides a measure of the thermal noise arising from the thermal fluctuations in the bath whereas
the correlation function of the commutator in that equation gives a measure of the dissipa-
tion/damping in the bath due to the motion of the Brownian particle [37]. We denote the

connected part of nested commutators of operators in time domain by a tilde in the following

14.

((123]) = ([[0(11), O(1)], O(t)]).. - (4.106)

For the cumulants of the nested anticommutators we use a similar notation with an extra ‘+’

sign inside the square bracket indicating the position of the anticommutator as follows

([12:33]) = ([{O(1)), O(1)}, O(t)])e: »

- (4.107)
(1321,]) = ({[0(%), O(%)], Ot)}). -

We can use the forms of the spectral functions to get the bath correlators in time domain.
The bath correlators decay with increase in separation between any two insertions. In the
following, we provide the two-point and three-point cumulants for the slowest decaying modes

with frequency Q.

“Here, we put a tilde on the bath’s cumulants just to distinguish it from those in chapter 2 as we have absorbed
the weak particle-bath coupling strength while defining the operator O in this chapter.
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For our model, the two point cumulants decay as

| — Q
%([12]> = Q7[m, (7, + ) exp(=Qt12) + AL, Q* exp(—2Q15) cot (ﬁ?)] :

2
—~—

(127 = %[(yx +yy)hcse (%Q) exp(— Q1) + T, Q (cot2 ('879) - 1) exp(-2Q1p) |-

(4.108)

In the high temperature limit, this yields

i —
—([12]) = m, Q2| (v, +7y) exp(=Qt12) + 2T, 7, exp(~2Q112)]
h (4.109)

—~—

(127)) = mf,vfhg[(yx +y,) exp(—Qtpy) + 20, V2, exp(—ZQtn)].

The three point nested cumulants are given by

l'2 4

— I5Q
—([321]) =m, =

exp(—Qt13)(1 + exp(—Qt23)) ,
(4.110)

P — ;Qf
ﬁ<[123]> =m,

exp(—Qtlg)(l + exp(—Qtlg)) .

The other cumulants can also be computed to yield

| — h Q
%([321+]> =- mpF3Q4§ cot ('87) exp(—Qt13)(1 + exp(—Qt23)) ,

P h Q
%([123+]> :mpr3gz45 cot (ﬁ?) exp(—Qt13)(1 + exp(—Qtlg)) : “4.111)

%([1’2?3]> :m,,r394§ cot (%Q) exp(—Qt13)(l + 2 exp(—Qs) + exp(—Qtlg))

and
__ ;04 Q
([12.3.1) =h*m,—=— exp(-Qt;3)| cot® (ﬁ?) {1+ exp(~Qr12) + exp(—Qz3)} — exp(-Q3)| .
(4.112)

In the high temperature limit, this yields
L32T.1) = = T3 v 0 exp(-Qna)( 1+ exp(-Qes))
i —_—
(123, =T mp 0 exp(—Qz13)(1 n exp(—gz13)) : 4.113)

1 —_—
L(12.3]) =T m2v @ exp(~Qris)(1 + 2 exp(~Qnzs) + exp(-Q112)
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and

([12,3,]) =23 m vy, Q" exp(—Qt13) (1 + exp(— Qo) + exp(—Qtz3)) (4.114)

Thus, given the decay of the memory in the bath at time-scales much larger than (é) we
expect to obtain a local effective theory for the particle at long time-scales. In the next section,
we will describe how such an effective theory can be obtained starting from the microscopic

description.

4.5 Effective theory of the Brownian particle

4.5.1 OTO Influence Phase

We will begin by describing the procedure we employ to derive the effective theory for the par-
ticle at long time-scales, closely following the discussion in chapter 2. Our aim is to obtain the
couplings in the effective action of the Brownian particle (after systematically integrating out
the degrees of freedom of the bath) in a way that keeps track of out-of-time order correlations.
Thus, we are interested in an effective theory which has sufficient number of effective couplings
that can compute along with the time-ordered correlators, also the out-of-time order correlators
(OTOCs) of the particle.

We use the generalised Schwinger-Keldysh path integral formalism to arrive at an effective
action/generalised influence phase for the Brownian particle. The path integral representation
of 2-OTO correlators (correlators with two insertions whose immediate neighbours lie to their

pasts) 13 is then defined on a contour with two time-folds as shown in figure 4.1. There are four

Figure 4.1: A contour with 2 time-folds

1
\
: )
Vi <
T()C 3 ty
: )

copies of the degrees of freedom of the particle and bath {g;, Xi1, Y1}, {q2, Xi2, Y2}, {3, Xi3, Y j3}

and {g4, Xi4, Y 4} living on the four legs of the contour. The action that enters in the path integral

BE.g fort; >t > t3 > 15, {0(t1)0(t3)0(t2)y = Tr (p(t5)O(t1)O(t3)O(t2)) has O(t;) and O(t,) whose immediate
neighbours lie to their pasts. Hence this is an example of a 2-OTO correlator.
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1S
[f
Sask = f dl‘{L[(]h Xit, Yj1] = L[—q2, X2, Y o] + Llg3, Xi3, Yj3] — L[—q4, Xis, Y ]}~ (4.115)
1o

The degrees of freedom of the particle are identified at the turning points of the contour while
performing the path integral. After integrating out the degrees of freedom of the bath, one
obtains an out-of-time-order generalised influence phase Wgsk for the particle which can be

expanded in powers of the particle-bath coupling:

Wask = Wi + W + Wode +..0 . (4.116)

The n-th term in this perturbative expansion is given by

o l-n—l tf In—1
Wesk = 2oy | dnee | d,
1o Iy i

Here the subscripts denote the contour legs and the expectation values are contour ordered

4
D TeO,t) - 04t (1) -+ @i, (6) (4117
=1

1

cumulants computed in the initial state of the bath.

4.5.2 Markovian approximation and effective action

The correlators of the Brownian particle calculated from the generalised influence phase can
be obtained from a 1-PI effective action. The 1-PI effective action is generally non-unitary and
non-local. However since in our model the cumulants of O(f) decay sufficiently fast, with an
increase in separation between the insertions compared to the natural time scale of the particle,
we can work in a Markovian limit [49]. In this limit we get a local, non-unitary 1-PI effec-
tive action. In chapter 2 we discussed the form of this OTO effective action. We restate the
Lagrangian corresponding to this effective action below for the convenience of the reader.

Lip = L%l + LEZ-%’I + Lgl T (4.118)

where the LY. L® and L®

e Lipr 1py correspond to terms that are linear, quadratic and cubic in q’s

respectively. The linear term is given by
Ly = Flgi + g2+ g5 + qu), 4.119)
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The quadratic term is given by

| T N DT N .
L = 525+ 3) ~ 5Z° G5+ 4D +i Zs ) dud;
i<j
m2 (mZ)*
- S+ )+ @+ q)) (4.120)
. Y .
— umy ; 94+ 5 ;(Cb‘%‘ - 4iq;)s

The cubic term L(13P)I can be split into 2 parts: One part, which reduces to the cubic terms in the
Schwinger-Keldysh effective theory under identification of the degrees of freedom on any two

successive legs, is given by

A A
(3) 3 3 3 3
Lipsk = _a(‘ﬁ +q3) — 5(6]3 +43)
g
+ 2—,3[61%(612 + 43+ 44) — (a3 + 1) + 434
ﬁ 2 2 2y 2 2 2 (4.121
MY 9163~ 43+ 4 - 423 — 6 + 4s4i]| 121)

g3 . . . . . . . )
+ 2—'}/[51%(% +g3+ 614) - CI%(CB + q4) + q§q4 — (q%qz + qiq4)]

0_*
3 . . . ) )
+ 2_,)/[611(513 — G+ 4D - G - 4D + iads — (@ + 63gs)|-

The other part, which vanishes under such identifications, is given by

1
Liboro = ~(ks + Relds = a1)(q1 + @2)(g2 + 3)(qs + 4a)
— (g2 + q3)|(k3y — Relos,1)(G1 + 42)(gs + qa) (4.122)
+ (K}‘y - Re[0'3y])(611 +q2)(q3 + q'4)].
As we had discussed in section 2.3.2, this effective Lagrangian is the most general La-

grangian (upto single time derivatives on the q’s in the cubic terms) that is consistent with the

unitarity of the (particle+bath) combined system.

4.5.3 Comparison with the Nonlinear Langevin system

We will now relate the description in terms of generalised influence phase and generalised
Schwinger Keldysh effective action to the classical stochastic description in terms of non-

linear Langevin equation. This relation, familiar in the stochastic quantisation literature, can
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be studied at various levels : we can for example, study the correlators predicted by the two
descriptions and match them against each other. We will instead derive the dictionary between
the quantum and stochastic descriptions by deriving a path integral which generates the non-
linear Langevin correlators and then matching its terms against the influence phase obtained by
ignoring out of time ordered contributions.

We are interested in the non-linear Langevin theory described by the stochastic equation :

d*q dg _ - - d
Elgl= -5+ + LN + @+ 4N) g+ (ﬂg — A3, E)

qZ

5 F= (fHN . (4.123)

Here, we will take N to be a random noise drawn from the non-Gaussian probability distribu-

tion

P[N] o exp {— ! f dt ((fIN - gNNZ)2 - 12, f dt NZ} . (4.124)
2(f*) 2

We will assume that the corrections to the Langevin equation are small : this is equivalent to

assuming the parameters {{,, {,;, ﬁg, 537, {n,Z;} are small.

The equation above is a non-linear stochastic ODE with multiplicative noise, i.e., the noise
variable N appears in the equation multiplied by the functions of the fundamental stochastic
variable ¢g of the differential equation. In the theory of stochastic ODEs, such ODEs need a
definite prescription for equal time stochastic products to be well-defined. In this chapter, we
will adopt a time-symmetric (or Stratonovich) prescription for equal time stochastic products.
But we will only need leading order corrections due to the multiplicative noise terms, where
the subtleties regarding various prescriptions for stochastic products will not matter.

To study this non-linear Langevin theory in the context of path integrals, one can employ
the following method (often attributed to Martin-Siggia-Rose [61]-De Dominicis-Peliti [62]-

116

Janssen [63]) : We start by thinking about the functional integral'® over noise realisations along

with the imposition of the non-linear Langevin equation on a variable g,(?):

[ danany v e - et
- (4.125)
~ [ dg.lidautian PN exp {17" [araerm - a[qa]]} ,

161 this integral, we ignore the Jacobian det [523%(,?]] as it does not correct the coefficients of the terms obtained

in (4.126) up to leading order in the particle-bath coupling.
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where we have given the standard functional integral representation of the delta function. We
can now discretise the noise integral, add appropriate counterterms and perform the path inte-

gral perturbatively in the small parameters {{,, {,, /_13,713y, {n, Z;}). This exercise yields

m; 3N

lim [ [dN]e ™ <f2>5rf ! dd P[N] exp{i%fdt qd[(f2>N—8[qa]]}

0t—0
2 . mz m3 'mz P S[C]a]
~a%hfmp_«ﬁ = 3 s = 53 =~ mpaElgaln-o — L]

2 h
(4.126)

This MSRDP]J effective action can be connected to Schwinger Keldysh effective action by
identifying g, = q1 + q2, ga = %((]1 — ¢2). We will refer the reader to [55] for a textbook level
discussion of why this is the correct identification that maps the Schwinger Keldysh boundary
conditions on the quantum side to the causal boundary conditions of the stochastic path integral.

Using this map, we can write the above effective action in the form :

Ly ok = F(q1 + q2),

Lo Ly m, (m?), Yy,
L(IZP?I,SK EZCI% - EZ & +iZaingo — —q; > 4 — imiqiqs + E(Cllfh - 4192), (4.127)
A A4 o} o
3) 3 4 T3y 5. 3y .
Lipisk = g‘ﬁ 3 4 + 2, 0142 + X —qq+ o1 114 + 2—!%61% ,

—

where the Schwinger Keldysh effective couplings are given in terms of Langevin couplings via

—

F =m,F, Y =myy,
m2 m2
Z=m i%z, N —#Zz ,
2
m* = myp* — i p(f2 miE—%U{z),
3 m3 2 (4.128)
Az = Zmp/l3+6 §N+3l {#,
| m 2
_ 5 my 1y
g3 = Zmp/l3 - 6ﬁ{N - 17{# .

1 = :
O3y = —Emp/by + 2!757, .

We recognise the above form as the most general cubic Schwinger Keldysh effective action
which was discussed in chapter 2. In section 2.3.2, we showed that this SK effective action

can be obtained from the OTO effective action given in the previous subsection by identifying
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the degrees of freedom on any two successive legs on the double-folded contour. As will
be described elsewhere [119], one can extend the nonlinear Langevin theory to an ‘out of
time order’ stochastic theory which can capture all the couplings of the generalised Schwinger
Keldysh effective action. For now, we will content ourselves with matching the out of time-

ordered couplings by looking at the OTOC:s of the system. This yields a map

1
K3 = —Emp% s
2 (4.129)
1 _2nm,
K3y = —Emp/qy + §Z7K3y .

The couplings in the OTO effective theory, and hence the non-linear Langevin couplings
are then determined by the bath correlators which enter into the generalised influence phase
Eq.(4.116). Such relations between the couplings and the correlators can be obtained by com-
puting the particle’s correlators with generalised influence phase given in Eq.(4.116) and then
comparing them with the results obtained from the effective theory. The expressions of the in-
fluence phase couplings in terms of correlators in the time domain were given in chapter 2 and
in frequency domain, they take the forms summarised earlier in section 4.3. In the following
subsection, we will use the expressions quoted in section 4.3 to compute explicitly the effective

couplings for the ¢XY model.

4.5.4 Influence couplings in the XY model

We will now describe the computation of non-linear Langevin couplings starting from the spec-
tral functions of the XY model. In our model, quadratic spectral function is given at high
temperatures by the expression

Q? 1 , 402

pl12] = 2m,| (v, + W PRIy

= *3 |or@m)s(w: + w)) . (4.130)
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This two point spectral function obeys the following integral identities

[12]
f p =m,Qy. +7yy + FXvatzh) ,
Cr w1

[12]
f p. 5 = mp()’x +7yy + nyQVtzh) s
Ca l(,()1
(4.131)

pl12] _ m |
L e p( Yt Yyt 4nyQvth)
Wy

o[12] m 1
_f 4 = Q_I;(Yx + 7y + grxygvtzh) ]
C

W]
which yield the following quadratic couplings at high temperature :

m

1
o Ir0d).

Am, =m, —myy = —

_ szh 1 2
Z; = E 2’)/x + 2’)/} + eryQ Vinl »

1
<f2> = 2\}?}1 (’yx + ’)/y + Erny V?h) ,
1
Y=Yty + EFWQ vtzh .
Similarly, the cubic spectral functions are given by
W w o2
= 2 o[ _ Wi1w2
pl[123] = 2708(w; + ws + w3) X 2m,T3(0? — ) (1 " )x B o
A (4.133)
[321] = 276(w; + w3 + ws) X 2m,T3(w? 2)(1 c"3‘"2)>< T
= zmo(w w w m Wy — W —
P 1 2 3 pl 3(W3 > O | | “)i Lo

These three point spectral functions obey the following integral identities at high temperature :

123 211 3
fp[ ]:f AR 2 e, (4.134)
C3 C3 4

w13 w13

2f pl123] 4f p[321] 4f pl123] 2f p[321] _f o[132]
3Je, iw@? 5 Joy iwiw? 5 Joy idws 3 Jo, idws  Je, iwwrws

C L (1 pl123] p[321]) 1
Sy

(4.135)

w? 2
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4 1 4 1 1 1 1
3 f —pl321] = < f -p[123] = f {—pl321]+ —p[123]} = m, T,
C; WiWws3 3 C; W1W;y C; W1 W3 "W w3

(4.136)
which yields the following values for cubic couplings
- _ 3
/13 = K3 = —51"392 ,
Ly =Ky = —215Q, = -2[5Q0},, (4.137)
| 3
by = 5Ky = §r3v12h . v =T3,.

We provide more details about these integrals and the poles which contribute via their residues
in appendix B.2.

It is evident from the expressions above that many of the couplings in the effective theory
are related to each other by a series of relations. As we will elaborate in the next section,
quite a few of these relations can be explained on general grounds using the fact that the bath

correlators exhibit microscopic time-reversal invariance and obey KMS conditions.

4.6 Relations between effective couplings

In this section we discuss the origin of the relations between the cubic effective couplings given
in Eq.(4.137). As we show in the following two subsections, most of these relations are based

on the following two general features of our model:
1. Microscopic time-reversal invariance in the bath,
2. KMS relations between bath correlators.

While discussing the consequences of these features, we will first give a general proof of the
relations between the couplings, and then describe why our particular model satisfies the condi-
tions that go into the proof. The arguments in the following two subsections will show that most
of the relations between the effective couplings in our model are not just particular features of
our model alone. Rather, they are generally valid for a broad class of systems, whenever the

two conditions mentioned above are satisfied.
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4.6.1 Consequences of time-reversal invariance

First, let us discuss the consequence of microscopic time-reversal invariance in the bath. As we
mentioned in the introduction, the implications of such microscopic time-reversal invariance
for systems with multiple degrees of freedom were analysed by Onsager in [38, 39] where
he showed that the quadratic effective couplings such as y,, and ( fA23> are symmetric under the
exchange of the indices. The derivation of such reciprocal relations relied on the operators {O,}
being invariant under time-reversal. These relations were later generalised by Casimir [40] to
the case where the operators {O4} have the parities {1, } under time-reversal. The corresponding

generalisation of the Onsager relations is as follows:

’)/AB = nAnB ’)/BA’
(fo) =, fy,)-

(4.138)

Here, we generalise the Onsager-Casimir reciprocal relations to cubic couplings in the OTO
effective theory. We find that microscopic time-reversal invariance in the bath leads to certain
relations between the 2-OTO couplings and the 1-OTO couplings which are derived below.
We would like to point out that, unlike the scenario considered by Onsager and Casimir, our
system (the Brownian particle) has a single degree of freedom. Nevertheless, the relations that
we obtain between the couplings are based on principles similar to those for the reciprocal
relations.

To keep the discussion precise, let us note that the operator O(¢) is defined with respect
to some particular reference point in time when it coincides with O (the Schrodinger-picture
operator). While calculating the contribution of the correlators of this operator to the particle’s
dynamics, this reference point must be the instant 7, at which the particle starts interacting
with the bath. However, if the bath’s initial state (described by the density matrix pg) is time-
translation invariant i.e

[ps, Hp] = 0, (4.139)

then such correlators are independent of the choice of the reference point and depend only on
the intervals between the insertions. This is true, for instance, in our model where the bath is
assumed to be in a thermal state.

For such an initial state of the bath, one can shift the reference point to # = O which can be

chosen well into the domain of validity of the particle’s effective theory. With respect to this
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new reference point, the bath’s correlators with insertions at both positive and negative values
of time are relevant for the particle’s dynamics. In the following discussion we are going to
assume time-translation invariance of the initial state of the bath and choose the reference point
for the operators to be at the origin of time ¢ = 0.

Let us now assume that the bath’s dynamics has time-reversal invariance and the initial
state of the bath respects this symmetry. Then, there exists an anti-linear and anti-unitary time-

reversal operator T such that!’

[T,Hzl =0, TogT' =pp. (4.140)

At the level of correlators, this symmetry implies

T TpsT'TO()T! - - TO(,)T'| = Tr| psO(1) - ~0(tn)]*. (4.141)
Now, say the operator O has a definite time parity i.e.,
TOT' = 1,0, (4.142)

where 17, = £1. The fact that T is an anti-linear operator which commutes with Hp, implies
TO®T' = 1,0(-1) . (4.143)

Inserting this transformation of O(f) into the equation (4.141) and imposing the time-

reversal invariance of the initial state, we get
(O(=11) - - O(=1,)) = M (O(t1) - - - O(1))". (4.144)

As the operator O is Hermitian, the complex conjugation in the RHS of the above equation

implies reversing the order of the insertions. So we have
O(=11)--- O(=1n)) = M O(t) - - - O11)). (4.145)

Such relations, in general, imply that correlators with different OTO numbers (i.e., the num-

17See [89] for a proof of the existence of such an operator.
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ber of minimum time-folds required to compute the correlators [34]) get related to each other.
In case of 3-point functions, as was mentioned earlier, we have at most 2-OTO correlators. For

three time instants #; > t, > t3, the 2-OTO correlators are:

(O(t)O0(13)0(12)) and (O(1)0(13)0(11)).- (4.146)

In both these correlators, we have 2 future turning point insertions: O(t;) and O(t,), and hence
they are 2-OTO correlators. From (4.145) we can see that these correlators are related to their

time-reversed counterparts as follows:

(O(11)0(13)0(12)) = N,(O(—12)O(=13)O0(—1)),
(0(12)0(13)0(11)) = 1,{O(=11)O(=13)O0(—12)).

(4.147)

The correlators in the RHS of the above equations are 1-OTO correlators. So we see that all
2-OTO 3-point correlators of the bath get related to 1-OTO correlators.

It is natural to ask whether such relations between the bath’s correlators lead to any relation
between the 2-OTO couplings and the 1-OTO couplings in the effective theory of the particle.
To answer this question, first notice that the relation (4.144) implies that, when all the frequen-
cies are real, correlators of O in frequency space are either purely real or purely imaginary
ie.

(O(w1) - Owy)) = M 0(w1) -+ - O(wy))" (4.148)

This reality property gets carried over to the connected parts i.e. the cumulants of these corre-

lators. Equivalently, the spectral functions satisfy relations of the form

poll...n]= ngp[l ...n]n. (4.149)

We use this property of the cumulants in frequency space to derive relations between the 2-OTO
and 1-OTO couplings.

From the expressions of the cubic couplings, we see that the couplings can be divided into
doublets and singlets as shown in the table 4.7 . We will show that the pair of couplings in
each doublet are related to each other due to time-reversal invariance. On the other hand, time-
reversal maps the singlets to themselves upto a factor of 17,. So when 1, = 1, these relations

are trivial. But when 17, = —1, these relations imply that these singlets vanish.
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Table 4.7: Coupling doublets/singlets under microscopic time-reversal (general environment)

8 | 11g]
A3 y wlm p[123]
K3 P p[321]
Ly s (2~ ) PL123
Ry o (2 - 2)pl321]
& G (w1 = @3) p[321,] + (s = 201) p[132,] + (w1 + w3) p[123,])
Ky — &y G (@1 4+ 3) pI321,] + Qs — 1) pl[132,] + Qws — wi) p[123.])

sy ;(wl pI321,1 + (w3 = w1) pl132,] + w; p[123,])

(2mpwlw3)2
(p[123 1 - p[321.] +p[132.])

(/1 Zlmpw w3

(p[12:3.1 + p[32,1,])

8m HW1W3

20y + % (23 - E3)

As the couplings mentioned in table 4.7 are all real, their complex conjugates are equal
to them. This can be used to obtain alternative expressions for these couplings by complex
conjugating the integrals. Such a complex conjugation in the frequency space maps the contour

of integration from C; :

00—i€] co+i€| —i€3 00+i€3
f = f dor dw, dos (4.150)
C3

—0o—i€] 27T —oo+i€] —i€3 27T —o0o+i€3 27(

to C; where the frequencies run over the following values:
co-+i€] da) co—i€] +ie3 d(,z); co—i€3 dwg
. (4.151)
—oo+i€] —oco—i€| +i€3 2n —co—i€3 27

Note that the integration over wf in the C} contour runs just above the real axis, exactly like the

integration over ws in the C3 contour. Similarly, integration over wj in the C7 contour runs just
below the real axis exactly like the integration over w, in the C; contour. Therefore, under the

following redefinitions:

N N N
w1 = Wy, Wy = W,, w3 = Wy, (4152)

the contour of integration gets mapped back to C; with € and €; exchanged (and the imaginary

part of w, reversed). This exchange of €; and €; and the concomitant reversal of the imaginary
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part of w, can be undone by a contour deformation, provided our integrands have no w, discon-
tinuities near real axis (as required for the validity of Markovian approximation). To conclude,
assuming appropriate analyticity in w,, the complex conjugation and the above redefinition
leave C3 contour invariant.

Now, let us turn to how the integrands are modified under the above operation. Notice that
each term in the integrand has the following form : it is a product of a rational function of the
frequencies and the bath cumulants. The modification of the rational functions is simple : the
rational functions are modified by complex conjugating them and then performing the above
frequency redefinition. This has the effect of replacing any explicit i by (i) and exchanging
w; and w;s.

Turning to the cumulants, time-reversal invariance implies that, when the frequencies are
real, these cumulants are either purely real or purely imaginary depending on their time-reversal
parity i7,. Thus, the cumulants can be complex-conjugated by conjugating the frequencies in
the argument of the cumulants followed by a multiplication by 7,,. The frequency redefinition
above then results in the exchange of w; and w; in the arguments. To summarise, the modified

integrands are obtained from the original ones by the following rules:
e Replace i by —i in the coefficients,
e Exchange w; and wj in the rational functions and the cumulants,
e Multiply by 7,,.

After re-expressing the couplings in terms of these modified integrals over the same contour

(3, one can compare them with the expression given in table 4.7 and find the following relations

K3 = 77013 > E3y = 770233/ > 7537 - gy = Uofy > gﬂ = 770{;1 >
hZ _ _ h2 _ _ (4153)
2y + %(/13 —K3) = 770(2§N + 8—mp(/13 - K3)) .

This, in turn, implies

E3 = 770/_13 s E3y = )70}3)/ » /K\3y = (1 + 770)5)’ s 7?37 = 770/’?37 ’

. (4.154)
Gu =Ny s 21 —=m,)n = (1, — 1)8—(/13 —K3) .
mp
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When the operator O is even under time-reversal i.e. when 17, = 1, the last two relations are

trivial. The other relations reduce to

K= A3, K3y = 713y , K3y =20, (4.155)
On the other hand, when the operator O is odd under time-reversal i.e. when 17, = —1, then the

relations in (4.153) reduce to

hz
16m,

K3=-A, Ky=-d3, Ky=0, =0, Iy=- (A —53) . (4.156)

4.6.2 Time-reversal invariance of the bath in XY model

We found in the preceding discussion that the bath needs to satisfy the following conditions for

the relations given in equation (4.155) to hold true:

1. Time-translation invariance of the initial state,
2. Time-reversal invariance in the dynamics,
3. Time-reversal invariance of the initial state,

4. Time-reversal invariance of the operator that couples to the particle.

Let us check whether these conditions are satisfied in our model one by one.

As we have already mentioned, the initial state of the bath is a thermal state and hence it is
invariant under time-translations.

To see the time-reversal invariance in the bath’s dynamics, first note that the bath consists
of two sets of harmonic oscillators. We can denote the lowering and raising operators of these
oscillators by a@; and aj for the X-type oscillators and by b; and b; for the Y-type oscillators.

Therefore, the Hamiltonian of the bath is given by
. 1 + 1
— f f
Hp = Z hﬂx,,’(ai a; + E) + Z h/.ly,j(bjbj + 5) . 4.157)
i j
Now, the action of the time-reversal operator on the raising and lowering operators is as follows:

TaT" = a;, Tb;T" = b;,
(4.158)
Ta]T' = af, THIT" = b’ .
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Using these transformations of the raising and lowering operators under time-reversal and the

form of Hp given in (4.157) we see that

THBTT =Hy = [T,HB] = 0,

which means that time-reversal is a symmetry of the dynamics.

Now, the initial state is a thermal state i.e.

1 _H

pPp = —=—e kT |
Zp

(4.159)

(4.160)

Therefore, the commutation of the time-reversal operator with the Hamiltonian also implies

T.DBTT Y

i.e. the initial state is invariant under time-reversal.

Finally, the operator that couples to the particle is

0= Z 8xiXi + Z 8y.Yi+ Z 8uy,ijXiYj .
i J i.j

Here the positions of the oscillators are given by

h
Xi = \f (a; + aj),
2n/lx,i,u)c,i
h
Y. = / (b;+b).
! 2my, juty, j S

Therefore, using the transformations in (4.158) we have

TXITT = Xi,

'I‘Y]’I‘T = Yj

This implies that the operator O is invariant under time-reversal i.e.

TOT = 0.

(4.161)

(4.162)

(4.163)

(4.164)

(4.165)

So, all the conditions necessary for the relations (4.155) between the effective couplings are
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satisfied in our model.

Example of a time-reversal odd operator coupling to the particle: We can slightly modify
the ¢X'Y model to introduce a piece in the operator O that is odd under time-reversal. For this,

consider the following particle-bath interaction:

Lin = (Z gxiXi + Z gy,ij)CI - Z?xy,ininC'] : (4.166)
Integrating by parts, we see that the operator that couples to the particle’s position is
0= Z guiXi + Z &Y+ ngy,,. XY+ ng XY (4.167)
Here, the operators X; and Yj are odd under time-reversal i.e.

TXT' =-X;,, TV,T =-Y;. (4.168)

J

The thermal correlators of 3 point functions O receive contributions only from terms of the

form:

(O(t)O(K)0(13)) = Z 88y 8wy Xi(1)Y (1) Xi(13) Y j(13))
b ' (4.169)
+ Z 8x.i8y.i8xyif{Xi(1)Y (1) Xi(13)Y ;(t3)) + - - -

ij

All such terms are correlators with 3 position operators (which are time-reversal even) and one
velocity operator (which is time-reversal odd). Therefore, the overall correlator satisfies the

following relation:

(O()O0(1)0(13)) = — (O(=1)O(=1)O(—11)) - (4.170)

This, in turn, means that the relations in equation (4.156) are satisfied in this model.
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4.6.3 Consequence of KMS relations: Generalised Fluctuation-Dissipation

Relations

We have already seen that, at the high temperature limit, the KMS relations between thermal
2-point functions of the operator O leads to a relation between the damping coefficient y of the

particle and the strength of the additive noise {f?) that it experiences:

(3 =2yv;, . 4.171)

This is the fluctuation-dissipation relation that was originally discovered through the studies
of Brownian motion by Einstein, Smoluchowski and Sutherland. An analogous relation in
electrical circuits was discovered by Johnson [44] and was theoretically derived by Nyquist
[45]. A general proof of such relations was worked out by Callen and Welton in [46] which
was further generalised by Stratonovich [126].

All these fluctuation-dissipation relations are relations between what we now understand
to be 1-OTO couplings and are rooted in the KMS relations between the 1-OTO correlators of
the bath. However, in [64] it was pointed out that the KMS relations can also relate 2-OTO

correlators to 1-OTO correlators. For example, consider the following 2-OTO correlator:
(O(t)O(13)0(1)) (4.172)

where t; > 1, > t3. By KMS relations, this 2-OTO correlator is related via analytic continuation

to a 1-OTO correlator as follows:
(0(1)O(13)0(1)) = (O(t; — iB)O(1)O(13)). (4.173)

It is natural to wonder what imprint do such relations have on the effective dynamics of the
particle. Do they lead to generalisations of the relation in (4.171)? If so, then do such relations
connect 2-OTO couplings with the 1-OTO ones?

In section 4.3, we indeed saw such a relation between the 2-OTO coupling 3, and the

1-OTO coupling ¢y at high temperature:

2

1 6mf7

—

(A —K3) = 3K37v3h. (4.174)

Iy +
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As we mentioned there, this followed from using the KMS relations between the 3-point ther-
mal correlators of the bath to express the couplings in terms of the spectral functions p[123]
and p[321], and keeping only the leading order term in S-expansion. Thus, this relation can be
considered to be a generalisation of the fluctuation-dissipation relation between the quadratic
couplings in (4.171).

Microscopic time-reversal invariance with 7, = 1 implies A3 = k3 and K3y = 2Z,. In this

case, the above relation reduces to

1 2
Ly = §K3yvfh = §gyvfh. (4.175)

This is hence a relation between the coefficient £y of the cubic non-gaussian term in the proba-
bility distribution of the noise and the jitter £, in the damping coeflicient of the particle.
On the other hand, if 77, = —1, thenk3, = 0 along with

hz

_ M F—wy. ,
Tz 1 K (4.176)

Iv =
This implies that the relation in (4.174) is trivially satisfied.
Apart from these relations, we also see another analogous fluctuation-dissipation relation

in our model which is given by

g,u = VtzhE3y = Vtzh/_lSy . “4.177)

As we discussed in the last subsection, the relation between k3, and 537 in the second half of the
above equation is a consequence of time-reversal invariance in the bath. This equation relates
the cubic 1-derivative anharmonicity in the particle’s motion to the jitter in its frequency.

As yet, we do not know how generic this relation is. However, we suspect that, with some
assumptions about the properties of the spectral functions, a general relation of the following
form can be proven: )

{u= % Ky + Asy) - (4.178)
Such a relation is consistent with time-reversal invariance, since for the operator O having a

definite parity 7, the two sides of the above equation transform similarly under time-reversal

(see the relations in (4.153)) . When 17, = —1 both sides of the equation are equal to zero
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and hence the relation (4.178) is trivially true. Moreover, we find it to be satisfied in the gXY
model. Hence, we expect it to be true for a broad class of models than the one studied in this
work. It will be interesting to check this expectation and determine the exact conditions which

are required for this relation to hold.

4.7 Conclusion and discussion

In this chapter, we have constructed an effective theory of a Brownian particle which goes
beyond the standard Langevin dynamics. We remind the reader that the standard Langevin
theory describes a Brownian particle subject to linear damping and a Gaussian thermal noise.
The effective theory described in this chapter includes in addition anharmonic couplings A3 and
7l3y along with a thermal jitter £, in the frequency and a jitter {, in the damping constant. Apart
from these parameters and the usual Langevin couplings, this theory also contains a parameter
{n which is the strength of the non-Gaussianity in the thermal noise experienced by the particle.

When out of time ordered correlations (or more specifically, 2-OTO correlators) transmitted
from the bath are kept track of, one has to add three more OTO couplings k3, k3, and k3, which
are related by time-reversal to the standard (1-OTO) couplings A3, 237 and ¢, respectively. To
demonstrate how these couplings affect the dynamics of the particle, we have expressed the
classical limits of the particle’s correlators in terms of these couplings. We find that the OTO
couplings show up in the out of time ordered nested Poisson brackets of the particle.To develop
a stochastic dynamics which can correctly reproduce these OTO Poisson brackets, one needs
to extend the nonlinear Langevin equation introduced in this chapter. Such an extension would
require introducing additional noise fields which capture OTO fluctuations in the system. We
hope that a better understanding of this generalised Langevin dynamics would emerge in the
future.

In this chapter, we have also explored the constraints imposed by microscopic time-reversal
invariance of the (particle+bath) combined system on the effective theory of the particle. Such
an invariance of the overall dynamics of the combined system under time-reversal holds when
the interaction term between the particle and the bath is even under this transformation. This
fixes the OTO cubic effective couplings in terms of the parameters in the nonlinear Langevin
theory via the relations

K3 =A3, Ky =A3,, K3, =2, .
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These relations between the cubic couplings are the generalisations of the well known Onsager-
Casimir reciprocal relations that originate from the microscopic time-reversal invariance of the
combined system.

Since the bath is in a thermal state, the bath correlators satisfy the KMS relations. In the
high temperature limit, these further give rise to a generalised fluctuation-dissipation relation
between the 2-OTO cubic derivative coupling k3, and the 1-OTO cubic non-derivative coupling
{n. Combining time-reversal invariance and the generalised fluctuation-dissipation relation, the
coeflicient of the thermal jitter £, in the damping term of the non-linear Langevin equation gets
related to the coeflicient of non-Gaussianity ¢ of thermal noise.

To provide a concrete model where these general results are justified, we have constructed
an OTO-effective theory of a Brownian particle interacting with a dissipative thermal bath com-
posed of two sets of harmonic oscillators. To this, we add a small 3-body interaction coupling
the particle to two other oscillators, one from each set. For this model, we show that all the bath
correlators decay exponentially at late times, leading to a local non-unitary effective theory for
the particle.

Working out the effective couplings of the particle in this model, we find that the above men-
tioned relations between these couplings are indeed satisfied. Furthermore, in this model, we
find another fluctuation-dissipation type relation between the strength () of the thermal jitter
in the frequency and the coefficient (/_13y) of the anharmonic term with a single time derivative.

Our techniques can potentially be extended to the context of quantum optics [140, 143].
As a toy model one can consider an atom that is interacting electromagnetically with a gas
of photons [144—147]. One can write down an effective theory for the atom and calculate its
OTOC:s. Such predictions for the behaviour of OTOCs may be verified with development in
experimental techniques to measure them [4, 15, 17-19, 52]. Moreover, our prediction of a
generalised fluctuation-dissipation relation between the thermal jitter in the damping and the
non-gaussianity in the noise may be testable in such a setup.

Another possible extension is to 1-D spin chains in a thermal environment [148-150]. It
will be interesting to explore the possibility of writing a similar effective theory of the chain (or
a part of it) which would aid in studying the thermalisation of its OTOCs and comparing them
with those of time-ordered correlators. Such comparisons may be useful in classifying systems
according to the behaviour of their OTOC:s.

In this work, we saw that the OTO couplings are not just a feature of the quantum me-
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chanical theory of the particle, but they show up in out of time ordered Poisson brackets in the
classical limit as well (Similar classical limits of OTOCs have been discussed in [151-154]).
A stochastic interpretation of this classical OTO behaviour would be useful in understanding
the significance of such OTOCs in the quantum mechanical framework (where OTO dynamics
has been mostly studied up till now) as well as devising experiments to measure them. In this
context, it will also be interesting to extend the idea of decoherence of quantum systems to their

out of time ordered dynamics.
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Chapter 5

Quartic OTO effective theory

This chapter is based on the paper [32] written by the author in collaboration with Bidisha
Chakrabarty.

Comment on the conventions followed in this chapter:
In this chapter we go back to the convention of setting # = 1. In addition, we work with
units where the particle’s renormalised mass m, = 1. We also restore the small parameter A in

this chapter to represent the strength of the particle-bath coupling.

5.1 Introduction

In this chapter, we extend the analysis of the OTO effective theory of the Brownian particle by
including the quartic terms in the effective action. There are three reasons for developing this

extension. We enumerate them below.

1. Such an extension lays the ground for a convenient framework to compute 4-point OTO
correlators in open quantum systems. This may lead to further insight into the role played

by these OTOCSs in physical phenomena.

2. The quartic couplings in this extended OTO effective theory receive contributions from
the 4-point thermal OTOC:s of the bath. Such thermal OTOCs have been the focus of most
recent studies on chaos in quantum systems [2,5-8, 12, 85]. Including the contributions
of these 4-point OTOC:s in the effective theory of the particle opens the possibility of
probing the chaotic behaviour of the bath via the quartic effective couplings [29] (see the

discussion in section 5.5).
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3. The relations between the quartic effective couplings and the 4-point OTOC:s of the bath
allow one to extend the analysis of the constraints imposed on the effective dynamics of

the particle due to the bath’s thermality and microscopic reversibility.

To present the construction of the effective theory with a concrete example, we choose to
work with the gXY model that we discussed in chapter 4. We simplify this model a bit by
switching off the Caldeira-Legget-like bilinear interactions. This leads to a symmetry in the

particle’s dynamics under

q — —q, (5.1

which results in the vanishing of all the odd degree terms in the effective action.

For this simplified gXY model, we first develop the Schwinger-Keldysh effective theory of
the particle up to quartic terms. Working in a Markovian limit, we determine the dependence of
the quartic couplings on the 4-point Schwinger-Keldysh correlators of the bath. Then we show
that this quartic effective theory is dual to a non-linear Langevin dynamics with a non-Gaussian
noise distribution. This stochastic dynamics has a structure quite similar to the one discussed
in the previous chapter for the cubic effective theory.

We then extend the analysis to the OTO dynamics of the particle by determining its effec-
tive action on a contour with two time-folds. The form of this effective action is constrained
by the microscopic unitarity in the dynamics of the (particle+bath) combined system.We fig-
ure out all the additional OTO couplings consistent with these constraints, and then determine
their dependence on the 4-point OTO correlators of the bath. As in case of the 3-point cor-
relators, these 4-point functions of the bath satisfy certain relations imposed by microscopic
time-reversal invariance and thermality. We show that these relations between the bath’s cor-
relators lead to some constraints on the particle’s effective couplings. These constraints can
be interpreted as OTO generalisations of the Onsager reciprocal relations [38, 39] and the
fluctuation-dissipation relation [46,47]. Combining these constraints, one can obtain a gener-
alised fluctuation-dissipation relation between two quartic couplings in the Schwinger-Keldysh
effective theory (or equivalently, the dual non-linear Langevin dynamics). Just as in case of
the cubic effective theory, we find that this generalised fluctuation-dissipation relation connects
the thermal jitter in the damping coefficient of the particle and the non-Gaussianity in the noise

distribution.

Organisation of the chapter
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The structure of this chapter is as follows:

In section 5.2, we briefly describe the gXY model which serves as a concrete example in
our analysis.

In section 5.3, we develop the quartic Schwinger-Keldysh effective action for the particle
in a Markovian regime. We determine the relations between the effective couplings and the
Schwinger-Keldysh correlators of the bath. We also demonstrate a duality between the quar-
tic Schwinger-Keldysh effective theory and a stochastic dynamics governed by a non-linear
Langevin equation.

In section 5.4, we extend the effective theory framework to include 4-point OTOCs. We
determine all the additional quartic OTO couplings appearing in this extension. Exploring
the constraints imposed on the OTO effective theory by the thermality of the bath and its mi-
croscopic reversibility, we derive the generalised Onsager relations as well as a generalised
fluctuation-dissipation relation between the quartic effective couplings. By computing the ef-
fective couplings for the ¢XY model, we verify that all these relations are indeed satisfied.

In section 5.5, we conclude with some discussion on future directions.

In appendix C.1, we show how the cumulants of the bath’s correlators decay when the
interval between any two insertions is increased. In appendix C.2, we provide an argument
for the validity of Markov approximation in a certain parameter regime. In appendix C.3, we
express the quartic OTO couplings in terms of the 4-point OTO cumulants of the bath. In
appendix C.4, we provide the forms of the high-temperature limit of all the quartic couplings

in terms of the thermal spectral functions of the bath.

5.2 Description of the gXY model

In this section, we describe the gXY model which will serve as a concrete example for devel-
oping the particle’s effective dynamics in the rest of the chapter. This is a minor modification
of the gXY model introduced in the previous chapter.

In this model, a Brownian particle interacts with a thermal bath (at the temperature é) !
comprising of two sets of harmonic oscillators. We represent the positions of the oscillators in
these two sets by X and Y, and the position of the Brownian particle by ¢. The particle and

the bath couple via cubic interactions involving two of the bath oscillators, one taken from each

"Here we are working in units where the Boltzmann constant kg = 1.
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set. These cubic interactions are switched on at an instant ¢, before which the particle and the
bath are unentangled. After the particle starts interacting with the bath, the Lagrangian of the

(particle+bath) combined system is given by

0 . — mx’,- e ;
Llg.X.Y] = =2 = Foq') + D, = (XD =42, X )
7 )4 J oyl j
+ §j S (P =4 YO2) 4 AZ] 2 XPYVg.
The bath operator that couples to the particle is
0=1) 85XV (5.3)

i,j

Notice that all odd point correlators of this operator vanish in the thermal state. We will see
later that this leads to the vanishing of all odd degree terms in the effective action of the particle.
Among the remaining terms, we would like to restrict our attention to only the quadratic and
the quartic ones in this chapter. We will see that the couplings corresponding to these terms
receive contributions from the connected parts of the 2-point and 4-point correlators of O at
leading order in A. So, we need to compute these correlators to obtain the leading order forms
of the quadratic and the quartic couplings of the particle.

While computing the correlators, we assume that there is a large number of oscillators in
the bath, and the frequencies of these oscillators are densely distributed. In such a situation,
one can go to the continuum limit of this distribution, and replace the sum over the frequencies

by integrals in the following way:

8 du, [ dpy 85 M i)
Y [ 5 [ SN (5.4
L]

2 : 8xv,irj18xy.i1 o 8xy.izji 8xy.izjo
My iy My, My iy My,

i1,J1 2:)2

d,ux © d,uy d/lx 0 d:uy gxy(/lxa ,uy)gxy(:ux’ ,u;)gxy(/l;c’ ,uy)gxy(,u;, ,Lt;) (55)
-l R i )
where
2 2
<<gxy(ﬂx, /-ly) >> _ Z Exy,ij [27T5(/~1x _ /Jx,i)zﬂd(ﬂy — /ly,j)]a (5.6)

mym,, W My iny,
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<< gxy(ﬂx’ /Jy)gxy(llx’ ﬂ;)gxy(/'l:c’ :uy)gxy(/'t;a :u;) >>

mxmym;m;

= Z Exy.itjr8xy.ir jp8xy.inj1 8xy.injn [27T(5(ﬂx _ ﬂx,il)zﬂé(ﬂy — )] (5.7)
My My, j Mxiy My, j

i1,J1 2,2
[2715(#35 = Hixip) 210 (1, — ﬂy,jz)]-

g)z(y(ﬂxslly) >> and << g,\)'(Hxyﬂy)gxy(ﬂxvﬂ;)ng(ll;»ﬂy)gxy(ﬂ;!ﬂ;)

My MMy M.

We choose the functions << >> in a manner which

7
Y

would give us an approximately local effective dynamics of the particle. As we will see, such
a local dynamics can be obtained if the time-scales involved in the evolution of the particle are
much larger than the time-scale in which cumulants of the operator O(¢) decay. Keeping this in

mind, we choose the distribution of the couplings to satisfy

=T , 5.8
2/1)2(+Qz,u}2,+§22 (5-8)

/12<< g;zcy(/lxa ,uy) >> 4/“1)2592 4:“392

m.m,

/14<<ng(/1)€’/“)’)ng(/‘;;::r;lijZn(i;;’luy)gxy(ﬂ;nu;)>>
4207\ MO 4R A (5.9)
:F4(M)2C+Qz)(#§+gz ﬂ;2+92)(#;2+92),

where Q is a UV regulator.

For this distribution of the couplings, we study the high temperature limit of the 2-point
and 4-point cumulants of O(¢) in appendix C.1. There, we show that when the time intervals
between the insertions are increased, these cumulants decay exponentially at rates which are of
the order of Q. If the natural frequency (i) of the particle and the frequency scales associated
with the parameters I'; and I’y are taken to be much smaller than €, then the bath correlators
decay much faster than the rate at which the particle evolves. This ensures that the effect
(via the bath) of some earlier state of the particle on its later dynamics is heavily suppressed.
Consequently, we get an approximately local effective dynamics of the particle. We discuss

this effective dynamics in the next section.

5.3 Schwinger-Keldysh effective theory of the oscillator

In this section, we develop the quartic Schwinger-Keldysh effective theory for the dynamics
of the particle. We also demonstrate a duality between this effective theory and a classical

stochastic theory governed by a non-linear Langevin equation akin to the introduced in the
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previous chapter.

5.3.1 Influence phase of the particle

In chapter 2, we discussed how one can integrate out the bath’s degrees of freedom in a
Schwinger-Keldysh path integral to get an influence phase for the particle. Here, we give

the form of this influence phase again for the convenience of the reader:

Wk = > "W, (5.10)

n=1

where
Wy = i Z f dn, -- f dty (TcO: (1) -+ Oy (t))e @iy (1) -+ i, (8). (5.11)

We remind the reader that, for the gXY model, all thermal correlator of O(¢) with odd num-
ber of insertions are zero. This in turn means that all the odd degree terms in the perturbative
expansion of the influence phase vanish. Among the remaining terms, we restrict our attention
to those whose coefficients are up to O(4*). This leaves us with only the quadratic and quartic

terms whose expressions are given below:

Wee =i Z f dn f diy (T 04, (1) 05, (12))e 4iy (1) (12), (5.12)

i1,b=1

Wy = Z f dn, f dt, f dts f dty (T 0, (10 ()0, (13)0;, (1)),

Sis=1 (5.13)
i (11)q,(12)qi5(13)qi,(14) -
These expressions of the terms in the influence phase show that they are generally nonlocal
in time. We will now discuss a regime where one can get an approximately local form for these

terms.

Markovian limit:
In appendix C.1, we have shown that, in the high temperature limit (5Q < 1), the cumu-
lants of the operator O(¢) appearing in (5.12) and (5.13) decay exponentially when the sepa-

ration between any two insertions is increased. We have also shown that the decay rates of
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these cumulants are of the order of the cut-off frequency €2. Then the values of the coefficient
functions multiplying the q’s at different times in (5.12) and (5.13) become negligible when the
interval between any two instants is O(Q ™).

We choose to work in a regime where this time-scale (') is much smaller than all the
time-scales involved in the evolution of the particle. To ensure this, we take the parameters in

the ¢XY model to satisfy the following conditions:>

BQ <1, 1, < QT <BBR), Ty < (). (5.14)

In this regime, the bath’s cumulants die out too fast to transmit any significant effect of the
history of the particle on its dynamics at a later instant. Consequently, one can get an ap-
proximately local form for the influence phase by Taylor-expanding the q’s at different instants

around ?:

(2) ~ i Z f dt f dt, (Tc0,, (tl)Oiz(t2)>c}qi1(tl)CIig(ll —€)

i1,ip=1

+{ f diy (T 03, (1) 00 (12))e 11 i, (1) (11 — €) (5.15)

fo
2

t{ [ e 70,0000 Fa et - o).

fo

%In appendix C.2, we provide an argument for the validity of Markov approximation in this regime.
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2 tr t 153 13
Wik =i Y [Canf{ [ an [ [ eo,@0um0,@0. )
Iy to Io

iy sig=1 Y10

g, (t)qi, (t1 — €)gi,(t) — 2€)q;, (1 — 3€)
+{j;tl dt, Itz dts jf dty {(TcO;,(11)0,,(12)0:,(£3) 0, (14)). t21}
0 0 0
41, (11)qi, (11 — €)qi,(t1 — 2€)q;, (1 — 3€)
+{f,tl dn, fttz dts ft[} dty {(TcO;, ()0, (12)O0;,(13)0;,(14)) f31}
0 0 0
41, (1)qi, (11 — €)qi,(t1 — 2€)q;, (1 — 3€)
+{f,tl dn, fttz dts fth dty {(TcO;,(1))0,,(12)0;,(13)0;,(14)) l41}
0 0 0

a1 (1)qi(ty = )i, (11 = 26);, (1 = 3€)| .
(5.16)

Here, we have kept up to second order derivative terms in the quadratic piece to take into
account the correction to the kinetic term in the particle’s action. For the quartic piece, we have
kept only terms with at most a single derivative. As in chapter 2, here also we have kept a small
point-split regulator € > 0.

Using this approximate local form of the influence phase, one can determine the particle’s
correlators. As we discussed in chapter 2, the same correlators can be obtained from a local
1-PI effective action. The only difference of this 1-PI effective action from the one discussed
earlier in chapter 2 is that now, the cubic terms will vanish and we will include the quartic terms

in our analysis. Let us discuss the form of this 1-PI effective action in the following subsection.

5.3.2 The Schwinger-Keldysh 1-PI effective action

Let us remind the reader that the form of the Schwinger-Keldysh 1-PI effective action is con-
strained by some general principles which were discussed in section 5.3.2. We restate these

conditions below for the convenience of the reader.

e Collapse rule:
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The effective action should vanish under the following identification:

q=—q=4q. (5.17)

Reality condition:

The effective action should become its own negative under complex conjugation along

with the following exchange:

91 < —qa. (5.18)

In addition to the above conditions, the effective action now has an additional symmetry

which is given below.

Symmetry under ¢, — —q, ¢ — —¢>:

The Lagrangian of the ¢XY model given in (5.2) is symmetric under the following two
transformations:.
q——q X—->-X,Y—-Y,

(5.19)
q——-q, X—>X,Y—>-Y

Moreover, the bath is in a thermal state which is also invariant under the above trans-
formations. Now, if the initial state of the particle obeys the same symmetry, then all
correlators of the particle with odd number of insertions would vanish. This vanishing of
the odd point functions of the particle for a class of initial conditions can be ensured by

demanding that the 1-PI effective action is symmetric under the following transformation:

q = —q1, 2= —q> . (5.20)

The most general 1-PI effective Lagrangian that is consistent with these conditions can be

written as a sum of terms with even number of q’s as follows:

_ 72 4)
LSK,I—PI = LSK,]—PI + LSK,]—PI + .- (521)

In this chapter, we will focus only on the quadratic and the quartic terms in this effective action.

We give the forms of these terms below:
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Quadratic terms:

r ., . i . 1_
L(szé,l_pl :E(‘]% -43) - 3 Zi(qr + qo)* - §,u2(q% 0] 522)

] 1
+ % SN+ 42 = 5¥(@ + 426~ ) -

Here we consider all quadratic terms up to two derivatives acting on the q’s.> We have included
the double derivative terms to take into account the renormalisation of the kinetic term in the
action. Such a renormalisation introduces a correction to the effective mass of the particle on
top of the bare mass m,,. After taking into account this correction, we choose to work in units

where the renormalised mass of the particle is unity.

Quartic terms:

- o(4) (2) s
I i
L(s‘%,l-m 2—41\'/ (g1 + 42)4 + % (g1 + 612)2(61% - CI%) - ?3(6]% - C]%)2
A 2 2 2 {52) 3¢, : 5.23
- ﬁ(QI - g)(q1 — @) + 7(41 +42)° (41 — §2) (5.23)

1 i©
- 4i8y(6'11 +)q — ) + %(41 + )% (q1 — (@1 — o) -

Among the quartic terms, we keep those with at most a single derivative acting on the q’s.*
This is consistent with the order at which we truncated the Taylor series expansion of the terms
in the influence phase. The reality conditions imply that all the couplings introduced in (5.22)
and (5.23) are real.

Now, using this form of the 1-PI effective action, one can calculate the particle’s correlators
and match them with the same correlators obtained from the approximately local form of the
influence phase. The computation of the correlators from both the influence phase and the 1-PI
effective action would require specifying the corresponding initial conditions of the particle at
some time after the local dynamics has set in. We assume that these initial conditions are the
same in the two approaches up to perturbative corrections in A. This allows us to compare
the leading order forms of the connected parts of 2-point and 4-point correlators of q obtained
from the two approaches. Just as we saw in chapter 2, such a comparison would yield relations

between the effective couplings and the cumulants of the bath’s correlators up to leading order

3We are using the convention introduced in chapter 4 for the quadratic couplings.
4The terms without any derivative were identified for a scalar field theory in [57].
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in 1. We enumerate these relations in (5.26), (5.27) and table 5.1 below.’

While expressing these relations, we adopt the following notational conventions:

1. We denote the time interval between two instants #; and ¢; by

tijEti_tj- (524)

2. For connected parts of correlators with nested commutators/ anti-commutators , we put
all the insertions within square brackets enclosed by angular brackets. The inner-most op-
erator in the nested structure is positioned left-most in the expression within the brackets.
The operators that one encounters as one moves outwards through the nested structure are
placed progressively rightwards in the expression. The position of each anti-commutator

is indicated by a + sign. For example,

([12]) = [0, O], [12:]) = ({O(1), O@)}e

([1234]) = ([[[O(11), O(12)], O(13)], O(t)])c »

([12,34]) = ([[{0(11), O(12)}, O(13)], O(t2)])e (5.25)
([12,3.4]) = ([{O@1), O(12)}, O(13)}, O(t)])e

([12,3.4.]) = ({{{O(11), O(12)}, O(13)}, O(ta)}).. , ete.

Quadratic couplings at leading order in A: The dependence of all the quadratic couplings

on the bath’s correlators were obtained in [29]. We provide these expressions below:

/12 ) 1]
z= %5 lim | f di([12,1)65,] + O(2*),

1]

(=4 lim | f di([12,1)] + 02,

1 —ty— 00
. (5.26)

NP -=-i @ lim | f dr([12)] + O(2*),

To

y=iA? lim [fldtz([12]>t12]+0(/l4).

t —tg—>00

>The expressions for the quadratic couplings are the same as those given in (2.36). To convert those expressions
in chapter 2 to the expressions in the present chapter, one needs to use the relations between the two sets of
couplings given in (4.128), and then set /i and m,, to unity in those relations.
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Quartic couplings at leading order in A: The leading order form of any quartic coupling g

can be expressed as follows:

g= /14 hm dtz f dts f dts I[g] + 0(2°) . (5.27)

—th— 00
We provide the forms of the integrand 7 [g] for the quartic couplings in table 5.1.

Table 5.1: Relations between the SK 1-PI effective couplings and the correlators of O(¢)

g I1g]
I =3([12,3,4.,])
A 6i([1234])
Ay 2i(ty + 113 + 114)([1234])
g’ ~5((0123,4,]) +([12.34.]) +([12,3,4]))
& llz((fatlz — 13 — 1){[123,4,1) + (=t12 + 3t13 — t1){[12,34,1) + (—t1p — 113 + 3t14)<[12+3+4]>)
4 (<[12,341) + ([123.4]) + ([1234,]))
Z3y %((—112 + t1i3 + 1a)X[12,34]) + (t12 — 113 + 14)X[123,4D) + (2 + 113 — 114)<[1234+]>)

From the expressions of the couplings given in table 5.1, one can easily check that these
couplings are real. For this, first note that the operator O given in (5.3) is Hermitian. This

implies that its correlators should satisfy relations of the following form:

((0(t1)O(Iz)O(t3)0(t4)>)* = (0(t)0(t)O(1) O(11)) . (5.28)

Such relations between the bath’s correlators lead to the following conditions on the corre-

sponding cumulants:

([1234])" = —([12341]) , ([12,3,4,1)" = ([12.3,4.]),
([12,34])" = ([12,34]) ,([123.4])" = ([123,4]) ,{[1234.])" = ([1234,]), (5.29)
(11243441 = =([12,3.4]) ,<[12,34,])" = —([12,34,1) , ([123,4,])" = —([123.4,]) .

From these conditions, the reality of the couplings (see table 5.1) is manifest.

In section 5.4.5, we will evaluate these couplings (along with the additional OTO couplings)
for the gXY model at the high temperature limit of the bath. For now, we would like the reader
to just note that the leading order terms in the quadratic and the quartic couplings are O(4?) and
O(A*) respectively. In the following subsection, we will show that these leading order forms of

the couplings enter as parameters in a dual stochastic dynamics.
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5.3.3 Duality with a non-linear Langevin dynamics

In this subsection, we show that the quartic Schwinger-Keldysh effective theory of the parti-
cle is dual to a classical stochastic theory governed by a non-linear Langevin equation. This
stochastic dynamics has a structure similar to the one obtained for the cubic effective theory in
chapter 4. We will first propose the form of the dual non-linear Langevin dynamics and then

demonstrate its equivalence to the quartic effective theory discussed in the previous subsection.

The dual non-linear Langevin dynamics:

Consider a non-linear Langevin equation of the following form:

" (= - = d\¢
Elg. N1 = + (v + LON)q + (@ + LPN)g + N(Zs - Ty ) L
5 5 q 2NN/ —
+ (/14 - ﬂ4ya)§ —(fOIN =0,
where N is a noise drawn from a non-Gaussian probability distribution given below
S 0oy Zigp N
P[N] o« exp| - fdt(TN + SN+ N )| - (5.31)

The non-linearities in this dynamics as well as the non-Gaussianity in the noise are fixed

by the following parameters: { (4), ;2), l(12)’ 23, 237,1;, ZW. From equation (5.27) and table 5.1,

we can see that all these parameters are O(1%). If we ignore these O(1*) contributions, then the

dynamics satisfies a linear Langevin equation of the following form:

G+yg+Iq=(fN. (5.32)
where the noise is drawn from the Gaussian probability distribution given below

P[N] o« exp]| - f dt(<sz>N2 + %Nz)]. (5.33)

e Parameters in the linear Langevin dynamics

The parameters appearing in the linear Langevin dynamics given in (5.32) and (5.33)
are the same as those discussed in chapter 4. They can be interpreted in the following

manner:
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1. (f?) is the strength of an additive noise in the dynamics.
2. Z; introduces nonzero correlations between the noise at two different times.
3. u is the renormalised frequency.

4. vy is the coeflicient of damping.

e Additional parameters in the non-linear dynamics

If we include the contribution of the O(4*) parameters in the dynamics, then these addi-

tional parameters can be interpreted as follows:

(2

1. ¢, 1s a jitter in the renormalised frequency due to the thermal noise.
2. 52) is a jitter in the damping coeflicient due to the thermal noise.
3. 1(:,‘) is the strength of non-Gaussianity in the noise distribution.

4. A, and /_147 are the strengths of anharmonic terms in the equation of motion.

5. ¢y and 237 are the strengths of anharmonic terms which couple to the noise.

Now, let us demonstrate the duality between this non-linear Langevin dynamics and the quartic

effective theory that we introduced earlier.

Argument for the duality:
Consider the following stochastic path integral® for the non-linear Langevin dynamics given

in (5.30) and (5.31):

Fal e S 4000

z :f[DN][Dq]e oo wo ) §(E[g, N)PIN] . (5.34)
. . . GIONg  EPNG PN -

Here, ot is a UV-regulator for 2-point functions of N, and [ f dt( '&'2)& + '<7f2>6t + 4?f2>6l)] is

a counter-term introduced to cancel the regulator-dependent contributions arising from loop
integrals of N.
Notice that q is a dummy variable in the above path integral. We choose to relabel this

variable as ¢g,. In addition, we introduce an auxiliary variable g, which replaces the delta

®We ignore the Jacobian det [%] in the path integral as it does not contribute to the quadratic and quartic

terms that we eventually get in (5.41) upto leading orders in A.
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function for the equation of motion by an integral as shown below

(PNaa &P Nda AP

Z-= f [DN] [DCIu][DCId]ef dt( Do (P +4<f2>51)€_i [ diélgaNga p [N]
_ . f(z)NQa K(Z)Nq'a .fﬁ)Nz .
= f [DN1[Dg][Dga) exp|i f dif - i e T mer  amyer - 4da
3 %1(7'*‘ {§2)N2)q}1 _ Qd(ﬁ2 + éV:lZ)Nz) (5.35)

- qu({g; é};,j )ZT q(i(/u /1475 )631‘;

o) v
+ (fINGa + l—Nz N2 iz N

Now, let us introduce the following shift in the noise variable appearing in the above path
integral:

Integrating out this shifted noise variable leads to a residual path integral over ¢, and g,. In
the action of this residual path integral, we retain all the quadratic terms up to O(4?), and all
the quartic terms up to O(4*).” Up to this approximation, the residual path integral has the
following form:

, y = (f?
Z=C f [Dgal[Dgal exp [l f dt{ = qadia = Ydada ~ F'ada - qd +li>qd
(4)

=+ 40000+ 4P dada — i qdq" (5-39)

2

= 44 qa Y Qd%qa” ,

"While integrating out the noise, we consider the terms associated with Z; and all the O(1*) parameters in the
action to be small corrections over the term associated with (f2). Then the 2-point function of the noise reduces
to

(N(t)N(1r)) = —=6(t) — 1) + (perturbative corrections). (5.37)

f 2)
We ignore the perturbative corrections and regulate the delta function by the UV regulator 6 that we introduced
earlier. Then the equal-time 2-point correlator of N reduces to

1

2y _
(N%) = ot

(5.38)

The contribution of (N2) to the action of the residual path integral exactly cancels the contribution from the
counter-term.
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where C is a constant given by
QN (2 2 R S
C= f [DAe) s ¢ T Sk HAen) (5.40)

Integrating by parts the first term and the last term in the action of the above path integral, we

get

: . Z ( _
Z=C f [Dg.][Dga] exp [l f dt{QdQu l?‘]d = Y4dqa + i=5- r >qd 7444

(4)

q34a
i+ 409090+ 570000 — 1575, 41

qdqa EY qdqa
+l§37qdqaqa /14 3' _/147 3‘ }] :

Now, notice that the action in the above expression is exactly the Schwinger-Keldysh effective

action given in (5.22) and (5.23) under the following identification:

_9 -9
9a =5

s qa=q1+q . (5.42)

This basis {g,, g,} 1s the Keldysh basis [36] that we encountered in chapter 4. The Schwinger-

Keldysh effective Lagrangian of the particle in this basis is given by

. I ., _ i .
Lsk.1p1 = duda = 5 21~ qaqa + = <f2>q§ ~ YqaGa

: (4) 3
Ly 4 r? g l("«s 20 A (5.43)
4' qd u qquz 2| qdqu 3' quu *

+ 870360 ~

A4y = 5 .
3,%% i{3,94949a -

Therefore, one can express the stochastic path integral in terms of the Schwinger-Keldysh ef-

fective action as shown below

Z=C f [Dg.][Dgale '/ @tsxin (5.44)

This concludes our argument for the duality between the quartic effective theory and the non-
linear Langevin dynamics. We refer the reader to [55] for a more detailed discussion on such

dualities between stochastic and Schwinger-Keldysh path integrals.

A brief comment on the sign of {); M.
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In section 5.4.5, we will see that, for the gXY model, the value of 4’1(3) is negative. This may
raise concern about the validity of the probability distribution given in (5.31) since it diverges
when |N| — co. However, we would like to remind the reader that we have done a perturbative
analysis here and ignored all possible corrections to the probability distribution beyond the
quartic order. Such a perturbative analysis is insufficient to determine the behaviour of the

probabilty density at large values of N.

5.4 Extension to the effective theory for OTO correlators

In this section, we will move on to the OTO extension of the quartic effective dynamics of the
Brownian particle. We will see that the quartic effective couplings in this extended framework
receive contributions from the 4-point OTOCs of the operator O that couples to the particle.
We will show that some of these OTO correlators of the bath are related to Schwinger-Keldysh

correlators due to the following two reasons:

1. microscopic reversibility in the bath’s dynamics,

2. thermality of the bath.

These relations between the bath’s correlators, in turn, impose certain constraints on the quartic
effective couplings of the particle. Following the methods developed in chapter 4, we will
derive these constraints, and show that they lead to generalisations of the Onsager reciprocal
relations [38,39] and the fluctuation-dissipation relation [46,47]. Finally, we will provide the
values of the effective couplings for the ¢XY model introduced in section 5.2 and check that

they satisfy all the constraints.

5.4.1 Generalised influence phase of the particle

In chapter 2, we had discussed that to get a path integral representation of the particle’s OTOC:s,

one needs to consider a contour with two time-folds as shown in figure 5.1.

Figure 5.1: OTO contour

t0< 3 173
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There, we had shown how one can get a generalisation of the influence phase by integrating
out the bath’s degrees of freedom on this double-folded contour. We had also shown that the
OTOC:s of the bath enter in a perturbative expansion of this generalised influence. For the

convenience of the reader, we restate the form of this perturbative expansion below:

Wask = Y "Wy (5.45)
n=1
where
(n)
Wask
4 1f 11 Tn—1 (546)
=i Z f dr f dt - f dt, (TcO;,(t1) - O;,(tx))e qiy (1) - - - Gi, (1)
ity uip=1 Y10 fo fo
As in case of the influence phase, one can expand the q’s in (5.46) at the times #,,--- , 1,

about #; to get an approximately local form for the generalised influence phase. The quadratic
and the quartic terms in this approximately local form are given in appendix C.3.

Following the method introduced in chapter 2, we will next construct a OTO 1-PI effective
action which correctly reproduces the OTOCs of the particle. As we will see next, this OTO
1-PI effective action is a straightforward extension of the Schwinger-Keldysh effective action

discussed in the previous section.

5.4.2 Out of time ordered 1-PI effective action of the particle

In chapter 2, we had introduced an OTO 1-PI effective action of the particle. There, we had
mentioned that the form of this effective action is constrained by microscopic unitarity of the
(particle+bath) combined system and the Hermiticity of the operator representing the position
of the particle. We restate these constraints on the OTO effective action below for the conve-

nience of the reader.

e Collapse rules:

The 1-PI effective action should become independent of § under any of the following

identifications:

1. g1 = —q> =4,

130



2. ¢ =—-q3 =4,

3. ¢3=—qs=4.

Moreover, under any of these collapses, the OTO effective action should reduce to the

Schwinger-Keldysh effective action introduced earlier.

e Reality conditions:

The effective action should become its own negative under complex conjugation along

with the following exchanges:
g1 © —q4, G2 © —q3 . 5.47)
In addition, the 1-PI effective action on the 2-fold contour should be invariant under

q1 = —q1, 92 = —q2, 43 = —q3, 44 —> —(q4 (5.48)

to respect the symmetries given in (5.19).
The most general 1-PI effective action which is consistent with these conditions can be
expanded as

Lip = L(l%ijl + L(;RDI +ee, (549)

where L? and LY

" PI Lp are the quadratic and the quartic terms in the action respectively.

Quadratic terms: The quadratic terms can be obtained by extending their Schwinger-Keldysh(SK)
counterparts given in (5.22) just as we discussed in 2.3.2. We provide the form of these terms
below:
y _1 T
L =51~ + 45— 4D) = 5 (@1~ 5 + 45 — 43)
- 5[(611 + @) G = G2 =43 = 44) + (@3 + qa)(§1 + G2 + G5 = Q4)] (5:50)

i(f*) iZ

+ 2 (6]1+Q2+CI3+Q4)2—71(511+672+5]3+514)2

One can easily check that these quadratic terms reduce to the corresponding terms in the SK

effective action under any of the collapses mentioned above.
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Quartic terms: The quartic terms can be split into two parts ®:
1. terms which reduce to their SK counterparts given in (5.23) under any of the collapses,
2. terms which go to zero under these collapses.

Accordingly, the quartic effective action can be written as

@ _7@® “)
Lip = Ll-PI,SK + Ll-PLOTO

(5.51)

where LY and LY are the two sets of terms mentioned above.

1-PLSK 1-PLLOTO

Extension of quartic terms in Schwinger-Keldysh effective theory: The extension of
the quartic terms in the SK effective theory can be further divided into different sets according

to the number of time derivatives in them. Here, we keep terms with up to a single derivative

“

acting on the q’s. Then L},

can be decomposed as

(€] _ 740 4.1
LI-PI,SK - Ll-PI,SK + LI-PLSK T (5.52)

where L(14.i?1)51< and Lf’PlI)SK are terms without any derivative and terms with a single derivative

respectively. We give the forms of these terms below:

(4.0)
LI—PI,SK

Pl
= -5l@ + @)@ - 02~ 43- 9" + @ + 4@ + @2+ 03 - 47
o il
+ %(41 +@p gt (G -G+ G- q5) - ?
i (4)
N 4
=+ @+ g+ q)t,
4 (@1 +q2+q3+q4)

(5.53)
G- +a5—-q3)°

8This is analogous to the way we split the cubic terms of the OTO effective theory in chapter 2.
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4.1
Ll-PI,SK

dyr,. . . .
—4—87[(6]1 + )1 — g2 — @3 — qa)’ + (@3 + Ga)(q1 + @2 + @3 — q4)3]

(2)
" %(% Tt q4)2[(q] + @)1 —q2— 3 —qa) + (g3 + qa)(q1 + G2 + ¢35 — 514)]

iZs o
+ Ty(ch +qr+q3+ 614)[(611 +q2)(q1 —q2— g3 — q4)(G1 — G2 — §3 — G4)

+ (@3 +q)q1 + @+ g3 —q)(G1 + G2 + ¢3 — 5]4)] .

(5.54)

Additional OTO quartic terms: The additional OTO quartic terms which vanish under
any of the collapses can also be split into terms with different number of derivatives acting on
the q’s. As in case of the extension of the SK effective action terms, L(lgl oro can be decomposed

as

“4) _ 740 4.1
LI—PI,OTO - LI—PI,OTO + LI—PI,OTO T (5.55)

4,0 4,1) . . . . . . .
where L 5 oro and L)y o are terms without any derivative and terms with a single derivative

respectively. The forms of these terms are given below:

40)
LI—PI,OTO

=(q1 + ¢2)(q2 + ¢3)(q3 + 44)[141((]1 +q2) + Ax(g3 + qa) + A3(q1 — qa) + As(qn + 613)] ,
(5.56)

L(ﬁinll),om =(q1 + ¢2)(q2 + q3)(g3 + 514)[31(611 —q4) + Ba(q1 + q2) + B3(q2 + 43)]

+(q1 + q2)(q2 + ¢3)(g3 + 614)[34(611 —q4) + Bs(q1 + q2) + Be(q3 + 614)] (5.57)

+ (@1 + @2)(q2 + 43)(qs + 44| Br(q1 — a) + Bs(qs + 44) + Bo(qz + 43| .

The reality conditions impose the following constraints on the quartic OTO couplings:

A1 = —A*, A3 = AT, A4 = —A*,
’ ! ! (5.58)
B] = B;, Bz = —Bg, B3 = —B;, B4 = BZ, B5 = —BZ .
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These additional OTO terms will not contribute to any correlator on the 2-fold contour that
can also be obtained from the Schwinger-Keldysh contour. This is ensured by the collapse
rules mentioned above. However, they are essential for computing OTOCs of the particle. The
couplings appearing in these OTO terms, in turn, receive contributions from the OTOCs of the
bath. As we will discuss next, some of these OTOCs of the bath are related to Schwinger-
Keldysh correlators due to the microscopic reversibility in the dynamics of the bath. We will
show that such relations impose constraints on the quartic couplings in the effective action

which can be intepreted as generalisations of the Onsager reciprocal relations [38,39].

5.4.3 Generalised Onsager relations

In the gXY model, the bath’s dynamics (excluding the perturbation by the particle) has a sym-

metry under time-reversal:
TXO)T" = XO(-1), TYV)T" = YV(-1). (5.59)

Here, T is an anti-linear and anti-unitary operator which commutes with the bath’s Hamiltonian
ie.

[T, Hp] = 0. (5.60)

Moreover, the bath operator O = Y, ; g.,;X” Y that couples to the particle has an even parity

under time-reversal which implies
TONOT" = O(-1). (5.61)

In chapter 4, we showed that such a microscopic reversibility in the bath leads to some
generalisations of the Onsager reciprocal relations [38, 39] which connect all the cubic OTO
couplings to the certain Schwinger-Keldysh couplings (see equation (4.155)). There, we dis-
cussed how these generalised Onsager relations arise from certain relations between the 3-point
correlators of the bath which are rooted in its microscopic reversibility. Here, we will first show
that similar relations exist between the 4-point correlators of the bath. Then we will discuss
the constraints imposed on the quartic effective couplings of the particle due to these relations

between the 4-point functions of the bath.
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Relations between the bath’s correlators due to microscopic reversibility:
The microscopic reversibility in the bath leads to the following kind of relations between

the 4-point correlators of O:

(0(t)0(1)0(13)0(ts)) = ((TO(t) T TO(1) T T0(t3)TTT0(t4)TT>)* : (5.62)
Using the transformation of O(¢) under time-reversal (see equation (5.61)), we get
(0(11)0(12)O0(13)O(14)) = (<0(—t1)0(—t2)0(—t3)0(—t4)>)* : (5.63)
Now, due to the Hermiticity of the operator O, the above relation reduces to
(0(1)O0(12)0(13)0(14)) = (O(=14)O(=13)O(=12) O(=11)) . (5.64)
Note that such relations can connect two OTO correlators as in the following example:
(0(N0(0)0(1)0(0)) = (O0)O(=HO0)O(-1)) . (5.65)

Moreover, they can also connect an OTO correlator to a Schwinger-Keldysh correlator. For

example, consider the relation
(0(00(0)0(0)0(1)) = (O(=1H00)O(0)0(-1)) , (5.66)

where ¢ > 0. The correlator on the left hand side of the above equation is an OTOC which can

be obtained by putting insertions on a 2-fold contour as shown in figure 5.2. The correlator on

Figure 5.2: Contour-ordered correlator for (O(¢)O(0)O(0)O(t)) where ¢t > 0
0 low
. 00 " )
fo( 3 00) ly

K 00) )

the right-hand side of (5.66), however, can be obtained from a path integral on the Schwinger-
Keldysh contour as shown in figure 5.3.

Such relations between the bath’s 4-point correlators can introduce two kinds of constraints
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Figure 5.3: Contour-ordered correlator for (O(—1)O(0)O(0)O(—t)) where ¢t > 0
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on the quartic effective couplings of the particle:
1. They can lead to a relation between two different OTO couplings.
2. They can also relate an OTO coupling to a Schwinger-Keldysh coupling.

We will now derive these constraints on the effective couplings of the particle. Our derivation
of these constraints would closely follow the derivation of similar relations between the cubic

couplings given in chapter 4

Constraints on the quartic effective couplings:
To analyse the constraints on the effective couplings, we find it convenient to re-express the

quartic OTO couplings in terms of some new real parameters as shown below:

AI:—A§:1—12[

A3 =A =k, (5.67)

(=4 +Ky) — 6i(04 — 54)] ,

R
Ay=-A, = 5(94 +04) .

1 _ I
B =B = Z[(zkf{y + 4k +H) + il + 2, - 21

B,=-B; = 11—6[(—247 +24¢P + 124} - 4%} - 6xi])
+i(4Z5, - 204, + 204}, - 604, + 201)] .

By =-B = }l[(—zkg’y + L) + ol | (5.68)

By =B, = %(zkgg oy

1y - .
Bs = —BZ = E[(/pr + 85;2) + 4K411y + 4K2’ly - ZEZ,)

+ i(=4Zs, + 204, + 604, — 20}, + 6211)| .

These new parameters are chosen so that they have definite parities under time-reversal (see the

discussion below). The presence or absence of tilde over any coupling indicates whether it has
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odd or even parity respectively. The symbols « and o are used to represent the couplings which
get multiplied to real and imaginary terms in the effective action respectively. The subscript
v is introduced to distinguish the couplings corresponding to the single derivative terms in the
action.

One can determine the dependence of these OTO couplings on the cumulants of the operator
O by comparing the particle’s 4-point OTOCs obtained from the generalised influence phase
with those computed using the OTO 1-PI effective action. We provide the expressions of these
couplings in terms of the bath’s OTO cumulants in appendix C.3.

For the purpose of analysing the constraints on the effective couplings, we find it convenient
to convert their expressions (see (5.27),(C.12) , and tables 5.1 and C.3) into integrals over a
frequency domain where the integrands are determined by some spectral functions of the bath.
These spectral functions are the Fourier transforms of the 4-point cumulants of O(¥) as defined
by the relations given in (5.70), (5.71) and (5.72). In these relations, we define the measure for

the integral over the frequencies as

T —

e Spectral functions for Wightman correlators:

4
[ G124y e 2 E06)0)0) 0.
(5.70)

d* :
f G321 I 2 2400 0O e et

e Spectral functions for single-nested (anti-)commutators:

f Cr Sp[1234] Tt < A0w), 0], 0s)], 0,

f (2ﬂ)4p[12+3+4+]e*f<w'“*‘”2’2*”3“*“““ = L0, O(12)), O(1)), Ot}

da* :
f (27:;)4/)[1234& e fmretastiret) = JA[[0(n), O(t)], O13)], Ots)))e

d* :
f ﬁp[123+4] erlnraratteit) = A{[0(1), O(1)], O(13)), O(ta)]e,

d* .
f (27;)4/0[1%34] eTlnratranteits) = A[{0(1r), O(12)}, O(13)], O(ta)])e, etc.

(5.71)
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e Spectral functions for double (anti-)commutators:
d*w
(2m)*
d4w —i(wt+wrth +w3t3+wyats) 4
yiPl12:[34,] et = 101, 0HO), Ot

pL12][34] eT@rnrertrentrot) = AX[O(1), O(1)][0(13), O(ta)]).

(5.72)

a* .
f Gy PL124134] ¢t < 4 0(), O(0)O(), OGN

d4

n )4;0[12][34 J] erfemretrastr et = AX[10(1), 0(L){O(13), O(ta)))e.» ete.

Any quartic coupling g can be expressed as an integral of these spectral functions in the

following manner:

g= f T[g] + O(19). (5.73)

Cy
The domain of integration C; is given by’

f foo i€l d(,t) 0co—i€) @ 00+i€) @ co+i€] dﬂ (5 74)

2 Jocovien 27 Jocorie 2m

—oco—i€y

where € and €, are infinitesimally small positive numbers. We provide the dependence of the

integrand 7 [g] on the spectral functions for all the quartic couplings in tables 5.2 and 5.3.

9The domain C, in frequency space is determined by the time domain over which the integrals in (5.27) and
(C.12) are defined.
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Table 5.2: Couplings with even parity under time-reversal

8 I1gl
T- 1% —2——( - pl1234] + p[4321])
z) -4, o (p(1234) - p(d321))
v+ 30 s (P[12:3:4] +p[43.2, 1.])
FE Vel oo (p(1234) + p(4321))
K4 — o] (pl1234] - p[4321]) - 1(p[1423] - p[4132] + p[2314] - p[3241])|
os s~ PL12:3,401 = pl4,3.2, 1,1 + p[14,2,3,1 4 p[41,3,2,] + p[2314,] + p[3241,])
Ay + 2K, W[(u)l(wz + 1) — ws(Bws + Swy) )p[1234]
—(w4(w3 + wy) — wBws + 5w4))p[4321]]
&y = 50, | (@3 + (s~ w1) = 2w10;)(pl12.34] + p[43.21])

Hws + wa) (s — w1)(pl123,4] + p[432,11)
Hws + wa)(ws + ) (p[1234,] - p[4321,])]
Ky | (@3 + @)1 = w2) + 20104)(pl12,1[34,] - p[43,]121.])
(s + w)(@; - wy)(pl13.1[24.] - p[42,1131,1)
(@3 + w)(ws + w)(p[14,1[23.] - p[32.1[41.1)]
(s + wa)(@1 =~ ws) + 2w104) ([ 12][34] - pl43]121])
+(ws + ) - wy)(p[13]24] - pl421[31])
—(w3 + w3)(s + w)(p[141123] - p[321[41])]
kil guM(Tw)z[((wg + W)W — ws) + 2w104)(p[4321] - p[1234] + p[2314] - p[3241] + p[2413] - p[3142])
+(ws + wi)(w; — wy)(p[4231] - p[1324] + p[2341] — p[3214] + p[3412] - p[2143])]
o, Tamrar| ~ (@3 + @@ — wi) + 2w104)(pl131[24] + p[421[31] + p[14]123] + p[32][41])
—(ws + w)(w; - wy)(p[121[34] + p[43][21])]
(@3 + W) — w3) + 2w104)(p[12,1134] + p[43,1121] + p[121[34,] + p[431[21.])
+(s + w1 — wy)(p[13,1124] + p[42,11311 + p[131[24,] + p[421[31,])
—(@3 + )1 + wi)(p[14,1123] + p[32,1[41] + p[141[23,] + p[32][41,] )|

! i [(
4y 40t wH(witws)?

11 1 [(
Q4‘/ 4wfw§(wx +wy)?

Table 5.3: Couplings with odd parity under time-reversal

g 1]

% - (12341 + p[4321])

o4 3o | (P112:341 + p[123,4] + p[1234,1) — (p[43.21] + p[432. 1] + p[4321.])
Ay =247 ~ | (@3 + @)1~ w3) + 20104 (pl121134.1 + p[431[21.] — pl12,]134] - p[43,][21])
-8k} — ki) Hws + wa)w) — wi)(p[13][24.] + p[421[31.] - pl13,1[24] - pl42.1[31])

~(ws + g +w)(p[14]123,] +p[321[41,] - p[14,1(23] - p[32,]141])]
wi(ws + w1) — wsBwy + Swl))p[1234]

rd _ i [(
4y 20w (w3 +wa)?

+(w4(w3 + wy) — wBws + 5w4))p[4321]]
|1 - wi)(p[231014] - pl141[23]) + (@1 + wi)(p[121134] - p[431121] + p[131[24] - pl421(31])]

2, sl (@1 = 0)(@; + W) + 2w10s)(pl[12,34] - pl43.21])

w1~ wa)(s + wa)(pl[123.4] - pl432,1])

(@1 + @)@ + wi)(pl[1234,] + pl4321.])|
o |~ (@1 = @)@ + w1) + w10)(pl141123,] + p[32.11411) + wiwa(p[14.1123] + p[32][41.1)
+wi(ws + 205)(p[13,1124] + p[421131,]) - walw, + 201)(p[42,1[31] + p[13][24,1)
Fwr(@s + wi)(pl12,1134] +p[43]121.]) ~ wilwz + w1)(p[43.1121] + p[121[34,1)]

i i
4y 2w}l (w3 +ws)

110

Now, since all the couplings in tables 5.2 and 5.3 are real ", one can obtain alternative

10T see the reality of the OTO couplings, one can substitute relations like (5.28) in the expressions of these
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expressions for them by taking complex conjugates of the corresponding integrals. Such a

complex conjugation results in the following transformations in the integral:
1. All explicit factors of i go to (—i).
2. In all factors involving the frequencies explicitly, w; goes to w? fori € {1,2,3,4}.
3. The spectral functions go to their complex conjugates.

Now, using the relation (5.63) which is based on the microscopic reversibility in the bath,

one can obtain the following relations between the spectral functions:

(p(1234))" = p(172*3"4"),
(p[1234])" = p[17273°4"], (5.75)
([121[34])" = p[172*][3"4"], etc.

On the right hand sides of these equations, i* stands for w;.

Hence, the net effect of the complex conjugation of the couplings is the replacement of all
w;’s by w?’s and all explicit factors of i by (i) in the corresponding frequency integrals. The
complex conjugation of the frequencies takes the domain of integration to C;, the integral over

which is defined as

2 2 2 21

f _ foo+iel d(.UT 0co+i€y dw; co—i€y d(x); co—i€] dwz (5 76)
. ) .

co+i€] —oo+iey —co—i€) —0co—i€]

4
Now, notice that the domain C), gets mapped exactly back to C4 under the following relabeling

of the frequencies:

W] = W4, Wy = W3, W3 = Wy, Wy = W. (5.77)

Therefore, to summarise, the alternative expressions for the couplings can be obtained by in-
tegrating over the same domain Cj, but performing the following transformations on the inte-

grands in the original expressions:
1. i — —i for all explicit factors of i,

2. w1 © W4, Wy < W3.

couplings given in table C.3.
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We define the action of time-reversal on the couplings to be the above transformations on the
integrands in their expressions. As we saw, the equality between the couplings and their time-
reversed counterparts crucially relies on the relations given in (5.75) which are based on the
microscopic reversibility in the bath’s dynamics.

Now, one can compare the expressions of the couplings given in tables 5.2 and 5.3 with
the expressions of their time-reversed counterparts. While making these comparisons, it is
important to bear in mind that the spectral functions include a delta function corresponding
to energy conservation in the unperturbed dynamics of the bath. This allows one to impose
conditions such as

(w1 + wy) = —(w3 + wy) (5.78)

within the expressions of the integrands. Taking this into account one can easily see, that the
expressions for the couplings in table 5.2 remain unchanged under time-reversal. On the other
hand, the expressions for the couplings in table 5.3 pick up a minus sign under time-reversal.
Thus, all the couplings mentioned in table 5.2 have even parity under time-reversal, whereas
the couplings in table 5.3 have odd parity under the same. All the couplings with odd parity
must go to zero due to the microscopic reversibility in the bath’s dynamics. This imposes the

following constraints on the effective couplings:

K=o =%, =% =0, =g =0, (5.79)

Ay — 2447 - 8(k4, — ki) = 0. (5.80)

Since these constraints are based on the microscopic reversibility in the bath, one can think of
them as generalisations of the Onsager reciprocal relations [38,39] . These generalised Onsager
relations are extensions of similar relations obtained between the cubic effective couplings in
chapter 4.

As we mentioned earlier, apart from the microscopic reversibility in the bath’s dynamics,
there is another source of relations between the effective couplings of the particle, viz. the
thermality of the bath. In the next subsection, we will discuss how the KMS relations [41,42,64]
between the thermal correlators of the bath lead to constraints on the quartic effective couplings.
We will see that these constraints, when combined with the relation given in (5.80), give rise to a

generalised fluctuation-dissipation relation between the thermal jitter in the particle’s damping
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and the non-Gaussianity in the distribution of the noise.

5.4.4 Generalised fluctuation-dissipation relation

In section 5.3.3, we saw that if we ignore the quartic couplings in the Schwinger-Keldysh
effective theory, the corresponding stochastic dual reduces to a linear Langevin dynamics (see
(5.32) and (5.33)). Under this dynamics, the particle experiences a damping as well as a random
force drawn from a Gaussian distribution. These two forces are related to each other since both
of them arise from the interaction with the bath. More precisely, in the high temperature limit

of the bath, the relation between these forces is given by

2 2
= —V, 5.81

where (f?) is the strength of the thermal noise experienced by the particle and v is its damping
coefficient. This relation is commonly known as the ‘fluctuation-dissipation relation’.

As discussed in [41, 47], the fluctuation-dissipation relation is a consequence of certain
relations between the 2-point thermal correlators of the bath, which are now commonly known
as the Kubo-Martin-Schwinger (KMS) relations [41,42]. These relations were studied for
higher point thermal correlators in [64]. There, it was observed that such KMS relations can
connect the thermal OTOCs of a bath to its Schwinger-Keldysh correlators. This indicated the
need for including the effects of the bath’s OTOCs while exploring the possibility of finding
generalisations of the fluctuation-dissipation relation.

To include the effects of the OTOCs of the bath, we developed an OTO effective theory of
the particle up to cubic terms in chapter 2. The cubic couplings in this effective theory receive
contributions from the 3-point correlators of the bath. In chapter 3, we obtained a spectral
representation of such 3-point thermal OTOCs by exploiting the microscopic unitarity of the
bath as well as the KMS relations. This spectral representation showed that the KMS relations
imply that all the 3-point OTOC:s of the bath can be expressed in terms of two spectral functions
of the bath. By expressing the cubic couplings in the particle’s OTO effective dynamics in terms
of these spectral functions we derived an OTO generalisation of the fluctuation-dissipation
relation (FDR) in 4. There we saw that, when combined with the constraints imposed by
microscopic reversibility in the bath, this relation leads to a generalised FDR between a non-

Gaussianity in the noise distribution and a jitter in the particle’s damping coefficient.
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Now, we will see that a similar generalised fluctuation-dissipation relation holds between
the quartic effective couplings as well. Before discussing this relation, we will first briefly
review the KMS relations between thermal correlators and the derivation of the fluctuation-

dissipation relation for the convenience of the reader.

Kubo-Martin-Schwinger relations:
The KMS relations [41,42, 64] connect all thermal correlators of the bath which can be
obtained from each other by cyclic permutations of insertions. For example, consider the fol-

lowing n-point correlator

—-BHp

Zg

(OM)O0(1) -+ 0(1,)) = T ——0(1)0(1) -+ 0(1,)] (5.82)

In the above expression, if we bring the insertion O(z,) from the right-most position to the left-
most position across the thermal density matrix, the argument of the insertion picks up an extra
term (—if) i.e.

(O(11)0(12) - - - O(1)) = (Ot = iB)O(t1) - - - O(t-1)) - (5.83)

In frequency space, these relations lead to the following kind of relations between the spectral
functions:

p(12--ny=ePpnl---(n-1)). (5.84)

Here p(12---n) and p(n 1 ---(n — 1)) are defined in terms of the n-point cumulants of O in the

time domain as follows:

f o f Sp(12--me ) = 20(1)0() -+ Olt)).
e N (5.85)

/ - / L 1 1) = (01,)00) - O ).

ME- e 2T

In general, there are n! such spectral functions corresponding to all the n-point Wightman
correlators of O. However, KMS relations like (5.84) reduce the number of independent n-
point spectral functions to (n — 1)!.

Let us now review how such KMS relations between the bath’s correlators lead to the

fluctuation-dissipation relation given in (5.81).

Fluctuation-dissipation relation between quadratic couplings:
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The couplings in the quadratic terms of the effective action receive contributions from the 2-
point cumulants of the operator O as shown in (5.26). These quadratic couplings up to leading
order in A can be re-expressed in terms of two spectral functions p[12] and p[12,] which are

defined as

d d
f o f ﬂp 12]e7 et = A([0(n), O®)])e

o s (5.86)
f dw, f S2pl12,Je e = BUO(n), Ole2)e

We provide the expressions for these leading order forms of the quadratic couplings below:

12,]  _ 12 12, 12
Z = - fp[ | AR = _fp[ ]’<f2>:fp[- ]’y:fp[ 2]. (5.87)
C lw] c, Wi c, i C, W

Here, the integrals are performed over the following domain

co—i€ dC() 0co+i€ d(,()
= 5.88
sz foo i€ 27T —oco+ie 2” ( )

where € is a small positive number.

Now, the KMS relations connect the two spectral functions as follows

Bw

pl12,] = coth (= > “l12] . (5.89)

Then, in the high temperature limit of the bath i.e. the small 8 limit, the above relation reduces

to

2
plI2.] = (5-)el12]. (5.90)

where we take the leading order (in 8) forms of the two spectral functions. Plugging this relation

into the expressions of the couplings given in (5.87), we get

2 12 pl12 12 12
2= [ B g [ 22 -2 [ 2 ],y=fp.[ L s
Cr ﬁ C

2
B Je, lwl w1 lw)

From these expressions, one can clearly see that at this high temperature limit,

2 2 2
= — V, 5.9
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which is the fluctuation-dissipation relation that we mentioned earlier.
Let us now discuss how one can obtain a generalisation of this fluctuation-dissipation rela-

tion for the quartic couplings.

Generalised fluctuation-dissipation relation between quartic couplings:
As pointed out in [64], the KMS relations between the 4-point functions of the bath can

connect OTOCs to Schwinger-Keldysh correlators. For example, consider the correlator

—-BHp

Zg

(0()0(1)0(0)0(12)) = Ti| ——0(11)0(13)0(0)0(1)|. (5.93)

where t; > t, > t; > 0. Notice that this correlator satisfies the following KMS relation:
(O(1)O(13)0(0)0(t2) = (O(t> — iB)O(11)O(t3)O0(0)) . (5.94)

This KMS relation connects the correlator given in (5.93) to the following correlator by analytic

continuation:
—BHp

(O()0()0)00) = Tr] -

O(1)0(ty )0(t3)0(0)]- (5.95)

The correlator given in (5.93) is an OTOC which can be obtained by putting insertions on the

2-fold contour as shown in figure 5.4. On the other hand, the correlator given in (5.95) is a

Figure 5.4: Contour-ordered correlator for (O(t,)O(t3)O(0)O(t,)) where t; > t, > t3 > 0
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Schwinger-Keldysh correlator as demonstrated in figure 5.5.

Figure 5.5: Contour-ordered correlator for (O(t,)O(t,)O(t;)O(0)) where t; > t, > t3 > 0
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We will see that KMS relations like (5.94) which connect OTO correlators of the bath
to Schwinger-Keldysh correlators result in a relation between a quartic OTO coupling and a
Schwinger-Keldysh coupling of the particle. To derive this relation, we need to go back to the
expressions of the particle’s effective couplings in terms of the bath’s spectral functions given
in tables 5.2 and 5.3. As discussed earlier, the KMS relations reduce the number of independent
4-point spectral functions to (4 — 1)! = 6. We choose these 6 independent spectral functions to

be the following!':
pl1234], p[4321], p[2314], p[3241], p[2143], p[3142]. (5.96)

We provide the expressions of the quartic effective couplings in terms of these 6 spectral func-
tions at the high temperature limit of the bath in appendix C.4. Among these expressions, we
will focus on the forms of two particular couplings here: Kﬁy and {,(é). From the expressions
of these couplings given in tables C.4 and C.5, we can see that the corresponding integrands

satisfy the following relation:

I ] = f—ff[(}?]

6i

PPl wrwswi(wy + w3) (W) + wi)(W3 + ws)?

(1@ + 02 = 03)pl1234] + Wyl +0)(@) + w)ws +wppaz2t] D

— Wiy + W)W + Wy)P[2143] + W Wy (W5 — W)P[2314]

+ W104(@1 + w)(@s + 0)P[3142] — W) + W3)(w; + wi)p[3241])],

where we take only the leading order (in 8) forms for the spectral functions. From this relation
between the integrands, we conclude that at leading order in A and S, these two couplings satisfy

the following relation:

1P @ (5.98)

4y 4N

This is an example of a generalisation of the fluctuation-dissipation relation which connects
an OTO coupling to a Schwinger-Keldysh coupling. From this analysis, one can see that this
relation is purely a consequence of KMS relations between the bath’s correlators and holds

even when the bath’s dynamics lacks microscopic reversibility.

!1See appendix C.4 for the relation between this basis of the 4-point spectral functions and the basis introduced
in chapter 3.
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In the presence of microscopic reversibility in the bath, there is an additional relation which
involves the coupling ij. This is one of the generalised Onsager relations given in (5.80) which

we quote here once more for convenience:
Agy — 240 = 8k}, — k4) = (5.99)

Now, referring to the expressions of the leading order forms of the couplings /l4y and K4 given
in tables C.4 and C.5, we see that the corresponding integrands are as follows:
2i

wWiwi(ws + wg)?
i

T[] = (3(ws — ) (@s + W) + 201w }p[1234],

TlK] =

4wtwi(ws + wy)?

[((Ul — wy) (w3 + w4)(p[1234] +p[2314] +p[3142]) (5.100)

+ (W1 + wy)(ws + wy)(p[2314] + p[3241])

+ (@1 — i) (3 + ws) + 2w104)(p[1234] + p[2143])]

Notice that these integrands are suppressed by a factor of 52 compared to the integrand for ij
given in (5.97). Therefore, in the high temperature limit, we can ignore the couplings 141/ and

K47 in (5.80) to get

Ky, = =35 (5.101)

7

Combining the equations (5.101) and (5.98), we get the following relation in the high temper-

ature limit:

= @ 5.102
,8 { ( )

This is a generalised fluctuation-dissipation relation which connects the non-Gaussianity in the

noise experienced by the particle to the thermal jitter in its damping coeflicient. It is a combined
effect of microscopic reversibility in the bath and its thermality. In the following subsection, we

will compute the effective couplings in the gXY model and verify the validity of this relation.

5.4.5 Values of the effective couplings

In this subsection, we will enumerate the values of the effective couplings of the Brownian
particle in the gXY model.
The forms of the quadratic couplings at leading order in A and 8 are given in (5.91) in terms

of the 2-point function p[12]. Similar forms for the quartic couplings are given in tables C.4
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and C.5 in terms of the 4-point spectral functions enumerated in (5.96).
We provide the leading order (in ) forms of the 2-point spectral function p[12] and the
4-point spectral function p[1234] for the gXY model in (5.103) and (5.104) respectively.

I, 4w Q?
pl12] = 2n6(w; + a)z)—2 it

. 5.103
B w% + 40?2 ( )

T,07
pl1234] =276(w; + W, + w3 + wy)(16i 3 )

(Q = iw3)(Q = i(w; +w3))
[{a)3(m1 + 03)(29Q - iw3)(2Q + iw,)(2Q — i(w) + w3))
(Q+ iwy)(Q + i) + w»))
a)z(wl + wz)(2Q + iwz)(ZQ - iw4)<2Q +i(w; + wz))
wiQ(Q - iw; )

(5.104)

+

a)la)3(w1 + wz)(ZQ - iwl)(ZQ + iw3)(2Q —i(wy + a)z))

w4Q(Q + lCL)])
B wlwz(wl + a)3)(2§2 + iwl)(2§2 - iwz)(zQ +i(w; + w3))}

o]

The other five 4-point spectral functions can be obtained from (5.104) by appropriate permuta-
tions of the frequencies.

Substituting these spectral functions in the integrals for the couplings, one can calculate the
values of these couplings in the high temperature limit. We provide the values of the quadratic
couplings in (5.105), the Schwinger-Keldysh quartic couplings in (5.106), and the OTO quartic
couplings in (5.107) and (5.108).

Quadratic couplings:

1,07 0 1,0
=2 (= Y= . (5.105)

“apq B B 2B

Quartic couplings:
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A) Schwinger-Keldysh couplings:

@ _ _15F4Q < = _6F4Q4 - _6F4Q3 2 _ _51"492
N 4 ) 4 — ’ 53 - 2 ’ {/1 - 3
2
p P P o (5.106)
- 6r,Q° - 15I,Q? o _ O Q
Aay = _T’ 3y T 7 432 - W
B) OTO couplings:
R =01 =Ry, =%l =, =0 =0 (5.107)
3r,Q° VIO 15T,Q  ,,  51,0°
K4 =T =5 > Q4 = —25 K4,y = _—39 K4)/ = ’
28 25 4 5B (5.108)

o LY, 1SLLQP ST
K4y - 16’8 s 947__4—ﬁ2, Q4’y_ 2ﬁ2 .

From the values of these couplings, one can easily verify the validity of the fluctuation dissipa-
tion relation (5.92), the generalised fluctuation dissipation relation (5.102), and the generalised

Onsager relations (5.79) and (5.101) in the gXY model.

5.5 Conclusion and discussion

In this chapter, we have developed the quartic effective dynamics of a Brownian particle weakly
interacting with a thermal bath. To illustrate the features of this effective dynamics, we have in-
troduced a simple toy model (the gXY model described in section 5.2) where the bath comprises
of two sets of harmonic oscillators coupled to the particle through cubic interactions.

For this model, we have identified a Markovian regime, where the particle’s effective dy-
namics is approximately local in time. Working in this regime, we have constructed a quartic
effective action of the particle in the Schwinger-Keldysh (SK) formalism. Using the techniques
developed in [61-63], we have demonstrated a duality between this quantum effective theory
and a classical stochastic dynamics governed by a non-linear Langevin equation.

The SK effective theory and the dual non-linear Langevin dynamics suffer from the limita-
tion that they provide no information about the 4-point out of time order correlators (OTOCs)
of the particle. To transcend this limitation, we have extended the SK effective action to an

out of time ordered effective action defined on a generalised Schwinger-Keldysh contour (see

149



figure 2.3). In this extended framework, we have determined the additional quartic couplings
which encode the effects of the bath’s 4-point OTOCs on the particle’s dynamics. We have
worked out the dependence of these OTO couplings (as well as the SK effective couplings) on
the correlators of the bath up to leading order in the particle-bath interaction. As in case of the
cubic effective theory, a stochastic dynamics which is dual to the quartic OTO effective theory
is still lacking. Working out such a dual stochastic dynamics would shed more light on the
significance of the different couplings appearing in the OTO dynamics of the particle.

The relations between the particle’s effective couplings and the bath’s correlators provide
a way to analyse the constraints imposed on the effective dynamics due to thermality and mi-
croscopic reversibility of the bath. These constraints manifest in the form of certain relations
between the quartic couplings which can be interpreted as OTO generalisations of the well-
known Onsager reciprocal relations and fluctuation-dissipation relation (FDR). By combining
these relations, we have obtained a generalised FDR which connects two of the Schwinger-
Keldysh effective couplings. In the dual stochastic dynamics, these two couplings correspond
to a thermal jitter in the damping coeflicient and a non-Gaussianity in the noise distribution.
The generalised FDR between these two quartic couplings is an extension of a similar relation
obtained for the cubic effective dynamics in chapter 4.

The generalised FDRs and Onsager relations in both the cubic and the quartic effective
theories of the particle suggest that such relations probably hold for even higher degree terms in
the effective action when the bath’s microscopic dynamics is reversible. It would be interesting
to identify the general form of these relations.

Although the construction of the quartic effective theory in this chapter is demonstrated
with the gXY model, the analysis mostly relies on the validity of the Markov approximation
for the particle’s dynamics. Hence, it may be employed to study the effective theory of the
particle when it interacts with more complicated baths. For instance, the bath may even be a
strongly coupled system '? in which case a microscopic analysis of the particle’s dynamics is
very difficult. In such a scenario, the quartic effective theory of the particle would allow one
to determine the particle’s 4-point correlators (including its OTOCs) in terms of the effective
couplings.

For the XY model studied in this chapter, the bath’s 4-point cumulants decay exponentially

when the time interval between any two insertions is increased. This allowed us to work in a

2Notice that we have assumed a weak coupling only between the particle and the bath. The couplings between
the internal degrees of freedom of the bath may be strong.
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Markovian regime by tuning the parameters in the model such that the particle’s evolution is
much slower than the decay of the bath’s cumulants. However, as pointed out in section 2.4,
such an exponential damping of the bath’s cumulants is not strictly necessary in all time regimes
for obtaining a nearly local dynamics of the particle. In fact, the Markov approximation for the
particle’s dynamics may be valid even for a chaotic bath !* [65-68] as long as the bath’s OTO
cumulants saturate to sufficiently small values much faster than the particle’s evolution [29].
This opens up the possibility of probing the Lyapunov exponents [5] in such chaotic baths
by measuring the OTO effective couplings of the particle [29] (See the relations between the
particle’s OTO effective couplings and the bath’s OTOCs given in (C.12) and table C.3).

The applicability of our effective theory framework to the scenario where the bath is chaotic
and strongly coupled indicate that it is possible to construct a holographic dual description
[155-163] of the particle’s non-linear dynamics. Recently, such a holographic dual description
was constructed in [164] for the nonlinear Langevin dynamics discussed in this chapter. The
generalised FDR between the non-Gaussinity in the noise and the thermal jitter in the damping
coeflicient was verified to hold in this holographic setting. It would be interesting to extend this
holographic prescription to the quartic OTO effective theory discussed in this chapter.

The non-linear Langevin equation that we discussed in section 5.3.3 has a structural sim-
ilarity with the equations of motion of damped anharmonic oscillators like the Van der Pol
oscillator [165] and the Duffing oscillator [166] '*. Such oscillators, under periodic driving, are
known to exhibit chaos in appropriate parameter regimes [166—168]. It would be interesting
to see whether one can find a similar regime in the non-linear Langevin dynamics where the
particle undergoes a chaotic motion.

It will be useful to formulate a Wilsonian counterpart of the out of time ordered 1-PI ef-
fective action developed in this chapter. Such a Wilsonian effective theory can be extended to
open quantum field theories [57,70, 169-175] which show up in the study of quantum cosmol-
ogy and heavy ion physics. It will be interesting to determine the RG flow [57] of the OTO
couplings in this Wilsonian framework to estimate their relative importance at different energy
scales.

Finally, we would like to emphasise that the OTO effective dynamics discussed in this

chapter, as well as in chapters 2 and 4, are steps towards constructing similar effective the-

13The OTO cumulants in such chaotic baths show an exponentially fast fall-off initially (in the Lyapunov regime)
before saturating to some constant values.
4The major difference is the presence of a thermal noise in the Langevin dynamics.
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ories for more general open quantum systems. When the microscopic details of the (sys-
tem+environment) is too complicated to be solved exactly, such an effective theory can im-
mensely simplify the study of scrambling, thermalisation and build-up of entanglement in such
systems. The OTO couplings that enter in such effective theories would be generalisations of
the transport coeflicients that appear in the SK effective dynamics. They would determine the
spread of entanglement between the system and the environment, as well as the same between
the different components of the system. We hope that such an interpretation of the effective

OTO couplings would emerge in future studies on the subject.
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Chapter 6

Conclusion

6.1 Summary of the thesis

In this thesis, we introduced an effective theory framework for computing out of time ordered
correlators of a Brownian particle weakly coupled to an environment. In chapter 1, we dis-
cussed the basic motivations for developing such an OTO effective theory framework.

In chapter 2, we started the analysis of this OTO effective theory by first reviewing the sim-
pler effective dynamics governing the evolution of the particle’s reduced density matrix. We
saw that in a Markovian limit, this effective theory can be formulated in terms of an action in
the Schwinger-Keldysh formalism [35-37, 54, 55]. We discussed how the form of this effec-
tive action is constrained by the microscopic unitarity of the (particle+environment) combined
system. By using these constraints, we identified all the possible cubic terms in the effective
action which have at most a single time derivative acting on the position of the particle. We
showed how the coeflicients of these cubic terms are determined upto the leading order in the
particle-environment coupling by the Schwinger-Keldysh 3-point correlators of the environ-
ment. We argued that these cubic SK effective couplings fail to capture the contributions of the
environment’s 3-point OTOCs to the particle’s dynamics. Moreover, they are also inadequate
for computing OTOC:s of the particle. To overcome these limitations we extended the particle’s
effective dynamics to an OTO contour (a contour with two time folds). We saw that in this
extended framework, one needs to introduce some additional couplings which encode the con-
tributions of the environment’s OTOCS. We also determined how these OTO couplings enter
in the expressions for the particle’s 3-point OTO correlators.

In chapter 3, we started discussing the special case where the environment is in a thermal

153



state. We saw that correlators of such a thermal environment (with insertions ordered along
an OTO contour) are constrained to satisfy some relations due to unitarity and thermality. We
showed that these relations can be exploited to come up with convenient spectral representa-
tions of these contour-ordered thermal correlators. In these representations, the thermal corre-
lators are expressed in terms of a minimal set of independent objects called ‘spectral functions’.
These spectral functions when multiplied to appropriate tensor structures generate the Fourier
transforms of the array of contour-ordered thermal correlators. We showed that these tensor
structures can be neatly expressed as linear combinations of tensor products of some column
vectors which are independent of the particular theory governing the thermal bath. We dis-
cussed how these column vectors can provide an OTO generalisation of the familiar retarded-
advanced basis in the Schwinger-Keldysh formalism [95]. This generalised retarded-advanced
basis can immensely simplify the diagrammatic analysis of thermal OTOCS in interacting the-
ories. This simplification is possible due to a drastic reduction in the number of non-zero
propagators in this basis compared to the original basis of fields on the different legs of the
multi-folded contour. Another utility of these spectral representations, which is more relevant
to this thesis, is that they clearly show the relations satisfied by the bath’s OTOCs and express
these OTOC:s in terms of a smaller number of spectral functions. We used these spectral func-
tions to study the constraints imposed on the particle’s dynamics by the bath’s thermality in
chapters 4 and 5.

In chapter 4, we returned to our analysis of the cubic effective theory of the Brownian par-
ticle, but now with the additional condition that the environment is a thermal bath governed
by a reversible dynamics. To develop the main ideas of this chapter, we introduced a simple
toy model which is a simple extension of the well-known Caldeira-Leggett model [58]. In this
model, the particle is coupled to two harmonic baths (at the same temperature) via interactions
which are bilinear in the positions of the particle and the bath oscillators. On top of such bi-
linear interactions, we introduced small cubic interactions involving the particle and two of the
bath oscillators (one from each set). For this simple model, we determined a Markovian regime
where the cubic effective theory introduced in chapter 2 is valid. Following the methods devel-
oped in [61-63], we showed that the Schwinger-Keldysh version of this effective theory is dual
to a nonlinear Langevin dynamics with.a non-Gaussian noise distribution. Apart from the non-
Gaussianity in the noise, this Langevin dynamics also included thermal jitters to the frequency

and the damping of the particle. We carefully analysed the high-temperature limit of the cou-
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plings in this nonlinear dynamics (as well as its OTO extension) for our toy model. We observed
that there were certain relations between the couplings in the Langevin theory and its OTO ex-
tension. We demonstrated that these relations stem from the microscopic reversibility and the
thermality of the bath. Hence, they provide OTO generalisations of the Onsager-Casimir recip-
rocal relations [38—40] and the fluctuation-dissipation relation [44—46, 176]. Combining these
relations, we obtained a generalised FDR which related two of the cubic Schwinger-Keldysh
couplings. At the level of the Langevin theory this connected the non-Gaussianity in the noise
distribution to the thermal jitter in the particle’s damping coeflicient.

In chapter 5, we extended the analysis of the OTO effective dynamics by including the quar-
tic terms in the effective action. To simplify this analysis, we slightly modified the microscopic
model of the particle-bath interaction described in the chapter 4 by turning off the Caldeira-
Leggett-like bilinear interactions. We saw that this resulted in the vanishing of the cubic terms
in the effective action allowing us to focus on the quartic terms as the leading order correction
to the quadratic theory. Again working in a Markovian regime, we identified all the quartic
terms in the Schwinger-Keldysh (SK) effective action (upto a single time derivative acting on
the position of the particle). We demonstrated that, just like the cubic case, this SK effective the-
ory was also dual to a non-linear Langevin dynamics. The form of this Langevin dynamics was
slightly different from the one that was dual to the cubic effective theory. However, it shared

the following two features with the cubic dynamics:
1. There was a non-Gaussianity in the noise distribution.
2. There were thermal jitters in the particle’s frequency and damping coefficient.

We argued that, as before, this Langevin theory or the dual SK effective theory is inadequate for
computing the particle’s 4-point OTOCs. We went on to overcome this limitation by extending
the effective theory of the particle to the double-folded contour. We identified the additional
quartic couplings in this extended OTO framework and established the relations between these
couplings and the bath’s 4-point OTOCs in the high temperature limit. These relations allowed
us to study the constraints imposed on the particle’s OTO dynamics by microscopic reversibil-
ity and the thermality of the bath. We found that, just like the cubic case, these constraints
manifest in the form of some OTO generalisations of the Onsager relations and the fluctuation-
dissipation relation between the quartic couplings. By combining these relations, we verified

that a generalised FDR held between two Schwinger-Keldysh quartic couplings. We demon-
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strated that, analogous to the cubic case, this generalised FDR connected the non-Gaussianity

in the noise with the thermal jitter in the damping coefficient of the dual Langevin theory.

6.2 Future directions

The analysis presented in this thesis clearly demonstrates that a complete information about the
evolution of the reduced density matrix of an open quantum system, encoded in its Schwinger-
Keldysh effective action, is inadequate for computing its OTOCs. We overcame this limitation
by constructing an OTO extension of this effective dynamics. However, it would be useful to
come up with an equivalent Schrodinger picture for computing the OTOCs of the system. Such
a picture would require an OTO extension of the notion of reduced density matrix, which can
be then treated as an ‘OTO effective state’ of the system. Such a construction would be useful

for at least the following two reasons:

1. The path integral formalism for computing OTOC:s is hard to implement numerically. On
the other hand, if one can come up with a quantum master equation for the ‘OTO effective
state’, it may be numerically solvable in simple systems with finite dimensional Hilbert
spaces. This may lead to a better understanding of OTOCs for diverse open quantum

systems.

2. The reduced density matrix of open quantum systems plays an important role in defining
entanglement entropy and similar information-theoretic quantities [177]. These quanti-
ties have turned out to be very useful in understanding the evolution of quantum systems.
It is possible that similar insights can be obtained for the OTOCs by coming up with a
proper notion of an ‘OTO effective state’ and constructing similar information-theoretic

quantities out of it.

The existence of such additional information in the OTO effective dynamics of an open quan-
tum system also raises the question of what it might mean for a system with a holographic dual.
Over the last decade and a half, several results have come to fore which connect the entangle-
ment in a boundary CFT to the geometry of an asymptotically AdS bulk spacetime [178]. Such
a relation is encapsulated in the famous Ryu-Takayanagi formula [179, 180] which relates the
entanglement entropy of a region in the boundary to the area of the extremal surface in the bulk
which is anchored on the edge of this region. It would be interesting to find some analogous

relation for the OTO effective state of a region in the boundary theory.
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As we saw in this thesis, the OTO extension of the effective dynamics of an open quantum

system is crucial to gain insights on some old questions such as the following:

e What are the constraints imposed on the effective dynamics of the system by the micro-

scopic reversibility in the dynamics of the (system+environment) combined setup?

e When the environment is in a thermal state, are there additional constraints on the sys-

tem’s effective dynamics?

As we discussed in chapter 4, these questions were studied and partially answered in [38—
40,44-46, 126, 127]. In this thesis, we extended these analyses by considering the cubic and
quartic OTO effective theories of a Brownian particle and demonstrating how the OTO cou-
plings enter in such constraints. However, we are far from a full understanding of the general
structure of such constraints in open quantum systems. It would be useful to extend our work
to more diverse quantum systems and come up with a general k-OTO version of the gener-
alised Onsager-Casimir reciprocal relations and the fluctuation-dissipation relations. For this
one would have to extend our analysis to a broader class of systems and look at more general
OTOC:s of the system.

In a considerable part of this thesis, we discussed the OTO effective dynamics of a Brownian
particle interacting with a thermal bath. For such a setup, one may wonder whether this effective
theory can be used to study the thermalisation of the particle’s OTOCs. To address this issue of
thermalisation of the particle’s OTOCs, one needs to look at their behaviour when the separation
between any two insertions is much larger than the time-scales set by the parameters in the
effective dynamics. This requires going beyond the perturbative analysis employed here by
re-summing the perturbation series expansions of the correlators.

Studying the question of thermalisation of the particle’s OTOCs can provide useful insight
into similar questions for more general open quantum systems. In particular, it can shed light on
the circumstances in which a system with a large number of degrees of freedom can be brought
to thermal equilibrium with an environment of even larger size. Experimentally, this may
lead to a specification of the conditions in which a thermal bath can be prepared by making a
quantum system interact with an environment at thermal equilibrium. Hence, the OTO effective
theory developed here can be seen as a step towards understanding when quantum mechanical

systems can serve as ideal thermal baths.
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Appendix A

Appendices to Chapter 3

In the series of appendices that follow, we will sketch the computations behind the spectral
representations quoted in the main text. For simplicity, we will suppress the spatial depen-
dence and the dependence on the spatial momenta in all the correlators that appear in these

appendices. We will only retain the time/frequency dependencies.

A.1 Basis of column vectors

We will begin by describing the basis vectors that we use on the k-fold time contour. We expand
the array 1\~/I(a)1 ,*++ ,w,) 1n the basis of tensor products of the following (generalised RA basis)

column vectors:

el (w) = {f(w), f(w),....fw), 1 +fw), 1 +fw),...,1 + W),

| 2j-2 times 2k-2j+2 times (A1)
29(w) = (@), F(@), .., T(@), 1 +§(@), 1 + @), 1 + (@),
2j-1 times 2%k-2j+1 times
where f(w) = ﬁ is the Bose-Einstein distribution and j = 1,2,...,k.
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The dual basis of row vectors consists of the following vectors:

M) = (1,0,0,0...,0, — ),

eP(w) = (0,-1,1,0,....,0),

eP(w) =(0,0,0,-1,1,0...),

ei,j)(w) =(0,0,0,..., —12]‘—2, 12]‘—1, 0,...,0),

ceey

e (w) = (0,0, ....,0,-1,1,0) ,

(A.2)
¢P(w) = (-1,1,0,...,0),
e?(w) = (0,0,-1,1,0,...,0),
efp])(w) = (07 09 0’ tees _12j—]’ 12j7 O’ ceey 0)7
eP(w) = (0,0, ..., -1,1).
‘We then have
e () &) (w) = e (w) &) (w) = 67, s

@) >() — L () —
e,)(w)-e(w)=e’(w)-e/(w)=0.

Here efj)corresponds to the difference field across j past turning point (with density ma-

trix being counted as the first past turning point) counted from the ket to the bra, whereas

efj)corresponds to the difference field across j™ future turning point counted from the ket to the

bra. For notational convenience, we will extend the definition of these vectors to all integers

via Bloch-Floquet periodicity :

e£j+k)(w) = eﬁ‘”el(oj)(w) , éfﬁk)(a)) = e‘ﬁ‘”ég)(w) ,
. . . . (A4)
() = eV(w),  eM(w) = eV (w),
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with

eii)(w) . é;j)(w) — e(Fi)(w) . é(Fj)(w) = Pwl=pgi=J mod £,0 ,

. . . , (A.5)
V(W) - 8 (w) = e (w) -8 (w) = 0.
In particular, we have
e D(w) = (¢,0,0,0...,0,-1) = V(W) ,
el (W) = (f(w), (W), ..., (W) = e?e(w),
(A.6)
efro)(w) =1{0,0,...,0,—e P P = e‘ﬁ‘“eff)(w) ,
eV(w) = {1 +f(w), 1 +f(w), ..., f(w), (1 + (W)} = e (w).
A.2 Rules of contraction for general k
A.2.1 Summary of the rules
The contractions of the array 1\7[(0)1, -+, wy) with the tensor products of the row vectors intro-

duced above give the components of the array in the basis of tensor products of the dual column

vectors. For instance,

4

4 4
M= 3" ) 3 el e (@) € (ws)e MB-Pt)gy . (A7)
a=1 b=1 c=1

In this example the indices of ¢ (ws) and e'”(w,) contract with the third and the second indices
of M(3-Pt) respectively. These 2 indices correspond to the positions of past-most insertion and
the next insertion to its future in the array M(#;, t,, 13) which is obtained by taking the inverse
Fourier transform of M(3-Pt) and multiplying by a theta function ®,,3. In what follows, for
such a contraction, we would loosely say that ¢ (ws) lies to the past of ¢!”(w,). In a similar

sense, we would say that e”(w, ) lies to the future of e (w,).
As we noted in the main text, the components obtained from these contractions with tensor
products of the row vectors are not all independent. Here, we enumerate a set of rules that such

contractions satisfy:

1. F-collapse(Largest time Eqn) : The contraction is zero if there is an e}@ and if there is

no e'* to its future such that s € {r, 7 + 1}.
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2. P-collapse(Smallest time Eqn) : The contraction is zero if there is an eff) and if there is

no e to its past such that s € {r,r — 1}.
3. F-sliding : One can replace ¢~ by —e!” without changing the value of the contraction,

(a) if there is an eff) to its future (Anchor condition) and

(b) if there is no other e!” or /""" to the past of ¢ (Eclipse condition).
4. P-sliding : One can replace e"*! by —e!” without changing the value of the contraction,

(a) if there is an e!” to its past (Anchor condition) and

(b) if there is no other e or """ to the future of ¢/ (Eclipse condition).

5. C-shift : One can do a global contour translation, viz., shift all the indices by a given

number i.e. do the following replacement :

(r) (r+m)
e e, R

(A.8)

(s) (s+m)
eP = eP
for all ¢ and ¢! in the contraction and any integer m, without changing the value

contraction.

6. F-fragmentation : For a given r, one can do the following replacements together without

changing the value of the contraction:

(r) (r) (r+1)
eF = €F + €F ,
e;r+m) — e(Fr+l+m) VYm>0 ,

eir+m) N el(pr+l+m) Vm>0.

7. P-fragmentation : For a given r, one can do the following replacements together without

changing the value of the contraction:

(r+1)

e s el et
j2 P

P

ei’r+m) — ei’r+1+m) VY>>0 ,

e;r—l+m) — efpr+m) Vm>0.
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We are going to introduce a diagrammatic scheme to represent the contractions and then

show some cases where the above rules can be applied to demonstrate why they are valid.

A.2.2 A diagrammatic scheme for the contractions:

As we have seen earlier, unitarity of the theory allows one to slide insertions in a correla-
tor along the contour without changing the value of the correlator as long as it does not en-
counter another insertion. To impose these conditions between correlators in the time domain,
we can assume that similar relations hold between the corresponding elements of the array
M(wi, -+ ,wy,). So we can represent the array elements by contour diagrams with insertions as

is demonstrated by the following example:

2 DL

M(2-Pt)p; = ( — (A.9)

r )
L)

pl
<

Note that the array IVI(Z—Pt) is constructed to reproduce the contour ordered correlators in
the domain #; > £,. So,we put the first insertion to the right of the second insertion in the above
diagram. We emphasize that this is just a digrammatic way to represent the array elements of
M(w,, - -+ , w,) and the exact horizontal position of any insertion is not important. One should
just make sure that the relative horizontal positions of the insertions are in the correct order.
Now, notice that each of the dual vectors eg)(w,-) and e(Fr)(w,-) have just 2 nonzero elements.
We can represent contraction of the array M(w,, -+ , w,) with any of these vectors by drawing
2 insertions at the same horizontal position but on 2 different legs where the components of
the vector are nonzero. With each insertion, we associate the corresponding element of the
vector. For instance, one can represent the contraction of M(Z-Pt) with ef)(wl) ® eg)(wz) by

the following diagram:

(OO

M(2-Pt) - (¢ (1) ® € (w2)) = < (A.10)

s\
7 7
)2
L ¢
<

Here we remind the reader that ef)(wl) =(0,-1,1,0) and e}l)(wz) = (-1,1,0,0). The rule for

obtaining the contraction from such a diagram with multiple insertions on the same horizontal
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position is to choose one insertion for each horizontal position, calculate the corresponding
correlator, multiply by the product of the factors associated with each chosen insertion, and

then take a sum over all such possible choices. For instance, in the example given in (A.10),

we have
g >
_ 4] 4
o G 0
. DL
& , 3 >
, L) , !
= (DD -+ EDC 1
) DE ) DL
+ (=DM ~ +MHC 1L

p) ¢ p) ¢
< < < <

= M(2-Pt),; — M(2-Pt)2, — M(2-Pt)3; + M(2-Pt)3 .
(A.11)

The numbers on top of the insertions in the diagram in the first line of the above equations
are the factors which are to be multiplied to get the contraction. On the other hand, the numbers
on top of the insertions in the diagrams in the second and the third lines indicate horizontal
positions of the insertions. In such diagrams, one can slide any insertion down or up a leg
without changing the value of the contraction as long as such a sliding is not obstructed by
another insertion. If one slides any insertion from the bottom-most leg to the top-most one,
then one picks up an additional factor of € because of the KMS relations.

Now, let us look at some examples of contractions which are related to each other by the
rules mentioned in appendix A.2.1 using such diagrams. We will work with the k=2 case for
the collapse rules, the sliding rules and the C-shift. For the fragmentation rules, we will give

examples in the k = 4 case.
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A.2.3 Some examples demonstrating the rules of contraction

F-collapse :

Consider the contraction of M(3—Pt) with the tensor (ef)(wl) ® ef)(wg) ® e? (w3)). The corre-

sponding diagram is

M@3-PD) - (e (w1) ® € (W) ® € (w3))

Bl (A.12)

\

7
>2
¢

Notice that ¢”(w)) is the future-most insertion and there is no ¢ or e!" to block it from

ot on
ot o
(OUROMN

A~

collapsing. One can slide down the future-most insertion on the third leg down to the fourth
leg without changing the value of the contraction as there is no other insertion to obstruct this
sliding. But this leads to the pair of future-most insertions with opposite signs lying on exactly
the same position. Consequently they cancel each other’s contribution and the value of the

contraction is 0.

P-collapse :

Consider the contraction of IVI(3-Pt) with the tensor (ef)(wl) ® eg)(wz) ® ef) (a)3)). The corre-

sponding diagram is

M(3-Pt) - (€ (1) ® € (w2) ® € (w3))

’/) 1 (A.13)

S
>2
<
A}

Notice that ¢'?(ws) is the past-most insertion and there is no e* or ¢! to block it from

ot o

ot on
ot on

~

collapsing. One can slide down the past-most insertion on the second leg down to the third
leg without changing the value of the contraction as there is no other insertion to obstruct this
sliding. But this leads to the pair of past-most insertions with opposite signs lying on exactly

the same position. Consequently they cancel each other’s contribution and the value of the
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contraction is 0.
Similarly, consider the contraction of M(S—Pt) with the tensor (ef)(wl)@) e}l)(wz) ®e§,1)(a)3)).

The corresponding diagram is

M(3-Pt) - (€ (1) ® € (w2) ® € (w3))

& é S (A.14)
=( R
’ _e—Bw3 - /D 2

Again, notice that e!"(w;) is the past-most insertion and there is no " or ¢!? to block
it from collapsing. One can slide the past-most insertion on the fourth leg up to the first leg
picking up a factor €#“* because of the KMS relations . Again, this leads to the pair of past-most
insertions with opposite signs lying on exactly the same position. Consequently, as before, they

cancel each other’s contribution and the value of the contraction is 0.

F-sliding :

Consider the contraction of 1\~/I(3—Pt) with the tensor (ef)(a}]) ® ef)(wg) ® e(FI)(wg)). The corre-

sponding diagram is

M(3-PD) - (€ (1) ® € (w2) ® e (w3))

—t

>>] (A.15)

<

ot o

ot o
(OO

Z
(‘
s \
7 />
L ¢
< <

Notice that (" (ws) is the past-most insertion. There is an ¢'”(w,) to its future. But, apart

from e'"(w3),there is no other !V or e® to the past of e?(w,). If we choose the past-most
insertion with the factor (-1) on the first leg, then there is no insertion to block the 2 insertions
corresponding to ef)(wz) from collapsing on to each other i.e. one can slide either of those

insertions to the position of the other and their contributions would exactly cancel each other.
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Therefore, we have

M(3-Pt) - (€ (1) ® € (w2) ® e (w3))

Bl (A.16)

One can slide the past-most insertion on the second leg down to the third leg without changing

the value of the contraction and obtain

M@3-PD) - (e (1) ® € (ws) ® € (w3))

, A L (A.17)
)I > > >I>2

Now, one can add another past-most insertion with a factor (-1) on the fourth leg without

/u\‘
a
*
(OO

changing the value of the contraction because if we choose this new insertion, then again there

is no insertion to block the pair of points of ef)(wz) from collapsing onto each other. Therefore,

we have

M@3-PD) - (e (w1) ® € () ® €} (w3))

(A.18)

<

\

7
)2
<

~M(3-PY) - (¢ (w1) ® € (w)) ® €} (w3)) .

So, we see that, in this case the transformation e}l)(wg) - —e(,f)(w3) keeps the value of the

contraction unchanged.
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P-sliding :

Consider the contraction of 1V[(3—Pt) with the tensor (ef)(wl) ® eg)(wz) ® e}l)(ag)). The corre-

sponding diagram is

M@3-PD) - (e (w1) @ ) () ® €} (w3))

ot on

>,> 1 (A.19)

\
7

> 2
¢

ot on

(OUROUR

A~

Notice that ¢?(w, ) is the future-most insertion. There is an ¢!"(w,) to its past. But, apart
from e (w ),there is no other eV or e!? to the future of e!"(w,). If we choose, the future-most
insertion with the factor (+1) on the third leg, then there is no insertion to block the 2 insertions
corresponding to e(Fl)(wz) from collapsing on to each other i.e. one can slide either of those
insertions to the position of the other and their contributions would exactly cancel each other.

Therefore, we have

M@3-PD) - (e (w1) @ e} () ® e} (w3))

S >
1 41 - DI (A.20)

¢
_(\ A A A <

\ \

r 4
)2
¢
N

One can slide the future-most insertion on the second leg up to the first leg without changing

p)
<

the value of the contraction and obtain

M@3-PD) - (e (w1) @ ) () ® € (w3))

S S
+1 +1 )1 (A.21)

~
A

Now, one can add another future-most insertion with a factor (¢#“!) on the fourth leg without
changing the value of the contraction because if we choose this new insertion, then again there

is no insertion to block the pair of points of el(v”(a)z) from collapsing onto each other. Therefore,
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we have

M(3-Pt) - (€ (1) ® € (w2) ® e (w3))

14 a

+1 +1 )1

) )
(\ o Al

3 \

7 7

QI

=y
P £
o

S}

(A.22)

\
_ePwi )
e/‘\ ) 2
A A\

= —M(3-Pt) - (¢ (1) ® € (w2) ® €} (w3)) .

~

So, we see that, in this case the transformation eg)(wl) - —eg) (w1) keeps the value of the

contraction unchanged.

C-shift:

Consider the contraction of 1\~/I(2—Pt) with the tensor (eg)(a)l) ® eg)(wz)). The corresponding

diagram is

1
—
+
—

_ ol )
M(2-Pt) - (e;})(wl) ® eg)(wz)) =" ° \ (A.23)

One can slide the insertions one after the other without changing the value of the contraction as

shown below:
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(OUROUN

ME-PY - (D0 ® ) (@) =

A)l
<

7 >
A>2
<

~

[(ONN
ot
Dt

_/
oul

q

_/

(OSN

_J
ot
_J

' D L Cepo )2 (A24)

I
)
(OEN
(ou
+
)
(ou

_J
[\)
(Ol

_J
[\)

oL
_J
DL
\_J

> A\ > 7 /)2
)2 +1

y)
) \ Al

; 4 D b - ® @
- ( 1 11 \ = M(2-Pt) - (eP (W) ®ej (wz)) .

So, we see that, in this case the transformation eg)(wl) — ef)(a)l),eg)(a)z) — 6’53)((1)2)

keeps the value of the contraction unchanged.

F-fragmentation :

Consider the contraction of 1\~/I(4—Pt) with the tensor (ef)(a)l) ® eff)(a)z) ® eff)(a)g) ® ef)(am)).

The corresponding diagram is
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1\~/I(4—Pt) . (eg,z)(a)l) ® ef)(a)g) ® e%)(a)g,) ® ef)(au))

\
7
)3
¢
>
)4
¢
<

One can slide all the insertions that lie on the 4" leg or below down by two legs to obtain the

< 4 )
ST -
- — 29
:Q +1
c

following diagram:

M(4-PD) - (€ (1) ® € (w2) ® € (w3) ® € (ws))

< 4 )
(a4 a4 4 >
. J? (A.26)
_C A
,, +1 41 -l ,,>3
T
) j L

We can add a pair of points with opposite signs on the 4" and the 5 legs at positions

corresponding to the frequency ws; without changing the value of the contraction as shown

below:

M(4-PD) - (€ (1) ® € (w2) ® € (w3) ® € (ws))

< 4 )

(a4 4 4

- +l DE (A.27)
P )

(.~ 4 Ry
. - D

There is no insertion to the past of these new insertions which can block them from collapsing
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onto one another. Now, one can add another pair of insertions with opposite signs on the 4
and the 5™ legs at positions corresponding to the frequency w, without changing the value of

the contraction as shown below:

M(4-Pt) - (€ (1) ® €5 (w2) ® e (w3) ® € (ws))

\
HUN
4
/\\./
—

T T

Ll 4] )2 (A.28)
:<> 3 ;
s 4l DE

(OUROUN

\’/\
A

<

\

7
bE
<

As before, there is no insertion to the past of these new insertions which can block them

p)
<

from collapsing onto one another. But this is exactly the diagram for the contraction of M(4-Pt)

with

(€7 (@1) ® €} (@2) ® (¢ (ws3) + € (w3)) @ (e (w3) + € (w3)))

Therefore, we have

M(4-Pt)-(el (1) ® €} (ws) ® e (w3) ® e (ws)
= 1\~/I(4—Pt)~(e§)2)(w1) ® eg)(a)z) ® (e;?)(ag) + e;?)(ag)) (A.29)

® (¢ (i) + ¢ (@3))

P-fragmentation :

Consider the contraction of IVI(4-Pt) with the tensor (eg,z)(wl) ® efpz)(wz) ® 65,1)((1)3) ® ef)(cm)).

The corresponding diagram is
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1\~/I(4—Pt) . (eg,z)(a)l) ® eg,z)(a)g) ® eg)(a)g,) ® ef)(au))

(OUROU

(OO
ot om

’ DR (A.30)

(OUROUR

\’/.\ \(-\ \(-\
A A~ A~

One can slide all the insertions that lie on the 3" leg or below down by two legs to obtain the

following diagram:

M(4-Pt) - (€l () ® € (w2) ® e} (w3) ® € (ws))

d
( £l o )
¢ >
, e (A.31)
(4 i el
.l )3
G

We can add a pair of points with opposite signs on the 3" and the 4" legs at positions

corresponding to the frequency w, without changing the value of the contraction as shown

below:

M(4-PD) - (€ (1) ® € (w2) ® e (w3) ® € (ws))

F
d >
( £ )
G, -
’ S OF (A32)
(4 £+l
L+l RS
¢
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There is no insertion to the future of these new insertions which can block them from collapsing
onto one another. Now, one can add another pair of insertions with opposite signs on the 3"
and the 4™ legs at positions corresponding to the frequency w; without changing the value of

the contraction as shown below:

M(@-Py) - (¢ (@1) ® € (@2) ® € (w3) ® & (ws))

& >
( £ )
Q B S B
§ 1 .1 )2 (A33)
S QI - = N

+1 /)3
)4

As before, there is no insertion to the future of these new insertions which can block them

from collapsing onto one another. But this is exactly the diagram for the contraction of M(4-Pt)

with (e} (1) + €5 (1)) ® (e (w2) + €} () ® €} (ws) ® € (ws)). Therefore, we have

M(4-Pt)-(ef (w1) ® € () ® € (w3) ® e (ws))
= M(4-Pt)-((ef (w1) + €5 (1) ® (¢ (w2) + € (2)) (A.34)

® & () (3))
A.3 Orthogonal tensors and Column Vector Representation

A.3.1 Column Vector Representation for 2 pt. functions

In this section, we are going to discuss the column vector representation of the array of two
point correlators on a k-fold contour. We take M(2-Pt) to be the Wightman array in the Fourier
domain. Its components in column vector basis satisfy the rules mentioned in A.2.1. Using

these rules, one can show that

k
M(2-PY) = p[12] Z (e -2n) e (A.35)
r=1
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Orthogonal tensors for two pt. functions

The expression in (A.35) can be proved by demonstrating that the array of two pt. functions

should be orthogonal to the following tensors :

3k? orthogonal tensors : e’ , e’ , € |
PP FP FF

rs

k(k — 2) orthogonal tensors : e’ forr # s,s+ 1,

”F (A.36)
rr + e(r+1)r

k orthogonal tensors : e}’ +e, 7",

Q)

k — 1 orthogonal tensors : e” — ¢!

PF PF °

Here we have used a short-hand notation for the tensor products of the row vectors. For exam-
ple, we have written ¢ (w;) ® ¢'(w,) as e’* and so on.

The total number of elements in this array is 2k X 2k = 4k>. The total number of tensors that
are orthogonal to the array lV[(Z—Pt) is (4k*> —1). These are enumerated in (A.36) .Therefore, the
orthogonal tensors completely fix the array upto a single function which has to be determined.

The arguments for the tensors mentioned in (A.36) being orthogonal to the array of contour
correlators are based on rules of contraction enumerated in appendix A.2.1 .These arguments

are given in table A.1.

Orthogonal Total no. Argument
tensor of tensors
P-collapse
rs 2 rs
ePP k ePP
s F-collapse
rs 2 s ,
€rp k €rp

s F-collapse

rs 2 s
eFF k eFF
s Kk —2 rs F-collapse
ePF ( - ) eP/«
for r#s5,5s+1
(r+1) P—slldll’lg
e’ +e(r+1)r k s —p!T
PF PF P PF
C-shift
e’ —611 k—1 e — ell
PF PF PF PF

Table A.1: Arguments for the tensors orthogonal to the array of 2 point contour correlators

In this table, we have indicated the e,(e,) which leads to a P(F)-collapse by red colour,

and in case of a P/F-sliding we have indicated the e, /e, that slides by blue colour and the
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corresponding e, /e, that acts as the anchor by brown colour. The array that is orthogonal to all

the tensors mentioned above must have the form

k
M(2-Pt) = o Z(Ze;’“)(wl) -V (w)® e (wy) . (A.37)
r=1
Now, the coefficient &' is given by the contraction with the tensor eg;m , an example of
which is the case r = 1. Then this coefficient is given by
a? = MQ-Pt) - ¢} = p[12]. (A.38)

Substituting the value of o® that was obtained in (A.38) into the equation (A.37) we get

the expansion that was mentioned in (A.35).

A.3.2 Column Vector Representation for 3 pt. functions

Now, let us discuss the column vector representation of the array of 3-point correlators on a k-
fold contour. We take M(3-Pt) to be the Wightman array in the Fourier domain. Its components
in column vector basis satisfy the rules mentioned in A.2.1. Using these rules, one can show

that

k
M(3-Pt) = p[321] ) (@ P @& - & @ 2) @ &
= (A.39)
—pl123] Y @ - e e @l
r=1
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Orthogonal | Total no. Argument
tensor of tensors
. P-collapse
rsu 3 rsu
€ppp k € opp
rsu  P-collapse
e’su k3 e ;
PFP PFP
. F-collapse
rsu 3 s N
€ pp k €rpp
+su  F-collapse
et k3 e ;
FPF FPF
. F-collapse
rsu 3 rsu
Crrp k Corp —
qsu  F-collapse
et k3 e —
FFF FFF

Table A.2: Arguments for the tensors trivially orthogonal to the array of 3 point contour corre-
lators

Orthogonal tensors for three pt. functions

The expression in (A.39) can be proved by demonstrating that the three pt. function should be

orthogonal to the following tensors :

rsu rsu rsu rsu rsu rsu

6k> orthogonal tensors : e’ | ™" | ™" | ™" ™ et
PPP FPP PFP FFP FPF FFF

2 )
k*(k — 1) orthogonal tensors : e}” forr # s,

k(k — 2) orthogonal tensors : e/ for s # r,r—1,

k orthogonal tensors : e’”" + D+

PPF PPF
k — 1 orthogonal tensors : e — ei},fl, , (A.40)

2 )
k“(k — 1) orthogonal tensors : e for s # u,

k(k —2) orthogonal tensors : e/ forr # 5,5+ 1,

k orthogonal tensors : e’”" + "D
PFF PFF
. e 1]
k — 1 orthogonal tensors : e}’ —e, .

This gives in total 8k* — 2 orthogonal tensors.
The arguments for the tensors mentioned in (A.40) being orthogonal to the array of contour
correlators are given in tables A.2,A.3 and A 4.

As before, in tables A.2, A.3 and A.4 we have indicated the e,(e,) which leads to a P(F)-

176



Orthogonal Total no. Argument
tensor of tensors
e k*(k - 1) W.L.O.G let us consider r > s.
for r #s

Casel:r>(s+1)
If u+s,s—1,then

rsu  P-collapse su  P-collapse

e, — 0, otherwisee, — 0

Case2:r=(s+1)

If u=s,then
ss F-sliding (s+1)s(s+1) P-collapse
e —_— —¢ — 0,
PF PPF

P-collapse
. (s+1)su p
if u > s, then €, ,

+1su P-collapse
. (s+1)su P
andif u < s, thene

s Kk —2 s  F-collapse 0
ePPF ( - ) ePPI* -

fors#r,r—1

C-shift  ,—1) F-sliding
e’ 4+ e(r+l)(r+1)r k e(r+1)(r+l)r 5 e s —e''"
PPF PPF PPF PPF PPF
C-shift
e’ — elll k-1 e’ 6111
PPF PPF PPF PPF

Table A.3: Arguments for the tensors in the PPF sector orthogonal to the array of 3 point
contour correlators

Orthogonal Total no. Argument
tensor of tensors
e K(k—1) W.L.O.G let us consider s > u.
for s #u

Casel:s>w+1)
If r#s,5s+1,then

rsu  F-collapse . +su  F-collapse
e,, — 0, otherwise e, — 0

Case2:s=w+1)

If r=u+ 1, then
(u+1) u P—Slldll’]g (W+2)(u+1)u F—col]apse
_— —_—

PFF PFF ’
r(u+1)u F-collapse

if r>(@+1),thene, ~—0,
. ru+hu F-collapse
and if r < (u+ 1), then e,, —

rss k(k =2 rss  F-collapse 0
€orr ( - ) €, —
forr#s,5+1

(r+1)rr P—shdmg
e o+ e(r+1)rr k e —er
PFF PFF PEF PFF
C-shift
rrr _ 111 _ rer 111
ePFF ePFF k 1 ePFF ePFF

Table A.4: Arguments for the tensors in the PFF sector orthogonal to the array of 3 point
contour correlators
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collapse by red colour, and in case of a P/F-sliding we have indicated the e, /e, that slides by
blue colour and the corresponding e, /e, that acts as the anchor by brown colour.

The array that is orthogonal to all the tensors mentioned above must have the form

M(3-Pt)
k
N E)) S(r+1) S(r+1) >(r) >(r) >(r) >(r)
= a, (Z;(eP+ (w)®e (w)®e’(w3) -2 (w)®e) (w) e (wg))) (A41)
k
+ (D@ N w) = &) ® 8 (wn) @ (ws))
r=1
Now, the coeflicient a<]3) is given by the contraction with the tensor eg;;)(m)r’ an example of
which is the case r = 1. Then this coefficient is given by
o = M(3-PY) - e 22 = p[321] . (A42)

(r+)rr

The coefficient a(23) is given by the contraction with the tensor e, ;.

, an example of which is

the case r = 1. Then this coefficient is given by

o = M(3-Pt) - el = —p[123] . (A.43)

(3)
1

(3)

Substituting the values of @, and @5 that were obtained in (A.42) and (A.43) into the equation

(A.41) we get the expansion that was mentioned in (A.39).

A.3.3 Column Vector Representation for 4 pt. functions

Finally, let us discuss the column vector representation of the array of 4-point correlators on a k-
fold contour. We take M(4-Pt) to be the Wightman array in the Fourier domain. Its components
in column vector basis satisfy the rules mentioned in A.2.1. Using these rules, one can show

that

1VI(4-PT) = MPPPF + IVIPFFF + MPFPF + MPPFF (A.44)

where

k
=1

r
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k
MPFFF = p[1234] Z (éir+l) _ él(Dr)) ® éi_r) ® é;r) ® é;r) , (A46)

r=1

k

Mprpr = ) (03 pL121134] + 0,<, p[341[12]) (20" - 20) 20 @ 20*) @ 2

e (A47)

= > (02011211341 + 6., pI341[12])(&0*) - 20) @& @Y @ 2l

r,s=1
_ k
Mpprr = ) (65 pI131124] + 0,2, p241[13])(20 ") - &) @ 20" @& @ &Y

r,s=1

k
Z =5 PL131124] + 6, p241113])(&)"" ~ &) @ 2V @ 2 @ &Y
k
+ ) (620 pI14123] + 0,4, p[231[141)20 D & (20 - 2V) @ 2 @ 2
k
= > (6 PL141123] + O1c, p[23][14])2) @ (201 - &) @2 @ &

o[2314] Z (r+1> e - g e(r>) e @ .
r=1

(A.48)

Orthogonal tensors for four pt. functions:

The results in (A.44),(A.45),(A.46),(A.47) and (A.48) can be proved by demonstrating that
the four pt. function should be orthogonal to the following tensors. The arguments for the

orthogonality of these tensors to the array of 4 point functions are given in tables A.5-A.12.

Trivial orthogonal tensors:

4 . rsuyv rsuyv rsuy rsuyv rsuy rsuyv
12k Orthogonal tensors : ePPPP ’ ePPFP > “pFPP > TPFFP ’> TFPPP > T FPPF’
(A.49)
rsuyv rsuyv rsuyv rsuy rsuyv rsuv

e
FPFP > ~FPFF > ~FFPP > ~FFPF ’> ~FFFP > ~ FFFF
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Orthogonal | Total no. Argument
tensor of tensors
rsuv e rsuv  P-collapse
ePPPP PPPP
ersuv k4 rsuv P‘COHaPSC
PPFP PPFP ?
. P-collapse
rsuy 4 rsuy
€prpp k Coppp ————
a  P-collapse
rsuy 4 rsuy
€orrp k Crrpp
- F-collapse
rsuy 4 rsuy
€rppr k Crppp —————
suv  F-collapse
rsuy 4 rsuy
FPPF k €y
rsuy k4 rsuy F—Collapse
FPFP FPFP
rs F-collapse
rsuy k4 SUvy
FPFF FPFF ?
-suy  F-collapse
rsuv 4 rsuy
FFPP k Crppp
s F-collapse
rsuy 4 rSsuy
FFPF k Crpp
-suy  F-collapse
rsuy 4 rsuy
€rrrp k Corrp
rsuv F—collapse
el k4 ¢
FFFF FFFF ?

Table A.5: Arguments for the tensors trivially orthogonal to the array of 4 point contour corre-
lators
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Orthogonal tensors in the PPPF sector:

rsuy

k(k* — k) orthogonal tensors : e

when r, s and u are not all equal ,

k(k — 2) orthogonal tensors : e/ forr # s,s+ 1, (A.50)

(r+1)(r+1)(r+1)r + errrr

2k — 1 orthogonal tensors : e " .
PPPF PPPF

Total number of orthogonal tensors in this sector = k* — 1.

These orthogonal tensors fix MPPPF to be of the following form:

Mpppr
k
=a{’ ) (2 () @0V (wy) ® 8 (ws) @ 8 (wa) (A51)
r=1
— 2V(w) ®8(w)) ® 2V (w3) @ 8(wy)) .
The coefficient a/(14) is given by the contraction with the tensor eg;;,)F(”l)(m)r , an example of

which is the case r = 1. Then this coefficient is given by

P = M(4-Pt) - ¢222], = p[4321] . (A.52)
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Total no.
of tensors

Orthogonal
tensor

Argument

rsuv
e
PPPF

when 7, s and u
are not all equal

k(k> — k)

€
PPPF

Casel:s # u
W.L.O.G let us consider s > u.

Subcase 1 : s > (u+1)

P-collapse

rsuy  P-collapse . Fsuy
0, otherwise €y ————

Subcase2:s=w+1)
If v = u, then

ru+Du+1) P-collapse
_—

r w  F-sliding

. PPPF
if v > u, then
r(u+1)uy P-collapse

PPPF

ePpPF
if v < u, then
r(u+1)uv P‘COHHPSC
—_—

PPPF ’

Case2:s=u+r
W.L.O.G let us consider r>s.
Subcase 1 : > (s+ 1)

If v+#s,5—1,then

rssv P-collapse

ePPPF ’

. rssv P-collapse
otherwisee,,  —
Subcase 2 : r=(s+1)

If v =y, then

(s+D)ss(s—1) P-collapse
_—

(s+1)sss

F-sliding
- 5
PPPF
(s+1)ssv  P-collapse

PPPF

if v> s, thene

PPPF ’

. (s+1)ssv  P-collapse
andif v<s,thene,

rrrs
€ prpr

fors#r,r—1

k(k —2)

srs  F-collapse

PPPF

(r+D)(r+D(r+1)r
PPPF

rrer
PPPF

2k -1

e

C-shift -1y F-sliding
e(r+1)(r+1)(r+1)r — Se r N

PPPF PPPF PPPF

Table A.6: Arguments for the tensors in the PPPF sector orthogonal to the array of 4 point

contour correlators

Orthogonal tensors in the PFFF sector:

k(k* — k) orthogonal tensors : e

when s,u and v are not all equal ,

k(k — 2) orthogonal tensors : ’**° forr # s,s+ 1,

PFFF

2k — 1 orthogonal tensors : e

(r+1rrr
PFFF

rrrr

+ ePFFF :

Total number of orthogonal tensors in this sector = k* — 1.
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Orthogonal Total no. Argument
tensor of tensors
e k(k* — k) Casel:s#u
when s, u and v W.L.O.G, let us consider s>u
are not all equal Subcase 1 : s > (u+1)

rsuy  F-collapse . rsuy  F-collapse
~——— 0, otherwise e
PFFF PFFF
Subcase 2 : s =(u+1)
If r=u+1,then

D+l P-sliding utwruy  F-collapse

PFFF . PPPF >
if > u+1, then
ru+yy  F-collapse
_PFFF >
if r <u+1,then
r(u+1)uy F'COHapse
PFFF
Case2:s5=u+v
W.L.O.G, let us consider s>v

Subcase 1 : s> (v +1)

s F-collapse
Ifr#s,s+1,thene, ~———0,

. rssy F-collapse
otherwise e
PFFF

Subcase2:s=(w+1)
If r=v+1, then

)+ D1y  P-sliding w+2)(v+ D+l F-collapse
Y _—

PFFF PFFF ’

. s+ D)v+1yy  F-collapse
if r>W+1),thene — 0,
PFFF

, F-collapse
. Fv+ 1)1 p
andif r <(v+1),thene, —

rsss rsss  F-collapse
e k(k—2) e
PFFF PFFF

forr#s,5s+1

(r+1)rrr  P-sliding
e 4 (r+)rrr 2k -1 e s —e!TrT
PFFF PFFF PFFF PFFF

Table A.7: Arguments for the tensors in the PFFF sector orthogonal to the array of 4 point
contour correlators

These orthogonal tensors fix 1\~/IPFFF to be of the following form:
) k (A.54)
= o Z (25 D)) - 2V (w)) @2 (w)) ® 2 (w3) ® 2 (ws) .

The coeflicient a/(24) is given by the contraction with the tensor eg;}p);” , an example of which

is the case r = 1. Then this coefficient is given by
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o) = M(4-Po) - e 1L, = p[1234] . (A.55)
Orthogonal tensors in the PFPF sector:

Bk -2) orthogonal tensors : eg;vp forr#s,s+1,

2 _ . (r+Druy _
k“(k — 2) orthogonal tensors : ¢, " "™ forv # u,u —1,

Kk —2) orthogonal tensors : 7" forv # u,u—1,

(r+1)ruu + rruu

k* orthogonal tensors : e ,
PFPF PFPF

2 . rr(u+u rr(u+1)(u+1)
k= orthogonal tensors : e}/ "" + ¢!/ , (A.56)

(r+Dr(u+Du err(u+l)(u+1)

2 )
k- orthogonal tensors : e, i ,

1
E(k2 — k) orthogonal tensors : 7+ DT _ (0D for | < | < (k= 1),

1
E(k2 — k) orthogonal tensors : /- DU=DFDOFD _ g DI*D for | <1 < (r— 1),

rrrr 1111

k — 1 orthogonal tensors : e .
PFPF PFPF

Total number of orthogonal tensors in this sector = k* — 1.

These orthogonal tensors fix IVIPFPF to be of the following form:

MPF PF

k
= a/(34) Z (9r>s + HrSseﬁ(w3+w4))

r,s=1

(éi,’”rl)(wl) - él(ur)(wl)) ® éif)(wz) ® éi)s+1)(w3) 2 ES)(M‘) As)
k
B 02’4) Z (grzs + 9r<s€ﬂ(w3+w4))
r,s=1

(20D (1) - 2P(w1)) ® 2 (w)) ® &0(w3) ® 20 (ws) .

The coefficient a/g4) is given by the contraction with the tensor eg;},);(m)“' for r>s , an example

of which is the case r = 2, s = 1. Then this coefficient is given by

@) = M(4-Pt) - e 221 = p[12][34] . (A.58)
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Orthogonal Total no. Argument
tensor of tensors
rsuv KBk =2 rsuy -collapse
ePFPF ( - ) PFPF
forr#s,5+1
P-coll
e(s+1)suv kZ(k _ 2) e(s+1)suv co apse;
PFPF PFPF
forv#u,u-—1
ssuy kZ k 2 ssuy P-collapse
€ prpr ( B ) A
forv#u,u-1
e(s+1)suu + pSSuu k2 e(s+1)\uu P—shdmga _,ssuu
PFPF PFPF PFPF PFPF
eSS | pss(ur (1) K2 eSSt u F-sliding oSS+
PFPF PFPF PFPF PFPF
DS _ pss(ur Dt 1) 2 (s+1)s(u+ 1y F-Sliding S+ Ds (D)
PFPF PFPF PFPF PFPF
P-sliding
s ess(u+1)(u+1)
} PFPF
QUG+ 1Ds5 _ gD Dss | L2 _ py s+ D(5+ Dss Pliding 25+ D)ss
PFPF PFPF 2 PFPF PFPF
F-sliding (s42)(5+2)ss
forl <I<(k-y5) —e, .
P-sliding _ L (s543)(s+2)ss
PFPF
F-sliding 2
s e(s+3)1\+.nss
PFPF
P-sliding F-sliding e(s+1+l)(s+1+l)ss
PFPF
F-sliding
(s=D)(s=D)(s+1)(s+1) 1,72 ss(s+1)(s+1) s(s—D(s+1)(s+1)
e ~(k-=k) | e — —¢
PFPF 2 PFPF PFPF
_ ess(s+1)(s+1)) Psliding =)o D(s+1)(s+1)
PFPF PFPF
F-sliding
for1 <I<(s-1) : > —el =25t
Poliding (- 2)(s-2)(s+1)(s 1)
PFPF
F-sliding P-sliding e(s—l)(s—l)(s+1)(s+1)
e PFPF
ssss 1111 _ ssss St - gqqq
PFPF PFPF k 1 ePFPF PFPF

Table A.8: Arguments for the tensors in the PFPF sector orthogonal to the array of 4 point

contour correlators
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Orthogonal tensors in the PPFF sector:

k(k — 3)(k* — 8) orthogonal tensors :

k(k — 3) orthogonal tensors :
k(k — 3) orthogonal tensors :
k(k — 3) orthogonal tensors : e
k(k — 3) orthogonal tensors :
k(k — 3) orthogonal tensors :

k(k — 3) orthogonal tensors : e

rsuy
e, for lu—v|>1and

r,s) ¢ {(u,v),w,v+1),u+1,v),(u+1,v+1),

wu),v+1Lu),v,u+1),v+1,u+1)},

(u+1)vuy uvuy _
Cprrp el forju—v>1,

u(v+1)uy + euvuv for |I/t _ Vl > 1 ,

€oprr PPFF

u+ D)+ Duy
PPFF PPFF

v(u+1)uy vuuy _

e +en forju—v|>1,
(v+1Duuy vuuy _

e et forju—v|>1,

v+ 1) (u+1)uy
PPFF PPFF
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- forlu—v|>1,

- forlu—v|>1.

(A.59)



k(k*> = 7) orthogonal tensors :

k(k*> = 7) orthogonal tensors :

rsu(u+1)
PPFF

for(r,s) ¢ {(u,u+ 1), (u,u+2),(u+1,u+1),

e

(u+1,u+2),(u+1,u),(u+2,u),

u+2,u+),

rs(v+1)v
PPFF

for(r,s) ¢ {(v+1,v),(v+2,v),v+ 1, v+ 1),

e

w+2,v+ 1), (v,v+1),(v,v+2),

v+1,v+2)},

u(u+2)u(u+1) + eu(u+l)u(u+l)

k orthogonal tensors : e 7" PPEE
k orthogonal tensors : el Dr20lurl) _ gutur Dulutl) o
k orthogonal tensors : e!2 ) 4 gl DuuturD) |
k orthogonal tensors : el Dutuerl) _ plut huuturl)
k orthogonal tensors : e:ffF:z)(W’])v + ef,;”;;”“*”v ,
k orthogonal tensors : etV +20+Dy _ gDty
k orthogonal tensors : e\ 2"V 4 oMy
k orthogonal tensors : e\ 20 DY _ g Diivsby
k — 1 orthogonal tensors : g\ De+Dutrl) _ g2212
k — 1 orthogonal tensors : {7 DO+DO+DY _ 2221
lk(k — 1) — 1 orthogonal tensors : e — e2!2! for u > v,
> PPFF PPFF
5k(k — 1) — 1 orthogonal tensors : e} — eﬁ;ﬁfor u<v,
5k(k — 1) — 1 orthogonal tensors : e — e:,iflfor u>v, (A.61)
Ek(k — 1) — 1 orthogonal tensors : e — ei;;ifor u<v,

1 orthogonal tensor : e

1 orthogonal tensor : e

1212 _ flontws) 2121
PPFF PPFF

2112 Blwi+ws) ,1221
PPFF eﬁ ePPFF :
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k(k* — 4) orthogonal tensors

PPFF

1111

uuuu

k — 1 orthogonal tensors : e
k — 1 orthogonal tensors : e
k — 1 orthogonal tensors :
k — 1 orthogonal tensors :
1 orthogonal tensor :
1 orthogonal tensor :
1 orthogonal tensor :
1 orthogonal tensor :

1 orthogonal tensor :

PPFF PPFF °
(u+1D)(u+Duu 2211
PPFF PPFF °
(u+Duuu 2111
ePPFF ePPFF ?
eu(u+1)uu _ 61211 ,
PPFF PPFF
62“1 3121 3112
PPFF PPFF PPFF
61211 _ 1321 _ 1312
PPFF PPFF PPFF
2221 2331 3231
ePPFF ePPFF PPFF
82212 _ 62313 3213
PPFF PPFF PPFF
1111 2111 1211
ePPFF + ePPFF PPFF

. er‘m”fOI‘(”, S) ¢ {(I/l, M), (M + 1,”), (M,I/t + 1)’ (I/l + 1’” + 1)} ’

2211
+ ePPFF :

(A.62)

Total number of orthogonal tensors in this sector = k* — 3.
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Orthogonal Total no. Argument
tensor of tensors
e kk-3) |Ifr+uu+1 and s#u,u+1,
F-collapse
for |u —v| > 1 and (k* - 8) then /%" ———
(r,s) & {(u,v), (u,v+1), Ifr£v,v+1 and s#v,v+1
1 1 1 h o F-collapse
(u+1,v),(u+1,v+1), then e/’ ———
v,u), (v + 1,u),
v,u+1),v+1,u+1)}
e(u+1)vuv + etvuy k(k _ 3) e(u+l)vnv P—slidingE _ uvuy
PPFF PPFF PPFF PPFF
forju—v|>1
P-sliding
u(v+1)uv uvuy _ u(v+1u s —pHvuy
ePPFF PPFF k(k 3) ePPF/ ePPFF
forju—v|>1
e(u+1)(v+l)uv _ euvuv k(k _ 3) e(u+1)(v+1)ur P—slidingE _e(ztfl)VIIV
PPFF PPFF PPFF P-sliding PPFF
-sli
forju—v|>1 —_—
P—slidingP”
v(u+1)uv vuuy _ v(u+1)uv NP
€oprr + €pprr k(k 3) €pprr €oprr
forju—v|>1
P-sliding
(v+1Duuv vuuy _ v+1Duuv NP
ePPFF PPFF k(k 3) ePPF/ ePPFF
forju—v|>1
e(v+1)(u+1)uv — ptvwy k(k _ 3) e(v+1)(u+1)ur P—slidingE _ev(u+l)uv
PPFF PPFF PPFF P-slidin PPFF
-sli
forju—v|>1 £, v
PPFF

Table A.9: Arguments for the tensors in the PPFF sector orthogonal to the array of 4 point
contour correlators
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Orthogonal Total no. Argument
tensor of tensors
ersuurl) k(k?-=7) | fr#uu+1 and s#u,u+1,
F-collapse
for (r,s) ¢ {(w,u + 1), (u,u +2), then ¢/l
wu+lLu+1),(w+1,u+?2), Ifr+fu+1l,u+?2
u+1uw),@m+2,u),u+2,u+1)} and s#u+1,u+2,
then " su(u+1) F-collapse
_ PPFF
ety k(k*=7) | Ifr#v,v+1 and s#v,v+1,
(w1 F-collapse
for (r,s) ¢ {(v+ 1,v), (v +2,v), then /S0
v+Lv+1),v+2,v+1), Ifr£v+1,v+2
wv,v+1D,(v,v+2),(v+1,v+2)} and s#v+1,v+2,
then (V1) F-collapse
PPFF ___
eﬁg;;Z)u(uH) n eﬁl(fgl)u(un) k eﬁl()lg—Z)wuH) P-sliding = ezg-;l)u(uﬂ)
QU DDt 1) _ gt it 1 k £l Dk P-sliding = g2t
Posliding = s Duqu+1)
_ I_DPFF
QD) y gl Dt k s D) P-sliding = e D)
QD Duli 1) _ g Dt 1 k QD k) P-sliding = s D)
Pliding Gt Duuu 1)
_ I_DPFF
e:i\;—;Z)(v+l)v + eﬁi\;:l)(v+l)v k e;gj\j-;Z)n‘H»v P_Shdmge _e;i\:;l)(v+l)v
e&)\;:lp)(v+2)(v+l)v _ e\;g;:l)(v+l)v k eS;;F)(wz)(vH)r P'Shdmg; _ ZS;;Z)HHW
P—slidings ev(v+l)(v+1)v
eg;;i)v(v+l)v " ef)\;—;llv)v(v+l)v k eﬁ)\;ﬁ/—i)vu'Jrl v P‘S“di“ge _ eg;lF)v(v+l)v
DDy _ gl Dutuy k U0+ P-sliding = G2y
P'Shdmg; e+ DY+ 1y
T PPFF
(w+ D+ DuQu+l) _ 2212 _ 2212 S G 1) Duu+1)
€ pprr € oprr k-1 € oprr e € pprr
G+ D+D+y _ 2221 _ 2221 8 “5 W+D+ D+
ePPFF ePPFF k 1 ePPFF ePPFF

Table A.10: Arguments for the tensors in the PPFF sector orthogonal to the array of 4 point
contour correlators
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Orthogonal Total no. Argument
tensor of tensors
el _ 2121 Tkk-1)-1 Case 1: u=v+1
PPFF PPFF 2 T
-sh1
for u>v e2l2l —— el vviy
Case 2: u=(v+m) where m>1
2101 P-sliding 3121 F-sliding 3131
PPIF PPFF PPIF
P-sliding . F-sliding A+m)1(14+m)1
PPFF
C-shift (v+m)v(v+m)v
212 T FREE
ety — e sk(k—1)—-1 Case 1: v=u+1
PPFF PPFF 2 CT
-sn1
for u<v el212 —— eulutbuturl)
Case 2: v=(u+m) where m>1
1212 P-sliding 1312 F-sliding 1313
PPFF PPFF PPFI
P-sliding o F-sliding 1(14+m) 1 (1-4m)
PPFF
C-shift
; u(u+m)u(u+m)
I PPFF
el _ 1221 “k(k—1)—-1 Case 1: u=v+1
PPFF PPFF 2 CT
-sni
for u>v elz2l —— et Dvty
Case 2: u=(v+m) where m>1
61221 P-sliding 1321 F-sliding 1331
PPIF PPFF PPFF
P-sliding o F-sliding el(l+m)(1+m)1
PPFF
C-shift
s ev(v+m)(v+m)v
2112 T S
vuuy __ 1 _ _ —
e —e., " sk(k—1)—1 Cz:.jse;l%. v=u+1
-shift
for u<v e2l12 —— el Duuturl)
Case 2: v=(u+m) where m>1
2112 P-sliding 3112 F-sliding 3113
PPFF PPFF PPFF
P-sliding o F-sliding e(l"'m)ll(l"'m)
PPFF
Coshift
s u+m)uu(u+m)
CshiF PPFF
1212 _ Blwr+ws) 2121 1212 SN ke D+ 1) (wa+ws) k1K1
ePPFF e ePPFF 1 ePPFF ePPFF - eﬁklkl ePP2F1F21
We have already shown that e, — e, .- .
Therefore, ¢1212 — eflw2twa) 2121
PPFF PPFF
C-shift
2112 _ Blwi+ws) ,1221 2112 s Ut Dkk(k+1) (w1+ws) ,1kk1
ePPFF e ePPFF 1 ePPFF ePPFF - eﬁlkkl ePPlele
We have already shown thate,,  — e > .
2112 (watws) 1221
Therefore, €211 — ¢ el

Table A.11: Arguments for the tensors in the PPFF sector orthogonal to the array of 4 point
contour correlators
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Orthogonal Total no. Argument
tensor of tensors
ersu k(k* — 4) If  # u,u + 1 then,
PPFF
il P-collapse
for (r, ) & {(u,u), (u + 1, u), e
(wu+1),(u+1,u+1)} If s # u,u + 1 then,
P-collapse
er‘\'uu 5
PPFF _
wuuu __ 1111 k=1 ellll C-shift uuuu
PPFF PPFF PPFF _ PPEF
Pt D+ D _ 2211 k—1 o211 C-shift P+ D+ D
PPFF PPFF PPFF ChiF PPFF
-shift
e(u+1)uuu _ 62“1 k=1 6’2111 (u+1uuu
PPFF PPFF PPFF _ PPFF
Pl _ 1211 k—1 1211 Cshift s lyuu
PPFF PPFF PI;FF PPFF
F-fragmentation
Q2111 _ p3121 _ 3112 1 2! QS 4 G312
PPFF PPFF PPFF PP PPFF PPFF
pedl2 | 3122
p " PPFF PPFF
OTApSE 3121 3112
. € pprr t € oprr
F-fragmentation
pl211 _ p1321 _ 1312 1 12 p1311 4 p1321
PPFF PPFF PPFF PP PPFF PPFF
tel32 1322
P 1 PPFF PPFF
COTAPSE S1321 L1312
e!’PFF + € pprr
2221 _ 2331 _ 3231 1 oy Prfragmentation = y3, 0 533
e e e +e
PPFF PPFF PPFF FF PPFF PPFF
43231 3331
PPFF PPFF
F-collapse 62331 + 83231
_ PPFF PPFF
212 _ 2313 _ 3213 1 1o Pragmentation = 5515 5313
e e +e
PPFF PPFF PPFF FF PPFF PPFF
43213 3313
PPFF PPFF
F-collapse 623 13 3213
PPFF PPFF
P S B
1 o+l -1 - i 1+l I
I I B e I S e e
PPFF PPFF PPFF PPFF
_ePorg o )2 _ePorgpn )2

Table A.12: Arguments for the tensors in the PPFF sector orthogonal to the array of 4 point

contour correlators

In table A.12, when there is a P/F or fragmentation we indicate the ep/ef that fragments by
green colour. Let us explain the argument given for the last orthogonal tensor in table A.12. We
successively remove the pair of future-most insertions on the first 2 legs whose contributions

cancel each other, thus resulting in zero. These orthogonal tensors fix 1\~/IPPFF to be of the

following form:
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Mpprr

k
= 05‘4) Z (6r>s + Qrgseﬁ(w2+w4))

r,s=1

(25D (w1) - 2P(w) ® 2 (w)) ® 27 (ws) ® 2 (ws)
k
- 0/5;4) Z (9r2s + 0r<seﬁ(w2+w4))
r,s=1
(2P - 2 (W) @2 (W) ® 2 (ws) ® 2 (ws)

k
+al Z (62,9 + 6, (A.63)
r,s=1
20D (w1) ® (2 (wy) — & (wn)) @ 80 (w3) @ 2 (wa)

k

- (Z?) Z (Hr>seﬁ(wl+w4) + erSs)

r,s=1

2(w1) @ (28 (w)) — 8V(w2)) ® 2 (w3) @ 8 (ws)
k
4 — — - —
+ ozé ) Z (eﬁf“)(wl) ® e(P’“)(wz) ® efr’)(w3) ® efrr)(wé;)

r=1

>(r) >(r) >(r) 5(r)
—e (w)®e (w)®e (w)®e, (w4)) .

The coefficient a/f) is given by the contraction with the tensor e\s """ for r > s, an

example of which is the case r = 2, s = 1. Then this coefficient is given by

a? = M(4-Pt) - ¢332 = p[13][24] . (A.64)

The coefficient 0124) is given by the contraction with the tensor eg;;);”l)” for r<s , an exam-

ple of which is the case r = 1, s = 2. Then this coefficient is given by

@) = M(4-Pt) - e 32 = p[23][14] . (A.65)
Finally, the contraction with the tensor eg;;)}r“)” forany r € {1,--- ,k} gives

ai4)eﬁ(a)2+w4) + ag4)eﬁ(w1+a)4) + a(64) .
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Let us look at this contraction for » = 1 which gives

(4) eﬁ(wz+w4) + a,(4) eﬂ(w1+w4) + a, M(4 Pt) - PZI%}D;

(A.66)
= p[2314] + p[24][13] + p[14][23] .
Now, using equations (A.64) , (A.65) and the KMS relations, we have
aPePrre) = Perranpl13][24] = p[241[13],
(A.67)

aPflrren = et pn3][14] = p[14][23] .

Replacing the expressions of aff)eﬁ(‘”z*‘”‘*) and a?)eﬂ(‘”' *@4) obtained in (A.67) into (A.66) we get

al = p[2314] . (A.68)

Next using the values of cx )°s obtained in (A.52), (A.55), (A.58), (A.64), (A.65) and (A.68)

respectively, and the following KMS relations:

p[341[12] = L@ r9)p[12][34] ,
p[241[13] = L@t p[13][24] , (A.69)

p[14][23] = Lwrtes)p[23][14] ,

we get the expressions in (A.45),(A.46),(A.47) and (A.48).
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Appendix B

Appendices to Chapter 4

B.1 Dimensional analysis

In this appendix, we list the dimensions of various couplings etc. that appear in chapter 4.

e Dimensions of position and noise variables :

Il
~

[4] N1=L7'T.

e Dimensions of couplings :

[m,)=M, [F1=LT?, [yl=T", [1=T",
[,] =k, ] = LT, [£]=LT,

[l =[1=L7"'T7, [A,)=k)]=L"'T".

e Dimensions of Noise parameters :

(] =L*T3, [l =0T, [Z)=LT"

e Dimensions of Spectral functions :

[ol1211 = MT™",  [p[12,]]1 = M*L*T2,
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[p[123]] = ML™'T™" | [p[123,]] = [p[12,3]] = M*LT™*, [p[12,3.]] = M°L’T™> .

(B.5)
e Dimensions of System Bath couplings
[gx] = [gy] = MT_2 > [gxy] = ML_IT_z . (B6)
e Dimensions of System Bath coupling distribution functions
2 2 2
8x 8y -3 8y 22
(G =W = M= (=) = 1777
M My ¢ gn;xmy (B.7)
x8y8xy\\1 _ ~1—4
[«Tmy»] =MLTT
e Dimensions of Spectral function parameters
d=lyl=1Q1=T", [[,1=L"°T*, [3]1=L". (B.8)
e Dimensions of Thermal parameters
BI=T, Dyl=LT">. (B.9)

B.2 Contour integrals and Poles for the Effective Couplings

In this appendix, we will present some more details about the contour integrals that have to be
evaluated to obtain the effective couplings in our model.

For each coupling, we write down the explicit integrals over which double contour integra-
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tion ! needs to be performed. In table 8, we tabulate the poles in each integrand whose residues
add to give the final coupling as we perform the contour integral first over w; and then over ws.

We will write our integrands performing an integral over the frequency delta function:

f = f 2m0(wy + wy + w3) . (B.10)
C C3

The explicit integrals for the cubic couplings are given by the following expressions :

- (w; — wy) ( wlwz) s Q? 3,02
A3 = =413 X =— ,
f Wi Q2 l;[ w’ + 02 2

2
i
3
02 3,02
e, [ o) Py
Q Wt 0?2 2
- 3 (B.11)
_ 21F3f (Cwy — 0w = @) (1 - “’1”2) <[] ® _ o
wiws Q? ] w; + Q2
(w3 = 2w ) (w3 — w») ( w2w3) 2 Q?
K3, = 21 1 - X = -2IQ,
3y 3f w1w3 02 1};[ w}% + 02 3

2 3 w3 2 3 w}
=-T 2 — + 1+ S| = + 1+ —1
é/y 3Vin L, [(w% wlwg)( Q2 (w% w1w3)( Q2

3 W+ Ww;s + W 3 Q? 3
- (3 +22 o 1)] X l_[ = =TIy, (B.12)

3
_ 1 W + wiw3 + W? Q2
K3y = 6r3v,2hf 3422 - L x ]_[ = 30507,
¢, WIws Q w; +Q?

3
1 W2 + wiw; + W? Q2
_ 4 3 1 I | 4

_ 2F3vfh (w) — w3)

w? + Q2

3
(ZQ2 + wiwsz + 2(w% + wiws + w%)) X l_[
k=1 "k

The integral over w; is trivial due to the presence of a delta function coming from energy conservation. So,
one has to integrate over the frequencies w; and ws.
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Poles in w; Poles in w; Poles in w; Poles in w;
ks | iQ + i€ iQ — ie; A | iQ+ie iQ — ie;
—W3 +iQ+ie —iey | 2IQ — ie —W3 +iQ+ie —ie | IQ —ie
E3y ié] Q- i62 ’1?37 ié] Q- i62
i1Q+ig iQ—ie 1Q+ig iQ—ie
—W3 +iQ+i61 —ie Q- 6 —W3 +iQ+i61 —ie Q- 6
—W3 +iQ+i61 —ie 2iQ — ie —W3 +iQ+i61 ) 2iQ — ie
A, | i€ iQ—ie L | ie iQ—ie
iQ+ i€ Q- 6 —W3 +iQ+i61 —ie Q- 6
—W3 +iQ+ie—ie | IQ—ie —W3 +iQ+ie —ie | 210 —ie
gN iE] Q- i62 gy iE] Q- i62
iQ+ig iQ—ie iQ+ig iQ—ie
—w3+iQ+ie—ie | IQ—ie —w3+iQ+ie—ie | IQ—ie
—w3+iQ+ie —ie | 2IQ — i —w3+iQ+ie —ie | 2IQ — i

Table B.1:

Poles for determining cubic couplings
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Appendix C

Appendices to Chapter 5

C.1 Cumulants of the bath operator that couples to the par-
ticle

In this appendix, we provide the forms of the 2-point and 4-point cumulants of the bath operator
A0(t) = 1Y, 8. X ()YY(7) that couples to the particle. These cumulants are calculated in
the high temperature limit where

BQ < 1. (C.1)

We will see that, in this limit, the cuamulants decay exponentially when the separations between
insertions are increased. To show the form of this decay we follow the notational conventions

given below:

e The interval between two time instants #; and ¢; is expressed as

tij =1 — lj. (C2)

e The cumulant of any Wightman correlator (O(t;,)O(t;,) - - - O(t;,)) s expressed as
(i1iy -+ - 1) = O1;))O(ty) - - - O(t;,))c - (C.3)

Keeping these notational conventions in mind, let us now discuss the decaying behaviour of the

cumulants.
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C.1.1 2-point cumulants

From the form of the operator O(¥) given in (5.3), we can see that the 2 point cumulants receive

contributions from the Feynman diagram shown in figure C.1. Here the blue and red lines

Figure C.1: Feynman diagram contributing to the 2-point cumulants

h 1)

represent XV-X and Y-Y\) propagators respectively. To get the 2-point cumulants, one has
to sum over all the oscillator frequencies in the bath. In the continuum limit, these sums reduce
to integrals with the appropriate distribution of the couplings given in (5.8). Performing these
integrals over the oscillator frequencies, we find that the cumulants decay exponentially when
the time interval between the insertions is increased. In table C.1, we provide the forms of the
slowest decaying modes in these cumulants. The decay rates of these modes are of the order of
Q. All the other modes which we have not mentioned in table C.1 decay at much faster rates

which are of the order of 87!

Table C.1: Decay of 2-point cumulants for ¢, > 1,

Cumulant | Slowest decaying mode
Lot
/12<12> _(giﬁizl_l)Ze 2Qt12
0o -
/l2<21> _me 2011

C.1.2 4-point cumulants

The Feynman diagrams that contribute to the 4-point cumulants of O(f) are given in figure
C.2. Again, integrating over all the oscillator frequencies with the corresponding couplings
following the distribution given in (5.9), one can obtain the forms of these cumulants. As in case
of the 2-point cumulants, these 4-point cumulants also decay exponentially when the separation
between any two insertions is increased. We provide the forms of the slowest decaying modes
of these cumulants in table C.2. By looking at these forms, one can see that the decay rates of

these modes are of the order of Q as well.
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Figure C.2: Feynman diagrams contributing to the 4-point cumulants

5 h 53 h
13 I3 14 14
1) ] 1) h
4] 13 Iy Iy

Table C.2: Decay of 4-point cumulants for ¢; > 1, > t3 > t4

Cumulant Slowest decaying mode
A(1234) i G )
24(1243) (j/zrsf?] )46'2'”9(6‘2’239 + 2e"ﬁ9)
/14<1324> (jﬁréilw672:,49(672z23n+w9 + P 4 1)
A4(1342) (jfiﬁﬁ 6—2114Q+2iﬂ9(e—21219 + ze*[/jﬂ)
A%(1423) (F%/;;f?])4e—2rldg+iﬁn( 14 e 29 4 ezﬁﬂ)
A4(1432) %(ﬂmﬂﬁiﬂﬂ(z + e—Zrzsg)
A4(2134) I )
/14<2143> %e‘z’”ﬂ(e“zmﬂ + Zez,ﬁg)
R e (T e )
A4(2341) ﬁ_f‘me—bmmzwn((%g N 2)
142413) (jﬁ{;iﬁ e—2t|4Q+iBQ( o2 4 HiBQ 4 eZiﬂQ)
431y | e i g2y 9pih0)
A43124) %Ezmmzwﬁ((mﬁ + Ze’iﬂﬂ)
A4(3142) (j/xl;?i!lﬁ 872“4Q+[ﬁ9(1 +eP? 87212;(“2’.[39)
43214y (j;??l)a e—21|4ﬂ+2iﬁﬂ(2 + 6-2;239)
A(3241) | ZHE (| 4 P9 4 om0
A4(3412) (jﬂrgflm e—znmuiﬁn(z N e—2t23ﬂ+2iﬁﬂ)
A4(3421) ﬁ—f}we’z"49*3iﬁﬂ(2 + e*Ztg}Q+lﬁQ)
A4(4123) (j;ﬁlw e—2t,4g+2iﬁﬂ(2 + e-zmg)
A4132) | 2 B0 | 4 B | g i)
A4(4213) (j{gf!w e—z:.mm‘m(z 2P efzmg)
A44231) (63;3?1)4 e—21.4n+31ﬁ’n(1 + Py e—quQ)
A4(4312) (e%{!;?] )48721.4g+3i/39(2 + efztzggﬂm)
A4(4321) (j{g_flme—zt.mwﬁﬂ(z + efzmn)
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C.2 Argument for the validity of the Markovian limit

In this appendix, we provide an argument for the validity of the Markov approximation for the
parameter regime given in (5.14). This argument will mainly involve dimensional analysis.

In the units where 7 and the renormalised mass of the particle are unity, the dimension of
each effective coupling can be expressed as some power of time. We provide these dimensions

below.
Dimensions of quadratic couplings:
[Z1=T°, 1 =T", 1=/ = (C.4)

Dimensions of SK quartic couplings:

V1=l =151 =1{P1=T""

— _ (C.5)
[Aa] = [43,) = [{P1=T7
Dimensions of OTO quartic couplings:
[ka] = [ka] = [04] = [04] =
(C.6)

[4,] = (k4] = (k4] = [k, ] = [K)] = [o4,] = [0f}] = [0}, = [0} ] = T~

Now, from the value of each of these couplings given in section 5.4.5, one can obtain a time-
scale. For the Markov approximation to be valid, we need all these time-scales to be much

larger than Q~!. This fixes the following Markovian regime for the parameters:
I, < Q, Ty < BPBQ), Ty < fA(BQ). (C.7)

Since, the values of the parameters in section 5.4.5 are computed in the higher temperature

limit, we need to impose the following condition as well:
Q< 1. (C.8)

In addition to the above hierarchy, we need the following condition for the validity of the
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perturbative analysis !

I, < (F2)2 . (C.9)

Note that imposing this condition along with the high temperature limit in (C.8) and the in-
equality for I'; in (C.7) automatically ensures that I falls in the domain given in (C.7).

Combining all these conditions, we get the Markovian regime mentioned in (5.14).

C.3 Relations between the OTO effective couplings and the
bath’s OTOCs

In section 5.4.1, we obtained the form of the non-local generalised influence phase of the par-
ticle by integrating out the bath’s degrees of freedom on the 2-fold contour. When the bath’s
cumulants decay sufficiently fast compared to the time-scales involved in the particle’s evolu-
tion, one can get an approximately local form for this generalised influence phase. This ap-
proximately local form is similar to its Schwinger-Keldysh counterpart (see (5.15) and (5.16)).
The quadratic and quartic terms in this approximately local generalised influence phase are as

follows:

4 1y 1
We ~i ). f | f dtz (T 04, (1) 0 (t2))e )i (1) (11 — €)

1
ii=1 "Y1 fo

+{ f dty (Tc0;, (1) 0 (12))e 111, (1) (11 — €) (C.10)

)

1 t2
t{ [ e 70,0000 Pai et - o)

'In this perturbative analysis, we assume that the contributions of the quartic terms to the particle’s dynamics
are small compared to those of the quadratic terms.
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Wil ~ i Z f dn f dt f s f dty (T2 0, (10,10, ()0, 1),

—Lig=1

qi,(t1)qi, (11 — €)q;i,(t1 — 2€)q;,(t1 — 3€)
+{ j: " dt, ft ’ dts ft ’ dty (TcO;,(11)0,,(12) 04, (£3) 0y, (14))e tm}
0 0 0
qi, (t1)qi, (1 — €)qi; (11 — 2€)q;, (1) — 3€)
+{ j;tl dt, ftlz dts ftta dty {(TcO; (1)) 0, (1) 0:,(13)0;,(14)) t31}
0 0 0
41, (1) qi, (11 — €)qi, (11 — 2€)q;, (1 — 3€)
+{ Itl dt, j;z dts ff dty {(TcO;,(11)0,(12)0;,(13)0;,(14)) t41}
0 0 0

41 (1), (11 — )giy (11 — 2€), (1 = 36)].
(C.11)

One can compare the leading order forms of the 4-point OTO cumulants of the particle obtained
from this approximately local generalised influence phase, and the similar forms obtained from
the out of time ordered 1-PI effective action given in section 5.4.2. This comparison yields the
leading order form of any quartic OTO coupling g in terms of an integral of the 4-point OTO
cumulants of O(r) as follows

g= 44 hm d:z f dt f dt, I[g] + O(1°), (C.12)

—tfH—o0

where the dependence of 7[g] on cumulants of the bath are given in table C.3 for all the OTO
couplings. In expressing these cumulants , we follow the conventions introduced in section
5.3.2. In addition, we represent the cumulants corresponding to double (anti-)commutators of

O(t) as follows:

([12][34]) = ([O(11), O@)][O(13), O(14)])c,
([12,](34]) = {011, O} O(13), O(t4)])cs
([12](34.]) = {[0(t1), O(&){ O(13), O(t4) e,

([12,1[34.]) = {0(11), O(E)HO(13), Ot4)})e, etc.

(C.13)
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Table C.3: Relations between the OTO couplings and the 4-point OTO cumulants of O(¢)

8 Ilg]

K £]2(c112341) - ([43211)) - (([2314]) - ([3241]) + ([1423]) — ([4132]))]

K 6i(([1234]) + ([4321]))

00 | [ - 123,400 — (43,2, 1,1) + ([14,2,3. 1) + ([41,3,2, ) + ([2314,]) + ([3241,])]
O | 3[(C43.210) + (1432, 10) + (4321, 1)) - (([12:34]) + ([123,4]) + ([1234.]))|

<, 2=t + 113 + 10(([34.1012,0) = ([12,1134,1))

+(t12 = 11 + 1)(([24.113.1) - ([13,1[24.1))
+(tr + s = 1)(([23,1014.1) = ([14.1[23.))]
ol 2=t + 13 + 0)(([3410120) - ([121134D))
+(t12 = i3 + 1a)(([241113]) — ([13]1124]))
+(t12 + 113 — 11)(([231[14]) — ([14][23]))]

K4 —ﬁ[(—z]2 +h3+ z14)(<[4321]> +([2314]) + <[2413]>)
+(t12 = 113 + 1a)(([4231]) + ([2341]) + ([3412)))]

., =4[t + t13 + 1)([1234]) + (=112 — 113 + 304)([4321])]
® £z = 13 + na)(C1141123] - ([321[41D))

+(t12 + 113 — 1) (([121[341) = ([431121]) + ([131[24]) - ([42][31D))]
oy [(t12 = 113 + 1)(([121[34] + ([4311211))

+(=tip + 13 + 1)(([131124]) + ([421[31]) + ([141[23]) - ([321[41D))
ol (=112 + 113 + 1) (([12, 10341 + ([43,1121]) + ([12][34,] + ([43][21.1)))

+(t12 = i3 + 1)(([13, 11241 + ([42,1[311) + ([131124,]) - ([421[31,]))
+(t12 + i = 1)(([14,1123]) + ([32,1[41]) + ([141[23,]) - ([32][41,]))
ah, =t + 3 + na(([12,341) - ([43,210))

+(t12 = 113 + 14)(([123,4]) - ([432,1]))

+(tn + 13 — 1)(([1234,]) + ([4321,D))]

a, $|ra(<0120034.7 + (143, 1121D)) + 15 (<431021,1) + ([12,1[341)
+113(([131024.] + ([42,11311)) + 5o [421[31.1) + ([13,1[24])
+11a(([141123,1 + ([32.1[411)) + 13o(([320[41,1) + ([14,1123])|

C.4 Quartic couplings in the high temperature limit

In this appendix, we provide the expressions of all the quartic effective couplings at the high
temperature limit in terms of the 6 spectral functions given in (5.96). These expressions are
obtained from the forms given in tables 5.2 and 5.3 by imposing the KMS relations between the
spectral functions. We studied such KMS relations between the bath’s correlators in chapter 3
to express the Fourier transforms of all contour-ordered correlators in terms of a different basis

of spectral functions which is given below:
pl1234], p[4321], p[2314], p[12][34], p[13][24], p[14][23]. (C.14)

Notice that the spectral functions corresponding to the nested commutators in this basis are

identical to three of the spectral functions given in (5.96). The remaining three spectral func-
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tions corresponding to double commutators can be expressed in terms of the spectral functions

in our basis as follows:

(1+f(wn)(1 + f(wn))
o[12][34] = (12341 + p[2143]),
+ T(wq) + (wy
(1+f(w1) + f(w2))
(1+f(wn)(1 + f(ws))
o[13][24] = (112341 + p[2314] + p[3142]), (C.15)
(1 +f(wn) +f(ws))
o[14][23] = (1 + ftwn)(1 + @) (p[2314] + p[3241]),

(1+ f(@n) + f(wa)
where f(w) is the Bose-Einstein distribution function given by

1

W) = -

(C.16)

This demonstrates that the spectral functions given in (5.96) indeed form a basis. We choose to
work with this basis rather than the one given in (C.14) because, in the high temperature limit,
the S-expansions of all the spectral functions in this basis begin at the same power of 5. This
simplifies comparisons between the leading order forms of the different couplings.

Now, let us provide the expressions of the quartic couplings in terms of this basis. In the

high temperature limit, any quartic coupling can be expressed as
g= f T(gl+0(°), (C.17)
Cy

where the integrand 7 [¢] for the Schwinger-Keldysh couplings and the OTO couplings are
given in tables C.4 and C.5 respectively. In these integrands, the spectral functions are truncated

at their leading order in S-expansion.
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Table C.4: SK couplings upto leading order in 8

8 Llgl
,1: . ~ ooeaP11234]
;") /33wfwzwxw§(w|+szl)(un+u)4)(w3+w4)3 wi(w; + w4)(w‘2‘ — wrw3)p[1234]
+wi(w) + w3) (W1 + wWg) (W3 + wy)p[4321]
—wiwa(w) + w3)(w) + wy)p[2143] + w]wz(wg - wi)p[2314]
—wrwy(w1 + W3)(W3 + Wy)p[3241] + Wiws(w) + wg) (W3 + w4)p[3142]]
O | ooy~ @1@s(@ + 0n)((@s + @)1+ w3) + wiwr - w))p[1234]
+w1w2w§(w1 + w3)(w) + wy)p[2143]
—w1w2w3w4(w§ - wi)p[2314] + wzwgwi(wl + w3)(ws3 + wy)p[3241]
—w1wWH) + wi)(ws + w)p[3142]]
& ﬁzm%wzwwg(w]+w]3)(wl+w4)(w3+w4)z [w1 (w1 + w4)(w3(w4 —w))(w + w3) + wa(ws + w4)2)p[1234]
+wi(w1 + w3) (W) + we)(W3 + wy)p[4321]
+wiwa(w + wi)(w) + w3)?p[2143] + wiws (w3 + w4)(w§ - wﬁ)p[2314]
—wrw4(w) + w3) (w3 + w4)zp[3241] + wiwg(wy + wg)(ws + w4)2p[3142]]
247 m[%au - (,()1)((,03 + LL)4) + 2w1w3]p[1234]
237 ﬁwfwzmgwj(m.m:)(m+m4)(w3+w4>2[ — wiwrws(w; + w4)(w2w3(w2 +ws3) + Swlwi - wi)p[1234]
—wlwzwﬁ(wl + wg)(wf - wﬁ)p[2143]
+w Wy w3w4(W3 — w4)((w1 — wy)(ws3 + wg) + 2w1w4)p[2314]
~0030}(@1 + w3)((©1 ~ VWs + W) + 2w1w3)p[3241]
+1w30H W1 + )W) — (s + wy) + 2w1w4)p[3142]]
»,(/2) i [ — wi(w; + w4)(a)fw3(w3 + 3wy) + w%aa(wg + 1lwswys + IOwi)

3B w] w3 (W1 +w3) (W1 +wa) (W3 +ws)?
—wi(Za)‘; + 4w§w4 + 3w3wﬁ + wi) + w]a)4(7w§ + 12w§w4 + 8w3wi + 5(1)2)),0[1234]
(w1 + w31 + )3 + ) = Wil@s + W) + 1 Bws + 5wy) pl4321]
+wiws(wy + w3)(wy + w4)(w3w4(w3 + wy) + a)f(ag + 3wy) + wl(wg + 8wiwy + 9wi))p[2143]
+wiwr (w3 — wy)(ws + w4)2(w1(w3 = 5w4) + wa(ws + w4))ﬂ[2314]
204w + w33 + w3) (@13 = 503) + wi(ws +w))o[3241]
01041 + W) (@3 + w3 (@1(@s — 5w) + walws +w))p[3142]]
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Table C.5: OTO couplings upto leading order in 8

Ilgl

Ky

L |2p[1234] + p[2143] + p[3142] + p[3241]]

Ky

" wiwi(wstwr)
6 [p[1234] + p[4321]]

wijwa(w3+ws)

e

i
ﬁw%wzwgwi((ug +w4)

—a)4((uf + (W + w3)(ws + w4))p[4321]
F0104(ws — @2)(p[2143] - p[3142]) — w1 wa(w3 — WPI2314] + Wiwa(W) — W)p[3241]]

[ - wi(w? + (@1 + w3)(ws + ws) )l 1234]

l
- ¥
B30 (W3 +ws)

—w1w3(w) + w3)(p[2143] + p[3142]) — w1 wa(ws — W P[2314] + wawn (W) + ws)p[3241]]

[ - a)l(wf1 + W Wy + Waw3)p[1234] — w4(wf + Wiwy — wWHw3)p[4321]

6i

Bl w1030 (W1+w3)(@1 +w) (W3 +wa)?
+ws(w + w3l (Wi + wg)(w3 + wy)p[4321]

—wws(w) + w3)(W) + wg)p[2143] + wlwz(wg - wi)p[2314]

+wiwy(w + wi)(W3 + Wy)p[3142] — Wywr (W) + w3) (W3 + w4)P[3241]]

|@1(@1 + 0@ — wrw3)pl1234]

W[(a}] — wa)(w; + ws)(p[1234] + p[2314] + p[3142])
+Hwi + wi)(ws + wi)(p[2314] + p[3241])
+((@1 — wa) s + ws) + 2w14) (p[1234] + p[2143])]

o @1 — 0 + i) (pl1234] + p[2143])
+((@1 = wa)(ws + wy) + 2wiw4)(p[1234] + p[3241] + p[3142])|

- wi(w) + 1) + Wi (Bwy + 5w1))p[1234]

l
2wty (w3+ws)? [(

+( = was + wi) + 01 Bws + Sw,))p[4321]]

(@1 — wa)(p[2314] + p[3241]) + (w1 + w)(20[1234] + p[2314] + p[2143] + p[3142])]

i
wawi(wg +wy4)? [

T | @1+ 0] — dwiws + 0pl1234] + (@1 + w3)@] ~ w)pl2143]
(@3 = 03)(Ws(@3 + 03) = W1 (s + 3wy))p[2314]
—(wy + (4)3)((()4((4)3 + wy) — wi(ws + 3w4))p[3241]

(@1 + ) (@s(@s + 1) = w1(Ws +3wy) pl3142]]

11
oy,

W[m,( — w3wa(ws + W) + wf(w% + 3wswy + wi) + wl(wg + 2w§w4 + wgwﬁ + wz))p[1234]
+wy(ws + w4)(w‘? + (wf + wiw3 — W3wy) (w3 + w4))p[4321]
—w1w4(wfa)4 — wi(ws + wa)* + wiws(ws + 2w4))p[2143]
—wlwy (w3 + W1)*p[2314] + Wrwa(Ws + W) (—W? + W3wa)P[3241]

+wiwe(ws + w;;)(wf — w3wy + wi(w; + w4))p[3142]]

=1

o,

1
Bwiwrw30] (W3 +ws)?

+w4(a)3a)4(w3 +wy)? + w?(wg + 3wy) + w%(wg + 3wiwy + 2(1)2) + wl(wg + 3w§a)4 + w3u)§ - wi))p[4321]

[wl(wf(wg + 2w3wy + Swi) + w4(w§ + 2w§a)4 - wi) + wl(wg + 3w§w4 + 4w3w§ + 2wi))p[1234]

+0104(3 + W)@} — WDP[2143] - W Wy (3 — W) (Wi(Ws + ws) — Wi (w3 + 3wy))p[2314]
+w2w4(w3w4(w3 + wy) — w%(w3 + 3wy) + wl(—wg - 2w3wy4 + wi))p[3241]

+w1w(w1 + w)( = wi(ws + wg) + Wi (ws + 3w,))p[3142]]

=11

o,

1
R S
Pwtwrww] (s +ws)?

+(2w§ + 5w§w4 + 2w3w§ - wi + 2w%(cu3 +2wy) + w1(2w§ + Swiwy + 3wi))p[4321]
Hw) — w3 — W) (W) + W) (W3 + 2w4)p[2143] + wz(—u% — 4w wy + a)i)p[2314]

[(ng + 4w§w4 + w3w§ - wi + wf(wg + dwy) + wl(a% + 3wswy + 3wi))p[1234]

+w2( - wg —2w3wy4 + wi — 2w w3 — 4w1w4)p[3241]
(w1 + w3)(@3 — W + 20103 + 4w1w4)p[3142]]
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