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$ȅțǖȕ qǯȲȵȅȡț [ȿǤȚȅȼȼǯǫ ȅț [ǯȮȼǯȚǤǯȲ ࡛࡙࡛࡚





�ȂǶǶƷǅȂȓƷȝȂȓȖ
ॴ bǣǐ ЖȓȖȝ ȝΘȂ ǆǣƷȏȝǐȓȖ ǦǼ ȝǣǐ ȝǣǐȖǦȖ ΘƷȖ ƷǌΗǦȖǐǌ ǅΞ ǻΞ ȝǣǐȖǦȖ ȖȠȏǐȓΗǦȖȂȓ �ȓॽ UƷǶǶƷǅ �ƷȖȠॽ bǣǐ
ЖȓȖȝ ǆǣƷȏȝǐȓ ΘƷȖ ǦǼ ǆȂǶǶƷǅȂȓƷȝǦȂǼ ΘǦȝǣ �ȓॽ �ǼȂȖǣ :ȂȖǐȏǣॽ

ॴ bǣǐ ǶƷȖȝ ǆǣƷȏȝǐȓ ΘƷȖ ǦǼ ǆȂǶǶƷǅȂȓƷȝǦȂǼ ΘǦȝǣ �ȓॽ [ȠǌǦȏ %ǣȂȖǣॶ �ȓॽ �ǻǦǼ CǦΣƷǻǦ ƷǼǌ �ȓॽ XƷৄ
ǱǐȖǣ %ȠȏȝƷॽ



=ǦȖȝ Ȃǜ ȏȠǅǶǦǆƷȝǦȂǼȖ
ऀॽ �ȡȚȮȕǯͣ =ǖțǼǯ͝ȅț �ͤțǖȚȅǥȵ ȅț =ǖȲǼǯN ețȅȼǖȲͤBǖȼȲȅͣBȡǫǯȕȵॶ ΘǦȝǣ UƷǶǶƷǅ �ƷȖȠ ƷǼǌ

�ǼȂȖǣ :ȂȖǐȏǣ ৄ ফऀবॽ

ँॽ ,ȅǼȂǯȲ Ȯȡȅțȼ HbH�ȵ ǖțǫ ȼȂǯ Ǥȡȿțǫ ȡț ǥȂǖȡȵॶ ΘǦȝǣ UƷǶǶƷǅ �ƷȖȠ ৄ ফँবॽ

ंॽ εठ�ͣȮǖțȵȅȡț ȅț ȼȂǯ %ȲȡȵȵठCǯ͝ǯȿ Țȡǫǯȕ ǻȲȡȚ ǥȡțǻȡȲȚǖȕ Ϩǯȕǫ ȼȂǯȡȲͤॶ ΘǦȝǣ [ȠǌǦȏ %ǣȂȖǣॶ XƷǱǐȖǣ
%ȠȏȝƷ ƷǼǌ �ǻǦǼ �ॽ CǦΣƷǻǦ ৄ ফंবॽ
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�ǆǴǼȂΘǶǐǌǝǻǐǼȝȖ

$ǦȓȖȝ ƷǼǌ ǜȂȓǐǻȂȖȝॶ / ΘȂȠǶǌ ǶǦǴǐ ȝȂ ȖǦǼǆǐȓǐǶΞ ȝǣƷǼǴ ǻΞ Uǣ� ƷǌΗǦȖȂȓ ƷǼǌ ǻǐǼȝȂȓ UƷǶǶƷǅ �ƷȖȠॽ sǦȝǣৄ

ȂȠȝ ǣǦȖ ǆȂǼȖȝƷǼȝ ǝȠǦǌƷǼǆǐॶ ǻǐǼȝȂȓৄȖǣǦȏ ƷǼǌ ȖȠȏȏȂȓȝॶ ǻΞ ȏȠȓȖȠǦȝ Ȃǜ Uǣ� ΘȂȠǶǌ ǼȂȝ ǣƷΗǐ ǅǐǐǼ ǆȂǻৄ

ȏǶǐȝǐॽ

/ ΘȂȠǶǌ ǶǦǴǐ ȝȂ ȝǣƷǼǴ ƷǶǶ ȝǣǐ ǻǐǻǅǐȓȖ Ȃǜ /�b[ৄb/$X [ȝȓǦǼǝ bǣǐȂȓΞ ǌǐȏƷȓȝǻǐǼȝॶ ǐȖȏǐǆǦƷǶǶΞ =Ȃৄ

ǝƷǼƷΞƷǝƷǻ Xॶ [ȠǌǦȏ %ǣȂȖǣॶ �ǼȂȖǣ :ȂȖǐȏǣ ƷǼǌ �ǻǦǼ CǦΣƷǻǦॶ ǜȂȓ ǆȂǶǶȂǅƷȓȂȝǦȂǼ ƷǼǌ ǜȂȓ ȖȝǦǻȠৄ

ǶƷȝǦǼǝ ǌǦȖǆȠȖȖǦȂǼȖ ǦǼ UǣΞȖǦǆȖॽ �ǶȖȂ / ǻȠȖȝ ȝǣƷǼǴ ȝǣǐ ǐǼȝǦȓǐ /�b[ৄb/$X ǜƷǻǦǶΞॶ ǜȂȓ ǣǐǶȏǦǼǝ ǻǐ ǦǼ

ƷǆƷǌǐǻǦǆȖ ƷǼǌ Ʒ ȖǻȂȂȝǣ ȖȝƷΞ ǌȠȓǦǼǝ ǻΞ Uǣ� ǌƷΞȖॽ

/ ΘȂȠǶǌ ǶǦǴǐ ȝȂ ȝǣƷǼǴ ǻΞ ȏƷȓǐǼȝȖ ƷǼǌ ǻΞ ǅȓȂȝǣǐȓ ǜȂȓ ǅǐǦǼǝ ȝǣǐ ǆȂǼȖȝƷǼȝ ȏǦǶǶƷȓ Ȃǜ ǐǻȂȝǦȂǼƷǶ ȖȠȏৄ

ȏȂȓȝ ǦǼ ǻΞ ȝȂȠǝǣ Uǣ� ǱȂȠȓǼǐΞॶ ΘǣǦǆǣ ΘƷȖ Ʒ ΘǦǶǌ ȓȂǶǶǐȓ ǆȂƷȖȝǐȓ ǜȠǶǶ Ȃǜ ǐǻȂȝǦȂǼȖ ৄ ǣȂȏǐȖॶ ǌȓǐƷǻȖॶ

ǜȓȠȖȝȓƷȝǦȂǼȖॶ ƷǼΝǦǐȝΞ ƷǼǌ ǐȠȏǣȂȓǦƷॸ bǣǐΞ Θǐȓǐ ǻΞ ǦǼȖȏǦȓƷȝǦȂǼ ƷǼǌ ȓȂǶǐ ǻȂǌǐǶȖ ǦǼ ǻΞ ȏȠȓȖȠǦȝ Ȃǜ

ǣǦǝǣǐȓ ǐǌȠǆƷȝǦȂǼॽ

[Ȃǻǐ ΗǐȓΞ ǌǐƷȓ ǜȓǦǐǼǌȖॶ ǣƷΗǐ ȏǶƷΞǐǌ ƷǼ ǦǻȏȂȓȝƷǼȝ ȓȂǶǐ ǦǼ ǻΞ Uǣ� ǱȂȠȓǼǐΞॽ bǣǐΞ ǣƷΗǐ ƷǶΘƷΞȖ

ǅǐǐǼ ƷΗƷǦǶƷǅǶǐ ȝȂ ǶǦȖȝǐǼ ȝȂ ǻΞ ǦǌǐƷȖॶ ǝȓǦǐΗƷǼǆǐȖॶ ǐȝǆॽ ƷǼǌ ȏȓȂΗǦǌǐ ȠȖǐǜȠǶ ǦǼȏȠȝȖॽ / ǻȠȖȝ ȝǣƷǼǴ ȝǣǐǻ

ƷǶǶॶ ǐȖȏǐǆǦƷǶǶΞ :ǦȝǐǼǌȓƷ UȓƷǴƷȖǣॶ �ȓȠǼ <ȠǻƷȓॶ �ǻǦȝ <ȠǻƷȓॶ �ȓǦȝȓƷ <ȠǼǌȠॶ [ȠǅǦΞƷ $ƷȝǣǦǻƷॶ [ƷǦ XȂৄ

ǣǦȝ ƷǼǌ UǣƷǼǦǼǌȓƷॽ

/ ΘȂȠǶǌ ǶǦǴǐ ȝȂ ȝǣƷǼǴ ~ǦȓȂǣ =ƷǅȖॶ �ƷǼǝƷǶȂȓǐ Θǣǐȓǐ / Ʒǻ ǆȠȓȓǐǼȝǶΞ ǐǻȏǶȂΞǐǌॶ ǜȂȓ ЖǼƷǼǆǦƷǶǶΞ ȖȠȏৄ

ȏȂȓȝǦǼǝ ǻǐ ΘǣǦǶǐ ΘȓǦȝǦǼǝ ȝǣǐ ȝǣǐȖǦȖॽ /Ǽ ~ǦȓȂǣ =ƷǅȖॶ / ǐȖȏǐǆǦƷǶǶΞ ȝǣƷǼǴ [ΘǐȝƷ �ǐΞ ƷǼǌ ,ȓǦȖǣǦǴǐȖǣ

�ǐΘƷǼ ǜȂȓ Ʒ ǜȓǦǐǼǌǶΞॶ ǆȂȓǌǦƷǶ ǐǼΗǦȓȂǼǻǐǼȝ ƷǼǌ ǻƷǴǦǼǝ ǻΞ ȝȓƷǼȖǦȝǦȂǼ ǜȓȂǻ ƷǆƷǌǐǻǦƷৄȝȂৄǦǼǌȠȖȝȓΞ Ʒ

ȝȂȝƷǶ ǅȓǐǐΣǐॽ
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/ǼȝȓȂǌȠǆȝǦȂǼ

ऀॽऀ BȂȝǦΗƷȝǦȂǼ

� ǌǐǐȏǐȓ ȠǼǌǐȓȖȝƷǼǌǦǼǝ Ȃǜ WȠƷǼȝȠǻ%ȓƷΗǦȝΞ঳W%঴ ǦȖ ƷǼ ǦǻȏȂȓȝƷǼȝ ǝȂƷǶ ǦǼ ȝǣǐȂȓǐȝǦǆƷǶ ȏǣΞȖǦǆȖॽ /Ǽ

ȝǣǐ ȏƷȖȝ ǆǐǼȝȠȓΞॶ ǦǼȝǐȓǐȖȝǦǼǝ ȓǐȖǐƷȓǆǣ ΘƷȖ ǆȂǼǌȠǆȝǐǌ ǦǼ [ǐǻǦৄ�ǶƷȖȖǦǆƷǶ %ȓƷΗǦȝΞ ǐǻȏǶȂΞǦǼǝ ȏǐȓȝȠȓৄ

ǅƷȝǦΗǐ ȝȂȂǶȖ ǦǼ ȏǣΞȖǦǆȖॽ /Ǽ ȝǣǦȖ ȓǐǝǦǻǐॶ ȝǣǐ ǝȓƷΗǦȝƷȝǦȂǼƷǶ ǜȂȓǆǐ ǦȖ ǻȠǆǣ ΘǐƷǴǐȓ ƷȖ ǆȂǻȏƷȓǐǌ ȝȂ Ȃȝǣǐȓ

ǜȠǼǌƷǻǐǼȝƷǶ ǜȂȓǆǐȖॶ ȝǣǐ ȏǐȓȝȠȓǅƷȝǦΗǐ ǆƷǶǆȠǶƷȝǦȂǼȖ ȏȓȂΗǐ ȝȂ ǅǐ ǦǼȖǦǝǣȝǜȠǶ ƷǼǌ ȝǣȓǐΘ ǦǼ ǦǼȝǐȓǐȖȝǦǼǝ

ȒȠǐȖȝǦȂǼȖ ƷǼǌ ȏȠΣΣǶǐȖॽ bǣǦȖ Ƕǐǌ ȏǣΞȖǦǆǦȖȝȖ ȝȂ ǐΝȏǶȂȓǐ ǼǐΘ ƷΗǐǼȠǐȖ ƷǼǌ ȏȠȓȖȠǐ ǜȂȓ Ʒ ǜȠǶǶ WȠƷǼȝȠǻ

%ȓƷΗǦȝΞ ȝǣǐȂȓΞॽ qƷȓǦȂȠȖ ǦǌǐƷȖ Θǐȓǐ ȝȓǦǐǌ ȂȠȝ ȝȂ ȒȠƷǼȝǦΣǐ ǝȓƷΗǦȝΞॶ ȓƷǼǝǦǼǝ ǜȓȂǻ ȝȓǐƷȝǦǼǝ ȖȏƷǆǐৄȝǦǻǐ

ƷȖ ǌǦȖǆȓǐȝǐॶ Ȃȓ ȝȂ ǝǦΗǦǼǝ Ʒ ǝǐȂǻǐȝȓǦǆ ȏǦǆȝȠȓǐ ȝȂ ȓǐǻƷǦǼǦǼǝ ǜȠǼǌƷǻǐǼȝƷǶ ǜȂȓǆǐȖॽ CȂǼǐȝǣǐǶǐȖȖॶ ǻȂȖȝ Ȃǜ

ȝǣǐȖǐ ƷȏȏȓȂƷǆǣǐȖ ǣƷǌ ǶǦǻǦȝǐǌ ȖȠǆǆǐȖȖॶ ƷǼǌ ǼǐǐǌȖ ǜȠȓȝǣǐȓ ȓǐȖǐƷȓǆǣ ǜȂȓ ǆȂǼǆȓǐȝǐǼǐȖȖॽ �Ƞȝॶ [ȝȓǦǼǝ bǣǐৄ

ȂȓΞ ǣƷȖ ǐǻǐȓǝǐǌ ȝȂ ǅǐ ȝǣǐ ǻȂȖȝ ȖȠǆǆǐȖȖǜȠǶ ǆƷǼǌǦǌƷȝǐ ǦǼ ǆƷȏȝȠȓǦǼǝ ȖȂǻǐ ǦǻȏȂȓȝƷǼȝ ƷȖȏǐǆȝȖ Ȃǜ W%ॽ

/ȝ৚Ȗ ǆǐǼȝȓƷǶ ǦǌǐƷ Ȃǜ ǆȂǼȖǦǌǐȓǦǼǝ ǜȠǼǌƷǻǐǼȝƷǶ ȏƷȓȝǦǆǶǐȖ ƷȖ ǐΝǆǦȝǐǌ ȖȝƷȝǐȖ Ȃǜ ȝǦǼΞ ǐΝȝǐǼǌǐǌ ȂǅǱǐǆȝȖ ǼƷȝৄ

ȠȓƷǶǶΞ ǐǼǆƷȏȖȠǶƷȝǐ ȝǣǐ ǻƷȖȖǶǐȖȖ ȖȏǦǼৄȝΘȂ ȖȝƷȝǐॶ ǝȓƷΗǦȝȂǼȖ ΘǣǦǆǣ ǦȖ ȝǣǐ ȒȠƷǼȝƷ Ȃǜ ǝȓƷΗǦȝƷȝǦȂǼƷǶ ǜȂȓǆǐॽ

�ǻȂǼǝȖȝ ΗƷȓǦȂȠȖ ȖȠǆǆǐȖȖǐȖ Ǧȝ ǣƷǌॶ Ǧȝ৚Ȗ ǻȂȖȝ ǦǻȏȂȓȝƷǼȝ ƷǆǣǦǐΗǐǻǐǼȝ ǦȖ ǝǦΗǦǼǝ Ʒ ΘǐǶǶৄǌǐЖǼǐǌ ǐΝƷǻȏǶǐ

Ȃǜ W% ৄ %ƷȠǝǐৄ%ȓƷΗǦȝΞ ǌȠƷǶǦȝΞ ফःॶ ऄবॽ

bǣǐ %ƷȠǝǐৄ%ȓƷΗǦȝΞ ǌȠƷǶǦȝΞ ƷǶȖȂ ǜƷǻȂȠȖǶΞ ȓǐǜǐȓȓǐǌ ȝȂ ƷȖ ȝǣǐ �ǌ[঄�$b ǆȂȓȓǐȖȏȂǼǌǐǼǆǐ ǦȖ Ʒ ǼǦǆǐ

ȝȂΞ ǐΝƷǻȏǶǐ Ȃǜ WȠƷǼȝȠǻ%ȓƷΗǦȝΞॽ HΗǐȓ ȏƷȖȝ ȝΘȂ ǌǐǆƷǌǐȖ Ǧȝ ǣƷȖ ǅǐǐǼ ȝǣǐȂȓǦȖȝ৚Ȗ ǜƷΗȂȓǦȝǐ ৗǶƷǅȂȓƷৄ

ȝȂȓΞ৘ ȖǐȝȠȏ ȝȂ ȝǐȖȝ W%ॽ /ȝ ȏȓȂȏȂȖǐȖ ȝǣƷȝ ǶƷȓǝǐN ǶǦǻǦȝȖ Ȃǜ ǆǐȓȝƷǦǼ �ȂǼǜȂȓǻƷǶ $ǦǐǶǌ bǣǐȂȓǦǐȖ঳�$b঴

ǦǼ d ǌǦǻǐǼȖǦȂǼ ǆƷǼ ǅǐ ǌǐȖǆȓǦǅǐǌ ǦǼ ȝǐȓǻȖ Ȃǜ ঳ȖȠȏǐȓৄ঴ǝȓƷΗǦȝΞ ȂǼ d + 1ৄǌǦǻǐǼȖǦȂǼƷǶ �ǼȝǦৄǌǐৄȖǦȝȝǐȓ

঳�ǌ[঴ ȖȏƷǆǐৄȝǦǻǐॽ BƷǶǌƷǆǐǼƷ ফःব ǝƷΗǐ ȝǣǐ ЖȓȖȝ ǆȂǻȏǶǐȝǐ ǐΝƷǻȏǶǐ Ȃǜ ȝǣǦȖ ǆȂȓȓǐȖȏȂǼǌǐǼǆǐ ǜȓȂǻ [Ƞৄ

ȏǐȓȖȝȓǦǼǝ bǣǐȂȓΞॶ Θǣǐȓǐ Ǧȝ ΘƷȖ ȖǣȂΘǼ ȝǣƷȝ bΞȏǐ //� [ȠȏǐȓȖȝȓǦǼǝ bǣǐȂȓΞ ȂǼAdS5 × S5 ǦȖ ǌȠƷǶ ȝȂ

ऀ



N = 4 ȖȠȏǐȓ yƷǼǝৄBǦǶǶȖ ȝǣǐȂȓΞ ǦǼ ǜȂȠȓ ǌǦǻǐǼȖǦȂǼȖ ΘǦȝǣ ǝƷȠǝǐ ǝȓȂȠȏ SU(N)ॶ ǦǼ ȝǣǐ ǶƷȓǝǐN ǶǦǻǦȝॽ

�ǶȝǣȂȠǝǣॶ ȝǣǐ ǻƷǦǼ ǦǌǐƷ ǦȖ ǼȂȝ ȝǣƷȝ ȖȠȏǐȓǝȓƷΗǦȝΞॶ Ȃȓ ȖȝȓǦǼǝ ȝǣǐȂȓΞ ȝȂ ǅǐ ȏȓǐȖǐǼȝॶ ǅȠȝ ƷǼΞ ȖȠǦȝƷǅǶǐ

ȝǣǐȂȓΞ ȂǼAdSd+1 ȖȏƷǆǐ ΘǣǦǆǣ ΘȂȠǶǌ ǅǐ ǐȒȠǦΗƷǶǐǼȝ ȝȂ Ʒ �$b ǦǼ d ǌǦǻǐǼȖǦȂǼȖॽ bǣǦȖ ǆȂȓȓǐȖȏȂǼৄ

ǌǐǼǆǐ ΘƷȖ ǻȂȓǐ ǻƷȝǣǐǻƷȝǦǆƷǶǶΞ ǐȖȝƷǅǶǦȖǣǐǌ ǦǼ ফऄॶ अব ǅΞ ǐȒȠƷȝǦǼǝ ǆȂȓȓǐǶƷȝǦȂǼ ǜȠǼǆȝǦȂǼȖ ǅȂȝǣ ȖǦǌǐȖॽ

/ǼȝǐȓǐȖȝǦǼǝǶΞ ȝǣǐ ȒȠƷǼȝȠǻ ǐЍǐǆȝȖ ΘǣǦǆǣ ǆȂǻǐ ǜȓȂǻ 1/N ǆȂȓȓǐǆȝǦȂǼȖ Ȃǜ ȝǣǐ ǆȂȓȓǐȖȏȂǼǌǐǼǆǐ Θǐȓǐ

ǆȂǻȏȠȝǐǌॶ ƷǼǌ ƷǝȓǐǐƷǅǶǐ ǻƷȝǆǣǦǼǝ ΘƷȖ ǜȂȠǼǌॽ bǣǐȓǐǜȂȓǐ ȝǣǦȖ ǆȂȓȓǐȖȏȂǼǌǐǼǆǐ ǦȖ ȝȓȠǐ ǦǼ ȝǣǐ ȒȠƷǼৄ

ȝȠǻ ȓǐǝǦǻǐ ƷǼǌ ǼȂȝ ȖȝȓǦǆȝǶΞ Ʒ ǆǶƷȖȖǦǆƷǶৄǆȂȓȓǐȖȏȂǼǌǐǼǆǐ ȖȝƷȝǐǻǐǼȝॽ bǣǦȖ ȂȏǐǼǐǌ ȝǣǐ ЙȂȂǌৄǝƷȝǐȖ Ȃǜ

ȓǐȖǐƷȓǆǣ ȂǼ W% ǜȂȓ ȏƷȖȝ ǆȂȠȏǶǐ Ȃǜ ǌǐǆƷǌǐȖॽ �Ǽǌ ǣƷȖ ȏȂȖȖǦǅǶΞ ȓǐΗǐƷǶǐǌ ƷǼ ǦǻȏȂȓȝƷǼȝ ǼƷȝȠȓǐ Ȃǜ W% ৄ

ȝǣǐ ৗ,ȂǶȂǝȓƷȏǣǦǆ ȏȓǦǼǆǦȏǶǐ৘ॶ Ǧॽǐ W% ǆȂȠǶǌ ǅǐ ǌǐȖǆȓǦǅǐǌ ǅΞ Ʒ WȠƷǼȝȠǻ $ǦǐǶǌ bǣǐȂȓΞ঳W$b঴ॶ ΘǣǦǆǣ

ȠȖȠƷǶǶΞ ǐΝǦȖȝȖ ǦǼ ȂǼǐ ǶȂΘǐȓ ǌǦǻǐǼȖǦȂǼॽ

�ǌ[঄�$b ǣƷǌ ƷǼ ǐǼȂȓǻȂȠȖ ȖȠǆǆǐȖȖ ǦǼ ȠǼǌǐȓȖȝƷǼǌǦǼǝ ȝǣǐ �ǶƷǆǴ ,ȂǶǐȖ঳�,঴ॶ ǐȖȏǐǆǦƷǶǶΞ ǦǼ ȝǣǐ

ȖȝȠǌΞ Ȃǜ ǐǼȝƷǼǝǶǐǻǐǼȝ ǐǼȝȓȂȏΞॶ ȏǣƷȖǐৄȝȓƷǼȖǦȝǦȂǼȖ ƷǼǌ Ȃȝǣǐȓ ȝǣǐȓǻȂǌΞǼƷǻǦǆƷǶ ȏȓȂȏǐȓȝǦǐȖॽ �ǶȖȂ ȝǣǦȖ

ǜȓƷǻǐΘȂȓǴ ǣƷȖ Ƕǐǌ ȝȂ Ʒ ǶȂȝ Ȃǜ ȂȏǐǼ ȏȓȂǅǶǐǻȖ ΘǣǦǆǣ ΘƷȖǼ৚ȝ ƷǆǆǐȖȖǦǅǶǐ ǐƷȓǶǦǐȓॽ [Ȃǻǐ Ȃǜ ȝǣǐ ǦǻȏȂȓȝƷǼȝ

ȂȏǐǼ ȏȓȂǅǶǐǻȖ Ʒȓǐ ȝǣǐ WȠƷǼȝȠǻ /ǼǜȂȓǻƷȝǦȂǼ UƷȓƷǌȂΝॶ ǐȒȠǦΗƷǶǐǼȝ ǌǐৄ[Ǧȝȝǐȓ঄�$b ǆȂȓȓǐȖȏȂǼǌǐǼǆǐ

ƷǼǌ ȏǣƷȖǐৄȖȏƷǆǐ Ȃǜ WȠƷǼȝȠǻৄ�ǣȓȂǻȂৄ�ΞǼƷǻǦǆȖ঳W��঴ॽ �ǶȝǣȂȠǝǣॶ ȝȂ ǣƷΗǐ Ʒ ȖǦǝǼǦЖǆƷǼȝ ȏȓȂǝȓǐȖȖ

ǦǼ ȝǣǐȖǐ ȏȓȂǅǶǐǻȖ ȝǣǐȓǐ Ʒȓǐ ΗƷȓǦȂȠȖ ǆǣƷǶǶǐǼǝǐȖॽ �ǻȂǼǝȖȝ ǻƷǼΞॶ ȝΘȂ ǻƷǱȂȓ ȖȝȠǻǅǶǦǼǝ ǅǶȂǆǴȖ ȝȠȓǼ

ȂȠȝ ȝȂ ǅǐ ȂȠȓ ǶƷǆǴ Ȃǜ ȠǼǌǐȓȖȝƷǼǌǦǼǝ Ȃǜ ȂȏǐǼ WȠƷǼȝȠǻ $ǦǐǶǌ bǣǐȂȓǦǐȖ঳W$b঴ ƷǼǌ ȖȝȓȂǼǝǶΞৄǆȂȠȏǶǐǌ

W$bȖॽ bǣȂȠǝǣ ȝǣǐΞ ǐΝǦȖȝǐǌ ǅǐǜȂȓǐॶ ǌǦȖǆȂΗǐȓΞ Ȃǜ �ǌ[঄�$b ǆȂȓȓǐȖȏȂǼǌǐǼǆǐ ǣƷȖ ǝǦΗǐǼ ȠȖ ȖǣƷȓȏǐȓ

ȒȠǐȖȝǦȂǼȖ ȝȂ ȏȠȓȖȠǐॽ

HȏǐǼ W$bȖ ȖȝƷǼǌ ƷȖ ǦǼȝǐȓǐȖȝǦǼǝ ȂȏǐǼ ȏȓȂǅǶǐǻ ǦǼ ǦȝȖǐǶǜॽ �ǼΞ ȏǣΞȖǦǆƷǶ ȖΞȖȝǐǻ ǦǼ ȝǣǐ ΘȂȓǶǌॶ ȖȝȓǦǆȝǶΞ

ȖȏǐƷǴǦǼǝ ǦȖ ƷǼ ȂȏǐǼ ȖΞȖȝǐǻॶ ƷȖ Ǧȝ ǐΝǆǣƷǼǝǐȖ ǐǼǐȓǝΞ ƷǼǌ ǻƷȝȝǐȓ ΘǦȝǣ ȝǣǐ ǐǼΗǦȓȂǼǻǐǼȝॽ �ΗǐǼ ȝǣǐ Ʒǆȝ

Ȃǜ ǻǐƷȖȠȓǐǻǐǼȝ ǆƷǼ ǅǐ ȝǣȂȠǝǣȝ Ȃǜ ƷȖ ǜȂȓǆǦǼǝ ȝǣǐ ǐǼΗǦȓȂǼǻǐǼȝƷǶ ΗƷȓǦƷǅǶǐȖ ȝȂ ǦǼȝǐȓƷǆȝ ΘǦȝǣ ȝǣǐ ȏǣΞȖৄ

ǦǆƷǶ ȖΞȖȝǐǻॽ � ǶȂȝ Ȃǜ ȏƷȓƷǌȂΝǐȖ ȝǣƷȝ ƷȓȂȖǐ ǦǼ ȒȠƷǼȝȠǻǻǐǆǣƷǼǦǆȖॶ ǶǦǴǐ ȝǣǐ [ǆǣȓȂǌǦǼǝǐȓ৚Ȗ ǆƷȝ Ȃȓ ȝǣǐ

WȠƷǼȝȠǻ ~ǐǼȂ UƷȓƷǌȂΝ ǆȂȠǶǌ ǅǐ ȝȓƷǆǐǌ ȝȂ ȂȏǐǼ W$bȖॽ XǐǆǐǼȝ ȝǐǆǣǼȂǶȂǝǦǆƷǶ ƷǌΗƷǼǆǐǻǐǼȝ ǦǼ

WȠƷǼȝȠǻ /ǼǜȂȓǻƷȝǦȂǼ ƷǼǌ WȠƷǼȝȠǻ�ȂǻȏȠȝƷȝǦȂǼ ΘȂȠǶǌ ƷǶȖȂ Ǽǐǐǌ Ʒ ǅǐȝȝǐȓ ȠǼǌǐȓȖȝƷǼǌǦǼǝ Ȃǜ

ȂȏǐǼ W$bȖॽ �ǶȖȂ ƷȖ ȂȠȓ eǼǦΗǐȓȖǐ ǦȖ ȠǼǌǐȓǝȂǦǼǝ ƷǼ ƷǆǆǐǶǐȓƷȝǐǌ ǐΝȏƷǼȖǦȂǼॶ Θǐ ǆƷǼ ȂǼǶΞ ƷǆǆǐȖȖ Ʒ ȏƷȝǆǣ

Ȃǜ ȖȏƷǆǐৄȝǦǻǐॽ ,ǐǼǆǐ ȝǣǐ ȖȝȠǌΞ Ȃǜ ǶƷȓǝǐ ȖȏƷǆǐৄȝǦǻǐ ȖȝȓȠǆȝȠȓǐ Ȃǜ eǼǦΗǐȓȖǐ ǜƷǶǶ ȠǼǌǐȓ ȝǣǐ ȓǐǝǦǻǐ Ȃǜ

ȂȏǐǼ W$bȖॽ UȂȖȖǦǅǶΞॶ ȂǼǐ Ȃǜ ȝǣǐ ǝȓǐƷȝǐȖȝ ȠǼȖȂǶΗǐǌ ȏȓȂǅǶǐǻȖ ǦǼ UǣΞȖǦǆȖ ৄ ȝǣǐ ǻǦȖǻƷȝǆǣ Ȃǜ �ȂȖǻȂৄ

ǶȂǝǦǆƷǶ ǆȂǼȖȝƷǼȝ ƷǼǌ ΣǐȓȂৄȏȂǦǼȝ ǐǼǐȓǝΞ ȏȓǐǌǦǆȝǐǌ ǅΞ W$b ΘǣǦǆǣ Ȃǜ Ȃȓǌǐȓ 10120ॶ ǆȂȠǶǌ ǅǐ ƷǌǌȓǐȖȖǐǌ
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Ǧǜ ȂǼǐ ȠǼǌǐȓȖȝȂȂǌ ȂȏǐǼ W$bȖ ǅǐȝȝǐȓॸ /Ǽ ȝǣǐ ǆȂǼȝǐΝȝ Ȃǜ �ǌ[঄�$bॶ Ǧȝ ƷȏȏǐƷȓȖ ǼƷȝȠȓƷǶǶΞ ΘǣǐǼ Θǐ

ΘƷǼȝ ȝȂ ƷǌǌȓǐȖȖ ȝǣǐ �ǶƷǆǴৄ,ȂǶǐ /ǼǜȂȓǻƷȝǦȂǼ ȏƷȓƷǌȂΝॽ bǣǐ ȏƷȓƷǌȂΝ ƷȓǦȖǐȖ ΘǣǦǶǐ ȓǐǆȂǼǆǦǶǦǼǝ ǼȂȝǦȂǼȖ

Ȃǜ ǝǐǼǐȓƷǶ ȓǐǶƷȝǦΗǦȝΞ ΘǦȝǣ ȒȠƷǼȝȠǻǻǐǆǣƷǼǦǆȖॽ [ǦǼǆǐ Ʒ ȓǐǝǦȂǼ Ȃǜ ȖȏƷǆǐৄȝǦǻǐ ǅǐǣǦǼǌ ȝǣǐ ǣȂȓǦΣȂǼ ǦȖǼ৚ȝ

ƷǆǆǐȖȖǦǅǶǐॶ ȝǣǐ ǌȠƷǶ ЖǐǶǌ ȝǣǐȂȓΞ ǆƷǼ ǅǐ ȝǣȂȠǝǣȝ Ȃǜ ƷȖ ƷȝȝƷǆǣǐǌ ȝȂ Ʒ ǣǐƷȝ ǅƷȝǣॶ Θǣǐȓǐ ȝǣǐ ȝǐǻȏǐȓƷȝȠȓǐ

ǦȖ Ʒ ǜȠǼǆȝǦȂǼ Ȃǜ ȝǣǐ ƷȓǐƷ Ȃǜ ȝǣǐ ǣȂȓǦΣȂǼॽ �ǶȖȂ Ǧǜ ǻƷȝȝǐȓ ǜƷǶǶȖ ǦǼȝȂ ȝǣǐ �,ॶ ȝǣǐ ǌȠƷǶ ЖǐǶǌ ȝǣǐȂȓΞ ǦȖ ƷǼ

ȂȏǐǼ W$bॽ �ǶȝǣȂȠǝǣ [ǆǣΘǦǼǝǐȓৄ<ǐǶǌΞȖǣ ǜȂȓǻƷǶǦȖǻ ǦȖ Ʒ ǜȂȓǻƷǶǦȖǻ ȝȂ ȖȝȠǌΞ ȂȏǐǼ W$bॶ ǅȠȝ ȝǣǐȓǐ

Ʒȓǐ ȝǐǆǣǼǦǆƷǶ ǌǦАǆȠǶȝǦǐȖ ǦǼ ǌȂǦǼǝ ǆƷǶǆȠǶƷȝǦȂǼȖॽ bǣǐȓǐǜȂȓǐ Ǧȝ ǦȖ ǦǼȝǐȓǐȖȝǦǼǝ ȝȂ ǦǼΗǐǼȝ ǼǐΘ ǻǐȝǣȂǌȖ ȝȂ

ǌǐƷǶ ΘǦȝǣ ȂȏǐǼ W$bॽ

�ǣƷǶǶǐǼǝǐȖ ǦǼ ȠǼǌǐȓȖȝƷǼǌǦǼǝ ȖȝȓȂǼǝǶΞ ǆȂȠȏǶǐǌ ЖǐǶǌ ȝǣǐȂȓΞ Ʒȓǐ ȠǅǦȒȠǦȝȂȠȖॶ ȓƷǼǝǦǼǝ ǜȓȂǻ �ȂǼৄ

ǌǐǼȖǐǌ ǻƷȝȝǐȓ ȏǣΞȖǦǆȖ ȝȂ W��ॽ /ȝ ǣƷȖ ǅǐǐǼ ƷǼ ƷǝǐৄȂǶǌ ȏȓȂǅǶǐǻ ǦǼ ȝǣǐȂȓǐȝǦǆƷǶ ȏǣΞȖǦǆȖ ΘǣǦǆǣ ǣƷȖ ǦǼৄ

ȖȏǦȓǐǌ ǼǐΘ ȝǐǆǣǼǦȒȠǐȖ ȓȂȠȝǦǼǐǶΞॽ /Ǽ ȖȂǻǐ ȖȏǐǆǦƷǶ ǆƷȖǐȖॶ ǶǦǴǐ ǶƷȓǝǐৄC ǶǦǻǦȝ Ȃǜ ЖǐǶǌ ȝǣǐȂȓǦǐȖ Ȃȓ [Ƞȏǐȓৄ

ȖΞǻǻǐȝȓǦǆ ЖǐǶǌ ȝǣǐȂȓǦǐȖॶ ȖȝȓȂǼǝǶΞৄǆȂȠȏǶǐǌ ȖΞȖȝǐǻȖ ǣƷΗǐ ǅǐǐǼ ǐΝƷǆȝǶΞ ȖȂǶΗǐǌॶ ǅȠȝ ȝǣǐ ǝǐǼǐȓǦǆ ǆƷȖǐ ȖȝǦǶǶ

ȓǐǻƷǦǼȖ ƷǼ ȂȏǐǼ ȏȓȂǅǶǐǻॽ /Ǽ ȝǣǐ ǆȂǼȝǐΝȝ Ȃǜ �ǌ[঄�$b ǆȂǼǱǐǆȝȠȓǐॶ ȖȝȓȂǼǝǶΞ ǆȂȠȏǶǐǌ ȝǣǐȂȓǦǐȖ ǼƷȝȠৄ

ȓƷǶǶΞ ƷȏȏǐƷȓ ƷȖ ȝǣǐΞ Ʒȓǐ ǐΝȏǐǆȝǐǌ ȝȂ ǅǐ ǌȠƷǶ ȝȂ Ʒ ΘǐƷǴ ǝȓƷΗǦȝƷȝǦȂǼƷǶ ȝǣǐȂȓΞॽ /Ǽ ȝǣǦȖ ȓǐǝǦǻǐ ȝǣǐ ȠȖȠƷǶ

ȏǐȓȝȠȓǅƷȝǦΗǐ ǐΝȏƷǼȖǦȂǼ ǦȖ ǼȂȝ ǣǐǶȏǜȠǶॽ �Ƞȝ ǦǼȝǐȓǐȖȝǦǼǝǶΞॶ ǜǐΘ ǐΝƷǻȏǶǐȖ Ȃǜ �ǌ[঄�$b ǣƷΗǐ ǐǻǐȓǝǐǌ

ǦǼ ǶȂΘǐȓ ǌǦǻǐǼȖǦȂǼȖॶ Θǣǐȓǐ ǐΝȏǶȂǦȝǦǼǝ ȝǣǐ ȖΞǻǻǐȝȓǦǐȖ Ȃǜ ȝǣǐ ЖǐǶǌ ȝǣǐȂȓΞॶ ǻƷǼΞ ǆƷǶǆȠǶƷȝǦȂǼȖ Ʒȓǐ

ǌȂƷǅǶǐॽ $Ȃȓ ǦǼȖȝƷǼǆǐॶ ǦǼ �ǌ[3঄�$b2 ǆȂȓȓǐȖȏȂǼǌǐǼǆǐॶ Θǐ ǣƷΗǐ Ʒ ǝȂȂǌ ǻƷȝǣǐǻƷȝǦǆƷǶ ȠǼǌǐȓȖȝƷǼǌৄ

ǦǼǝ Ȃǜ ȝΘȂৄǌǦǻǐǼȖǦȂǼƷǶ �$b঳ƷȖ Ǧȝ ǣƷȖ ǦǼЖǼǦȝǐ ȖΞǻǻǐȝȓǦǐȖ঴ॽ bǣǐȖǐ ǦǼЖǼǦȝǐ ȖΞǻǻǐȝȓǦǐȖ ƷǶǶȂΘ ǜȂȓ

ǐΝƷǆȝ ǆȂǻȏȠȝƷȝǦȂǼȖ ǦǼ ȝǣǐ �$b ȖǦǌǐॶ ƷǼǌ ǣƷȖ Ȗǣǐǌ ǶǦǝǣȝ ȂǼ ȝǣǐ ǌȠƷǶ ǝȓƷΗǦȝƷȝǦȂǼƷǶ ȝǣǐȂȓΞॽ /ǼȖȏǦȓǐǌ

ǅΞ ȝǣǐ ȖȠǆǆǐȖȖ Ȃǜ �ǌ[঄�$b ǦǼ ǶȂΘǐȓ ǌǦǻǐǼȖǦȂǼȖॶ ȓǐǆǐǼȝǶΞ Ʒ ǼǐΘ ǻȂǌǐǶ ΘƷȖ ǌǦȖǆȂΗǐȓǐǌ ǦǼ ȂǼǐ ǜȠȓৄ

ȝǣǐȓ ǶȂΘǐȓ ǌǦǻǐǼȖǦȂǼॽ /ȝ ǦȖ Ʒ ঳ǆȂǼǜȂȓǻƷǶ঴ৄȒȠƷǼȝȠǻǻǐǆǣƷǼǦǆƷǶ ঳WB঴ ǻȂǌǐǶ ǆƷǶǶǐǌ ȝǣǐ [ƷǆǣǌǐΗৄyǐৄ

<ǦȝƷǐΗ ঳[y<঴ ফआॶ इব ǻȂǌǐǶॶ ƷǼǌ ǦȖ ȝǣȂȠǝǣȝ ȝȂ ǣƷΗǐ Ʒ ǅȠǶǴ ǌȠƷǶ ǦǼ ȝΘȂৄǌǦǻǐǼȖǦȂǼȖॽ /ȝ ǣƷȖ ǝǐǼǐȓƷȝǐǌ

ƷǼ ǐΝǆǦȝǐǻǐǼȝॶ ƷȖ Ǧȝ Ʒ ǼȂǼৄȝȓǦΗǦƷǶ ǐΝƷǻȏǶǐ Ȃǜ ȖȝȓȂǼǝǶΞৄǆȂȠȏǶǐǌ WBǻȂǌǐǶ ΘǣǦǆǣ ǆȂȠǶǌ ǅǐ ƷǼƷǶΞȝǦৄ

ǆƷǶǶΞ ȖȂǶΗǐǌॽ �ǶȖȂॶ Ǧȝ ǣƷȖ Ƕǐǌ ȝȂ ǌǦȖǆȂΗǐȓΞ Ȃǜ ǜǐΘ ȖǦǻǦǶƷȓ ȖȂǶΗƷǅǶǐ WBǻȂǌǐǶȖॶ ǶǦǴǐ ȝǣǐ %ȠȓƷȠৄsǦȝȝǐǼ

ফईॶ ऀࣿব ƷǼǌ <ǶǐǅƷǼȂΗৄbƷȓǼȂȏȂǶȖǴΞ ফऀऀব ȝǐǼȖȂȓ ǻȂǌǐǶȖॽ

ं



ऀॽँ UȓȂǅǶǐǻȖ ƷǌǌȓǐȖȖǐǌ ǦǼ ȝǣǐ bǣǐȖǦȖ

�ȠȓǦǼǝ ǻΞ ǝȓƷǌȠƷȝǐ ȖȝȠǌǦǐȖॶ / ǣƷǌ ȝǣǐ ȂȏȏȂȓȝȠǼǦȝΞ Ȃǜ ȖȝȠǌΞǦǼǝ Ʒ ǜǐΘ ƷȖȏǐǆȝȖ Ȃǜ ȂȏǐǼ ƷǼǌ ȖȝȓȂǼǝǶΞৄ

ǆȂȠȏǶǐǌ W$bȖॽ / ǣƷΗǐ ΘȂȓǴǐǌ ȂǼ ȝǣȓǐǐ ǌǦЍǐȓǐǼȝ ȏȓȂǱǐǆȝȖॶ ΘǣǦǆǣ / ǌǐȖǆȓǦǅǐ ǦǼ ȝǣǐ ǜȂǶǶȂΘǦǼǝ ȖǐǆȝǦȂǼȖॽ

bǣǐȖǐ ȏȓȂǱǐǆȝȖ Ʒȓǐ ǻȂȝǦΗƷȝǐǌ ǅΞ ȓǐǆǐǼȝ ƷȏȏȓȂƷǆǣǐȖ ȝȂ ƷǌǌȓǐȖȖ ƷǜȂȓǐǻǐǼȝǦȂǼǐǌ ȏȓȂǅǶǐǻȖ Ȃǜ ȏǣΞȖǦǆȖॽ

ऀ৷ँ৷ऀ �ԀӸԌӲӏԭ =ҷӹӚӏԪӢӹ �ԮӹҷӸӢӅԓ Ӣӹ =ҷԏӚӏN eӹӢԚҷԏԮBҷԚԏӢԭ

BԀӋӏӲԓ

�ΝȏǶȂȓǦǼǝ ȝǣǐ W��ǻƷȝȝǐȓ ȏǣƷȖǐ ǌǦƷǝȓƷǻ ǣƷȖ ǅǐǐǼ ǦǻȏȂȓȝƷǼȝ ȒȠǐȖȝ ǜȂȓ ǅȂȝǣ ȝǣǐȂȓǐȝǦǆƷǶ ƷǼǌ ǐΝȏǐȓৄ

ǦǻǐǼȝƷǶ ǣǦǝǣৄǐǼǐȓǝΞ ȏǣΞȖǦǆǦȖȝ ƷǶǦǴǐॽ bǣǐ ǴǼȂΘǼ ȏǣƷȖǐ ǌǦƷǝȓƷǻ ȓǐǻƷǦǼȖ ǻȂȖȝǶΞ ǆȂǼǱǐǆȝȠȓƷǶ ǅǐǆƷȠȖǐ

Ǧȝ ǦȖ ǌǦАǆȠǶȝ ȝȂ ȏǐȓǜȂȓǻ ǆƷǶǆȠǶƷȝǦȂǼȖॶ ƷȖ Ǧȝ ǦȖ Ʒ ȖȝȓȂǼǝǶΞ ǆȂȠȏǶǐǌ ȝǣǐȂȓΞ Ʒȝ ЖǼǦȝǐ ǌǐǼȖǦȝΞ ƷǼǌ ȝǐǻȏǐȓৄ

ƷȝȠȓǐॽ bǣǐ ȂǼǶΞ ƷΗƷǦǶƷǅǶǐ ǆƷǶǆȠǶƷȝǦȂǼƷǶ ȝȂȂǶ ǦȖ =ƷȝȝǦǆǐ W��ΘǣǦǆǣ ǦǼΗȂǶΗǐȖ ǅȓȠȝǐ ǆȂǻȏȠȝƷȝǦȂǼƷǶ

ȏȂΘǐȓॽ =ƷȝȝǦǆǐ W�� ȠȖǐȖ BȂǼȝǐৄ�ƷȓǶȂ ȖǦǻȠǶƷȝǦȂǼȖ ȝȂ ǐΝȏǶȂȓǐ ΗƷȓǦȂȠȖ ǆȂǼЖǝȠȓƷȝǦȂǼȖ ǦǼ ȝǣǐ ǐǼȖǐǻৄ

ǅǶǐ ΘǦȝǣ Ʒ ȏȓȂǅƷǅǦǶǦȝΞ ΘǐǦǝǣȝ ΘǣǦǆǣ ǦȖ ȏȂȖǦȝǦΗǐ ǌǐЖǼǦȝǐॽ �Ƞȝ ǦǼ ȝǣǐ ǆƷȖǐ Ȃǜ W��ॶ ȝǣǐ ǐЍǐǆȝǦΗǐ ƷǆȝǦȂǼ

ȂǼ ǦǼȝǐǝȓƷȝǦǼǝ ȂȠȝ ǜǐȓǻǦȂǼǦǆ ǌǐǝȓǐǐȖ Ȃǜ ǜȓǐǐǌȂǻ ǅǐǆȂǻǐȖ ǆȂǻȏǶǐΝ ƷǼǌ ȖȂ ǌȂǐȖ ȝǣǐ ǻǐƷȖȠȓǐॽ �ǐৄ

ǆƷȠȖǐ Ȃǜ ȝǣǦȖ ȝǐǆǣǼǦǆƷǶ ȂǅȖȝƷǆǶǐॶ ǴǼȂΘǼ ƷȖ ȝǣǐ ৗ$ǐȓǻǦȂǼ [ǦǝǼ৘ ȏȓȂǅǶǐǻॶ =ƷȝȝǦǆǐ W�� ǆƷǼ ȂǼǶΞ ǅǐ

ȠȖǐǌ Ʒȝ ǶȂΘ ǌǐǼȖǦȝΞ ƷǼǌ ǣǦǝǣ ȝǐǻȏǐȓƷȝȠȓǐॽ [ǦǝǼ ȏȓȂǅǶǐǻ ȂǜȝǐǼ ƷȓǦȖǐȖ ΘǣǐǼ Θǐ ǼȠǻǐȓǦǆƷǶǶΞ ȖǦǻȠǶƷȝǐ

ȂȏǐǼ W$bȖ ƷǼǌ ǼȂǼৄǐȒȠǦǶǦǅȓǦȠǻ ȏǣΞȖǦǆȖॽ

�Ǽ ƷǶȝǐȓǼƷȝǦΗǐ ƷȏȏȓȂƷǆǣ ǣƷȖ ǅǐǐǼ ǦǼΗǐǼȝǐǌ ȓǐǆǐǼȝǶΞ ǅƷȖǐǌ ȂǼ ৗ�ȂǻȏǶǐΝ =ƷǼǝǐΗǦǼ �ΞǼƷǻǦǆȖ৘ॽ

bǣǐ ǆȂǻȏǶǐΝ =ƷǼǝǐΗǦǼ ǻǐȝǣȂǌ ΘƷȖ ȏȓȂȏȂȖǐǌ ǦǼ ȝǣǐ ǐƷȓǶΞ ऀईइࣿȖ ǅΞ <ǶƷȠǌǐȓ ফऀँব ƷǼǌ UƷȓǦȖǦ ফऀंবॽ

bǣȂȠǝǣ Ǧȝ ǅǐǆƷǻǐ ȏȂȏȠǶƷȓ ǦǼ ȝǣǐ ǅǐǝǦǼǼǦǼǝ ǆǐȓȝƷǦǼ ȏȓȂǅǶǐǻȖ Θǐȓǐ ǜȂȠǼǌ ǦǻǻǐǌǦƷȝǐǶΞ Ʒǜȝǐȓॽ $ǦȓȖȝ

ȂǼǐ ΘƷȖ ȝǣǐ ȏȓȂǅǶǐǻ Ȃǜ ȓȠǼƷΘƷΞȖॶ Θǣǐȓǐ ȝǣǐ ȖǦǻȠǶƷȝǦȂǼȖ ΘȂȠǶǌ ǼȂȝ ǆȂǼΗǐȓǝǐ ƷǼǌ ȝǣǐ ȖǐǆȂǼǌ ȂǼǐ

ΘƷȖ ȝǣǐ ȏȓȂǅǶǐǻ Ȃǜ ǆȂǼΗǐȓǝǐǼǆǐ ȝȂ Ʒ ΘȓȂǼǝ ǶǦǻǦȝॽ /Ǽ ȓǐǆǐǼȝ ΞǐƷȓȖ ȝǣǐ ǆȂǻȏǶǐΝ =ƷǼǝǐΗǦǼ ǻǐȝǣȂǌ ǣƷȖ

ǅǐǐǼ ȓǐΗǦΗǐǌॶ ΘǦȝǣ ȖȂǻǐȝǦǻǐȖ ǆƷȖǐȖ Ȃǜ ǦǻȏȓǐȖȖǦΗǐ ȖȠǆǆǐȖȖ ফऀःॶ ऀऄॶ ऀअবॽ /ȝ ǣƷȖ ǅǐǐǼ ȖǣȂΘǼ ȓǐǆǐǼȝǶΞ

ȝǣƷȝ ǆȂǻȏǶǐΝ =ƷǼǝǐΗǦǼ ȖǦǻȠǶƷȝǦȂǼȖ ȏȓȂǌȠǆǐ ȖǐǐǻǦǼǝǶΞ ǆȂȓȓǐǆȝ ƷǼȖΘǐȓॶ ǐΗǐǼ ΘǣǐǼ ȝǣǐ ǜǐȓǻǦȂǼ ȖǦǝǼ

ȏȓȂǅǶǐǻ ǦȖ ȖǐΗǐȓǐॶ ǜȂȓ ȂǼǐৄॶ ȝǣȓǐǐৄ ƷǼǌ ǜȂȠȓৄǌǦǻǐǼȖǦȂǼƷǶ ЖǐǶǌ ȝǣǐȂȓǦǐȖ ΘǦȝǣ ǼȂǼΣǐȓȂ ǆǣǐǻǦǆƷǶ ȏȂৄ

ȝǐǼȝǦƷǶ ফऀआॶ ऀइবॽ bǣǐ ǆǐǼȝȓƷǶ ǦǌǐƷ ǦȖ ৗ[ȝȂǆǣƷȖȝǦǆ WȠƷǼȝǦΣƷȝǦȂǼ৘ Θǣǐȓǐ ǐΝȏǐǆȝƷȝǦȂǼ ΗƷǶȠǐȖ Ȃǜ ȂǅȖǐȓΗৄ

ƷǅǶǐȖ Ʒȓǐ ȂǅȝƷǦǼǐǌ ƷȖ ǐȒȠǦǶǦǅȓǦȠǻ ΗƷǶȠǐȖ Ȃǜ Ʒ ȖȝȂǆǣƷȖȝǦǆ ȏȓȂǆǐȖȖॽ /Ǽ Ȃȓǌǐȓ ȝȂ ƷǆǣǦǐΗǐ ȝǣǦȖ Θǐ ǐΗȂǶΗǐ

ȝǣǐ ȖΞȖȝǐǻ ǦǼ Ʒ ЖǆȝǦȝǦȂȠȖ ȝǦǻǐ τ ॶ ȖȠǅǱǐǆȝ ȝȂ Ʒ ȖȝȂǆǣƷȖȝǦǆ ǼȂǦȖǐॽ bǣƷȝ ǦȖॶ ȝǣǐ ȖΞȖȝǐǻ ǐΗȂǶΗǐȖ ƷǆǆȂȓǌǦǼǝ

ः



ȝȂ =ƷǼǝǐΗǦǼ ǌΞǼƷǻǦǆȖॽ sǣǐǼ ȝǣǐ ƷǆȝǦȂǼ ǦȖ ǆȂǻȏǶǐΝ Ǧȝ ǦȖ ȖȝǦǶǶ ȏȂȖȖǦǅǶǐ ȝȂ ǆȂǼȖǦǌǐȓ =ƷǼǝǐΗǦǼ ǌΞǼƷǻৄ

ǦǆȖॽ bǣǐ ǜȂȓǆǐ ঳ǝȓƷǌǦǐǼȝ Ȃǜ ȝǣǐ ƷǆȝǦȂǼ঴ ǅǐǆȂǻǐȖ ǆȂǻȏǶǐΝ ǦǼ ȝǣǦȖ ǆƷȖǐ ǻƷǴǦǼǝ ȝǣǐ ЖǐǶǌȖ ƷǶȖȂ ǆȂǻȏǶǐΝ

ǌȠȓǦǼǝ ȝǣǐ ǐΗȂǶȠȝǦȂǼॽ

/Ǽ ȝǣǦȖ ȏȓȂǱǐǆȝ Θǐ ǆȂǼȖǦǌǐȓ ȖǦǻȏǶǐ W$bȖॶ ǶƷȓǝǐN eǼǦȝƷȓΞ BƷȝȓǦΝ BȂǌǐǶȖ ΘǦȝǣ ǆȂǻȏǶǐΝ ƷǆȝǦȂǼȖ

ƷǼǌ Θǐ ǻƷǴǐ ȠȖǐ Ȃǜ ǆȂǻȏǶǐΝ =ƷǼǝǐΗǦǼ ǌΞǼƷǻǦǆȖ ΘǦȝǣ ȖȝȂǆǣƷȖȝǦǆ ȒȠƷǼȝǦΣƷȝǦȂǼ ȝȂ ȖȝȠǌΞ ȝǣǐǻॽ bǣǐΞ

ǐΝǣǦǅǦȝ ȖǦǝǼ ȏȓȂǅǶǐǻ ǌȠǐ ȝȂ ȝǣǐ ǜƷǆȝ ȝǣƷȝ ȝǣǐ ƷǆȝǦȂǼ ǦȖ ǆȂǻȏǶǐΝॽ [ȝƷǼǌƷȓǌBȂǼȝǐ �ƷȓǶȂ ǻǐȝǣȂǌȖ ǜƷǦǶ

ȝȂ ȏȓȂǌȠǆǐ ȝǣǐ ǆȂȓȓǐǆȝ ǐȒȠǦǶǦǅȓǦȠǻ ǌǦȖȝȓǦǅȠȝǦȂǼȖ Ȃǜ ȝǣǐȖǐ ǻȂǌǐǶȖॽ sǐ ǆƷǼ ȠȖǐ ǌǦȖǆȓǐȝǦΣǐǌ ǆȂǻȏǶǐΝ

=ƷǼǝǐΗǦǼ ǐȒȠƷȝǦȂǼ ΘǦȝǣ �ȠǶǐȓ ǻǐȝǣȂǌ ঳ΘǣǦǆǣ ǦȖ Ʒ ЖȓȖȝ Ȃȓǌǐȓ ƷǶǝȂȓǦȝǣǻ঴ ȝȂ ЖǼǌ ȝǣǐ ǐȒȠǦǶǦǅȓǦȠǻ

ЖǐǶǌ ǌǦȖȝȓǦǅȠȝǦȂǼȖ Ȃǜ ȝǣǐȖǐ ǻȂǌǐǶȖॽ /ǜ ȝǣǐȓǐ ǦȖ ȂǼǶΞ ȂǼǐ ȠǼǦȝƷȓΞ ǻƷȝȓǦΝ Θǐ ǆƷǼ ǝȂ ȝǣǐ ǌǦƷǝȂǼƷǶ ǝƷȠǝǐॶ

ƷǼǌ ȝǣǐ ЖǐǶǌȖ঄ǌǐǝȓǐǐȖ Ȃǜ ǜȓǐǐǌȂǻ ǆƷǼ ǅǐ ǐΝȏȓǐȖȖǐǌ ǦǼ ƷǼǝǶǐȖ θiॽ bǣǐǼ Ƕǐȝ ȠȖ ȝƷǴǐ θi(τ)ΘǦȝǣ i =

1, · · · , N ƷȖ ȝǣǐ ǆȂǻȏǶǐΝǦЖǐǌ ƷǼǝǶǐ ΗƷȓǦƷǅǶǐȖ Ȃǜ ȝǣǐ ǝƷȠǝǐ ǶǦǼǴ U(τ) Ʒȝ Ʒ =ƷǼǝǐΗǦǼ ȝǦǻǐ τ ॽ sǐ ǣƷΗǐ

ȝǣǐ ǌǦȖǆȓǐȝǐ =ƷǼǝǐΗǦǼ ǐΗȂǶȠȝǦȂǼ ǐȒȠƷȝǦȂǼ

θi(τ +∆τ) = θi(τ)−
[

∂S

∂θi(τ)

]
∆τ +

√
∆τ ηi(τ), ঳ऀॽँॽऀ঴

Θǣǐȓǐ∆τ ǦȖ ȝǣǐ =ƷǼǝǐΗǦǼ ȝǦǻǐ Ȗȝǐȏॶ ƷǼǌ ηi(τ) ǦȖ Ʒ %ƷȠȖȖǦƷǼ ȓƷǼǌȂǻ ΗƷȓǦƷǅǶǐ ȖƷȝǦȖǜΞǦǼǝ ȝǣǐ ǆȂǼǌǦৄ

ȝǦȂǼȖ

〈ηi(τ)〉 = 0, 〈ηi(τ)ηj(τ ′)〉 = 2δijδττ ′ . ঳ऀॽँॽँ঴

sǐ ƷǶȖȂ Ǽǐǐǌ ȝȂ ǦǻȏȂȖǐ ȝǣǐ SU(N) ǆȂǼȖȝȓƷǦǼȝ ȂǼ ȝǣǐ ǆȂǻȏǶǐΝǦЖǐǌ ƷǼǝȠǶƷȓ ΗƷȓǦƷǅǶǐȖ Ʒǜȝǐȓ ǐƷǆǣ

=ƷǼǝǐΗǦǼ ȝǦǻǐ Ȗȝǐȏॽ bǣƷȝ ǦȖॶ
N∑

i=1

θi(τ) = 0. ঳ऀॽँॽं঴

bǣǦȖ ǆƷǼ ǅǐ ǐƷȖǦǶΞ ǦǻȏǶǐǻǐǼȝǐǌ ǅΞ ȖȠǅȝȓƷǆȝǦǼǝ ȝǣǐ ƷΗǐȓƷǝǐ ΗƷǶȠǐ θav(τ) ǜȓȂǻ ǐƷǆǣ θi(τ) ΗƷȓǦƷǅǶǐॽ

bȂ ǌǐǻȂǼȖȝȓƷȝǐ ȝǣǐ ǐЍǐǆȝǦΗǐǼǐȖȖ Ȃǜ �ȂǻȏǶǐΝ =ƷǼǝǐΗǦǼ �ΞǼƷǻǦǆȖॶ Θǐ ǅǐǝǦǼ ǅΞ ȖȝȠǌΞǦǼǝ Ʒ ȖǦǻৄ

ȏǶǐॶ Ξǐȝ ǼȂǼৄȝȓǦΗǦƷǶ ǻȂǌǐǶ ূ Ʒ ǆȂǻȏǶǐΝǦЖǐǌ ΗǐȓȖǦȂǼ Ȃǜ %ȓȂȖȖৄsǦȝȝǐǼৄsƷǌǦƷ ঳%ss঴BȂǌǐǶ ফऀईॶ ँࣿবॽ

sǐ ȓǐǜǐȓ ȝȂ ȂȠȓ ǻȂǌǐǶ ƷȖ ǖǤठBȡǫǯȕॽ /ȝ ǣƷȖ ȝΘȂ ȏǣƷȖǐȖॶ ǆȂǼЖǼǐǌ ƷǼǌ ǌǐǆȂǼЖǼǐǌॶ ǐΝǣǦǅǦȝǦǼǝ Ʒ ȝǣǦȓǌৄ

ऄ



Ȃȓǌǐȓ ȏǣƷȖǐ ȝȓƷǼȖǦȝǦȂǼॽ bǣǐ ƷǆȝǦȂǼ ǦȖ ǝǦΗǐǼ ǅΞ

S = N
(
aTrU + bTrU †) ঳ऀॽँॽः঴

Θǣǐȓǐॶ a, b ∈ Cॶ U ǦȖ ƷǼ ǐǶǐǻǐǼȝ Ȃǜ SU(N)ॶ ƷǼǌ a = b ǦȖ ȝǣǐ %ȓȂȖȖৄsǦȝȝǐǼৄsƷǌǦƷ ǻȂǌǐǶॽ sǐ ǣƷΗǐ

ƷǼƷǶΞȝǦǆƷǶǶΞ ȖȂǶΗǐǌ ȝǣǐ ǻȂǌǐǶ ǦǼ ȝǣǐ =ƷȓǝǐN ǶǦǻǦȝ ƷǼǌ ǆȂǻȏƷȓǐǌ �ȂǻȏǶǐΝ =ƷǼǝǐΗǦǼ ȖǦǻȠǶƷȝǦȂǼȖ

ƷǼǌ ǜȂȠǼǌ ƷǝȓǐǐǻǐǼȝॽ $Ȃȓ ǦǼȖȝƷǼǆǐॶ ǆȂǼȖǦǌǐȓǦǼǝ b = 2aॶ Θǐ ǣƷΗǐ ȏǶȂȝȝǐǌ ȝǣǐ ǐΝȏǐǆȝƷȝǦȂǼ ΗƷǶȠǐ Ȃǜ

UȂǶΞƷǴȂΗ =ȂȂȏॶ 〈Tr(U)〉ॶ Θǐ ЖǼǌ Ʒ ǝȂȂǌ ǻƷȝǆǣ Ʒȝ ǌǦЍǐȓǐǼȝ ΗƷǶȠǐȖ Ȃǜ aॽ
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< Tr (U) >

bǣǐǼ Θǐ ȝȠȓǼ ȝȂ Ʒ ǻȂȓǐ ȏǣΞȖǦǆƷǶ ǐΝƷǻȏǶǐঃ Ǧǜ Θǐ ǆȂǼȖǦǌǐȓ Ʒ Ʒ ȂǼǐৄǶȂȂȏ ǜȂȓǻȠǶƷȝǦȂǼ Ȃǜ W�� ঳ƷǼǌ

ƷǼƷǶȂǝȂȠȖ SU(N) ǝƷȠǝǐ ȝǣǐȂȓǦǐȖ঴ ȂǼ ǆȂǻȏƷǆȝ ȖȏƷǆǐȖ S1 × S3ॶ Ʒ ȠǼǦȝƷȓΞ ǻƷȝȓǦΝ ǻȂǌǐǶ ƷȓǦȖǐȖॽ bǣǐ

ȂǼǐৄǶȂȂȏ ǐЍǐǆȝǦΗǐ ƷǆȝǦȂǼ Ȃǜ W�� ȂǼ S1 × S3 ΘǦȝǣ ǆǣǐǻǦǆƷǶ ȏȂȝǐǼȝǦƷǶ µ ƷǼǌ ȒȠƷȓǴ ǻƷȖȖm ǣƷȖ ȝǣǐ

ǜȂȓǻ ফँऀবॶ ΘǦȝǣ ȝǣǐȓǻƷǶ UȂǶΞƷǴȂΗ ǶȂȂȏ ƷȖ ȝǣǐ ȠǼǦȝƷȓΞ ǻƷȝȓǦΝ ǻȂǌǐǶ

S =
∞∑

n=1

1

n
zb

(
nβ

R

)
TrUn TrU †n

+
∞∑

n=1

(−1)n

n
Nfzf

(
nβ

R
,mR

)[
enβµTrUn + e−nβµTrU †n] . ঳ऀॽँॽऄ঴

bǣǐ ȒȠƷǌȓƷȝǦǆ ȝǐȓǻ ǦǼ UȂǶΞƷǴȂΗ ǶȂȂȏ ǦȖ ȝǣǐ ǆȂǼȝȓǦǅȠȝǦȂǼ ǜȓȂǻ ƷǌǱȂǦǼȝ ЖǐǶǌȖ ƷǼǌ ȝǣǐ ǶǦǼǐƷȓ ȝǐȓǻ ǦȖ

ȝǣǐ ǆȂǼȝȓǦǅȠȝǦȂǼ ǜȓȂǻ ȝǣǐ ǜȠǼǌƷǻǐǼȝƷǶ ǻƷȝȝǐȓ ЖǐǶǌȖॽ ,ǐȓǐॶ Θǐ ǣƷΗǐ ȝƷǴǐǼ ȝǣǐ ƷǌǱȂǦǼȝ ǆȂǼȝȓǦǅȠȝǦȂǼ

ȝȂ ǅǐ ǅȂȖȂǼǦǆ ƷǼǌ ȝǣǐ ǆȂǼȝȓǦǅȠȝǦȂǼ ǜȓȂǻ ǜȠǼǌƷǻǐǼȝƷǶ ЖǐǶǌȖ ȝȂ ǅǐ ǜǐȓǻǦȂǼǦǆॽ /Ǽ ǜȓǐǐ ȝǣǐȂȓΞ ȝǣǐ

अ



ǐЍǐǆȝǦΗǐ ƷǆȝǦȂǼ ǦȖ ǌǐȝǐȓǻǦǼǐǌ ǦǼ ȝǐȓǻȖ Ȃǜ ȖǦǼǝǶǐ ȏƷȓȝǦǆǶǐ ȏƷȓȝǦȝǦȂǼ ǜȠǼǆȝǦȂǼ

zb

(
β

R

)
= 2

∞∑

l=1

l(l + 2)e−β(l+1)/R, ঳ऀॽँॽअ঴

ƷǼǌ

zf

(
β

R
,mR

)
= 2

∞∑

l=1

l(l + 1)e−
β
R

√
(l+ 1

2 )
2+m2R2 ঳ऀॽँॽआ঴

/Ǽ ȝǣǐ ƷǅȂΗǐ ǐȒȠƷȝǦȂǼȖR ǦȖ ȝǣǐ ȓƷǌǦȠȖ Ȃǜ S3 ƷǼǌm ǦȖ ȝǣǐ ǻƷȖȖ Ȃǜ ȝǣǐ ǜȠǼǌƷǻǐǼȝƷǶ ǜǐȓǻǦȂǼȖॽ sǐ

ȠȖǐ ǌǦǻǐǼȖǦȂǼǶǐȖȖ ΗƷȓǦƷǅǶǐȖ β/Rॶ µR ƷǼǌmR ǦǼ ǼȠǻǐȓǦǆƷǶ ȖǦǻȠǶƷȝǦȂǼȖॽ /Ǽ ȝǣǐ ǶȂΘ ȝǐǻȏǐȓƷȝȠȓǐ

ǶǦǻǦȝॶ β → ∞ॶ Θǐ ǣƷΗǐ zb(∞) = 0 ƷǼǌ ȖȂ ȝǣǐ ǝǶȠȂǼǦǆ ǆȂǼȝȓǦǅȠȝǦȂǼ ǦȖ ǼǐǝǶǦǝǦǅǶǐॽ bǣȠȖ ȝǣǐ ƷǆȝǦȂǼ ǦȖ

S = SVdm + Sf , ঳ऀॽँॽइ঴

Θǣǐȓǐॶ SVdm ǦȖ ȝǣǐ ΗƷǼ ǌǐȓ BȂǼǌǐ ȝǐȓǻ ƷǼǌ Sf ǦȖ ȝǣǐ ǜȠǼǌƷǻǐǼȝƷǶ ǜǐȓǻǦȂǼǦǆ ǆȂǼȝȓǦǅȠȝǦȂǼॽ bǣǐ

ǜǐȓǻǦȂǼǦǆ ȏƷȓȝ ǆȂȠǶǌ ǅǐ ȖȠǻǻǐǌ ǦǼ Ʒ ǶȂǝƷȓǦȝǣǻ

S[U ] = −
∞∑

l=1

σl
(
log
[
det
(
1 + eβ(µ−εl)U

)
det
(
1 + eβ(−µ−εl)U−1

)])
. ঳ऀॽँॽई঴

bȓȠǼǆƷȝǦǼǝ ȝǣǐ ƷǅȂΗǐ ƷǆȝǦȂǼ ȝȂ Ʒ ȖǦǼǝǶǐ ǶǐΗǐǶॶ ǦǼ Ʒ ǌȂȠǅǶǐ ȖǆƷǶǦǼǝ ǶǦǻǦȝॵ

β → ∞, ঳ऀॽँॽऀࣿ঴

µ → ε0,

exp(β(µ− εl)) = ξ,

Θǣǐȓǐ ε0 ǦȖ Ʒ ЖΝǐǌ ȒȠƷȓǴ ǐǼǐȓǝΞ ǶǐΗǐǶ ƷǼǌ ξ ȝǣǐ ǐЍǐǆȝǦΗǐ ǜȠǝƷǆǦȝΞॶ ȝǣǐ ƷǆȝǦȂǼ ǅǐǆȂǻǐȖ

S[U ] = −σ log (1 + ξU) ঳ऀॽँॽऀऀ঴

ΘǣǦǆǣ ǆƷǼ ǅǐ ȖȂǶΗǐǌ ƷǼƷǶΞȝǦǆƷǶǶΞॽ �ȂǻȏƷȓǦǼǝ ǆȂǻȏǶǐΝ =ƷǼǝǐΗǦǼ ȖǦǻȠǶƷȝǦȂǼȖ ƷǝƷǦǼȖȝ ƷǼƷǶΞȝǦǆ ȓǐȖȠǶȝȖ

Θǐ ǝǐȝ Ʒ ǝȂȂǌ ǻƷȝǆǣॽ $Ȃȓ ǦǼȖȝƷǼǆǐॶ ȝǣǐ ǐΝȏǐǆȝƷȝǦȂǼ ΗƷǶȠǐ Ȃǜ UȂǶΞƷǴȂΗ =ȂȂȏ ƷǼǌ /ǼΗǐȓȖǐ UȂǶΞƷǴȂΗ

=ȂȂȏȖ Ʒȓǐ ǐΗƷǶȠƷȝǐǌ ǜȂȓ ǌǦЍǐȓǐǼȝ ΗƷǶȠǐȖ ȂǜN ॽ
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<P> (analytic, N = ∞ )
<P-1> (analytic, N = ∞ )

<P> (complex Langevin, N = 500)
<P-1>(complex Langevin, N = 500)

<P> (complex Langevin, N = 3)
<P-1> (complex Langevin, N = 3)

ऀ৷ँ৷ँ �ԀԞӹӋ Ԁӹ ӟӢӚӟӏԏ৳ԌԀӢӹԚ HԞԚ৳Ԁә৳ԚӢӸӏ৳ԀԏӋӏԏӏӋ৳ӅԀԏԏӏӲҷԚԀԏԓ

৵HbH�ԓ৶

XǐǆǐǼȝ ƷȝȝǐǻȏȝȖ ȝȂ ȓǐǆȂǼǆǦǶǐ WȠƷǼȝȠǻ%ȓƷΗǦȝΞ ƷǼǌ WȠƷǼȝȠǻBǐǆǣƷǼǦǆȖॶ ǣƷȖ Ƕǐǌ ȝȂ ǦǼȝǐȓǐȖȝǦǼǝ

ǌǐΗǐǶȂȏǻǐǼȝȖॽ [ǦǼǆǐ ȝǣǐ ȖȏƷǆǐৄȝǦǻǐ ǅǐǣǦǼǌ ȝǣǐ ǣȂȓǦΣȂǼ ǦȖ ǆǶƷȖȖǦǆƷǶǶΞ ǦǼƷǆǆǐȖȖǦǅǶǐ ǦǼ Ʒ �ǶƷǆǴ ,ȂǶǐ

ǝǐȂǻǐȝȓΞ Ǧȝ ǅǐǆȂǻǐȖ ǦǼȝǐȓǐȖȝǦǼǝ ȝȂ ǦǼΗȂǴǐ ȝǣǐ ǼȂȝǦȂǼȖ Ȃǜ WȠƷǼȝȠǻ ǦǼǜȂȓǻƷȝǦȂǼ ƷǼǌ ǆȂǻȏȠȝƷৄ

ȝǦȂǼ঳W/W�঴ ǦǼ ȖȠǆǣ Ʒ ȖǐȝȠȏॽ /Ǽ ȝǣǐ ȏƷȖȝ ǌǐǆƷǌǐॶ ǻƷǼΞ ǆȓǐƷȝǦΗǐ ȒȠǐȖȝǦȂǼȖ ǣƷΗǐ ǅǐǐǼ ȏȂȖǐǌ ȠȖǦǼǝ

W/W�ΘǣǦǆǣ ǣƷȖ Ƕǐǌ ȝȂ ǦǼȝǐȓǐȖȝǦǼǝ ȓǐΗǐǶƷȝǦȂǼȖ Ȃǜ W%ॽ HǼǐ ȖȠǆǣ ȒȠǐȖȝǦȂǼ ƷȓǦȖǦǼǝ ǜȓȂǻ ȒȠƷǼȝȠǻ ǦǼৄ

ǜȂȓǻƷȝǦȂǼ ȝǣǐȂȓΞ ΘƷȖ ȝȂ ȒȠƷǼȝǦǜΞ ȝǣǐ Ȗȏǐǐǌ Ʒȝ ΘǣǦǆǣ ȖǆȓƷǻǅǶǦǼǝ Ȃǜ ǦǼǜȂȓǻƷȝǦȂǼ ǣƷȏȏǐǼȖ ǦǼ Ʒ ǝǦΗǐǼ

ȖΞȖȝǐǻॽ �ȏȏǶΞǦǼǝ Ǧȝ ǦǼ ȝǣǐ ǆȂǼȝǐΝȝ Ȃǜ �ǶƷǆǴ ,ȂǶǐॶ Ǧȝ ΘƷȖ ǆȂǼǱǐǆȝȠȓǐǌ ȝǣƷȝ ȝǣǐȓǐ ǦȖ Ʒ ȠǼǦΗǐȓȖƷǶ ǅȂȠǼǌ

ȂǼ ǦǼǜȂȓǻƷȝǦȂǼ ȖǆȓƷǻǅǶǦǼǝ ফँँॶ ँंবॽ eȖǦǼǝ �ǌ[঄�$bॶ ȝǣǐ ǦǼǜȂȓǻƷȝǦȂǼ ȖǆȓƷǻǅǶǦǼǝ ǅȂȠǼǌȖ ȝȓƷǼȖৄ

ǶƷȝǐǌ ȝȂ Ʒ ȠǼǦΗǐȓȖƷǶ ǅȂȠǼǌ ȂǼ ȝǣǐ ǝȓȂΘȝǣ Ȃǜ ȒȠƷǼȝȠǻ ǆǣƷȂȖ ফँःবॽ

WȠƷǼȝȠǻ �ǣƷȂȖ ΘƷȖ ǦǼȖȏǦȓǐǌ ǅΞ ȝǣǐ ǌǐЖǼǦȝǦȂǼ Ȃǜ ǆǶƷȖȖǦǆƷǶ ǆǣƷȂȖॶ ΘǣǦǆǣ ȒȠƷǼȝǦЖǐǌ ȝǣǐ ǅǐǣƷΗǦȂȠȓ

Ȃǜ ǌΞǼƷǻǦǆƷǶ ȖΞȖȝǐǻȖ ȝǣƷȝ Ʒȓǐ ǣǦǝǣǶΞ ȖǐǼȖǦȝǦΗǐ ȝȂ ǦǼǦȝǦƷǶ ǆȂǼǌǦȝǦȂǼȖॽ /Ǽ ǻƷȝǣǐǻƷȝǦǆƷǶ ȝǐȓǻȖॶ ǝǦΗǐǼ

ȝΘȂ ȖȝƷȓȝǦǼǝ ȝȓƷǱǐǆȝȂȓǦǐȖ ǦǼ ȝǣǐ ȏǣƷȖǐ ȖȏƷǆǐ ȝǣƷȝ Ʒȓǐ ǦǼЖǼǦȝǐȖǦǻƷǶǶΞ ǆǶȂȖǐॶ ΘǦȝǣ ǦǼǦȝǦƷǶ ȖǐȏƷȓƷȝǦȂǼ δx0ॶ

Ʒȝ ǶƷȝǐ ȝǦǻǐȖ ǌǦΗǐȓǝǐ ǐΝȏȂǼǐǼȝǦƷǶǶΞ ƷȖॶ

|δx(t)|= eλt|δx0| ঳ऀॽँॽऀँ঴

इ



Θǣǐȓǐ λ ǦȖ ǴǼȂΘǼ ƷȖ ȝǣǐ =ΞƷȏȠǼȂΗ ǐΝȏȂǼǐǼȝॽ [ǆǣǐǻƷȝǦǆƷǶǶΞ ȝǣǐ ƷǅȂΗǐ ǐȒȠƷȝǦȂǼ ǆƷǼ ǅǐ ǐΝȏȓǐȖȖǐǌ ǦǼ

ȝǐȓǻȖ Ȃǜ UȂǦȖȖȂǼ �ȓƷǆǴǐȝॶ

∂x(t)

∂x0
= {x(t), p}PB ঳ऀॽँॽऀं঴

CȂΘ ǶǦǜȝǦǼǝ ȝǣǐ ȂǅȖǐȓΗƷǅǶǐȖ ȝȂ ȂȏǐȓƷȝȂȓȖॶ ƷǼǌ UȂǦȖȖȂǼ ǅȓƷǆǴǐȝ ȝȂ Ʒ ǆȂǻǻȠȝƷȝȂȓॶ Θǐ ǝǐȝ Ʒ ǌǦƷǝǼȂȖȝǦǆ

Ȃǜ ȒȠƷǼȝȠǻ ǆǣƷȂȖॽ �Ƞȝ ǦǼ ȝǣǐ ȝǣǐȓǻƷǶ ǐǼȖǐǻǅǶǐ ȝǣǐ ǆȂǻǻȠȝƷȝȂȓ ǦȖ ȂǜȝǐǼ ΣǐȓȂ ƷǼǌ ȂǼǐ ǻƷΞ Ǽǐǐǌ ȝȂ

ǆȂǼȖǦǌǐȓ ȝǣǐ ȖȒȠƷȓǐ Ȃǜ Ǧȝॶ

C =
〈
[W (t), V (0)]2

〉
β
,

= Tr
[
e−βH [W (t), V (0)]2

]
. ঳ऀॽँॽऀः঴

,ǐȓǐ Θǐ ǣƷΗǐ ǝǐǼǐȓƷǶǦΣǐǌ x̂, p̂ ȂȏǐȓƷȝȂȓȖ ȝȂ ǝǐǼǐȓǦǆ ,ǐȓǻǦȝǦƷǼ ȂȏǐȓƷȝȂȓȖW,V ॽ HǼ ǐΝȏƷǼǌǦǼǝ ȝǣǐ

ǆȂǻǻȠȝƷȝȂȓ ȖȒȠƷȓǐ Θǐ ǝǐȝ ȝΘȂ ȏǦǐǆǐȖॶ

C =
〈
[W (t), V (0)]2

〉
β
= −2 〈W (t)W (t)V (0)V (0)〉β + 2 〈W (t)V (0)W (t)V (0)〉β . ঳ऀॽँॽऀऄ঴

bǣǐ ЖȓȖȝ ȝǐȓǻ ǦǼ ȝǣǐ ƷǅȂΗǐ ǐΝȏȓǐȖȖǦȂǼ ǦȖ Ʒ ȝǦǻǐৄȂȓǌǐȓǐǌৄǆȂȓȓǐǶƷȝȂȓ ঳bH�঴ ƷǼǌ ȝǣǐ ȖǐǆȂǼǌ ȝǐȓǻ ǦȖ

ƷǼ ȂȠȝৄȂǜৄȝǦǻǐৄȂȓǌǐȓǐǌৄǆȂȓȓǐǶƷȝȂȓ ঳HbH�঴ॽ bǣǐ ЖȓȖȝ ȝǐȓǻ ǦǼ ȝǣǐ ƷǅȂΗǐ ǐΝȏȓǐȖȖǦȂǼ ǝȂǐȖ ȝȂ ΣǐȓȂ Ʒȝ

ǶƷȓǝǐ ȝǦǻǐ ǌȠǐ ȝȂ ȠȖȠƷǶ ǌǦЍȠȖǦȂǼ঄ȓǐǶƷΝƷȝǦȂǼॽ �ȝ Ʒ ȝǦǻǐ ȖǆƷǶǐ Ȃǜ ȝǣǐ Ȃȓǌǐȓ Ȃǜ ǌǦЍȠȖǦȂǼ ȝǦǻǐ tdॶ Θǐ

ǣƷΗǐॶW (t)V (0) ∼ e
− t

td ॽ ,ǐǼǆǐ ǌǦЍȠȖǦȂǼ ΘǦȝǣ ǶƷȓǝǐN ǜƷǆȝȂȓǦΣƷȝǦȂǼ ǝǦΗǐȖ ȝǣǐȓǻƷǶ ǜƷǆȝȂȓǦΣƷȝǦȂǼ Ȃǜ

bH�Ȗॶ Ǧॽǐॽ ƷǶǶ ȝǦǻǐ Ȃȓǌǐȓǐǌ ȝǣǐȓǻƷǶ ǆȂȓȓǐǶƷȝȂȓȖ ǜƷǆȝȂȓǦΣǐȖ ȝȂ Ʒ ȏȓȂǌȠǆȝ Ȃǜ ȝǣǐȓǻƷǶ ǐΝȏǐǆȝƷȝǦȂǼȖॽ $Ȃȓ

ȂȠȓ ȏƷȓȝǦǆȠǶƷȓ ǐΝƷǻȏǶǐ ǦǼ ǣƷǼǌॶ Θǐ ǣƷΗǐॶ

〈W (t)W (t)V (0)V (0)〉 ≈ 〈W (0)W (0)〉 〈V (0)V (0)〉 , ঳ऀॽँॽऀअ঴

Ʒȝ ǶƷȓǝǐ ȝǦǻǐॽ ,ǐǼǆǐ ȝǣǐ ǶƷȓǝǐ ȝǦǻǐ ǅǐǣƷΗǦȂȓ Ȃǜ ȝǣǐ ǆȂǻǻȠȝƷȝȂȓ ǦȖ ǝǦΗǐǼ ǅΞ ȝǣǐ HbH�ॽ

�ȝ Ʒ ЖȓȖȝ ǶȂȂǴॶ HbH�ǻƷΞ ƷȏȏƷȓǐǼȝǶΞ Ȗǐǐǻ ȝȂ ǣƷΗǐ Ʒ ȖǦǻǦǶƷȓ ǶƷȓǝǐN ǜƷǆȝȂȓǦΣƷȝǦȂǼ ƷȖ bH�ॶ

F ≈ 2 〈W (t)V (0)〉2 + 〈W (t)W (t)〉 〈V (0)V (0)〉+O(1/Nd) ঳ऀॽँॽऀआ঴

ई



,ȂΘǐΗǐȓॶ ȝǣǐ ǆƷȝǆǣ ǦȖ ȝǣƷȝ ȝǣǐ ȖȠǅৄǶǐƷǌǦǼǝ ȏƷȓȝ Ȃǜ F (t) ǝȓȂΘȖ ΘǦȝǣ ȝǦǻǐॽ HǼǐ ǻƷΞ ƷȓǝȠǐ ȝǣƷȝ ǜȂȓ

Ʒ ȖΞȖȝǐǻ ΘǦȝǣ Ʒ ǶƷȓǝǐ ǼȠǻǅǐȓ Ȃǜ ǌǐǝȓǐǐȖ Ȃǜ ǜȓǐǐǌȂǻॶ F ȝǐǼǌȖ ȝȂ ΣǐȓȂ ƷȖΞǻȏȝȂȝǦǆƷǶǶΞॽ bǣǦȖ ǆȂȠǶǌ

ǅǐ ȠǼǌǐȓȖȝȂȂǌ ƷȖ ǜȂǶǶȂΘǦǼǝॵ ǦǼ ƷǼ ǆǣƷȂȝǦǆ ȖΞȖȝǐǻॶ Ʒȝ ƷǼ ǦǼȝǐȓǻǐǌǦƷȝǐ ȝǦǻǐ ǻȠǆǣ ǶƷȓǝǐȓ ȝǣƷǼ ȝǣǐ

ǌǦЍȠȖǦȂǼ ȝǦǻǐ t + tdॶ ǅǐǣƷΗǦȂȓ ȂǜC ǦȖ ǝǦΗǐǼ ǅΞ

C ∝ εe2λt, ঳ऀॽँॽऀइ঴

Θǣǐȓǐ ε ǦȖ Ʒ ȖǻƷǶǶ ȏƷȓƷǻǐȝǐȓ ȓǐǶƷȝǐǌ ȝȂ ȝǣǐ ǼȠǻǅǐȓ Ȃǜ ǌǐǝȓǐǐȖ ǜȓǐǐǌȂǻ ƷǼǌ λ ǦȖ ȝǣǐ =ΞƷȏȠǼȂΗ ǐΝȏȂৄ

ǼǐǼȝॽ ,ǐǼǆǐॶ F Ʒȝ ƷǼ ǦǼȝǐȓǻǐǌǦƷȝǐ ȝǦǻǐ ΘȂȠǶǌ ȝǣǐǼ ǅǐǣƷΗǐ ǶǦǴǐॶ

F ≈ f0 − εf1e
2λt. ঳ऀॽँॽऀई঴

bǣǐ ȖǐǆȂǼǌ ȝǐȓǻ ǅǐǆȂǻǐ ǦǻȏȂȓȝƷǼȝ Ʒȝ ȝǦǻǐ ȖǆƷǶǐ t∗ ≈ − 1
λ log εॶ ΘǣǦǆǣ ǦȖ ǴǼȂΘǼ ƷȖ ȝǣǐ ȖǆȓƷǻǅǶǦǼǝ

ȝǦǻǐॽ

eȖǦǼǝ ǆȂǻȏǶǐΝ ƷǼƷǶΞȝǦǆ ȝǐǆǣǼǦȒȠǐȖॶ ফँःব ȏȓȂΗǐȖ ȝǣƷȝ ǻƷΝǦǻȠǻ ȏȂȖȖǦǅǶǐ ΗƷǶȠǐ Ȃǜ =ΞƷȏȠǼȂΗ ǐΝȏȂৄ

ǼǐǼȝ ǣƷȖ ƷǼ Ƞȏȏǐȓ ǅȂȠǼǌ ȏȓȂȏȂȓȝǦȂǼƷǶ ȝȂ ȝǣǐ ȝǐǻȏǐȓƷȝȠȓǐॶ

λmax ≤ 2π

β
. ঳ऀॽँॽँࣿ঴

bǣǦȖ ǻƷΝǦǻȠǻ ΗƷǶȠǐ Ȃǜ =ΞƷȏȠǼȂΗ ǐΝȏȂǼǐǼȝ ǦȖ ƷǶȖȂ ǴǼȂΘǼ ȝȂ ȖƷȝȠȓƷȝǐ ǦǼ ǣȂǶȂǝȓƷȏǣǦǆ ǻȂǌǐǶȖ ΘǦȝǣ

ǝȓƷΗǦȝΞ ফँऄবॶ ǆǐȓȝƷǦǼ ȝΘȂ ǌǦǻǐǼȖǦȂǼƷǶ �$bȖ ফँअব ƷǼǌ ƷǶȖȂ ǦǼ [y<ǻȂǌǐǶ ঳ফआॶ इॶ ँआব঴ॽ

/Ǽ ȂȠȓ ΘȂȓǴ ফँবॶ Θǐ ǆȂǼȝǦǼȠǐǌ ȝǣǐ ȖƷǻǐ ǶȂǝǦǆ ƷȖ ȝǣƷȝ Ȃǜ ȝǣǐ ȏȓǐΗǦȂȠȖ ȏƷȓƷǝȓƷȏǣॶ ǆȂǼȖǦǌǐȓǐǌ ȝǣǐ

ǣǦǝǣǐȓ ȏȂΘǐȓ Ȃǜ ȝǣǐ ǆȂǻǻȠȝƷȝȂȓॶ

C =

〈
r∏

i=1

[V (T ), V (0)]2n
〉

঳ऀॽँॽँऀ঴

ƷǼǌ ǜȂȠǼǌ ȝǣǐ ǆǣƷȂȖ ǅȂȠǼǌ Ȃǜ ȖȠǆǣ Ʒ ǆȂȓȓǐǶƷȝǦȂǼ ǜȠǼǆȝǦȂǼॽ $Ȃȓ ȝǣƷȝ ȏȠȓȏȂȖǐॶ Θǐ ǆȂǼȖǦǌǐȓǐǌ ȝǣǐ

ǻȂȖȝ ǝǐǼǐȓǦǆ ǼৄȏȂǦǼȝ HbH�ΘǦȝǣ Ʒ ǝǦΗǐǼ Ȗǆǣǐǻǐ Ȃǜ ȓǐǝȠǶƷȝǦȂǼ ǻƷΞ ǅǐ ǐΝȏȓǐȖȖǐǌ ƷȖॶ

Fβ(ti, τi) = Tr
(
e−β1ĤV1(t1)e

−β2ĤV2(t2) . . . e
−βnĤVn(tn)

)
঳ऀॽँॽँँ঴

ऀࣿ



Θǣǐȓǐॶ Ĥ ǦȖ ȝǣǐ ,ƷǻǦǶȝȂǼǦƷǼ Ȃǜ ȝǣǐ ȖΞȖȝǐǻॶ βi > 0 Ʒȓǐ ȖǐȏƷȓƷȝǦȂǼȖ ǅǐȝΘǐǐǼ ȝΘȂ ǆȂǼȖǐǆȠȝǦΗǐ ȂȏǐȓƷৄ

ȝȂȓ ǦǼȖǐȓȝǦȂǼȖ ƷǶȂǼǝ ȝǣǐ ȝǣǐȓǻƷǶ ǆǦȓǆǶǐॶ ƷǼǌ ȝǣǐȓǐǜȂȓǐ ȖƷȝǦȖǜΞ ȝǣǐ ǆȂǼȖȝȓƷǦǼȝॶ

n∑

i=1

βi = β ঳ऀॽँॽँं঴

Θǣǐȓǐ β ǦȖ ȝǣǐ ǦǼΗǐȓȖǐ ȝǐǻȏǐȓƷȝȠȓǐ Ȃǜ ȝǣǐ ǣǐƷȝ ǅƷȝǣ Ǧॽǐ ȝǣǐ ǆǦȓǆȠǻǜǐȓǐǼǆǐ Ȃǜ ȝǣǐ ȝǣǐȓǻƷǶ ǆǦȓǆǶǐॽ

Fβ(ti, τi) ǆƷǼ ΗǦȖȠƷǶǦΣǐǌ ƷȖ

t

Vn(tn)

Vn−1(tn−1)

V1(t1)

V2(t2)

τ

Vk(tk)

Vk+1(tk+1)

Vn−2(tn−2)

Figure 1.1: Generic n-point correlator on a thermal circle of radius β

Θǣǐȓǐ Vi(ti)৚Ȗ Ʒȓǐ ȝǣǐȓǻƷǶ Ȃȓǌǐȓǐǌ ƷǶȂǼǝ τ ǌǦȓǐǆȝǦȂǼ ƷǼǌ ȝǦǻǐ ǦȖ ȏǐȓȏǐǼǌǦǆȠǶƷȓ ȝȂ ȝǣǐ ȝǣǐȓǻƷǶ

ǆǦȓǆǶǐॽ sǐ ȓǐȖȝȓǦǆȝ ȂȠȓȖǐǶΗǐȖ ȝȂ ǦǼǆȓǐƷȖǦǼǝ ǶǦǼǐƷȓ ǜȠǼǆȝǦȂǼȖॽ

ti ≡ fi(t) = ωit ;ωi ≥ 0 ঳ऀॽँॽँः঴

ƷǼǌ ȠǼǌǐȓ ƷǼƷǶΞȝǦǆ ǆȂǼȝǦǼȠƷȝǦȂǼ t → t + iτ ॶ Θǐ ЖǼǌ ȝǣǐ ǌȂǻƷǦǼ Ȃǜ ƷǼƷǶΞȝǦǆǦȝΞ ȝȂ ǅǐ Ʒ ǣƷǶǜৄȖȝȓǦȏ

D = (0,∞)× i(−τ−, τ+)ॶ

τ− = ǻǦǼॽ
{

βj
ωj,j−1

}
< τ < ǻǦǼॽ

{
βi

ωi−1,i

}
= τ+. ঳ऀॽँॽँऄ঴

ऀऀ



�ǣȂȂȖǦǼǝ ƷǼ ƷȏȏȓȂȏȓǦƷȝǐ ǼȂȓǻƷǶǦΣƷȝǦȂǼ ǜƷǆȝȂȓNβ ॶ Θǐ ȖǣȂΘ ȝǣƷȝFβ(ti, τi) ǌǐǆƷΞȖ Ʒȝ ǶƷȝǐ ȝǦǻǐȖ ƷȖॶ

|Fβ|! Nβ − |Fβ(t0)|e
π

τ++τ−
t ঳ऀॽँॽँअ঴

ƷǼǌ ȝǣǐ =ΞƷȏȠǼȂΗ ǐΝȏȂǼǐǼȝ ǆƷǼ ǅǐ ȓǐƷǌৄȂЍ ƷȖ λL =
π

τ+ + τ−
ȝǣȠȖॶ Ǧȝ ǦȖ ǱȠȖȝ Ʒ ǜȠǼǆȝǦȂǼ Ȃǜ ȝǣǐ ΘǦǌȝǣ

Ȃǜ ȝǣǐ ȖȝȓǦȏDॽ bǣǐȓǐǜȂȓǐ ǆȂǼȖǦǌǐȓǦǼǝ Ʒ ǆȂȓȓǐǶƷȝȂȓȖ ΘǣǦǆǣ ǦȖ ǣƷȖ Ʒ ǜȂȓǻ 〈(V (t)W (0))n〉ॶ ǆǣȂȂȖǦǼǝ Ʒ

ǐȒȠǦȖȏƷǆǐǌ ȓǐǝȠǶƷȝȂȓॶ

F n(t) = Tr
(
ρ̂

1
2nV (t)ρ̂

1
2nW (0)

)n
঳ऀॽँॽँआ঴

Θǐ ȖǣȂΘ ȝǣƷȝ ȝǣǐ =ΞƷȏȠǼȂΗ ǐΝȏȂǼǐǼȝ λl = nπ
β ǜȂȓ ȖȠǆǣ ǆȂȓȓǐǶƷȝȂȓȖॽ

ऀ৷ँ৷ं ε−�ԭԌҷӹԓӢԀӹ Ӣӹ Ԛӟӏ %ԏԀԓԓ৳CӏԪӏԞ ӸԀӋӏӲ әԏԀӸ�ԀӹәԀԏӸҷӲ

$ӢӏӲӋ bӟӏԀԏԮ

[ΞǻǻǐȝȓǦǐȖ ǣƷΗǐ ȏǶƷΞǐǌ ƷǼ ǦǻȏȂȓȝƷǼȝ ȓȂǶǐ ǦǼ ȖȝȠǌΞǦǼǝ ȖȝȓȂǼǝǶΞৄǆȂȠȏǶǐǌ ЖǐǶǌ ȝǣǐȂȓǦǐȖॽ /ǼȖȝǐƷǌ Ȃǜ

ΘȂȓǴǦǼǝ ΘǦȝǣ Ʒ =ƷǝȓƷǼǝǦƷǼ ƷǼǌ ǌȂǦǼǝ ȝǐǌǦȂȠȖ $ǐΞǼǻƷǼ ǌǦƷǝȓƷǻȖ ǆȂǻȏȠȝƷȝǦȂǼॶ ȝǣǐ ǦǌǐƷ ΘƷȖ ȝȂ

ȖȝȠǌΞ ǆȂȓȓǐǶƷȝȂȓȖ ƷǼǌ [ৄǻƷȝȓǦΝॽ bǣǦȖ ǐǻǐȓǝǐǌ ǦǼ ȝǣǐ ऀईअࣿ৚Ȗ ǴǼȂΘǼ ƷȖ ȝǣǐ [ৄǻƷȝȓǦΝ ǅȂȂȝȖȝȓƷȏ ȏȓȂৄ

ǝȓƷǻॽ bǣǐ ȏǣǦǶȂȖȂȏǣΞ ΘƷȖ ȝȂ ǌǐȓǦΗǐ ƷȖ ǻȠǆǣ ǦǼǜȂȓǻƷȝǦȂǼ ƷȖ ȏȂȖȖǦǅǶǐ ƷǅȂȠȝ ȝǣǐ ȖȝȓȂǼǝ ǦǼȝǐȓƷǆȝǦȂǼ

ǜȓȂǻ ȏǶƷȠȖǦǅǶǐ ƷȖȖȠǻȏȝǦȂǼȖ ƷǅȂȠȝ ȝǣǐ [ৄǻƷȝȓǦΝ ΘǣǦǆǣ Θǐȓǐ ƷǼƷǶΞȝǦǆǦȝΞॶ ǆȓȂȖȖǦǼǝ ȖΞǻǻǐȝȓΞ ƷǼǌ ȠǼǦৄ

ȝƷȓǦȝΞॽ /Ǽ ǐƷȓǶΞ ǌƷΞȖॶ ǻȠǆǣ Ȃǜ ȝǣǐ ȖȠǆǆǐȖȖ ΘƷȖ ǦǼ ȝǣǐ ǆȂǼȝǐΝȝ Ȃǜ ȝΘȂৄǌǦǻǐǼȖǦȂǼƷǶ ǆȂǼǜȂȓǻƷǶ ЖǐǶǌ

ȝǣǐȂȓǦǐȖॶ Ǧॽǐ �ȂǼǜȂȓǻƷǶ ǅȂȂȝȖȝȓƷȏ ȏȓȂǝȓƷǻॽ qǐȓΞ ȓǐǆǐǼȝǶΞ ȝǣǐȓǐ ǣƷȖ ǅǐǐǼ Ʒ ȓǐΗǦΗƷǶ Ȃǜ �ȂǼǜȂȓǻƷǶ

ǅȂȂȝȖȝȓƷȏ ȏȓȂǝȓƷǻ ǦǼ ǣǦǝǣǐȓ ǌǦǻǐǼȖǦȂǼƷǶ ЖǐǶǌ ȝǣǐȂȓǦǐȖॽ

/Ǽ ǣǦǝǣǐȓ ǌǦǻǐǼȖǦȂǼȖॶ ǆȂǼǜȂȓǻƷǶ ǅȂȂȝȖȝȓƷȏ ΘƷȖ ǌǐΗǐǶȂȏǐǌ ǦǼ ফँइॶ ँईব ǼȠǻǐȓǦǆƷǶǶΞ ȠȖǦǼǝ ȖǐǻǦৄ

ǌǐЖǼǦȝǐ ȏȓȂǝȓƷǻǻǦǼǝॽ bǣǐ ǻǐȝǣȂǌ ǣƷȖ ǅǐǐǼ ȠȖǐǌ ȝȂ ȂǅȝƷǦǼ ǻƷǼΞ ǝǐǼǐȓƷǶ ȓǐȖȠǶȝȖ ǦǼ ǆȂǼǜȂȓǻƷǶ ƷǼǌ

ȖȠȏǐȓǆȂǼǜȂȓǻƷǶ ЖǐǶǌ ȝǣǐȂȓǦǐȖ ǦǼ ȝǣȓǐǐॶ ǜȂȠȓॶ ЖΗǐ ƷǼǌ ȖǦΝ ǌǦǻǐǼȖǦȂǼȖॽ �ȏȏǶǦǐǌ ȝȂ ȝǣǐ ǆȂǼǜȂȓǻƷǶ ЖǐǶǌ

ȝǣǐȂȓΞ ǌǐȖǆȓǦǅǦǼǝ ȝǣǐ ǆȓǦȝǦǆƷǶ ȏȂǦǼȝ Ȃǜ ȝǣǐ ȝǣȓǐǐৄǌǦǻǐǼȖǦȂǼƷǶ /ȖǦǼǝ ǻȂǌǐǶॶ Ǧȝ ȏȓȂǌȠǆǐǌ ȝǣǐ ǻȂȖȝ ȏȓǐৄ

ǆǦȖǐ ȏȓǐǌǦǆȝǦȂǼȖ ফंࣿॶ ंऀব ǜȂȓ ǦȝȖ ǆȓǦȝǦǆƷǶ ǐΝȏȂǼǐǼȝȖॽ �Ǽ ƷǼƷǶΞȝǦǆƷǶ ƷȏȏȓȂƷǆǣ ȠȖǦǼǝ BǐǶǶǦǼ ȖȏƷǆǐ ȓǐȏȓǐৄ

ȖǐǼȝƷȝǦȂǼ Ȃǜ �$b ΘƷȖ ǦǼȝȓȂǌȠǆǐǌ ǦǼ ফंँবॽ

�ƷȖǐǌ ȂǼ ȝǣǐ ȝǐǆǣǼǦȒȠǐȖ ǦǼȝȓȂǌȠǆǐǌ ǅΞ XΞǆǣǴȂΗ ƷǼǌ bƷǼ ফंंবॶ ǦǼ ȝǣǦȖ ȏȓȂǱǐǆȝ ফंবॶ Θǐ ȖȝȠǌΞ Ʒ

ऀँ



ǆǐȓȝƷǦǼ ǼȂǼৄ=ƷǝȓƷǼǝǦƷǼ ǌǐȖǆȓǦȏȝǦȂǼ Ȃǜ ǜǐȓǻǦȂǼǦǆ �$bȖॽ bǣǐ ȠǼǌǐȓǶΞǦǼǝ ǦǌǐƷ ǦȖॶ ƷȖ Ʒ ǆȂǼȖǐȒȠǐǼǆǐ

Ȃǜ ǐȒȠƷȝǦȂǼȖ Ȃǜ ǻȂȝǦȂǼ Ȃǜ %ȓȂȖȖৄCǐΗǐȠ ǻȂǌǐǶॶ ȝǣǐ ǆȂǼǜȂȓǻƷǶ ǻȠǶȝǦȏǶǐȝȖ ψ ƷǼǌ ψ(ψ̄ψ) ǆȂǻǅǦǼǐ

Ʒȝ ȝǣǐ %ȓȂȖȖৄCǐΗǐȠ ЖΝǐǌ ȏȂǦǼȝॽ eȖǦǼǝ ȝǣǦȖ ǜƷǆȝ ƷǼǌ Ȃȝǣǐȓ ǆȂǼǜȂȓǻƷǶ ȏȓȂȏǐȓȝǦǐȖ Θǐ ǆȂǻȏȠȝǐ ȝǣǐ

ǶǐƷǌǦǼǝ Ȃȓǌǐȓ ৄ ǦǼ ȝǣǐ ǐȏȖǦǶȂǼ ǐΝȏƷǼȖǦȂǼ ৄ ƷǼȂǻƷǶȂȠȖ ǌǦǻǐǼȖǦȂǼȖ Ȃǜ Ʒ ǆǶƷȖȖ Ȃǜ ǆȂǻȏȂȖǦȝǐ ȂȏǐȓƷȝȂȓȖ ǦǼ

ȝǣǐ %ȓȂȖȖৄ CǐΗǐȠ ǻȂǌǐǶ ǦǼ 2+ε ǌǦǻǐǼȖǦȂǼȖॽ �Ǽǌ Ǧȝ ΘƷȖ ƷǆǆȂǻȏǶǦȖǣǐǌ ΘǦȝǣȂȠȝ ȓǐǶΞǦǼǝ ȂǼ $ǐΞǼǻƷǼ

ǌǦƷǝȓƷǻȖ ƷǼǌ ǆȂǼΗǐǼȝǦȂǼƷǶ ȏǐȓȝȠȓǅƷȝǦȂǼ ȝǣǐȂȓΞ ȝǐǆǣǼǦȒȠǐȖॽ

bǣǐ %ȓȂȖȖৄCǐΗǐȠ ǻȂǌǐǶ ǦȖ Ʒ ȓǐǼȂȓǻƷǶǦΣƷǅǶǐ ЖǐǶǌ ȝǣǐȂȓΞ ǦǼ ȝΘȂ ǌǦǻǐǼȖǦȂǼȖॽ /ȝ ǦȖ ǌǐȖǆȓǦǅǐǌ ǅΞ Ʒ

U(Ñ) ȖΞǻǻǐȝȓǦǆ ƷǆȝǦȂǼ ǜȂȓ Ñ ǻƷȖȖǶǐȖȖ ȖǐǶǜৄǦǼȝǐȓƷǆȝǦǼǝ �ǦȓƷǆ ǜǐȓǻǦȂǼȖ {ψI , ψ̄I}ॽ sǐ ΘǦǶǶ ǆȂǼȖǦǌǐȓ

ȝǣǐ %ȓȂȖȖৄCǐΗǐȠ ǻȂǌǐǶ ǦǼ 2 + ε ǌǦǻǐǼȖǦȂǼȖ

S =

∫
d2+εx

[
ψ̄I/∂ψI +

1

2
gµ−ε (ψ̄IψI

)2
]
, I = 1, ...., Ñ . ঳ऀॽँॽँइ঴

,ǐȓǐ g ǦȖ ȝǣǐ ǆȂȠȏǶǦǼǝ ǆȂǼȖȝƷǼȝ ΘǣǦǆǣ ǦȖ ǌǦǻǐǼȖǦȂǼǶǐȖȖ ǦǼ ȝΘȂ ǌǦǻǐǼȖǦȂǼȖॽ bǣǦȖ ȝǣǐȂȓΞ ǣƷȖ Ʒ ΘǐƷǴǶΞ

ǆȂȠȏǶǐǌ eq ЖΝǐǌ ȏȂǦǼȝ ǝǦΗǐǼ ǅΞ ȝǣǐ ǼȂǼৄȝȓǦΗǦƷǶ ΣǐȓȂ Ȃǜ ȝǣǐ ǅǐȝƷ ǜȠǼǆȝǦȂǼॶ

β(g) = εg − (N − 2)
g2

2π
, N = Ñ Tr{I} . ঳ऀॽँॽँई঴

,ǐȓǐTr{I} ǦȖ ȝǣǐ ȝȓƷǆǐ Ȃǜ ǦǌǐǼȝǦȝΞ ǦǼ �ǦȓƷǆ ǜǐȓǻǦȂǼ ȖȏƷǆǐॶ ƷǼǌ ǦǼ ȝΘȂ ǌǦǻǐǼȖǦȂǼȖN = 2Ñ ॽ bǣǐ

ЖΝǐǌ ȏȂǦǼȝ ȂǆǆȠȓȖ Ʒȝ

g∗ =
2πε

N − 2
+O(ε2) . ঳ऀॽँॽंࣿ঴

bǣǐ ǌǦǻǐǼȖǦȂǼȖ Ȃǜ ȝǣǐ ǜǐȓǻǦȂǼ ψI ॶ∆1ॶ ƷǼǌ ǆȂǻȏȂȖǦȝǐ ȖǆƷǶƷȓ ψ̄IψI ॶ∆2ॶ Ʒȓǐ ǝǦΗǐǼ ǅΞ

∆1 =
d− 1

2
+ γ1 =

1

2
+
ε

2
+ γ1 ,

∆2 = d− 1 + γ2 = 1 + ε+ γ2 . ঳ऀॽँॽंऀ঴

bǣǐ ƷǼȂǻƷǶȂȠȖ ǌǦǻǐǼȖǦȂǼȖ Ȃǜ ȝǣǐ ǜȠǼǌƷǻǐǼȝƷǶ ǜǐȓǻǦȂǼȖ ƷǼǌ ȝǣǐ ǆȂǻȏȂȖǦȝǐ ȖǆƷǶƷȓ ǦǼ ȝǣǐ εৄǐΝȏƷǼȖǦȂǼ

ǣƷΗǐ ǅǐǐǼ ǆȂǻȏȠȝǐǌ ǦǼ ȏǐȓȝȠȓǅƷȝǦȂǼ ȝǣǐȂȓΞ ȠȖǦǼǝ ȝǣǐ ȖȝƷǼǌƷȓǌ $ǐΞǼǻƷǼ ǌǦƷǝȓƷǻ ȝǐǆǣǼǦȒȠǐȖ ƷǼǌॶ

ऀं



ȝȂ ǶǐƷǌǦǼǝ Ȃȓǌǐȓ ǦǼ εॶ Ʒȓǐ ǝǦΗǐǼ ǅΞ

γ1 =
N − 1

16π2
g2∗ =

(N − 1) ε2

4 (N − 2)2
,

γ2 = −N − 1

2π
g∗ = −N − 1

N − 2
ε . ঳ऀॽँॽंँ঴

�ȖȖȠǻǦǼǝ ȝǣƷȝ ȝǣǐ ЖΝǐǌ ȏȂǦǼȝ ǦȖ Ʒ ǆȂǼǜȂȓǻƷǶ ЖΝǐǌ ȏȂǦǼȝॶ Θǐ ǌǐȓǦΗǐ ȝǣǐ ƷǅȂΗǐ ǐΝȏȓǐȖȖǦȂǼȖ ƷǼǌ ǜȂȓ

ǣǦǝǣǐȓ ǌǦǻǐǼȖǦȂǼƷǶ ǆȂǻȏȂȖǦȝǐ ȂȏǐȓƷȝȂȓȖ ȠȖǦǼǝ �$b ȝǐǆǣǼǦȒȠǐȖॽ [ȝƷȓȝǦǼǝ ΘǦȝǣ ȝǣǐ ǐȒȠƷȝǦȂǼȖ Ȃǜ

ǻȂȝǦȂǼ Ʒȝ %ȓȂȖȖৄCǐΗǐȠ ЖΝǐǌ ȏȂǦǼȝॶ

/∂ψI = −gµ−ε

2π
ψI
(
ψ̄JψJ

)
, ঳ऀॽँॽंं঴

∂µψ̄
IΓµ =

gµ−ε

2π
ψ̄I
(
ψ̄JψJ

)
. ঳ऀॽँॽंः঴

/Ǽ ȝǣǐ ǜȓǐǐ ȝǣǐȂȓΞ ȝǣǐ ǜǐȓǻǦȂǼȖ ȖƷȝǦȖǜΞ /∂ψI = 0, ∂µψ̄IΓµ = 0ΘǣǦǆǣ Ʒȓǐ ȝǣǐ ȖǣȂȓȝǐǼǦǼǝ ǆȂǼǌǦȝǦȂǼȖ

ǜȂȓ ȝǣǐ ǻȠǶȝǦȏǶǐȝȖ {ψI}ǜȓǐǐ ƷǼǌ {ψ̄I}ǜȓǐǐॽ /Ǽ ƷǌǌǦȝǦȂǼ ƷǶǶ Ȃȝǣǐȓ ǅǦǶǦǼǐƷȓȖ Ȃǜ ψI ƷǼǌ ψ̄I Ʒȓǐ ȏȓǦǻƷȓΞ Ȃȏৄ

ǐȓƷȝȂȓȖॽ �ȝ ȝǣǐ ǦǼȝǐȓƷǆȝǦǼǝ ЖΝǐǌ ȏȂǦǼȝ {ψI}ЖΝǐǌ ȏȝ ƷǼǌ {ψ̄I}ЖΝǐǌ ȏȝ Ʒȓǐ ǼȂ ǶȂǼǝǐȓ ȖǣȂȓȝ ǻȠǶȝǦȏǶǐȝȖॽ bǣǐ

ȏȓǦǻƷȓΞ ȂȏǐȓƷȝȂȓȖ ǦǼ ȝǣǐ ǜȓǐǐ ȝǣǐȂȓΞ ψI
(
ψ̄JψJ

)
ƷǼǌ ψ̄I

(
ψ̄JψJ

)
ǼȂΘ ǅǐǆȂǻǐ ǌǐȖǆǐǼǌƷǼȝȖ Ȃǜ ȝǣǐ

{ψI}ЖΝǐǌ ȏȝॽ ƷǼǌ {ψ̄I}ЖΝǐǌ ȏȝॽ ȓǐȖȏǐǆȝǦΗǐǶΞॽ CȂΘ ƷȖȖȠǻǦǼǝ ȝǣƷȝ ǐΗǐȓΞ ȂȏǐȓƷȝȂȓO ǦǼ ȝǣǐ ǜȓǐǐ ȝǣǐȂȓΞ ǣƷȖ

Ʒ ǆȂȠǼȝǐȓȏƷȓȝ VO Ʒȝ ȝǣǐ ǦǼȝǐȓƷǆȝǦǼǝ ЖΝǐǌ ȏȂǦǼȝॽ bǣǐ ȂȏǐȓƷȝȂȓȖ VO ƷǼǌ ȝǣǐǦȓ ǆȂȓȓǐǶƷȝǦȂǼ ǜȠǼǆȝǦȂǼȖ ǦǼ

ȝǣǐ ǦǼȝǐȓƷǆȝǦǼǝ ȝǣǐȂȓΞॶ ƷȏȏȓȂƷǆǣॶ ȓǐȖȏǐǆȝǦΗǐǶΞॶO ƷǼǌ ȝǣǐǦȓ ǜȓǐǐ ǆȂȓȓǐǶƷȝǦȂǼ ǜȠǼǆȝǦȂǼ ǦǼ ȝǣǐ ε → 0

ǶǦǻǦȝॽ /Ǽ ȝǣǐ %ȓȂȖȖ CǐΗǐȠ ǻȂǌǐǶ Ʒȝ ȝǣǐ /X ǜȓǐǐ ȏȂǦǼȝॶ ΗƷȓǦȂȠȖ ȂȏǐȓƷȝȂȓȖ Ʒȓǐ ǆȂǼȖȝȓȠǆȝǐǌ ȂȠȝ Ȃǜ ȏȓȂǌৄ

ȠǆȝȖ Ȃǜ ǐǶǐǻǐǼȝƷȓΞ ȂȏǐȓƷȝȂȓȖ ψ ƷǼǌ ψ̄ॽ �ǐǼȂȝǦǼǝ ȝǣǐȖǐ ȂȏǐȓƷȝȂȓȖ ǦǼ ȝǣǐ ǦǼȝǐȓƷǆȝǦǼǝ ȝǣǐȂȓΞ ƷȖ V2pॶ

V2p+1 ƷǼǌ V̄2p+1 ȖȠǆǣ ȝǣƷȝ ǦǼ ȝǣǐ ǶǦǻǦȝ ε→ 0 ঳/X ǜȓǐǐ ȏȂǦǼȝ঴

V2p → (ψ̄ψ)p, V I
2p+1 → (ψ̄ψ)pψI , V̄ I

2p+1 → (ψ̄ψ)pψ̄I . ঳ऀॽँॽंऄ঴

�Ǽǌ ȓǐȒȠǦȓǦǼǝ ȝǣǐ ǻȠǶȝǦȏǶǐȝ ȓǐǆȂǻǅǦǼƷȝǦȂǼ ƷȖ

/∂V I
1 = αV I

3 , ∂µV̄
I
1 Γ

µ = −αV̄ I
3 , ঳ऀॽँॽंअ঴

ǜȂȓ ȖȂǻǐ ȠǼǴǼȂΘǼ ǜȠǼǆȝǦȂǼ α ≡ α(ε)ॶ ΘǣǦǆǣ ǦȖ ǌǐȝǐȓǻǦǼǐǌ ǅΞ HU� ǐΝȏƷǼȖǦȂǼ ƷǼǌ ȝǣȓǐǐৄȏȂǦǼȝ
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ǜȠǼǆȝǦȂǼȖॽ �ǐǻƷǼǌǦǼǝ ǦǼ ε→ 0 ǶǦǻǦȝॶ

〈
V2p(x1)V

I
2p+1(x2)V̄

J
3 (x3)

〉
→
〈(
ψ̄ψ
)p

(x1)
(
ψ̄ψ
)p
ψI(x2)

(
ψ̄ψ
)
ψ̄J(x3)

〉
. ঳ऀॽँॽंआ঴

ƷǼǌॶ
〈
V I
3 (x2)V̄

J
3 (x3

〉
→
〈(
ψ̄ψ
)
ψI(x2)

(
ψ̄ψ
)
ψ̄J(x3)

〉
঳ऀॽँॽंइ঴

ȝǣǐ ȖǆƷǶǦǼǝ ǌǦǻǐǼȖǦȂǼȖ Ȃǜ ȝǣǐ ǜȂǶǶȂΘǦǼǝ ǆȂǻȏȂȖǦȝǐ ȂȏǐȓƷȝȂȓȖ Ʒȓǐॶ

∆(ψ̄ψ)p ≡ ∆2p = p+ pε− p(N − p)

(N − 2)
ε+O(ε2) , ঳ऀॽँॽंई঴

∆(ψ̄ψ)pψ ≡ ∆2p+1 = (p+
1

2
) + (p+

1

2
)ε− p(N − p− 1)

(N − 2)
ε+O(ε2) ঳ऀॽँॽःࣿ঴

ƷǼǌ ȝǣǐ ǶǐƷǌǦǼǝ Ȃȓǌǐȓ ƷǼȂǻƷǶȂȠȖ ǌǦǻǐǼȖǦȂǼ Ȃǜ ȖǆƷǶƷȓ ȏȓǦǻƷȓΞ Ȃǜ ȝǣǐ ǜȂȓǻॶ

O(IJ) = ψ̄IψJ − δIJ

Ñ
ψ̄KψK ঳ऀॽँॽःऀ঴

ȝȂ ǅǐॶ

γO(IJ) =
1

N − 2
ε . ঳ऀॽँॽःँ঴
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2
�ȂǻȏǶǐΝ =ƷǼǝǐΗǦǼ �ΞǼƷǻǦǆȖ ǦǼ =ƷȓǝǐN

eǼǦȝƷȓΞ BƷȝȓǦΝ BȂǌǐǶȖ

ँॽऀ /ǼȝȓȂǌȠǆȝǦȂǼ

� ǼȂǼȏǐȓȝȠȓǅƷȝǦΗǐ ȖȝȠǌΞ Ȃǜ ȝǣǐ ȏǣƷȖǐ ȖȝȓȠǆȝȠȓǐ Ȃǜ W�� Ʒȝ ЖǼǦȝǐ ȝǐǻȏǐȓƷȝȠȓǐ ƷǼǌ ǼȂǼΣǐȓȂ ǅƷȓΞȂǼ

ǆǣǐǻǦǆƷǶ ȏȂȝǐǼȝǦƷǶ ȖȝǦǶǶ ȓǐǻƷǦǼȖ ƷǼ ȂȠȝȖȝƷǼǌǦǼǝ ȏȓȂǅǶǐǻ ফंःॶ ंऄবॽ bǣǦȖ ǦȖ ǌȠǐ ȝȂ ȝǣǐ ǜƷǆȝ ȝǣƷȝ ȝǣǐ

ǜǐȓǻǦȂǼ ǌǐȝǐȓǻǦǼƷǼȝ ǅǐǆȂǻǐȖ ǆȂǻȏǶǐΝ ƷǼǌ ȝǣǐ ȝǣǐȂȓΞ ǣƷȖ Ʒ ȖǦǝǼ ȏȓȂǅǶǐǻॽ bǣǐ ȖȝƷǼǌƷȓǌ ǻǐȝǣȂǌȖ

ȝȂ ȖȝȠǌΞ ȝǣǐ ȝǣǐȂȓΞॶ ǶƷȝȝǦǆǐ W�� ƷǶǝȂȓǦȝǣǻȖ ǅƷȖǐǌ ȂǼ ǦǻȏȂȓȝƷǼǆǐ ȖƷǻȏǶǦǼǝॶ ǜƷǦǶ ȝȂ ȏȓȂǌȠǆǐ ȓǐǶǦƷǅǶǐ

ȖǦǻȠǶƷȝǦȂǼȖॽ bǣǐȓǐ ǣƷΗǐ ǅǐǐǼ ȓǐǆǐǼȝ ǌǐΗǐǶȂȏǻǐǼȝȖ ǦǼ ȝƷǆǴǶǦǼǝ ȝǣǦȖ ȏȓȂǅǶǐǻॽ HǼǐ ǻǐȝǣȂǌ ǦȖ ȝǣǐ ȠȖǐ

Ȃǜ ǆȂǻȏǶǐΝ =ƷǼǝǐΗǦǼ ǌΞǼƷǻǦǆȖ ΘǦȝǣ ȖȝȂǆǣƷȖȝǦǆ ȒȠƷǼȝǦΣƷȝǦȂǼ ফंअॶ ऀंবॽ bǣǦȖ ǻǐȝǣȂǌ ǦȖ ǼȂȝ ǅƷȖǐǌ

ȂǼ ǦǻȏȂȓȝƷǼǆǐ ȖƷǻȏǶǦǼǝ ǅȠȝ ǦǼȖȝǐƷǌ ȂǼ Ʒ ȖȝȂǆǣƷȖȝǦǆ ǐΝȏǶȂȓƷȝǦȂǼ Ȃǜ ƷǼ ǐǼǶƷȓǝǐǌ ঳ǆȂǻȏǶǐΝǦЖǐǌ঴ ЖǐǶǌ

ǆȂǼЖǝȠȓƷȝǦȂǼ ȖȏƷǆǐॽ �ǼȂȝǣǐȓ ȓǐǆǐǼȝǶΞ ȏȓȂȏȂȖǐǌ ǻǐȝǣȂǌ ǦȖ ȝǣǐ =ǐǜȖǆǣǐȝΣ ȝǣǦǻǅǶǐ ǻǐȝǣȂǌ ফंआॶ ंइॶ

ंईॶ ःࣿॶ ःऀॶ ःँবॶ ΘǣǦǆǣ ǦȖ ƷǶȖȂ ǅƷȖǐǌ ȂǼ ǆȂǻȏǶǐΝǦЖǆƷȝǦȂǼ Ȃǜ ȝǣǐ ȂȓǦǝǦǼƷǶ ȓǐƷǶ ЖǐǶǌ ΗƷȓǦƷǅǶǐȖॽ

bǣǐ ǆȂǻȏǶǐΝ =ƷǼǝǐΗǦǼ ǻǐȝǣȂǌ ΘƷȖ ȏȓȂȏȂȖǐǌ ǦǼ ȝǣǐ ǐƷȓǶΞ ऀईइࣿȖ ǅΞ <ǶƷȠǌǐȓ ফऀँॶ ःंॶ ंअব ƷǼǌ

UƷȓǦȖǦ ফऀंবॽ bǣȂȠǝǣ Ǧȝ ǅǐǆƷǻǐ ȏȂȏȠǶƷȓ ǦǼ ȝǣǐ ǅǐǝǦǼǼǦǼǝ ǆǐȓȝƷǦǼ ȏȓȂǅǶǐǻȖ Θǐȓǐ ǜȂȠǼǌ ǦǻǻǐǌǦƷȝǐǶΞ

Ʒǜȝǐȓॽ $ǦȓȖȝ ȂǼǐ ΘƷȖ ȝǣǐ ȏȓȂǅǶǐǻ Ȃǜ ȓȠǼƷΘƷΞȖॶ Θǣǐȓǐ ȝǣǐ ȖǦǻȠǶƷȝǦȂǼȖ ΘȂȠǶǌ ǼȂȝ ǆȂǼΗǐȓǝǐ ƷǼǌ ȝǣǐ

ȖǐǆȂǼǌ ȂǼǐ ΘƷȖ ȝǣǐ ȏȓȂǅǶǐǻ Ȃǜ ǆȂǼΗǐȓǝǐǼǆǐ ȝȂ Ʒ ΘȓȂǼǝ ǶǦǻǦȝॽ /Ǽ ȓǐǆǐǼȝ ΞǐƷȓȖ ȝǣǐ ǆȂǻȏǶǐΝ =ƷǼǝǐΗǦǼ

ǻǐȝǣȂǌ ǣƷȖ ǅǐǐǼ ȓǐΗǦΗǐǌॶ ΘǦȝǣ ȖȂǻǐȝǦǻǐȖ ǆƷȖǐȖ Ȃǜ ǦǻȏȓǐȖȖǦΗǐ ȖȠǆǆǐȖȖ ফःःॶ ःऄॶ ःअॶ ःआॶ ऀःॶ ऀऄবॽ /ȝ ǣƷȖ

ǅǐǐǼ ȖǣȂΘǼ ȓǐǆǐǼȝǶΞ ȝǣƷȝ ǆȂǻȏǶǐΝ =ƷǼǝǐΗǦǼ ȖǦǻȠǶƷȝǦȂǼȖ ȏȓȂǌȠǆǐ ȖǐǐǻǦǼǝǶΞ ǆȂȓȓǐǆȝ ƷǼȖΘǐȓॶ ǐΗǐǼ

ΘǣǐǼ ȝǣǐ ǜǐȓǻǦȂǼ ȖǦǝǼ ȏȓȂǅǶǐǻ ǦȖ ȖǐΗǐȓǐॶ ǜȂȓ ȂǼǐৄॶ ȝǣȓǐǐৄ ƷǼǌ ǜȂȠȓৄǌǦǻǐǼȖǦȂǼƷǶ ЖǐǶǌ ȝǣǐȂȓǦǐȖ ΘǦȝǣ

ǼȂǼΣǐȓȂ ǆǣǐǻǦǆƷǶ ȏȂȝǐǼȝǦƷǶ ফऀआॶ ःइॶ ःईॶ ऀइবॽ bǣǐȓǐ ǣƷΗǐ ƷǶȖȂ ǅǐǐǼ ȖȝȠǌǦǐȖ Ȃǜ ȖȠȏǐȓȖΞǻǻǐȝȓǦǆ ǻƷȝȓǦΝ
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ǻȂǌǐǶȖ ǅƷȖǐǌ ȂǼ ǆȂǻȏǶǐΝ =ƷǼǝǐΗǦǼ ǌΞǼƷǻǦǆȖॽ [ǐǐ XǐǜȖॽ ফऀअॶ ऄࣿॶ ऄऀবॽ

/Ǽ ȝǣǦȖ ΘȂȓǴॶ Θǐ ǆȂǼȖǦǌǐȓ Ʒ ǶƷȓǝǐN ȠǼǦȝƷȓΞ ǻƷȝȓǦΝ ǻȂǌǐǶ Ʒȝ ǶȂΘ ȝǐǻȏǐȓƷȝȠȓǐ ΘǦȝǣ Ʒ ЖǼǦȝǐ ȒȠƷȓǴ

ǆǣǐǻǦǆƷǶ ȏȂȝǐǼȝǦƷǶ ƷǼǌ ȒȠƷȓǴ ǻƷȖȖॽ bǣǦȖ ǻȂǌǐǶ ǦȖ ȂǅȝƷǦǼǐǌ ǜȓȂǻ ȝǣǐ ȂǼǐৄǶȂȂȏ ǜȂȓǻȠǶƷȝǦȂǼ Ȃǜ

W�� ȂǼ S1 × S3 Ʒȝ ЖǼǦȝǐ ȝǐǻȏǐȓƷȝȠȓǐ ΘǦȝǣ ЖǼǦȝǐ ȒȠƷȓǴ ǆǣǐǻǦǆƷǶ ȏȂȝǐǼȝǦƷǶ µॶ ȒȠƷȓǴ ǻƷȖȖmॶ

ƷǼǌ ΘǦȝǣN ǼȠǻǅǐȓ Ȃǜ ǆȂǶȂȓȖ ƷǼǌNf ǼȠǻǅǐȓ Ȃǜ ȒȠƷȓǴ ЙƷΗȂȓȖॽ �ǜȝǐȓ ǦǼȝǐǝȓƷȝǦǼǝ ȂȠȝ ȝǣǐ ȒȠƷȓǴ

ƷǼǌ ǝƷȠǝǐ ǌǐǝȓǐǐȖ Ȃǜ ǜȓǐǐǌȂǻ Θǐ ȂǅȝƷǦǼ ȝǣǐ ǻȂǌǐǶ Ȃǜ ȂȠȓ ǦǼȝǐȓǐȖȝ ূ Ʒ ǆȂǼΗǐǼȝǦȂǼƷǶ ȠǼǦȝƷȓΞ ǻƷȝȓǦΝ

ǻȂǌǐǶ ΘǦȝǣ Ʒ ǆȂǻȏǶǐΝ ƷǆȝǦȂǼॽ bǣǐ ȠǼǦȝƷȓΞ ǻƷȝȓǦΝ U ǦǼ ȝǣǦȖ ǻȂǌǐǶ ǦȖ ȝǣǐ ǣȂǶȂǼȂǻΞ ঳sǦǶȖȂǼ ǶȂȂȏ঴ Ȃǜ

ȝǣǐ ǝƷȠǝǐ ЖǐǶǌ ƷȓȂȠǼǌ ȝǣǐ ȝǣǐȓǻƷǶ ȝǦǻǐ ǆǦȓǆǶǐ ǦǼ �ȠǆǶǦǌǐƷǼ ȖȏƷǆǐॽ sǐ ǆƷǼ ȠȖǐ ȝǣǐ ǐΝȏǐǆȝƷȝǦȂǼ ΗƷǶȠǐ

Ȃǜ ȝǣǐ ȝȓƷǆǐ Ȃǜ UȂǶΞƷǴȂΗ ǶǦǼǐ ǦǼ ȝǣǐ ǜȠǼǌƷǻǐǼȝƷǶ ȓǐȏȓǐȖǐǼȝƷȝǦȂǼ ƷȖ Ȃȓǌǐȓ ȏƷȓƷǻǐȝǐȓ ǜȂȓ ȝǣǐ ȏǣƷȖǐ

ȝȓƷǼȖǦȝǦȂǼȖॽ /ȝ ǦȖ ΣǐȓȂ ǦǼ ȝǣǐ ǆȂǼЖǼǐǌ ȏǣƷȖǐ ƷǼǌ ǼȂǼৄΣǐȓȂ ǦǼ ȝǣǐ ǌǐǆȂǼЖǼǐǌ ȏǣƷȖǐॽ bǣǐ ǻȂǌǐǶ ǦȖ ǦǼৄ

ȝǐȓǐȖȝǦǼǝ ƷȖ Ǧȝ ǐΝǣǦǅǦȝȖ Ʒ ȓǦǆǣ ȝǣǐȓǻƷǶ ȏǣƷȖǐ ȖȝȓȠǆȝȠȓǐॽ sǣǐǼ ȝǣǐ ǆǣǐǻǦǆƷǶ ȏȂȝǐǼȝǦƷǶ ȏƷȖȖǐȖ ȂǼǐ Ȃǜ ȝǣǐ

ȒȠƷȓǴ ǐǼǐȓǝΞ ǶǐΗǐǶȖ ȝǣǐȓǐ ǦȖ Ʒ ȝǣǦȓǌ Ȃȓǌǐȓ %ȓȂȖȖৄsǦȝȝǐǼৄsƷǌǦƷ ঳%ss঴ ȝȓƷǼȖǦȝǦȂǼ ǜȓȂǻ Ʒ ǆȂǼЖǼǐǌ ȝȂ

Ʒ ǌǐǆȂǼЖǼǐǌ ȏǣƷȖǐ ƷǼǌ ǅƷǆǴ ƷǝƷǦǼॽ bǣǦȖ ǻȂǌǐǶ ƷǶȖȂ ǐΝǣǦǅǦȝȖ ƷǼȂȝǣǐȓ ǦǼȝǐȓǐȖȝǦǼǝ ǜǐƷȝȠȓǐ ǴǼȂΘǼ ƷȖ

ȝǣǐ [ȅȕ͝ǯȲ �ȕǖͩǯ ǅǐǣƷΗǦȂȓॽ sǣǐǼ ȝǣǐ ȒȠƷȓǴ ǻƷȖȖ ǦȖ ǼȂǼΗƷǼǦȖǣǦǼǝ ȝǣǐ ǅȠǶǴ ȂǅȖǐȓΗƷǅǶǐȖ Ȃǜ ȝǣǐ ǻȂǌǐǶ

Ʒȓǐ ǼǐƷȓǶΞ ΣǐȓȂ ȠǼȝǦǶ ȝǣǐ ȂǼȖǐȝ ȝȓƷǼȖǦȝǦȂǼ ȝȂ ȝǣǐ ǌǐǆȂǼЖǼǐǌ ȏǣƷȖǐॶ ΘǣǦǆǣ ȂǆǆȠȓȖ ΘǣǐǼ ȝǣǐ ǆǣǐǻǦǆƷǶ

ȏȂȝǐǼȝǦƷǶ ȓǐƷǆǣǐȖ ȝǣǐ ΗƷǶȠǐ Ȃǜ ȝǣǐ ǶǦǝǣȝǐȖȝ ȒȠƷȓǴ ǻƷȖȖॽ

/Ǽ ȝǣǐ ǻƷȝȓǦΝ ǻȂǌǐǶ ΘǦȝǣ ǆȂǻȏǶǐΝ ƷǆȝǦȂǼॶ ȝǣǐ ǌȂǻǦǼƷǼȝ ǆȂǼȝȓǦǅȠȝǦȂǼȖ ȝȂ ȝǣǐ ǜȠǼǆȝǦȂǼƷǶ ǦǼȝǐǝȓƷǶ

ǆȂǻǐ ǜȓȂǻ ǆȂǻȏǶǐΝǦЖǐǌ ǝƷȠǝǐ ЖǐǶǌ ǆȂǼЖǝȠȓƷȝǦȂǼȖॽ �Ƞǐ ȝȂ ȝǣǦȖ ȓǐƷȖȂǼॶ ȝǣǐ ȖƷǌǌǶǐ ȏȂǦǼȝ ǐǦǝǐǼΗƷǶȠǐȖ

Ȃǜ ȝǣǐ ȠǼǦȝƷȓΞ ǻƷȝȓǦΝ U ǶǦǐ ȂЍ ȝǣǐ ȠǼǦȝ ǆǦȓǆǶǐॶ ȂǼ Ʒ ǆȂǼȝȂȠȓ ǦǼ ȝǣǐ ǆȂǻȏǶǐΝ ȏǶƷǼǐॽ bǣǐ ǐǦǝǐǼΗƷǶȠǐȖ Ȃǜ

U ǆƷǼ ǅǐ ΘȓǦȝȝǐǼ ƷȖ exp(iθi)ΘǦȝǣ θi ȝǣǐ ƷǼǝǶǐ ΗƷȓǦƷǅǶǐȖ ƷǼǌ i = 1, · · · , N ॽ sǐ ǆƷǼ ǻƷǴǐ Ʒ ǆǣƷǼǝǐ

Ȃǜ ΗƷȓǦƷǅǶǐȖ ȖȠǆǣ ȝǣƷȝ ȝǣǐ ǜȠǼǆȝǦȂǼƷǶ ǦǼȝǐǝȓƷǶ ȓǐǌȠǆǐȖ ȝȂ ƷǼ ǦǼȝǐǝȓƷǶ ȂΗǐȓ {θi}ॽ �ȝ ǶƷȓǝǐN ॶ ȝǣǐ ǜȠǼǆৄ

ȝǦȂǼƷǶ ǦǼȝǐǝȓƷǶ ǦȖ ǌȂǻǦǼƷȝǐǌ ǅΞ Ʒ ȖǦǼǝǶǐ ȖƷǌǌǶǐ ȏȂǦǼȝ ǅȠȝ ȖǦǼǆǐ ȝǣǐ ƷǆȝǦȂǼ ǦȖ ǆȂǻȏǶǐΝ ȝǣǦȖ ȖƷǌǌǶǐ ȏȂǦǼȝ

ǆȂǼЖǝȠȓƷȝǦȂǼ ǶǦǐȖ ȂȠȝ ǦǼ ȝǣǐ ǆȂǻȏǶǐΝ ȏǶƷǼǐ Θǣǐȓǐ ȝǣǐ θi Ʒȓǐ ǼȂ ǶȂǼǝǐȓ ȓǐƷǶॽ �Ȗ Ʒ ǆȂǼȖǐȒȠǐǼǆǐॶ ȝǣǐ

UȂǶΞƷǴȂΗ ǶǦǼǐ ƷǼǌ ȝǣǐ ǦǼΗǐȓȖǐ UȂǶΞƷǴȂΗ ǶǦǼǐ Ʒȓǐ ǼȂȝ ǐȒȠƷǶॶ ȝǣƷȝ ǦȖॶ 〈P 〉 0= 〈P−1〉ॽ bǣȓȂȠǝǣ ǆȂǻȏǶǐΝ

=ƷǼǝǐΗǦǼ ȖǦǻȠǶƷȝǦȂǼȖ Θǐ ǦǼǌǐǐǌ ǆȂǼЖȓǻ ȝǣǦȖ ǅǐǣƷΗǦȂȓॽ /Ǽ ǜƷǆȝ ȝǣǐ ǅǐǣƷΗǦȂȓ Ȃǜ ǦǼΗǐȓȖǐ UȂǶΞƷǴȂΗ ǶǦǼǐ

ȏȓǐǆǐǌǐȖ ȝǣƷȝ Ȃǜ ȝǣǐ UȂǶΞƷǴȂΗ ǶǦǼǐ ƷȖ Ʒ ǜȠǼǆȝǦȂǼ Ȃǜ ǆǣǐǻǦǆƷǶ ȏȂȝǐǼȝǦƷǶॽ bǣǦȖ ǜǐƷȝȠȓǐ ΘƷȖ ȂǅȖǐȓΗǐǌ

ƷǼƷǶΞȝǦǆƷǶǶΞ ǦǼ ƷǼ ǐƷȓǶǦǐȓ ΘȂȓǴ ǅΞ ,ƷǼǌȖॶ ,ȂǶǶȂΘȂȂǌ ƷǼǌBΞǐȓȖ ǦǼ Xǐǜॽ ফँऀবॽ

/Ǽ ȝǣǦȖ ΘȂȓǴॶ Θǐ ǐΝƷǻǦǼǐ ȝǣǦȖ ǶƷȓǝǐN ȠǼǦȝƷȓΞ ǻƷȝȓǦΝ ǻȂǌǐǶȖ ȠȖǦǼǝ ǆȂǻȏǶǐΝ =ƷǼǝǐΗǦǼ ȖǦǻȠǶƷৄ

ȝǦȂǼȖॽ /ȝ ǦȖ ȏȂȖȖǦǅǶǐ ȝȂ ǝǐǼǐȓƷȝǐ ȓǐȏȓǐȖǐǼȝƷȝǦΗǐ ЖǐǶǌ ǆȂǼЖǝȠȓƷȝǦȂǼȖ ǅΞ ǦǼȝǐǝȓƷȝǦǼǝ Ʒ ȖȝȂǆǣƷȖȝǦǆ ǌǦЍǐȓৄ

ऀआ



ǐǼȝǦƷǶ ǐȒȠƷȝǦȂǼॶ ǴǼȂΘǼ ƷȖ ȝǣǐ ǆȂǻȏǶǐΝ =ƷǼǝǐΗǦǼ ǐȒȠƷȝǦȂǼॽ bǣǐ ǌȓǦǜȝ ȝǐȓǻȖ ƷȓǦȖǦǼǝ ǜȓȂǻ ȝǣǐ ǆȂǻৄ

ȏǶǐΝ ƷǆȝǦȂǼ ǜȂȓǆǐ ȝǣǐ ЖǐǶǌ ΗƷȓǦƷǅǶǐȖ ȝȂ ǐΗȂǶΗǐ ǦǼ ƷǼ ǐΝȝǐǼǌǐǌ ঳ǆȂǻȏǶǐΝǦЖǐǌ঴ ЖǐǶǌ ȖȏƷǆǐॶ ǦǼ ΘǣǦǆǣ ȝǣǐ

ǶƷȓǝǐ ȓǐǝǦȂǼȖ Θǣǐȓǐ ȝǣǐ ȂǅȖǐȓΗƷǅǶǐȖ Ʒȓǐ ȏǶƷǝȠǐǌ ǅΞ ȏǣƷȖǐ ЙȠǆȝȠƷȝǦȂǼȖ Ʒȓǐ ƷΗȂǦǌǐǌ ফऀःবॽ

sǣǐǼN ǦȖ ǶƷȓǝǐॶ Θǐ ǆƷǼ ǆȂǼȖǦǌǐȓ ȝǣǐ ǝƷȠǝǐ ЖǐǶǌॶ ǆȂȓȓǐȖȏȂǼǌǦǼǝ ȝȂ ȝǣǐ ƷǼǝǶǐȖ Ȃǜ ȝǣǐ UȂǶΞƷǴȂΗ

ǶǦǼǐॶ ƷȖ Ʒ ǌǦȖȝȓǦǅȠȝǦȂǼ ȂǼ Ʒ ǆȂǼȝȂȠȓॽ $ȓȂǻ ȝǣǐ ǐȒȠƷȝǦȂǼ Ȃǜ ǻȂȝǦȂǼॶ ȝǣǐ ȖƷǌǌǶǐ ȏȂǦǼȝ ǌǦȖȝȓǦǅȠȝǦȂǼ Ȃǜ

ȝǣǐ UȂǶΞƷǴȂΗ ǶǦǼǐ ǐǦǝǐǼΗƷǶȠǐȖ ǆƷǼ ǅǐ ǆƷǶǆȠǶƷȝǐǌ ƷǼƷǶΞȝǦǆƷǶǶΞ ƷǼǌ ȏǶȂȝȝǐǌ ǅΞ ǻƷȏȏǦǼǝ ȝǣǐ ƷǼǝǶǐȖ ǜȓȂǻ

ƷǼ Ʒȓǆ ȂǼ ȝǣǐ ȠǼǦȝ ǆǦȓǆǶǐ ȝȂ Ʒ ǆȂǼȝȂȠȓ ȂΗǐȓ ȝǣǐ ȖƷǻǐ ȓƷǼǝǐ Ȃǜ ƷǼǝǶǐȖ ǦǼ ȝǣǐ ǆȂǻȏǶǐΝ ȏǶƷǼǐ ফँऀবॽ bǣǐ

ȝǣǐȂȓΞ ǦȖ ȖƷǦǌ ȝȂ ǅǐ ǦǼ Ʒ ǆȂǼЖǼǐǌ ȏǣƷȖǐ ΘǣǐǼ ȝǣǐ ǆȂǼȝȂȠȓ ȂǼ ΘǣǦǆǣ ȝǣǐ UȂǶΞƷǴȂΗ ǶǦǼǐ ǐǦǝǐǼΗƷǶȠǐȖ

Ʒȓǐ ǌǦȖȝȓǦǅȠȝǐǌ ǦȖ ǆǶȂȖǐǌॽ bǣǐ ǆȂǼȝȂȠȓ ȂȏǐǼȖ Ƞȏ ǦǼ ǅǐȝΘǐǐǼ ȒȠƷȓǴ ǐǼǐȓǝΞ ǶǐΗǐǶ ȝȓƷǼȖǦȝǦȂǼȖ ǝǦΗǦǼǝ ȓǦȖǐ

ȝȂ Ʒ ǌǐǆȂǼЖǼǐǌ ȏǣƷȖǐ ǦǼ ȝǣǐ ȝǣǐȂȓΞॽ bǣǐ ȝǣǦȓǌ ǌǐȓǦΗƷȝǦΗǐ Ȃǜ ȝǣǐ ǝȓƷǼǌ ȏȂȝǐǼȝǦƷǶ ǦȖ ǌǦȖǆȂǼȝǦǼȠȂȠȖ

Ʒȝ ǐƷǆǣ ǐǼǐȓǝΞ ǶǐΗǐǶ ǆȓȂȖȖǦǼǝॽ bǣǐȖǐ Ʒȓǐ ǆǣƷȓƷǆȝǐȓǦȖȝǦǆ ǜǐƷȝȠȓǐȖ Ȃǜ Ʒ ȝǣǦȓǌ Ȃȓǌǐȓॶ %ss ȝȓƷǼȖǦȝǦȂǼ

ফऀईॶ ँࣿবॽ

bǣǦȖ ǆǣƷȏȝǐȓ ǦȖ ȂȓǝƷǼǦΣǐǌ ƷȖ ǜȂǶǶȂΘȖॶ ǦǼ [ǐǆॽ ँॽँ Θǐ ǝǦΗǐ Ʒ ǅȓǦǐǜ ȂȠȝǶǦǼǐ Ȃǜ ǆȂǻȏǶǐΝ =ƷǼǝǐΗǦǼ ǌΞৄ

ǼƷǻǦǆȖ ƷǼǌ ȖȝȂǆǣƷȖȝǦǆ ȒȠƷǼȝǦΣƷȝǦȂǼॽ /Ǽ [ǐǆॽ ँॽं Θǐ ǌǦȖǆȠȖȖ Ʒ ȖǦǻȏǶǐ Ξǐȝ ǼȂǼȝȓǦΗǦƷǶ ǻƷȝȓǦΝ ǻȂǌǐǶ

ǆƷǶǶǐǌ ȝǣǐ ƷǅৄBȂǌǐǶॶ ΘǣǦǆǣ ǦȖ Ʒ ǆȂǻȏǶǐΝǦЖǐǌ ΗǐȓȖǦȂǼ Ȃǜ ȝǣǐ %ȓȂȖȖৄsǦȝȝǐǼৄsƷǌǦƷ ঳%ss঴ǻȂǌǐǶॽ

bǣǦȖ ǻȂǌǐǶ ǣƷȖ ȝΘȂ ȏǣƷȖǐȖॶ ǆȂǼЖǼǐǌ ƷǼǌ ǌǐǆȂǼЖǼǐǌॶ ƷǼǌ Ǧȝ ǐΝǣǦǅǦȝȖ Ʒ ȝǣǦȓǌৄȂȓǌǐȓ ȏǣƷȖǐ ȝȓƷǼȖǦৄ

ȝǦȂǼॽ /Ǽ [ǐǆॽ ँॽः Θǐ ǌǦȖǆȠȖȖ ƷǼȂȝǣǐȓ ǦǼȝǐȓǐȖȝǦǼǝ ǶƷȓǝǐN ȠǼǦȝƷȓΞ ǻƷȝȓǦΝ ǻȂǌǐǶ ΘǣǦǆǣ ƷȓǦȖǐȖ ǦǼ ȝǣǐ

ȂǼǐৄǶȂȂȏ ǜȂȓǻȠǶƷȝǦȂǼ Ȃǜ W�� ȂǼ ǆȂǻȏƷǆȝ ȖȏƷǆǐȖॽ bǣǐ ǻȂǌǐǶ ȏȂȖȖǐȖȖ Ʒ ȝȂΘǐȓ Ȃǜ ȒȠƷȓǴ ǐǼǐȓǝΞ ǶǐΗৄ

ǐǶȖ ǌȠǐ ȝȂ ǆȂǻȏƷǆȝǦЖǆƷȝǦȂǼ ƷǼǌ ǦȖ ǌǐЖǼǐǌ ǜȂȓ ȏȂȖǦȝǦΗǐ ƷǼǌ ǼǐǝƷȝǦΗǐ ǆǣǐǻǦǆƷǶ ȏȂȝǐǼȝǦƷǶ ΗƷǶȠǐȖॽ sǐ

ȝǣǐǼ ǜȂǆȠȖ ȂǼ ȝȂ Ʒ ȝȓȠǼǆƷȝǐǌ ǆȂȠȖǦǼ Ȃǜ ȝǣǦȖ ǻȂǌǐǶ ৄ Ʒ ȖǦǼǝǶǐ ȒȠƷȓǴ ǐǼǐȓǝΞ ǶǐΗǐǶ ǻƷȝȓǦΝ ǻȂǌǐǶ ΘǦȝǣ

ȏȂȖǦȝǦΗǐ ǆǣǐǻǦǆƷǶ ȏȂȝǐǼȝǦƷǶॽ bǣǦȖ ǻȂǌǐǶ ƷǶȖȂ ǣƷȖ Ʒ ǆȂǻȏǶǐΝ ƷǆȝǦȂǼ ƷǼǌ ǆƷȏȝȠȓǐȖ ȝǣǐ ȏǣΞȖǦǆȖ Θǐ Ʒȓǐ

ǦǼȝǐȓǐȖȝǐǌ ǦǼ ΘǦȝǣȂȠȝ ǶȂȖȖ Ȃǜ ǝǐǼǐȓƷǶǦȝΞॽ sǐ ǆƷǼ ǌǐЖǼǐ ƷǼ ǐЍǐǆȝǦΗǐ ǜȠǝƷǆǦȝΞ ǦǼ ȝǣǦȖ ǻȂǌǐǶॶ ƷǼǌ ƷȖ Θǐ

ǆǣƷǼǝǐ ȝǣǐ ǜȠǝƷǆǦȝΞॶ ȝǣǐ ǻȂǌǐǶ ǐΝǣǦǅǦȝȖ ǆȂǼЖǼǐǻǐǼȝ঄ǌǐǆȂǼЖǼǐǻǐǼȝ ȏǣƷȖǐ ȝȓƷǼȖǦȝǦȂǼȖॽ sǐ ȖǣȂΘ

ȝǣǐ ǐǦǝǐǼΗƷǶȠǐ ǌǦȖȝȓǦǅȠȝǦȂǼȖ ǆȂȓȓǐȖȏȂǼǌǦǼǝ ȝȂ ȝǣǐ ǆȂǼЖǼǐǌ ঳ǆǶȂȖǐǌ঴ ƷǼǌ ǌǐǆȂǼЖǼǐǌ ঳ǝƷȏȏǐǌ঴ ȏǣƷȖǐȖ

Ȃǜ ȝǣǐ ȝǣǐȂȓΞ ȠȖǦǼǝ ǆȂǻȏǶǐΝ =ƷǼǝǐΗǦǼ ȖǦǻȠǶƷȝǦȂǼȖॽ sǐ ƷǶȖȂ ȖǦǻȠǶƷȝǐ ȝǣǐ ǅǐǣƷΗǦȂȓȖ Ȃǜ UȂǶΞƷǴȂΗ ǶǦǼǐȖ

ƷǼǌ ǜǐȓǻǦȂǼ ǼȠǻǅǐȓ ǌǐǼȖǦȝΞ ƷȖ Ʒ ǜȠǼǆȝǦȂǼ Ȃǜ ǐЍǐǆȝǦΗǐ ǜȠǝƷǆǦȝΞॽ sǐ ȖǦǻȠǶƷȝǐ ȝǣǐ ǻȂǌǐǶ ǜȂȓ Ʒ ȓƷǼǝǐ

Ȃǜ ȝǐǻȏǐȓƷȝȠȓǐȖ ƷǼǌ ǆǣǐǻǦǆƷǶ ȏȂȝǐǼȝǦƷǶȖ ȝȂ ȖȝȠǌΞ ǦȝȖ ȏǣƷȖǐ ȖȝȓȠǆȝȠȓǐॽ sǐ ƷǶȖȂ ȖǣȂΘ ȝǣǐ ȏǣƷȖǐ ǌǦƷৄ

ǝȓƷǻ Ȃǜ ȝǣǐ ǻȂǌǐǶॶ Ʒȝ ǶȂΘ ȝǐǻȏǐȓƷȝȠȓǐॶ ȂǼ ȝǣǐ (µ, β) ȏǶƷǼǐॶ ǦǼ ȝǣǐ ΗǦǆǦǼǦȝΞ Θǣǐȓǐ ȒȠƷȓǴ ǐǼǐȓǝΞ ǶǐΗǐǶ

ǐȒȠƷǶȖ ȝǣǐ ǆǣǐǻǦǆƷǶ ȏȂȝǐǼȝǦƷǶॽ HȠȓ ȖǦǻȠǶƷȝǦȂǼ ȓǐȖȠǶȝȖ Ʒǝȓǐǐ ΘǐǶǶ ΘǦȝǣ ȝǣǐ ȖǆǣǐǻƷȝǦǆ ȏȓǐǌǦǆȝǦȂǼ ǝǦΗǐǼ

ऀइ



ǅΞ ,ƷǼǌȖॶ ,ȂǶǶȂΘȂȂǌ ƷǼǌBΞǐȓȖ ǦǼ Xǐǜॽ ফँऀবॽ sǐ ȝǣǐǼ ȖǦǻȠǶƷȝǐ ȝǣǐ ǻȂǌǐǶ Ʒȝ ǶƷȓǝǐ ȒȠƷȓǴ ǻƷȖȖ

ƷǼǌ ȖǣȂΘ ȝǣƷȝ ȝǣǐ ǅȠǶǴ ȂǅȖǐȓΗƷǅǶǐȖ ǐΝǣǦǅǦȝ ȝǣǐ [ǦǶΗǐȓ �ǶƷΣǐ ǅǐǣƷΗǦȂȓ ূ ȝǣǐ ȂǅȖǐȓΗƷǅǶǐȖ Ʒȓǐ ȓȂȠǝǣǶΞ

ΣǐȓȂ ȠǼȝǦǶ ȝǣǐ ȂǼȖǐȝ ȝȓƷǼȖǦȝǦȂǼ ȝȂ ȝǣǐ ǌǐǆȂǼЖǼǐǌ ȏǣƷȖǐॶ ΘǣǦǆǣ ȂǆǆȠȓȖ ΘǣǐǼ ȝǣǐ ǆǣǐǻǦǆƷǶ ȏȂȝǐǼৄ

ȝǦƷǶ ǐȒȠƷǶȖ ȒȠƷȓǴ ǻƷȖȖॽ sǐ ȝǣǐǼ ǻȂΗǐ ȂǼ ȝȂ ǌǦȖǆȠȖȖ ȝǣǐ ȖǦǼǝǶǐৄǶǐΗǐǶ ǻȂǌǐǶ ΘǦȝǣ Ʒ ȖǦǻȏǶǐ ǼȂǼৄȝȓǦΗǦƷǶ

ǝƷȠǝǐ ǦǼȝǐȓƷǆȝǦȂǼ ȝȠȓǼǐǌ ȂǼॽ sǐ ȖȝȠǌΞ ȝǣǐ ǅǐǣƷΗǦȂȓ Ȃǜ ȂǅȖǐȓΗƷǅǶǐȖ ƷȖ Ʒ ǜȠǼǆȝǦȂǼ Ȃǜ ȝǣǐ ǦǼȝǐȓƷǆȝǦȂǼ

ȏƷȓƷǻǐȝǐȓॽ sǐ Ȗǐǐ ȝǣƷȝ ȝǣǐ ǻȂǌǐǶ ȏȓǐǜǐȓȖ ȝȂ ȖȝƷΞ ǦǼ ȝǣǐ ǆȂǼЖǼǐǌ ȏǣƷȖǐ ƷȖ ȝǣǐ ǦǼȝǐȓƷǆȝǦȂǼ ȖȝȓǐǼǝȝǣ ǦȖ

ǦǼǆȓǐƷȖǐǌॽ /Ǽ [ǐǆॽ ँॽऄ Θǐ ȏȓȂΗǦǌǐ ǆȂǼǆǶȠȖǦȂǼȖ ƷǼǌ ǌǦȖǆȠȖȖǦȂǼȖॽ

ँॽँ �ȂǻȏǶǐΝ =ƷǼǝǐΗǦǼ �ΞǼƷǻǦǆȖ

bǣǐ ǆǐǼȝȓƷǶ ǦǌǐƷ Ȃǜ ȖȝȂǆǣƷȖȝǦǆ ȒȠƷǼȝǦΣƷȝǦȂǼ ǦȖ ȝǣƷȝ ǐΝȏǐǆȝƷȝǦȂǼ ΗƷǶȠǐȖ Ȃǜ ȂǅȖǐȓΗƷǅǶǐȖ Ʒȓǐ ȂǅȝƷǦǼǐǌ ƷȖ

ǐȒȠǦǶǦǅȓǦȠǻ ΗƷǶȠǐȖ Ȃǜ Ʒ ȖȝȂǆǣƷȖȝǦǆ ȏȓȂǆǐȖȖ ফऄँॶ ऄंবॽ /Ǽ Ȃȓǌǐȓ ȝȂ ƷǆǣǦǐΗǐ ȝǣǦȖ Θǐ ǐΗȂǶΗǐ ȝǣǐ ȖΞȖȝǐǻ ǦǼ

Ʒ ЖǆȝǦȝǦȂȠȖ ȝǦǻǐ τ ॶ ȖȠǅǱǐǆȝ ȝȂ Ʒ ȖȝȂǆǣƷȖȝǦǆ ǼȂǦȖǐॽ bǣƷȝ ǦȖॶ ȝǣǐ ȖΞȖȝǐǻ ǐΗȂǶΗǐȖ ƷǆǆȂȓǌǦǼǝ ȝȂ =ƷǼǝǐΗǦǼ

ǌΞǼƷǻǦǆȖॽ sǣǐǼ ȝǣǐ ƷǆȝǦȂǼ ǦȖ ǆȂǻȏǶǐΝ Ǧȝ ǦȖ ȖȝǦǶǶ ȏȂȖȖǦǅǶǐ ȝȂ ǆȂǼȖǦǌǐȓ =ƷǼǝǐΗǦǼ ǌΞǼƷǻǦǆȖॽ bǣǐ ǜȂȓǆǐ

঳ǝȓƷǌǦǐǼȝ Ȃǜ ȝǣǐ ƷǆȝǦȂǼ঴ ǅǐǆȂǻǐȖ ǆȂǻȏǶǐΝ ǦǼ ȝǣǦȖ ǆƷȖǐ ǻƷǴǦǼǝ ȝǣǐ ЖǐǶǌȖ ƷǶȖȂ ǆȂǻȏǶǐΝ ǌȠȓǦǼǝ ȝǣǐ

ǐΗȂǶȠȝǦȂǼॽ

/Ǽ ȝǣǦȖ ΘȂȓǴ Θǐ ǻƷǴǐ ȠȖǐ Ȃǜ ǆȂǻȏǶǐΝ =ƷǼǝǐΗǦǼ ǌΞǼƷǻǦǆȖ ΘǦȝǣ ȖȝȂǆǣƷȖȝǦǆ ȒȠƷǼȝǦΣƷȝǦȂǼ ȝȂ ȖȝȠǌΞ

ǶƷȓǝǐN ȠǼǦȝƷȓΞ ǻƷȝȓǦΝ ǻȂǌǐǶȖ ΘǦȝǣ ǆȂǻȏǶǐΝ ƷǆȝǦȂǼȖॽ bǣǐΞ ǐΝǣǦǅǦȝ ȖǦǝǼ ȏȓȂǅǶǐǻ ǌȠǐ ȝȂ ȝǣǐ ǜƷǆȝ ȝǣƷȝ

ȝǣǐ ƷǆȝǦȂǼ ǦȖ ǆȂǻȏǶǐΝॽ [ȝƷǼǌƷȓǌBȂǼȝǐ �ƷȓǶȂ ǻǐȝǣȂǌȖ ǜƷǦǶ ȝȂ ȏȓȂǌȠǆǐ ȝǣǐ ǆȂȓȓǐǆȝ ǐȒȠǦǶǦǅȓǦȠǻ ǌǦȖৄ

ȝȓǦǅȠȝǦȂǼȖ Ȃǜ ȝǣǐȖǐ ǻȂǌǐǶȖॽ sǐ ǆƷǼ ȠȖǐ ǌǦȖǆȓǐȝǦΣǐǌ ǆȂǻȏǶǐΝ =ƷǼǝǐΗǦǼ ǐȒȠƷȝǦȂǼ ΘǦȝǣ �ȠǶǐȓ ǻǐȝǣȂǌ

঳ΘǣǦǆǣ ǦȖ Ʒ ЖȓȖȝ Ȃȓǌǐȓ ƷǶǝȂȓǦȝǣǻ঴ ȝȂ ЖǼǌ ȝǣǐ ǐȒȠǦǶǦǅȓǦȠǻ ЖǐǶǌ ǌǦȖȝȓǦǅȠȝǦȂǼȖ Ȃǜ ȝǣǐȖǐ ǻȂǌǐǶȖॽ

=ǐȝ ȠȖ ȝƷǴǐ θi(τ)ΘǦȝǣ i = 1, · · · , N ƷȖ ȝǣǐ ǆȂǻȏǶǐΝǦЖǐǌ ƷǼǝǶǐ ΗƷȓǦƷǅǶǐȖ Ȃǜ ȝǣǐ ǝƷȠǝǐ ǶǦǼǴ U(τ) Ʒȝ

Ʒ =ƷǼǝǐΗǦǼ ȝǦǻǐ τ ॽ sǐ ǣƷΗǐ ȝǣǐ ǌǦȖǆȓǐȝǐ =ƷǼǝǐΗǦǼ ǐΗȂǶȠȝǦȂǼ ǐȒȠƷȝǦȂǼ

θi(τ +∆τ) = θi(τ)−
[

∂S

∂θi(τ)

]
∆τ +

√
∆τ ηi(τ), ঳ँॽँॽऀ঴

Θǣǐȓǐ∆τ ǦȖ ȝǣǐ =ƷǼǝǐΗǦǼ ȝǦǻǐ Ȗȝǐȏॶ ƷǼǌ ηi(τ) ǦȖ Ʒ %ƷȠȖȖǦƷǼ ȓƷǼǌȂǻ ΗƷȓǦƷǅǶǐ ȖƷȝǦȖǜΞǦǼǝ ȝǣǐ ǆȂǼǌǦৄ

ȝǦȂǼȖ

〈ηi(τ)〉 = 0, 〈ηi(τ)ηj(τ ′)〉 = 2δijδττ ′ . ঳ँॽँॽँ঴

ऀई



sǐ ƷǶȖȂ ǼȂȝǐ ȝǣƷȝ ȖȝȓǦǆȝǶΞ Ʒȝ ǦǼЖǼǦȝǐN ȝǣǐ ЙȠǆȝȠƷȝǦȂǼ ȝǐȓǻ ǦǼ �Ȓॽ ঳ँॽँॽऀ঴ ǆȂȠǶǌ ǅǐ ȖƷǜǐǶΞ ǌȓȂȏȏǐǌॽ

bȂ ȓǐǌȠǆǐ ǐΝǆȠȓȖǦȂǼȖ ǦǼ ȝǣǐ ǦǻƷǝǦǼƷȓΞ ǌǦȓǐǆȝǦȂǼȖ Ȃǜ ȝǣǐ ЖǐǶǌ ǆȂǼЖǝȠȓƷȝǦȂǼȖॶ ΘǣǦǆǣ ΘȂȠǶǌ ȖȏȂǦǶ

ȝǣǐ ΗƷǶǦǌǦȝΞ Ȃǜ ȝǣǐ ǻǐȝǣȂǌॶ Θǐ ȖǣȂȠǶǌ ȠȖǐ ȓǐƷǶ %ƷȠȖȖǦƷǼ ȓƷǼǌȂǻ ΗƷȓǦƷǅǶǐȖ ফऄःॶ ऄऄॶ ऄअবॽ

sǐ ƷǶȖȂ Ǽǐǐǌ ȝȂ ǦǻȏȂȖǐ ȝǣǐ SU(N) ǆȂǼȖȝȓƷǦǼȝ ȂǼ ȝǣǐ ǆȂǻȏǶǐΝǦЖǐǌ ƷǼǝȠǶƷȓ ΗƷȓǦƷǅǶǐȖ Ʒǜȝǐȓ ǐƷǆǣ

=ƷǼǝǐΗǦǼ ȝǦǻǐ Ȗȝǐȏॽ bǣƷȝ ǦȖॶ
N∑

i=1

θi(τ) = 0. ঳ँॽँॽं঴

bǣǦȖ ǆƷǼ ǅǐ ǐƷȖǦǶΞ ǦǻȏǶǐǻǐǼȝǐǌ ǅΞ ȖȠǅȝȓƷǆȝǦǼǝ ȝǣǐ ƷΗǐȓƷǝǐ ΗƷǶȠǐ θav(τ) ǜȓȂǻ ǐƷǆǣ θi(τ) ΗƷȓǦƷǅǶǐॽ

sǐ ǼȂȝǐ ȝǣƷȝ ȝǣǐȓǐ ƷǶȖȂ ǐΝǦȖȝȖ ƷǼȂȝǣǐȓ ǆȂǻȏǶǐǻǐǼȝƷȓΞ ǻǐȝǣȂǌ ǦǼ ΘǣǦǆǣ ȂǼǐ ǆȂȠǶǌ ǦǻȏǶǐǻǐǼȝ

ǆȂǻȏǶǐΝ =ƷǼǝǐΗǦǼ ǌΞǼƷǻǦǆȖ ǌǦȓǐǆȝǶΞ ȂǼ ȝǣǐ ǻƷȝȓǦΝ ΗƷȓǦƷǅǶǐȖU(τ)ॽ /Ǽ ȝǣǦȖ ǆƷȖǐ ȝǣǐ ǐΗȂǶȠȝǦȂǼ ǐȒȠƷৄ

ȝǦȂǼ ȝƷǴǐȖ ȝǣǐ ǜȂȓǻ

U(τ + 1) = R(τ)U(τ) ঳ँॽँॽः঴

Θǣǐȓǐ ȝǣǐ ǻƷȝȓǦΝR ǦȖ Ʒ ȖȝȂǆǣƷȖȝǦǆ ȠǼǦȝƷȓΞ ǻƷȝȓǦΝॽ sǐ ǼȂȝǐ ȝǣƷȝ ȝǣǦȖ ǻǐȝǣȂǌ ǆƷǼ ǅǐ ȠȖǐǌ ǜȂȓ ȖȝȠǌΞৄ

ǦǼǝ ȖǦǻǦǶƷȓ ǻȂǌǐǶȖ ǦǼ ǣǦǝǣǐȓ ȖȏƷǆǐȝǦǻǐ ǌǦǻǐǼȖǦȂǼȖॽ

/Ǽ ȝǣǦȖ ȏƷȏǐȓॶ Θǐ ȠȖǐ ȝǣǐ ЖȓȖȝ ǻǐȝǣȂǌ ǌǐȖǆȓǦǅǐǌ ƷǅȂΗǐ Θǣǐȓǐ ȝǣǐ ǶǦǼǴ ЖǐǶǌ U ǦȖ ǌǦƷǝȂǼƷǶǦΣǐǌ ƷǼǌ

ȝǣǐ SU(N) ǆȂǼȖȝȓƷǦǼȝ ǦȖ ǦǻȏȂȖǐǌॽ

ँॽं ƷǅৄBȂǌǐǶ

bȂ ǌǐǻȂǼȖȝȓƷȝǐ ȝǣǐ ǐЍǐǆȝǦΗǐǼǐȖȖ Ȃǜ �ȂǻȏǶǐΝ =ƷǼǝǐΗǦǼ �ΞǼƷǻǦǆȖॶ Θǐ ǅǐǝǦǼ ǅΞ ȖȝȠǌΞǦǼǝ Ʒ ȖǦǻȏǶǐॶ

Ξǐȝ ǼȂǼৄȝȓǦΗǦƷǶ ǻȂǌǐǶ ূ Ʒ ǆȂǻȏǶǐΝǦЖǐǌ ΗǐȓȖǦȂǼ Ȃǜ %ȓȂȖȖৄsǦȝȝǐǼৄsƷǌǦƷ ঳%ss঴BȂǌǐǶ ফऄआॶ ऀईॶ ँࣿॶ

ऄइবॽ sǐ ȓǐǜǐȓ ȝȂ ȂȠȓ ǻȂǌǐǶ ƷȖ ǖǤठBȡǫǯȕॽ /ȝ ǣƷȖ ȝΘȂ ȏǣƷȖǐȖॶ ǆȂǼЖǼǐǌ ƷǼǌ ǌǐǆȂǼЖǼǐǌॶ ǐΝǣǦǅǦȝǦǼǝ Ʒ

ȝǣǦȓǌৄȂȓǌǐȓ ȏǣƷȖǐ ȝȓƷǼȖǦȝǦȂǼॽ bǣǐ ƷǆȝǦȂǼ ǦȖ ǝǦΗǐǼ ǅΞ

S = N
(
aTrU + bTrU †) ঳ँॽंॽऀ঴

Θǣǐȓǐॶ a, b ∈ Cॶ U ǦȖ ƷǼ ǐǶǐǻǐǼȝ Ȃǜ SU(N)ॶ ƷǼǌ a = b ǦȖ ȝǣǐ %ȓȂȖȖৄsǦȝȝǐǼৄsƷǌǦƷ ǻȂǌǐǶॽ

�ǐǜȂȓǐ ȏȓȂǆǐǐǌǦǼǝ ǜȠȓȝǣǐȓ Ƕǐȝ ȠȖ ǻƷǴǐ Ʒ ǜǐΘ ǝǐǼǐȓǦǆ ǆȂǻǻǐǼȝȖॽ � ǶǦǼǐƷȓ ȝǐȓǻ ǦǼTrU ǅȓǐƷǴȖ

ȝǣǐ ǆǐǼȝǐȓ ȖΞǻǻǐȝȓΞॽ $ȠȓȝǣǐȓǻȂȓǐॶ ȝǣǐ ƷǅȂΗǐ ƷǆȝǦȂǼ ঳Ȃȓ Ȃȝǣǐȓ ȏȂǶΞǼȂǻǦƷǶ ǝǐǼǐȓƷǶǦΣƷȝǦȂǼ Ȃǜ Ǧȝ঴ ǦȖ

ǆȂǻȏǶǐΝॽ /ǜ a 0= bॶ ȝǣǐǼ ȝǣǐ Z2 ȖΞǻǻǐȝȓΞU → U † ǦȖ ǅȓȂǴǐǼॽ bǣǦȖ ǦǻȏǶǦǐȖ 〈TrU〉 0= 〈TrU †〉ॽ

ँࣿ



HǼǐ ǻƷΞ ƷȖǴॶ ȝǣƷȝ ΘǣƷȝ Ǧȝ ǻǐƷǼȖ ǦǼ ȝǐȓǻȖ Ȃǜ ǻƷǼǦǜǐȖȝǶΞ ǝƷȠǝǐ ǦǼΗƷȓǦƷǼȝ ȂȏǐȓƷȝȂȓȖॽ bǣǦȖ ǻǐƷǼȖ ȝǣƷȝ

ȝǣǐ ǆȂǼȝȓǦǅȠȝǦȂǼ ǜȓȂǻ ǅƷȓΞȂǼ ƷǼǌ ƷǼȝǦৄǅƷȓΞȂǼ ǦȖ ǌǦЍǐȓǐǼȝॽ �ǼȂȝǣǐȓ ȓǐǶƷȝǐǌ ȂǅȖǐȓΗƷȝǦȂǼ ǦȖ ȂǼǐ ǻƷΞ

ǼƷǦΗǐǶΞ ǐΝȏƷǼǌ �Ȓॽ ঳ँॽंॽऀ঴ ǦǼ ȖǐȓǦǐȖॶ

Z =

∫
DUe−S =

∫
DU

(
1 +N2abTrU TrU † +

N4

4
(ab)2(TrU TrU †)2 · · ·

)
− ঳ँॽंॽँ঴

(
NaTrU + bTrU † − N2

2
a2(TrU)2 − N2

2
b2(TrU †)2

)
+ · · ·

,ǐȓǐ Θǐ ǣƷΗǐ ȖǐȏƷȓƷȝǐǌ ȝǣǐ ৗǻǐȖȂǼǦǆ৘ ƷǼǌ ৗǅƷȓΞȂǼǦǆ৘ ǆȂǼȝȓǦǅȠȝǦȂǼȖॽ �Ƞǐ ȝȂ ȝǣǐ ǆǐǼȝǐȓ ȖΞǻǻǐȝȓΞ

ȂǼǶΞ Ʒ ǝƷȠǝǐ ǦǼΗƷȓǦƷǼȝ ǆȂǻǅǦǼƷȝǦȂǼ ȂǜTrU ƷǼǌTrU † ǆȂǼȝȓǦǅȠȝǐȖॽ �Ξ ǻǐȖȂǼǦǆ ǆȂǼȝȓǦǅȠȝǦȂǼ Θǐ

ǻǐƷǼ ȏȓȂǌȠǆȝ Ȃǜ ȝȓƷǆǐȖ ǜȂȓ ΘǣǦǆǣ ȖȠǻ Ȃǜ ȏȂΘǐȓȖ ƷǶǶ ȝǣǐ ȂǆǆȠȓȓǐǼǆǐ Ȃǜ ȠǼǦȝƷȓΞ ǻƷȝȓǦΝ ƷǼǌ ǦȝȖ ǦǼΗǐȓȖǐ

ȖȠǻ ȝȂ ΣǐȓȂॽ $Ȃȓ ǅƷȓΞȂǼǦǆ ȂȏǐȓƷȝȂȓॶ ȝǣǐ ȖȠǻ ǦȖ ȂǼǶΞ ΣǐȓȂ Ƞȏ ȝȂ ǻȂǌȠǶȂN ॶ Ǧॽǐॽॶ ȏȓȂȏȂȓȝǦȂǼƷǶ ȝȂ Ʒ

ǼȂǼৄΣǐȓȂ ǦǼȝǐǝȓƷǶ ȏȂΘǐȓ ȂǜN ॽ /ǜ ǅƷȓΞȂǼǦǆ ǆȂǼȝȓǦǅȠȝǦȂǼȖ Ʒȓǐ ǼǐǝǶǐǆȝǐǌ ȝǣǐǼ �Ȓॽ ঳ँॽंॽऀ঴ ǦȖ ǐȒȠǦΗƷǶǐǼȝ

ȝȂ Ʒ ǻȂǌǐǶ ΘǦȝǣ ȏƷȓƷǻǐȝǐȓȖॶ a = b =
√
(ab)ॽ sǐ ΘǦǶǶ ǶƷȝǐȓ Ȗǐǐ ȝǣƷȝ ǜȂȓ ǝƷȠǝǐ ǦǼΗƷȓǦƷǼȝ ȂȏǐȓƷȝȂȓȖॶ

ȝǣǦȖ ǐȒȠǦΗƷǶǐǼǆǐ ǦȖ ƷǆȝȠƷǶǶΞ ǣǐǶǌ ǦǼ ȝǣǐ ȠǼǝƷȏȏǐǌ ȏǣƷȖǐॽ

�ΝȏȓǐȖȖǦǼǝ ȝǣǐ ƷǆȝǦȂǼ ǦǼ ǌǦƷǝȂǼƷǶ ǝƷȠǝǐॶ ȝǣǐ ǐЍǐǆȝǦΗǐ ƷǆȝǦȂǼ ǅǐǆȂǻǐȖ

Seff =
N∑

i,j=1,i %=j

−1

2
ln

(
sin2

(
θi − θj

2

))
+ iNM

N∑

i=1

θi

+N

(
a

N∑

i=1

eiθi + b
N∑

i=1

e−iθi

)
, ঳ँॽंॽं঴

Θǣǐȓǐ ȝǣǐ ЖȓȖȝ ȝǐȓǻ ǦȖ ȝǣǐ qƷǼǌǐȓǻȂǼǌǐ ȏǦǐǆǐॶ ƷǼǌM ǦȖ ȝǣǐ =ƷǝȓƷǼǝǐ ǻȠǶȝǦȏǶǦǐȓ ΘǣǦǆǣ ǐǼȖȠȓǐȖ

ȝǣƷȝ det(U) = 1ॽ

�ȝ ǶƷȓǝǐN ॶ ȝǣǐ ȝǣǐȂȓΞ ǦȖ ǌȂǻǦǼƷȝǐǌ ǅΞ ȝǣǐ ȖƷǌǌǶǐৄȏȂǦǼȝ ǐȒȠƷȝǦȂǼ

∂Seff

∂θi
= 0, ঳ँॽंॽः঴

ΘǣǦǆǣ ǝǦΗǐȖ ȝǣǐ ǐȒȠƷȝǦȂǼ Ȃǜ ǻȂȝǦȂǼ

iM+ i
(
aeiθi − be−iθi

)
=

1

N

∑

j %=i

cot

(
θi − θj

2

)
. ঳ँॽंॽऄ঴

ँऀ



HǼ ȖȠǅȖȝǦȝȠȝǦǼǝ zi = eiθi ȝǣǐ ǐȒȠƷȝǦȂǼ Ȃǜ ǻȂȝǦȂǼ ǅǐǆȂǻǐȖ

iM+ iazi − i

(
b

zi

)
=

i

N

∑

j %=i

(
zi + zj
zi − zj

)
, ঳ँॽंॽअ঴

ƷǼǌM ǦȖ ǝǦΗǐǼ ǅΞ

M =
1

N

N∑

i=1

(
b

zi
− azi

)
. ঳ँॽंॽआ঴

/Ǽ ȝǣǐ ȖƷǌǌǶǐ ȏȂǦǼȝॶMǻƷΞ ǣƷΗǐ Ʒ ǼȂǼৄΣǐȓȂ ΗƷǶȠǐ ƷǼǌ ǆȂȠǶǌ ǅǐ ȝǣȂȠǝǣȝ ƷȖ ǐЍǐǆȝǦΗǐ ǅƷȓΞȂǼ ǼȠǻৄ

ǅǐȓॽ

�ȝN → ∞ ǶǦǻǦȝॶ Θǐ ǆƷǼ ȓǐȏǶƷǆǐ ȝǣǐ ȖȠǻǻƷȝǦȂǼ ǅΞ ƷǼ ǦǼȝǐǝȓƷǶ ȂΗǐȓ Ʒ ǼȂǼৄǌǐǆȓǐƷȖǦǼǝ ǜȠǼǆȝǦȂǼ

1

N

N∑

i=1

→
∫ π

−π

ds

2π
, ঳ँॽंॽइ঴

ƷǼǌ ȏǐȓǜȂȓǻǦǼǝ Ʒ ǆǣƷǼǝǐ Ȃǜ ΗƷȓǦƷǅǶǐȖ ǜȓȂǻ s ȝȂ ǆȂǻȏǶǐΝ ΗƷȓǦƷǅǶǐȖ z(s)

ids

dz
= ρ(z), ঳ँॽंॽई঴

ȝǣǐ ǐȒȠƷȝǦȂǼ Ȃǜ ǻȂȝǦȂǼ ǅǐǆȂǻǐȖ

M+ az −
(
b

z

)
= P

∮

c

dω

2πi
ρ(ω)

(
z + ω

z − ω

)
, ঳ँॽंॽऀࣿ঴

ƷǼǌ P ǦǻȏǶǦǐȖ Θǐ Ʒȓǐ ȝƷǴǦǼǝ ȝǣǐ ȏȓǦǼǆǦȏƷǶ ΗƷǶȠǐ Ȃǜ ȝǣǐ ǦǼȝǐǝȓƷǶॽ

ँ৷ं৷ऀ eӹӚҷԌԌӏӋ Uӟҷԓӏ

/Ǽ %ssǻȂǌǐǶॶ Ǧȝ ǦȖ ǴǼȂΘǼ ȝǣƷȝ ǜȂȓ ȖǻƷǶǶ ȏȂȝǐǼȝǦƷǶॶ Ǧॽǐॽॶ a < 0.5ॶ ȝǣǐ ȝǣǐȂȓΞ ǦȖ ǦǼ ƷǼ ȠǼǝƷȏȏǐǌ

ȏǣƷȖǐॽ �ȖȖȠǻǦǼǝ Ʒ ȖǦǻǦǶƷȓ ȏǦǆȝȠȓǐ ƷǶȖȂ ǣȂǶǌȖ ǜȂȓ ȝǣǐ ǖǤठBȡǫǯȕॶ Θǐ ȖȂǶΗǐ Ǧȝ ǅΞ ȝƷǴǦǼǝ ƷǼ ƷǼȖƷȝΣ ǜȂȓ

ρ(z) ǦǼ ȠǼǝƷȏȏǐǌ ȏǣƷȖǐ ƷȖॶ

ρ(ω) = A0 +
A1

ω
+

A2

ω2
+ · · · ঳ँॽंॽऀऀ঴

ȝǣǐǼ

P

∮

C

dω

2πi
ρ(w)

(
z + ω

z − ω

)
= −A0z +

A2

z
+ · · · ঳ँॽंॽऀँ঴

ँँ



�ȂǻȏƷȓǦǼǝ ΘǦȝǣ ȝǣǐ =,[ Ȃǜ �Ȓॽ ঳ँॽंॽऀࣿ঴

A0 = −a andA2 = −b. ঳ँॽंॽऀं঴

bǣǐȓǐǜȂȓǐ ρ ǅǐǆȂǻǐȖॶ

ρ(z) = −a+
A1

z
− b

z2
+ · · · ঳ँॽंॽऀः঴

sǐ ƷǶȖȂ ЖǼǌ

M =

∮

C

dz

2πi
ρ(z)

(
b

z
− az

)
= 0, ঳ँॽंॽऀऄ঴

ΘǣǦǆǣ ǦǼǌǦǆƷȝǐȖ ȝǣƷȝ ȝǣǐ ȝǣǐȂȓΞ ǦȖ ǦǼ ƷǼ ȠǼǝƷȏȏǐǌ ȏǣƷȖǐॽ �ǐǻƷǼǌǦǼǝ ǼȂȓǻƷǶǦΣƷȝǦȂǼ Ȃǜ ρ(z)

∮
dz

2πi
ρ(z) = 1, ঳ँॽंॽऀअ঴

Θǐ ЖΝA1 = 1ॽ

bǣǐȓǐǜȂȓǐॶ

ρ(z) =
1

z
− a− b

z2
+ · · · ঳ँॽंॽऀआ঴

sǐ ǆƷǼ ȖȂǶΗǐ ǜȂȓ ȝǣǐ ǆȂǼȝȂȠȓॶ Θǣǐȓǐ ρ(z) ǦȖ ȏȂȖǦȝǦΗǐ ǌǐЖǼǦȝǐॶ ǅΞ ǦǼȝǐǝȓƷȝǦǼǝ �Ȓॽ ঳ँॽंॽई঴

is = ln(z)− az +
b

z
+ c. ঳ँॽंॽऀइ঴

[ǦǼǆǐ s ǦȖ ȏȠȓǐǶΞ ȓǐƷǶॶ ƷǼǌ ƷȖȖȠǻǦǼǝ ȝǣƷȝ

z = r(θ)eiθ, a = |a|eiφ1 and b = |b|eiφ2 , ঳ँॽंॽऀई঴

ȝǣǐ ƷǅȂΗǐ ǐȒȠƷȝǦȂǼ ǦȖ ȖƷȝǦȖЖǐǌ ȂǼǶΞ Ǧǜ ȝǣǐ ȓǐƷǶ ȏƷȓȝ Ȃǜ ȝǣǐ X,[ ǦȖ ΣǐȓȂॽ bǣƷȝ ǦȖॶ

ln(r(θ))− |a|r(θ) cos(θ + φ1) +
|b|
r(θ)

cos(θ − φ2) +Re(c) = 0. ঳ँॽंॽँࣿ঴

bȂ ЖΝ cॶ Θǐ ǦǼΗȂǴǐ ȝǣǐ ǆȂǼǌǦȝǦȂǼ ȝǣƷȝ det(U) = 1ॶ Ǧॽǐॽॶ
∑N

i=1 θi = 0ॶ ΘǣǦǆǣ ȝȓƷǼȖǶƷȝǐȖ ȝȂ

∫

C

dz

2πi
ln(z)ρ(z) = 0, ঳ँॽंॽँऀ঴

ँं



Θǣǐȓǐ ȝǣǐ ǅȓƷǼǆǣৄǆȠȝȖ Ʒȓǐ ȝƷǴǐǼ ǜȓȂǻ z = 0 ȝȂ ȝǣǐ ȏȂǦǼȝ z(±π)ॽ XǐȏǶƷǆǦǼǝ ln(z) ȠȖǦǼǝ �Ȓॽ

঳ँॽंॽऀइ঴ॶ ȝǣǐ ƷǅȂΗǐ ǐȒȠƷȝǦȂǼ ǅǐǆȂǻǐȖ

∫
dz

2πi

(
is+ az − b

z
− c

)
ρ(z) = 0

⇒ −c+

∮
dz

2π
ρ(z)s = 0

⇒ −c+ i

∫ π

−π

ds

2π
s = 0

⇒ c = 0. ঳ँॽंॽँँ঴

,ǐǼǆǐ ȝǣǐ ǆȂǼȝȂȠȓ ǦȖ ǝȂȝ ǅΞ ȖȂǶΗǦǼǝ ȝǣǐ ȝȓƷǼȖǆǐǼǌǐǼȝƷǶ ǐȒȠƷȝǦȂǼ

ln(r(θ))− |a|r(θ) cos(θ + φ1) +
b

r(θ)
cos(θ − φ2) = 0. ঳ँॽंॽँं঴

CȂΘ Θǐ ǆƷǼ ǆȂǻȏƷȓǐ ȝǣǐ ǌǦȖȝȓǦǅȠȝǦȂǼ Ȃǜ ǐǦǝǐǼΗƷǶȠǐȖ ǜȓȂǻ ǆȂǻȏǶǐΝ =ƷǼǝǐΗǦǼ ǌΞǼƷǻǦǆȖ ΘǦȝǣ

ȝǣǐ ƷǼƷǶΞȝǦǆ ȓǐȖȠǶȝ ǜȂȓ ƷǼΞ (a, b) ǆȂǻǅǦǼƷȝǦȂǼॽ /Ǽ $Ǧǝॽ ँॽऀ Θǐ ȖǣȂΘ ȝǣǐ ƷǼƷǶΞȝǦǆƷǶ ȓǐȖȠǶȝ ƷǼǌ ȝǣǐ ǌƷȝƷ

ȂǅȝƷǦǼǐǌ ȝǣȓȂȠǝǣ ǆȂǻȏǶǐΝ =ƷǼǝǐΗǦǼ ȖǦǻȠǶƷȝǦȂǼȖ ΘǦȝǣȂȠȝ ǼȂǦȖǐ ǜȂȓ ȏƷȓƷǻǐȝǐȓȖ a = 0.35ॶ b = 0.2

ƷǼǌN = 100ॽ /Ǽ $Ǧǝॽ ँॽँ Θǐ ȖǣȂΘ ȝǣǐ ȓǐȖȠǶȝ ΘǦȝǣ %ƷȠȖȖǦƷǼ ǼȂǦȖǐ ȝȠȓǼǐǌ ȂǼॽ sǐ Ȗǐǐ ƷǼ ǐΝǆǐǶǶǐǼȝ

ƷǝȓǐǐǻǐǼȝ ǅǐȝΘǐǐǼ ȝǣǐ ƷǼƷǶΞȝǦǆƷǶ ƷǼǌ ǼȠǻǐȓǦǆƷǶ ȓǐȖȠǶȝȖ ॱॽ

ॱbǣǐȖǐ ǦǻƷǝǐȖ Θǐȓǐ ȏȓȂǌȠǆǐǌ ȠȖǦǼǝ BƷȝǣǐǻƷȝǦǆƷ UǶȂȝ ǜȠǼǆȝǦȂǼ ƷǼǌ ȝǣǐ ǆȂǌǐ ΘƷȖ ΘȓǦȝȝǐǼ ǜȓȂǻ ȖǆȓƷȝǆǣॽ

ँः



●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●
●●

●

●

●

●

●● ●

●

●

●

●
●

●

●

●

●

●

●

●

●
-1.5 -1.0 -0.5 0.5 1.0 1.5

-1.5

-1.0

-0.5

0.5

1.0

1.5

Figure 2.1: The distribuঞon of eigenvalues of ab-model with parameters a = 0.35, b = 0.2 andN = 100. The solid curve
is the analyঞcal result and the data points are obtained through complex Langevin simulaঞons without introducing the Gaussian
noise. The dashed curve is a unit circle.
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Figure 2.2: The distribuঞon of eigenvalues of ab-model with parameters a = 0.35, b = 0.2 andN = 100. The solid curve is
the analyঞcal result and the data points are obtained through complex Langevin simulaঞons. The dashed curve is a unit circle.

sǐ ƷǶȖȂ ǼȂȝǐ ȝǣƷȝ ȝǣǐ ǆȂǻȏǶǐΝ =ƷǼǝǐΗǦǼ ȖǦǻȠǶƷȝǦȂǼȖ ȖǣȂΘ ǐΝǆǐǶǶǐǼȝ ƷǝȓǐǐǻǐǼȝ ΘǦȝǣ ƷǼƷǶΞȝǦǆƷǶ

ȓǐȖȠǶȝȖ ΘǣǐǼ ȝǣǐ ȏƷȓƷǻǐȝǐȓȖ Ʒȓǐ ƷǶȖȂ ǆȂǻȏǶǐΝॽ /Ǽ $Ǧǝॽ ँॽं Θǐ ȖǣȂΘ ȝǣǐ ƷǼƷǶΞȝǦǆƷǶ ȓǐȖȠǶȝ ƷǼǌ ȝǣǐ ǌƷȝƷ

ȂǅȝƷǦǼǐǌ ȝǣȓȂȠǝǣ ǆȂǻȏǶǐΝ =ƷǼǝǐΗǦǼ ȖǦǻȠǶƷȝǦȂǼȖ ΘǦȝǣȂȠȝ ǼȂǦȖǐ ǜȂȓ ȏƷȓƷǻǐȝǐȓȖ a = 0.2 + i0.2ॶ

b = −0.1 + i0.1 ƷǼǌN = 100ॽ /Ǽ $Ǧǝॽ ँॽः Θǐ ȖǣȂΘ ȝǣǐ ȓǐȖȠǶȝ ΘǦȝǣ %ƷȠȖȖǦƷǼ ǼȂǦȖǐ ȝȠȓǼǐǌ ȂǼॽ

ँऄ



●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●●

●

●

●

●
●

● ●

●

●

●

●

●

●

●●

●

●

●

●

●
-1.5 -1.0 -0.5 0.5 1.0 1.5

-1.5

-1.0

-0.5

0.5

1.0

1.5

Figure 2.3: The distribuঞon of eigenvalues of ab-model with parameters a = 0.2 + i0.2, b = −0.1 + i0.1 andN = 100. The
solid curve is the analyঞcal result and the data points are obtained through complex Langevin simulaঞons without introducing the
Gaussian noise. The dashed curve is a unit circle.
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Figure 2.4: The distribuঞon of eigenvalues of ab-model with parameters a = 0.2 + i0.2, b = −0.1 + i0.1 andN = 100.
The solid curve is the analyঞcal result and the data points are obtained through complex Langevin simulaঞons. The dashed curve is
a unit circle.

ँ৷ं৷ँ %ҷԌԌӏӋ Uӟҷԓӏ

/Ǽ ȝǣǐ ǝƷȏȏǐǌ ȏǣƷȖǐॶ ȖǦǻǦǶƷȓ ȝȂ %ssǻȂǌǐǶॶ ȝǣǐ ǐǦǝǐǼΗƷǶȠǐȖ ǶǦǐ ȂǼ ƷǼ ȂȏǐǼ ǆȂǼȝȂȠȓC ॽ

bȂ ȖȝȠǌΞ ȝǣǦȖ ȏǣƷȖǐॶ Θǐ ǐǻȏǶȂΞ ȓǐȖȂǶΗǐǼȝ঄ȖȏǐǆȝȓƷǶৄǆȠȓΗǐ ǻǐȝǣȂǌ ȠȖǐǌ ǦǼ Xǐǜॽ ফँऀবॶ ƷǼǌ ȓǐΗǦǐΘǐǌ

ँअ



ǦǼ Xǐǜॽ ফऄईবॽ bǣǐ ȓǐȖȂǶΗǐǼȝ ǦȖ ǌǐЖǼǐǌ ƷȖ

ω(z) = − 1

N

∑

j

(
z + zj
z − zj

)
. ঳ँॽंॽँः঴

�ȝ ǶƷȓǝǐN ǶǦǻǦȝॶ ω(z) ǦȖ ƷǼƷǶΞȝǦǆ ǐΗǐȓΞΘǣǐȓǐ ǦǼ ȝǣǐ ǆȂǻȏǶǐΝ ȏǶƷǼǐॶ ǐΝǆǐȏȝ ƷǶȂǼǝ Ʒ ȖȒȠƷȓǐৄȓȂȂȝ

ǅȓƷǼǆǣ ǆȠȝ ȓȠǼǼǦǼǝ ƷǶȂǼǝC ॶ ƷǼǌ ǐΝȏȓǐȖȖǐǌ ƷȖ

ω(z) = −
∫

C

dz′

2πi
ρ(z′)

z + z′

z − z′
. ঳ँॽंॽँऄ঴

$Ȃȓ Ʒ ǝǦΗǐǼ ȏȂȝǐǼȝǦƷǶ V (z)ॶ ȝǣǐ ǐȒȠƷȝǦȂǼ Ȃǜ ǻȂȝǦȂǼ ঳ȖǦǻǦǶƷȓ ȝȂ �Ȓॽ ঳ँॽंॽऀࣿ঴঴

zV ′(z) = P

∮

C

dz′

2πi
ρ(z′)

z + z′

z − z′
঳ँॽंॽँअ঴

ǆƷǼ ǅǐ ǐΝȏȓǐȖȖǐǌ ǦǼ ȝǐȓǻȖ Ȃǜ ω(z) ȠȖǦǼǝ ȝǣǐ UǶǐǻǐǶǱ ǜȂȓǻȠǶƷǐ

zV ′(z) =
1

2
[ω(z + ε) + ω(z − ε)] , z ∈ C, ঳ँॽंॽँआ঴

Θǣǐȓǐ z ± ε ǶǦǐȖ ȂǼ ǐǦȝǣǐȓ ȖǦǌǐ Ȃǜ ȝǣǐ ǅȓƷǼǆǣ ǆȠȝ ƷǼǌ ε→ 0 ǶǦǻǦȝ ǦȖ ȝƷǴǐǼॽ

sǐ ǆƷǼ ƷǶȖȂ ǐΝȏȓǐȖȖ ρ(z) ƷȖ ȝǣǐ ǌǦȖǆȂǼȝǦǼȠǦȝΞ Ȃǜ ω(z) ƷǆȓȂȖȖ ȝǣǐ ǆȠȝC ƷȖ

zρ(z) =
1

2
[ω(z + ε)− ω(z − ε)] . ঳ँॽंॽँइ঴

bǣǐ ǐΝȏǐǆȝƷȝǦȂǼ ΗƷǶȠǐ Ȃǜ ƷǼΞ ǜȠǼǆȝǦȂǼG(z) ǆƷǼ ǅǐ ǜȂȠǼǌ ƷȖ

∫

C

dz

2πi
ρ(z)G(z) =

∮

C̃

dz

4πiz
ω(z)G(z). ঳ँॽंॽँई঴

$Ȃȓ abৄǻȂǌǐǶ

ω(z) = −M− az +
b

z
+ f(z)

√
(z − z̃)(z − z̃∗), ঳ँॽंॽंࣿ঴

Θǣǐȓǐ z̃, z̃∗ Ʒȓǐ ȝǣǐ ǐǼǌ ȏȂǦǼȝȖ Ȃǜ ǅȓƷǼǆǣ ǆȠȝC ƷǼǌ f(z) ǦȖ ƷǼ ȠǼǴǼȂΘǼ ǜȠǼǆȝǦȂǼॶ ΘǣǦǆǣ ȓǐǻƷǦǼȖ

ȝȂ ǅǐ ЖΝǐǌॽ [ǦǼǆǐ ω(z) ǣƷȖ ȝȂ ǅǐ ȓǐǝȠǶƷȓ ȂΗǐȓ ȝǣǐ ǐǼȝǦȓǐ ȏǶƷǼǐ ǐΝǆǐȏȝ ƷǶȂǼǝC ƷǼǌ ȝǣǐ ȂȓǦǝǦǼ Θǐ ǆƷǼ

ँआ



ЖΝ ȝǣǐ ǜȂȓǻ Ȃǜ f(z) ƷȖ

f(z) = c+
d

z
. ঳ँॽंॽंऀ঴

bǣǐȓǐǜȂȓǐ ω(z) ǅǐǆȂǻǐȖ ঳ȖȠǅȖȝǦȝȠȝǦǼǝ z̃ = Reiφ঴

ω(z) = −M− az +
b

z
+

(
c+

d

z

)√
z2 +R2 − 2Rz cos(φ). ঳ँॽंॽंँ঴

CȂȓǻƷǶǦΣƷȝǦȂǼ Ȃǜ ρ(z)ॶ ǜȓȂǻ �Ȓॽ ঳ँॽंॽँऄ঴ॶ ȝȓƷǼȖǶƷȝǐȖ ȝȂ

lim
|z|→0

ω(z) = 1 ঳ँॽंॽंं঴

ƷǼǌ

lim
|z|→∞

ω(z) = −1. ঳ँॽंॽंः঴

bǣǦȖ ЖΝǐȖ f(z) ƷȖ

f(z) = a− b

Rz
. ঳ँॽंॽंऄ঴

sǐ ƷǶȖȂ ǝǐȝ ȝΘȂ ǻȂȓǐ ȓǐǶƷȝǦȂǼȖ ǅǐȝΘǐǐǼRॶM ƷǼǌ cos(φ)

aR +
b cos(φ)

R
= 1 +M, ঳ँॽंॽंअ঴

ƷǼǌ

a cos(φ)R +
b

R
= 1−M. ঳ँॽंॽंआ঴

bȂ ЖΝ ȝǣǐ ȝǣȓǐǐ ȠǼǴǼȂΘǼȖ ǆȂǻȏǶǐȝǐǶΞॶ Θǐ Ǽǐǐǌ Ʒ ȝǣǦȓǌ ǐȒȠƷȝǦȂǼॶ ΘǣǦǆǣ ǆȂǻǐȖ ǜȓȂǻ ǦǼΗȂǴǦǼǝ ȝǣǐ

det(U) = 1 ǆȂǼǌǦȝǦȂǼॶ ǜȓȂǻ �Ȓॽ ঳ँॽंॽँई঴

∫

C̃

dz

4πiz
ω(z) ln(z) = 0, ঳ँॽंॽंइ঴

Θǣǐȓǐ C̃ ǦȖ Ʒ ǆȂǼȝȂȠȓ ǐǼǆǦȓǆǶǦǼǝ ȝǣǐ ǅȓƷǼǆǣ ǆȠȝC ॶ ƷǼǌ ȝǣǐ ǅȓƷǼǆǣ ǆȠȝ Ȃǜ ln(z) ȓƷǼǝǐȖ ǜȓȂǻ (−∞, 0)ॽ

�ǐǜȂȓǻǦǼǝ ȝǣǐ ǆȂǼȝȂȠȓ $Ǧǝॽ ँॽऄ ȝȂ ȝǣǐ ȂǼǐ ǦǼ $Ǧǝॽ ँॽअ

ँइ



Figure 2.5: Actual contour over which Eq. (2.3.38)
needs to be performed.

Figure 2.6: Deformed contour over which the inte-
gral was performed.

ƷǼǌ ǐΗƷǶȠƷȝǦǼǝ ǦǼ ε → 0 ƷǼǌ Γ → ∞ ǶǦǻǦȝȖॶ Θǐ ЖǼǌ ȝǣƷȝ ȝǣǐ ǌǦΗǐȓǝǐǼǆǐȖ ƷȓǦȖǦǼǝ ǜȓȂǻ ȝǣǐ ǆȠȝȂЍȖ

Γ ƷǼǌ ε ǆƷǼǆǐǶ ȖǐȏƷȓƷȝǐǶΞ ƷǼǌ Θǐ ƷȓȓǦΗǐ Ʒȝ ȝǣǐ ǜȂǶǶȂΘǦǼǝ ǆȂǼǌǦȝǦȂǼ

(
aR− b

R

)[(
1− cos(φ)

2

)
ln

(
1− cos(φ)

2

)
+

(
1 + cos(φ)

2

)]

=

(
aR +

b

R

)(
1 + cos(φ)

2

)
ln(R). ঳ँॽंॽंई঴

CȂΘ ǜȂȓ Ʒ ǝǦΗǐǼ a, bΘǐ ǆƷǼ ǼȠǻǐȓǦǆƷǶǶΞ ȖȂǶΗǐ ȝǣǐ �ȒȖॽ ঳ँॽंॽंअ঴ॶ ঳ँॽंॽंआ঴ॶ ƷǼǌ ঳ँॽंॽंई঴ ǜȂȓRॶM

ƷǼǌ cos(φ)ॶ ƷǼǌ ǣǐǼǆǐ ЖΝ ω(z) ǆȂǻȏǶǐȝǐǶΞॽ �ǶȖȂ ǜȓȂǻ �Ȓॽ ঳ँॽंॽँइ঴ Θǐ ǆƷǼ ЖΝ ρ(z)

ρ(z) =

(
a

z
− b

Rz2

)√
z2 +R2 − 2Rz cos(φ). ঳ँॽंॽःࣿ঴

$ȓȂǻ �Ȓॽ ঳ँॽंॽऀऄ঴ॶ Θǐ ǆƷǼ ǼȠǻǐȓǦǆƷǶǶΞ ǆȂǻȏȠȝǐMॶ ǅȂȝǣ ǦǼ ȠǼǝƷȏȏǐǌ ƷǼǌ ǝƷȏȏǐǌ ȏǣƷȖǐȖॶ ƷǼǌ

ǆȂǻȏƷȓǐ Ǧȝ ƷǝƷǦǼȖȝ ƷǼƷǶΞȝǦǆƷǶ ȓǐȖȠǶȝȖॽ �ǣȂȂȖǦǼǝ b = 2.0a ƷǼǌ ΗƷȓΞǦǼǝ a ǜȓȂǻ 0 ȝȂ 1.2ॶ Θǐ ЖǼǌ ȝǣƷȝ Ǧȝ

ǻƷȝǆǣǐȖ ΗǐȓΞ ΘǐǶǶ ǅȂȝǣ ǦǼ ȠǼǝƷȏȏǐǌ ƷǼǌ ǝƷȏȏǐǌ ȓǐǝǦǻǐȖ ূ Ȗǐǐ $Ǧǝॽ ँॽआॽ ঳%Ʒȏ ȂȏǐǼǦǼǝ ȏȂǦǼȝ ǆƷǼ ǅǐ

ǜȂȠǼǌ ǜȓȂǻ $Ǧǝॽ ँॽऀࣿॽ঴

ँई
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Figure 2.7: The value ofM at (a, 2a) for the ab-model withN = 100. The solid curve is analyঞcal result and the data points
are obtained through complex Langevin simulaঞons.

[ǦǻǦǶƷȓǶΞ Θǐ ǆȂǻȏƷȓǐ Ȃȝǣǐȓ ȂǅȖǐȓΗƷǅǶǐȖॶ 〈Tr(U)〉 ƷǼǌ 〈Tr(U−1)〉ॽ �ǼƷǶΞȝǦǆƷǶǶΞ 〈Tr(U)〉 ǦȖ

ǝǦΗǐǼ ǅΞॶ

〈Tr(U)〉 =
∮

dz

2πi

(
1

z
− a− b

z2

)
z = −b ঳eǼǝƷȏȏǐǌ঴

=

∮

C̃

dz

4πi

w(z)

z
z =

(
cosφ+ 1

4

)(
a(cosφ− 1)R2 − 2b

)
঳%Ʒȏȏǐǌ঴

঳ँॽंॽःऀ঴
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Figure 2.8: The value ofTr(U) at (a, 2a) for the ab-model withN = 100. The solid curve is analyঞcal result and the data
points are obtained through complex Langevin simulaঞons.
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ƷǼǌ 〈Tr(U−1)〉 ǅΞॶ

〈Tr
(
U−1

)
〉 =

∮
dz

2πi

(
1

z
− a− b

z2

)
1

z
= −a ঳eǼǝƷȏȏǐǌ঴

=

∮

C̃

dz

4πi

ω(z)

z

1

z
=

(
cosφ+ 1

4

)(
b(cosφ− 1)

R2
− 2a

)
঳%Ʒȏȏǐǌ঴

঳ँॽंॽःँ঴
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Figure 2.9: The value ofTr
(
U−1

)
at (a, 2a) for the ab-model withN = 100. The solid curve is analyঞcal result and the data

points are obtained through complex Langevin simulaঞons.

/Ǽ $Ǧǝॽ ँॽइ ƷǼǌ $Ǧǝॽ ँॽई Θǐ ȖǣȂΘ ȝǣǐ ȂǅȖǐȓΗƷǅǶǐȖ 〈Tr(U)〉 ƷǼǌ 〈Tr(U−1)〉ॶ ȓǐȖȏǐǆȝǦΗǐǶΞॽ bǣǐ

ƷǼƷǶΞȝǦǆƷǶ ƷǼǌ ǼȠǻǐȓǦǆƷǶ ȓǐȖȠǶȝȖ ȖǣȂΘ ǐΝǆǐǶǶǐǼȝ ƷǝȓǐǐǻǐǼȝॽ

ँ৷ं৷ं Uӟҷԓӏ ԚԏҷӹԓӢԚӢԀӹ Ԁә ab৳BԀӋӏӲ

bǣǐ ǐǦǝǐǼΗƷǶȠǐ ǌǐǼȖǦȝΞ �Ȓॽ ঳ँॽंॽऀआ঴ ȂǼ ǆȂǼȝȂȠȓ �Ȓॽ ঳ँॽंॽँं঴ॶ ǦȖ ȏȓȂȏȂȓȝǦȂǼƷǶ ȝȂ dsॶ ΘǣǦǆǣ ǦǼ ȝǐȓǻȖ

Ȃǜ r(θ) ǦȖ ǝǦΗǐǼ ǅΞ

ds =
d

dθ

[
θ − |a|sin(θ + φ1)r(θ)−

|b|
r(θ)

sin(θ − φ2)

]
dθ

=
[
1− |a|cos(θ + φ1)r(θ)− |a|sin(θ + φ1)r

′(θ)

− |b|
r(θ)

cos(θ − φ2) +
|b|r′(θ)
r(θ)2

sin(θ − φ2)
]
dθ ঳ँॽंॽःं঴
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ΘǣǦǆǣ ǦȖ ǼȂȝ ȏȂȖǦȝǦΗǐ ǌǐЖǼǦȝǐ ǜȂȓ ƷǶǶ (a, b) ǆȂǻǅǦǼƷȝǦȂǼȖॽ /ȝ ǜƷǦǶȖ ȝȂ ǌȂ ȖȂॶ ΘǣǐǼ ȝǣǐ ǜȠǼǆȝǦȂǼ ǦǼȖǦǌǐ

ȝǣǐ ǅȓƷǆǴǐȝȖॶ [. . . ]ॶ ǅǐǆȂǻǐȖ ǼǐǝƷȝǦΗǐॽ XǐȖȝȓǦǆȝǦǼǝ ȝȂ a, b ∈ Rॶ ȝǣǐ ǆȂǼǌǦȝǦȂǼ ȖǦǻȏǶǦЖǐȖ ƷȖ ȝǣǐ ǝƷȏ

ȂȏǐǼȖ ƷǅȂȠȝ θ = 0

1− ar(0)− b

r(0)
≤ 0

⇒ exp

{(
ar(0) +

b

r(0)

)}
≥ e. ঳ँॽंॽःः঴

$ȓȂǻ �Ȓॽ ঳ँॽंॽँं঴ r(0) ǦȖ ǝǦΗǐǼ ǅΞ

r(0) = exp

{(
ar(0)− b

r(0)

)}
. ঳ँॽंॽःऄ঴

bǣǐ ȏǣƷȖǐ ǌǦƷǝȓƷǻ Ȃǜ ȝǣǐ ǻȂǌǐǶ ǦȖ ȖǣȂΘǼ ǦǼ $Ǧǝॽ ँॽऀࣿॽ

● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ●
●

●

●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●
●

���������
�����

������������

1
ⅇ

0
a

1
ⅇ

0

b

Figure 2.10: The phase diagram of the ab-model in the a-b plane.

/ȝ ΘȂȠǶǌ ǅǐ ǦǼȝǐȓǐȖȝǦǼǝ ȝȂ ǴǼȂΘ ǣȂΘ ȒȠƷǼȝǦȝǦǐȖ ǆǣƷǼǝǐ ƷǆȓȂȖȖ ȝǣǐ ǝƷȏ ȂȏǐǼǦǼǝ ȝȓƷǼȖǦȝǦȂǼ ƷǼǌ

ƷǶȖȂ ȝǣǐ Ȃȓǌǐȓ Ȃǜ ȝǣǐ ȏǣƷȖǐ ȝȓƷǼȖǦȝǦȂǼॽ bȂ ȖȝȠǌΞ ȝǣƷȝ Θǐ ЖȓȖȝ ȓǐȖȝȓǦǆȝ ȂȠȓȖǐǶΗǐȖ ȝȂ Ʒ ȖȏǐǆǦƷǶ ǆƷȖǐॶ b = 0

ǦǼ ȂȠȓ ǻȂǌǐǶॽ bǣǐǼ ǜȓȂǻ �ȒȖॽ ঳ँॽंॽःः঴ ƷǼǌ ঳ँॽंॽःऄ঴ ȝǣǐ ǝƷȏ ȂȏǐǼȖ ƷǅȂȠȝ a = 1
e ॶR = eॶ ƷǼǌ ȖǦǼǆǐ

ȝǣǐ ȠǼǝƷȏȏǐǌ ȏǣƷȖǐ ǣƷȖ ǼȂ ǅȓƷǼǆǣ ǆȠȝȖ ǦǼ ȝǣǐ ǐǦǝǐǼΗƷǶȠǐ ǌǦȖȝȓǦǅȠȝǦȂǼȖॶ φ ȖǣȂȠǶǌ ȖȝƷȓȝ ǜȓȂǻ ΣǐȓȂॶ
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ƷǅȂȠȝ ȝǣǐ ǝƷȏৄȂȏǐǼǦǼǝ ȏȂǦǼȝॽ �Ǽǌ ȝǣǐ ǆȂǼǌǦȝǦȂǼȖ �ȒȖॽ ঳ँॽंॽंअ঴ ƷǼǌ ঳ँॽंॽंआ঴ ȖǦǻȏǶǦЖǐȖ ȝȂ

aR

(
cos(φ) + 1

2

)
= 1 ঳ँॽंॽःअ঴

ƷǼǌ �Ȓॽ ঳ँॽंॽंई঴ ȝȂ

(
1− cos(φ)

2

)
ln

(
1− cos(φ)

2

)
=

(
1 + cos(φ)

2

)
ln

(
R

e

)
. ঳ँॽंॽःआ঴

bǣǐ ȂǅȖǐȓΗƷǅǶǐ 〈Tr(U)〉 ǅǐǆȂǻǐȖ

〈Tr(U)〉 =0 ঳eǼǝƷȏȏǐǌ঴

=

(
a(cos(φ)2 − 1)R2

4

)
঳%Ʒȏȏǐǌ঴

঳ँॽंॽःइ঴

[ǦǼǆǐ ȝǣǐ ЖȓȖȝ ǌǐȓǦΗƷȝǦΗǐ Ȃǜ ǜȓǐǐৄǐǼǐȓǝΞ F [a] ǝǦΗǐǼ ǅΞ

∂F [a]

∂a
=
∂ lnZ[a]

∂a
=

1

Z[a]

∫
[DU ] Tr(U) exp(aTr(U)) = 〈Tr(U)〉 ঳ँॽंॽःई঴

ǦȖ ȝǣǐ ǐΝȏǐǆȝƷȝǦȂǼ ΗƷǶȠǐ ȂǜTr(U)ॶ Θǐ ЖǼǌ ȝǣƷȝ Ǧȝ ǦȖ ǆȂǼȝǦǼȠȂȠȖ ƷǆȓȂȖȖ ȝǣǐ ǝƷȏॽ

eȏȂǼ ǐΝȏƷǼǌǦǼǝ ƷǅȂȠȝ

a =
1

e
+ δa, cos(φ) = 1− 2δp andR = e+ δR ঳ँॽंॽऄࣿ঴

ȝǣǐ ΗƷȓǦƷȝǦȂǼ Ȃǜ δ〈Tr(U)〉 ǦȖ ǝǦΗǐǼ ǅΞ

δ〈Tr(U)〉 = δ

(
a(cos(φ)2 − 1)R2

4

)
= −eδp. ঳ँॽंॽऄऀ঴

$ȓȂǻ �ȒȖॽ ঳ँॽंॽःअ঴ ƷǼǌ ঳ँॽंॽःआ঴ Θǐ ǝǐȝ

δp = eδa+
δR

e
, ঳ँॽंॽऄँ঴

ंं



ƷǼǌ

δp ln(δp) =
δR

e
. ঳ँॽंॽऄं঴

�ǶǦǻǦǼƷȝǦǼǝ δR ǜȓȂǻ ƷǅȂΗǐ ȝΘȂ ǐȒȠƷȝǦȂǼȖ Θǐ ǝǐȝ ȝǣǐ ǐȒȠƷȝǦȂǼ

δp(1− ln(δp)) = eδa. ঳ँॽंॽऄः঴

bȂ ǦǼΗǐȓȝ ȝǣǐ ƷǅȂΗǐ ǐȒȠƷȝǦȂǼ Ƕǐȝ ȠȖ ȖȠǅȖȝǦȝȠȝǐ δp → ekॽ bǣǐǼ Θǐ ǣƷΗǐ

(k − 1)e(k−1) = −δa. ঳ँॽंॽऄऄ঴

bǣǐ ƷǅȂΗǐ ǐȒȠƷȝǦȂǼ ǦȖ Ȃǜ ȝǣǐ ǜȂȓǻॶ xex = yॶ ΘǣǦǆǣ ǆƷǼ ǅǐ ǦǼΗǐȓȝǐǌ ȝȂ ǐΝȏȓǐȖȖ x ƷȖ Ʒ ǜȠǼǆȝǦȂǼ Ȃǜ

y ƷǼǌ Ǧȝ ǦȖ ǴǼȂΘǼ ƷȖ ȝǣǐ =Ʒǻǅǐȓȝৄs ǜȠǼǆȝǦȂǼ ফअࣿবॽ ঳/ȝ ǦȖ ȂǜȝǐǼ ǐΝȏȓǐȖȖǐǌ ƷȖWc(y)ॽ঴ bǣǦȖ ǜȠǼǆȝǦȂǼ

ǦȖ ǦǼ ǝǐǼǐȓƷǶ Ʒ ǻȠǶȝǦΗƷǶȠǐǌৄǆȂǻȏǶǐΝ ǜȠǼǆȝǦȂǼॶ Θǣǐȓǐ c ∈ Zॶ ǆǣȂȂȖǐȖ ǐƷǆǣ ǅȓƷǼǆǣॽ [ǦǼǆǐ δa > 0 ƷǼǌ

δp ∈ RΘǐ ǣƷΗǐ ȝΘȂ ȓǐƷǶ ΗƷǶȠǐǌ ǅȓƷǼǆǣǐȖॵ W0(y) ঳ȝǣǐ ȏȓǦǼǆǦȏƷǶ ǅȓƷǼǆǣ঴ ƷǼǌW−1(y)ॽ

bǣǐȓǐǜȂȓǐॶ

δp = eW0(−δa)+1 Ȃȓ eW−1(−δa)+1. ঳ँॽंॽऄअ঴

$Ȃȓ ȖǻƷǶǶ ΗƷǶȠǐȖ Ȃǜ δaΘǐ ǴǼȂΘ ȝǣƷȝ

lim
δa→0

W0(−δa) = 0, lim
δa→0

W−1(−δa) ≈ ln(δa). ঳ँॽंॽऄआ঴

bǣǐȓǐǜȂȓǐॶ δpΘǦǶǶ ΗƷǼǦȖǣ ƷȖ δa → 0 ȂǼǶΞ Ǧǜ Θǐ ǆǣȂȂȖǐ ȝǣǐ ȖǐǆȂǼǌ ǅȓƷǼǆǣॶ Ǧॽǐॽॶ δp = eW−1(−δa)+1ॽ

,ǐǼǆǐ

δ〈Tr(U)〉 = −eW−1(−δa)+2. ঳ँॽंॽऄइ঴

CȂΘ ȝǣǐ ȖǐǆȂǼǌ ǌǐȓǦΗƷȝǦΗǐ Ȃǜ ǜȓǐǐ ǐǼǐȓǝΞ

∂2F

∂(δa)2
=
∂ (δ〈Tr(U)〉)

∂(δa)

e2

W−1(−δa) + 1
঳ँॽंॽऄई঴
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ǝȂǐȖ ȝȂ ΣǐȓȂ ƷȖ δa → 0 ƷǼǌ ǦȖ ǆȂǼȝǦǼȠȂȠȖ ƷǆȓȂȖȖ ȝǣǐ ǝƷȏॽ �Ƞȝ ȝǣǐ ȝǣǦȓǌ ǌǐȓǦΗƷȝǦΗǐ

∂3F

∂(δa)3
= − e2W−1(−δa)

δa(W−1(−δa) + 1)3
঳ँॽंॽअࣿ঴

ǌǦΗǐȓǝǐȖ ƷȖ δa → 0ॽ ,ǐǼǆǐ Ǧȝ ǣƷȖ Ʒ ȝǣǦȓǌ Ȃȓǌǐȓ ȏǣƷȖǐ ȝȓƷǼȖǦȝǦȂǼॽ /ȝ ǆƷǼ ƷǶȖȂ ǅǐ ȖǣȂΘǼ ȝǣƷȝ ȖǦǻǦǶƷȓ

ƷȓǝȠǻǐǼȝȖ ǣȂǶǌ ǦǼ ȝǣǐ ǝǐǼǐȓǦǆ ǆƷȖǐ b 0= 0ॽ bǣȠȖ Θǐ ǆȂǼǆǶȠǌǐ ȝǣƷȝ ȝǣǐ abৄBȂǌǐǶ ǌǦȖȏǶƷΞȖ Ʒ ȝǣǦȓǌ

Ȃȓǌǐȓ ȏǣƷȖǐ ȝȓƷǼȖǦȝǦȂǼॽ

ँॽः %ƷȠǝǐ bǣǐȂȓΞ ȝȂ eǼǦȝƷȓΞ BƷȝȓǦΝ BȂǌǐǶ

� ȠǼǦȝƷȓΞ ǻƷȝȓǦΝ ǻȂǌǐǶ ƷȓǦȖǐȖ ǦǼ Ʒ ȂǼǐৄǶȂȂȏ ǜȂȓǻȠǶƷȝǦȂǼ Ȃǜ W�� ঳ƷǼǌ ƷǼƷǶȂǝȂȠȖ SU(N) ǝƷȠǝǐ

ȝǣǐȂȓǦǐȖ঴ ȂǼ ǆȂǻȏƷǆȝ ȖȏƷǆǐȖ ঳ȂǜȝǐǼ S1 × S3঴ॽ bǣǦȖ ΘƷȖ ȂȓǦǝǦǼƷǶǶΞ ǌǐȓǦΗǐǌ ǦǼ ফअऀॶ अँॶ अंॶ अःব ǜȂȓ

ȝǣǐȂȓǦǐȖ ΘǦȝǣ ǻȂȓǐ ǝǐǼǐȓƷǶ ǻƷȝȝǐȓ ǆȂǼȝǐǼȝॽ

bǣǐ ȂǼǐৄǶȂȂȏ ǐЍǐǆȝǦΗǐ ƷǆȝǦȂǼ Ȃǜ W�� ȂǼ S1 × S3 ΘǦȝǣ ǆǣǐǻǦǆƷǶ ȏȂȝǐǼȝǦƷǶ µ ƷǼǌ ȒȠƷȓǴ ǻƷȖȖm

ǣƷȖ ȝǣǐ ǜȂȓǻ ফँऀবॶ ΘǦȝǣ ȝǣǐȓǻƷǶ UȂǶΞƷǴȂΗ ǶȂȂȏ ƷȖ ȝǣǐ ȠǼǦȝƷȓΞ ǻƷȝȓǦΝ ǻȂǌǐǶ

S =
∞∑

n=1

1

n
zb

(
nβ

R

)
TrUn TrU †n

+
∞∑

n=1

(−1)n

n
Nfzf

(
nβ

R
,mR

)[
enβµTrUn + e−nβµTrU †n] . ঳ँॽःॽऀ঴

bǣǐ ȒȠƷǌȓƷȝǦǆ ȝǐȓǻ ǦǼ UȂǶΞƷǴȂΗ ǶȂȂȏ ǦȖ ȝǣǐ ǆȂǼȝȓǦǅȠȝǦȂǼ ǜȓȂǻ ƷǌǱȂǦǼȝ ЖǐǶǌȖ ƷǼǌ ȝǣǐ ǶǦǼǐƷȓ ȝǐȓǻ ǦȖ

ȝǣǐ ǆȂǼȝȓǦǅȠȝǦȂǼ ǜȓȂǻ ȝǣǐ ǜȠǼǌƷǻǐǼȝƷǶ ǻƷȝȝǐȓ ЖǐǶǌȖॽ ,ǐȓǐॶ Θǐ ǣƷΗǐ ȝƷǴǐǼ ȝǣǐ ƷǌǱȂǦǼȝ ǆȂǼȝȓǦǅȠȝǦȂǼ

ȝȂ ǅǐ ǅȂȖȂǼǦǆ ƷǼǌ ȝǣǐ ȝǣǐ ǆȂǼȝȓǦǅȠȝǦȂǼ ǜȓȂǻ ǜȠǼǌƷǻǐǼȝƷǶ ЖǐǶǌȖ ȝȂ ǅǐ ǜǐȓǻǦȂǼǦǆॽ

bȂ ǅǐ ǼȂȝǐǌ ǦȖ ȝǣƷȝ ǦǼ ȝǣǐ ǜȓǐǐ ȝǣǐȂȓΞ ȝǣǐ ǐЍǐǆȝǦΗǐ ƷǆȝǦȂǼ ǦȖ ǌǐȝǐȓǻǦǼǐǌ ǦǼ ȝǐȓǻȖ Ȃǜ ȖǦǼǝǶǐ ȏƷȓȝǦǆǶǐ

ȏƷȓȝǦȝǦȂǼ ǜȠǼǆȝǦȂǼ

zb

(
β

R

)
= 2

∞∑

l=1

l(l + 2)e−β(l+1)/R, ঳ँॽःॽँ঴

ƷǼǌ

zf

(
β

R
,mR

)
= 2

∞∑

l=1

l(l + 1)e−
β
R

√
(l+ 1

2 )
2+m2R2

. ঳ँॽःॽं঴

/Ǽ ȝǣǐ ƷǅȂΗǐ ǐȒȠƷȝǦȂǼȖR ǦȖ ȝǣǐ ȓƷǌǦȠȖ Ȃǜ S3ॽ sǐ ȠȖǐ ǌǦǻǐǼȖǦȂǼǶǐȖȖ ΗƷȓǦƷǅǶǐȖ β/Rॶ µR ƷǼǌmR

ǦǼ ǼȠǻǐȓǦǆƷǶ ȖǦǻȠǶƷȝǦȂǼȖॽ

ंऄ



�Ǽ ƷǼƷǶȂǝȂȠȖ ƷǆȝǦȂǼॶ ǜȂȓ ȝǣǐ ȖǦǻȏǶǐȓ 0 + 1 ǌǦǻǐǼȖǦȂǼƷǶ ǆƷȖǐ ΘȂȠǶǌ ǅǐॶ

zb = 0, ঳ँॽःॽः঴

zf = 2e−βm, ঳ँॽःॽऄ঴

Θǣǐȓǐ ȝǣǐ ȏƷȓƷǻǐȝǐȓm ǦȖ ȝǣǐ ǻƷȖȖ Ȃǜ ȝǣǐ ǜȠǼǌƷǻǐǼȝƷǶ ǜǐȓǻǦȂǼȖॽ

/Ǽ ȝǣǐ ǶȂΘ ȝǐǻȏǐȓƷȝȠȓǐ ǶǦǻǦȝॶ β → ∞ॶ Θǐ ǣƷΗǐ zb(∞) = 0 ƷǼǌ ȖȂ ȝǣǐ ǝǶȠȂǼǦǆ ǆȂǼȝȓǦǅȠȝǦȂǼ ǦȖ

ǼǐǝǶǦǝǦǅǶǐॽ bǣȠȖ ȝǣǐ ƷǆȝǦȂǼ ǦȖ

S = SVdm + Sf , ঳ँॽःॽअ঴

Θǣǐȓǐ Sf ǦȖ ȝǣǐ ǜȠǼǌƷǻǐǼȝƷǶ ǜǐȓǻǦȂǼǦǆ ǆȂǼȝȓǦǅȠȝǦȂǼॽ bǣǐ ǜǐȓǻǦȂǼǦǆ ȏƷȓȝ ǆȂȠǶǌ ǅǐ ȖȠǻǻǐǌ ǦǼ Ʒ

ǶȂǝƷȓǦȝǣǻ

S[U ] = −
∞∑

l=1

σl
(
log
[
det
(
1 + eβ(µ−εl)U

)
det
(
1 + eβ(−µ−εl)U−1

)])
. ঳ँॽःॽआ঴

ँ৷ः৷ऀ HӂԓӏԏԪҷӂӲӏԓ

sǐ ǆƷǼ ȖȝȠǌΞ ȖǐΗǐȓƷǶ ǦǼȝǐȓǐȖȝǦǼǝ ȂǅȖǐȓΗƷǅǶǐȖ ǦǼ ȝǣǐ ǻȂǌǐǶ ǌǐȖǆȓǦǅǐǌ ƷǅȂΗǐॽ sǐ ǅȓǦǐЙΞ ǌǐȖǆȓǦǅǐ ȝǣǐǻ

ǅǐǶȂΘ

ऀॽ bǣǐ ǻȂȖȝ ǼƷȝȠȓƷǶ Ȗǐȝ Ȃǜ ȂǅȖǐȓΗƷǅǶǐȖ Ʒȓǐ UȂǶΞƷǴȂΗ ǶǦǼǐ ƷǼǌ ǦǼΗǐȓȖǐ UȂǶΞƷǴȂΗ ǶǦǼǐॽ

ंॽ $ǐȓǻǦȂǼ ǼȠǻǅǐȓ fN

/ȝ ǝǦΗǐȖ ȝǣǐ ǼȠǻǅǐȓ Ȃǜ ǜǐȓǻǦȂǼȖ ǻǦǼȠȖ ȝǣǐ ǼȠǻǅǐȓ Ȃǜ ƷǼȝǦৄǜǐȓǻǦȂǼȖ ǦǼ Ʒ ǝǦΗǐǼ ΗȂǶȠǻǐ

fN =
1

β

(
∂ logZ

∂µ

)
. ঳ँॽःॽइ঴

/Ǽ ȝǣǐ ǻȂǌǐǶ Θǐ ȖȝȠǌΞ ǣǐȓǐ Θǐ ǣƷΗǐ Ʒ ȖǦǼǝǶǐ ǆǣǐǻǦǆƷǶ ȏȂȝǐǼȝǦƷǶ µॽ /Ǽ ǝǐǼǐȓƷǶ ȝǣǐȓǐ ǆƷǼ ǅǐ

ǆǣǐǻǦǆƷǶ ȏȂȝǐǼȝǦƷǶ ǜȂȓ ǐƷǆǣ ǜǐȓǻǦȂǼ ЙƷΗȂȓॽ

bǣǐ ȒȠƷȓǴ ǼȠǻǅǐȓ ȖȠȖǆǐȏȝǦǅǦǶǦȝΞ χf ǻǐƷȖȠȓǐȖ ȝǣǐ ȓǐȖȏȂǼȖǐ Ȃǜ ȝǣǐ ǜǐȓǻǦȂǼ ǼȠǻǅǐȓ ǌǐǼȖǦȝΞ

ंअ



ȝȂ ǦǼЖǼǦȝǐȖǦǻƷǶ ǆǣƷǼǝǐȖ ǦǼ ȝǣǐ ǆǣǐǻǦǆƷǶ ȏȂȝǐǼȝǦƷǶॶ

χf =
1

β

∂fN
∂µ

. ঳ँॽःॽई঴

bǣǦȖ ȂǅȖǐȓΗƷǅǶǐ ǜȂǶǶȂΘȖ ȝǣǐ ǅǐǣƷΗǦȂȓ Ȃǜ ȝǣǐ UȂǶΞƷǴȂΗ ǶǦǼǐॽ bǣȠȖॶ Ǧȝ ƷǶȖȂ ȖǐȓΗǐȖ ƷȖ ƷǼ ǦǼǌǦǆƷȝȂȓ

Ȃǜ ǆȂǼЖǼǐǻǐǼȝৄǌǐǆȂǼЖǼǐǻǐǼȝ ȝȓƷǼȖǦȝǦȂǼȖ ǜȂȓ ǼȂǼΣǐȓȂ ǆǣǐǻǦǆƷǶ ȏȂȝǐǼȝǦƷǶॽ

ःॽ UȓǐȖȖȠȓǐ p

p =
1

β

(
∂ logZ

∂V3

)
, ঳ँॽःॽऀࣿ঴

ΘǦȝǣ V3 ǌǐǼȂȝǦǼǝ ȝǣǐ ȖȏƷȝǦƷǶ ΗȂǶȠǻǐॽ

ऄॽ �ǼǐȓǝΞE

/ȝ ǆƷǼ ǅǐ ǆȂǼȖȝȓȠǆȝǐǌ ǜȓȂǻ ȏȓǐȖȖȠȓǐ ƷǼǌ ǜǐȓǻǦȂǼ ǼȠǻǅǐȓ ǌǐǼȖǦȝΞ

E = −pV3 + µfN . ঳ँॽःॽऀऀ঴

/ȝ ǦȖ ƷǶȖȂ ȏȂȖȖǦǅǶǐ ȝȂ ǆȂǻȏȠȝǐ ȝǣǐ ǆǣǦȓƷǶ ǆȂǼǌǐǼȖƷȝǐ ƷǼǌ ƷΗǐȓƷǝǐ ȏǣƷȖǐॶ ȝǣȂȠǝǣ Θǐ ΘǦǶǶ ǼȂȝ ǆȂǻৄ

ȏȠȝǐ ȝǣǐǻ ǦǼ ȝǣǦȖ ΘȂȓǴॽ bǣǐ ǆǣǦȓƷǶ ǆȂǼǌǐǼȖƷȝǐ 〈ψψ〉 ǦȖ ǝǦΗǐǼ ǅΞ

〈ψψ〉 = − 1

βV3
lim
m→0

(
∂ logZ

∂m

)
, ঳ँॽःॽऀँ঴

ƷǼǌ ȝǣǐ ƷΗǐȓƷǝǐ ȏǣƷȖǐ 〈eiφ〉pq ǣƷȖ ȝǣǐ ǜȂȓǻ

〈eiφ〉pq =
Z

Zpq
, ঳ँॽःॽऀं঴

Θǣǐȓǐ pq ȓǐǜǐȓȖ ȝȂ ȝǣǐ ȏǣƷȖǐ ȒȠǐǼǆǣǐǌ ȝǣǐȂȓΞॽ

ंआ



ँ৷ः৷ँ [ӢӹӚӲӏ =ӏԪӏӲBԀӋӏӲ ԫӢԚӟ UԀԓӢԚӢԪӏ �ӟӏӸӢӅҷӲ UԀԚӏӹԚӢҷӲ

sǐ ǆƷǼ ȝȓȠǼǆƷȝǐ ȝǣǐ ƷǆȝǦȂǼ ǝǦΗǐǼ ǦǼ �Ȓॽ ঳ँॽःॽआ঴ ǦǼ Ʒ ǌȂȠǅǶǐ ȖǆƷǶǦǼǝ ǶǦǻǦȝॵ

β → ∞, ঳ँॽःॽऀः঴

µ → ε0,

exp(β(µ− εl)) = ξ,

Θǣǐȓǐ ε0 ǦȖ Ʒ ЖΝǐǌ ȒȠƷȓǴ ǐǼǐȓǝΞ ǶǐΗǐǶ ƷǼǌ ξ ȝǣǐ ǐЍǐǆȝǦΗǐ ǜȠǝƷǆǦȝΞॽ

HǼǶΞ ǆȂǼȝȓǦǅȠȝǦȂǼ ǜȓȂǻ Ʒ ȖǦǼǝǶǐ ǶǐΗǐǶ ȖȠȓΗǦΗǐȖ ǣǐȓǐॶ

S[U ] = −σ log (1 + ξU) . ঳ँॽःॽऀऄ঴

bǣǐ ǐЍǐǆȝǦΗǐ ƷǆȝǦȂǼ ȂǼ ȝǣǐ ƷǼǝǶǐ ΗƷȓǦƷǅǶǐȖ ǦǼǆǶȠǌǐ ȝǣǐ qƷǼǌǐȓǻȂǼǌǐ ȏǦǐǆǐ ƷǼǌ Ʒ =ƷǝȓƷǼǝǐ ǻȠǶȝǦৄ

ȏǶǦǐȓॽ

/Ǽ ȝǣǐ ǶƷȓǝǐN ǶǦǻǦȝॶ ȝǣǐ ǦǼȝǐǝȓƷǶ ȂΗǐȓ ȝǣǐ ƷǼǝǶǐȖ ǦȖ ǌȂǻǦǼƷȝǐǌ ǅΞ Ʒ ȖƷǌǌǶǐ ȏȂǦǼȝ ȂǅȝƷǦǼǐǌ ǅΞ ȖȂǶΗৄ

ǦǼǝ ȝǣǐ ǐȒȠƷȝǦȂǼ Ȃǜ ǻȂȝǦȂǼ ȝǣƷȝ ǜȂǶǶȂΘȖ ǜȓȂǻ ȝǣǐ ǐЍǐǆȝǦΗǐ ƷǆȝǦȂǼ ǦǼΗȂǶΗǦǼǝ �Ȓॽ ঳ँॽःॽऀऄ঴

∂S

∂θi
= iNN − iNσξeiθ

(1 + ξeiθi)
−

N∑

j( %=i)

cot

(
θi − θj

2

)
. ঳ँॽःॽऀअ঴

,ǐȓǐ ƷǶȖȂ ȝǣǐ ƷǆȝǦȂǼ ǦȖ ǼȂȝ ǣǐȓǻǦȝǦƷǼॶ ǝǦΗǦǼǝ ȓǦȖǐ ȝȂ ȝǣǐ ȵȅǼț ȮȲȡǤȕǯȚ ǦǼ ȝǣǐ ȏȓǐȖǐǼǆǐ Ȃǜ Ʒ ǆǣǐǻǦǆƷǶ

ȏȂȝǐǼȝǦƷǶॽ �Ȗ Ʒ ȓǐȖȠǶȝ ȝǣǐ ȖƷǌǌǶǐ ȏȂǦǼȝ ǆȂǼЖǝȠȓƷȝǦȂǼ ΘǦǶǶ ǶǦǐ ȂȠȝ ǦǼ ȝǣǐ ǆȂǻȏǶǐΝ ȏǶƷǼǐॽ /ǜ Θǐ ǌǐЖǼǐ

zi = exp(iθi) ȝǣǐǼ ǦǼ ȝǣǐ ȏȓǐȖǐǼǆǐ Ȃǜ ȝǣǐ ǼȂǼৄȓǐƷǶ ȏȂȝǐǼȝǦƷǶ ȝǣǐ zi ΘǦǶǶ ǻȂΗǐ ȂЍ ȝǣǐ ȠǼǦȝ ǆǦȓǆǶǐ ǦǼ

ȝǣǐ zৄȏǶƷǼǐॽ

sǐ ǆƷǼ ǐΝȏǶȂȓǐ ȝǣǐ ǼƷȝȠȓǐ Ȃǜ ǐǦǝǐǼΗƷǶȠǐ ǌǦȖȝȓǦǅȠȝǦȂǼ ȂǼ ȝǣǐ ǆȂǻȏǶǐΝ ȏǶƷǼǐ ǜȂȓ ΗƷȓǦȂȠȖ ΗƷǶȠǐȖ Ȃǜ

ǐЍǐǆȝǦΗǐ ǜȠǝƷǆǦȝΞ ξॽ sǐ ЖǼǌ ȝǣƷȝ ΘǣǐǼ ξ ǦȖ ǐǦȝǣǐȓ ΗǐȓΞ ȖǻƷǶǶ Ȃȓ ǶƷȓǝǐॶ ȝǣǐ ȏȂȝǐǼȝǦƷǶ ΗƷǼǦȖǣǐȖ ƷǼǌ ȖȂ

Θǐ ǐΝȏǐǆȝ ȝǣǐ {zi} ȝȂ ǅǐ ȠǼǦǜȂȓǻǶΞ ǌǦȖȝȓǦǅȠȝǐǌ ƷȓȂȠǼǌ ȝǣǐ ȠǼǦȝ ǆǦȓǆǶǐॽ bǣȠȖॶ ΘǣǐǼ µ ΗƷȓǦǐȖ ǜȓȂǻ

µ 2 ε ȝȂ µ + ε ȝǣǐ ȒȠƷȓǴ ǐǼǐȓǝΞ ǶǐΗǐǶ ǅǐǆȂǻǐȖ ȂǆǆȠȏǦǐǌ ƷǼǌ ȝǣǐ ǐЍǐǆȝǦΗǐ ǜǐȓǻǦȂǼ ǼȠǻǅǐȓ ǱȠǻȏȖ

ǅΞ ǜƷǆȝȂȓ σॽ /Ǽ Xǐǜॽ ফँऀব ȝǣǐ ƷȠȝǣȂȓȖ ȏȓȂΗǦǌǐ Ʒ ǌǐȝƷǦǶǐǌ ǌǐȖǆȓǦȏȝǦȂǼ Ȃǜ ȝǣǦȖ ȝȓƷǼȖǦȝǦȂǼॽ

=ǐȝ ȠȖ ǶȂȂǴ Ʒȝ ȝǣǐ ΗƷȓǦȂȠȖ ȓǐǝǦǻǐȖ Ȃǜ ξ ƷǼǌ Ȗǐǐ ǣȂΘ Ǧȝ ƷЍǐǆȝȖ ȝǣǐ ǐǦǝǐǼΗƷǶȠǐ ǌǦȖȝȓǦǅȠȝǦȂǼॶ ǜȂǶǶȂΘৄ

ंइ



ǦǼǝ ȝǣǐ ƷǼƷǶΞȝǦǆƷǶ ȖȝȠǌΞ ǝǦΗǐǼ ǦǼ Xǐǜॽ ফँऀবॽ

ऀॽ bȂǯ ȵȚǖȕȕ ξ ǥȡțϨțǯǫ ȮȂǖȵǯ

/Ǽ ȝǣǐ ȖǻƷǶǶ ξ ǆȂǼЖǼǦǼǝ ȏǣƷȖǐ ȝǣǐ ǐЍǐǆȝǦΗǐ ǜǐȓǻǦȂǼ ǼȠǻǅǐȓ ΗƷǼǦȖǣǐȖॶN = 0ॶ ƷǼǌ ȝǣǐ

UȂǶΞƷǴȂΗ ǶǦǼǐ ǐΝȏǐǆȝƷȝǦȂǼ ΗƷǶȠǐȖ Ʒȓǐ

P = 0, P−1 = σξ. ঳ँॽःॽऀआ঴

bǣȠȖ Θǐ ǣƷΗǐ P 0= P−1ॶ ƷȖ Ʒ ȓǐȖȠǶȝ Ȃǜ ȝǣǐ ǆȂǻȏǶǐΝ ƷǆȝǦȂǼॽ

�Ȗ ξ ǦȖ ǦǼǆȓǐƷȖǐǌ ȝǣǐ ǆȂǼȝȂȠȓ Ȃǜ ǐǦǝǐǼΗƷǶȠǐ ǌǦȖȝȓǦǅȠȝǦȂǼ ȂȏǐǼȖ ǦǼȝȂ ƷǼ Ʒȓǆॶ ǱȠȖȝ ƷȖ ȝǣǐ ǻƷȝȓǦΝ

ǻȂǌǐǶ ȖȂǶΗǐǌ ǅΞ %ȓȂȖȖ ƷǼǌsǦȝȝǐǼ ফऀईব ƷǼǌsƷǌǦƷ ফँࣿॶ ऄआবॽ

bǣǐ ǶǦǼǐ Ȃǜ ȏǣƷȖǐ ȝȓƷǼȖǦȝǦȂǼȖ ǦǼ ȝǣǐ (µ, T ) ȏǶƷǼǐ ǆȂȓȓǐȖȏȂǼǌȖ ȝȂ ȝǣǐ ȖȝȓƷǦǝǣȝ ǶǦǼǐ

µ = ε− T
[
(1 + σ) log(1 + σ)− σ log σ

]
. ঳ँॽःॽऀइ঴

CȂȝǐ ȝǣƷȝ ǦȖ ƷȏȏȓȂΝǦǻƷȝǦȂǼ ǦȖ ΗƷǶǦǌ ȂǼǶΞ ǦǼ ȝǣǐ ǶȂΘ ȝǐǻȏǐȓƷȝȠȓǐ ঳β → ∞঴ ǶǦǻǦȝॽ

ँॽ bȂǯ ȕǖȲǼǯ ξ ǥȡțϨțǯǫ ȮȂǖȵǯ

/Ǽ ȝǣǦȖ ȏǣƷȖǐ ȝǣǐ ǐЍǐǆȝǦΗǐ ǜǐȓǻǦȂǼ ǼȠǻǅǐȓ ǦȖ

N = σ, ঳ँॽःॽऀई঴

ǦǼǌǦǆƷȝǦǼǝ ȝǣƷȝ ȝǣǐ ǶǐΗǐǶ ǦȖ ǼȂΘ ȂǆǆȠȏǦǐǌॽ

bǣǐ UȂǶΞƷǴȂΗ ǶǦǼǐ ǐΝȏǐǆȝƷȝǦȂǼ ΗƷǶȠǐȖ Ʒȓǐ

P =
σ

ξ
, P−1 = 0. ঳ँॽःॽँࣿ঴

�ȂǻȏƷȓǦǼǝ ΘǦȝǣ ȝǣǐ ȏȓǐΗǦȂȠȖ ǆƷȖǐ ȝǣǐ ǅǐǣƷΗǦȂȓ Ȃǜ P ƷǼǌ P−1 ȖΘƷȏȖ ȂΗǐȓ ƷǶȂǼǝ ȝǣǐ ȓǐȏǶƷǆǐৄ

ǻǐǼȝ ξ → ξ−1ॽ

ंई



bǣǐ ǶƷȓǝǐ ξ ǆȂǼЖǼǐǌ ȏǣƷȖǐ ȏǐȓȖǦȖȝȖ ȠǼȝǦǶ ȝǣǐ ΗƷǶȠǐ

ξ = ξ2 =
(1 + σ)1+σ

σσ
. ঳ँॽःॽँऀ঴

$Ȃȓ ȖǻƷǶǶǐȓ ΗƷǶȠǐȖ Ȃǜ ξ ȝǣǐ ǆȂǼȝȂȠȓ Ȃǜ ǐǦǝǐǼΗƷǶȠǐ ǌǦȖȝȓǦǅȠȝǦȂǼ ǦȖ ǼȂȝ ǆǶȂȖǐǌ ƷǼǌ ȝǣǐ ȏǣƷȖǐ ǌȂǐȖ

ǼȂȝ ǐΝǦȖȝॽ bǣǐ ȏȂǦǼȝȖ Ȃǜ ȝȓƷǼȖǦȝǦȂǼ ξ = ξ1 ƷǼǌ ξ = ξ2 ȖƷȝǦȖǜΞ ξ1ξ2 = 1ॽ

/Ǽ ȝǣǐ (µ, T ) ȏǶƷǼǐ ȝǣǐ ǅȂȠǼǌƷȓΞ ǶǦǐȖ ƷǶȂǼǝ ȝǣǐ ȖȝȓƷǦǝǣȝ ǶǦǼǐ

µ = ε+ T
[
(1 + σ) log(1 + σ)− σ log σ

]
, ঳ँॽःॽँँ঴

ƷǝƷǦǼ ΗƷǶǦǌ ǦǼ ȝǣǐ ǶȂΘ ȝǐǻȏǐȓƷȝȠȓǐ ǶǦǻǦȝॽ

ंॽ bȂǯ ǫǯǥȡțϨțǯǫ ȮȂǖȵǯ

/Ǽ ȝǣǐ ȓǐǝǦȂǼ ξ1 ≤ ξ ≤ ξ2ॶ ǐΝȏǐȓǦǐǼǆǐ ΘǦȝǣ %ssǻƷȝȓǦΝ ǻȂǌǐǶ ȖȠǝǝǐȖȝȖ ȝǣƷȝ ȝǣǐ ǐǦǝǐǼΗƷǶȠǐ

ǌǦȖȝȓǦǅȠȝǦȂǼ ǐΝǣǦǅǦȝȖ ȝǣǐ ȖǣƷȏǐ Ȃǜ ƷǼ ȂȏǐǼ ǆȂǼȝȂȠȓॽ

/Ǽ ȝǣǦȖ ȓǐǝǦǻǐ Θǐ ǝǐȝ Ʒ ǆȂǼǌǦȝǦȂǼ

ξ =
(σ −N )σ−N (1 +N )1+N

NN (1 + σ −N )1+σ−N . ঳ँॽःॽँं঴

bǣǦȖ ǐȒȠƷȝǦȂǼ ǌǐȝǐȓǻǦǼǐȖN ƷȖ Ʒ ǜȠǼǆȝǦȂǼ Ȃǜ ξॽ

$ȓȂǻ ȝǣǐ ƷǅȂΗǐ ǐȒȠƷȝǦȂǼ Ǧȝ ǜȂǶǶȂΘȖ ȝǣƷȝ ƷǆȓȂȖȖ ȝǣǐ ȝȓƷǼȖǦȝǦȂǼȖ Ʒȝ ξ = ξ1 ƷǼǌ ξ = ξ2ॶ ǜǐȓǻǦȂǼ

ǼȠǻǅǐȓ ǌǐǼȖǦȝΞN ƷǼǌ ǦȝȖ ЖȓȖȝ ǌǐȓǦΗƷȝǦΗǐ ∂N∂µ Ʒȓǐ ǆȂǼȝǦǼȠȂȠȖॶ ǣȂΘǐΗǐȓ ǣǦǝǣǐȓ ǌǐȓǦΗƷȝǦΗǐȖ

Ʒȓǐ ǌǦȖǆȂǼȝǦǼȠȂȠȖॽ [ǦǼǆǐN ǦȖ ȝǣǐ ǐЍǐǆȝǦΗǐ ǜǐȓǻǦȂǼ ǼȠǻǅǐȓॶ ȝǣǐ ЖȓȖȝ ǌǐȓǦΗƷȝǦΗǐ Ȃǜ ȝǣǐ ǝȓƷǼǌ

ȏȂȝǐǼȝǦƷǶॶ Ǧȝ ǜȂǶǶȂΘȖ ȝǣƷȝ ȝǣǐ ȝȓƷǼȖǦȝǦȂǼȖ Ʒȓǐ ȝǣǦȓǌ Ȃȓǌǐȓॶ ǱȠȖȝ ƷȖ ǦǼ ȝǣǐ ȂȓǦǝǦǼƷǶ %ssǻȂǌǐǶॽ

$Ȃȓ Ʒ ȖǦǼǝǶǐ ΘǦǼǌǦǼǝॶ ȝǣǐ UȂǶΞƷǴȂΗ ǶǦǼǐȖ Ʒȓǐ

P =
N

σ + 1−N
1

ξ
, P−1 =

σ −N
1 +N ξ. ঳ँॽःॽँः঴

eȖǦǼǝ ǆȂǻȏǶǐΝ =ƷǼǝǐΗǦǼ ǌΞǼƷǻǦǆȖ Θǐ ǣƷΗǐ ȖǦǻȠǶƷȝǐǌ ȝǣǐ ȖǦǼǝǶǐ ǶǐΗǐǶ ǻƷȝȓǦΝ ǻȂǌǐǶॽ /Ǽ $Ǧǝॽ ँॽऀऀ

Θǐ ȖǣȂΘ ȝǣǐ ǐǦǝǐǼΗƷǶȠǐ ǌǦȖȝȓǦǅȠȝǦȂǼȖ Ȃǜ ȝǣǐ UȂǶΞƷǴȂΗ ǶǦǼǐ ǦǼ ȝǣǐ ǆȂǼЖǼǐǌ ƷǼǌ ǌǐǆȂǼЖǼǐǌ ȏǣƷȖǐȖ ƷȖ
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Ʒ ǜȠǼǆȝǦȂǼ Ȃǜ ȝǣǐ ǶȂǝƷȓǦȝǣǻ Ȃǜ ȝǣǐ ǐЍǐǆȝǦΗǐ ǜȠǝƷǆǦȝΞॶ log ξॶ ǜȂȓ SU(N) ǆƷȖǐ ΘǦȝǣN = Nf = 500ॶ

ȒȠƷȓǴ ǻƷȖȖm = 0 ƷǼǌ ǦǼΗǐȓȖǐ ȝǐǻȏǐȓƷȝȠȓǐ β = 30 ঳ǶȂΘ T ঴ॽ sǐ Ȗǐǐ ȝǣƷȝ ȝǣǐ ǐǦǝǐǼΗƷǶȠǐ ǌǦȖȝȓǦৄ

ǅȠȝǦȂǼȖ ȖȝƷȓȝ ΘǦȝǣ Ʒ ǆǶȂȖǐǌ ǆȂǼȝȂȠȓ ঳ǆȂǼЖǼǐǌ ȏǣƷȖǐ঴ॶ ȏƷȖȖǐȖ ȝǣȓȂȠǝǣ ƷǼ ȂȏǐǼ ǆȂǼȝȂȠȓ ঳ǌǐǆȂǼЖǼǐǌ

ȏǣƷȖǐ঴ ƷǼǌ ƷǝƷǦǼ ǝȂǐȖ ǦǼȝȂ Ʒ ǆǶȂȖǐǌ ǆȂǼȝȂȠȓॽ ঳bǣǦȖ ЖǝȠȓǐ ǆƷǼ ǅǐ ǆȂǻȏƷȓǐǌ ΘǦȝǣ $Ǧǝॽ ऀँ ǦǼ [ǐǆॽ ःॽऀ

Ȃǜ Xǐǜॽ ফँऀবॶ Θǣǐȓǐ Ǧȝ ΘƷȖ ȂǅȝƷǦǼǐǌ ȝǣȓȂȠǝǣ ƷǼƷǶΞȝǦǆƷǶ ǻǐȝǣȂǌȖॽ঴
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Figure 2.11: The eigenvalue distribuঞon in the confined and deconfined phases as a funcঞon of the logarithm of the effecঞve
fugacity, log ξ, for single-level SU(N) matrix model withN = Nf = 500, quark massm = 0 and inverse temperature
β = 30 (low T ). The data are obtained through complex Langevin simulaঞons with Langevin ঞme step∆τ = 0.000005,
thermalizaঞon stepsNtherm = 18000, generaঞon stepsNgen = 2000 and with measurements performed every 100 steps.
The solid unit circles are guide to the eye.

/Ǽ $Ǧǝॽ ँॽऀँ Θǐ ȏȓȂΗǦǌǐ ȝǣǐ ঳ǼȂȓǻƷǶǦΣǐǌ঴ ǐЍǐǆȝǦΗǐ ǜǐȓǻǦȂǼ ǼȠǻǅǐȓ 〈fN〉ॶ ƷǼǌ ǦǼ $Ǧǝॽ ँॽऀं ȝǣǐ

UȂǶΞƷǴȂΗ ǶǦǼǐ ǐΝȏǐǆȝƷȝǦȂǼ ΗƷǶȠǐ 〈P 〉 ƷǼǌ ȝǣǐ ǦǼΗǐȓȖǐ UȂǶΞƷǴȂΗ ǶǦǼǐ ǐΝȏǐǆȝƷȝǦȂǼ ΗƷǶȠǐ 〈P−1〉 ƷǆȓȂȖȖ

Ʒ ȏƷǦȓ Ȃǜ %ss ȝȓƷǼȖǦȝǦȂǼȖ ǜȓȂǻ ȝǣǐ ȖǻƷǶǶ ξ ǆȂǼЖǼǐǌ ȏǣƷȖǐ ȝǣȓȂȠǝǣ ȝǣǐ ǌǐǆȂǼЖǼǐǌ ȏǣƷȖǐ ȝȂ ȝǣǐ

ǶƷȓǝǐ ξ ǆȂǼЖǼǐǌ ȏǣƷȖǐॽ bǣǐ ȝȓƷǼȖǦȝǦȂǼȖ ǜȓȂǻ ǆȂǼЖǼǐǌ঄ǌǐǆȂǼЖǼǐǌ ȏǣƷȖǐȖ ȂǆǆȠȓ ΘǣǐǼ ǐǦȝǣǐȓ 〈P 〉 Ȃȓ

〈P−1〉 ΗƷǼǦȖǣॽ bǣǐ ȏƷȓƷǻǐȝǐȓȖ ȠȖǐǌ Ʒȓǐॵ N = Nf = 3 and 500ॶ ȒȠƷȓǴ ǻƷȖȖm = 0 ƷǼǌ ǦǼΗǐȓȖǐ
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ȝǐǻȏǐȓƷȝȠȓǐ β = 30ॽ bǣǐ ȖǦǻȠǶƷȝǦȂǼȖ ȖǣȂΘ ǐΝǆǐǶǶǐǼȝ ƷǝȓǐǐǻǐǼȝ ΘǦȝǣ ȝǣǐ ƷǼƷǶΞȝǦǆƷǶ ȓǐȖȠǶȝȖ ǦǼ ȝǣǐ

ǶƷȓǝǐN ॽ

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 1

-4 -3.5 -3 -2.5 -2 -1.5 -1 -0.5  0  0.5  1  1.5  2  2.5  3  3.5  4

<
f N

>

log ξ

<fN> (analytic, N = ∞ )
<fN> (complex Langevin, N = 500)

<fN> (complex Langevin, N = 3)

Figure 2.12: The (normalized) effecঞve fermion number 〈fN 〉 across the pair of GWW transiঞons from the small ξ confined phase
through the deconfined phase to the large ξ confined phase. The solid curve is the analyঞcal result (N = ∞). The data points are
obtained through complex Langevin simulaঞons. We used Langevin ঞme step∆τ = 0.000005, thermalizaঞon stepsNtherm =
10000, generaঞon stepsNgen = 10000 and with measurements performed every 100 steps. Here red data points are for
N = Nf = 500 and blue data points are forN = Nf = 3. We used quark massm = 0 and inverse temperature β = 30
(low T ).
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Figure 2.13: The Polyakov line 〈P 〉 and inverse Polyakov line 〈P−1〉 across the pair of GWW transiঞons from the small ξ con-
fined phase through the deconfined phase to the large ξ confined phase. The transiঞons from confined/deconfined phases occur
when either 〈P 〉 or 〈P−1〉 vanish. The solid curves are the analyঞcal results (N = ∞). The data points are obtained through
complex Langevin simulaঞons. We used Langevin ঞme step∆τ = 0.000005, thermalizaঞon stepsNtherm = 10000, genera-
ঞon stepsNgen = 10000 and with measurements performed every 100 steps. We simulated the model withN = Nf = 500
andN = Nf = 3. We used quark massm = 0 and inverse temperature β = 30 (low T ).
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/Ǽ $ǦǝȖॽ ँॽऀः ƷǼǌ ँॽऀऄ Θǐ ȖǣȂΘ ȝǣǐ UȂǶΞƷǴȂΗ ǶǦǼǐȖ ƷǼǌ ǜǐȓǻǦȂǼ ǼȠǻǅǐȓ ǌǐǼȖǦȝΞ ǜȂȓ Ʒ ȓƷǼǝǐ Ȃǜ

ȖǦǻȠǶƷȝǦȂǼ ȏƷȓƷǻǐȝǐȓȖॵ β = {10, 15, · · · , 100} ƷǼǌ µ = {3.0, 3.025, 3.05, · · · , 4.0}ॽ bǣǐ ȒȠƷȓǴ

ǐǼǐȓǝΞ ǶǐΗǐǶ Ȃǜ ȝǣǐ ǻȂǌǐǶ ǦȖ ЖΝǐǌ ȝȂ ε = 3.5 ǆȂȓȓǐȖȏȂǼǌǦǼǝ ȝȂ ȝǣǐ ȝǣǦȓǌ ǶǐΗǐǶॽ bǣǐ UȂǶΞƷǴȂΗ ǶȂȂȏȖ

ȏǐƷǴ ƷȓȂȠǼǌ µ = 3.5ॽ /Ǽ $Ǧǝॽ ँॽऀः Θǐ ȖǣȂΘ ȝǣǐ ǅǐǣƷΗǦȂȓ Ȃǜ UȂǶΞƷǴȂΗ ƷǼǌ ǦǼΗǐȓȖǐ UȂǶΞƷǴȂΗ ǶȂȂȏȖ ǜȂȓ

β = {25, 50, 75, 100}ॽ /ȝ ǦȖ ǆǶǐƷȓ ȝǣƷȝ ȝǣǐ ΘǦǌȝǣȖ Ȃǜ ȝǣǐ UȂǶΞƷǴȂΗ ǶȂȂȏȖ ǌǐǆȓǐƷȖǐ ƷȖ ȝǣǐ ȝǐǻȏǐȓƷȝȠȓǐ

ǦȖ ȓǐǌȠǆǐǌ ঳ǶƷȓǝǐ β঴ ƷǼǌ ȝǣǐ ǅǐǣƷΗǦȂȓ Ȃǜ ǦǼΗǐȓȖǐ UȂǶΞƷǴȂΗ ǶǦǼǐ ȏȓǐǆǐǌǐȖ ȝǣƷȝ Ȃǜ ȝǣǐ UȂǶΞƷǴȂΗ ǶǦǼǐ ƷȖ Ʒ

ǜȠǼǆȝǦȂǼ Ȃǜ µॽ /Ǽ $Ǧǝॽ ँॽऀऄ Θǐ ȖǣȂΘ ȝǣǐ ǅǐǣƷΗǦȂȓ Ȃǜ ȝǣǐ ঳ǼȂȓǻƷǶǦΣǐǌ঴ ǜǐȓǻǦȂǼ ǼȠǻǅǐȓ ǌǐǼȖǦȝΞ 〈fN〉

ƷȖ Ʒ ǜȠǼǆȝǦȂǼ Ȃǜ ǆǣǐǻǦǆƷǶ ȏȂȝǐǼȝǦƷǶ ƷǼǌ ǦǼΗǐȓȖǐ ȝǐǻȏǐȓƷȝȠȓǐॽ bǣǐ ȝȓƷǼȖǦȝǦȂǼ ǦǼ ǜǐȓǻǦȂǼ ǼȠǻǅǐȓ

ǅǐǆȂǻǐȖ ȖǣƷȓȏǐȓ ƷȖ ȝǣǐ ȝǐǻȏǐȓƷȝȠȓǐ ǦȖ ǌǐǆȓǐƷȖǐǌ ঳ǣǦǝǣ β঴ॽ bǣǐ ǻȂǌǐǶ ǦȖ ǦǼ Ʒ ǌǐǆȂǼЖǼǐǌ ȏǣƷȖǐ ΘǣǐǼ

0 < 〈fN〉 < 1ॽ
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Figure 2.14: Polyakov line 〈P 〉 and inverse Polyakov line 〈P−1〉 as a funcঞon of chemical potenঞal for single level matrix model
with quark energy level ε = 3.5 and quark massm = 0. HereN = Nf = 500 and β = 25, 50, 75, 100. The data are
obtained through complex Langevin simulaঞons with Langevin ঞme step∆τ = 0.000005, thermalizaঞon stepsNtherm =
5000, generaঞon stepsNgen = 5000 and with measurements performed every 50 steps.
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Figure 2.15: The (normalized) fermion number density 〈fN 〉 as a funcঞon of chemical potenঞal µ and inverse temperature β for
single-level matrix model with quark energy level ε = 3.5 and quark massm = 0. HereN = Nf = 500. The model is in a
deconfined phase when 0 < 〈fN 〉 < 1. The data are obtained through complex Langevin simulaঞons with Langevin ঞme step
∆τ = 0.000005, thermalizaঞon stepsNtherm = 5000, generaঞon stepsNgen = 5000 and with measurements performed
every 50 steps.

sǣǐǼ ȝǣǐ ȒȠƷȓǴ ǻƷȖȖ ǦȖ ǼȂǼৄΗƷǼǦȖǣǦǼǝ ǦǼ W��ॶ ȝǣǐ ǐΝȏǐǆȝƷȝǦȂǼ ΗƷǶȠǐȖ Ȃǜ ǅȠǶǴ ȂǅȖǐȓΗƷǅǶǐȖ ȖȠǆǣ

ƷȖ ȝǣǐ ǜǐȓǻǦȂǼ ǼȠǻǅǐȓ ǌǐǼȖǦȝΞॶ UȂǶΞƷǴȂΗ ǶǦǼǐȖ ƷǼǌ ǐǼǐȓǝΞॶ ǐΝǣǦǅǦȝ ȝǣǐ ৙[ǦǶΗǐȓ �ǶƷΣǐ৚ ǅǐǣƷΗǦȂȓॽ bǣǐ

ǅȠǶǴ ȂǅȖǐȓΗƷǅǶǐȖ Ʒȓǐ ǼǐƷȓǶΞ ΣǐȓȂ ȠǼȝǦǶ ȂǼȖǐȝ ফअऄব ȝȂ Ʒ ǌǐǆȂǼЖǼǐǻǐǼȝ ȝȓƷǼȖǦȝǦȂǼॶ ΘǣǦǆǣ ȂǆǆȠȓȖ ΘǣǐǼ

ȝǣǐ ǆǣǐǻǦǆƷǶ ȏȂȝǐǼȝǦƷǶ ǦǼǆȓǐƷȖǐȖ ȝȂ ȝǣǐ ΗƷǶȠǐ Ȃǜ ȝǣǐ ǶǦǝǣȝǐȖȝ ȒȠƷȓǴ ǻƷȖȖॽ /Ǽ ȂȠȓ ǻȂǌǐǶ ȝǣǐ ȂǼȖǐȝ Ȃǆৄ

ǆȠȓȖ Ʒȝ µ = mॽ /Ǽ $Ǧǝॽ ँॽऀअ ঳=ǐǜȝ঴ Θǐ ȖǣȂΘ ȝǣǐ ǐЍǐǆȝǦΗǐ ǜǐȓǻǦȂǼ ǼȠǻǅǐȓ ǌǐǼȖǦȝΞ ƷȖ Ʒ ǜȠǼǆȝǦȂǼ Ȃǜ

ǆǣǐǻǦǆƷǶ ȏȂȝǐǼȝǦƷǶ ǜȂȓ ǶƷȓǝǐ ȒȠƷȓǴ ǻƷȖȖॶ ǼǐƷȓ ȝǣǐ ȂǼȖǐȝ µ = m = 25 ǜȂȓN = Nf = 100 ƷǼǌ

β = 25 ঳ǶȂΘ T ঴ॽ bǣǐ UȂǶΞƷǴȂΗ ǶǦǼǐ ƷȖ Ʒ ǜȠǼǆȝǦȂǼ Ȃǜ ǆǣǐǻǦǆƷǶ ȏȂȝǐǼȝǦƷǶ ǦȖ ǝǦΗǐǼ ǦǼ $Ǧǝॽ ँॽऀअ ঳XǦǝǣȝ঴ॽ

/Ǽ ȝǣǐ ǶƷȓǝǐm ǶǦǻǦȝॶ ȖǦǻǦǶƷȓ ȝȂ ȝǣǐm = 0 ǆƷȖǐॶ ȝǣǐ ǅǐǣƷΗǦȂȓ Ȃǜ ǦǼΗǐȓȖǐ UȂǶΞƷǴȂΗ ǶǦǼǐ 〈P−1〉 ȏȓǐǆǐǌǐȖ

ȝǣƷȝ Ȃǜ 〈P 〉 ƷȖ Ʒ ǜȠǼǆȝǦȂǼ Ȃǜ µॽ bǣǐ ȝȓƷǼȖǦȝǦȂǼ ǦǼ µ ȂǆǆȠȓȖ ƷȓȂȠǼǌ ȂǼȖǐȝ Ʒȝmॽ

ँ৷ः৷ं [ӢӹӚӲӏ =ӏԪӏӲBԀӋӏӲ ԫӢԚӟ bԫԀ $ԞӚҷӅӢԚӢӏԓ

/Ǽ ȝǣǦȖ ȖǐǆȝǦȂǼ Θǐ ǆȂǼȖǦǌǐȓ ȝǣǐ ȏǣƷȖǐ ǌǦƷǝȓƷǻ Ȃǜ ȝǣǐ ǻȂǌǐǶ ǝǦΗǐǼ ǅΞ ȝǣǐ ƷǆȝǦȂǼ ΘǦȝǣ ȝΘȂ ǐЍǐǆȝǦΗǐ

ǜȠǝƷǆǦȝǦǐȖ

S[U ] = −σ
[
log
(
1 + ξ1U

)
+ log

(
1 + ξ2U

†)
]
, ঳ँॽःॽँऄ঴
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Figure 2.16: The Silver Blaze behavior of observables 〈fN 〉, 〈P 〉 and 〈P−1〉 at non-zero quark massm. (Le[) Polyakov line 〈P 〉
and inverse Polyakov line 〈P−1〉 and (Right) fermion number 〈fN 〉 as a funcঞon of chemical potenঞal for large quark mass near
onset at µ = m = 25. HereN = Nf = 100 and β = 25 (low T ). The data are obtained through complex Langevin
simulaঞons with Langevin ঞme step∆τ = 0.00005, thermalizaঞon stepsNtherm = 5000, generaঞon stepsNgen = 5000
and with measurements performed every 50 steps.

Θǣǐȓǐ

ξ1 = eβ(µ−ε),

ξ2 = eβ(−µ−ε). ঳ँॽःॽँअ঴

[Ƞǆǣ Ʒ ǻȂǌǐǶ ǼƷȝȠȓƷǶǶΞ ƷȓǦȖǐȖ ǜȓȂǻ 0 + 1ৄǌǦǻǐǼȖǦȂǼƷǶ ǝƷȠǝǐ ȝǣǐȂȓΞ ΘǦȝǣ Ʒ ǜȠǼǌƷǻǐǼȝƷǶ ǜǐȓǻǦȂǼॽ

/Ǽ $Ǧǝॽ ँॽऀआ Θǐ ȏȓȂΗǦǌǐ ȝǣǐ ȏǣƷȖǐ ǌǦƷǝȓƷǻ Ȃǜ ȝǣǦȖ ǻȂǌǐǶ ȂǼ ȝǣǐ (µ, β) ȏǶƷǼǐ ǜȂȓ ȝǣǐ ǶǐΗǐǶ l = 1ॽ

঳�ȂȓȓǐȖȏȂǼǌǦǼǝ ȝȂ ȒȠƷȓǴ ǐǼǐȓǝΞ ǶǐΗǐǶ ε = 1.5 ƷǼǌ σ = 4ॽ঴ $ȓȂǻ ȝǣǐ ǅǐǣƷΗǦȂȓ Ȃǜ ȝǣǐ ǐΝȏǐǆȝƷȝǦȂǼ

ΗƷǶȠǐ Ȃǜ ȝǣǐ ǜǐȓǻǦȂǼ ǼȠǻǅǐȓ ǌǐǼȖǦȝΞ Θǐ Ȗǐǐ ȝǣƷȝ ȝǣǐ ȏǣƷȖǐ ȝȓƷǼȖǦȝǦȂǼ ǜȓȂǻ ǆȂǼЖǼǐǌ ȝȂ ǌǐǆȂǼЖǼǐǌ

ȏǣƷȖǐ ǦȖ ȖǻȂȂȝǣ ȂǼ ȝǣǐ (µ, β) ȏǶƷǼǐ ǐΗǐǼ Ʒȝ ǣǦǝǣ ȝǐǻȏǐȓƷȝȠȓǐ ঳0.1 ≤ β ≤ 2.0঴ॽ
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Figure 2.17: The (normalized) fermion number density 〈fN 〉 as a funcঞon of chemical potenঞal µ and inverse temperature β
for the matrix model with two effecঞve fugaciঞes. The model has fixed quark energy level ε = 1.5, quark massm = 0 and
N = Nf = 100. The model is in a deconfined phase when 0 < 〈fN 〉 < 1. The data are obtained through complex Langevin
simulaঞons with Langevin ঞme step∆τ = 0.00005, thermalizaঞon stepsNtherm = 10000, generaঞon stepsNgen = 50000
and with measurements performed every 100 steps.

ँ৷ः৷ः [ӢӹӚӲӏ =ӏԪӏӲBԀӋӏӲ ԫӢԚӟ /ӹԚӏԏҷӅԚӢԀӹ

/ȝ ΘȂȠǶǌ ǅǐ ǦǼȝǐȓǐȖȝǦǼǝ ȝȂ ǆȂǼȖǦǌǐȓ ȝǣǐ ȖǦǼǝǶǐৄǶǐΗǐǶ ǻƷȝȓǦΝ ǻȂǌǐǶ ΘǦȝǣ Ʒ ǼȂǼৄȝȓǦΗǦƷǶ ǦǼȝǐȓƷǆȝǦȂǼ

ȝȠȓǼǐǌ ȂǼॽ sǐ ȝƷǴǐ Ʒ UȂǶΞƷǴȂΗ ǶǦǼǐ ǦǼȝǐȓƷǆȝǦȂǼ ȝǐȓǻ Ȃǜ ȝǣǐ ǜȂȓǻ

Sint[U ] = g (TrU)(TrU−1). ঳ँॽःॽँआ঴

,ǐȓǐ g ǌǐǼȂȝǐȖ Ʒ ǆȂȠȏǶǦǼǝ ȏƷȓƷǻǐȝǐȓॽ

bǣȠȖ Θǐ ǣƷΗǐ

S[U ] = −σ log
(
1 + eβ(µ−ε)U

)
+ Sint[U ]. ঳ँॽःॽँइ঴

,ǐȓǐ ƷǶȖȂ Θǐ ȝƷǴǐ ȝǣǐ ȒȠƷȓǴ ǐǼǐȓǝΞ ǶǐΗǐǶ ȝȂ ǅǐ ЖΝǐǌ Ʒȝ ε = 3.5ॽ bǣǐ ƷǆȝǦȂǼ ǦȖ ƷǝƷǦǼ ǼȂȝ ǣǐȓǻǦȝǦƷǼॶ

ǝǦΗǦǼǝ ȓǦȖǐ ȝȂ ȝǣǐ ȖǦǝǼ ȏȓȂǅǶǐǻ ǦǼ ȝǣǐ ȏȓǐȖǐǼǆǐ Ȃǜ Ʒ ǆǣǐǻǦǆƷǶ ȏȂȝǐǼȝǦƷǶॽ /Ǽ $ǦǝȖॽ ँॽऀइ ƷǼǌ ँॽऀई Θǐ

ȏǶȂȝ ȝǣǐ ǜǐȓǻǦȂǼ ǼȠǻǅǐȓ ǌǐǼȖǦȝΞ ƷǼǌ ȝǣǐ UȂǶΞƷǴȂΗ ǶǦǼǐȖ Ȃǜ ȝǣǐ ǦǼȝǐȓƷǆȝǦǼǝ ǻȂǌǐǶ ǜȂȓ ΗƷȓǦȂȠȖ ΗƷǶȠǐȖ

Ȃǜ ȝǣǐ ǆȂȠȏǶǦǼǝ g = 0, 5, 20, 100ॽ /ȝ ǦȖ ǐΗǦǌǐǼȝ ȝǣƷȝ ȝǣǐ ǆȂǼЖǼǐǻǐǼȝ঄ǌǐǆȂǼЖǼǐǻǐǼȝ ȝȓƷǼȖǦȝǦȂǼ

ǅǐǆȂǻǐȖ ȖǣƷȓȏǐȓ ƷȖ ȝǣǐ ǦǼȝǐȓƷǆȝǦȂǼ ȖȝȓǐǼǝȝǣ ǦȖ ǦǼǆȓǐƷȖǐǌॽ bǣǐ ǅǐǣƷΗǦȂȓ Ȃǜ ȝǣǐ UȂǶΞƷǴȂΗ ǶǦǼǐȖ ȖǣȂΘ

ȝǣƷȝ ȝǣǐ ǻȂǌǐǶ ǦȖ ǦǼ Ʒ ǆȂǼЖǼǐǌ ȏǣƷȖǐ ǜȂȓ ǻȂȖȝ Ȃǜ ȝǣǐ ΗƷǶȠǐȖ Ȃǜ ȝǣǐ ǆǣǐǻǦǆƷǶ ȏȂȝǐǼȝǦƷǶॽ
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Figure 2.18: The (normalized) fermion number density 〈fN 〉 as a funcঞon of chemical potenঞal µ for interacঞng single-level
matrix model with couplings g = 0, 5, 20, 100. We take the quark energy level ε = 3.5 and quark massm = 0. Here
N = Nf = 500. The data are obtained through complex Langevin simulaঞons with Langevin ঞme step∆τ = 0.000005,
thermalizaঞon stepsNtherm = 5000, generaঞon stepsNgen = 5000 and with measurements performed a[er every 50
steps. The model is in a deconfined phase when 0 < 〈fn〉 < 1. The data show that the phase transiঞon becomes sharper as the
interacঞon strength g is increased.
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Figure 2.19: The Polyakov line and inverse Polyakov line across a pair of GWW transiঞons for the interacঞng single-level matrix
model with a fixed quark energy level ε = 3.5, quark massm = 0 andN = Nf = 500. The data are obtained through
complex Langevin simulaঞons with Langevin ঞme step∆τ = 0.000005, thermalizaঞon stepsNtherm = 5000, generaঞon
stepsNgen = 5000 and with measurements performed a[er every 50 steps. The solid lines are guide to the eye. The plots
indicate that the model prefers to stay in a confined phase as the interacঞon strength g is increased.

ःआ



ँॽऄ �ȂǼǆǶȠȖǦȂǼȖ ƷǼǌ �ǦȖǆȠȖȖǦȂǼȖ

/Ǽ ȝǣǦȖ ΘȂȓǴ Θǐ ǣƷΗǐ ȖȠǆǆǐȖȖǜȠǶǶΞ ȠȖǐǌ ǆȂǻȏǶǐΝ =ƷǼǝǐΗǦǼ ǌΞǼƷǻǦǆȖ ΘǦȝǣ ȖȝȂǆǣƷȖȝǦǆ ȒȠƷǼȝǦΣƷȝǦȂǼ ȝȂ

ȖǦǻȠǶƷȝǐ ȝǣǐ ȝǣǐȓǻȂǌΞǼƷǻǦǆȖ Ȃǜ Ʒ ǶƷȓǝǐN ȠǼǦȝƷȓΞ ǻƷȝȓǦΝ ǻȂǌǐǶȖ ΘǦȝǣ ǆȂǻȏǶǐΝ ƷǆȝǦȂǼȖॽ sǐ ȖȝƷȓȝǐǌ

ΘǦȝǣ Ʒ ȖǦǻȏǶǐ ǻƷȝȓǦΝ ǻȂǌǐǶ ǆƷǶǶǐǌ ȝǣǐ abৄǻȂǌǐǶ ƷǼǌ ǦǼΗǐȖȝǦǝƷȝǐǌ ǦȝȖ ȏǣƷȖǐ ȖȝȓȠǆȝȠȓǐ ƷǼƷǶΞȝǦǆƷǶǶΞ ƷǼǌ

ǼȠǻǐȓǦǆƷǶǶΞॽ bǣǐ ǼȠǻǐȓǦǆƷǶ ȖǦǻȠǶƷȝǦȂǼȖ ȖǣȂΘ ǐΝǆǐǶǶǐǼȝ ǻƷȝǆǣ ΘǦȝǣ ƷǼƷǶΞȝǦǆƷǶ ȓǐȖȠǶȝȖॽ sǐ ƷǶȖȂ ȖȝȠǌৄ

Ǧǐǌ Ʒ ǻȂǌǐǶ ȂǅȝƷǦǼǐǌ ǜȓȂǻ ȝǣǐ ǐЍǐǆȝǦΗǐ ȝǣǐȂȓΞ Ȃǜ W�� ȂǼ S1 × S3 Ʒȝ ǶȂΘ ȝǐǻȏǐȓƷȝȠȓǐ ƷǼǌ ЖǼǦȝǐ

ȒȠƷȓǴ ǆǣǐǻǦǆƷǶ ȏȂȝǐǼȝǦƷǶॽ �ȝ ΣǐȓȂ ȒȠƷȓǴ ǻƷȖȖ ƷǼǌ ǶȂΘ ȝǐǻȏǐȓƷȝȠȓǐ ȂȠȓ ȖǦǻȠǶƷȝǦȂǼȖ ȖǣȂΘǐǌ Ʒ ȖǐȓǦǐȖ

Ȃǜ %ss ǆȂǼЖǼǐǻǐǼȝৄǌǐǆȂǼЖǼǐǻǐǼȝ ȏǣƷȖǐ ȝȓƷǼȖǦȝǦȂǼȖ ƷȖ Ʒ ǜȠǼǆȝǦȂǼ Ȃǜ ȝǣǐ ǆǣǐǻǦǆƷǶ ȏȂȝǐǼȝǦƷǶॽ

bǣǐ ȏǣƷȖǐȖ Ʒȓǐ ǆǣƷȓƷǆȝǐȓǦΣǐǌ ǅΞ ȝǣǐ ǌǦȖȝȓǦǅȠȝǦȂǼ Ȃǜ ǐǦǝǐǼΗƷǶȠǐȖ Ȃǜ ȝǣǐ UȂǶΞƷǴȂΗ ǶǦǼǐ ȂǼ ȝǣǐ ǆȂǻȏǶǐΝ

ȏǶƷǼǐॽ /Ǽ ȝǣǐ ǶƷȓǝǐ ȒȠƷȓǴ ǻƷȖȖ ȓǐǝǦǻǐ Θǐ Θǐȓǐ ƷǶȖȂ ƷǅǶǐ ȝȂ ȂǅȖǐȓΗǐ ȝǣǐ [ǦǶΗǐȓ �ǶƷΣǐ ǅǐǣƷΗǦȂȓ ǦǼ ȝǣƷȝ

ȝǣǐ ǅȠǶǴ ȂǅȖǐȓΗƷǅǶǐȖ Ʒȓǐ ȓȂȠǝǣǶΞ ΣǐȓȂ ȠǼȝǦǶ ȝǣǐ ȂǼȖǐȝ ȝȓƷǼȖǦȝǦȂǼ ȝȂ ȝǣǐ ǌǐǆȂǼЖǼǐǌ ȏǣƷȖǐॶ ΘǣǦǆǣ Ȃǆৄ

ǆȠȓȖ Ʒȝ µ = mॽ sǐ ƷǶȖȂ ȖǦǻȠǶƷȝǐǌ ȝǣǐ ǻȂǌǐǶ ΘǦȝǣ Ʒ ȖǦǻȏǶǐ ǼȂǼৄȝȓǦΗǦƷǶ UȂǶΞƷǴȂΗ ǶǦǼǐ ǦǼȝǐȓƷǆȝǦȂǼ

ȝȠȓǼǐǌ ȂǼॽ bǣǐ ǻȂǌǐǶ ȏȓǐǜǐȓȖ ȝȂ ǶǦΗǐ ǦǼ ȝǣǐ ǆȂǼЖǼǐǌ ȏǣƷȖǐ ƷȖ ȝǣǐ ǦǼȝǐȓƷǆȝǦȂǼ ȖȝȓǐǼǝȝǣ ǦȖ ǦǼǆȓǐƷȖǐǌॽ

sǐ ƷǶȖȂ ǼȂȝǐ ȝǣƷȝ ǐƷǆǣ ǆȂǼЖǼǐǻǐǼȝৄǌǐǆȂǼЖǼǐǻǐǼȝ ȝȓƷǼȖǦȝǦȂǼ ǦǼ ȝǣǐ UȂǶΞƷǴȂΗ ǶǦǼǐ ǦȖ ƷȖȖȂǆǦƷȝǐǌ

ΘǦȝǣ Ʒ ȒȠƷȓǴ ǐǼǐȓǝΞ ǶǐΗǐǶ ȝȓƷǼȖǦȝǦȂǼॽ /ȝ ǦȖ ǦǼȝǐȓǐȖȝǦǼǝ ȝȂ ǼȂȝǐ ȝǣƷȝ ȝǣǐ ǼȂǼৄǻȂǼȂȝȂǼǦǆ ǅǐǣƷΗǦȂȓ Ȃǜ

UȂǶΞƷǴȂΗ ǶǦǼǐȖ ǣƷΗǐ ǅǐǐǼ ȂǅȖǐȓΗǐǌ ǦǼ ǶƷȝȝǦǆǐ ȖǦǻȠǶƷȝǦȂǼȖ Ȃǜ W��ΘǦȝǣ ǝƷȠǝǐ ǝȓȂȠȏ SU(2) ǼǐƷȓ ǦȝȖ

ȖƷȝȠȓƷȝǦȂǼ ǌǐǼȖǦȝΞ ǦǼ Xǐǜॽ ফअअবॽ

bǣǐȓǐ Ʒȓǐ ȖǐΗǐȓƷǶ ǦǼȝǐȓǐȖȝǦǼǝ ǜȠȝȠȓǐ ǌǦȓǐǆȝǦȂǼȖॽ HǼǐ ǆȂȠǶǌ ǆȂǼȖǦǌǐȓ ǆȂǻȏǶǐΝ =ƷǼǝǐΗǦǼ ȖǦǻȠǶƷৄ

ȝǦȂǼȖ Ȃǜ ȝǣǐ ǻȂǌǐǶ ΘǦȝǣ ȖǐΗǐȓƷǶ ȒȠƷȓǴ ЙƷΗȂȓȖ ΘǦȝǣ ǻƷȖȖǐȖmf ƷǼǌ ǌǦЍǐȓǐǼȝ ǆǣǐǻǦǆƷǶ ȏȂȝǐǼȝǦƷǶȖ

µf ॽ HǼǐ ǆȂȠǶǌ ƷǶȖȂ Ʒǌǌ Ȃȝǣǐȓ ȝΞȏǐȖ Ȃǜ ǼȂǼৄȝȓǦΗǦƷǶ ǦǼȝǐȓƷǆȝǦȂǼ ȝǐȓǻȖ ǦǼȝȂ ȝǣǐ ǻȂǌǐǶ ƷǼǌ ǶȂȂǴ ǜȂȓ

ǆȓȂȖȖৄȂΗǐȓ ȝȓƷǼȖǦȝǦȂǼȖ ȂǼ ȝǣǐ (µ, β) ȏǶƷǼǐ ফअआবॽ /ȝ ΘȂȠǶǌ ƷǶȖȂ ǅǐ ǦǼȝǐȓǐȖȝǦǼǝ ȝȂ Ȗǐǐ Ǧǜ ȝǣǐȓǐ ǐΝǦȖȝȖ

ƷǼ �ǌ[঄�$b ȝΞȏǐ ǝȓƷΗǦȝƷȝǦȂǼƷǶ ǌȠƷǶ Ȃǜ ȝǣǐ ǻȂǌǐǶȖ Θǐ ȖȝȠǌǦǐǌ ǣǐȓǐॽ HǼǐ ǆȂȠǶǌ ƷȖǴ ȝǣǐ ȒȠǐȖȝǦȂǼ

Θǣǐȝǣǐȓ ȝǣǐ ǦǼЖǼǦȝǐ ȖǐȒȠǐǼǆǐ Ȃǜ %ss ȝȓƷǼȖǦȝǦȂǼȖ ȝǣƷȝ Θǐ ȂǅȖǐȓΗǐ ǦǼ ȝǣǐ ǻƷȝȓǦΝ ǻȂǌǐǶ ǅǐ ȖǐǐǼ ǦǼ

ȝǣǐ ǌȠƷǶ ǝȓƷΗǦȝƷȝǦȂǼƷǶ ǌǐȖǆȓǦȏȝǦȂǼॽ

ःइ



3
�ȂȠǼǌ ȂǼ ǣǦǝǣǐȓৄȏȂǦǼȝ

HȠȝৄȂǜৄȝǦǻǐৄȂȓǌǐȓǐǌৄǆȂȓȓǐǶƷȝȂȓȖ ঳HbH�Ȗ঴

ंॽऀ �ȂǻǻȠȝƷȝȂȓॶ [ǆȓƷǻǅǶǦǼǝ ƷǼǌ �ǣƷȂȖ

� ǶȂǆƷǶǦΣǐǌ ǌǦȖȝȠȓǅƷǼǆǐ ǦǼ Ʒ ǆǣƷȂȝǦǆ ǻƷǼΞ ǅȂǌΞ ȒȠƷǼȝȠǻ ȖΞȖȝǐǻॶ ΘǦȝǣ ȝǦǻǐ ǐΗȂǶȠȝǦȂǼॶ ȖȏȓǐƷǌȖ ȂΗǐȓ

ȝǣǐ ΘǣȂǶǐ ȏǣƷȖǐ ȖȏƷǆǐॶ ƷǼǌ ǦǼǜȂȓǻƷȝǦȂǼ ƷȖȖȂǆǦƷȝǐǌ ΘǦȝǣ ȝǣǐ ǦǼǦȝǦƷǶ ȏǐȓȝȠȓǅƷȝǦȂǼ ǅǐǆȂǻǐȖ ǦǼƷǆǆǐȖȖǦৄ

ǅǶǐ ȝȂ Ʒ ȖǦǻȏǶǐ ǶȂǆƷǶ ǻǐƷȖȠȓǐǻǐǼȝॽ bǣǦȖ ǐЍǐǆȝ ǦȖ ǴǼȂΘǼ ƷȖ ȖǆȓƷǻǅǶǦǼǝ ফँँॶ ँंবॽ /Ǽ ȏȓƷǆȝǦǆǐ ȖǆȓƷǻৄ

ǅǶǦǼǝ ǦȖ ǻǐƷȖȠȓǐǌ ǅΞ ȝǣǐ ǝȓȂΘȝǣ ঳ǌǐǆƷΞ঴ Ȃǜ ƷǼ ȂȠȝ Ȃǜ ȝǦǻǐ Ȃȓǌǐȓǐǌ ǆȂȓȓǐǶƷȝȂȓ঳HbH�঴ ফँःবॶ

F = 〈V (t)V (0)V (t)V (0)〉β . ঳ंॽऀॽऀ঴

Θǣǐȓǐ ǦǼ ,ǐǦȖǐǼǅǐȓǝ৚Ȗ ȏǦǆȝȠȓǐW (t) = e−iHtW (0)eiHt ƷǼǌ ȝǣǐ ǐΝȏǐǆȝƷȝǦȂǼ ǦȖ Ʒ ȝǣǐȓǻƷǶ ȝȓƷǆǐॽ �ȝ

ƷǼ ǦǼǦȝǦƷǶ ȝǦǻǐ ȝǣǦȖ ǆȂȓȓǐǶƷȝȂȓ ǦȖ ЖǼǦȝǐॽ ,ȂΘǐΗǐȓ ǌȠǐ ȝȂ ȖǆȓƷǻǅǶǦǼǝ ȝǣǐ ǆȂȓȓǐǶƷȝȂȓ ȝǐǼǌȖ ȝȂ ΣǐȓȂ ƷȖ

ȝǣǐ ȝǦǻǐ ȝȓƷǼȖǶƷȝǦȂǼ ȂȏǐȓƷȝȂȓ U(t) = eiHt ǅǐǆȂǻǐȖ ǻȂȓǐ ǆȂǼΗȂǶȠȝǐǌ ΘǦȝǣ ȝǦǻǐॽ �ȝ ǶƷȝǐȓ ȝǦǻǐॶ ǦǼ

Ʒ ǆǣƷȂȝǦǆ ȖΞȖȝǐǻॶ Θǐ ǻƷΞ ȓǐȏǶƷǆǐU(t) ǅΞ Ʒ ǝǐǼǐȓǦǆ ȠǼǦȝƷȓΞ ǻƷȝȓǦΝॶ ƷǼǌ ƷȖȖȠǻǦǼǝ ǻƷΝǦǻƷǶ ȖǆȓƷǻৄ

ǅǶǦǼǝॶ ȝǣǐ ǆȂȓȓǐǶƷȝȂȓ ǻƷΞ ǅǐ ΘȓǦȝȝǐǼ ƷȖ ǻƷȝȓǦΝ ƷΗǐȓƷǝǐ ȂΗǐȓ ƷǶǶ ȏȂȖȖǦǅǶǐ ȠǼǦȝƷȓΞ ǻƷȝȓǦΝॶ

F =

∫
DU 〈V (t)V (0)V (t)V (0)〉 ঳ंॽऀॽँ঴

ƷǼǌ ƷȖΞǻȏȝȂȝǐȖ ȝȂ ΣǐȓȂ ǦǼ Ʒ ȝǣǐȂȓΞ ΘǦȝǣ ǶƷȓǝǐ ǼȠǻǅǐȓ Ȃǜ ǌǐǝȓǐǐȖ Ȃǜ ǜȓǐǐǌȂǻॽ

bǣǐ HbH� ǦȖ ȓǐǶƷȝǐǌ ȝȂ ȝǣǐ ǆȂǻǻȠȝƷȝȂȓॽ /Ǽ ȝǣǐ ȝǣǐȓǻƷǶ ǐǼȖǐǻǅǶǐ ȝǣǐ ǆȂǻǻȠȝƷȝȂȓ ǦȖ ȂǜȝǐǼ ΣǐȓȂ

ःई



ƷǼǌ ȂǼǐ ǻƷΞ Ǽǐǐǌ ȝȂ ǆȂǼȖǦǌǐȓ ȝǣǐ ȖȒȠƷȓǐ Ȃǜ Ǧȝॶ

C =
〈
[W (t), V (0)]2

〉
β
,

= Tr
[
e−βH [W (t), V (0)]2

]
. ঳ंॽऀॽं঴

HǼǐ ǻƷΞ ǐΝȏƷǼǌ ȝǣǐ ǆȂǻǻȠȝƷȝȂȓ ȖȒȠƷȓǐ ǦǼ ঳ंॽऀॽं঴ ǦǼ ȝΘȂ ȏǦǐǆǐȖॶ

C =
〈
[W (t), V (0)]2

〉
= −2 〈W (t)W (t)V (0)V (0)〉+ 2 〈W (t)V (0)W (t)V (0)〉 . ঳ंॽऀॽः঴

bǣǐ ЖȓȖȝ ȝǐȓǻ ǦǼ ȝǣǐ ƷǅȂΗǐ ǐΝȏȓǐȖȖǦȂǼ ǦȖ Ʒ ȝǦǻǐ Ȃȓǌǐȓǐǌ ǆȂȓȓǐǶƷȝȂȓ ঳bH�঴ ƷǼǌ ȝǣǐ ȖǐǆȂǼǌ ȝǐȓǻ ǦȖ

ƷǼ HbH� ƷȖ ǦǼ ঳ंॽऀॽऀ঴ॽ /ǜ Θǐ ƷȖȖȠǻǐ ȖȂǻǐȝǣǦǼǝ ǶǦǴǐ Ʒ ǶƷȓǝǐৄN ǜƷǆȝȂȓǦΣƷȝǦȂǼॶ ȝǣƷȝ ǦȖ Ǧǜ Θǐ ƷȖȖȠǻǐॶ

ȝǣǐȓǐ ǦȖ Ʒ ǜƷǆȝȂȓǦΣƷȝǦȂǼ ǦǼ ȝǣǐ ǼȠǻǅǐȓ Ȃǜ ǌǐǝȓǐǐȖ Ȃǜ ǜȓǐǐǌȂǻNdॶ Ȃȓ ǦǼ ƷǼȂȝǣǐȓ ȝǐȓǻȖ ȝǣǐ ȖΞȖȝǐǻ ǣƷȖ Ʒ

ȖǐǻǦৄǆǶƷȖȖǦǆƷǶ ǌǐȖǆȓǦȏȝǦȂǼॶ Θǣǐȓǐ ЙȠǆȝȠƷȝǦȂǼȖ Ʒȓǐ ȖǻƷǶǶॶ ȝǣǐǼ Θǐ ǆƷǼ ǜƷǆȝȂȓǦΣǐ ȝǣǐ bH� ƷȖॶ

〈W (t)W (t)V (0)V (0)〉 ≈2 〈W (t)V (0)〉2 + 〈W (t)W (t)〉 〈V (0)V (0)〉 . ঳ंॽऀॽऄ঴

bǣǐ ЖȓȖȝ ȝǐȓǻ ǦǼ ȝǣǐ ƷǅȂΗǐ ǐΝȏȓǐȖȖǦȂǼ ǝȂǐȖ ȝȂ ΣǐȓȂ Ʒȝ ǶƷȓǝǐ ȝǦǻǐ ǌȠǐ ȝȂ ȠȖȠƷǶ ǌǦЍȠȖǦȂǼ঄ȓǐǶƷΝƷȝǦȂǼॽ

�ȝ Ʒ ȝǦǻǐ ȖǆƷǶǐ Ȃǜ ȝǣǐ Ȃȓǌǐȓ Ȃǜ ǌǦЍȠȖǦȂǼ ȝǦǻǐ tdॶ Θǐ ǣƷΗǐॶW (t)V (0) ∼ e
− t

td ॽ ,ǐǼǆǐ ǌǦЍȠȖǦȂǼ ΘǦȝǣ

ǶƷȓǝǐN ǜƷǆȝȂȓǦΣƷȝǦȂǼ ǝǦΗǐȖ ȝǣǐȓǻƷǶ ǜƷǆȝȂȓǦΣƷȝǦȂǼ Ȃǜ bH�Ȗॶ Ǧॽǐॽ ƷǶǶ ȝǦǻǐ Ȃȓǌǐȓǐǌ ȝǣǐȓǻƷǶ ǆȂȓȓǐǶƷȝȂȓȖ

ǜƷǆȝȂȓǦΣǐȖ ȝȂ Ʒ ȏȓȂǌȠǆȝ Ȃǜ ȝǣǐȓǻƷǶ ǐΝȏǐǆȝƷȝǦȂǼȖॽ $Ȃȓ ȂȠȓ ȏƷȓȝǦǆȠǶƷȓ ǐΝƷǻȏǶǐ ǦǼ ǣƷǼǌॶ Θǐ ǣƷΗǐॶ

〈W (t)W (t)V (0)V (0)〉 ≈ 〈W (0)W (0)〉 〈V (0)V (0)〉 , ঳ंॽऀॽअ঴

Ʒȝ ǶƷȓǝǐ ȝǦǻǐॽ ,ǐǼǆǐ ȝǣǐ ǶƷȓǝǐ ȝǦǻǐ ǅǐǣƷΗǦȂȓ Ȃǜ ȝǣǐ ǆȂǻǻȠȝƷȝȂȓ ǦȖ ǝǦΗǐǼ ǅΞ ȝǣǐ HbH� ঳ंॽऀॽऀ঴ॽ

�ȝ Ʒ ЖȓȖȝ ǶȂȂǴॶ HbH�ǻƷΞ ƷȏȏƷȓǐǼȝǶΞ Ȗǐǐǻ ȝȂ ǣƷΗǐ Ʒ ȖǦǻǦǶƷȓ ǶƷȓǝǐN ǜƷǆȝȂȓǦΣƷȝǦȂǼ ƷȖ bH�ॶ

F ≈ 2 〈W (t)V (0)〉2 + 〈W (t)W (t)〉 〈V (0)V (0)〉+O(1/Nd) ঳ंॽऀॽआ঴

,ȂΘǐΗǐȓॶ ȝǣǐ ǆƷȝǆǣ ǦȖ ȝǣƷȝ ȝǣǐ ȖȠǅৄǶǐƷǌǦǼǝ ȏƷȓȝ Ȃǜ F (t) ǝȓȂΘȖ ΘǦȝǣ ȝǦǻǐॽ HǼǐ ǻƷΞ ƷȓǝȠǐ ȝǣƷȝ ǜȂȓ

Ʒ ȖΞȖȝǐǻ ΘǦȝǣ Ʒ ǶƷȓǝǐ ǼȠǻǅǐȓ Ȃǜ ǌǐǝȓǐǐȖ Ȃǜ ǜȓǐǐǌȂǻॶ F ȝǐǼǌȖ ȝȂ ΣǐȓȂ ƷȖΞǻȏȝȂȝǦǆƷǶǶΞॽ bǣǦȖ ǆȂȠǶǌ

ऄࣿ



ǅǐ ȠǼǌǐȓȖȝȂȂǌ ƷȖ ǜȂǶǶȂΘǦǼǝॵ ǦǼ ƷǼ ǆǣƷȂȝǦǆ ȖΞȖȝǐǻॶ Ʒȝ ƷǼ ǦǼȝǐȓǻǐǌǦƷȝǐ ȝǦǻǐ ǻȠǆǣ ǶƷȓǝǐȓ ȝǣƷǼ ȝǣǐ

ǌǦЍȠȖǦȂǼ ȝǦǻǐ t + tdॶ ǅǐǣƷΗǦȂȓ ȂǜC ǦȖ ǝǦΗǐǼ ǅΞ

C ∝ εe2λt, ঳ंॽऀॽइ঴

Θǣǐȓǐ ε ǦȖ Ʒ ȖǻƷǶǶ ȏƷȓƷǻǐȝǐȓ ȓǐǶƷȝǐǌ ȝȂ ȝǣǐ ǼȠǻǅǐȓ Ȃǜ ǌǐǝȓǐǐȖ ǜȓǐǐǌȂǻ ƷǼǌ λ ǦȖ ȝǣǐ =ΞƷȏȠǼȂΗ ǐΝȏȂৄ

ǼǐǼȝॽ ,ǐǼǆǐॶ F Ʒȝ ƷǼ ǦǼȝǐȓǻǐǌǦƷȝǐ ȝǦǻǐ ΘȂȠǶǌ ȝǣǐǼ ǅǐǣƷΗǐ ǶǦǴǐॶ

F ≈ f0 − εf1e
2λt. ঳ंॽऀॽई঴

bǣǐ ȖǐǆȂǼǌ ȝǐȓǻ ǅǐǆȂǻǐ ǦǻȏȂȓȝƷǼȝ Ʒȝ ȝǦǻǐ ȖǆƷǶǐ t∗ ∼ − 1
λ log εॶ ΘǣǦǆǣ ǦȖ ǴǼȂΘǼ ƷȖ ȝǣǐ ȖǆȓƷǻǅǶǦǼǝ

ȝǦǻǐॽ

/ȝ ǣƷȖ ǅǐǐǼ ȏȓȂΗǐǌ ǦǼ ফँःব ȠȖǦǼǝ ǆȂǻȏǶǐΝ ƷǼƷǶΞȝǦǆ ȝǐǆǣǼǦȒȠǐȖ ȝǣƷȝ ǻƷΝǦǻȠǻ ȏȂȖȖǦǅǶǐ ΗƷǶȠǐ Ȃǜ

=ΞƷȏȠǼȂΗ ǐΝȏȂǼǐǼȝ ǣƷȖ ƷǼ Ƞȏȏǐȓ ǅȂȠǼǌ ȏȓȂȏȂȓȝǦȂǼƷǶ ȝȂ ȝǣǐ ȝǐǻȏǐȓƷȝȠȓǐॶ

λmax ≤ 2π

β
. ঳ंॽऀॽऀࣿ঴

bǣǦȖ ǻƷΝǦǻȠǻ ΗƷǶȠǐ Ȃǜ =ΞƷȏȠǼȂΗ ǐΝȏȂǼǐǼȝ ǦȖ ƷǶȖȂ ǴǼȂΘǼ ȝȂ ȖƷȝȠȓƷȝǐ ǦǼ ǣȂǶȂǝȓƷȏǣǦǆ ǻȂǌǐǶȖ

ΘǦȝǣ ǝȓƷΗǦȝΞ ঳ফँऄॶ अइॶ अईॶ आࣿব঴ॶ ǆǐȓȝƷǦǼ ȝΘȂ ǌǦǻǐǼȖǦȂǼƷǶ �$bȖ঳ফँअॶ आऀব঴ ƷǼǌ ƷǶȖȂ ǦǼ [y<ǻȂǌǐǶ ঳ফआँॶ

इॶ ँआॶ आंব঴ॽ

XǐǆǐǼȝǶΞ ȝǣǐȓǐ Ʒȓǐ ȖȂǻǐ ǦǼȝǐȓǐȖȝ ǦǼ HbH�Ȗ ΘǦȝǣ ǻȂȓǐ ȝǣƷǼ ǜȂȠȓ ǦǼȖǐȓȝǦȂǼȖ ঳ফआःॶ आऄॶ आअॶ आआॶ आइॶ

आईॶ इࣿॶ इऀॶ इँব঴ ॱॽ �ȂǼȝǦǼȠǦǼǝ ȝǣǐ ȖƷǻǐ ǶȂǝǦǆ ƷȖ ȝǣƷȝ Ȃǜ ȝǣǐ ȏȓǐΗǦȂȠȖ ȏƷȓƷǝȓƷȏǣॶ Ƕǐȝ ȠȖ ǆȂǼȖǦǌǐȓ ȝǣǐ

ǜȂǶǶȂΘǦǼǝ ǣǦǝǣǐȓ ȏȂΘǐȓ Ȃǜ ȝǣǐ ǆȂǻǻȠȝƷȝȂȓॶ

Cn =

〈
n∏

i=1

[Vi(t), Vi(0)]

〉
. ঳ंॽऀॽऀऀ঴

sǣǐǼ ǐΝȏƷǼǌǐǌॶCn ǆȂǼȝƷǦǼȖ ƷǼǌ ǻƷǼΞ Ȃȝǣǐȓ HbH�Ȗ ƷǼǌ ȝǣǐ ȝǦǻǐ Ȃȓǌǐȓǐǌ ǆȂȓȓǐǶƷȝȂȓȖॽ /Ǽ ȝǣǦȖ ǐΝৄ

ȏƷǼȖǦȂǼॶ Fn = 〈(V (T )V (0))2n〉 ǦȖ ȝǣǐ ǻȂȖȝ ȂȠȝ Ȃǜ ȝǣǐ ȝǦǻǐ Ȃȓǌǐȓǐǌ HbH�ॽ ,ǐȓǐ ǦǼ ȝǣǦȖ ΘȂȓǴ Θǐ

ǦǼΗǐȖȝǦǝƷȝǐ ǣȂΘ ƷǼƷǶΞȝǦǆ ȏȓȂȏǐȓȝǦǐȖ Ȃǜ ƷǼ HbH� ǌǐȝǐȓǻǦǼǐȖ ȝǣǐ ǶƷȝǐ ȝǦǻǐ ǅǐǣƷΗǦȂȓ Ȃǜ ƷǼ HbH�ॽ

ॱHȠȓ ȂȓǦǝǦǼƷǶ ǻȂȝǦΗƷȝǦȂǼ ȝȂ ǅȂȠǼǌ ǣǦǝǣǐȓ HbH�Ȗ ǜȂȓǻȠǶƷȝǐǌ ǦǼ Ʒ ǌǦȖǆȠȖȖǦȂǼ ΘǦȝǣ �ǣǐȝǣƷǼ <ȓǦȖǣǼƷǼ ȓǐǶƷȝǐǌ ȝȂ ǣǦȖ
ȒȠǐȖȝǦȂǼȖ ƷǅȂȠȝ ǼƷȝȠȓǐ Ȃǜ kৄȏȂǦǼȝ HbH�Ȗ ǦǼ Ʒ qৄǶȂǆƷǶ [y<ǻȂǌǐǶ ফइंॶ इःবॽ

ऄऀ



$Ȃȓ ȝǣƷȝ ȏȠȓȏȂȖǐ Θǐ ǌǐЖǼǐ Ʒ ǝǐǼǐȓǦǆ ǆȂȓȓǐǶƷȝȂȓ ΘǣǦǆǣ ǼȂȝ ȂǼǶΞ ǆƷȏȝȠȓǐȖ ƷǶǶ ȏȂȖȖǦǅǶǐ ȝǦǻǐ ȂȓǌǐȓǦǼǝȖ

ǦǼ ঳ंॽऀॽऀऀ঴ ǅȠȝ ƷǶȖȂ ǦȖ Ʒ ǜȠǼǆȝǦȂǼ Ȃǜ ƷȓǅǦȝȓƷȓΞ ȝǐǻȏȂȓƷǶ ΗƷȓǦƷǅǶǐȖॽ �ǜȝǐȓ ȝǣƷȝॶ Θǐ ǌǦȖǆȠȖȖǐǌ ǜǐΘ ǴǼȂΘǼ

ǐΝƷǻȏǶǐȖ ǦǼ ȝǣǐ ǶǦȝǐȓƷȝȠȓǐ ƷǼǌ ǣȂΘ ȂȠȓ ȓǐȖȠǶȝȖ ǻƷȝǆǣ ΘǦȝǣ ȝǣǐǻॽ

ंॽँ HǼ ȝǣǐ ǝȓȂΘȝǣ Ȃǜ ǝǐǼǐȓǦǆ HbH�Ȗ

/Ǽ ȝǣǦȖ ȖǐǆȝǦȂǼॶ Θǐ ǌǦȖǆȠȖȖ ȝǣǐ ǶƷȝǐ ȝǦǻǐ ȏȓȂȏǐȓȝǦǐȖ Ȃǜ ƷǼ ǼৄȏȂǦǼȝ HbH�ॽ bȂ ǅǐ ΘǐǶǶ ǌǐЖǼǐǌ Ʒ ȝǣǐȓৄ

ǻƷǶ ǼৄȏȂǦǼȝ ǜȠǼǆȝǦȂǼȖ ǼǐǐǌȖ ȝȂ ǅǐ ȏȓȂȏǐȓǶΞ ȓǐǝȠǶƷȝǐǌॽ bǣǐ ǻȂȖȝ ǝǐǼǐȓǦǆ ǼৄȏȂǦǼȝ HbH�ΘǦȝǣ Ʒ

ǝǦΗǐǼ Ȗǆǣǐǻǐ Ȃǜ ȓǐǝȠǶƷȝǦȂǼ ǻƷΞ ǅǐ ǐΝȏȓǐȖȖǐǌ ƷȖॶ

Fβ(ti, τi) = Tr
(
e−β1ĤV1(t1)e

−β2ĤV2(t2) . . . e
−βnĤVn(tn)

)
঳ंॽँॽऀ঴

Θǣǐȓǐॶ Ĥ ǦȖ ȝǣǐ ,ƷǻǦǶȝȂǼǦƷǼ Ȃǜ ȝǣǐ ȖΞȖȝǐǻॶ βi > 0 Ʒȓǐ ȖǐȏƷȓƷȝǦȂǼȖ ǅǐȝΘǐǐǼ ȝΘȂ ǆȂǼȖǐǆȠȝǦΗǐ ȂȏǐȓƷৄ

ȝȂȓ ǦǼȖǐȓȝǦȂǼȖ ƷǶȂǼǝ ȝǣǐ ȝǣǐȓǻƷǶ ǆǦȓǆǶǐॶ ƷǼǌ ȝǣǐȓǐǜȂȓǐ ȖƷȝǦȖǜΞ ȝǣǐ ǆȂǼȖȝȓƷǦǼȝॶ

n∑

i=1

βi = β ঳ंॽँॽँ঴

Θǣǐȓǐ β ǦȖ ȝǣǐ ǦǼΗǐȓȖǐ ȝǐǻȏǐȓƷȝȠȓǐ Ȃǜ ȝǣǐ ǣǐƷȝ ǅƷȝǣ Ǧॽǐ ȝǣǐ ǆǦȓǆȠǻǜǐȓǐǼǆǐ Ȃǜ ȝǣǐ ȝǣǐȓǻƷǶ ǆǦȓǆǶǐॽ

Fβ(ti, τi) ǆƷǼ ΗǦȖȠƷǶǦΣǐǌ ƷȖ ȖǣȂΘǼ ǅǐǶȂΘ ǦǼ Жǝॽ ंॽऀॶ

t

Vn(tn)

Vn−1(tn−1)

V1(t1)

V2(t2)

τ

Vk(tk)

Vk+1(tk+1)

Vn−2(tn−2)

Figure 3.1: Generic n-point correlator on a thermal circle of radius β
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Θǣǐȓǐ Vi(ti)৚Ȗ Ʒȓǐ ȝǣǐȓǻƷǶ Ȃȓǌǐȓǐǌ ƷǶȂǼǝ τ ǌǦȓǐǆȝǦȂǼ ƷǼǌ ȝǦǻǐ ǦȖ ȏǐȓȏǐǼǌǦǆȠǶƷȓ ȝȂ ȝǣǐ ȝǣǐȓǻƷǶ

ǆǦȓǆǶǐॽ HǼǐ ǆƷǼ ǼȂȝǦǆǐ ǜȓȂǻ ȝǣǐ ЖǝȠȓǐ ȝǣƷȝ ȝǣǐ ǶǐǼǝȝǣȖ Ȃǜ ȝǣǐ ǦǼȖǐȓȝǦȂǼȖ Ʒȓǐ ǼȂȝ ǜȂǶǶȂΘǦǼǝ ƷȖǆǐǼǌǦǼǝ

Ȃȓ ǌǐȖǆǐǼǌǦǼǝ Ȃȓǌǐȓॶ ƷȖ ȝǣǐ ǆȂȓȓǐǶƷȝȂȓ ǦȖ ǼȂȝ ȝǦǻǐৄȂȓǌǐȓǐǌॽ qƷȓǦȂȠȖ ȏȓȂȏǐȓȝǦǐȖ Ȃǜ ȝǣǐ ǆȂȓȓǐǶƷȝȂȓ ǣƷȖ

ǅǐǐǼ ǌǦȖǆȠȖȖǐǌ ǦǼ ȝǣǐ ƷȏȏǐǼǌǦΝ ंॽऄॽऀॽ

bȂ ȏȓȂǆǐǐǌ Θǐ ȖǣƷǶǶ ƷȖȖȠǻǐ ȝǣƷȝ ǐƷǆǣ tiॶ ǦȖ ȖȂǻǐ ǜȠǼǆȝǦȂǼ Ȃǜ ȂǼǐ ȝǐǻȏȂȓƷǶ ȏƷȓƷǻǐȝǐȓ tॶ Ǧॽǐ ti =

fi(t)ॽ /Ǽ ȏȓǦǼǆǦȏǶǐ fi(t) ǆƷǼ ǅǐ ƷǼ ƷȓǅǦȝȓƷȓΞ ǜȠǼǆȝǦȂǼ Ȃǜ tॶ ǣȂΘǐΗǐȓ ǦǼ ȝǣǦȖ ΘȂȓǴ Θǐ ȓǐȖȝȓǦǆȝ ȂȠȓȖǐǶΗǐȖ

ȝȂ ǦǼǆȓǐƷȖǦǼǝ ǶǦǼǐƷȓ ǜȠǼǆȝǦȂǼȖॽ

ti ≡ fi(t) = ωit ;ωi ≥ 0 ঳ंॽँॽं঴

sǐ ƷȖǴ ȝǣǐ ȒȠǐȖȝǦȂǼॶ ǣȂΘ ǜƷȖȝ ȝǣǐ ǆȂȓȓǐǶƷȝȂȓȖ ǻƷΞ ǝȓȂΘ ঳ǌǐǆƷΞ঴ ΘǦȝǣ ȝǣǐ ȝǦǻǐ ȏƷȓƷǻǐȝǐȓ tॽ BƷȝǣǐৄ

ǻƷȝǦǆƷǶǶΞ Ǧȝ ǻǐƷǼȖ ȝǣƷȝ Θǐ ΘƷǼȝ ȝȂ ȏȠȝ Ʒ ǅȂȠǼǌ ȂǼ λlॶ Θǣǐȓǐ

∂

∂t
|Fβ(t)|≤ λl|Fβ(t)|. ঳ंॽँॽः঴

/Ǽ ফँःবॶ ȝǣǐ ƷȠȝǣȂȓȖ ǆȂǼȖǦǌǐȓǐǌ ǜȂȠȓৄȏȂǦǼȝ HbH�Ȗ ƷǼǌ ǣƷΗǐ ȖǣȂΘǼ ȝǣƷȝ

λl ≤
2π

β
. ঳ंॽँॽऄ঴

bǣǐ ǝǐǼǐȓƷǶ ǦǌǐƷ ǜȂȓ ǌǐȓǦΗǦǼǝ Ʒ ǆǣƷȂȖ ǅȂȠǼǌ ǜȂȓ ǝǐǼǐȓǦǆ ǼৄȏȂǦǼȝ ǆȂȓȓǐǶƷȝȂȓȖ ǆƷǼ ǅǐ ǅȓȂǴǐǼ ǦǼȝȂ ǜǐΘ

ȖȝǐȏȖॶ ΘǣǦǆǣ ǆǶȂȖǐǶΞ ǜȂǶǶȂΘȖ ȝǣǐ ǌǐȓǦΗƷȝǦȂǼ ǝǦΗǐǼ ǦǼ ফँःবॽ $ǦȓȖȝॶ Θǐ ǆƷǶǆȠǶƷȝǐ Ʒ ǌǦЍǐȓǐǼȝǦƷǶ ǦǼǐȒȠƷǶǦȝΞॶ

ƷǼǌ ȝǣǐǼ ȝǣǐ ǆǣƷȂȖ ǅȂȠǼǌ ǦȖ ǐȖȝƷǅǶǦȖǣǐǌ ǜȓȂǻ Ǧȝ ȠǼǌǐȓ ȖȠǦȝƷǅǶǐ ǆȂǼǌǦȝǦȂǼॽ

ॴ $ǦȓȖȝॶ ЖǼǌ ȝǣǐ ǌȂǻƷǦǼ Ȃǜ ƷǼƷǶΞȝǦǆǦȝΞ Ȃǜ ȝǣǐ ǆȂȓȓǐǶƷȝȂȓFβ ΘǣǐǼ ȝǦǻǐ ti ǦȖ ƷǼƷǶΞȝǦǆƷǶǶΞ ǆȂǼȝǦǼৄ

Ƞǐǌ ǜȓȂǻ t → t+ iτ ॽ $Ȃȓ ǝǐǼǐȓǦǆ ǼৄȏȂǦǼȝ ǆȂȓȓǐǶƷȝȂȓ Ǧȝ ǦȖ ƷǼ ƷȖΞǻǻǐȝȓǦǆ ǣƷǶǜৄȖȝȓǦȏॽ

ॴ CǐΝȝॶ ЖǼǌ ƷǼ ƷȏȏȓȂȏȓǦƷȝǐ ǼȂȓǻƷǶǦΣƷȝǦȂǼ ǜƷǆȝȂȓNβ ॶ ȖȠǆǣ ȝǣƷȝ g(t) = Fβ/N' ≤ 1 ȂǼ ȝǣǐ

ƷǼƷǶΞȝǦǆ ǌȂǻƷǦǼॽ bǣǦȖ Ȗȝǐȏ ǼǐǐǌȖ ǆǐȓȝƷǦǼ ƷǻȂȠǼȝ Ȃǜ ǆƷȓǐॶ Θǐ ΘȂȠǶǌ ǌǦȖǆȠȖȖ ȝǣƷȝ ǦǼ ǌǐȝƷǦǶȖॽ

ॴ $ǦǼƷǶǶΞॶ [ǆǣΘƷȓΣৄUǦǆǴ ȝǣǐȂȓǐǻ ǦȖ ȠȖǐǌ ȝȂ ȏȠȝ Ʒ ǅȂȠǼǌ ȂǼ ȝǣǐ ǝȓȂΘȝǣ Ȃǜ ȝǣǐ ǆȂȓȓǐǶƷȝȂȓ Ʒȝ ǶƷȝǐ

ऄं



ȝǦǻǐȖॽ sǐ ЖǼǌ ȝǣƷȝॶ

d

dt
|g|< (1− |g|)λl ঳ंॽँॽअ঴

sǐ ЖǼǌ ȝǣƷȝ λl ǦȖ ǦǼΗǐȓȖǐǶΞ ȏȓȂȏȂȓȝǦȂǼƷǶ ȝȂ ȝǣǐ ΘǦǌȝǣ ঳∆s঴ Ȃǜ ȝǣǐ ƷȖΞǻǻǐȝȓǦǆ ȖȝȓǦȏॶ

λl ≤
π

∆s
঳ंॽँॽआ঴

ॴ bǣǐ ঳ंॽँॽअ঴ ǦȖ ȝȓȠǐ ǜȂȓ Ʒ ǶƷȓǝǐ ǆǶƷȖȖ Ȃǜ ȝǣǐȂȓǦǐȖॶ ΘǣǐȓǐƷȖ ȝǣǐ ǆǣƷȂȖ ǅȂȠǼǌ ǦȖ ǌǐȓǦΗǐǌ ȠǼǌǐȓ ȝǣǐ

ǆȂǼǌǦȝǦȂǼ ȝǣƷȝ ǆȂȓȓǐǶƷȝȂȓȖ ǣƷȖ ƷǼ ǐΝȏƷǼȖǦȂǼ ǦǼ Ʒ ȖǻƷǶǶ ȏƷȓƷǻǐȝǐȓ εॽ sǐ ƷȖȖȠǻǐॶ

g(t) ∼ go − εeλtg1(t), ঳ंॽँॽइ঴

Θǣǐȓǐ ǦǻȏȂȓȝƷǼȝǶΞ ε ǦȖ Ʒ ȖǻƷǶǶ ȒȠƷǼȝǦȝΞॽ $Ȃȓ ǐΝƷǻȏǶǐ ǦǼ Ʒ ǶƷȓǝǐৄN ȝǣǐȂȓΞॶ ε ǦȖ ȝǣǐ ȖȝȓǦǼǝ ǆȂȠৄ

ȏǶǦǼǝ 1
N2 ॽ UȠȝȝǦǼǝ ȝǣǐ ƷǅȂΗǐ ǦǼ ঳ंॽँॽअ঴ ƷǼǌ ƷȖȖȠǻǦǼǝ Ʒ ǅȂȠǼǌƷȓΞ ǆȂǼǌǦȝǦȂǼ Ʒȝ ȖȂǻǐ ǦǼǦȝǦƷǶ

ȝǦǻǐ tiॶ g(ti) = 1ॶ Θǐ Ȗǐǐ ȝǣƷȝ ȝǣǐ ǅȂȠǼǌ ǅǐǆȂǻǐȖ Ʒ ǅȂȠǼǌ ȂǼ =ΞƷȏȠǼȂΗ ǦǼǌǐΝ ǦǼ Ʒ ȝǦǻǐ

ȖǆƷǶǐ ǌǐȝǐȓǻǦǼǐǌ ǅΞ ȝǣǐ ǆȂǼǌǦȝǦȂǼ dg1
dt ≤ λg1 bǣǐ ǅȂȠǼǌƷȓΞ ǆȂǼǌǦȝǦȂǼ ǦǻȏǶǦǐȖFβ ∼ N' Ʒȝ

t ∼ tiॽ

$Ȃȓ Ʒ ǶƷȓǝǐৄN ȝǣǐȂȓΞ ΘǦȝǣ ǌǦȖȖǦȏƷȝǦȂǼॶ ȝǣǐ ǦǼǦȝǦƷǶ ȝǦǻǐ ȖǆƷǶǐ ǆȂȠǶǌ ǅǐ ȝƷǴǐǼ ƷȖ ȝǣǐ ǌǦЍȠȖǦȂǼ ȝǦǻǐ

ȖǆƷǶǐॶ Ǧॽǐॽ ti ∼ tdॽ /Ǽ Ʒ ǶƷȓǝǐৄN ȝǣǐȂȓΞ Θǐ ǆƷǼ ΘȓǦȝǐॶ

g(t) ∼ g0(t)−
1

N2
g1(t). ঳ंॽँॽई঴

sǣǐȓǐ g0(t) ƷȏȏȓȂƷǆǣǐȖ Ʒ ǆȂǼȖȝƷǼȝ go ǜȂȓ Ʒ ȝǦǻǐ ȖǆƷǶǐ t + tdॶ Ǧॽǐॽॶ

g0(t) ∼ go + o(e
− t

td ). ঳ंॽँॽऀࣿ঴

HǼ ȝǣǐ Ȃȝǣǐȓ ǣƷǼǌॶ g1(t) ǝȓȂΘȖ ǐΝȏȂǼǐǼȝǦƷǶǶΞॶ g1(t) ∼ exp(λt)ॽ bǣǐ ȏǐȓȝȠȓǅƷȝǦΗǐ ǐΝȏƷǼȖǦȂǼ

ǅȓǐƷǴȖ ǌȂΘǼ ΘǣǐǼ λt ∼ log(N)ॽ

ऄः



ं৷ँ৷ऀ �ԀӸҷӢӹ Ԁә ҷӹҷӲԮԚӢӅӢԚԮ

�ȂǻƷǦǼ Ȃǜ ƷǼƷǶΞȝǦǆǦȝΞ ȏǶƷΞȖ ƷǼ ǦǻȏȂȓȝƷǼȝ ȓȂǶǐ ǦǼ ǌǐЖǼǦǼǝ ȝǣǐ ǶƷȓǝǐ ȝǦǻǐ ǅǐǣƷΗǦȂȓ Ȃǜ ȝǣǐ HbH�Ȗॶ

ƷȖ Ǧȝ ǌǦǆȝƷȝǐȖ ȝǣǐ ǅȂȠǼǌ Ȃǜ ȝǣǐ ǆȂȓȓǐǶƷȝȂȓȖॽ bǣǐ ȒȠǐȖȝǦȂǼ ǦȖॶ ȂǼǆǐ ƷǼƷǶΞȝǦǆƷǶǶΞ ǆȂǼȝǦǼȠǐǌ ȝȂ ǆȂǻȏǶǐΝ

ȝǦǻǐ ΗƷȓǦƷǅǶǐȖ t → t + iτ ॶ ΘǣƷȝ ǦȖ ȝǣǐ ǌȂǻƷǦǼ ȂǼ ΘǣǦǆǣ ȝǣǐ ǆȂȓȓǐǶƷȝȂȓ ǦȖ ΘǐǶǶ ǌǐЖǼǐǌॽ bȂ ǐΗƷǶȠƷȝǐ

ȝǣƷȝॶ Ƕǐȝ৚Ȗ ȓǐৄǐΝȏȓǐȖȖFβ ǦǼ ঳ंॽँॽऀ঴ ǅΞ ǦǼȝȓȂǌȠǆǦǼǝ ǌǦǻǐǼȖǦȂǼǶǐȖȖ ȒȠƷǼȝǦȝǦǐȖ αi = βi/βॶ ƷǼǌ ȠȖǦǼǝ

,ǐǦȖǐǼǅǐȓǝ ȏǦǆȝȠȓǐ Θǐ ǆƷǼ ǐΝȏȓǐȖȖ ƷǼƷǶΞȝǦǆƷǶǶΞ ǆȂǼȝǦǼȠǐǌFβ(t+ iτ,αi) ǆȂȓȓǐǶƷȝȂȓ ƷȖॶ

Fβ(t+ iτ,αi) = Tr
[
ρ(α1−

ωn,1
β τ)V1(t1)ρ

(α2−
ω1,2
β τ)V2(t2)ρ

(α3−
ω2,3
β τ) . . . ρ(αn−

ωn−1,n
β τ)Vn(tn)

]

঳ंॽँॽऀऀ঴

Θǣǐȓǐॶ ωi,j = ωi − ωj ॽ

�ΝȏȓǐȖȖǦǼǝ ȝǣǐ ȝȓƷǆǐ ǦǼ ȝǣǐ ǐǼǐȓǝΞ ǅƷȖǦȖॶ

Fβ (t+ iτ,αi) =
∑

m1,m2,···,mn

e−βEm1 (α1−
ωn,1
β τ)v(1)m1,m2

e−βEm2 (αi−
ω1,2
β τ)v(2)m2,m3

· · ·

· · · v(n−1)
mn−1,mn

e−βEmn (αn−
ωn−1,n

β τ)v(n)mn,m1
঳ंॽँॽऀँ঴

Θǣǐȓǐॶ v(i)a,b Ʒȓǐ ȝǣǐ ǻƷȝȓǦΝ ǐǶǐǻǐǼȝȖ Ȃǜ Vi(ti) ȂȏǐȓƷȝȂȓॽ [ǦǼǆǐॶ ǐǼǐȓǝǦǐȖEa Ʒȓǐ ǅȂȠǼǌǐǌ ǜȓȂǻ ǅǐǶȂΘ

ǜȂȓ ȏǣΞȖǦǆƷǶǶΞ ȖǐǼȖǦǅǶǐ ȝǣǐȂȓǦǐȖॶ ȝǣǐ ƷǅȂΗǐ ȖȠǻǻƷȝǦȂǼȖ Ʒȓǐ ǆȂǼΗǐȓǝǐǼȝ ƷȖ ǶȂǼǝ ƷȖ ȝǣǐ ǆȂǐАǆǦǐǼȝ ǻȠǶৄ

ȝǦȏǶΞǦǼǝEa Ʒȓǐ ȏȂȖǦȝǦΗǐॽ sǣǐǼ ȖȂǻǐ ǆȂǐАǆǦǐǼȝॶ ȖƷΞॶ ΘǦȝǣȂȠȝ ǶȂȖȖ Ȃǜ ǝǐǼǐȓƷǶǦȝΞ α1 − ωn,1τ = 0ॶ

ȝǣǐǼ ȝǣǐ ƷǅȂΗǐ ǐΝȏȓǐȖȖǦȂǼ ǅǐǆȂǻǐȖॶ

Fβ(t+ iτ,αi) =
∑

m2···,mn

∑

m1

(
v(1)m1,m2

v(n)mn,m1

)
e−βEm2(αi−

ω1,2
β τ)v(2)m2,m3

· · ·

· · · v(n−1)
mn−1,mn

e−βEmn(αn−
ωn−1,n

β τ). ঳ंॽँॽऀं঴

CȂΘ ȝǣǐ ȖȠǻǻƷȝǦȂǼ
∑

m1
v(n)mn,m1v

(1)
m1,m2 ǦȖ ǼȂȝ ǼǐǆǐȖȖƷȓǦǶΞ ǆȂǼΗǐȓǝǐǼȝ ƷȖ Ǧȝ ǶƷǆǴȖ ȝǣǐ ǌƷǻȏǦǼǝ ǜƷǆৄ

ȝȂȓ∼ e−#Em1 ǜȂȓ ǣǦǝǣǐȓ ΗƷǶȠǐȖ Ȃǜm1
૶ॽbǣǐȓǐǜȂȓǐ ȝǣǐ ǆȂȓȓǐǶƷȝȂȓ ǦȖ ΘǐǶǶ ǌǐЖǼǐǌ ƷȖ ǶȂǼǝ ƷȖ ȝΘȂ

ǼǐǦǝǣǅȂȠȓǦǼǝ ȂȏǐȓƷȝȂȓȖ Vi(ti)ॶ Vi+1(ti+1) ǌȂǼ৚ȝ ǆȂǶǶǦǌǐ ΘǦȝǣ ǐƷǆǣ Ȃȝǣǐȓ ƷǶȂǼǝ ȝǣǐ ȝǣǐȓǻƷǶ ǆǦȓǆǶǐ
૶,ǐȓǐ Θǐ ǣƷΗǐ ƷȖȖȠǻǐǌ ǌǦȖǆȓǐȝǐ ȖȏǐǆȝȓȠǻ Ȃǜ ȝǣǐ ,ƷǻǦǶȝȂǼǦƷǼॶ ǅȠȝ ȖǦǻǦǶƷȓ ƷȓǝȠǻǐǼȝ ΘǦǶǶ ǣȂǶǌ Ǧǜ Θǐ ǆȂǼȖǦǌǐȓ ǆȂǼȝǦǼৄ

ȠȂȠȖ ȖȏǐǆȝȓȠǻ ƷȖ ΘǐǶǶॽ

ऄऄ



঳ȝǣǐΞ Ǽǐǐǌ ǼȂȝ ǅǐ Ʒȝ ǐȒȠƷǶ ȝǦǻǐȖ঴ॶ ƷǼǌ ȝǣƷȝ ǌǦǆȝƷȝǐȖ ȝǣǐ ǌȂǻƷǦǼ Ȃǜ ƷǼƷǶΞȝǦǆǦȝΞॽ sǐ ЖǼǌ ȝǣƷȝ ȝǣǐ ǌȂৄ

ǻƷǦǼ ǦȖ ǝǦΗǐǼ ǅΞॶ

τ− = ǻǦǼॽ
{
αjβ

ωj,j−1

}
< τ < ǻǦǼॽ

{
αiβ

ωi−1,i

}
= τ+ ঳ंॽँॽऀः঴

�ǣȂȂȖǦǼǝ ti = 0 ȝȓƷǼȖǶƷȝǐȖ ȝȂ ǣƷΗǦǼǝ ȂǼǐ ωi = 0ॶ ȖȂ ȝǣǐ ƷǅȂΗǐ ǐȒȠƷȝǦȂǼ ǦȖ ǝȠƷȓƷǼȝǐǐǌ ȝȂ ǣƷΗǐ

ȖȂǶȠȝǦȂǼȖ ƷǼǌ ǣǐǼǆǐFβ ǦȖ ƷǼƷǶΞȝǦǆ ȂǼ Ʒ ǣƷǶǜৄȖȝȓǦȏD = (0,∞)× i(−τ−, τ+)ॽ

/ȝ ȖǣȂȠǶǌ ǅǐ ǻǐǼȝǦȂǼǐǌ ȝǣƷȝ ȝǣǦȖ ǦȖ ȝǣǐ ǻǦǼǦǻȠǻ ȏȂȖȖǦǅǶǐ ǌȂǻƷǦǼ Ȃǜ ƷǼƷǶΞȝǦǆǦȝΞॽ �ǐȏǐǼǌǦǼǝ ȂǼ

ȝǣǐ ǻȂǌǐǶॶ ȝǣǐ ƷǆȝȠƷǶ ǌȂǻƷǦǼ ǆȂȠǶǌ ǅǐ ǻȠǆǣ ǅǦǝǝǐȓॽ /ȝ ǦȖ ǐΝȏǐǆȝǐǌ ȝǣƷȝ ǦǼ Ʒ ǦǼȝǐǝȓƷǅǶǐ ǻȂǌǐǶ ȝǣǐ

ǌȂǻƷǦǼ ΘȂȠǶǌ ǅǐ ǻȠǆǣ ΘǦǌǐȓॽ

ं৷ँ৷ँ CԀԏӸҷӲӢԲҷԚӢԀӹ әҷӅԚԀԏ

bǣǐ ǌǐȓǦΗƷȝǦȂǼ Ȃǜ ǆǣƷȂȖ ǅȂȠǼǌ ȝǣȓȂȠǝǣ ȝǣǐ ƷȏȏǶǦǆƷȝǦȂǼ Ȃǜ [ǆǣΘƷȓΣৄUǦǆǴ ȝǣǐȂȓǐǻॶ ǌǐǻƷǼǌȖ Ʒ ǜȠǼǆৄ

ȝǦȂǼ ǅȂȠǼǌǐǌ ǅΞ ȠǼǦȝΞ ȂǼ ȝǣǐ ǌȂǻƷǦǼDॽ bǣǦȖ ǻǐƷǼȖFβ ǼǐǐǌȖ ȝȂ ǅǐ ȏȓȂȏǐȓǶΞ ǼȂȓǻƷǶǦΣǐǌ ǅΞ ǌǦৄ

ΗǦǌǦǼǝ Ǧȝ ΘǦȝǣ Ʒ ǼȂȓǻƷǶǦΣƷȝǦȂǼ ǜƷǆȝȂȓॽ bǣǐ ǼȂȓǻƷǶǦΣƷȝǦȂǼ ǜƷǆȝȂȓ ǆƷǼ ǅǐ ǆǣȂȖǐǼ ȝȂ ǅǐ ǝȓǐƷȝǐȓ ȝǣƷǼ

ȝǣǐ ǻƷΝǦǻƷ ȂǜFβ ȂǼ ǌȂǻƷǦǼD ΘǣǦǆǣ ǦȖ ЖǼǦȝǐ ƷǼǌ ǦǼǌǐȏǐǼǌǐǼȝ Ȃǜ z ∈ D ǆȂȂȓǌǦǼƷȝǐȖॽ /Ǽ ƷǼ ȠǼৄ

ǅȂȠǼǌǐǌ ǌȂǻƷǦǼ ȠȖǦǼǝ UǣȓƷǝǻǑǼৄ=ǦǼǌǐǶȆǜ ȏȓǦǼǆǦȏǶǐॶ ƷǶǶ ȂǼǐ ǼǐǐǌȖ ȖǣȂΘ ȝǣƷȝ ȝǣǐ ǜȠǼǆȝǦȂǼFβ ǦȖ

ǅȂȠǼǌǐǌ ǅΞ ȠǼǦȝΞ ȂǼ ȝǣǐ ǅȂȠǼǌƷȓΞ ƷǼǌ ǦȖ ǅȂȠǼǌǐǌ ǅΞ Ʒ ǆȂǼȖȝƷǼȝNβ ǦǼ ȝǣǐ ǦǼȝǐȓǦȂȓॽ $Ȃȓ ȠȖ ȝǣǐ ȠǼৄ

ǅȂȠǼǌǐǌ ǌȂǻƷǦǼ ǦȖ ƷǼ ƷȖΞǻǻǐȝȓǦǆ ǣƷǶǜৄȖȝȓǦȏ Ȃǜ ΘǦǌȝǣ∆s ƷǼǌ3(z) > tdॶ ȝǣǐǼ UǣȓƷǝǻǑǼৄ=ǦǼǌǐǶȆǜ

ȏȓǦǼǆǦȏǶǐ঳ফइऄॶ इअব঴ ǼǐǐǌȖ ȝǣƷȝ ȝǣǐ ǜȠǼǆȝǦȂǼ ǦǼ ȝǣǐ ǦǼȝǐȓǦȂȓ ȝȂ ǅǐ ǶǐȖȖ ȝǣƷǼ exp
(
exp
(

π
∆s

3(z)
))

ॶ Ǧॽǐ

Ǧǜ ȝǣǐ ǆȂǼȖȝƷǼȝNβ < exp
(
exp
(

π
∆s

t0
))

ȝǣǐǼ |Fβ| ≤ 1 ǦǼ ȝǣǐ ǐǼȝǦȓǐ ǌȂǻƷǦǼॽ

�Ȗ Θǐ ΘǦǶǶ ǌǦȖǆȠȖȖ Ʒȝ ȝǣǐ ǐǼǌ Ȃǜ ȝǣǦȖ ȖǐǆȝǦȂǼॶ ȝǣǐȓǐ ǆȂȠǶǌ ǅǐ ȖȂǻǐ ȖȠǅȝǶǐȝǦǐȖ ȂǼ ǣȂΘ ǅǦǝC ǆȂȠǶǌ

ǅǐॽ bǣǦȖ ǦȖȖȠǐ ǦȖ ǌǦЍǐȓǐǼȝ ǜȓȂǻ ȝǣǐ ǦȖȖȠǐ Ȃǜ ȝǣǐ Ȃȓǌǐȓ Ȃǜ ǼȂȓǻƷǶǦΣƷȝǦȂǼ ǆȂǼȖȝƷǼȝ ƷǼǌ ΘǣǐǼ ঳ंॽँॽआ঴

ǆȂȠǶǌ ǅǐ ǦǼȝǐȓȏȓǐȝǐǌ ƷȖ Ʒ ǅȂȠǼǌ ȂǼ ȝǣǐ ǶΞƷȏȠǼȂΗ ǦǼǌǐΝॶ ǌǦȖǆȠȖȖǐǌ ǦǼ ȝǣǐ ǅǐǝǦǼǼǦǼǝ Ȃǜ ȝǣǐ ǆǣƷȏȝǐȓॽ

/ǜ ȂǼǐ ǦȖ ǌȂǐȖ ǼȂȝ Ǽǐǐǌ ȝȂ ǅǐ ǆƷȓǐǜȠǶ ƷǅȂȠȝ ȝǣǦȖ ǆȂǼȖȝƷǼȝC ȝǣǐǼ ȂǼǐ ǆƷǼ ȖǦǻȏǶΞ ȠȖǐ ȝǣǐ ǻǐȝǣȂǌȖ Ȃǜ

ƷȏȏǐǼǌǦΝ ंॽऄॽं ȝȂ ȏȠȝ Ʒ ǅȂȠǼǌ ȂǼ ȝǣǐ ǆȂȓȓǐǶƷȝȂȓȖ ȝȂ ǅȂȠǼǌ Ʒ ǆȂȓȓǐǶƷȝȂȓ ǅΞ Ʒ ȏȓȂǌȠǆȝ Ȃǜ ǆȂȓȓǐǶƷȝȂȓȖ

ǌǐЖǼǐǌ Ʒȝ Ʒ ǣǦǝǣǐȓ ȝǐǻȏǐȓƷȝȠȓǐॽ /Ǽ ȝǣǐ ǻƷǦǼ ȝǐΝȝॶ Θǐ ΘǦǶǶ ǌǦȖǆȠȖȖ Ʒ ǌǦЍǐȓǐǼȝ ǻǐȝǣȂǌ ƷǼǌ ȏȓȂȏȂȖǐ Ʒ

ȏȂȖȖǦǅǶǐ ǅȂȠǼǌ ȂǼ ǆȂȓȓǐǶƷȝȂȓȖ ǅΞ Ʒ ȏȓȂǌȠǆȝ Ȃǜ ȒȠƷǼȝǦȝǦǐȖ ǌǐЖǼǐǌ Ʒȝ ȝǣǐ ȖƷǻǐ ȝǐǻȏǐȓƷȝȠȓǐॽ

bȂ ЖǼǌ ȖȠǆǣ Ʒ ǅȂȠǼǌॶ Θǐ ЖȓȖȝ ǶȂȂǴ ƷȝFβ Ʒȝ (t, τ±) ǅȂȠǼǌƷȓǦǐȖॽ �ȝ ȝǣǐȖǐ ǅȂȠǼǌƷȓǦǐȖॶ ȂȏǐȓƷȝȂȓȖ

ऄअ



ǣǦȝ ǐƷǆǣ Ȃȝǣǐȓ ȂǼ ȝǣǐ ȝǣǐȓǻƷǶ ǆǦȓǆǶǐ ƷǼǌ Θǐ ǣƷΗǐ ΗƷȓǦȂȠȖ ȖǆǐǼƷȓǦȂ Ȃǜ ȝǣƷȝ ǣƷȏȏǐǼǦǼǝॶ

ॴ ЖȓȖȝ ȂǼǶΞ ȝΘȂ ȂȏǐȓƷȝȂȓȖ ȖƷΞ Vk, Vk+1 ǣǦȝ ǐƷǆǣ Ȃȝǣǐȓ ȝǣǐǼॶFβ ǦȖ Ȃǜ ȝǣǐ ǜȂȓǻॶ

Fβ (t+ iτ±,αi) = Tr
[
ρb

±
1 V1(t1)ρ

b±2 V2(t2) . . .
(
ρb

±
k Vk(tk)Vk+1(tk+1)ρ

b±k+2

)
. . . ρb

±
n Vtn

]
.

঳ंॽँॽऀऄ঴

Θǣǐȓǐॶ

b±i = αi ±
ωi−1,i

β
τ± ঳ंॽँॽऀअ঴

ƷǼǌ ȖȂǻǐ b±k+1 = 0ॽ /ȝ ǦȖ ǼȂȝ ǼǐǆǐȖȖƷȓΞ ȝǣƷȝ ȖƷǻǐ ȝΘȂ ȂȏǐȓƷȝȂȓȖ ǣǦȝ ǐƷǆǣ Ȃȝǣǐȓ ȂǼ ȂǼ Ƞȏȏǐȓ

ƷǼǌ ǶȂΘǐȓ ǅȂȠǼǌƷȓΞ Ȃǜ ȝǣǐ ȖȝȓǦȏॽ

ॴ BƷǼΞ ǌǦЍǐȓǐǼȝ ȏƷǦȓȖ Ȃǜ ȂȏǐȓƷȝȂȓȖ ǣǦȝ ǐƷǆǣ Ȃȝǣǐȓ

Fβ (t+ iτ±,αi) = Tr
[
ρb

±
1 V1(t1)ρ

b±2 V2(t2) . . .
(
ρb

±
k Vk(tk)Vk+1(tk+1)ρ

b±k+2

)

. . .
(
ρb

±
j Vk(tj)Vj+1(tj+1)

)
. . . ρb

±
n Vtn

]
঳ंॽँॽऀआ঴

ƷǼǌ Ʒ ȝǣǦȓǌ ȖǆǐǼƷȓǦȂ Θǣǐȓǐ ǻȂȓǐ ȝǣƷǼ ȝΘȂ ȂȏǐȓƷȝȂȓȖ ǣǦȝȝǦǼǝ ǐƷǆǣ Ȃȝǣǐȓॶ ΘǣǦǆǣ ǆƷǼ ǅǐ ƷΗȂǦǌǐǌ ǅΞ

ȖǶǦǝǣȝǶΞ ǆǣƷǼǝǦǼǝ ȝǣǐ ȓǐǝȠǶƷȝǦȂǼ Ȗǆǣǐǻǐॶ ǅȠȝ ǼȂȝ ǆǣƷǼǝǦǼǝ ȝǣǐ ǌȂǻƷǦǼ Ȃǜ ƷǼƷǶΞȝǦǆǦȝΞॽ bǣǐȓǐǜȂȓǐ Ǧȝ ǦȖ

ȖȠАǆǦǐǼȝ ȝȂ ǆȂǼȖǦǌǐȓ ȝǣǐ ȖǐǆȂǼǌ ȖǆǐǼƷȓǦȂ ঳ंॽँॽऀआ঴ ƷȖ ȝǣǐ ǻȂȖȝ ǝǐǼǐȓƷǶ ǆƷȖǐॽ

[ȠȏȏȂȖǐ δ ǦȖ ȝǣǐ ȖǻƷǶǶǐȖȝ ȏȂȖǦȝǦΗǐ ǌǦȖȝƷǼǆǐ ǅǐȝΘǐǐǼ ȝΘȂ ǼǐǦǝǣǅȂȠȓǦǼǝ ȂȏǐȓƷȝȂȓȖॶ Ǧॽǐ ǻǦǼॽ b±i > 0ॶ

ȝǣǐǼ Ǧǜ Θǐ ǆǣȂȂȖǐ ȖȂǻǐ ǼȠǻǅǐȓ k ȖȠǆǣ ȝǣƷȝ

1

2k
≤ δ ঳ंॽँॽऀइ঴

ȝǣǐǼ Θǐ ǆƷǼ ǐΝȏȓǐȖȖ ȝǣǐ ǆȂȓȓǐǶƷȝȂȓFβ(t± iτ±,αi) ƷȖ

Fβ = Tr




2k∏

i=1

Mi



 ঳ंॽँॽऀई঴

ऄआ



ΘǣǐȓǐMi ǆȂȠǶǌ ǣƷΗǐ ǜȂǶǶȂΘǦǼǝ ǜȂȓǻȖॶ

Mi =






ρ
1
2k ঳ंॽँॽँࣿ঴

ρ
1
2k

−ηVi(ti)ρ
η ঳ंॽँॽँऀ঴

ρ
1
2k

−η′Vi(ti)Vi+1(ti+1)ρ
η′ ঳ंॽँॽँँ঴

Θǣǐȓǐ η, η′ Ʒȓǐ ȖȂǻǐ ȏȂȖǦȝǦΗǐ ǼȠǻǅǐȓȖ ǶǐȖȖ ȝǣƷǼ 1
/
2k ॽ eȖǦǼǝ ȝǣǐ ȝȓƷǆǐ ǦǼǐȒȠƷǶǦȝΞ ǦǌǐǼȝǦȝΞ ǜȂȓ ȏȓȂǌৄ

Ƞǆȝ Ȃǜ 2k ǻƷȝȓǦǆǐȖ঳ȏȓȂȂǜ ǦȖ ǝǦΗǐǼ ǦǼ ंॽऄॽं঴ॶ

|Fβ|=

∣∣∣∣∣∣
Tr




2k∏

i=1

Mi





∣∣∣∣∣∣
≤

2k∏

i=1

[
Tr(Mi)

2k
]1/2k

঳ंॽँॽँं঴

Θǐ ǆƷǼ ȏȠȝ Ʒ ǅȂȠǼǌ ȂǼFβ঳ǌǦƷǝȓƷǻǻƷȝǦǆ ǌǐǻȂǼȖȝȓƷȝǦȂǼ ǦȖ ǦǼ ंॽँ঴

|Fβ(t± iτ±,αi)| ≤
∏

i ∈ ǦȖȂǶƷȝǐǌ Ȃȏॽ

[
Tr
(
ρ(

1
2k−1−2ηi)Viρ

(2ηi)Vi

)2k−1
]1/2k

×
∏

j ∈ ǆȂǶǶǦǌǦǼǝ Ȃȏॽ

[
Tr
(
ρ(

1
2k−1−2ηj)Vj(tj)Vj+1(tj+1)ρ

(2ηj)Vj+1(tj+1)Vj(tj)
)2k−1

]1/2k

঳ंॽँॽँः঴

ȝȓƷǆǐ Ȃǜ ȂȏǐȓƷȝȂȓȖMi Ȃǜ ȝǣǐ ǜȂȓǻ ঳ंॽँॽँࣿ঴ ΘǦǶǶ ǅǐ ǱȠȖȝ ȂǼǐॶ ǣǐǼǆǐ ǦǝǼȂȓǐǌॽ /ǼǌǐΝ i ȓȠǼȖ ȂΗǐȓ ǦȖȂǶƷȝǐǌ

ȂȏǐȓƷȝȂȓ ǦǼȖǐȓȝǦȂǼȖ Ȃǜ ȝǣǐ ǜȂȓǻ ঳ंॽँॽँऀ঴ॶ ƷǼǌ ȝǣǐȖǐ ȝȓƷǆǐȖ Ʒȓǐ ǦǼǌǐȏǐǼǌǐǼȝ Ȃǜ ȝǦǻǐॽ/ǼǌǐΝ j ȓȠǼȖ ȂΗǐȓ

ƷǶǶ ǆȂǶǶǦǌǦǼǝ ȂȏǐȓƷȝȂȓȖ Ȃǜ ȝǣǐ ǜȂȓǻ ঳ंॽँॽँँ঴ॽॶ ƷǼǌ Θǐ ǐΝȏǐǆȝ ȝǣǐǻ ȝȂ ǅǐ ЖǼǦȝǐ ǌȠǐ ȝȂ ǌǦЍȠȖǦȂǼॽ $Ȃȓ Ʒ

ȝǦǻǐ tǻȠǆǣ ǝȓǐƷȝǐȓ ȝǣƷǼ ǌǦȖȖǦȏƷȝǦȂǼ ȝǦǻǐ tdॶ Θǐ ǣƷΗǐ ǜȂǶǶȂΘǦǼǝ ȝǣǐȓǻƷǶ ǜƷǆȝȂȓǦΣƷȝǦȂǼ ঳ΘǦȝǣ Ʒ ȏȂȖȖǦৄ

ǅǶǐ ǐȓȓȂȓ ε঴ॶ

[
Tr
(
ρ(

1
2k−1−2ηj)Vj(tj)Vj+1(tj+1)ρ

(2ηj)Vj+1(tj+1)Vj(tj)
)2k−1

]

≈
[
Tr
(
ρ(

1
2k−1−2ηj)Vjρ

2ηjVj

)2k−1
]
×
[
Tr
(
ρ(

1
2k−1−2ηj)Vj+1ρ

2ηjVj+1

)2k−1
]
+ ε, ঳ंॽँॽँऄ঴

ΘǣǦǆǣ ǦȖ Ʒ ȝǦǻǐ ǦǼǌǐȏǐǼǌǐǼȝ ȒȠƷǼȝǦȝΞॽ ,ǐǼǆǐॶ |Fβ| ȂǼ ȝǣǐ ǅȂȠǼǌƷȓΞ ǦȖ ǅȂȠǼǌǐǌ ǅΞ Ʒ ȝǦǻǐ ǦǼǌǐȏǐǼৄ

ऄइ



ǌǐǼȝ ǆȂǼȖȝƷǼȝॶ

Nβ ≡
∏

i∈ ƷǶǶ ȂȏȖॽ

[
Tr
(
ρ

1
2k−1−2ηjVjρ

2ηjVj

)2k−1
]1/2k

+ ε ঳ंॽँॽँअ঴

≤

1
2k

1
2k

1
2k

×

×

1
2k

× · · ·

Tr Tr Tr

TrTr×

Figure 3.2: Diagrammaঞc demonstraঞon: Top view of thermal circle, blue/red dots indicate operators at different ঞmes.

$Ȃȓ ƷǼΞ ȏȂǦǼȝ z = t + iτ ȖȝȓǦǆȝǶΞ ǦǼȖǦǌǐ ȝǣǐ ǌȂǻƷǦǼDॶ Ǧǜ Θǐ ȖȏǶǦȝ ȝǣǐ ȝǣǐȓǻƷǶ ǆǦȓǆǶǐ ǦǼȝȂ 2k

ȖǐǝǻǐǼȝȖ ΘǦȝǣ ȂȏǐȓƷȝȂȓȖM ′
i(z)ॶ ȖǦǻǦǶƷȓ ȝȂ ΘǣƷȝ ǦȖ ǌȂǼǐ ǦǼ ঳ंॽँॽऀई঴ॽ /ǜ ȝΘȂ ȂȏǐȓƷȝȂȓȖ ǆȂǶǶǦǌǐ ǦǼ ȝǣǐ

ǅȂȠǼǌƷȓΞ ȝǣǐǼ Θǐ Ǵǐǐȏ ȝǣǐǻ ǦǼ ȝǣǐ ȖƷǻǐ ȖǐǝǻǐǼȝॽ ,ǐȓǐॶ ȝǣǐ ǜȂȓǻ ȂǜM ′
i(z)৚Ȗ ΘǦǶǶ ǅǐ ȖǦǻǦǶƷȓ ȝȂMi

ǅȠȝ ǦǼ ȝǣǐ ȝǣǦȓǌ ǶǦǼǐ ঳ंॽँॽँँ঴ Θǐ ΘǦǶǶ ǼȂΘ ǣƷΗǐ ȖȂǻǐ ȏȂΘǐȓ Ȃǜ ρ ǦǼȖǐȓȝǐǌ ǅǐȝΘǐǐǼ ȝǣǐ ȝΘȂ ǆȂǶǶǦǌǦǼǝ

ȂȏǐȓƷȝȂȓȖॽ $Ȃȓ Ȃȝǣǐȓ ǆƷȖǐ ঳ंॽँॽँऀ঴ॶ ȂǼǶΞ ȝǣǐ ǦǼȖǐȓȝǦȂǼ Ȃǜ ρΘǦǶǶ ǅǐ ǌǦЍǐȓǐǼȝ ǜȓȂǻ ȝǣƷȝ ǦǼ ȝǣǐ ǅȂȠǼǌৄ

ƷȓΞॶ ΘǣǐȓǐƷȖM ′
i ॶȝǣǐ ȂȏǐȓƷȝȂȓ ǦȝȖǐǶǜॶ ΘȂȠǶǌ ǅǐ ǦǼǌǐȏǐǼǌǐǼȝ Ȃǜ ȝǣǐ ȓǐƷǶ ȏƷȓȝ Ȃǜ ȝǦǻǐ ঳t঴ॽ

CȂΘ ǦǼ ǅȂȝǣ Ȃǜ ǆƷȖǐȖ ȝǣǐ ȓƷȝǦȂȖ ǅǐȝΘǐǐǼM ′
i(z) ƷǼǌMi ǦȖ ȂǼǶΞ Ʒ ǜȠǼǆȝǦȂǼ Ȃǜ τ ƷǼǌ ǦȖ Ȃǜ Ȃȓǌǐȓ

ȂǼǐॽ bǣǐȓǐǜȂȓǐ �ȏȏǶΞǦǼǝ UǣȓƷǝǻǑǼৄ=ǦǼǌǐǶȆǜ ȏȓǦǼǆǦȏǶǐ ঳ƷȖ ǌǦȖǆȠȖȖǐǌ ǦǼ ȝǣǐ ǅǐǝǦǼǼǦǼǝ Ȃǜ ȝǣǐ Ȗǐǆৄ

ȝǦȂǼ঴ Ǧǜ Θǐ ǼȂȓǻƷǶǦΣǐFβ(z)ΘǦȝǣNβ ॶ Ǧȝ ȖǣƷǶǶ ȓǐǻƷǦǼ ǅȂȠǼǌǐǌ ǅΞ ȠǼǦȝΞ ǦǼ ȝǣǐ ǐǼȝǦȓǐ ǌȂǻƷǦǼDॽ

/Ǽ ফँःব ƷȠȝǣȂȓȖ ǣƷΗǐ ȠȖǐǌ ȝǣǐ ǆȂǼȝȓƷǆȝǦǼǝ ȏȓȂȏǐȓȝǦǐȖ Ȃǜ y ȝȂ ǅȂȠǼǌ ȝǣǐ ǆȂȓȓǐǶƷȝȂȓȖॽ bǣǦȖ ȏȓȂৄ

ǆǐǌȠȓǐ ȓǐȖȠǶȝ ǦǼ ƷǼ HbH�ॶ Θǣǐȓǐ ȝǣǐ ȝȂȝƷǶ ȖȠǻ Ȃǜ ȝǣǐ ȏȂΘǐȓ Ȃǜ y ǦȖ ǶǐȖȖ ȝǣƷǼ 1ॽ bȂ ǐΝȏȓǐȖȖ ȖȠǆǣ Ʒ

ǆȂȓȓǐǶƷȝȂȓ ƷȖ Ʒ ȏȓȂǌȠǆȝ Ȃǜ ȝǣǐȓǻƷǶ ȒȠƷǼȝǦȝǦǐȖ Θǐ Ǽǐǐǌ ȝȂ ǦǼȝȓȂǌȠǆǐ ȓƷȝǦȂȖ Ȃǜ ȏƷȓȝǦȝǦȂǼ ǜȠǼǆȝǦȂǼȖ ǌǐৄ

ЖǼǐǌ ǦǼ ȝΘȂ ǌǦЍǐȓǐǼȝ ȝǐǻȏǐȓƷȝȠȓǐȖॽ $Ȃȓ ǐΝƷǻȏǶǐ ǦǼ ȝǣǐ ǆƷȖǐ Ȃǜ Ʒ ǶƷȓǝǐৄN ǝƷȠǝǐ ȝǣǐȂȓΞॶ ȝǣǦȖ ȓǐȖȠǶȝȖ

ǦǼ Ʒ ǅȂȠǼǌॶ ΘǣǦǆǣ ǦȖ Ȃǜ Ȃȓǌǐȓ eN2 ॽ ,ǐǼǆǐॶ ȝǐǆǣǼǦǆƷǶǶΞ ȖȏǐƷǴǦǼǝ ȝǣǐ ȏƷȓȝǦǆȠǶƷȓȖ Ȃǜ ȝǣǐ ȏȓȂȂǜ ǦȖ ȖȝȓǦǆȝǶΞ

ऄई



ΗƷǶǦǌ ǦǼ Ʒ ȝǦǻǐ ȖǆƷǶǐ Ȃǜ ȝǣǐ o(logN) + o(log(1/ε))ॽ /Ǽ Ʒ ǶƷȓǝǐৄN ǝƷȠǝǐ ȝǣǐȂȓΞ 1/ε ∼ N2ॽ bǣǦȖ ΗǦȓৄ

ȝȠƷǶǶΞ ǌȂȠǅǶǐȖ ȝǣǐ ȝǦǻǐ ȖǆƷǶǐॽ bȂ ǅǐ ǻǐǼȝǦȂǼǐǌ ǦȖ ȝǣƷȝ Ǧȝ ǦȖ ǼȂȝ ǐǼȝǦȓǐǶΞ ȠǼȓǐƷȖȂǼƷǅǶǐ ȝȂ ƷȖȖȠǻǐ ȝǣƷȝ

ǅȂȠǼǌǐǌ ǆȂȓȓǐǶƷȝȂȓȖ ȓǐǻƷǦǼ Ʒ o(1) ǼȠǻǅǐȓ ƷǼǌ ƷǆȝȠƷǶ ǅȂȠǼǌ ǦȖ ǻȠǆǣ ǶǐȖȖ ΘǣƷȝ ǣƷȖ ǅǐǐǼ ȏȓȂΗǐǌॽ

/ǜ ȂǼǐ ǦȖ ЖǼǐ ȝȂ ȠȖǐ ȝǣǐ ǆȂǼȝȓƷǆȝǦǼǝ ȏȓȂȏǐȓȝǦǐȖ Ȃǜ yॶ ȝǣǐǼ ȂǼǐ ǆƷǼ ȠȖǐ ȝǣǐ ǦǼǐȒȠƷǶǦȝΞ ǦǼ ȝǣǐ ƷȏȏǐǼǌǦΝ

ंॽऄॽं ȝȂ ǅȂȠǼǌ Ʒ ǆȂȓȓǐǶƷȝȂȓ ǅΞ Ʒ ȏȓȂǌȠǆȝ Ȃǜ ǆȂȓȓǐǶƷȝȂȓȖ ǌǐЖǼǐǌ Ʒȝ Ʒ ǣǦǝǣǐȓ ȝǐǻȏǐȓƷȝȠȓǐॽ

ं৷ँ৷ं �ԀԞӹӋ Ԁӹ ӚԏԀԫԚӟ Ԁә Ԛӟӏ ӅԀԏԏӏӲҷԚԀԏ

�ȂǼȝǦǼȠǦǼǝ ǜȓȂǻ ȝǣǐ ȏȓǐΗǦȂȠȖ ȖǐǆȝǦȂǼ g(t + iτ) = Fβ(t + iτ)/Nβ ǦȖ ƷǼ ƷǼƷǶΞȝǦǆ ǜȠǼǆȝǦȂǼ ƷǼǌ

|g(t + iτ)|≤ 1 ȂǼ ȝǣǐ ǣƷǶǜৄȖȝȓǦȏDॽ /Ǽ Ȃȓǌǐȓ ȝȂ ȠȖǐ [ǆǣΘƷȓΣৄUǦǆǴ ȝǣǐȂȓǐǻ Θǐ ǆȂǼǜȂȓǻƷǶǶΞ ǻƷȏ g

ǜȓȂǻD ȝȂ Ʒ ȠǼǦȝ ǌǦȖǴ ǦǼ ǆȂǻȏǶǐΝ ȏǶƷǼǐC ȠȖǦǼǝ ȝǣǐ ǜȂǶǶȂΘǦǼǝ ȝȓƷǼȖǜȂȓǻƷȝǦȂǼ

z =

1− sinh

[
π

(τ+ + τ−)

(
t+ iτ − i

(
τ+ − τ−

2

))]

1 + sinh

[
π

(τ+ + τ−)

(
t+ iτ − i

(
τ+ − τ−

2

))] . ঳ंॽँॽँआ঴

�ǅȂΗǐ ǻƷȏȏǦǼǝ ǦȖ ȖǣȂΘǼ ǦǼ Жǝॽ ंॽंॶ ǜȂȓ ঳τ+ = 2ॶ τ− = −1঴ॽ $ǦΝǐǌৄȝǦǻǐ ΗǐȓȝǦǆƷǶ ǶǦǼǐȖ Ʒȝ ǐƷȓǶΞ ȝǦǻǐȖ

ǅǐǝǦǼ ƷȖ ȖǐǻǦৄǆǦȓǆǶǐ ȂǼ ȓǦǝǣȝॶ ΘǦȝǣ ǐǼǌȏȂǦǼȝ ǆȂȂȓǌǦǼƷȝǐȖ [(0, 1), (0,−1)] ƷǼǌ Ʒȝ ǶƷȝǐ ȝǦǻǐȖ ǆȂǼΗǐȓǝǐ

ȝȂ ȝǣǐ ȏȂǦǼȝ (−1, 0) ȂǼ ȝǣǐ ȠǼǦȝ ǌǦȖǴॽ

1 2 3 4 5 6
t

-1.0

-0.5

0.5

1.0

1.5

2.0

τ

-1.0 -0.5 0.5 1.0

-1.0

-0.5

0.5

1.0

ℂ

Figure 3.3: Conformal mapping from half-stripD = (0,∞) × i(−1, 2) to unit disk in complex planeC, each line map to its
corresponding colored line-segment on the disk.
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=ǐȝ৚Ȗ ȓǐǆƷǶǶ [ǆǣΘƷȓΣৄUǦǆǴ ȝǣǐȂȓǐǻॶ ΘǣǦǆǣ ȖȝƷȝǐȖ ȝǣƷȝ ƷǼΞ ǆȂǼǜȂȓǻƷǶ ǻƷȏȏǦǼǝ f(z) ǜȓȂǻ Ʒ ȠǼǦȝ

ǌǦȖǴ ȝȂ ƷǼȂȝǣǐȓ ȠǼǦȝ ǌǦȖǴॶ ȖǣƷǶǶ ȖƷȝǦȖǜΞ ȝǣǐ ǜȂǶǶȂΘǦǼǝ ǦǼǐȒȠƷǶǦȝΞॶ

|df |
(1− |f(z)|2) ≤ |dz|

(1− |z|2) ঳ंॽँॽँइ঴

Θǣǐȓǐ z ǦȖ ȝǣǐ ǆȂȂȓǌǦǼƷȝǐȖ Ȃǜ ȝǣǐ ȠǼǦȝ ǌǦȖǴॽ

[ǦǼǆǐ g(z) ≤ 1 ȂǼD ঳ƷȖ ΘǐǶǶ ƷȖ ȂǼ ȝǣǐ ȠǼǦȝ ǌǦȖǴ঴ॶ Θǐ ǆƷǼ ȝǣǦǼǴ Ȃǜ g(z) ƷȖ Ʒ ǆȂǼǜȂȓǻƷǶ ǻƷȏȏǦǼǝ

ǜȓȂǻ Ʒ ȠǼǦȝ ǌǦȖǴ ȝȂ ƷǼȂȝǣǐȓ ȠǼǦȝ ǌǦȖǴॶ ƷǼǌ ǣǐǼǆǐ ƷȏȏǶΞǦǼǝ [ǆǣΘƷȓΣৄUǦǆǴ ȝǣǐȂȓǐǻ ǜȂȓ Ʒ ЖΝǐǌ ΗƷǶȠǐ Ȃǜ

τ ॶ Θǐ ǣƷΗǐ

|∂tg(t+ iτ)|
1− |g(t+ iτ)|2 ≤ π

2
√
2∆s

csc

(
π(τ+ − τ)

∆s

)
ǆȖǆǣ

(
πt

∆s

)

×
[
cos

(
π

∆s
(τ+ − τ− − 2τ)

)
+ cosh

(
2πt

∆s

)] 1
2

঳ंॽँॽँई঴

Θǣǐȓǐॶ∆s ǦȖ ȝǣǐ ȖȝȓǦȏ ΘǦǌȝǣ (τ+ + τ−)ॽ $Ȃȓ t + 0ॶ ȝǣǐ ƷǅȂΗǐ ǦǼǐȒȠƷǶǦȝΞ ǅǐǆȂǻǐȖ

|∂tg|≤
π

2∆s

[
csc

(
π

∆s
(τ+ − τ)

)]
(1− |g|2) ঳ंॽँॽंࣿ঴

�ΝȏȓǐȖȖǦǼǝ g(t + iτ) = u(t + iτ) + iv(t + iτ)ॶ Θǣǐȓǐ u, v Ʒȓǐ ȓǐƷǶৄΗƷǶȠǐǌ ǜȠǼǆȝǦȂǼȖ ƷǼǌ ȠȖǦǼǝ

�ƷȠǆǣΞৄ[ǆǣΘƷȓΣ ǦǼǐȒȠƷǶǦȝΞ ȂǼǐ ǆƷǼ ǐƷȖǦǶΞ ȖǣȂΘ ȝǣƷȝ

∂

∂t
|g|≤

∣∣∣∣
∂g

∂t

∣∣∣∣ . ঳ंॽँॽंऀ঴

eȖǦǼǝ ȝǣǐ ƷǅȂΗǐ ȓǐǶƷȝǦȂǼॶ |g|≤ 1ॶ ƷǼǌ ǆǣȂȂȖǦǼǝ ȝǣǐ ǻǦǼǦǻƷ Ȃǜ csc
(
π(τ+−τ)

∆s

)
ǦǼ ȝǣǐ ǌȂǻƷǦǼॶ ȝǣǐ

ǦǼǐȒȠƷǶǦȝΞ ঳ंॽँॽँई঴ ǅǐǆȂǻǐȖ

d

dt
|g|≤ π

∆s
(1− |g|) ঳ंॽँॽंँ঴

अऀ



bǣǐȓǐǜȂȓǐ Θǐ ǣƷΗǐ Ʒ ǅȂȠǼǌ ȂǼ ǣȂΘFβ(t) ǌǐǆƷΞȖ Ʒȝ ǶƷȝǐ ȝǦǻǐॶ

|Fβ|! Nβ − |Fβ(t0)|e
π
∆s

t ঳ंॽँॽंं঴

ƷǼǌ ȝǣǐ =ΞƷȏȠǼȂΗ ǐΝȏȂǼǐǼȝ ǆƷǼ ǅǐ ȓǐƷǌৄȂЍ ƷȖ λL =
π

∆s
ȝǣȠȖॶ Ǧȝ ǦȖ ǱȠȖȝ Ʒ ǜȠǼǆȝǦȂǼ Ȃǜ ȝǣǐ ΘǦǌȝǣ Ȃǜ

ȝǣǐ ȖȝȓǦȏDॽ

ंॽं �ΝƷǻȏǶǐȖ

/Ǽ ȝǣǦȖ ȖǐǆȝǦȂǼॶ Θǐ ЖǼǌ ȂȠȝ =ΞƷȏȠǼȂΗ ǐΝȏȂǼǐǼȝȖ Ȃǜ ǜǐΘ ǆȂȓȓǐǶƷȝȂȓȖॽ �ǐǜȂȓǐ ǆȂǼȖǦǌǐȓǦǼǝ ǣǦǝǣǐȓ ȏȂǦǼȝ

ǆȂȓȓǐǶƷȝȂȓȖ Ƕǐȝ৚Ȗ ǶȂȂǴ Ʒȝ Ʒ ǝǐǼǐȓƷǶǦΣƷȝǦȂǼ Ȃǜ ǜȂȠȓৄȏȂǦǼȝ HbH� ǆȂǼȖǦǌǐȓǐǌ ǦǼ ফआइব

fγ(t) =
1

2
Tr
[
ρ̂(1−γ)/2A(t)ρ̂γ/2B(0)ρ(1−γ)/2A(t)ρ̂γ/2B(0)

]
঳ंॽंॽऀ঴

eȖǦǼǝ ƷǼƷǶΞȝǦǆ ȏȓȂȏǐȓȝǦǐȖ Ȃǜ ȝǣǐ ǆȂȓȓǐǶƷȝȂȓ ƷǼǌ ƷȖȖȠǻǦǼǝ ǶƷȝǐ ȝǦǻǐ ǅǐǣƷΗǦȂȠȓ Ȃǜ ȝǣǐ ǆȂȓȓǐǶƷȝȂȓ঳ǅȓǦǐЙΞ

ǌǐȖǆȓǦǅǐǌ ǦǼ Ʒȏॽ ंॽऄॽऀ঴ ȝǣǐΞ ǆȂǼǆǶȠǌǐ ȝǣƷȝ ȝǣǐ =ΞƷȏȠǼȂΗ ǐΝȏȂǼǐǼȝ঳Ǧॽǐ 2π
β ঴ ǦȖ ȖƷǻǐ ƷȖ ȝǣǐ ȂȓǦǝǦǼƷǶ

ǜȂȠȓৄȏȂǦǼȝ HbH�ॽ

eȖǦǼǝ ȂȠȓ ƷȏȏȓȂƷǆǣ Θǐ ǆƷǼ ƷȖ ΘǐǶǶ ǌǐȓǦΗǐ ȝǣǐ ȖƷǻǐ ǐΝȏǐǆȝǐǌ =ΞƷȏȠǼȂΗ ǅȂȠǼǌॶ ƷȖ ȝǣǐ ǌȂǻƷǦǼ Ȃǜ

ƷǼƷǶΞȝǦǆǦȝΞ ǜȂȓ ȝǣǐ ƷǅȂΗǐ ǆȂȓȓǐǶƷȝȂȓ fγ(t) ǶǦǐȖ ǅǐȝΘǐǐǼ

(
−β(1− γ)

2
,
βγ

2

)
঳ंॽंॽँ঴

ƷǼǌ ȝǣǐȓǐǜȂȓǐ ȝǣǐ ȖȝȓǦȏ ΘǦǌȝǣ∆s = β/2ΘǣǦǆǣ ǦȖ ǦǼǌǐȏǐǼǌǐǼȝ Ȃǜ γ ƷǼǌ ǝǦΗǦǼǝ ȝǣǐ ȖƷǻǐ =ΞƷȏȠǼȂΗ

ǐΝȏȂǼǐǼȝॽ

CǐΝȝ Θǐ ǆȂǼȖǦǌǐȓ ँǼৄৗbȓǐǻȂǶȂ৘ ǆȂȓȓǐǶƷȝȂȓȖ ǻǐǼȝǦȂǼǐǌ ǦǼ ফआअব ΘǣǦǆǣ ǦȖ ǣƷȖ Ʒ ǜȂȓǻ 〈(V (t)W (0))n〉ॽ

�ǣȂȂȖǦǼǝ Ʒ ǐȒȠƷǶৄȖȏƷǆǐǌ ȓǐǝȠǶƷȝǦȂǼ Ȗǆǣǐǻǐॶ

F n(t) = Tr
(
ρ̂

1
2nV (t)ρ̂

1
2nW (0)

)n
঳ंॽंॽं঴

Ǧȝ ǦȖ ǐƷȖΞ ȝȂ Ȗǐǐ ǜȓȂǻ ȂȠȓ ǻǐȝǣȂǌ ȝǣƷȝ ȝǣǐ =ΞƷȏȠǼȂΗ ǐΝȏȂǼǐǼȝ λl = nπ
β ॽ CȂȝǐ ȝǣƷȝॶ ǜȂȓ ȝǣǐ ƷǅȂΗǐ

ǆȂȓȓǐǶƷȝȂȓ ǆǣȂȂȖǦǼǝ ƷǼΞ Ȃȝǣǐȓ ȝΞȏǐ Ȃǜ ȓǐǝȠǶƷȝǦȂǼ Ȗǆǣǐǻǐ ΘȂȠǶǌ ǝǦΗǐ ȠȖ Ʒ ǝȓǐƷȝǐȓ =ΞƷȏȠǼȂΗ ǐΝȏȂৄ

अँ



ǼǐǼȝॶ ȝǣǐȓǐǜȂȓǐ ǐȒȠƷǶৄȖȏƷǆǐ ȓǐǝȠǶƷȝǦȂǼ Ȗǆǣǐǻǐ ǦȖ ȝǣǐ ǅǐȖȝ ǐȖȝǦǻƷȝǐ Ȃǜ ǆǣƷȂȖ ǅȂȠǼǌॽ bǣǐ ȓǐƷȖȂǼ ǅǐৄ

ǦǼǝॶ Ǧǜ Θǐ ǆǣȂȖǐ ȠǼǐȒȠƷǶǶΞ ȖȏƷǆǐǌ ȓǐǝȠǶƷȝǦȂǼ Ȗǆǣǐǻǐॶ ȝǣǐ ΘǦǌȝǣ Ȃǜ ȝǣǐ ƷǼƷǶΞȝǦǆƷǶ ȖȝȓǦȏ ΘȂȠǶǌ ȖǣȓǦǼǴ

ƷǼǌ ȝǣǐȓǐǜȂȓǐ ȝǣǐ =ΞƷȏȠǼȂΗ ǐΝȏȂǼǐǼȝ ΘȂȠǶǌ ǦǼǆȓǐƷȖǐॶ ΘǣǦǆǣ ΘȂȠǶǌ ǶǐƷǌ ȝȂ Ʒ ȖȠǅৄȂȏȝǦǻƷǶ ǅȂȠǼǌ Ȃǜ

ǆǣƷȂȖॽ

ंॽः �ȂǼǆǶȠȖǦȂǼ

/Ǽ ȝǣǦȖ ΘȂȓǴॶ Θǐ ǣƷΗǐ ǌǦȖǆȠȖȖǐǌ ǣȂΘ ǆȂǻȏǶǐΝ ƷǼƷǶΞȝǦǆƷǶ ȏȓȂȏǐȓȝǦǐȖ Ȃǜ HbH�Ȗ ȝȂ ȏȠȝ ǆȂǼȖȝȓƷǦǼȝȖ

ȂǼ ȝǣǐ ȝǐǻȏȂȓƷǶ ǅǐǣƷΗǦȂȓ Ȃǜ HbH�Ȗॽ /Ǽ Ʒ ǜȓǐǐ Ȃȓ ƷǼ ǦǼȝǐǝȓƷǅǶǐ ȖΞȖȝǐǻॶ ǆȂȓȓǐǶƷȝȂȓȖ ǌȂ ǼȂȝ ǝȓȂΘ ǐΝৄ

ȏȂǼǐǼȝǦƷǶǶΞ ΘǦȝǣ ȝǦǻǐॽ ,ǐǼǆǐॶ Ǧȝ ǦȖ ǼƷȝȠȓƷǶ ȝȂ ƷȖǴॶ Θǣǐȝǣǐȓ ǣǦǝǣǐȓ Ȃȓǌǐȓ ǆǣƷȂȖৄǅȂȠǼǌȖ ǜȂȓ Ʒ ǝǐǼǐȓǦǆ

ȂȏǐȓƷȝȂȓ ǐΗǐȓ ǝǐȝȖ ȖƷȝȠȓƷȝǐǌ ǦǼ Ʒ ǝǦΗǐǼ ȝǣǐȂȓΞॽ /ȝ ǦȖ ǴǼȂΘǼ ȝǣƷȝ ȝǣǐ ǜȂȠȓ ȏȂǦǼȝ HbH�Ȗ ȖƷȝȠȓƷȝǐ ȝǣǐ

ǆǣƷȂȖ ǅȂȠǼǌȖ ǦǼ ǝȓƷΗǦȝΞ ƷǼǌ ǜǐΘ Ȃȝǣǐȓ ǶƷȓǝǐৄN ȝǣǐȂȓǦǐȖॽ HǼǐ ǻƷΞ ǝȠǐȖȖ ȝǣƷȝ ȝǣǐ ǝȓȂΘȝǣ Ȃǜ ȝǣǐ

ǣǦǝǣǐȓ ȏȂǦǼȝ ǆȂȓȓǐǶƷȝȂȓȖ ǦǼ Ʒ ǅǶƷǆǴ ǣȂǶǐ ǅƷǆǴ ǝȓȂȠǼǌ ƷǶȖȂ ȖƷȝȠȓƷȝǐ ȖǦǻǦǶƷȓ ǅȂȠǼǌॶ ƷǼǌ ȝǣǦȖ ǻƷΞ ǅǐ

ȓǐǶƷȝǐǌ ȝȂ ȝǣǐ ȖȝȓǐȝǆǣǦǼǝ Ȃǜ ȝǣǐ ǝǐȂǻǐȝȓΞ ǌǦȖǆȠȖȖǐǌ ǦǼ ফआࣿবॽ /Ǽ ȝǣǦȖ ȓǐǝƷȓǌॶ Ǧȝ ΘȂȠǶǌ ǅǐ ǦǼȖȝȓȠǆȝǦΗǐ ȝȂ

ǣƷΗǐ Ʒ ȓǦǝȂȓȂȠȖ ǆƷǶǆȠǶƷȝǦȂǼ Ȃǜ ǣǦǝǣǐȓ ȏȂǦǼȝ ǆȂȓȓǐǶƷȝȂȓȖ ǦǼ �$bȖ ƷǼǌ ǦǼ [y<ǻȂǌǐǶ Ȃȓ ǦǼ Ȃȝǣǐȓ ǆȂǻৄ

ȏȠȝƷǅǶǐ ȝǣǐȂȓǦǐȖॽ

ंॽऄ �ȏȏǐǼǌǦΝ

ं৷ऄ৷ऀ UԏԀԌӏԏԚӢӏԓ Ԁә %ӏӹӏԏӢӅ ӹ৳ԌԀӢӹԚ ӅԀԏԏӏӲҷԚԀԏ

=ǐȝ৚Ȗ ǶȂȂǴ Ʒȝ ǜǐΘ ȏȓȂȏǐȓȝǦǐȖ ȂǜFβ(ti, βi)ॽ /Ǽ Ʒ ǻȂȓǐ ǆȂǼΗǐǼȝǦȂǼƷǶ ΘƷΞ Ǧȝ ǆƷǼ ǅǐ ȓǐΘȓǦȝȝǐǼ ƷȖॶ

Fβ = Tr
[
ρ̂
(
eτ1ĤV1(t1)e

−τ1Ĥ
)(

eτ2ĤV2(t2)e
−τ2Ĥ

)
. . .
(
eτnĤVn(tn)e

−τnĤ
)]

঳ंॽऄॽऀ঴

Θǣǐȓǐॶ ρ̂ = e−βĤ/Z ॶ ǦȖ ȝǣǐ ȝǣǐȓǻƷǶ ǌǐǼȖǦȝΞ ǻƷȝȓǦΝॶ

ƷǼǌ τi ≡
∑i

j=1 βj − βॽ eȖǦǼǝ ,ǐǦȖǐǼǅǐȓǝ ȏǦǆȝȠȓǐॶ

A(t) = eiĤtA(0)e−iĤt ঳ंॽऄॽँ঴

अं



ǐȒǼॽ ঳ंॽऄॽऀ঴ ǆƷǼ ǅǐ ǆȂǻȏƷǆȝǶΞ ǐΝȏȓǐȖȖǐǌ ƷȖॶ

Fβ(ti + iτi) = Tr [ρ̂ V1 (t1 + iτ1)V2 (t2 + iτ2) . . . Vn (tn + iτn)]

= Tr

[
ρ̂

n∏

i=1

Vi(ti + iτi)

]
঳ंॽऄॽं঴

ΘǣǐȓǐॶFβ(ti + iτi) ǦȖ ȠǼǌǐȓȖȝȂȂǌ ƷȖFβ(t1 + iβ1, t2 + iβ2, . . . , tn + iβn)ॽ

/Ǽ ȝǣǦȖ ΘƷΞ Ȃǜ ΘȓǦȝǦǼǝ ȝǣǐ ǆȂȓȓǐǶƷȝȂȓॶ

ॴ ȝǣǐ ȝǦǻǐ ȝȓƷǼȖǶƷȝǦȂǼ ǦǼΗƷȓǦƷǼǆǐॶ ƷǼǌ ȝȓƷǆǐ ǆΞǆǶǦǆǦȝΞ ǝǦΗǐȖ ȓǦȖǐ ȝȂ ǜȂǶǶȂΘǦǼǝ ȓǐǶƷȝǦȂǼȖॶ

Fβ(ti + iτi + c) = Fβ(ti + iτi) ঳ंॽऄॽः঴

Fβ(ti + iτi) = Fβ(tn + iτn − iβ, t1 + iτ1, · · · , tn−1 + iτn−1) ঳ंॽऄॽऄ঴

ॴ ƷǼǌ ǦȝȖ ǆȂǻȏǶǐΝ ǆȂǼǱȠǝƷȝǐ

F †
β(t1 + iτ1, · · · , tn + iβn) = Fβ(tn − iβn, tn−1 − iβn−1, · · · , t1 − iβ1) ঳ंॽऄॽअ঴

ǦǻȏǶǦǐȖ ȝǣƷȝ ȝǣǐ ǝǐǼǐȓǦǆ ǆȂȓȓǐǶƷȝȂȓ ǦȖ ǼȂȝ ȓǐƷǶॶ ȠǼǶǦǴǐ ȝǣǐ ǜȂȠȓৄȏȂǦǼȝ HbH� ǆȂǼȖǦǌǐȓǐǌ ǦǼ

ফँःবॽ

ॴ Ǧȝ ǦȖ ȖȝȓƷǦǝǣȝǜȂȓΘƷȓǌ ȝȂ Ȗǐǐ ȝǣǐ ƷǼƷǶΞȝǦǆ ȏȓȂȏǐȓȝΞ

(
∂

∂ti
+ i

∂

∂τi

)
Fβ(ti + iτi) = 0 ঳ंॽऄॽआ঴

$Ƞȓȝǣǐȓ Ǧǜ Θǐ ƷȖȖȠǻǐॶ

Fβ(t) = F0
β − εF1

βe
λt, ঳ंॽऄॽइ঴

Θǣǐȓǐ t ǦȖ ȖȠǦȝƷǅǶǐ ǶǦǼǐƷȓ ǆȂǻǅǦǼƷȝǦȂǼ Ȃǜ tiȖॽ bǣǐǼ ȝǣǐ ƷǅȂΗǐ ǌǦЍǐȓǐǼȝǦƷǶ ǐȒȠƷȝǦȂǼ ǻƷΞ ǅǐ ȠȖǐǌ ȝȂ

ǅȂȠǼǌ ȝǣǐ ǻƷΝǦǻȠǻ ΗƷǶȠǐ Ȃǜ ȝǣǐ =ΞƷȏȠǼȂΗ ǐΝȏȂǼǐǼȝ λ ফआईবॽ

अः



ं৷ऄ৷ँ bԏҷӅӏ /ӹӏԎԞҷӲӢԚӢӏԓ

�ҷԞӅӟԮ৳[ӅӟԫҷԏԲ /ӹӏԎԞҷӲӢԚԮ әԀԏBҷԚԏӢӅӏԓ

,ǐȓǐ Θǐ ǝǦΗǐ Ʒ ȖǣȂȓȝ ȏȓȂȂǜ Ȃǜ �ǖȿǥȂͤठ[ǥȂ͞ǖȲͩ /țǯȱȿǖȕȅȼͤ ǜȂȓ ǻƷȝȓǦǆǐȖॶ

Tr
(
A†B

)
≤ [Tr

(
A†A

)
]1/2[Tr

(
B†B

)
]1/2 ঳ंॽऄॽई঴

ΘǣǐȓǐAॶB Ʒȓǐ ȖȂǻǐ ǝǐǼǐȓǦǆ ЖǼǦȝǐ ǌǦǻǐǼȖǦȂǼƷǶ ǻƷȝȓǦǆǐȖॽ

UȓȂȂǜ ॵ

=ǐȝ [A]ij = aij ॶ ȝǣǐǼ [A†]ij = a∗jiॶ ȖǦǻǦǶƷȓǶΞ ǜȂȓ [B]ij ॶ Θǐ ǣƷΗǐ bij ॽ bǣǐǼ

Tr
(
A†B

)
=
∑

i,j

a∗kibki ঳ंॽऄॽऀࣿ঴

/ǜ 4vi = (a1i, a2i, . . . ) ƷǼǌ 4wi = (b1i, b2i, . . . )ॶ Θǐ ǆƷǼ ΘȓǦȝǐ

Tr
(
A†B

)
=
∑

i

〈vi|wi〉 ঳ंॽऄॽऀऀ঴

eȖǦǼǝ �ƷȠǆǣΞৄ[ǆǣΘƷȓΣ঳�[঴ ǦǼǐȒȠƷǶǦȝΞ ǜȂȓ 4vi, 4wi

Tr
(
A†B

)
≤
∑

i

||vi|| ||wi||

=
∑

i

(
∑

k

|a|2ki

)1/2(∑

m

|b|2mi

)1/2

঳ंॽऄॽऀँ঴

अऄ



CȂΘ ȝǣǦǼǴǦǼǝ Ȃǜ pi = (
∑

k a
2
ki)

1/2ॶ qj =
(∑

k a
2
kj

)1/2 ƷȖ ΗǐǆȝȂȓȖ 4p, 4q ƷǼǌ ȠȖǦǼǝ �[ ǦǼǐȒȠƷǶǦȝΞ

Tr
(
A†B

)
≤ 〈p|q〉

≤ ||p|| ||q||

= (
∑

i,k

|aki|2))1/2(
∑

j,m

|bmj|2)1/2

= (Tr
(
A†A

)
)1/2(Tr

(
B†B

)
)1/2 ঳ंॽऄॽऀं঴

bǣǐȓǐǜȂȓǐॶTr
(
A†B

)
≤ (Tr

(
A†A

)
)1/2(Tr

(
B†B

)
)1/2ॽ

ं৷ऄ৷ं �ԀԞӹӋ Ԁӹ bԏҷӅӏ Ԁә UԏԀӋԞӅԚ ԀәBҷԚԏӢӅӏԓ

sǦȝǣ ȝǣǐ ǣǐǶȏ Ȃǜ ƷǅȂΗǐ ǦǼǐȒȠƷǶǦȝΞॶ Θǐ ȏȠȝ ȂǼ Ʒ ǅȂȠǼǌ ȂǼ ȝǣǐ ȝȓƷǆǐ Ȃǜ ȏȓȂǌȠǆȝ Ȃǜ ǻƷȝȓǦǆǐȖॶ

Tr

(
n∏

i=1

Mi

)
≤

n∏

i=1

[
Tr
(
M †

i Mi

)]1/2
঳ंॽऄॽऀः঴

UȓȂȂǜ ॵ

=ǐȝॶ

Mij ≡
j∏

k=i

Vk ঳ंॽऄॽऀऄ঴

Θǣǐȓǐ i ≤ jॶ ƷǼǌ

Pi ≡ V †
i Vi

Pj,k ≡ (VjVj+1 . . . Vk)
† (VjVj+1 . . . Vk) = M †

jkMjk ঳ंॽऄॽऀअ঴

ǼȂȝǦǆǐ ȝǣƷȝॶ P ৚Ȗ Ʒȓǐ ȏȂȖǦȝǦΗǐ ȖǐǻǦৄǌǐЖǼǦȝǐ ǻƷȝȓǦǆǐȖॽ

�ȏȏǶΞǦǼǝ �[ ǦǼǐȒȠƷǶǦȝΞ ȝȂTr(V1V2 . . . Vn)ॶ

Tr(V1V2 . . . Vn) ≤
[
Tr
(
V †
1 V1

)]1/2 [
Tr
(
(V2V3 . . . Vn)

† (V2V3 . . . Vn)
)]1/2

= [Tr(P1)]
1/2 [Tr (P2,n)]

1/2 ঳ंॽऄॽऀआ঴

अअ



ȝȂ ȝǣǐ ƷǅȂΗǐ ǦǼǐȒȠƷǶǦȝΞॶ ƷȏȏǶΞǦǼǝ �[ ǦǼǐȒȠƷǶǦȝΞ ȝȂTr (P2,n)ॶ Θǐ ǣƷΗǐ

Tr(V1V2 . . . Vn) ≤ [Tr(P1)]
1/2 [Tr (Pn)

2]1/4 [Tr (P2,n−1)
2]1/4

≤ [Tr(P1)]
1/2 [Tr (Pn)]

1/2 [Tr (P2,n−1)]
1/2 ঳ंॽऄॽऀइ঴

ǦǼ ȝǣǐ ȖǐǆȂǼǌ ǶǦǼǐ Θǐ ǣƷΗǐ ȠȖǐǌ ȝǣǐ ǜƷǆȝ ȝǣƷȝॶ [Tr(P 2)]1/2 ≤ Tr(P ) ǜȂȓ ȏȂȖǦȝǦΗǐ ȖǐǻǦৄǌǐЖǼǦȝǐ ǻƷৄ

ȝȓǦǆǐȖॽ CȂΘ ȓǐǆȠȓȖǦΗǐǶΞ ƷȏȏǶΞǦǼǝ �[ ǦǼǐȒȠƷǶǦȝΞ ȝȂTr(P2,k)৚Ȗ ƷǼǌ ȠȖǦǼǝ ǼȂȓǻৄǦǼǐȒȠƷǶǦȝΞ Θǐ ǝǐȝ ȝǣǐ

ǌǐȖǦȓǐǌ ǅȂȠǼǌ ঳ंॽऄॽऀः঴ॽ

eȖǦǼǝ ȝǣǐ ƷǅȂΗǐ ǦǼǐȒȠƷǶǦȝΞॶ ȝǣǐ ǆȂȓȓǐǶƷȝȂȓFβ ǦǼ ঳ंॽँॽऀआ঴ ǦȖ ǅȂȠǼǌǐǌ ǅΞ

Fβ (t+ iτ±,αi) ≤
∏

{i∈ ȖǦǼǝǶǐ Ȃȏॽ}

[
Tr
(
ρb

±
i Viρ

b±i+1Vi

)]1/2

∏

{j∈ ǌȂȠǅǶǐ Ȃȏॽ}

[
Tr
(
ρb

±
j Vj(tj)Vj+1(tj+1)ρ

b±j+2Vj+1(tj+1)Vj(tj)
)]1/2

঳ंॽऄॽऀई঴

ǣǐȓǐ ǦǼǌǐΝ i ∈ { ȖǦǼǝǶǐ Ȃȏॽ} ȓȠǼȖ ȂΗǐȓ ƷǶǶ Pi ΘǦȝǣ ȖǦǼǝǶǐ ȂȏǐȓƷȝȂȓȖ Ȃǜ ȝǣǐ ǜȂȓǻ ƷȖ ǦǼ ঳ंॽँॽँऀ঴ॶ ƷǼǌ ǦǼৄ

ǌǐΝ j ∈ { ǌȂȠǅǶǐ Ȃȏॽ} ȓȠǼȖ ȂΗǐȓMj Ȃǜ ȝǣǐ ǜȂȓǻ ǝǦΗǐǼ ǦǼ ঳ंॽँॽँँ঴ ॽ /ȝ ǦȖ ǐƷȖΞ ȝȂ Ȗǐǐ ȝǣƷȝ ȝǣǐ ȏȓȂǌȠǆȝ

Ȃǜ ȖǦǼǝǶǐ ȂȏǐȓƷȝȂȓ ȝȓƷǆǐȖ Ʒȓǐ ǦǼǌǐȏǐǼǌǐǼȝ Ȃǜ ȝǦǻǐॶ ǅȠȝ ǼȂȝ ǌȂȠǅǶǐ ȂȏǐȓƷȝȂȓ ȝȓƷǆǐȖॽ bȂ ǣƷΗǐ Ʒ ȝǦǻǐৄ

ǦǼǌǐȏǐǼǌǐǼȝ ǼȂȓǻƷǶǦΣƷȝǦȂǼ ǜƷǆȝȂȓॶ Θǐ Ǽǐǐǌ ȝȂ ЖǼǌ ƷǼ Ƞȏȏǐȓ ǅȂȠǼǌ ȂǼ ȝǣǐ ȝǦǻǐ ǌǐȏǐǼǌǐǼȝ ȏƷȓȝ Ȃǜ

ȝǣǐ ƷǅȂΗǐ ǦǼǐȒȠƷǶǦȝΞॽ $Ȃȓ ȝǣƷȝॶ ǼȂȝǦǆǐ ȝǣƷȝ ȝǣǐ ǦǼǌǦΗǦǌȠƷǶ ǌȂȠǅǶǐ ȂȏǐȓƷȝȂȓ ȝȓƷǆǐ ǦȖ ǦǼ ǜƷǆȝ ȝǦǻǐ Ȃȓৄ

ǌǐȓǐǌॶ ƷǼǌ ǼȂΘ ȖǐȝȝǦǼǝ ȝǣǐ ǦǼǦȝǦƷǶ ȝǦǻǐ t0 ǻȠǆǣ ǝȓǐƷȝǐȓ ȝǣƷǼ ȝǣǐ ǌǦȖȖǦȏƷȝǦȂǼ ȝǦǻǐ td ǅȠȝ ǻȠǆǣ ǶǐȖȖ

ȝǣǐ ȖǆȓƷǻǅǶǦǼǝ ȝǦǻǐ t∗ॶ ঳ंॽऄॽऀई঴ ȝǣǐȖǐ ȂȏǐȓƷȝȂȓȖ ǜƷǆȝȂȓǦΣǐ ȝȂ ǝǦΗǐ Ʒ ȝǦǻǐৄǦǼǌǐȏǐǼǌǐǼȝ ǅȂȠǼǌॶ

Fβ (t+ iτ±,αi) ≤
∏

{i∈ȖǦǼǝǶǐ Ȃȏॽ}

[
Tr
(
ρb

±
i Viρ

b±i+1Vi

)]1/2

×
∏

{j∈ ǌȂȠǅǶǐ Ȃȏॽ}

[
Tr
(
ρb

±
j Vjρ

b±j+2Vj

)]1/2 [
Tr
(
ρb

±
j Vj+1ρ

b±j+2Vj+1

)]1/2

঳ंॽऄॽँࣿ঴

अआ



bԏҷӅӏ /ӹӏԎԞҷӲӢԚԮ әԀԏ ԌԏԀӋԞӅԚ Ԁә 2k BҷԚԏӢԭ

bǣǐ ƷǅȂΗǐ ǦǼǐȒȠƷǶǦȝΞ ǦȖ ȠȖǐǜȠǶ ǜȂȓ ƷȓǅǦȝȓƷȓΞ ǼȠǻǅǐȓ Ȃǜ ǻƷȝȓǦǆǐȖॶ ǅȠȝ Ǧǜ ȝǣǐ ǼȠǻǅǐȓ Ȃǜ ǻƷȝȓǦǆǐȖ ǦȖ Ʒ

ȏȂΘǐȓ Ȃǜ 2ॶ ȖƷΞ 2k ȝǣǐǼ ȝǣǐȓǐ ǦȖ ƷǼ ǦǼȝǐȓǐȖȝǦǼǝ ǦǼǐȒȠƷǶǦȝΞ

∣∣∣∣∣∣
Tr




2k∏

i=1

Mi





∣∣∣∣∣∣
≤

2k∏

i=1

[
Tr(Mi)

2k
]1/2k

঳ंॽऄॽँऀ঴

UȓȂȂǜ ॵ

[ȝƷȓȝǦǼǝ ΘǦȝǣ �[ ǦǼǐȒȠƷǶǦȝΞ ǜȂȓ ȝΘȂ ǻƷȝȓǦǆǐȖA1,2

|Tr(A1A2)| ≤
(
Tr
(
A†

1A1

)
Tr
(
A2A

†
2

))1/2
=
(
Tr
(
A2

1

)
Tr
(
A2

2

))1/2 ঳ंॽऄॽँँ঴

ǼȂΘ ǦǜAi ǦȖ ǦȝȖǐǶǜ Ʒ ȏȓȂǌȠǆȝ Ȃǜ ȝΘȂ ǻƷȝȓǦǆǐȖB2i−1B2iॶ ȝǣǐǼ ȝǣǐ ƷǅȂΗǐ ǦǼǐȒȠƷǶǦȝΞ ǅǐǆȂǻǐȖ

|Tr(B1B2B3B4)| ≤
(
Tr
(
A2

1

)
Tr
(
A2

2

))1/2

=
[
Tr
(
B2

1B
2
2

)
Tr
(
B2

3B
2
4

)]1/2

≤
[
Tr
(
B4

1

)
Tr
(
B4

2

)
Tr
(
B4

3

)
Tr
(
B4

4

)]1/4 ঳ंॽऄॽँं঴

ǣǐǼǆǐ ǜȂȓ ȠȖǦǼǝ ȝǣǐ ƷǅȂΗǐ ƷȓǝȠǻǐǼȝ ȓǐǆȠȓȖǦΗǐǶΞ ǜȂȓ Ʒ ȏȓȂǌȠǆȝ Ȃǜ 2k ǻƷȝȓǦǆǐȖMiॶ Θǐ ǆƷǼ ȖǣȂΘ ȝǣƷȝ

∣∣∣∣∣∣
Tr




2k∏

i=1

Mi





∣∣∣∣∣∣
≤

2k∏

i=1

[
Tr(Mi)

2k
]1/2k

. ঳ंॽऄॽँः঴

अइ



4
εৄ�ΝȏƷǼȖǦȂǼ ǦǼ ȝǣǐ %ȓȂȖȖৄCǐΗǐȠ ǻȂǌǐǶ ǜȓȂǻ

�ȂǼǜȂȓǻƷǶ $ǦǐǶǌ bǣǐȂȓΞ

ःॽऀ /ǼȝȓȂǌȠǆȝǦȂǼ

/Ǽ Ʒ ȓǐǆǐǼȝ ΘȂȓǴ Ȃǜ ফंंব ঳Ȗǐǐ ƷǶȖȂ ফइआব঴ ȝǣǐ ȝǐǆǣǼǦȒȠǐȖ Ȃǜ ǆȂǼǜȂȓǻƷǶ ЖǐǶǌ ȝǣǐȂȓΞ ǣƷΗǐ ǅǐǐǼ ȠȖǐǌ ǜȂȓ

ȝǣǐ ǆȂǻȏȠȝƷȝǦȂǼ Ȃǜ ǶǐƷǌǦǼǝ Ȃȓǌǐȓ ƷǼȂǻƷǶȂȠȖ ǌǦǻǐǼȖǦȂǼȖ Ȃǜ ǆȂǻȏȂȖǦȝǐ ȂȏǐȓƷȝȂȓȖ ǦǼ ǦǼȝǐȓƷǆȝǦǼǝ

�$bȖ ǌǐЖǼǐǌ ǦǼ ȝǐȓǻȖ Ȃǜ ǐȏȖǦǶȂǼ ǐΝȏƷǼȖǦȂǼȖ ƷǅȂȠȝ d = 3, 4 ȖȏƷǆǐȝǦǻǐ ǌǦǻǐǼȖǦȂǼȖॽ bǣǐ ǼȂΗǐǶȝΞ Ȃǜ

ȝǣǦȖ ȝǐǆǣǼǦȒȠǐ ǶǦǐȖ ǦǼ ȠȖǦǼǝ ǆȂǼǜȂȓǻƷǶ ȖΞǻǻǐȝȓΞ ǱȠǌǦǆǦȂȠȖǶΞ ΘǦȝǣȂȠȝ ȝƷǴǦǼǝ ȓǐǆȂȠȓȖǐ ȝȂ ƷǼΞ ȏǐȓȝȠȓৄ

ǅƷȝǦΗǐ ǻǐȝǣȂǌȖ ƷǼǌ $ǐΞǼǻƷǼ ǌǦƷǝȓƷǻȖॶ ΘǣǦǆǣ ǣƷȖ ȖȂ ǜƷȓ ǅǐǐǼ ȠȖǐǌ ǦǼ ȖȠǆǣ ǆƷǶǆȠǶƷȝǦȂǼȖॽ

bǣǐ ǝȂƷǶ Ȃǜ ȝǣǦȖ ΘȂȓǴ ǦȖ ȝȂ ǆȂǻȏȠȝǐ ȝǣǐ ǶǐƷǌǦǼǝ Ȃȓǌǐȓ ৄ ǦǼ ȝǣǐ ǐȏȖǦǶȂǼ ǐΝȏƷǼȖǦȂǼ ৄ ƷǼȂǻƷǶȂȠȖ ǌǦৄ

ǻǐǼȖǦȂǼȖ Ȃǜ Ʒ ǆǶƷȖȖ Ȃǜ ǆȂǻȏȂȖǦȝǐ ȂȏǐȓƷȝȂȓȖ ǦǼ ȝǣǐ %ȓȂȖȖৄ CǐΗǐȠ ǻȂǌǐǶ ǦǼ 2 + ε ǌǦǻǐǼȖǦȂǼȖॽ HȠȓ

ƷǼƷǶΞȖǦȖ ǦǼΗȂǶΗǐȖ ȝΘȂ ƷǼǌ ȝǣȓǐǐ ȏȂǦǼȝ ǜȠǼǆȝǦȂǼȖ ƷǼǌ ȝǣǐ HU� Ȃǜ ȓǐǶǐΗƷǼȝ ȂȏǐȓƷȝȂȓȖॶ ƷǼǌ ȠȖǐȖ ȂǼǶΞ

ǆȂǼǜȂȓǻƷǶ ȖΞǻǻǐȝȓΞॽ sǐ ȝǣȠȖ ƷǆǆȂǻȏǶǦȖǣ ȝǣǦȖ ΘǦȝǣȂȠȝ ȓǐǶΞǦǼǝ ȂǼ $ǐΞǼǻƷǼ ǌǦƷǝȓƷǻȖ ƷǼǌ ǆȂǼৄ

ΗǐǼȝǦȂǼƷǶ ȏǐȓȝȠȓǅƷȝǦȂǼ ȝǣǐȂȓΞ ȝǐǆǣǼǦȒȠǐȖॽ bǣǐ ƷǼƷǶΞȖǦȖ ǜȂǶǶȂΘȖ ǆǶȂȖǐǶΞ ȝǣǐ ǻǐȝǣȂǌȖ Ȃǜ ফंंব ΘǣȂ

ЖȓȖȝ ȠȖǐǌ ȝǣǐ ǻǐȝǣȂǌ ȝȂ ǌǐȝǐȓǻǦǼǐ ƷǼȂǻƷǶȂȠȖ ǌǦǻǐǼȖǦȂǼȖ Ȃǜ ȖǦǻǦǶƷȓ ȂȏǐȓƷȝȂȓȖ ǦǼ ȝǣǐO(N) ΗǐǆȝȂȓ

ǻȂǌǐǶॽ

bǣǦȖ ǆǣƷȏȝǐȓ ǦȖ ȂȓǝƷǼǦȖǐǌ ƷȖ ǜȂǶǶȂΘȖॽ sǐ ȏȓȂΗǦǌǐ ȝǣǐ ǅƷȖǦǆ Ȗǐȝ Ƞȏ ǦǼ ȖǐǆȝǦȂǼ ःॽँॽ /Ǽ ȖǐǆȝǦȂǼ ःॽं Θǐ

ȠȖǐ ǻǐȝǣȂǌȖ ȖǦǻǦǶƷȓ ȝȂ ফंंব ȝȂ ǆȂǻȏȠȝǐ ȝǣǐ ƷǼȂǻƷǶȂȠȖ ǌǦǻǐǼȖǦȂǼȖ Ȃǜ ȝǣǐ ȂȏǐȓƷȝȂȓȖ ψ ƷǼǌ ψ̄ψॽ bǣǐ

ȓǐȖȠǶȝ Ȃǜ ȝǣǦȖ ȖǐǆȝǦȂǼ ǦȖ ǦǼ ƷǝȓǐǐǻǐǼȝ ΘǦȝǣ ȝǣƷȝ ƷΗƷǦǶƷǅǶǐ ǦǼ ȝǣǐ ǶǦȝǐȓƷȝȠȓǐॽ �ǜȝǐȓ ȝǣǦȖ ȖǦǻȏǶǐ ǦǶǶȠȖȝȓƷৄ

ȝǦȂǼ Ȃǜ ȝǣǐ ȝǐǆǣǼǦȒȠǐॶ Θǐ ȝȠȓǼ ȝȂ ȝǣǐ ǝǐǼǐȓƷǶ ǆƷȖǐ Ȃǜ ǣǦǝǣǐȓ ǆȂǻȏȂȖǦȝǐ ȂȏǐȓƷȝȂȓȖॽ /Ǽ ȝǣǐ ƷȏȏǐǼǌǦΝ

Θǐ ǆȂǻȏȠȝǐ ȝǣǐ ȓǐȒȠǦȓǐǌ ǆȂǻǅǦǼƷȝȂȓǦƷǶ ǆȂǐАǆǦǐǼȝȖ ǦǼ ȝǣǐ ǜȓǐǐ ȝǣǐȂȓΞ HU� ȠȖǦǼǝ Ʒ ȓǐǆȠȓȖǦΗǐ ǌǦƷৄ

अई



ǝȓƷǻǻƷȝǦǆ ƷȏȏȓȂƷǆǣ ফइआবॽ /Ǽ ȖǐǆȝǦȂǼ ःॽःॶ ȝǣǐ ȝΘȂ ƷǼǌ ȝǣȓǐǐ ȏȂǦǼȝ ǜȠǼǆȝǦȂǼȖॶ ƷȖ ΘǐǶǶ ƷȖ ȝǣǐ HU�ॶ Ȃǜ

ȝǣǐ ǦǼȝǐȓƷǆȝǦǼǝ ȝǣǐȂȓΞ Ʒȓǐ ȠȖǐǌ ƷǼǌ ǻƷȝǆǣǦǼǝ ΘǦȝǣ ȝǣǐ ǐΝȏǐǆȝǐǌ ǜȓǐǐ ȝǣǐȂȓΞ ȓǐȖȠǶȝȖ ȠǶȝǦǻƷȝǐǶΞ ǶǐƷǌȖ

ȝȂ Ʒ ȏƷǦȓ Ȃǜ ȓǐǆȠȓȖǦȂǼ ȓǐǶƷȝǦȂǼȖ ǦǼΗȂǶΗǦǼǝ ȝǣǐ ǶǐƷǌǦǼǝ Ȃȓǌǐȓ ƷǼȂǻƷǶȂȠȖ ǌǦǻǐǼȖǦȂǼȖॽ bǣǐ ЖǼƷǶ ȓǐȖȠǶȝ

ǜȂȓ ȝǣǐ ǶǐƷǌǦǼǝ Ȃȓǌǐȓ ƷǼȂǻƷǶȂȠȖ ǌǦǻǐǼȖǦȂǼȖ Ʒȓǐ ǝǦΗǐǼ ǦǼ ǐȒȠƷȝǦȂǼ ঳ःॽःॽःऄ঴ॽ /Ǽ ȖǐǆȝǦȂǼ ऄॶ Θǐ ǆȂǻৄ

ȏȠȝǐ ȝǣǐ ƷǼȂǻƷǶȂȠȖ ǌǦǻǐǼȖǦȂǼȖ Ȃǜ ȖǆƷǶƷȓȖ ΘǣǦǆǣ Ʒȓǐ ǼȂȝ ȖǦǼǝǶǐȝ ȠǼǌǐȓ U(Ñ)ॽ �Ȗ ǜƷȓ Θǐ ǴǼȂΘॶ ȝǣǐȖǐ

ǣƷΗǐ ǼȂȝ ǅǐǐǼ ǆȂǻȏȠȝǐǌ ǅǐǜȂȓǐ ǦǼ ȝǣǐ ǶǦȝǐȓƷȝȠȓǐ ƷǼǌ ȝǣǐ ȓǐȖȠǶȝȖ Ȃǜ ȖǐǆȝǦȂǼ ः ƷǼǌ ऄ Ʒȓǐ ǼǐΘॽ

ःॽँ bǣǐ %ȓȂȖȖৄCǐΗǐȠ ǻȂǌǐǶ

bǣǐ %ȓȂȖȖৄCǐΗǐȠ ǻȂǌǐǶ ফइइব ǦȖ Ʒ ȓǐǼȂȓǻƷǶǦΣƷǅǶǐ ЖǐǶǌ ȝǣǐȂȓΞ ǦǼ ȝΘȂ ǌǦǻǐǼȖǦȂǼȖॽ /ȝ ǦȖ ǌǐȖǆȓǦǅǐǌ ǅΞ Ʒ

U(Ñ) ȖΞǻǻǐȝȓǦǆ ƷǆȝǦȂǼ ǜȂȓ Ñ ǻƷȖȖǶǐȖȖ ȖǐǶǜৄǦǼȝǐȓƷǆȝǦǼǝ �ǦȓƷǆ ǜǐȓǻǦȂǼȖ {ψI , ψ̄I}ॽ sǐ ΘǦǶǶ ǆȂǼȖǦǌǐȓ

ȝǣǐ %ȓȂȖȖৄCǐΗǐȠ ǻȂǌǐǶ ǦǼ 2 + ε ǌǦǻǐǼȖǦȂǼȖ ফइईব

S =

∫
d2+εx

[
ψ̄I/∂ψI +

1

2
gµ−ε (ψ̄IψI

)2
]
, I = 1, ...., Ñ . ঳ःॽँॽऀ঴

,ǐȓǐ g ǦȖ ȝǣǐ ǆȂȠȏǶǦǼǝ ǆȂǼȖȝƷǼȝ ΘǣǦǆǣ ǦȖ ǌǦǻǐǼȖǦȂǼǶǐȖȖ ǦǼ ȝΘȂ ǌǦǻǐǼȖǦȂǼȖॽ bǣǦȖ ȝǣǐȂȓΞ ǣƷȖ Ʒ ΘǐƷǴǶΞ

ǆȂȠȏǶǐǌ eq ЖΝǐǌ ȏȂǦǼȝ ǝǦΗǐǼ ǅΞ ȝǣǐ ǼȂǼৄȝȓǦΗǦƷǶ ΣǐȓȂ Ȃǜ ȝǣǐ ǅǐȝƷ ǜȠǼǆȝǦȂǼॶ

β(g) = εg − (N − 2)
g2

2π
, N = Ñ Tr{I} . ঳ःॽँॽँ঴

,ǐȓǐTr{I} ǦȖ ȝǣǐ ȝȓƷǆǐ Ȃǜ ǦǌǐǼȝǦȝΞ ǦǼ �ǦȓƷǆ ǜǐȓǻǦȂǼ ȖȏƷǆǐॶ ƷǼǌ ǦǼ ȝΘȂ ǌǦǻǐǼȖǦȂǼȖN = 2Ñ ॽ bǣǐ

ЖΝǐǌ ȏȂǦǼȝ ȂǆǆȠȓȖ Ʒȝ

g∗ =
2πε

N − 2
+O(ε2) . ঳ःॽँॽं঴

bǣǐ ȖȏǐǆǦƷǶ ǆƷȖǐ ȂǜN = 2 ǜȂȓ ΘǣǦǆǣ ȝǣǐ β ǜȠǼǆȝǦȂǼ ΗƷǼǦȖǣǐȖ ǦǌǐǼȝǦǆƷǶǶΞ ǆȂȓȓǐȖȏȂǼǌȖ ȝȂ ȝǣǐ bǣǦȓȓǦǼǝ

ǻȂǌǐǶॽ /Ǽ ȝǣǦȖ ȏƷȏǐȓ Θǐ ǆȂǼȖǦǌǐȓ ȝǣǐ ǆƷȖǐ ǜȂȓ ΘǣǦǆǣN > 2ॽ

bǣǐ ǌǦǻǐǼȖǦȂǼȖ Ȃǜ ȝǣǐ ǜǐȓǻǦȂǼ ψI ॶ∆1ॶ ƷǼǌ ǆȂǻȏȂȖǦȝǐ ȖǆƷǶƷȓ ψ̄IψI ॶ∆2ॶ Ʒȓǐ ǝǦΗǐǼ ǅΞ

∆1 =
d− 1

2
+ γ1 =

1

2
+
ε

2
+ γ1 ,

∆2 = d− 1 + γ2 = 1 + ε+ γ2 . ঳ःॽँॽः঴

आࣿ



bǣǐ ƷǼȂǻƷǶȂȠȖ ǌǦǻǐǼȖǦȂǼȖ Ȃǜ ȝǣǐ ǜȠǼǌƷǻǐǼȝƷǶ ǜǐȓǻǦȂǼȖ ƷǼǌ ȝǣǐ ǆȂǻȏȂȖǦȝǐ ȖǆƷǶƷȓ ǦǼ ȝǣǐ εৄǐΝȏƷǼȖǦȂǼ

ǣƷΗǐ ǅǐǐǼ ǆȂǻȏȠȝǐǌ ǦǼ ȏǐȓȝȠȓǅƷȝǦȂǼ ȝǣǐȂȓΞ ȠȖǦǼǝ ȝǣǐ ȖȝƷǼǌƷȓǌ $ǐΞǼǻƷǼ ǌǦƷǝȓƷǻ ȝǐǆǣǼǦȒȠǐȖ ƷǼǌॶ

ȝȂ ǶǐƷǌǦǼǝ Ȃȓǌǐȓ ǦǼ εॶ Ʒȓǐ ǝǦΗǐǼ ǅΞ

γ1 =
N − 1

16π2
g2∗ =

(N − 1) ε2

4 (N − 2)2
,

γ2 = −N − 1

2π
g∗ = −N − 1

N − 2
ε . ঳ःॽँॽऄ঴

bǣǐ ȏȠȓȏȂȖǐ Ȃǜ ȝǣǦȖ ǼȂȝǐ ǦȖ ȝȂ ǌǐȓǦΗǐ ȝǣǐ ƷǅȂΗǐ ǐΝȏȓǐȖȖǦȂǼȖॶ ƷǼǌ ȖǦǻǦǶƷȓ ȂǼǐȖ ǜȂȓ ǣǦǝǣǐȓ ǌǦǻǐǼȖǦȂǼƷǶ

ǆȂǻȏȂȖǦȝǐ ȂȏǐȓƷȝȂȓȖॶ ȠȖǦǼǝ ǆȂǼǜȂȓǻƷǶ ЖǐǶǌ ȝǣǐȂȓΞ ȝǐǆǣǼǦȒȠǐȖ ΘǦȝǣȂȠȝ ǌȂǦǼǝ $ǐΞǼǻƷǼ ǌǦƷǝȓƷǻ

ǆȂǻȏȠȝƷȝǦȂǼȖॱॽ $Ȃȓ ȝǣǦȖ Θǐ ƷȖȖȠǻǐ ȝǣƷȝ ȝǣǐ ЖΝǐǌ ȏȂǦǼȝ ǦȖ Ʒ ǆȂǼǜȂȓǻƷǶ ЖΝǐǌ ȏȂǦǼȝॽ

/Ǽ ȝΘȂ ǌǦǻǐǼȖǦȂǼȖॶ ȝǣǐ ǜǐȓǻǦȂǼ ȏȓȂȏƷǝƷȝȂȓ ǦȖ ǝǦΗǐǼ ǅΞ

〈
ψI(x)ψ̄J(y)

〉
=
δIJ

2π

Γµ(x− y)µ
(x− y)2

. ঳ःॽँॽअ঴

sǐ ǼȂȓǻƷǶǦȖǐ ȂȠȓ ЖǐǶǌȖ

ψI
ǼǐΘ =

√
2πψI , ψ̄I

ǼǐΘ =
√
2πψ̄I . ঳ःॽँॽआ঴

/Ǽ Ȃȓǌǐȓ ȝȂ ȖǦǻȏǶǦǜΞ ȝǣǐ ǼȂȝƷȝǦȂǼ ǦǼ ȝǣǐ ƷǼƷǶΞȖǦȖ ǅǐǶȂΘॶ Θǐ ȠȖǐ ȝǣǐ ǼȂȓǻƷǶǦȖǐǌ ǐǶǐǻǐǼȝƷȓΞ ЖǐǶǌ ǅȠȝ

ǌǐǼȂȝǐǌ ǅΞ ȝǣǐ ȂǶǌ ΗƷȓǦƷǅǶǐॽ /Ǽ ȝǣǦȖ ǼȂȓǻƷǶǦȖƷȝǦȂǼॶ ȝǣǐ ȝΘȂ ȏȂǦǼȝ ǜȠǼǆȝǦȂǼ ǦȖ

〈
ψI(x)ψ̄J(y)

〉
= δIJ

Γµ(x− y)µ
(x− y)2

, ঳ःॽँॽइ঴

ƷǼǌ ȝǣǐ ǐȒȠƷȝǦȂǼ Ȃǜ ǻȂȝǦȂǼȖ Ʒȓǐ૶

/∂ψI = −gµ−ε

2π
ψI
(
ψ̄JψJ

)
, ঳ःॽँॽई঴

∂µψ̄
IΓµ =

gµ−ε

2π
ψ̄I
(
ψ̄JψJ

)
. ঳ःॽँॽऀࣿ঴

/Ǽ ȝǣǐ ǜȓǐǐ ȝǣǐȂȓΞ ȝǣǐ ǜǐȓǻǦȂǼȖ ȖƷȝǦȖǜΞ /∂ψI = 0, ∂µψ̄IΓµ = 0ΘǣǦǆǣ Ʒȓǐ ȝǣǐ ȖǣȂȓȝǐǼǦǼǝ ǆȂǼǌǦȝǦȂǼȖ

ॱ[ǐǐ ফईࣿॶ ईऀব ǜȂȓ ΗƷȓǦȂȠȖ ƷȖȏǐǆȝȖ Ȃǜ ȝǣǐ %ȓȂȖȖৄCǐΗǐȠ ǻȂǌǐǶ ǦǼ 2 + ε ǌǦǻǐǼȖǦȂǼȖ
૶/Ǽ ǝǐǼǐȓƷǶॶ ǜȂȓ ǼȂǼৄǦǼȝǐǝǐȓ ǌǦǻǐǼȖǦȂǼȖॶ ǝƷǻǻƷ ǻƷȝȓǦǆǐȖ Ʒȓǐ ǦǼЖǼǦȝǐ ǌǦǻǐǼȖǦȂǼƷǶ ƷǼǌ ȝǣǐȓǐ Ʒȓǐ ǦǼЖǼǦȝǐ ǼȠǻǅǐȓ Ȃǜ

ƷǼȝǦȖΞǻǻǐȝȓǦΣǐǌ ȏȓȂǌȠǆȝȖॽ ,ȂΘǐΗǐȓ ǜȂȓ ȝǣǐ ǆƷǶǆȠǶƷȝǦȂǼ Ȃǜ ƷǼȂǻƷǶȂȠȖ ǌǦǻǐǼȖǦȂǼȖ ȝȂ ȝǣǐ ǶǐƷǌǦǼǝ Ȃȓǌǐȓ ǦǼ εॶ ǜȂȓ ȝǣǐ ǆǶƷȖȖ
Ȃǜ ȂȏǐȓƷȝȂȓȖ (ψ̄ψ)n ƷǼǌ ψ(ψ̄ψ)nॶ ȝǣǦȖ ǆȂǻȏǶǦǆƷȝǦȂǼ ΘǦǶǶ ǼȂȝ ȏǶƷΞ ƷǼΞ ȓȂǶǐॽ

आऀ



ǜȂȓ ȝǣǐ ǻȠǶȝǦȏǶǐȝȖ {ψI}ǜȓǐǐ ƷǼǌ {ψ̄I}ǜȓǐǐॽ /Ǽ ƷǌǌǦȝǦȂǼ ƷǶǶ Ȃȝǣǐȓ ǅǦǶǦǼǐƷȓȖ Ȃǜ ψI ƷǼǌ ψ̄I Ʒȓǐ ȏȓǦǻƷȓΞ

ȂȏǐȓƷȝȂȓȖॽ �ȝ ȝǣǐ ǦǼȝǐȓƷǆȝǦǼǝ ЖΝǐǌ ȏȂǦǼȝ {ψI}ЖΝǐǌ ȏȝ ƷǼǌ {ψ̄I}ЖΝǐǌ ȏȝ Ʒȓǐ ǼȂ ǶȂǼǝǐȓ ȖǣȂȓȝ ǻȠǶȝǦȏǶǐȝȖॽ

bǣǐ ȏȓǦǻƷȓΞ ȂȏǐȓƷȝȂȓȖ ǦǼ ȝǣǐ ǜȓǐǐ ȝǣǐȂȓΞ ψI
(
ψ̄JψJ

)
ƷǼǌ ψ̄I

(
ψ̄JψJ

)
ǼȂΘ ǅǐǆȂǻǐ ǌǐȖǆǐǼǌƷǼȝȖ

Ȃǜ ȝǣǐ {ψI}ЖΝǐǌ ȏȝॽ ƷǼǌ {ψ̄I}ЖΝǐǌ ȏȝॽ ȓǐȖȏǐǆȝǦΗǐǶΞॽ bǣǦȖ ȏǣǐǼȂǻǐǼƷ Ȃǜ ǻȠǶȝǦȏǶǐȝ ȓǐǆȂǻǅǦǼƷȝǦȂǼ ΘƷȖ

ȂǅȖǐȓΗǐǌ ǦǼ φ4ৄȝǣǐȂȓΞ ফंंব Θǣǐȓǐ ȝΘȂ ǆȂǼǜȂȓǻƷǶ ǻȠǶȝǦȏǶǐȝȖ ǦǼ ȝǣǐ ǜȓǐǐ ȝǣǐȂȓΞ ǱȂǦǼ ƷǼǌ ǅǐǆȂǻǐ Ʒ

ȖǦǼǝǶǐ ǆȂǼǜȂȓǻƷǶ ǻȠǶȝǦȏǶǐȝ Ʒȝ ȝǣǐ ǦǼȝǐȓƷǆȝǦǼǝ ЖΝǐǌ ȏȂǦǼȝॽ

�Ȗ ǦǼ ফंंব Θǐ ƷȖȖȠǻǐ ȝǣƷȝ ǐΗǐȓΞ ȂȏǐȓƷȝȂȓO ǦǼ ȝǣǐ ǜȓǐǐ ȝǣǐȂȓΞ ǣƷȖ Ʒ ǆȂȠǼȝǐȓȏƷȓȝ VO Ʒȝ ȝǣǐ ǦǼȝǐȓৄ

ƷǆȝǦǼǝ ЖΝǐǌ ȏȂǦǼȝॽ bǣǐ ȂȏǐȓƷȝȂȓȖ VO ƷǼǌ ȝǣǐǦȓ ǆȂȓȓǐǶƷȝǦȂǼ ǜȠǼǆȝǦȂǼȖ ǦǼ ȝǣǐ ǦǼȝǐȓƷǆȝǦǼǝ ȝǣǐȂȓΞॶ Ʒȏৄ

ȏȓȂƷǆǣॶ ȓǐȖȏǐǆȝǦΗǐǶΞॶO ƷǼǌ ȝǣǐǦȓ ǜȓǐǐ ǆȂȓȓǐǶƷȝǦȂǼ ǜȠǼǆȝǦȂǼ ǦǼ ȝǣǐ ε → 0 ǶǦǻǦȝॽ /Ǽ ȝǣǐ %ȓȂȖȖ CǐΗǐȠ

ǻȂǌǐǶ Ʒȝ ȝǣǐ /X ǜȓǐǐ ȏȂǦǼȝॶ ΗƷȓǦȂȠȖ ȂȏǐȓƷȝȂȓȖ Ʒȓǐ ǆȂǼȖȝȓȠǆȝǐǌ ȂȠȝ Ȃǜ ȏȓȂǌȠǆȝȖ Ȃǜ ǐǶǐǻǐǼȝƷȓΞ ȂȏǐȓƷৄ

ȝȂȓȖ ψ ƷǼǌ ψ̄ॽ sǐ ΘǦǶǶ ǌǐǼȂȝǐ ȂȏǐȓƷȝȂȓȖ ǦǼ ȝǣǐ ǦǼȝǐȓƷǆȝǦǼǝ ȝǣǐȂȓΞ ƷȖ V2pॶ V2p+1 ƷǼǌ V̄2p+1 ȖȠǆǣ ȝǣƷȝ

ǦǼ ȝǣǐ ǶǦǻǦȝ ε→ 0 ঳/X ǜȓǐǐ ȏȂǦǼȝ঴

V2p → (ψ̄ψ)p, V I
2p+1 → (ψ̄ψ)pψI , V̄ I

2p+1 → (ψ̄ψ)pψ̄I . ঳ःॽँॽऀऀ঴

sǐ ƷǶȖȂ ȓǐȒȠǦȓǐ ȝǣƷȝ ȝǣǐ ǻȠǶȝǦȏǶǐȝ ȓǐǆȂǻǅǦǼƷȝǦȂǼ ǦȖ ƷǆǣǦǐΗǐǌ ǅΞ

/∂V I
1 = αV I

3 , ∂µV̄
I
1 Γ

µ = −αV̄ I
3 , ঳ःॽँॽऀँ঴

ǜȂȓ ȖȂǻǐ ȠǼǴǼȂΘǼ ǜȠǼǆȝǦȂǼ α ≡ α(ε)ΘǣǦǆǣ ΘǦǶǶ ǅǐ ǌǐȝǐȓǻǦǼǐǌ ǅǐǶȂΘॽ �Ȗ ƷǼ ǐȒȠƷȝǦȂǼ Ȃǜ ǻȂȝǦȂǼॶ

ȝǣǦȖ ǜȂǶǶȂΘȖ ǜȓȂǻ ȝǣǐ %ȓȂȖȖৄCǐΗǐȠ ǶƷǝȓƷǼǝǦƷǼॶ ǅȠȝ ǦǼ ȝǣǐ ǼȂǼৄǶƷǝȓƷǼǝǦƷǼ ƷȏȏȓȂƷǆǣ Θǐ ǜȂǶǶȂΘ Ǧȝ ǦȖ

ȝȂ ǅǐ ǦǼȝǐȓȏȓǐȝǐǌ ȏȠȓǐǶΞ ƷȖ ƷǼ ȂȏǐȓƷȝȂȓ ȓǐǶƷȝǦȂǼ ǦǼǌǦǆƷȝǦǼǝ ȝǣƷȝ ȝǣǐ ȂȏǐȓƷȝȂȓ V3 ǦȖॶ ǦǼ ȝǣǐ ǦǼȝǐȓƷǆȝǦǼǝ

ȝǣǐȂȓΞॶ Ʒ ǌǐȖǆǐǼǌƷǼȝ Ȃǜ ȝǣǐ ȏȓǦǻƷȓΞ ȂȏǐȓƷȝȂȓ V1ॽ

=ǐȝ ȠȖ ǦǶǶȠȖȝȓƷȝǐॶ ȖǆǣǐǻƷȝǦǆƷǶǶΞॶ ǣȂΘǻȠǶȝǦȏǶǐȝ ȓǐǆȂǻǅǦǼƷȝǦȂǼ ǦȖ ȠȖǐǌ ȝȂǝǐȝǣǐȓ ΘǦȝǣ ȝǣǐ HU� ȝȂ

ǌǐȝǐȓǻǦǼǐ ȝǣǐ ǶǐƷǌǦǼǝ Ȃȓǌǐȓ ƷǼȂǻƷǶȂȠȖ ǌǦǻǐǼȖǦȂǼȖ ঳bǣǦȖ ǦȖ ȝǣǐ ǻǐȝǣȂǌ ǌǐΗǐǶȂȏǐǌ ǅΞ ফंंব ƷǼǌ

ȠȖǐǌ ǦǼ ǶƷȝǐȓ ȖǐǆȝǦȂǼȖ ǣǐȓǐ঴ॽ [ȠȏȏȂȖǐ ȝǣǐ ǦǼȝǐȓƷǆȝǦǼǝ ȝǣǐȂȓΞ ǣƷȖ ƷǼ ȂȏǐȓƷȝȂȓ ȓǐǶƷȝǦȂǼ Ȃǜ ȝǣǐ ǜȂȓǻ

∂VO = αVO′ ঳ƷȖ ǐΝȏǶƷǦǼǐǌ ƷǅȂΗǐॶO৚Ȗ ǌǐǼȂȝǐ ȂȏǐȓƷȝȂȓȖ ǦǼ ȝǣǐ ǜȓǐǐ ȝǣǐȂȓΞ ΘǣȂȖǐ ǆȂȠǼȝǐȓȏƷȓȝȖ ǦǼ

ȝǣǐ ǦǼȝǐȓƷǆȝǦǼǝ ȝǣǐȂȓΞ Ʒȓǐ ȝǣǐ VO ৚Ȗ ঴ॽ sǐ ЖȓȖȝ ЖǼǌ ƷǼ HU� ǦǼ ȝǣǐ ǜȓǐǐ ȝǣǐȂȓΞ Ȃǜ ȏȓǦǻƷȓΞ ǆȂǻȏȂȖǦȝǐ

आँ



ȂȏǐȓƷȝȂȓȖOp, Op′ ΘǣǦǆǣ ǆȂǼȝƷǦǼȖॶ ǦǼ ȝǣǐ ǶǐƷǌǦǼǝ ȝǐȓǻȖॶO ƷǼǌO′ ॵ

Op(x)×Op′(0) ⊃ (O + .....) + ρ(O′ + .....) + subleading terms. ঳ःॽँॽऀं঴

bǣǐ ǌȂȝȖ ƷǅȂΗǐ ǌǐǼȂȝǐ ǌǐȖǆǐǼǌƷǼȝ ȝǐȓǻȖ ঳ǌǐȓǦΗƷȝǦΗǐȖ ƷǆǦǼǝ ȂǼO঴ ƷǼǌ Ȃȝǣǐȓ ȖȠǅǶǐƷǌǦǼǝ ȝǐȓǻȖ ǆȂǼৄ

ȝƷǦǼ Ȃȝǣǐȓ ȂȏǐȓƷȝȂȓȖ ǦǼ ȝǣǐ ȖȏǐǆȝȓȠǻ ঳Θǐ ǣƷΗǐ ȖȠȏȓǐȖȖǐǌ ΗƷȓǦȂȠȖ ȏȂΘǐȓȖ Ȃǜ x঴ॽ bǣǐ ǶǐƷǌǦǼǝ Ȃȓǌǐȓ

ȝǐȓǻȖ ȖȠАǆǐ ǜȂȓ ȂȠȓ ȏȠȓȏȂȖǐॽ ρ ǦȖ Ʒ ǆȂǻǅǦǼƷȝȂȓǦƷǶ ǆȂǐАǆǦǐǼȝॶ ǌǐȝǐȓǻǦǼǐǌ ǅΞsǦǆǴ ǆȂǼȝȓƷǆȝǦȂǼȖ ǦǼ

ȝǣǐ ǜȓǐǐ ȝǣǐȂȓΞ ঳Ȗǐǐ ȝǣǐ ƷȏȏǐǼǌǦΝ঴ॽ CȂΘ ǦǼ ȝǣǐ ǦǼȝǐȓƷǆȝǦǼǝ ȝǣǐȂȓΞॶ ȝǣǐ ǆȂȓȓǐȖȏȂǼǌǦǼǝ HU� ΘȂȠǶǌ

ȓǐƷǌॵ

VOp(x)× VOp′ (0) ⊃ (VO + q ∂VO.....) + subleading terms. ঳ःॽँॽऀः঴

CȂȝǐ ȝǣƷȝॶ ȠȖǦǼǝ ȝǣǐ ȂȏǐȓƷȝȂȓ ȓǐǶƷȝǦȂǼॶ ȝǣǐ ȖǐǆȂǼǌ ȝǐȓǻ ȂǼ ȝǣǐ ȓǦǝǣȝ ǣƷǼǌ ȖǦǌǐ ƷǅȂΗǐ ǦȖ ȏȓȂȏȂȓȝȂǼƷǶ

ȝȂ VO′ ॽ /Ǽ ȝǣǐ ǦǼȝǐȓƷǆȝǦǼǝ ȝǣǐȂȓΞॶ ȝǣǦȖ ȂȏǐȓƷȝȂȓ ঳VO′঴ ǦȖ Ʒ ǌǐȖǆǐǼǌƷǼȝ ƷǼǌ ȝǣǦȖ ǆȓȠǆǦƷǶ ǜƷǆȝॶ ȝȂǝǐȝǣǐȓ

ΘǦȝǣ ǻƷȝǆǣǦǼǝ ΘǦȝǣ ȝǣǐ ǜȓǐǐ ȝǣǐȂȓΞ ǦǼ ȝǣǐ ε → 0 ǶǦǻǦȝॶ ǦǻȏǶǦǐȖ qα = ρॽ bǣǐ ǆȂǐАǆǦǐǼȝ q ΘǦǶǶ ǅǐ

ǌǐȝǐȓǻǦǼǐǌ ǶƷȝǐȓ ǦǼ ȝǐȓǻȖ Ȃǜ ƷǼȂǻƷǶȂȠȖ ǌǦǻǐǼȖǦȂǼȖ Ȃǜ ȝǣǐ ȂȏǐȓƷȝȂȓȖ ǦǼ ȝǣǐ HU� ƷǼǌ ΘǦǶǶ ǅǐ ȖǐǐǼ ȝȂ

ǅǐ ȖǦǼǝȠǶƷȓ ǦǼ ȝǣǐ ε → 0 ǶǦǻǦȝॽ bǣǐ ǆȂǐАǆǦǐǼȝ α ǦȖ ǌǐȝǐȓǻǦǼǐǌ ǅǐǶȂΘ ঳ȝȂ ȝǣǐ ȓǐȒȠǦȓǐǌ ǶǐƷǌǦǼǝ Ȃȓǌǐȓ

ǦǼ ε঴ ƷǼǌ ȝǣǐ ƷǅȂΗǐ ȓǐǶƷȝǦȂǼ ΘǦǶǶ ǅǐ ȖǐǐǼ ঳ǦǼ ȖǐǆȝǦȂǼ ःॽं঴ ȝȂ ǶǐƷǌ ȝȂ Ʒ ȓǐǆȠȓȖǦȂǼ ȓǐǶƷȝǦȂǼ ǜȂȓ ȝǣǐ ǶǐƷǌǦǼǝ

Ȃȓǌǐȓ ƷǼȂǻƷǶȂȠȖ ǌǦǻǐǼȖǦȂǼȖॽ

sǐ ȝȠȓǼ ǼȂΘ ȝȂ ȝǣǐ ǌǐȝǐȓǻǦǼƷȝǦȂǼ Ȃǜ αॽ sǐ ǣƷΗǐ

〈
V I
1 (x)V̄

J
1 (y)

〉
= δIJ

Γµ(x− y)µ
(x− y)2∆1+1

. ঳ःॽँॽऀऄ঴

�ǦЍǐȓǐǼȝǦƷȝǦǼǝ ȝǣǐ ƷǅȂΗǐ ǐΝȏȓǐȖȖǦȂǼ ƷǼǌ ǆȂǼȝȓƷǆȝǦǼǝ ΘǦȝǣ Γµ ǻƷȝȓǦǆǐȖॶ Θǐ ǝǐȝ

〈
/∂V I

1 (x)∂σV̄
J
1 (y)Γσ

〉
= δIJ

Γµ(x− y)µ
(x− y)2∆1+3

h , ঳ःॽँॽऀअ঴

Θǣǐȓǐॶ ȠȖǦǼǝ∆1 =
d−1
2 + γ1ॶ Θǐ ǝǐȝ

h = (2∆1 + 1)(2− d+ 2d− 2∆1 − 3) ∼ −4γ1 . ঳ःॽँॽऀआ঴

CȂΘ ȓǐȒȠǦȓǦǼǝ ȝǣƷȝ ǦǼ ȝǣǐ ǶǦǻǦȝ ε → 0ॶ
〈
V I
3 (x)V̄

J
3 (y)

〉
ƷȏȏȓȂƷǆǣǐȖ ȝǣǐ ǜȓǐǐ ȝǣǐȂȓΞ ǆȂȓȓǐǶƷȝǦȂǼ

आं



ǜȠǼǆȝǦȂǼ
〈
ψI(ψ̄KψK)(x)ψ̄J(ψ̄LψL)(y)

〉
= δIJ

Γµ(x− y)µ(N − 1)

(x− y)4
, ঳ःॽँॽऀइ঴

Θǐ ǝǐȝ ȝǣǐ ǐΝȏȓǐȖȖǦȂǼ ǜȂȓ α

α = 2σ

(
γ1

N − 1

)1/2

, σ = ±1 . ঳ःॽँॽऀई঴

ःॽं �ǼȂǻƷǶȂȠȖ ǌǦǻǐǼȖǦȂǼ Ȃǜ ψॶ ψ̄ ƷǼǌ ψ̄ψ

/Ǽ ȝǣǦȖ ȖǐǆȝǦȂǼ Θǐ ΘǦǶǶ ǆȂǻȏȠȝǐ ȝǣǐ ƷǼȂǻƷǶȂȠȖ ǌǦǻǐǼȖǦȂǼȖ Ȃǜ ȝǣǐ ǜȠǼǌƷǻǐǼȝƷǶ ǜǐȓǻǦȂǼ ƷǼǌ ȝǣǐ

ǆȂǻȏȂȖǦȝǐ ȖǆƷǶƷȓॽ bǣǐ ȓǐȖȠǶȝȖ Ȃǜ ȝǣǦȖ ȖǐǆȝǦȂǼ Ʒȓǐ ǦǼ ȏǐȓǜǐǆȝ ƷǝȓǐǐǻǐǼȝ ΘǦȝǣ ȝǣǐ ǶǐƷǌǦǼǝ Ȃȓǌǐȓ ƷǼȂǻƷৄ

ǶȂȠȖ ǌǦǻǐǼȖǦȂǼ ǆȂǻȏȠȝǐǌ ǜȓȂǻ $ǐΞǼǻƷǼ ǌǦƷǝȓƷǻ ȝǐǆǣǼǦȒȠǐȖॽ /Ǽ ȝǣǐ ǼǐΝȝ ȖǐǆȝǦȂǼ Θǐ ΘǦǶǶ ǝǐǼǐȓƷǶǦȖǐ

ȝǣǦȖ ȝȂ ǣǦǝǣǐȓ ǌǦǻǐǼȖǦȂǼƷǶ ȂȏǐȓƷȝȂȓȖ ƷǼǌ ǌǐȓǦΗǐ ȖȂǻǐ ǼǐΘ ȓǐȖȠǶȝȖ ǜȂȓ ȝǣǐ ƷǼȂǻƷǶȂȠȖ ǌǦǻǐǼȖǦȂǼȖॽ

sǐ ǆȂǼȖǦǌǐȓ ȝǣǐ HU� ǅǐȝΘǐǐǼ ψ ƷǼǌ ψ̄ψ ǦǼ ȝǣǐ ǜȓǐǐ ȝǣǐȂȓΞॽ ૷ $Ȃȓ ȝǣǦȖ Θǐ ǌȂ ǼȂȝ Ǽǐǐǌ ȝǣǐ ǜȠǶǶ

HU� ǐΝǆǐȏȝ ȝǣȂȖǐ ȝǐȓǻȖ ΘǣǦǆǣ Ʒȓǐ ȖǐǼȖǦȝǦΗǐ ȝȂ ȝǣǐ ǻȠǶȝǦȏǶǐȝ ȓǐǆȂǻǅǦǼƷȝǦȂǼॶ

ψI(x)× (ψ̄JψJ)(0) ⊃ 1

x2
{/xψI(0) + x2ψI(ψ̄JψJ)(0) + ..} . ঳ःॽंॽऀ঴

sǐ ΘǦǶǶ ǆȂǻȏƷȓǐ ȝǣǐ ƷǅȂΗǐ ǐΝȏȓǐȖȖǦȂǼ ǜȂȓ ȝǣǐ ǜȓǐǐ HU� ΘǦȝǣ ȝǣǐ HU� Ʒȝ ȝǣǐ ǦǼȝǐȓƷǆȝǦǼǝ eq ЖΝǐǌ

ȏȂǦǼȝॽ $Ȃȓ ȝǣǦȖ Θǐ Ǽǐǐǌ ȝǣǐ ȝǣȓǐǐ ȏȂǦǼȝ ǜȠǼǆȝǦȂǼ Ʒȝ ȝǣǐ ǦǼȝǐȓƷǆȝǦǼǝ ЖΝǐǌ ȏȂǦǼȝॽ �ǆǆȂȓǌǦǼǝ ȝȂ ফईँবॶ

Θǐ ǣƷΗǐ૭
〈
V I
1 (x1)V̄

K
1 (x2)V2(x3)

〉
=

f /x13/x23δ
IK

(x2
12)

∆1− 1
2∆2 (x2

13x
2
23)

1
2∆2+

1
2

. ঳ःॽंॽँ঴

/Ǽ ȝǣǐ ƷǅȂΗǐ f ǦȖ Ʒ ǆȂǼȖȝƷǼȝॽ $ȓȂǻ ȝǣǦȖ Θǐ ǆƷǼ ǆȂǻȏȠȝǐ ȝǣǐ ǜȂǶǶȂΘǦǼǝ HU�

V I
1 (x1)× V2(x3) ⊃

f/x13

(x2
13)

1
2∆2+

1
2

C(x13, ∂z)V
I
1 (z)|z=x3+..... ঳ःॽंॽं঴

૷bǣǐ HU� ǆȂǐАǆǦǐǼȝȖ Ʒȓǐ ǌǐȝǐȓǻǦǼǐǌ ǦǼ ȝǣǐ ǜȓǐǐ ȝǣǐȂȓΞ ȠȖǦǼǝsǦǆǴ৚Ȗ ǆȂǼȝȓƷǆȝǦȂǼৄ Ȗǐǐ ȝǣǐ ƷȏȏǐǼǌǦΝॽ
૭�Ȗ Θǐ ΘǦǶǶ ǐΝȏǶƷǦǼ ǦǼ ȝǣǐ ǼǐΝȝ ȖǐǆȝǦȂǼॶ ǦǼ ǝǐǼǐȓƷǶ ǆȂǼǜȂȓǻƷǶ ǦǼΗƷȓǦƷǼǆǐ ȓǐȒȠǦȓǐȖ ȝǣǐ ȏȓǐȖǐǼǆǐ Ȃǜ ƷǼȂȝǣǐȓ ȝǐȓǻ ǦǼ ȝǣǐ

ंৄȏȂǦǼȝ ǜȠǼǆȝǦȂǼॽ ,ȂΘǐΗǐȓ ȝǣǦȖ ǐΝȝȓƷ ȝǐȓǻ ǌȂǐȖ ǼȂȝ ǆȂǼȝȓǦǅȠȝǐ ǦǼ ȝǣǐ ǆƷǶǆȠǶƷȝǦȂǼ Ȃǜ ȝǣǦȖ ȖǐǆȝǦȂǼॽ

आः



,ǐȓǐ

C(x13, ∂z) = A+
(
B1x

µ
13 +B2/x13Γ

µ
)
∂µ+

(
C1x

µ
13x

ν
13 + C2x

µ
13/x13Γ

ν + C3x
2
13Γ

µΓν
)
∂µ∂ν+.........

঳ःॽंॽः঴

/ȝ ǦȖ ǦǻȏȂȓȝƷǼȝ ȝȂ ǼȂȝǐ ǣǐȓǐ ȝǣƷȝ ǦǼ ȝǣǐ ƷǅȂΗǐ HU�ॶ Θǐ ǣƷΗǐ Ǵǐȏȝ ȂǼǶΞ ǆȂǼȝȓǦǅȠȝǦȂǼȖ ǆȂǻǦǼǝ ǜȓȂǻ

ȝǣǐ ǆȂǼǜȂȓǻƷǶ ǜƷǻǦǶΞ Ȃǜ V I
1 ΘǣǦǆǣ ǦǼǆǶȠǌǐȖ V3 ƷȖ ǦȝȖ ǌǐȖǆǐǼǌƷǼȝॽ �ǶȝǣȂȠǝǣ ȝǣǐ ǻȠǶȝǦȏǶǐȝ ȓǐǆȂǻǅǦৄ

ǼƷȝǦȂǼ ǌȂǐȖ ǼȂȝ ǼǐǆǐȖȖƷȓǦǶΞ ȓǐȒȠǦȓǐ Ʒ ǶƷǝȓƷǼǝǦƷǼ ǌǐȖǆȓǦȏȝǦȂǼॶ ǣǐȓǐ ȂȠȓ ǴǼȂΘǶǐǌǝǐ Ȃǜ ȝǣǐ ȖǣȂȓȝǐǼǦǼǝ

ǆȂǼǌǦȝǦȂǼ ǜȂǶǶȂΘȖ ǜȓȂǻ ȝǣǐ ǐȒȠƷȝǦȂǼ Ȃǜ ǻȂȝǦȂǼ ঳ःॽँॽऀँ঴ॽ �ΗǐǼ ȝǣȂȠǝǣ Θǐ ȠȖǐ ǌǦЍǐȓǐǼȝ ǻǐȝǣȂǌȖॶ Θǐ

Ʒȓǐ ǌǐƷǶǦǼǝ ΘǦȝǣ ȏǐȓȝȠȓǅƷȝǦΗǐ ЖΝǐǌ ȏȂǦǼȝȖ ΘǣǦǆǣ ǌȂ ǣƷΗǐ Ʒ ǶƷǝȓƷǼǝǦƷǼ ǌǐȖǆȓǦȏȝǦȂǼॽ bǣȠȖ ȂȠȓ ƷǼƷǶΞȖǦȖ

ǦȖ ǼȂȝ ǐǼȝǦȓǐǶΞ ǶƷǝȓƷǼǝǦƷǼ ǦǼǌǐȏǐǼǌǐǼȝ૬ॽ

A,Bi, Ci, .. Ʒȓǐ ǜȠǼǆȝǦȂǼȖ Ȃǜ ǆȂǼǜȂȓǻƷǶ ǌǦǻǐǼȖǦȂǼȖ ΘǣǦǆǣ Θǐ ǌǐȝǐȓǻǦǼǐ ǅΞ ǆȂǼȖǦǌǐȓǦǼǝ x1 →

x3 ƷǼǌ ǐΝȏƷǼǌǦǼǝ ঳ःॽंॽँ঴ ǦǼ ȏȂΘǐȓȖ Ȃǜ x13ॶ

f /x13/x23δ
IK

(x2
12)

∆1− 1
2∆2 (x2

13x
2
23)

1
2∆2+

1
2

=
f /x13/x23δ

IK

(x2
13)

1
2∆2+

1
2 (x2

23)
∆1+

1
2

[
1 + 2

(
∆1 −

1

2
∆2

)
x23 · x13

x2
23

−
(
∆1 −

1

2
∆2

)
x2
13

x2
23

+
1

2
(2∆1 −∆2)(2 + 2∆1 −∆2)

(x23 · x13)2

(x2
23)

2
+ ...

]
.

঳ःॽंॽऄ঴

�ȂǻȏƷȓǦǼǝ ΘǦȝǣ ঳ःॽंॽं঴ Θǐ ǆƷǼ ǝǐȝ ƷǶǶ ȝǣǐ ǆȂǐАǆǦǐǼȝȖॽ sǐ ǶǦȖȝ ǣǐȓǐ ȝǣǐ ЖȓȖȝ ǜǐΘ ǆȂǐАǆǦǐǼȝȖ

A = −1, B1 = −
(
∆1 − 1

2∆2

)

∆1 +
1
2

, B2 =
B1

2∆1 + 1− d
,

C1 = −(2∆1 −∆2) (2 + 2∆1 −∆2)

2 (2∆1 + 1) (2∆1 + 3)
,

C2 =
2C1

2∆1 + 1− d
, C3 =

1

2∆1 + 1− d

[
C1 +

(
∆1 − 1

2∆2

)

2∆1 + 1

]
. ঳ःॽंॽअ঴

CȂΘ Θǐ ǆȂǼȖǦǌǐȓ ȝǣǐ ǜȂǶǶȂΘǦǼǝ ǜȓǐǐ ǆȂȓȓǐǶƷȝȂȓȖ ǦǼ ȝǣǐ ǶǦǻǦȝ |x1|<< |x2|ॶ

〈
ψI(x1)(ψ̄

JψJ)(0)ψ̄K(x2)
〉
∼ /x1

x2
1

〈
ψI(0)ψ̄K(x2)

〉
,

〈
ψI(x1)(ψ̄

JψJ)(0)ψ̄K(ψ̄LψL)(x2)
〉
∼
〈
ψI(ψ̄JψJ)(0)ψ̄K(ψ̄LψL)(x2)

〉
. ঳ःॽंॽआ঴

૬UȓǐȖȠǻƷǅǶΞ ȝǣǐ ȖǣȂȓȝǐǼǦǼǝ ǆȂǼǌǦȝǦȂǼ ǆƷǼ ǅǐ ȠȖǐǌ ǜȂȓ ǻȂȓǐ ǝǐǼǐȓƷǶ ЖΝǐǌ ȏȂǦǼȝȖ ȝȂ ЖΝ ΗƷǶȠǐȖ Ȃǜ ƷǼȂǻƷǶȂȠȖ ǌǦǻǐǼৄ
ȖǦȂǼȖॽ /ȝ ΘȂȠǶǌ ǅǐ ΗǐȓΞ ǦǼȝǐȓǐȖȝǦǼǝ ȝȂ ȠǼǌǐȓȖȝƷǼǌ ȝǣǐ ȏǣǐǼȂǻǐǼƷ Ȃǜ ǻȠǶȝǦȏǶǐȝ ȓǐǆȂǻǅǦǼƷȝǦȂǼ ǻȂȓǐ ǝǐǼǐȓƷǶǶΞॽ

आऄ



eȖǦǼǝ ȝǣǐ HU� ঳ःॽंॽं঴ॶ Θǐ ǣƷΗǐ

〈
V I
1 (x1)V2(0)V̄

K
1 (x2)

〉
∼

Af/x1

(x2
1)

1
2∆2+

1
2

〈
V I
1 (0)V̄

K
1 (x2)

〉
. ঳ःॽंॽइ঴

bǣǦȖ ΘǦǶǶ ǻƷȝǆǣ ΘǦȝǣ ȝǣǐ ǜȓǐǐ ǆȂȓȓǐǶƷȝȂȓ Ǧǜ f → −1 ǦǼ ȝǣǐ ǶǦǻǦȝ ε → 0ॽ CǐΝȝ Θǐ ǆȂǻȏƷȓǐ ȝǣǐ

ǆȂȓȓǐǶƷȝǦȂǼ ǜȠǼǆȝǦȂǼ ΘǦȝǣ ȝǣǐ ǦǼȖǐȓȝǦȂǼ Ȃǜ ȝǣǐ ǌǐȖǆǐǼǌƷǼȝ ȂȏǐȓƷȝȂȓ V̄ I
3 ॶ

〈
V I
1 (x1)V2(0)V̄

I
3 (x2)

〉
∼

f/x1

(x2
1)

1
2∆2+

1
2

C(x1, ∂µ)
〈
V I
1 (0)V̄

K
3 (x2)

〉
. ঳ःॽंॽई঴

,ǐȓǐ V̄ K
3 ǦȖ ȝǣǐ ǌǐȖǆǐǼǌƷǼȝ Ȃǜ V̄ K

1 ǌǐЖǼǐǌ ǦǼ ঳ःॽँॽऀँ঴ ƷǼǌ ȝǣǐ ǌǐȓǦΗƷȝǦΗǐ ƷǆȝȖ ȂǼ ȝǣǐ ЖȓȖȝ ǦǼȖǐȓȝǦȂǼॽ

/ȝ ǦȖ ΗǐȓΞ ǐƷȖΞ ȝȂ Ȗǐǐ ȝǣƷȝ ȝǣǐ ЖȓȖȝ ȝΘȂ ȝǐȓǻȖ ǆȂǼȝƷǦǼǦǼǝA,B1 ǦǼ ȝǣǐ ǐΝȏƷǼȖǦȂǼ ȂǜC ȂǼ ȝǣǐ ȓǦǝǣȝ

ǣƷǼǌ ȖǦǌǐ ǝȂ ȝȂ ΣǐȓȂ ƷȖ Θǐ ȝƷǴǐ ε→ 0ॶ

〈
V I
1 (0)V̄

K
3 (x2)

〉
= − 1

α

〈
V I
1 (0)∂µV̄

K
3 (x2)

〉
Γµ = − δIK

(z2)∆1+
1
2

√
γ1(N − 1)

2πσ
. ঳ःॽंॽऀࣿ঴

CȂΘ Θǐ Ȗǐǐ ȝǣƷȝ ȝǣǐ ǆȂǼȝȓǦǅȠȝǦȂǼ ȝȂ ঳ःॽंॽई঴ ΘǦǶǶ ǆȂǻǐ ǜȓȂǻ ȝǣǐ ȝǐȓǻ ΘǦȝǣB2ॽ /Ǽ ǜƷǆȝ ȠȖǦǼǝ ȝǣǐ

ǐΝȏƷǼȖǦȂǼ Θǐ ǝǐȝ

〈
V I
1 (x1)V2(0)V̄

K
3 (x2)

〉
∼

f/x1

(x2
1)

1
2∆2+

1
2

B2(/x1 Γ
µ∂µ)

〈
V I
1 (0)V̄

K
3 (x2)

〉
,

=
fB2α

(x2
1)

1
2∆2− 1

2

〈
V I
3 (0)V̄

K
3 (x2)

〉
. ঳ःॽंॽऀऀ঴

/Ǽ ȝǣǐ ƷǅȂΗǐ Θǐ ȠȖǐǌ ȝǣǐ ǐȒȠƷȝǦȂǼ Ȃǜ ǻȂȝǦȂǼ ǜȂȓ ȝǣǐ ȏȓǦǻƷȓΞ ЖǐǶǌ ঳ःॽँॽऀँ঴ॽ bǣȠȖ Θǐ Ȗǐǐ ȝǣƷȝ Ǧȝ ΘǦǶǶ

ǝȂ ȝȂ ȝǣǐ ǜȓǐǐ ǆȂȓȓǐǶƷȝȂȓ Ǧǜ fB2α ∼ O(1) ǦǼ ȝǣǐ ǶǦǻǦȝ ε → 0ॽ [ǦǼǆǐ f ǝȂǐȖ ȝȂ ǆȂǼȖȝƷǼȝ ƷǼǌ α ǝȂǐȖ ȝȂ

ΣǐȓȂॶB2 ǻȠȖȝ ǌǦΗǐȓǝǐॽ sǐ ƷǶȖȂ Ȗǐǐ ǜȓȂǻ ঳ःॽंॽअ঴ ȝǣƷȝB2 ǣƷȖ Ʒ ǆǣƷǼǆǐ Ȃǜ ǅǶȂΘǦǼǝ Ƞȏॽ /ǜ Θǐ ǌǐЖǼǐ

δ =
d− 1

2
, ∆1 = δ + γ1, ∆2 = 2δ + γ2 , ঳ःॽंॽऀँ঴

ȝǣǐǼ

B2 ∼ −
(γ1 − 1

2γ2)

2γ1(δ + γ1 +
1
2)

. ঳ःॽंॽऀं঴

bǣȠȖB2 ΘǦǶǶ ǅǶȂΘ Ƞȏ Ǧǜ γ1 ΗƷǼǦȖǣǐȖ ƷȖ Ʒȝ ǶǐƷȖȝO(ε2)

आअ



CȂΘΘǐ ΘȓǦȝǐ

γ1 ∼ y1,2ε
2, γ2 ∼ y2,1ε . ঳ःॽंॽऀः঴

bǣǐǼ Θǐ ǝǐȝ

fB2α ∼ y2,1σ f

2
√
y1,2(N − 1)

→ 1 . ঳ःॽंॽऀऄ঴

eȖǦǼǝ ȝǣƷȝ f → −1ॶ Θǐ ǝǐȝ

y2,1 = −2σ
√
y1,2(N − 1) . ঳ःॽंॽऀअ঴

�ǶȖȂ ǦǼ ȝǣǐ ǦǼȝǐȓƷǆȝǦǼǝ ȝǣǐȂȓΞॶ ȝǣǐ ǆȂǼǜȂȓǻƷǶ ǌǦǻǐǼȖǦȂǼ∆3 Ȃǜ ȝǣǐ ǌǐȖǆǐǼǌƷǼȝ V I
3 (x1) ǦȖ ȓǐǶƷȝǐǌ ȝȂ

∆1 Ȃǜ V I
1 (x1) ǅΞ

∆3 = ∆1 + 1 ⇒ 3δ + γ3 = δ + γ1 + 1,

γ3 = γ1 − ε⇒ y3,1 = −1 . ঳ःॽंॽऀआ঴

sǐ ΘǦǶǶ ȖǣȂΘ ȝǣǦȖ ǅΞ ǐΝȏǶǦǆǦȝ ǆȂǻȏȠȝƷȝǦȂǼ ǦǼ ȝǣǐ ǼǐΝȝ ȖǐǆȝǦȂǼॽ

CȂΘ Θǐ Ʒȓǐ ǦǼȝǐȓǐȖȝǐǌ ǦǼ ЖǼǌǦǼǝ ȝǣǐ HU� ǅǐȝΘǐǐǼ V I
3 ƷǼǌ V2ॽ bǣǦȖ ǆƷǼ ǅǐ ȂǅȝƷǦǼǐǌ ǜȓȂǻ ঳ःॽंॽं঴

ǅΞ ƷǆȝǦǼǝ ΘǦȝǣ Ʒ ǌǐȓǦΗƷȝǦΗǐ ƷǼǌ ȠȖǦǼǝ ঳ःॽँॽऀँ঴ॽ

V I
3 (x1)× V2(x3) ⊃

f̃

α(x2
13)

1
2∆2+

1
2

C̃(x13, ∂z)V
I
1 (z)|z=x3+.... ঳ःॽंॽऀइ঴

,ǐȓǐ

C̃(x13, ∂z) = Ã+
(
B̃1x

µ
13 + B̃2/x13Γ

µ
)
∂µ+

(
C̃1x

µ
13x

ν
13 + C̃2x

µ
13/x13Γ

ν + C̃3x
2
13Γ

µΓν
)
∂µ∂ν+.........

঳ःॽंॽऀई঴

Θǣǐȓǐ

f̃ = (d−∆2 − 1)f, Ã = A, B̃1 =
d−∆2 + 1

d−∆2 − 1
B1,

B̃2 =
1−∆2

d−∆2 − 1
B2 −

B1

d−∆2 − 1
. ঳ःॽंॽँࣿ঴

आआ



/Ǽ Ȃȓǌǐȓ ȝȂ ǆȂǻȏƷȓǐ ΘǦȝǣ ȝǣǐ ǜȓǐǐ ǆȂȓȓǐǶƷȝȂȓॶ Θǐ ƷǶȖȂ Ǽǐǐǌ ȝǣǐ ǜȂǶǶȂΘǦǼǝ HU�

ψi(ψ̄kψk)(x1)× (ψ̄jψj)(0) ⊃
1

x2
1

{(N − 1)ψi(0) + /x1ψi(ψ̄jψj)(0) + ..} ঳ःॽंॽँऀ঴

〈
ψi(ψ̄kψk)(x1)(ψ̄jψj)(0)ψ̄l(x2)

〉
∼ (N − 1)

x2
1

〈
ψi(0)ψ̄l(x2)

〉
,

〈
ψi(ψ̄kψk)(x1)(ψ̄jψj)(0)ψ̄l(ψ̄lψl)(x2)

〉
∼ /x1

x2
1

〈
ψi(ψ̄jψj)(0)ψ̄l(ψ̄lψl)(x2)

〉
.঳ःॽंॽँँ঴

UȓȂǆǐǐǌǦǼǝ ƷȖ ǅǐǜȂȓǐॶ Θǐ ЖǼǌ ȝǣƷȝ ǜȂȓ |x1|<< |x2|ॶ Θǐ ǣƷΗǐ

〈
V I
3 (x1)V2(0)V̄

K
3 (x2)

〉
∼

f̃ B̃2/x1

(x2
1)

1
2∆2+

1
2

〈
V I
3 (0)V̄

K
3 (x2)

〉
. ঳ःॽंॽँं঴

bǣȠȖ ǦǼ Ȃȓǌǐȓ ȝȂ ǻƷȝǆǣ ΘǦȝǣ ȝǣǐ ǜȓǐǐ ǆȂȓȓǐǶƷȝȂȓॶ Θǐ ȓǐȒȠǦȓǐ f̃ B̃2 → 1ॽ CȂΘ ȠȖǦǼǝ ȝǣƷȝ f → −1ॶ Θǐ

ǝǐȝ

(1−∆2)B2 − B1 = −1 . ঳ःॽंॽँः঴

eȖǦǼǝ ঳ःॽंॽऀँ঴ ƷǼǌ ঳ःॽंॽऀः঴ॶ ȝȂ ǶǐƷǌǦǼǝ Ȃȓǌǐȓ ǦǼ εॶ Θǐ ǝǐȝ

y2,1 + y22,1 = 4y1,2 . ঳ःॽंॽँऄ঴

eȖǦǼǝ ǜȠȓȝǣǐȓ ঳ःॽंॽऀअ঴ॶ Θǐ ǝǐȝ

2y1,2(N − 2) = σ
√
y1,2(N − 1) , ঳ःॽंॽँअ঴

ΘǣǦǆǣ ǦǻȏǶǦǐȖ

σ = +1, y1,2 =
(N − 1)

4(N − 2)2
, y2,1 = −N − 1

N − 2
. ঳ःॽंॽँआ঴

bǣǐȓǐǜȂȓǐ ȝǣǐ ƷǼȂǻƷǶȂȠȖ ǌǦǻǐǼȖǦȂǼȖ Ʒȓǐ

γ1 =
(N − 1)

4(N − 2)2
ε2, γ2 = −N − 1

N − 2
ε . ঳ःॽंॽँइ঴

bǣǐȖǐ ȓǐȖȠǶȝȖ Ʒȓǐ ǦǼ ƷǝȓǐǐǻǐǼȝ ΘǦȝǣ ȓǐȖȠǶȝȖ ǦǼ ফइईॶ ईंবॽ

आइ



ःॽः �ǼȂǻƷǶȂȠȖ ǌǦǻǐǼȖǦȂǼȖ Ȃǜ (ψ̄ψ)p ƷǼǌ (ψ̄ψ)pψ

/Ǽ ȝǣǦȖ ȖǐǆȝǦȂǼ Θǐ ΘǦǶǶ ǆȂǻȏȠȝǐ ȝǣǐ ǶǐƷǌǦǼǝ Ȃȓǌǐȓ ƷǼȂǻƷǶȂȠȖ ǌǦǻǐǼȖǦȂǼȖ Ȃǜ Ʒ ǆǶƷȖȖ Ȃǜ ǣǦǝǣǐȓ ǌǦǻǐǼৄ

ȖǦȂǼƷǶ ǆȂǻȏȂȖǦȝǐ ȂȏǐȓƷȝȂȓȖ ǦǼ ȝǣǐ ǦǼȝǐȓƷǆȝǦǼǝ ȝǣǐȂȓΞ ǌǐȖǆȓǦǅǐǌ ǅΞ ȝǣǐ eq ЖΝǐǌ ȏȂǦǼȝ Ȃǜ ȝǣǐ %ȓȂȖȖৄ

CǐΗǐȠBȂǌǐǶॽ /Ǽ ȝǣǐ ǜȓǐǐ ȝǣǐȂȓΞ ǶǦǻǦȝ ঳ε → 0঴ ȝǣǐȖǐ ȂȏǐȓƷȝȂȓȖ Ʒȓǐ Ȃǜ ȝǣǐ ǜȂȓǻ (ψ̄ψ)p ƷǼǌ ψ(ψ̄ψ)p

ΘǦȝǣ p > 1ॽ =ǐȝ ȠȖ ǌǐǼȂȝǐ ȝǣǐȖǐ ȂȏǐȓƷȝȂȓȖ ǦǼ ȝǣǐ ǦǼȝǐȓƷǆȝǦǼǝ ȝǣǐȂȓΞ ƷȖ V2p ƷǼǌ V2p+1 ȖȠǆǣ ȝǣƷȝ ǦǼ

ȝǣǐ ǶǦǻǦȝ ε→ 0 ঳ƷΝǦȂǻ঴

V2p → (ψ̄ψ)p, V I
2p+1 → (ψ̄ψ)pψI . ঳ःॽःॽऀ঴

ः৷ः৷ऀ bӟӏ ԓԚԏԞӅԚԞԏӏ Ԁә Ԛӟӏ HU�ԓ

sǐ ΘǦǶǶ Ǽǐǐǌ ȝǣǐ ǜȂǶǶȂΘǦǼǝ HU�Ȗ ǦǼ ȝǣǐ ǜȓǐǐ ȝǣǐȂȓΞ

(
ψ̄ψ
)p

(x1)×
(
ψ̄ψ
)p
ψI(0) ⊃ f2p

(x2
1)

p

{
ψI(0) + /x1ρ2p

(
ψ̄ψ
)
ψI(0)

}
, ঳ःॽःॽँ঴

(
ψ̄ψ
)p
ψI(x1)×

(
ψ̄ψ
)p (

ψ̄ψ
)
(0) ⊃ f2p+1

(x2
1)

p+1

{
/x1ψ

I(0) + x2
1ρ2p+1

(
ψ̄ψ
)
ψI(0)

}
. ঳ःॽःॽं঴

Θǣǐȓǐ I ǦȖ ƷǼ U(N̄) ǦǼǌǐΝॽ f2p, f2p+1 ƷǼǌ ρ2p, ρ2p+1 Ʒȓǐ ǆȂǻǅǦǼƷȝȂȓǦƷǶ ǆȂǐАǆǦǐǼȝȖॽ �ȂȠǼȝǦǼǝ ƷǶǶ

ȏȂȖȖǦǅǶǐ sǦǆǴ ǆȂǼȝȓƷǆȝǦȂǼȖ ǝǦΗǐȖ ȝǣǐǦȓ ΗƷǶȠǐȖ ȝȂ ǅǐ

f2p =
p∏

i=1

i(N − i), f2p+1 = (p+ 1)
p∏

i=1

i(N − i) , ঳ःॽःॽः঴

ρ2p = − p

N − 1
, ρ2p+1 =

N − p− 1

N − 1
. ঳ःॽःॽऄ঴

[ǐǐ ȝǣǐ ƷȏȏǐǼǌǦΝ ǜȂȓ ǌǐȝƷǦǶȖ Ȃǜ ȝǣǐ ǆƷǶǆȠǶƷȝǦȂǼॽ CȂΘ Ƕǐȝ ȠȖ ǆȂǼȖǦǌǐȓ ȝǣǐ ǆȂȓȓǐȖȏȂǼǌǦǼǝ HU�Ȗ ǦǼ ȝǣǐ

ǦǼȝǐȓƷǆȝǦǼǝ ȝǣǐȂȓΞॽ bǣǐ ǻȂȖȝ ǝǐǼǐȓƷǶ ȖȝȓȠǆȝȠȓǐ Ȃǜ ȝǣǐ HU�ॶ ǦǼ ȝǣǐ ЖȓȖȝ ǆƷȖǐ Θǣǐȓǐ ȝǣǐ ǜȓǐǐ ȝǣǐȂȓΞ

ǶǦǻǦȝ ǦȖ ǐȒॽ ঳ःॽःॽँ঴ॶ ǦȖ

V2p(x1)× V I
2p+1(0) ⊃

(
1

(x2
12)

a
C(x12, ∂2)V

I
1 (x2) +

/x12

(x2
12)

b
D(x12, ∂2)V

I
1 (x2) + ...

)

x2=0

.

঳ःॽःॽअ঴

आई



bǣǐ ǌȂȝȖ ǦǼǌǦǆƷȝǐ Ȃȝǣǐȓ ȏȓǦǻƷȓΞ ȂȏǐȓƷȝȂȓȖ ȝǣƷȝ ǆƷǼ ƷȏȏǐƷȓ ǦǼ ȝǣǐ HU�ॽ ,ǐȓǐ

a = (∆2p +∆2p+1 −∆1) /2 , ঳ःॽःॽआ঴

b = (∆2p +∆2p+1 −∆1 + 1) /2 . ঳ःॽःॽइ঴

bǣǐ ǌǦЍǐȓǐǼȝǦƷǶ ȂȏǐȓƷȝȂȓȖC(x12, ∂2) ƷǼǌD(x12, ∂2) ǣƷΗǐ ȝǣǐ ǝǐǼǐȓƷǶ ǜȂȓǻ

C(x12, ∂2) = A0 +B0x
µ
12∂2µ +B1/x12

/∂2µ + .... ঳ःॽःॽई঴

D(x12, ∂2) = A′
0 +B′

0x
µ
12∂2µ +B′

1/x12
/∂2µ + .... ঳ःॽःॽऀࣿ঴

$Ȃȓ ȝǣǐ HU� Ȃǜ ȝΘȂ ǝǐǼǐȓǦǆ ȏȓǦǻƷȓΞ ȂȏǐȓƷȝȂȓȖ ঳ȂǼǐ ǅȂȖȂǼǦǆ ƷǼǌ ȝǣǐ Ȃȝǣǐȓ ǜǐȓǻǦȂǼǦǆ঴ ǅȂȝǣ Ȃǜ

ȝǣǐȖǐ ȖȝȓȠǆȝȠȓǐȖ ǆƷǼ ȂǆǆȠȓॽ ,ȂΘǐΗǐȓ ǼȂΘ Θǐ ΘǦǶǶ ȖǣȂΘ ȝǣƷȝॶ ǜȂȓ ȝǣǐ V2p(x1)V I
2p+1(0)HU�ॶ ȂǼǶΞ

ȝǣǐ ЖȓȖȝ ȖȝȓȠǆȝȠȓǐ ǦǼ ǐȒॽ ঳ःॽःॽअ঴ ǦȖ ǆȂǼȖǦȖȝǐǼȝ ΘǦȝǣ ȂȠȓ ƷΝǦȂǻƷȝǦǆ ȓǐȒȠǦȓǐǻǐǼȝ ȝǣƷȝ ǦǼ ȝǣǐ ǶǦǻǦȝ ε → 0

ǆȂȓȓǐǶƷȝȂȓȖ Ȃǜ ȝǣǐ ǦǼȝǐȓƷǆȝǦǼǝ ȝǣǐȂȓΞ ȖǣȂȠǶǌ ǻƷȝǆǣ ΘǦȝǣ ǆȂȓȓǐȖȏȂǼǌǦǼǝ ǆȂȓȓǐǶƷȝȂȓȖ ǦǼ ȝǣǐ ǜȓǐǐ ȝǣǐȂȓΞॽ

$Ȃȓ ȝǣǦȖ ǆȂǼȖǦǌǐȓ ȝǣǐ ं ȏȝॽ ǜȠǼǆȝǦȂǼ
〈
V2p(x1)V I

2p+1(x2)V̄ J
3 (x3)

〉
ॽ bǣǐǼ ȠȖǦǼǝ ȝǣǐ HU� ৄ ǐȒॽ

঳ःॽःॽअ঴ ৄ Θǐ ǣƷΗǐॶ

〈
V2p(x1)V

I
2p+1(0)V̄

J
3 (x3)

〉
|x1|)|x3|

∼
{

1

(x2
12)

a
(A0 +B0x

µ
12∂2µ)

〈
V I
1 (x2)V̄

J
3 (x3)

〉
+ ....

}

x2=0

+

{
/x12

(x2
12)

b
(A′

0 +B′
0x

µ
12∂2µ)

〈
V I
1 (x2)V̄

J
3 (x3)

〉
+ ....

}

x2=0

+α

{
B1/x12

(x2
12)

a

〈
V I
3 (x2)V̄

J
3 (x3)

〉
+

B′
1x

2
12

(x2
12)

b

〈
V I
3 (x2)V̄

J
3 (x3)

〉}

x2=0

঳ःॽःॽऀऀ঴

/Ǽ ȝǣǐ ǜȓǐǐ ȝǣǐȂȓΞ ȝǣǐ HU�ॶ ǐȒॽ ঳ःॽःॽँ঴ ǝǦΗǐȖॶ

〈(
ψ̄ψ
)p

(x1)
(
ψ̄ψ
)p
ψI(0)

(
ψ̄ψ
)
ψ̄J(x3)

〉
∼

|x1|)|x3|

(
/x12

(x2
12)

p
f2pρ2p

〈(
ψ̄ψ
)
ψI(x2)

(
ψ̄ψ
)
ψ̄J(x3)

〉)

x2=0

CȂΘ ȖǦǼǆǐ ǦǼ ȝǣǐ ε→ 0 ǶǦǻǦȝ Θǐ ȓǐȒȠǦȓǐ

〈
V2p(x1)V

I
2p+1(x2)V̄

J
3 (x3)

〉
→
〈(
ψ̄ψ
)p

(x1)
(
ψ̄ψ
)p
ψI(x2)

(
ψ̄ψ
)
ψ̄J(x3)

〉
. ঳ःॽःॽऀँ঴

इࣿ



ƷǼǌॶ
〈
V I
3 (x2)V̄

J
3 (x3

〉
→
〈(
ψ̄ψ
)
ψI(x2)

(
ψ̄ψ
)
ψ̄J(x3)

〉
. ঳ःॽःॽऀं঴

,ǐǼǆǐ Θǐ ǆǶǐƷȓǶΞ Ȗǐǐ ȝǣƷȝ ȂǼǶΞ ȝǣǐ ЖȓȖȝ ȖȝȓȠǆȝȠȓǐ ǦǼ ǐȒǼॽ ঳ःॽःॽअ঴ ǼǐǐǌȖ ȝȂ ǅǐ ǆȂǼȖǦǌǐȓǐǌॽ /Ǽ Ȃȝǣǐȓ

ΘȂȓǌȖ ƷǶǶ ȝǣǐ ǆȂǐАǆǦǐǼȝȖ ƷȏȏǐƷȓǦǼǝ ǦǼD(x12, ∂2) ǆƷǼ ǅǐ Ȗǐȝ ȝȂ ΣǐȓȂ ǦǼ ȝǣǦȖ ǆƷȖǐॽ

CǐΝȝ ǆȂǼȖǦǌǐȓ ȝǣǐ HU� Ȃǜ V I
2p+1 ƷǼǌ V2p+2ॽ �ǝƷǦǼ ǱȠȖȝ ȂǼ ǝȓȂȠǼǌȖ Ȃǜ ǆȂǼǜȂȓǻƷǶ ȖΞǻǻǐȝȓΞ Θǐ

ǆƷǼ ΘȓǦȝǐ ǌȂΘǼ ƷǼ ǐΝȏȓǐȖȖǦȂǼ ȖǦǻǦǶƷȓ ȝȂ ǐȒॽ ঳ःॽःॽअ঴ॽ �Ƞȝ ȂǼǆǐ ƷǝƷǦǼ Ǧȝ ǦȖ ǐƷȖΞ ȝȂ ȖǣȂΘ ȠȖǦǼǝ ȝǣǐ ǜȓǐǐ

ȝǣǐȂȓΞ HU�ॶ ǐȒॽ ঳ःॽःॽं঴ ȝǣƷȝ ȂȠȓ ƷΝǦȂǻ

〈
V I
2p+1(x1)V2p+2(x2)V̄

J
3 (x3)

〉
→
〈(
ψ̄ψ
)p
ψI(x1)

(
ψ̄ψ
)p

(ψ̄ψ)(x2)
(
ψ̄ψ
)
ψ̄J(x3)

〉
. ঳ःॽःॽऀः঴

ƷǶǶȂΘȖ ȂǼǶΞ ȝǣǐ ȖǐǆȂǼǌ ȖȝȓȠǆȝȠȓǐ Ȃǜ ǐȒॽ ঳ःॽःॽअ঴ ǜȂȓ ȝǣǐ HU� Ȃǜ V I
2p+1 ƷǼǌ V2p+2ॽ

CȂȝǐ ȝǣƷȝ ȝǣǐ ƷǅȂΗǐ ǌǦȖȝǦǼǆȝǦȂǼ ǦȖ ǦǻȏȂȓȝƷǼȝ ΘǣǐǼ ǅȂȝǣ ȂȏǐȓƷȝȂȓȖ ǦǼΗȂǶΗǐǌ ǦǼ ȝǣǐ HU� Ʒȓǐ ȏȓǦৄ

ǻƷȓΞ ȂȏǐȓƷȝȂȓȖॽ sǣǐǼ ȂǼǐ Ȃǜ ȝǣǐ ȂȏǐȓƷȝȂȓȖ ǦȖ Ʒ ǌǐȖǆǐǼǌƷǼȝ ȝǣǐ ȖȝȓȠǆȝȠȓǐ Ȃǜ ȝǣǐ HU� ȖǦǻȏǶΞ ǜȂǶǶȂΘȖ

ǅΞ ƷǆȝǦǼǝ ΘǦȝǣ ǌǐȓǦΗƷȝǦΗǐȖ ȂǼ ȝǣǐ HU� Ȃǜ ȝǣǐ ȏȓǦǻƷȓΞ ȂȏǐȓƷȝȂȓȖॽ $Ȃȓ ǐΝƷǻȏǶǐ ΘǣǐǼ p = 1 ȝǣǐ HU�

Ȃǜ V2 ƷǼǌ V I
3 ǆƷǼ ǅǐ ȂǅȝƷǦǼǐǌ ǜȓȂǻ ȝǣǐ HU� Ȃǜ V I

1 ƷǼǌ V2 ǅΞ ǌǦЍǐȓǐǼȝǦƷȝǦǼǝ ȝǣǐ ǶƷȝȝǐȓॽ

ः৷ः৷ँ �ӏԚӏԏӸӢӹӢӹӚ Ԛӟӏ ӅԀӏәәӢӅӢӏӹԚԓ Ӣӹ Ԛӟӏ HU�

sǐ ΘǦǶǶ ǼȂΘ ȂǅȝƷǦǼ ȝǣǐ ǐΝȏȓǐȖȖǦȂǼ ǜȂȓ ȝǣǐ ǆȂǐАǆǦǐǼȝȖ ǦǼ ǐȒॽ ঳ःॽःॽई঴ॽ bǣǐ ǻǐȝǣȂǌ ǜȂȓ ǌȂǦǼǝ ȝǣǦȖ ǦȖ

ȖǦǻȏǶǐॽ bǣǐ ǜȂȓǻ Ȃǜ ȝǣǐ ं ȏȝॽ ǜȠǼǆȝǦȂǼ ΘǣǦǆǣ ǦȖ ЖΝǐǌ ǦǼ ȝǣǐ ȠȖȠƷǶ ΘƷΞ ǅΞ ǆȂǼǜȂȓǻƷǶ ǦǼΗƷȓǦƷǼǆǐ ǦȖ

ǻƷȝǆǣǐǌ ƷǝƷǦǼȖȝ ȝǣǐ ǜȂȓǻ ȂǅȝƷǦǼǐǌ ǅΞ ȝƷǴǦǼǝ ȝǣǐ HU� Ȃǜ ȝǣǐ ЖȓȖȝ ȝΘȂ ȂȏǐȓƷȝȂȓȖ ΘǦȝǣǦǼ ȝǣǐ ंৄȏȝॽ

ǜȠǼǆȝǦȂǼॽ sǐ ȖȝƷȓȝ ΘǦȝǣ ȝǣǐ ǜȂǶǶȂΘǦǼǝ ं ȏȝॽ ǜȠǼǆȝǦȂǼॶ

〈
V2p(x1)V

I
2p+1(x2)V̄

J
1 (x3)

〉
= g1

/x12/x13δ
IJ

(x2
12)

a+1/2(x2
23)

b(x2
31)

c+1/2
+ g2

/x23δ
IJ

(x2
12)

a(x2
23)

b+1/2(x2
31)

c
.

঳ःॽःॽऀऄ঴

Θǣǐȓǐ

a =
(∆2p +∆2p+1 −∆1)

2
, b =

(∆2p+1 +∆1 −∆2p)

2
, ঳ःॽःॽऀअ঴

c =
(∆1 +∆2p −∆2p+1)

2
.

इऀ



bǣǐ ǜȂȓǻ ǦȖ ǌǐȝǐȓǻǦǼǐǌ ǅΞ ǆȂǼǜȂȓǻƷǶ ǦǼΗƷȓǦƷǼǆǐ ΘǣǦǆǣ ƷǶǶȂΘȖ ǜȂȓ ǅȂȝǣ ȝǣǐ ƷǅȂΗǐ ȖȝȓȠǆȝȠȓǐȖইॽ CȂΘ

ȠȖǦǼǝ ȝǣǐ HU�

V2p(x1)× V I
2p+1(0) ⊃

(
1

(x2
12)

a
C(x12, ∂2)V

I
1 (x2)

)

x2=0

. ঳ःॽःॽऀआ঴

Θǐ ǝǐȝॶ

〈
V2p(x1)V

I
2p+1(0)V̄

J
1 (x3)

〉
|x1|)|x3|

∼
(

1

(x2
12)

a
C(x12, ∂2)

〈
V I
1 (x2)V̄

J
1 (x3)

〉)

x2=0

=
A0(−/x3)δ

IJ

(x2
1)

a(x2
3)

∆1+1/2
+

B0δIJ

(x2
1)

a(x2
3)

∆1+1/2

((1

2
−∆1

)
x2
3/x1

−
(
1

2
+∆1

)
/x3/x1/x3

)
+

B1(D − 2∆1 − 1)/x1δ
IJ

(x2
3)

∆1+1/2(x2
1)

a
঳ःॽःॽऀइ঴

/Ǽ ȂǅȝƷǦǼǦǼǝ ȝǣǐ ȖǐǆȂǼǌ ǶǦǼǐ ƷǅȂΗǐ Θǐ ǣƷΗǐ ȠȖǐǌ ȝǣǐ ǜȂǶǶȂΘǦǼǝ ȓǐȖȠǶȝȖॵ

〈
V I
1 (x2)V̄

J
1 (x3)

〉
=

/x23

(x2
23)

∆1+1/2
, ঳ःॽःॽऀई঴

xµ
12∂2µ

(
/x23

(x2
23)

∆1+1/2

)
=

1

(x2
23)

∆1+3/2

(
/x12x

2
23(

1

2
−∆1)− (∆1 +

1

2
)/x23/x12/x23

)
঳ःॽःॽँࣿ঴

/x12
/∂2

(
/x23

(x2
23)

∆1+1/2

)
=

(D − 2∆1 − 1)/x12

(x2
23)

∆1+1/2
. ঳ःॽःॽँऀ঴

�Ƞȝ ǜȓȂǻ ǐȒǼॽ ঳ःॽःॽऀअ঴ॶ

〈
V2p(x1)V

I
2p+1(0)V̄

J
1 (x3)

〉
|x1|)|x3|

= g1
/x1/x3

(x2
1)

a+1/2(x2
3)

b+1/2+c

[
1 +

(
c+

1

2

) (
/x1/x3 + /x3/x1

)

x2
3

+ ...

]

+g2
/x13

(x2
1)

a(x2
3)

b+c+1/2

[
1 + c

(
/x1/x3 + /x3/x1

)

x2
3

+ ...

]
. ঳ःॽःॽँँ঴

�ȂǻȏƷȓǦǼǝ ȝǣǐ ƷǅȂΗǐ ǐȒȠƷȝǦȂǼ ΘǦȝǣ ǐȒॽ ঳ःॽःॽऀइ঴ Θǐ ǝǐȝॶ

A0 = g2 ,

B0

(
1

2
−∆1

)
+B1 (D − 2∆1 − 1) = −cg2 , ঳ःॽःॽँं঴

B0

(
1

2
+∆1

)
= cg2 .

ই[ǐǐॶ ǜȂȓ ǐΝƷǻȏǶǐॶ ফईःবॽ �ȂǼȝȓƷȖȝ ȝǣǦȖ ΘǦȝǣ UǐȝǴȂȠ৚Ȗ ȓǐȖȠǶȝ ফईँব Θǣǐȓǐ ȂǼǶΞ ȝǣǐ ЖȓȖȝ ȝǐȓǻ ƷȏȏǐƷȓȖॽ

इँ



[ǦǼǆǐ ȝǣǐ ȝǐǼȖȂȓ ȖȝȓȠǆȝȠȓǐ Ȃǜ ȝǣǐ ЖȓȖȝ ȝǐȓǻ ǦǼ ǐȒॽ ঳ःॽःॽँँ঴ ǌȂǐȖ ǼȂȝ ǣƷΗǐ ƷǼΞ ǻƷȝǆǣǦǼǝ ΘǦȝǣ ȝǣǐ ȝǐǼৄ

ȖȂȓ ȖȝȓȠǆȝȠȓǐȖ ƷȏȏǐƷȓǦǼǝ ǦǼ ǐȒॽ ঳ःॽःॽऀइ঴ॶ Θǐ ǆƷǼ Ȗǐȝ g1 = 0ॽ $ǦǼƷǶǶΞ Θǐ ǣƷΗǐॶ

B0 =
(∆1 +∆2p −∆2p+1)A0

(2∆1 + 1)
, B1 =

B0

(2∆1 + 1−D)
. ঳ःॽःॽँः঴

CǐΝȝ Θǐ ǆȂǼȖǦǌǐȓ ȝǣǐ ǜȂǶǶȂΘǦǼǝ ं ȏȝॽ ǜȠǼǆȝǦȂǼ

〈
V I
2p+1(x1)V2p+2(x2)V̄

J
1 (x3)

〉
= g′1

/x12/x32δ
IJ

(x2
12)

a′+1/2(x2
23)

b′+1/2(x2
31)

c′
+ g′2

/x13δ
IJ

(x2
12)

a′(x2
23)

b′(x2
31)

c′+1/2
,

঳ःॽःॽँऄ঴

Θǣǐȓǐॶ

a′ =
(∆2p+1 +∆2p+2 −∆1)

2
,

b′ =
(∆2p+2 +∆1 −∆2p+1)

2
, ঳ःॽःॽँअ঴

c′ =
(∆1 +∆2p+1 −∆2p+2)

2
.

/Ǽ ȝǣǦȖ ǆƷȖǐ ȠȖǦǼǝ ȝǣǐ HU� Θǐ ǝǐȝ

V I
2p+1(x1)× V2p+2(0) ⊃

(
/x12

(x2
12)

a′
D(x12, ∂2)V

I
1 (x2)

)

x2=0

. ঳ःॽःॽँआ঴

bǣǐȓǐǜȂȓǐॶ

〈
V I
2p+1(x1)V2p+2(0)V̄

J
1 (x3)

〉
|x1|)|x3|

∼
(

1

(x2
12)

a′
D(x12, ∂2)

〈
V I
1 (x2)V̄

J
1 (x3)

〉)

x2=0

,

=
A′

0(−/x1/x3)δ
IJ

(x2
1)

a′(x2
3)

∆1+1/2
+

/x1B
′
0δ

IJ

(x2
1)

a′(x2
3)

∆1+1/2

((1

2
−∆1

)
x2
3/x1

−
(
1

2
+∆1

)
/x3/x1/x3

)
+
δIJB′

1(D − 2∆1 − 1)x2
1

(x2
3)

∆1+1/2(x2
1)

a′
঳ःॽःॽँइ঴

/Ǽ ȝǣǐ ǶǦǻǦȝ |x1|2 |x3| ǐȒॽ ঳ःॽःॽँऄ঴ ǅǐǆȂǻǐȖ

〈
V I
2p+1(x1)V2p+2(0)V̄

J
1 (x3)

〉
|x1|)|x3|

= g′1
/x1/x3

(x2
1)

a′+1/2(x2
3)

b′+1/2+c′

[
1 + c′

(
/x1/x3 + /x3/x1

)

x2
3

+ ...

]

इं



+ g′2
/x13

(x2
1)

a′(x2
3)

b′+c′+1/2

[
1 +

(
c′ +

1

2

) (
/x1/x3 + /x3/x1

)

x2
3

+ ...

]
. ঳ःॽःॽँई঴

�ȂǻȏƷȓǦǼǝ ȝǣǐ ƷǅȂΗǐ ǐȒȠƷȝǦȂǼ ΘǦȝǣ ǐȒॽ ঳ःॽःॽँइ঴ॶ Θǐ ȂǅȝƷǦǼॶ

A′
0 = −g1 ,

B′
0

(
1

2
−∆1

)
+B1 (D − 2∆1 − 1) = c′g′1 , ঳ःॽःॽंࣿ঴

B0

(
1

2
+∆1

)
= −c′g′1 .

bǣǦȖ ǝǦΗǐȖॶ

B′
0 =

(∆1 +∆2p+1 −∆2p+2)A′
0

(2∆1 + 1)
, B′

1 =
B′

0

(2∆1 + 1−D)
. ঳ःॽःॽंऀ঴

,ǐȓǐॶ ȖǦǻǦǶƷȓ ƷȓǝȠǻǐǼȝȖ ƷȖ ƷǅȂΗǐ ΘȂȠǶǌ Ȗǐȝ g′2 = 0ॽ bǣǦȖ ƷǝƷǦǼ ȖǣȂΘȖ ȝǣƷȝ ǦǼ ȝǣǐ ं ȏȝॽ ǜȠǼǆȝǦȂǼ Ȃǜ

ȝΘȂ ȏȓǦǻƷȓΞ ǜǐȓǻǦȂǼ ȂȏǐȓƷȝȂȓȖ ƷǼǌ Ʒ ȏȓǦǻƷȓΞ ȖǆƷǶƷȓ ȂȏǐȓƷȝȂȓ ǦǼ ǝǐǼǐȓƷǶ ȂǼǐ ǻȠȖȝ Ǵǐǐȏ ǅȂȝǣ ȝǐǼৄ

ȖȂȓ ȖȝȓȠǆȝȠȓǐȖॽ sǣǦǆǣ ȖȝȓȠǆȝȠȓǐ ǆȂǼȝȓǦǅȠȝǐȖ ǦǼ Ʒ ȖȏǐǆǦЖǆ ǆƷȖǐ ǌǐȏǐǼǌȖ ȠȏȂǼ ȝǣǐ ȏƷȓȝǦǆȠǶƷȓ ȏȓǦǻƷȓΞ

ȂȏǐȓƷȝȂȓȖ ȠǼǌǐȓ ǆȂǼȖǦǌǐȓƷȝǦȂǼॽ sǣǐǼ ȂǼǐ Ȃǜ ȝǣǐ ȂȏǐȓƷȝȂȓȖ ǦǼΗȂǶΗǐǌ ǦǼ ȝǣǐ ं ȏȝॽ ǜȠǼǆȝǦȂǼ ǦȖ Ʒ ǌǐৄ

ȖǆǐǼǌƷǼȝॶ ȝǣǐ ƷǶǶȂΘǐǌ ȖȝȓȠǆȝȠȓǐ ǦȖ Ȃǜ ǆȂȠȓȖǐ ǌǐȝǐȓǻǦǼǐǌ ǅΞ ȝǣǐ ǆȂȓȓǐǶƷȝȂȓ Ȃǜ ȏȓǦǻƷȓΞ ȂȏǐȓƷȝȂȓȖॽ

ः৷ः৷ं XӏӅԞԏԓӢԀӹ ԏӏӲҷԚӢԀӹԓ әԀԏ Ԛӟӏ ӲӏҷӋӢӹӚ ԀԏӋӏԏ ҷӹԀӸҷӲԀԞԓ

ӋӢӸӏӹԓӢԀӹԓ

/Ǽ ȝǣǐ ε → 0 ǶǦǻǦȝॶ ȝǣǐ HU�Ȗ Ȃǜ ȝǣǐ ǦǼȝǐȓƷǆȝǦǼǝ ȝǣǐȂȓΞ ȖǣȂȠǶǌ ǝȂ ȂΗǐȓ ȝȂ ȝǣǐ ǜȓǐǐ ȝǣǐȂȓΞ HU�Ȗ ৄ ǐȒȖॽ

঳ःॽःॽँॶ ःॽःॽं঴ ৄ ƷǼǌ ȝǣǐ ǆȂȓȓǐȖȏȂǼǌǦǼǝ ं ȏȝॽ ǜȠǼǆȝǦȂǼȖ ǻȠȖȝ ǻƷȝǆǣ ƷȖ ΘǐǶǶॽ bǣǦȖ ǻƷȝǆǣǦǼǝ ǝǦΗǐȖ

A0 = f2p, B1α = f2pρ2p . ঳ःॽःॽंँ঴

⇒ (∆1 +∆2p −∆2p+1)

(2∆1 + 1) (2∆1 + 1−D)
α = ρ2p . ঳ःॽःॽंं঴

इः



sǐ ȠȖǐ ȝǣǐ ǜȂǶǶȂΘǦǼǝ ȓǐǶƷȝǦȂǼȖ

∆1 =
1 + ε

2
+ γ1 , ঳ःॽःॽंः঴

∆2p = 2p

(
1 + ε

2

)
+ γ2p , ঳ःॽःॽंऄ঴

∆2p+1 = (2p+ 1)

(
1 + ε

2

)
+ γ2p+1 , ঳ःॽःॽंअ঴

α = 2σ

(
γ1

N − 1

)1/2

. ঳ःॽःॽंआ঴

ȝȂ ǝǐȝ
(γ2p − γ2p+1)

2γ1
σ

(
γ1

N − 1

)1/2

= − p

N − 1
. ঳ःॽःॽंइ঴

sȓǦȝǦǼǝ γk(ε) = yk,1ε+ yk,2ε2 + ....Θǐ ǝǐȝॶ

y2p+1,1 − y2p,1 = 2σp

(
y1,2

N − 1

)1/2

. ঳ःॽःॽंई঴

eȖǦǼǝ y1,2 = N−1
4(N−2)2 ȝǣǦȖ ǝǦΗǐȖॶ

y2p+1,1 − y2p,1 = σ
p

N − 2
. ঳ःॽःॽःࣿ঴

[ǦǻǦǶƷȓǦǶΞ Θǐ ǝǐȝ ǜȂȓ ȝǣǐ Ȃȝǣǐȓ ǆƷȖǐॶ

A′
0 = f2p+1, B′

1α = f2p+1ρ2p+1 , ঳ःॽःॽःऀ঴

⇒ (∆1 +∆2p+1 −∆2p+2)

(2∆1 + 1) (2∆1 + 1−D)
α = ρ2p+1 , ঳ःॽःॽःँ঴

⇒ (γ2p+1 − γ2p+2)

2γ1
σ

(
γ1

N − 1

)1/2

=
N − p− 1

N − 1
, ঳ःॽःॽःं঴

ΘǣǦǆǣ ǝǦΗǐȖ

y2p+1,1 − y2p+2,1 = σ

(
N − p− 1

N − 2

)
. ঳ःॽःॽःः঴

इऄ



[ȂǶΗǦǼǝ ȝǣǐ ȓǐǆȠȓȖǦȂǼ ȓǐǶƷȝǦȂǼȖ ǐȒȖॽ ঳ःॽःॽःࣿ঴ ƷǼǌ ঳ःॽःॽःः঴ ঳ΘǦȝǣ σ = 1঴ Θǐ ǝǐȝ ȂȠȓ ǌǐȖǦȓǐǌ ȓǐȖȠǶȝॶ

y2p,1 = −p(N − p)

(N − 2)
, y2p+1,1 = −p(N − p− 1)

(N − 2)
. ঳ःॽःॽःऄ঴

bǣȠȖ Θǐ ǣƷΗǐ ǜȂȓ ȝǣǐ ȖǆƷǶǦǼǝ ǌǦǻǐǼȖǦȂǼȖ Ȃǜ ȝǣǐȖǐ ǆȂǻȏȂȖǦȝǐ ȂȏǐȓƷȝȂȓȖॶ

∆(ψ̄ψ)p ≡ ∆2p = p+ pε− p(N − p)

(N − 2)
ε+O(ε2) , ঳ःॽःॽःअ঴

∆(ψ̄ψ)pψ ≡ ∆2p+1 = (p+
1

2
) + (p+

1

2
)ε− p(N − p− 1)

(N − 2)
ε+O(ε2) . ঳ःॽःॽःआ঴

CȂȝǐॶ ǦǼ ȏƷȓȝǦǆȠǶƷȓॶ ȝǣƷȝ ȝǣǐ ǆǶƷȖȖǦǆƷǶǶΞ ǻƷȓǝǦǼƷǶ ȂȏǐȓƷȝȂȓ (ψ̄ψ)2 ȓǐǆǐǦΗǐȖ ǆȂȓȓǐǆȝǦȂǼȖ ȝȂ ǦȝȖ ǆȂǼǜȂȓৄ

ǻƷǶ ǌǦǻǐǼȖǦȂǼ ȂǼǶΞ ƷȝO(ε2)ॶ ȖǦǼǆǐ ǜȂȓ p = 2 ȝǣǐ ȖǐǆȂǼǌ ƷǼǌ ȝǣǦȓǌ ȝǐȓǻȖ ǦǼ ȝǣǐ ǐΝȏȓǐȖȖǦȂǼ ǜȂȓ

∆(ψ̄ψ)pǆƷǼǆǐǶॽ bǣǦȖ ǦȖ ƷǼƷǶȂǝȂȠȖ ȝȂ ȝǣǐ ǅȂȖȂǼǦǆ ǆƷȖǐ ȝȓǐƷȝǐǌ ǦǼ ফंंব Θǣǐȓǐ ȝǣǐ ǆǶƷȖȖǦǆƷǶǶΞ ǻƷȓǝǦǼƷǶ

ȂȏǐȓƷȝȂȓ (φ.φ)2 ǣƷȖ ȝǣǐ ȖƷǻǐ ȏȓȂȏǐȓȝΞॽ

ःॽऄ Hȝǣǐȓ ȖǆƷǶƷȓ ȏȓǦǻƷȓǦǐȖ

/Ǽ ȝǣǦȖ ȖǐǆȝǦȂǼ Θǐ ΘǦǶǶ ǆȂǼȖǦǌǐȓ Ʒ ȖǆƷǶƷȓ ȏȓǦǻƷȓΞ ΘǣǦǆǣ ǦȖ ǼȂȝ Ʒ ȖǦǼǝǶǐȝ ȠǼǌǐȓ ȝǣǐ ȖΞǻǻǐȝȓΞ ǝȓȂȠȏ

U(Ñ) ƷǼǌ ǆƷǶǆȠǶƷȝǐ ǦȝȖ ƷǼȂǻƷǶȂȠȖ ǌǦǻǐǼȖǦȂǼॽ /Ǽ ȝǣǐ ǜȓǐǐ ȝǣǐȂȓΞ Θǐ ǆȂǼȖǦǌǐȓ Ʒ ȖǆƷǶƷȓ Ȃǜ ȝǣǐ ǜȂȓǻ

O(IJ) = ψ̄IψJ − δIJ

Ñ
ψ̄KψK . ঳ःॽऄॽऀ঴

/Ǽ Ȃȓǌǐȓ ȝȂ ǆƷǶǆȠǶƷȝǐ ȝǣǐ HU� Θǐ Ǽǐǐǌ ȝǣǐ ǜȂǶǶȂΘǦǼǝ ǆȂȓȓǐǶƷȝǦȂǼ ǜȠǼǆȝǦȂǼȖ ǦǼ ȝǣǐ ǜȓǐǐ ȝǣǐȂȓΞॵ

〈
ψK(x)ψ̄IψJ(0)ψ̄L(z)

〉
= −δ

KIδJL/x/z

x2z2
, ঳ःॽऄॽँ঴

〈
ψK(x)ψ̄IψJ(0)ψ̄L(ψ̄PψP )(z)

〉
= −(δIKδJL − 2δKLδIJ)Γµ(x− z)µ

(x− z)2z2
. ঳ःॽऄॽं঴

bǣǐȓǐǜȂȓǐ ǜȂȓ x ∼ 0ॶ Θǐ ǝǐȝ

〈
ψK(x)O(IJ)(0)ψ̄L(z)

〉
= −

(δKIδJL − 1
Ñ
δIJδKL)/x/z

x2z2
,

〈
ψK(x)O(IJ)(0)ψ̄L(ψ̄PψP )(z)

〉
=

(δKIδJL − 1
Ñ
δIJδKL)/z

z4
. ঳ःॽऄॽः঴

इअ



bǣȠȖ Θǐ ǝǐȝ ȝǣǐ ǜȂǶǶȂΘǦǼǝ HU� ǦǼ ȝǣǐ ǜȓǐǐ ȝǣǐȂȓΞॶ

ψK(x)×O(IJ)(0) ⊃
(δKIδJL − 1

Ñ
δIJδKL)

x2

{
/xψL(0) +

x2

1−N
ψL(ψ̄PψP )(0) + ...

}
঳ःॽऄॽऄ঴

CȂΘ Θǐ ȏȓȂǆǐǐǌ ƷȖ ǅǐǜȂȓǐॽ sǐ ƷȖȖȠǻǐ ȝǣƷȝ ȝǣǐȓǐ ǐΝǦȖȝȖ ƷǼ ȂȏǐȓƷȝȂȓ VO(LM)(x) Ʒȝ ȝǣǐ ЖΝǐǌ ȏȂǦǼȝ

ǆȂȓȓǐȖȏȂǼǌǦǼǝ ȝȂ ȝǣǐ ȂȏǐȓƷȝȂȓO(LM)(x)ॽ �ƷȖǐǌ ȂǼ ȝǣǐ ȖΞǻǻǐȝȓǦǐȖॶ ȝǣǐ ंৄȏȂǦǼȝ ǜȠǼǆȝǦȂǼ ǦǼΗȂǶΗǦǼǝ

ȝǣǐ ȖǆƷǶƷȓ Ʒȝ ȝǣǐ ЖΝǐǌ ȏȂǦǼȝ ǦȖ ǝǦΗǐǼ ǅΞ

〈
V I
1 (x1)V̄

K
1 (x2)VO(LM)(x3)

〉
=

f̃ ′/x13/x23(δ
ILδKM − 1

Ñ
δLMδIK)

(x2
12)

∆1− 1
2∆(LM)(x2

13x
2
23)

1
2∆(LM)+

1
2

঳ःॽऄॽअ঴

bǣǐ HU� ȂǅȝƷǦǼǐǌ ǦǼ ঳ःॽंॽं঴ ȖǣȂȠǶǌ ǣȂǶǌ ǦǼ ȝǣǐ ǆƷȖǐ Ȃǜ ȖǆƷǶƷȓ ЖǐǶǌȖॽ �ǶǶ ȝǣǐ ǆȂȓȓǐȖȏȂǼǌǦǼǝ ǆȂǐАৄ

ǆǦǐǼȝȖ Ʒȓǐ ǝǦΗǐǼ ǦǼ ঳ःॽंॽअ঴ ǐΝǆǐȏȝ ȝǣƷȝ∆2 ǦȖ ȓǐȏǶƷǆǐǌ ǅΞ∆(LM)ॽ bǣȠȖ ǦǼ ȝǣǦȖ ǆƷȖǐॶ

V I
1 (x1)× VO(LM)(x3) ⊃

f̃ /x13(δ
ILδMK − 1

Ñ
δMLδIK)

(x2
13)

1
2∆(LM)+

1
2

Ẽ(x13, ∂z)V
K
1 (z)|z=x3+.. ঳ःॽऄॽआ঴

ΘǦȝǣ

Ẽ(x13, ∂z) = A′+
(
B′

1x
µ
13 +B′

2/x13Γ
µ
)
∂µ+

(
C ′

1x
µ
13x

ν
13 + C ′

2x
µ
13/x13Γ

ν + C ′
3x

2
13Γ

µΓν
)
∂µ∂ν+.........

঳ःॽऄॽइ঴

Θǣǐȓǐ ȝǣǐ ȓǐǶǐΗƷǼȝ ǆȂǐАǆǦǐǼȝȖ Ʒȓǐ

A′ = −1, B′
1 = −

(
∆1 − 1

2∆(LM)

)

∆1 +
1
2

, B′
2 =

B′
1

2∆1 + 1− d
, ঳ःॽऄॽई঴

sǐ ȏȓȂǆǐǐǌ ƷȖ ǦǼ ȏȓǐΗǦȂȠȖ ǆƷȖǐȖॽ sǐ ЖǼǌ ȝǣƷȝ f̃ ȖǣȂȠǶǌ ƷȏȏȓȂƷǆǣ−1 ǦǼ ȝǣǐ ǶǦǻǦȝ ε → 0ॽ $Ƞȓȝǣǐȓৄ

ǻȂȓǐ ȝǣǐ ंৄȏȂǦǼȝ ǜȠǼǆȝǦȂǼ ΘǦȝǣ ȝǣǐ ǌǐȖǆǐǼǌƷǼȝ ǣƷȖ ȝǣǐ ǜȂȓǻ

〈
V I
1 (x)VO(LM)(0)V̄ P

3 (z)
〉

∼
f̃ /x(δILδKM − 1

Ñ
δLMδIK)

(x2)
1
2∆(LM)+

1
2

B′
2(/xΓ

µ∂µ)
〈
V K
1 (0)V̄ P

3 (z)
〉
,

=
f̃(δILδKM − 1

Ñ
δLMδIK)B′

2α

(x2)
1
2∆(LM)− 1

2

〈
V K
3 (0)V̄ P

3 (z)
〉
. ঳ःॽऄॽऀࣿ঴

इआ



CȂΘ ǆȂǻȏƷȓǦǼǝ ΘǦȝǣ ȝǣǐ ǜȓǐǐ ǆȂȓȓǐǶƷȝȂȓॶ Θǐ ЖǼǌ ȝǣƷȝ

f̃B′
2α = − 1

N − 1
. ঳ःॽऄॽऀऀ঴

ƷǼǌ

B′
2 =

π(γ1 − 1
2γ(LM))

γ1
, γ1 ∼ y1,2ε

2, γ(LM) ∼ y(LM),1ε . ঳ःॽऄॽऀँ঴

ΘǣǦǆǣ ǦǻȏǶǦǐȖ ȝǣƷȝ

y(LM),1 =
1

N − 2
. ঳ःॽऄॽऀं঴

bǣǐȓǐǜȂȓǐ ȝǣǐ ǶǐƷǌǦǼǝ Ȃȓǌǐȓ ƷǼȂǻƷǶȂȠȖ ǌǦǻǐǼȖǦȂǼ ǦȖ

γO(IJ) =
1

N − 2
ε . ঳ःॽऄॽऀः঴

sǐ ǆȂȠǶǌ ǼȂȝ ЖǼǌ Ʒ ǆǣǐǆǴ ǜȂȓ ȝǣǦȖ ȓǐȖȠǶȝ ǦǼ ȝǣǐ ǶǦȝǐȓƷȝȠȓǐॽ /ȝ ΘȂȠǶǌ ǅǐ ǦǼȝǐȓǐȖȝǦǼǝ ȝȂ ǆȂǻȏƷȓǐ ȝǣǦȖ

ǼǐΘ ȓǐȖȠǶȝ ƷǝƷǦǼȖȝ Ʒ ȏǐȓȝȠȓǅƷȝǦΗǐ ǆȂǻȏȠȝƷȝǦȂǼ Ȃǜ ȝǣǐ ƷǼȂǻƷǶȂȠȖ ǌǦǻǐǼȖǦȂǼॽ

ःॽअ �ǦȖǆȠȖȖǦȂǼ

/Ǽ ȝǣǦȖ ǼȂȝǐ Θǐ ǣƷΗǐ ǆȂǻȏȠȝǐǌॶ ȝȂ ЖȓȖȝ Ȃȓǌǐȓ ǦǼ ȝǣǐ ǐȏȖǦǶȂǼ ǐΝȏƷǼȖǦȂǼॶ ȝǣǐ ƷǼȂǻƷǶȂȠȖ ǌǦǻǐǼȖǦȂǼȖ

Ȃǜ Ʒ ǆǶƷȖȖ Ȃǜ ǆȂǻȏȂȖǦȝǐ ȂȏǐȓƷȝȂȓȖ ǦǼ ȝǣǐ %ȓȂȖȖৄCǐΗǐȠ ǻȂǌǐǶॽ �Ȗ ǐǻȏǣƷȖǦȖǐǌ ǐƷȓǶǦǐȓॶ Θǐ ǣƷΗǐ ǌȂǼǐ

ȝǣǐ ǆȂǻȏȠȝƷȝǦȂǼ ΘǦȝǣȂȠȝ ȠȖǦǼǝ ȝǣǐ ȠȖȠƷǶ ȏǐȓȝȠȓǅƷȝǦΗǐ ȝǐǆǣǼǦȒȠǐȖॽ bǣǐ ȏȓǦǻƷȓΞ ǦǼȏȠȝ ΘƷȖ ǆȂǼǜȂȓৄ

ǻƷǶ ȖΞǻǻǐȝȓΞॶ ΘǣǦǆǣ ЖΝǐǌ ǜȂȓ ȠȖ ȝǣǐ ȝΘȂ ƷǼǌ ȝǣȓǐǐ ȏȂǦǼȝ ǜȠǼǆȝǦȂǼȖ ƷǼǌ ȝǣǐ ȓǐȒȠǦȓǐǌ HU�Ȗॽ bǣǐ

ǻƷǦǼ ȓǐȖȠǶȝȖॶ ΘǣǦǆǣॶ ȝȂ ȂȠȓ ǴǼȂΘǶǐǌǝǐॶ ǣƷΗǐ ǼȂȝ ǅǐǐǼ ǴǼȂΘǼ ǅǐǜȂȓǐॶ Ʒȓǐ ǝǦΗǐǼ ǦǼ ǐȒॽ ঳ःॽःॽःऄ঴ॶ ॽ /ȝ ǦȖ

ȝȂ ǅǐ ǐǻȏǣƷȖǦȖǐǌ ȝǣƷȝ ȝǣǐ ǻǐȝǣȂǌȖ ȠȖǐǌ ǣǐȓǐ ǆƷǼ ЖΝ ȂǼǶΞ ȝǣǐ ȕǯǖǫȅțǼ Ȃȓǌǐȓ ƷǼȂǻƷǶȂȠȖ ǌǦǻǐǼȖǦȂǼȖॽ

/ȝ ΘȂȠǶǌ ǅǐ ǦǼȝǐȓǐȖȝǦǼǝ ȝȂ ǐΝȝǐǼǌ ȝǣǐ ǆȂǻȏȠȝƷȝǦȂǼȖ ȝȂ ȖǐǆȂǼǌ Ȃȓǌǐȓ ǦǼ εॽ �Ȗ ǌǦȖǆȠȖȖǐǌ ǦǼ ফंंব ǜȂȓ

ȝǣǐ ǆƷȖǐ Ȃǜ ȝǣǐO(N) ǅȂȖȂǼǦǆ ΗǐǆȝȂȓ ǻȂǌǐǶॶ ȝΘȂ ƷǼǌ ȝǣȓǐǐ ȏȂǦǼȝ ǜȠǼǆȝǦȂǼȖ ΘȂȠǶǌ ǼȂȝ ȖȠАǆǐ ǜȂȓ

ȝǣǐ ǣǦǝǣǐȓ Ȃȓǌǐȓ ǆȂǻȏȠȝƷȝǦȂǼ ƷǼǌ ȂǼǐ ΘȂȠǶǌ ȓǐȒȠǦȓǐ ǆȂǼǜȂȓǻƷǶ ǅȂȂȝȖȝȓƷȏ Ȃǜ ȝǣǐ ǜȂȠȓ ȏȂǦǼȝ ǜȠǼǆৄ

ȝǦȂǼȖ ȝȂ ǐΝȝȓƷǆȝ ǜȠȓȝǣǐȓ ǦǼǜȂȓǻƷȝǦȂǼॽ

इइ



ःॽआ �ȏȏǐǼǌǦΝ

ः৷आ৷ऀ �ԀӸԌԞԚҷԚӢԀӹ Ԁә f2p ҷӹӋ ρ2p

,ǐȓǐ Θǐ ǜȂǶǶȂΘ ȝǣǐ ǌǦƷǝȓƷǻǻƷȝǦǆ ǻǐȝǣȂǌ ফइआব ȝȂ ǆȂǻȏȠȝǐ ȝǣǐ ǆȂǻǅǦǼƷȝȂȓǦƷǶ ǜƷǆȝȂȓȖ ƷȏȏǐƷȓǦǼǝ ǦǼ

ȝǣǐ HU�Ȗ ঳ःॽःॽँ঴ॶ ঳ःॽःॽं঴ॽ � ȝΞȏǦǆƷǶ ǌǦƷǝȓƷǻ ΘǦǶǶ ǶȂȂǴ ǶǦǴǐ

XX XX

XX XX

XXXX

XX X
{

{

p blocks

p blocks and a cross

Θǣǐȓǐ ǐƷǆǣ ǅǶȂǆǴ ȓǐǜǐȓȖ ȝȂ Ʒ ψ.ψ ȏƷǦȓॶ ψ ǦȖ ǌǐǼȂȝǐǌ ǅΞ • ƷǼǌ ψ ǅΞ×ॶ ƷǼǌ ǐƷǆǣ ǶǦǼǐ ǌǐǼȂȝǐȖ Ʒ ǆȂǼৄ

ȝȓƷǆȝǦȂǼॽ $Ƞȓȝǣǐȓ Θǐ ǜȂǶǶȂΘ ȝǣǐ ǆȂǼΗǐǼȝǦȂǼ ȝǣƷȝ ȝǣǐ ȝȂȏ ȓȂΘ ǆȂȓȓǐȖȏȂǼǌȖ ȝȂ ȝǣǐ ȂȏǐȓƷȝȂȓ Ʒȝ x ƷǼǌ

ȝǣǐ ǶȂΘǐȓ ȂǼǐ ǆȂȓȓǐȖȏȂǼǌȖ ȝȂ ȝǣǐ ȂȏǐȓƷȝȂȓ Ʒȝ ȂȓǦǝǦǼॽ /Ǽ Ȃȓǌǐȓ ȝȂ ǆȂǻȏȠȝǐ ȝǣǐ ǆȂǻǅǦǼƷȝȂȓǦƷǶ ǜƷǆȝȂȓȖ

Θǐ Ǽǐǐǌ ȝȂ ǆȂȠǼȝ ƷǶǶ ȏȂȖȖǦǅǶǐ ǆȂǼȝȓƷǆȝǦȂǼȖॶ ǆƷȓǐǜȠǶǶΞ ȏǦǆǴǦǼǝ Ƞȏ ঳ৄऀ঴ ǜƷǆȝȂȓȖ ΘǣǐǼǐΗǐȓ Θǐ ǻȂΗǐ Ʒ

ǜǐȓǻǦȂǼǦǆ ȂȏǐȓƷȝȂȓ ȝǣȓȂȠǝǣ ȝǣǐ Ȃȝǣǐȓ ȂȏǐȓƷȝȂȓॽ bȂ ǆȂǻȏȠȝǐ ȝǣǐ ǆȂǻǅǦǼƷȝȂȓǦƷǶ ǜƷǆȝȂȓȖ ȂȠȓ ȖȝȓƷȝǐǝΞ

ΘǦǶǶ ǅǐ ȝȂ Ȗǐȝ Ƞȏ ȓǐǆȠȓȖǦȂǼ ȓǐǶƷȝǦȂǼȖॽ $Ȃȓ ȝǣǦȖ Θǐ ǆȂǼȝȓƷǆȝ ȂǼǐ ǅǶȂǆǴ Ʒȝ Ʒ ȝǦǻǐ ǜȓȂǻ ȝǣǐ ȝȂȏ ȓȂΘ ΘǦȝǣ

ȝǣǐ ǅǶȂǆǴȖ Ʒȝ ȝǣǐ ǅȂȝȝȂǻ ȓȂΘॽ bǣǐ ǆȂǼȝȓǦǅȠȝǦȂǼ Ȃǜ Ʒ ǝǦΗǐǼ ǆȂǼȝȓƷǆȝǦȂǼ ǦȖ ǝǦΗǐǼ ǅΞ ǜȂǶǶȂΘǦǼǝ ȓȠǶǐȖॵ

ऀॽ sǣǦǶǐ ǆȂǼȝȓƷǆȝǦǼǝ Θǐ ƷǶΘƷΞȖ Ǵǐǐȏ ȝǣǐ ǅǶȂǆǴ Ʒȝ ȝǣǐ ȏȂȖǦȝǦȂǼ x ȂǼ ȝǣǐ Ƕǐǜȝ Ȃǜ ȝǣǐ ǅǶȂǆǴ Ʒȝ ȝǣǐ

ȂȓǦǝǦǼॽ

ँॽ � ǌǦƷǝȓƷǻ ǦǼΗȂǶΗǦǼǝ Ʒ ǆȂǻȏǶǐȝǐ ǶȂȂȏ ΘǦǶǶ ǝǦΗǐ Ʒ ǜƷǆȝȂȓ Ȃǜ+N ȝȂ ȝǣǐ ǆȂǻǅǦǼƷȝȂȓǦƷǶ ǜƷǆȝȂȓॽ

XX

XX

ंॽ bΘȂ ǅǶȂǆǴȖ ǆȂǼȝȓƷǆȝǦǼǝ ȝȂ ȝǣǐ ȖƷǻǐ ǅǶȂǆǴ ȓǐȖȠǶȝȖ ǦǼ ȂǼǐ ǅǶȂǆǴ ΘǦȝǣ−1 ǜƷǆȝȂȓॽ

इई



XX XX

XX XX XX

XX

XX XX

bȂ ǆȂǻȏȠȝǐ f2p Θǐ Ǽǐǐǌ ȝȂ ǆȂǼȝȓƷǆȝ p ȏƷǦȓȖ Ȃǜ ψ৚Ȗ ƷǼǌ ЖǼƷǶǶΞ ǶǐƷΗǐ ψI ॽ sǐ ΘǦǶǶ ǝǐȝ ȝǣǐ ǜȂǶǶȂΘǦǼǝ

ȝǣȓǐǐ ǌǦƷǝȓƷǻȖॽ /Ǽ ȝǣǐȖǐ ǌǦƷǝȓƷǻȖ ȝǣǐ ȝȂȏ ȓȂΘ ǣƷȖ p ǅǶȂǆǴȖ Ʒȝ x ƷǼǌ ǅȂȝȝȂǻ ȓȂΘ ǣƷȖ p ǅǶȂǆǴȖ ȝȂৄ

ǝǐȝǣǐȓ ΘǦȝǣ ȂǼǐ× Ʒȝ ȂȓǦǝǦǼॽ

XX XX

XX XX

XXXX

XX X

bǣǐ ǆȂǼȝȓǦǅȠȝǦȂǼ Ȃǜ ȝǣǐ ƷǅȂΗǐ ǌǦƷǝȓƷǻ ǦȖ pÑ Tr{I} = pN ॽ

XX XX

XX XX

XXXX

XX X

bǣǐ ǆȂǼȝȓǦǅȠȝǦȂǼ Ȃǜ ȝǣǐ ƷǅȂΗǐ ǌǦƷǝȓƷǻ ǦȖ ǱȠȖȝ−p(p− 1)ॶ

XX XX

XX XX

XXXX

XX X

bǣǐ ǆȂǼȝȓǦǅȠȝǦȂǼ Ȃǜ ȝǣǦȖ ǌǦƷǝȓƷǻ ǦȖ ǱȠȖȝ−pॽ bǣǐȓǐǜȂȓǐ ȝǣǐ ȓǐǆȠȓȖǦȂǼ ȓǐǶƷȝǦȂǼ ǦȖ

f2p = [pN − p(p− 1)− p]f2(p−1) = [pN − p2]f2(p−1) ঳ःॽआॽऀ঴

ईࣿ



$Ȃȓ p = 1ॶ Θǐ ǆƷǼ Ȗǐǐ ȝǣƷȝ f2 = (N − 1)ॶ ȖȂ

f2(p) =
p∏

i=1

i(N − i) . ঳ःॽआॽँ঴

bȂ ǝǐȝ Ʒ ȓǐǆȠȓȖǦȂǼ ȓǐǶƷȝǦȂǼ ǜȂȓ f2pρ2pॶ ȝǣǐ ȖȝȓƷȝǐǝΞ ǦȖ ȝȂ ЖȓȖȝ ǌȓƷΘ ȂǼǐ ǶǦǼǐॶ ƷǼǌ ȝǣǐǼ ȏȓȂǆǐǐǌ ȓǐǆȠȓৄ

ȖǦΗǐǶΞ ǅΞ ǌȓƷΘǦǼǝ ȝΘȂ ǶǦǼǐȖॽ bȂ ǌȓƷΘ ȂǼǐ ǶǦǼǐॶ Θǐ ǣƷΗǐ ȝǣȓǐǐ ǌǦƷǝȓƷǻȖॶ ǅȠȝ ȝǣǐ ЖȓȖȝ ȝΘȂ ǌǦƷǝȓƷǻȖ

XX XX

XX XX

XXXX

XX X

XX XX

XX XX

XXXX

XX X

ǆƷǼǆǐǶ ǐƷǆǣ Ȃȝǣǐȓॶ ƷǼǌ ȂǼǶΞ ȝǣǐ ȝǣǦȓǌ ǌǦƷǝȓƷǻ

XX XX

XX XX

XXXX

XX X

{

{

p blocks

p blocks and a cross

XX XX

XX XX XX

X

{

{

p-1 blocks and a cross

p blocks

ΘǦǶǶ ǆȂǼȝȓǦǅȠȝǐ ƷȖ−pॽ CǐΝȝ Θǐ Ǽǐǐǌ ȝȂ ǆȂǻȏȠȝǐ ȝǣǐ ǆȂǼȝȓǦǅȠȝǦȂǼॶ g2pॶ ǜȓȂǻ ȝǣǐ ǼǐΘ ǌǦƷǝȓƷǻॶ

XX XX

XX XX XX

X

{

{

p-1 blocks and a cross

p blocks

ΘǣǦǆǣ ǆƷǼ ǅǐ ȓǐǆȠȓȖǦΗǐǶΞ ȓǐǌȠǆǐǌ ǅΞ ǆȂǼȝȓƷǆȝǦǼǝ ȂǼǐ ǅǶȂǆǴ ȂǼ ȝǣǐ ȝȂȏ ƷǼǌ ǅȂȝȝȂǻ ȓȂΘॶ ǅΞ ǌȓƷΘৄ

ǦǼǝ ȝΘȂ ǶǦǼǐȖॶ

ईऀ



XX XX

XX XX XX

{

{

p-1 blocks and a cross

p blocks

XX X

XX

A

XX XX

XX XX XX

XX X

XX

B

XX XX

XX XX XX

XX X

XX

C

bǣǐ ǆȂǼȝȓǦǅȠȝǦȂǼ ǜȓȂǻA ǦȖ pN ॶ ǜȓȂǻB ǦȖ−p(p − 1) ƷǼǌ ǜȓȂǻC ǦȖ−pॽ bǣǐȓǐǜȂȓǐ ȝǣǐ ȓǐǆȠȓৄ

ȖǦȂǼ ȓǐǶƷȝǦȂǼ ǜȂȓ g2p ǦȖ

g2p =
(
pN − p2

)
g2(p−1) . ঳ःॽआॽं঴

<ǼȂΘǦǼǝ g2 = 1ॶ

g2p =
p∏

i=2

i (N − i) . ঳ःॽआॽः঴

[ǦǼǆǐॶ f2pρ2p = −p(g2p)ॶ Θǐ ǝǐȝ

ρ2p =
−p(g2p)

f2p
= − p

N − 1
. ঳ःॽआॽऄ঴

ः৷आ৷ँ �ԀӸԌԞԚҷԚӢԀӹ Ԁә f2p+1 ҷӹӋ ρ2p+1

bǣǐ ȖǐȝȠȏ ǦȖॶ

ईँ



XX XX

XX XX

XXXX

XX

X

{
{

p blocks and a cross

p+1 blocks

XX

ƷǼǌ Θǐ Ǽǐǐǌ ȝȂ ǌȓƷΘ (2p+1) ǶǦǼǐȖॽ �ǼƷǶȂǝȂȠȖ ȝȂ ȝǣǐ ρ2p ǆȂǻȏȠȝƷȝǦȂǼॶ Θǐ ЖȓȖȝ ǆȂǼȝȓƷǆȝ ȂǼǐ ǶǦǼǐ

ǦǼΗȂǶΗǦǼǝ ȝǣǐ ǆȓȂȖȖॶ ȝȂ ǝǦΗǐ Ʒ ǜƷǆȝȂȓ Ȃǜ+(p+ 1) ƷǼǌ ȝǣǐ ǌǦƷǝȓƷǻ

XX XX

XX XX

XXXX

XX X

{
{

p blocks

p blocks and a cross

ΘǣǦǆǣ ǦȖ ǼȂȝǣǦǼǝ ǅȠȝ f2pॽ bǣǐȓǐǜȂȓǐॶ

f2p+1 = (p+ 1)f2p = (p+ 1)
p∏

i=1

i(N − i) . ঳ःॽआॽअ঴

$Ȃȓ ȝǣǐ ǆȂǻȏȠȝƷȝǦȂǼ Ȃǜ f2p+1ρ2p+1 = g̃2p+1ॶ Θǐ ǼȂȝǦǆǐ ȝǣƷȝ ȝǣǐ ǌǦƷǝȓƷǻ ǦȖ ǐΝƷǆȝǶΞ ȖƷǻǐ ƷȖ ȝǣƷȝ ǜȂȓ

g2(p+1)ॽ bǣǐȓǐǜȂȓǐॶ

g̃2p+1 = g2(p+1) =
p+1∏

i=2

i(N − i) . ঳ःॽआॽआ঴

[Ȃॶ

ρ2p+1 =
g̃2p+1

f2p+1
=

N − (p+ 1)

N − 1
. ঳ःॽआॽइ঴

ईं



[ȠǻǻƷȓΞ ƷǼǌ $ȠȝȠȓǐ sȂȓǴ
bȂ ȖȠǻǻƷȓǦΣǐॶ ȝǣǦȖ ȝǣǐȖǦȖ ȏȓǐȖǐǼȝȖ ǜǐΘ ƷȏȏȓȂƷǆǣǐȖ ȝȂ ȠǼǌǐȓȖȝƷǼǌ ȂȏǐǼ W$bȖॽ XǐȏǐƷȝǦǼǝ ǻΞȖǐǶǜॶ

HȏǐǼ W$bȖ Ʒȓǐ ǐΝȝȓǐǻǐǶΞ ǌǦАǆȠǶȝ ȏȓȂǅǶǐǻȖॶ ƷǼǌ ȝǣǐ ΘȂȓǴ ȏȓǐȖǐǼȝǐǌ ǣǐȓǐ ǦȖ ǱȠȖȝ ǜǐΘ ǣȠǻǅǶǐ Ʒȏৄ

ȏȓȂƷǆǣǐȖॶ ȝȂ ȖȝȠǌΞ ȝǣǐǻॽ /Ǽ ǜȠȝȠȓǐॶ ȝǣǐȖǐ ȝǐǆǣǼȂǶȂǝǦǐȖ ǆƷǼ ǅǐ ǐΝȝǐǼǌǐǌ ǜȂȓ ǌǐǐȏǐȓ ǦǼȖǦǝǣȝȖ ǦǼȝȂ ȝǣǐ

ȏȓȂǅǶǐǻॽ �ƷȖǐǌ ȂǼ ȝǣǐ ȝǣǐȖǦȖॶ / Ʒǻ ǆȠȓȓǐǼȝǶΞ ΘȂȓǴǦǼǝ ƷǶȂǼǝ ȝǣǐ ǜȂǶǶȂΘǦǼǝ ǌǦȓǐǆȝǦȂǼȖ ॵ

ॴ � ǆȂǻȏȠȝƷȝǦȂǼƷǶǶΞ ǻȂȓǐ ǐАǆǦǐǼȝ ΘƷΞ Ȃǜ ȖȝȠǌΞǦǼǝ ǆȂǻȏǶǐΝ ƷǆȝǦȂǼȖ ǦȖ Ǽǐǐǌǐǌॽ �ǶȖȂ ȝǣǐ ȏǣΞȖৄ

ǦǆƷǶ ΘȂȓǶǌ ǅǐǦǼǝ 3 + 1 ǌॶ Ǧȝ ǦȖ ǼȂȝ ƷǶΘƷΞȖ ȏȂȖȖǦǅǶǐ ȝȂ ȓǐǌȠǆǐ Ǧȝ ȝȂ Ʒ ȖǦǻȏǶǐ ǻƷȝȓǦΝ ȝǣǐȂȓΞॽ HǼǐ

ǼǐǐǌȖ ȝȂ ȖǦǻȠǶƷȝǐ ǆȂǻȏǶǐΝ ƷǆȝǦȂǼȖ ȂǼR3,1 ǻƷǼǦǜȂǶǌॶ ƷǼǌ ȂǼǐ ȖȠǆǣ ƷȏȏȓȂƷǆǣ ǦȖ ȠȖǦǼǝ bǣǦǻৄ

ǅǶǐȖॽ eȖǦǼǝ ȝǣǦǻǅǶǐȖॶ Θǐ ǆƷǼ ƷǶȖȂ ȖȝȠǌΞ ǌΞǼƷǻǦǆƷǶ ȖΞǻǻǐȝȓΞ ǅȓǐƷǴǦǼǝ ƷǼǌ ǌǦǻǐǼȖǦȂǼƷǶ ȓǐৄ

ǌȠǆȝǦȂǼ ǣǦǝǣǐȓ ǌǦǻǐǼȖǦȂǼƷǶ W$bȖॽ

ॴ bȂ ǜȠȓȝǣǐȓ ȖȝȠǌΞ ȝǣǐ B[[ ǆȂǼǱǐǆȝȠȓǐ Ȃǜ ǅȂȠǼǌ ȂǼ ȒȠƷǼȝȠǻ ǆǣƷȂȖॶ Ǧȝ ǦȖ ǦǼȝǐȓǐȖȝǦǼǝ ȝȂ ǆȂǻৄ

ȏȠȝǐ =ΞƷȏȠǼȂΗ ǐΝȏȂǼǐǼȝ ǜȂȓ ǣǦǝǣǐȓৄȏȂǦǼȝ HbH� ǦǼ �ǶƷǆǴ ,ȂǶǐ ǝǐȂǻǐȝȓΞ ƷǼǌ [y<ǻȂǌǐǶ

ƷǼǌ Ȗǐǐ Ǧǜ ȝǣǐ ǆȂǼǱǐǆȝȠȓǐǌ ΗƷǶȠǐ ȖƷȝǦȖЖǐȖ ǦǼ ȝǣǐȖǐ ǆƷȖǐȖॽ $Ȃȓ ȝǣǦȖ ȂǼǐ ǆƷǼ ǆȂǼȖǦǌǐȓॶ ǻȠǶȝǦȏǶǐ

ȖǣȂǆǴ ΘƷΗǐȖ ǦǼ Ʒ ǅǶƷǆǴ ǣȂǶǐ ǅƷǆǴǝȓȂȠǼǌ ƷǼǌ Ȗǐǐ Ǧǜ Ǧȝ৚Ȗ ȖƷȝȠȓƷȝǦǼǝ ȝǣǐ ǅȂȠǼǌ ǻǐǼȝǦȂǼǐǌ ǦǼ ফँবॽ

[ǦǻǦǶƷȓǶΞॶ ǆȂǼȖǦǌǐȓǦǼǝ ǣǦǝǣǐȓ ȏȂǦǼȝ ǆȂȓȓǐǶƷȝȂȓȖ ǦǼ [y<ǻȂǌǐǶॶ ƷǼǌ ǆȂǻȏȠȝǦǼǝ Ǧȝ৚Ȗ ǶƷȝǐৄȝǦǻǐ

ǅǐǣƷΗǦȂȠȓ ǆȂȠǶǌ ǅǐ ȖȝȠǌǦǐǌॽ $Ȃȓ ǦǼȖȝƷǼǆǐॶ Ʒ ǜȠǶǶ ƷǼƷǶΞȝǦǆ ǐΝȏȓǐȖȖǦȂǼ ǜȂȓ ȖǦΝৄȏȂǦǼȝ ǆȂȓȓǐǶƷȝȂȓ ǦǼ

[y<ǻȂǌǐǶॶ ǆȂȠǶǌ ǅǐ ǆȂǻȏȠȝǐǌ ƷǼǌ ȝǣǐ =ΞƷȏȠǼȂΗ ǐΝȏȂǼǐǼȝ ǆƷǼ ǅǐ ǐΝȝȓƷǆȝǐǌ ǦǼ ȝǣǐ ǻƷΝǦৄ

ǻƷǶǶΞ ȂȠȝৄȂǜৄȝǦǻǐৄȂȓǌǐȓǐǌ ǆȂǼЖǝȠȓƷȝǦȂǼॽ

ॴ bȂ ȖȝȠǌΞ ƷǼƷǶΞȝǦǆƷǶǶΞ ǣǦǝǣǐȓ Ȃȓǌǐȓ ƷǼȂǻƷǶȂȠȖ ǌǦǻǐǼȖǦȂǼȖ Ȃǜ �$bȖॶ Ǧȝ ȝȠȓǼȖ ȂȠȝ BǐǶǶǦǼৄȖȏƷǆǐ

ȓǐȏȓǐȖǐǼȝƷȝǦȂǼ ǦȖ ȒȠǦȝǐ ȠȖǐǜȠǶॽ �ǶȝǣȂȠǝǣ঳Ʒȝ ȝǣǐ ȝǦǻǐ Ȃǜ ΘȓǦȝǦǼǝ ȝǣǦȖ ȝǣǐȖǦȖ঴ ǶȂȝ Ȃǜ ΘȂȓǴ ǣƷȖ

ǅǐǐǼ ǌȂǼǐ ǦǼ ȖǆƷǶƷȓ ЖǐǶǌ ȝǣǐȂȓǦǐȖॶ ǼȂȝ ǻȠǆǣ ǣƷȖ ǅǐǐǼ ǌȂǼǐ ǦǼ $ǐȓǻǦȂǼǦǆ �$bȖॽ /ȝ ΘȂȠǶǌ ǅǐ

ǦǼȝǐȓǐȖȝǦǼǝ ȝȂ ǌǐΗǐǶȂȏBǐǶǶǦǼৄȖȏƷǆǐ ȓǐȏȓǐȖǐǼȝƷȝǦȂǼ ǜȂȓ ǝǐǼǐȓǦǆ $ǐȓǻǦȂǼǦǆ �$bȖॽ

ईः



XǐǜǐȓǐǼǆǐȖ

ফऀব UƷǶǶƷǅ �ƷȖȠॶ <ƷȖǦ :ƷȖΘǦǼॶ ƷǼǌ �ǼȂȖǣ :ȂȖǐȏǣॽ �ȂǻȏǶǐΝ ǶƷǼǝǐΗǦǼ ǌΞǼƷǻǦǆȖ ǦǼ ǶƷȓǝǐ n ȠǼǦȝƷȓΞ
ǻƷȝȓǦΝ ǻȂǌǐǶȖॽ ँࣿऀइॽ

ফँব UƷǶǶƷǅ �ƷȖȠ ƷǼǌ <ƷȖǦ :ƷȖΘǦǼॽ ,Ǧǝǣǐȓ ȏȂǦǼȝ ȂȝȂǆȖ ƷǼǌ ȝǣǐ ǅȂȠǼǌ ȂǼ ǆǣƷȂȖॽ ँࣿऀइॽ

ফंব [ȠǌǦȏ %ǣȂȖǣॶ XƷǱǐȖǣ <ȠǻƷȓ %ȠȏȝƷॶ <ƷȖǦ :ƷȖΘǦǼॶ ƷǼǌ �ǻǦǼ �ॽ CǦΣƷǻǦॽ ৄǐΝȏƷǼȖǦȂǼ ǦǼ ȝǣǐ
ǝȓȂȖȖৄǼǐΗǐȠ ǻȂǌǐǶ ǜȓȂǻ ǆȂǼǜȂȓǻƷǶ ЖǐǶǌ ȝǣǐȂȓΞॽ :ȡȿȲțǖȕ ȡǻ ,ȅǼȂ �țǯȲǼͤ UȂͤȵȅǥȵॶ ँࣿऀअ঳ं঴ॶ
ǻƷȓ ँࣿऀअॽ

ফःব :ȠƷǼBƷȓȝǦǼ BƷǶǌƷǆǐǼƷॽ bǣǐ =Ʒȓǝǐ C ǶǦǻǦȝ Ȃǜ ȖȠȏǐȓǆȂǼǜȂȓǻƷǶ ЖǐǶǌ ȝǣǐȂȓǦǐȖ ƷǼǌ ȖȠȏǐȓǝȓƷΗৄ
ǦȝΞॽ /țȼࣗ :ࣗ bȂǯȡȲࣗ UȂͤȵࣗॶ ंइॵऀऀऀंূऀऀंंॶ ऀईईईॽ ফ�ǌΗॽ bǣǐȂȓॽ BƷȝǣॽ UǣΞȖॽँॶँंऀ঳ऀईईइ঴বॽ

ফऄব �ǌΘƷȓǌsǦȝȝǐǼॽ �ǼȝǦৄǌǐ [Ǧȝȝǐȓ ȖȏƷǆǐ ƷǼǌ ǣȂǶȂǝȓƷȏǣΞॽ �ǫࣗ͝ bȂǯȡȲࣗ BǖȼȂࣗ UȂͤȵࣗॶ ँॵँऄंূँईऀॶ
ऀईईइॽ

ফअব [ॽ[ॽ %ȠǅȖǐȓॶ /ॽXॽ <ǶǐǅƷǼȂΗॶ ƷǼǌ �ॽBॽ UȂǶΞƷǴȂΗॽ %ƷȠǝǐ ȝǣǐȂȓΞ ǆȂȓȓǐǶƷȝȂȓȖ ǜȓȂǻ ǼȂǼৄǆȓǦȝǦǆƷǶ
ȖȝȓǦǼǝ ȝǣǐȂȓΞॽ UȂͤȵȅǥȵ =ǯȼȼǯȲȵ �ॶ ःँइ঳ऀৄँ঴ॵऀࣿऄূऀऀःॶ BƷΞ ऀईईइॽ

ফआব �ॽ <ǦȝƷǐΗॽ � ȖǦǻȏǶǐ ǻȂǌǐǶ Ȃǜ ȒȠƷǼȝȠǻ ǣȂǶȂǝȓƷȏǣΞॽ #//+Γχχ*)'$) Α&$/+Α0�.�Α
 �0χ*)'$) χ )/�)"' �ͮͲχ&$/� 1χॶ#//+Γχχ*)'$) Α&$/+Α0�.�Α �0χ*)'$) χ
 )/�)"' �ͮͲχ&$/� 1ͯχॽ bƷǶǴȖ Ʒȝ </bUॶ �ȏȓǦǶ आॶ ँࣿऀऄ ƷǼǌBƷΞ ँआॶ ँࣿऀऄॽ

ফइব [ȠǅǦȓ [ƷǆǣǌǐΗ ƷǼǌ :ǦǼΘȠ yǐॽ %ƷȏǶǐȖȖ ȖȏǦǼ ЙȠǦǌ ǝȓȂȠǼǌ ȖȝƷȝǐ ǦǼ Ʒ ȓƷǼǌȂǻॶ ȒȠƷǼȝȠǻ,ǐǦȖǐǼৄ
ǅǐȓǝ ǻƷǝǼǐȝॽ UȂͤȵࣗ Xǯࣗ͝ =ǯȼȼࣗॶ आࣿॵंंंईॶ ऀईईंॽ

ফईব �ǌΘƷȓǌsǦȝȝǐǼॽ �Ǽ ȖΞǴৄǶǦǴǐ ǻȂǌǐǶ ΘǦȝǣȂȠȝ ǌǦȖȂȓǌǐȓॽ

ফऀࣿব XƷΣΗƷǼ %ȠȓƷȠॽ � ȓǐΗǦǐΘ Ȃǜ ȝǣǐ ऀ঄Ǽ ǐΝȏƷǼȖǦȂǼ ǦǼ ȓƷǼǌȂǻ ȝǐǼȖȂȓ ǻȂǌǐǶȖॽ

ফऀऀব /ǝȂȓ Xॽ <ǶǐǅƷǼȂΗ ƷǼǌ %ȓǦǝȂȓΞ bƷȓǼȂȏȂǶȖǴΞॽ eǼǆȂǶȂȓǐǌ ȓƷǼǌȂǻ ȝǐǼȖȂȓȖॶ ǻǐǶȂǼ ǌǦƷǝȓƷǻȖॶ
ƷǼǌ ȝǣǐ ȖΞǴ ǻȂǌǐǶȖॽ

ফऀँব :ॽ Xॽ <ǶƷȠǌǐȓॽ [bH�,�[b/�We�Cb/~�b/HCॽ �ǥȼǖ UȂͤȵࣗ �ȿȵȼȲȅǖǥǖ [ȿȮȮȕࣗॶ ँऄॵँऄऀূ
ँइऀॶ ऀईइंॽ

ফऀंব %ॽ UƷȓǦȖǦॽ HC�HBU=�x UXH���/=/b/�[ॽ UȂͤȵࣗ =ǯȼȼࣗॶ ऀंऀ�ॵंईंূंईऄॶ ऀईइंॽ

ফऀःব %ǐȓȝ �ƷȓȝȖ ƷǼǌ /ȂǼৄHǶǦǻȏǦȠ [ȝƷǻƷȝǐȖǆȠॽ [ȝȂǆǣƷȖȝǦǆ ȒȠƷǼȝǦΣƷȝǦȂǼ Ʒȝ ЖǼǦȝǐ ǆǣǐǻǦǆƷǶ ȏȂȝǐǼৄ
ȝǦƷǶॽ :,�Uॶ ࣿईॵࣿऀइॶ ँࣿࣿइॽ

ফऀऄব �ǐǼǝǦΣ UǐǣǶǐΗƷǼ ƷǼǌ %ǐȓƷǶǌ %ȠȓƷǶǼǦǴॽ �ȂǻȏǶǐΝ =ƷǼǝǐΗǦǼ �ȒȠƷȝǦȂǼȖ ƷǼǌ [ǆǣΘǦǼǝǐȓৄ�ΞȖȂǼ
�ȒȠƷȝǦȂǼȖॽ Cȿǥȕࣗ UȂͤȵࣗॶ �इऀऀॵऄऀईূऄंअॶ ँࣿࣿईॽ

ফऀअব yȠȝƷ /ȝȂ ƷǼǌ :ȠǼ CǦȖǣǦǻȠȓƷॽ bǣǐ ǆȂǻȏǶǐΝ =ƷǼǝǐΗǦǼ ƷǼƷǶΞȖǦȖ Ȃǜ ȖȏȂǼȝƷǼǐȂȠȖ ȖΞǻǻǐȝȓΞ
ǅȓǐƷǴǦǼǝ ǦǼǌȠǆǐǌ ǅΞ ǆȂǻȏǶǐΝ ǜǐȓǻǦȂǼ ǌǐȝǐȓǻǦǼƷǼȝॽ :,�Uॶ ऀँॵࣿࣿईॶ ँࣿऀअॽ

ফऀआব %ǐȓȝ �ƷȓȝȖॽ �ƷǼ ȖȝȂǆǣƷȖȝǦǆ ȒȠƷǼȝǦΣƷȝǦȂǼ ǐΗƷǌǐ ȝǣǐ ȖǦǝǼ ȏȓȂǅǶǐǻॾ bǣǐ ȓǐǶƷȝǦΗǦȖȝǦǆ �ȂȖǐ ǝƷȖ Ʒȝ
ЖǼǦȝǐ ǆǣǐǻǦǆƷǶ ȏȂȝǐǼȝǦƷǶॽ UȂͤȵࣗ Xǯࣗ͝ =ǯȼȼࣗॶ ऀࣿँॵऀंऀअࣿऀॶ ँࣿࣿईॽ

ईऄ

http://online.kitp.ucsb.edu/online/entangled15/kitaev/
http://online.kitp.ucsb.edu/online/entangled15/kitaev/
http://online.kitp.ucsb.edu/online/entangled15/kitaev2/
http://online.kitp.ucsb.edu/online/entangled15/kitaev2/


ফऀइব %ǐȓȝ �ƷȓȝȖ ƷǼǌ $ȓƷǼǴ �ॽ :ƷǻǐȖॽ �ȂǻȏǶǐΝ =ƷǼǝǐΗǦǼ ǌΞǼƷǻǦǆȖ ǦǼ ȝǣǐ [e঳ं঴ ȖȏǦǼ ǻȂǌǐǶ Ʒȝ
ǼȂǼΣǐȓȂ ǆǣǐǻǦǆƷǶ ȏȂȝǐǼȝǦƷǶ ȓǐΗǦȖǦȝǐǌॽ :,�Uॶ ࣿऀॵऀऀइॶ ँࣿऀँॽ

ফऀईব �ॽ :ॽ %ȓȂȖȖ ƷǼǌ �ǌΘƷȓǌsǦȝȝǐǼॽ UȂȖȖǦǅǶǐ bǣǦȓǌ Hȓǌǐȓ UǣƷȖǐ bȓƷǼȖǦȝǦȂǼ ǦǼ ȝǣǐ =Ʒȓǝǐ C =Ʒȝৄ
ȝǦǆǐ %ƷȠǝǐ bǣǐȂȓΞॽ UȂͤȵࣗ Xǯࣗ͝ॶ �ँऀॵःःअূःऄंॶ ऀईइࣿॽ

ফँࣿব [ȏǐǼȝƷ Xॽ sƷǌǦƷॽ � [ȝȠǌΞ Ȃǜ e঳C঴ =ƷȝȝǦǆǐ %ƷȠǝǐ bǣǐȂȓΞ ǦǼ ँৄǌǦǻǐǼȖǦȂǼȖॽ ँࣿऀँॽ

ফँऀব [ǦǻȂǼ,ƷǼǌȖॶ bǦǻȂȝǣΞ :ॽ ,ȂǶǶȂΘȂȂǌॶ ƷǼǌ :ȂΞǆǐ �ॽ BΞǐȓȖॽ W��ΘǦȝǣ �ǣǐǻǦǆƷǶ UȂȝǐǼȝǦƷǶ
ǦǼ Ʒ [ǻƷǶǶ ,ΞȏǐȓȖȏǣǐȓǦǆƷǶ �ȂΝॽ :,�Uॶ ࣿआॵࣿइअॶ ँࣿऀࣿॽ

ফँँব UƷȝȓǦǆǴ ,ƷΞǌǐǼ ƷǼǌ :ȂǣǼ UȓǐȖǴǦǶǶॽ �ǶƷǆǴ ǣȂǶǐȖ ƷȖ ǻǦȓȓȂȓȖॵ WȠƷǼȝȠǻ ǦǼǜȂȓǻƷȝǦȂǼ ǦǼ ȓƷǼǌȂǻ
ȖȠǅȖΞȖȝǐǻȖॽ :,�Uॶ ࣿईॵऀँࣿॶ ँࣿࣿआॽ

ফँंব yƷȖȠǣǦȓȂ [ǐǴǦǼȂ ƷǼǌ =ǐȂǼƷȓǌ [ȠȖȖǴǦǼǌॽ $ƷȖȝ [ǆȓƷǻǅǶǐȓȖॽ :,�Uॶ ऀࣿॵࣿअऄॶ ँࣿࣿइॽ

ফँःব :ȠƷǼBƷǶǌƷǆǐǼƷॶ [ȝǐȏǣǐǼ ,ॽ [ǣǐǼǴǐȓॶ ƷǼǌ �ȂȠǝǶƷȖ [ȝƷǼǜȂȓǌॽ � ǅȂȠǼǌ ȂǼ ǆǣƷȂȖॽ :,�Uॶ
ࣿइॵऀࣿअॶ ँࣿऀअॽ

ফँऄব [ȝǐȏǣǐǼ ,ॽ [ǣǐǼǴǐȓ ƷǼǌ �ȂȠǝǶƷȖ [ȝƷǼǜȂȓǌॽ �ǶƷǆǴ ǣȂǶǐȖ ƷǼǌ ȝǣǐ ǅȠȝȝǐȓЙΞ ǐЍǐǆȝॽ :,�Uॶ
ࣿंॵࣿअआॶ ँࣿऀःॽ

ফँअব �ƷǼǦǐǶ �ॽ XȂǅǐȓȝȖ ƷǼǌ �ȂȠǝǶƷȖ [ȝƷǼǜȂȓǌॽ bΘȂৄǌǦǻǐǼȖǦȂǼƷǶ ǆȂǼǜȂȓǻƷǶ ЖǐǶǌ ȝǣǐȂȓΞ ƷǼǌ ȝǣǐ
ǅȠȝȝǐȓЙΞ ǐЍǐǆȝॽ UȂͤȵࣗ Xǯࣗ͝ =ǯȼȼࣗॶ ऀऀऄ঳ऀं঴ॵऀंऀअࣿंॶ ँࣿऀऄॽ

ফँआব :ȠƷǼBƷǶǌƷǆǐǼƷ ƷǼǌ �ȂȠǝǶƷȖ [ȝƷǼǜȂȓǌॽ XǐǻƷȓǴȖ ȂǼ ȝǣǐ [ƷǆǣǌǐΗৄyǐৄ<ǦȝƷǐΗ ǻȂǌǐǶॽ UȂͤȵࣗ
Xǯࣗ͝ॶ �ईः঳ऀࣿ঴ॵऀࣿअࣿࣿँॶ ँࣿऀअॽ

ফँइব XǦǆǆƷȓǌȂ XƷȝȝƷΣΣǦॶ qΞƷǆǣǐȖǶƷΗ [ॽ XΞǆǣǴȂΗॶ �ȓǦǴ bȂǼǼǦॶ ƷǼǌ �ǶǐȖȖƷǼǌȓȂ qǦǆǣǦॽ �ȂȠǼǌǦǼǝ
ȖǆƷǶƷȓ ȂȏǐȓƷȝȂȓ ǌǦǻǐǼȖǦȂǼȖ ǦǼ ः� �$bॽ :,�Uॶ ऀँॵࣿंऀॶ ँࣿࣿइॽ

ফँईব [ǣǐǐȓ �Ƕৄ[ǣȂΘǴॶ BǦǝȠǐǶ $ॽ UƷȠǶȂȖॶ �ƷΗǦǌ UȂǶƷǼǌॶ [ǶƷΗƷ XΞǆǣǴȂΗॶ �ƷΗǦǌ [ǦǻǻȂǼȖৄ�ȠАǼॶ
ƷǼǌ �ǶǐȖȖƷǼǌȓȂ qǦǆǣǦॽ [ȂǶΗǦǼǝ ȝǣǐ ंǌ /ȖǦǼǝ BȂǌǐǶ ΘǦȝǣ ȝǣǐ �ȂǼǜȂȓǻƷǶ �ȂȂȝȖȝȓƷȏ //ॽ ǆৄ
BǦǼǦǻǦΣƷȝǦȂǼ ƷǼǌ UȓǐǆǦȖǐ �ȓǦȝǦǆƷǶ �ΝȏȂǼǐǼȝȖॽ :ȡȿȲțǖȕ ȡǻ [ȼǖȼȅȵȼȅǥǖȕ UȂͤȵȅǥȵॶ ऀऄआॵइअईॶ ँࣿऀःॽ

ফंࣿব [ǣǐǐȓ �Ƕৄ[ǣȂΘǴॶ BǦǝȠǐǶ $ॽ UƷȠǶȂȖॶ �ƷΗǦǌ UȂǶƷǼǌॶ [ǶƷΗƷ XΞǆǣǴȂΗॶ �ƷΗǦǌ [ǦǻǻȂǼȖৄ�ȠАǼॶ
ƷǼǌ �ǶǐȖȖƷǼǌȓȂ qǦǆǣǦॽ [ȂǶΗǦǼǝ ȝǣǐ ंǌ ǦȖǦǼǝ ǻȂǌǐǶ ΘǦȝǣ ȝǣǐ ǆȂǼǜȂȓǻƷǶ ǅȂȂȝȖȝȓƷȏॽ UȂͤȵࣗ Xǯࣗ͝
�ॶ इअॵࣿँऄࣿँँॶ :ȠǶ ँࣿऀँॽ

ফंऀব [ǣǐǐȓ �Ƕৄ[ǣȂΘǴॶ BǦǝȠǐǶ $ॽ UƷȠǶȂȖॶ �ƷΗǦǌ UȂǶƷǼǌॶ [ǶƷΗƷ XΞǆǣǴȂΗॶ �ƷΗǦǌ [ǦǻǻȂǼȖৄ�ȠАǼॶ
ƷǼǌ �ǶǐȖȖƷǼǌȓȂ qǦǆǣǦॽ [ȂǶΗǦǼǝ ȝǣǐ ंǌ ǦȖǦǼǝ ǻȂǌǐǶ ΘǦȝǣ ȝǣǐ ǆȂǼǜȂȓǻƷǶ ǅȂȂȝȖȝȓƷȏ ǦǦॽ

c

ǆ ৄǻǦǼǦǻǦΣƷȝǦȂǼ ƷǼǌ ȏȓǐǆǦȖǐ ǆȓǦȝǦǆƷǶ ǐΝȏȂǼǐǼȝȖॽ :ȡȿȲțǖȕ ȡǻ [ȼǖȼȅȵȼȅǥǖȕ UȂͤȵȅǥȵॶ ऀऄआ঳ःৄऄ঴ॵइअईূ
ईऀःॶ :ȠǼ ँࣿऀःॽ

ফंँব XƷǱǐȖǣ %ȂȏƷǴȠǻƷȓॶ �ȏȓƷȝǦǻ <ƷΗǦȓƷǱॶ <ƷǶǶȂǶ [ǐǼॶ ƷǼǌ �ǼǦǼǌƷ [ǦǼǣƷॽ �ȂǼǜȂȓǻƷǶ �ȂȂȝȖȝȓƷȏ
ǦǼBǐǶǶǦǼ [ȏƷǆǐॽ UȂͤȵࣗ Xǯࣗ͝ =ǯȼȼࣗॶ ऀऀइ঳इ঴ॵࣿइऀअࣿऀॶ ँࣿऀआॽ

ফंंব [ǶƷΗƷ XΞǆǣǴȂΗ ƷǼǌ ~ǣȂǼǝBǦǼǝ bƷǼॽ bǣǐ εৄǐΝȏƷǼȖǦȂǼ ǜȓȂǻ ǆȂǼǜȂȓǻƷǶ ЖǐǶǌ ȝǣǐȂȓΞॽ :ࣗ UȂͤȵࣗॶ
�ःइ঳ँई঴ॵँई$bࣿऀॶ ँࣿऀऄॽ

ईअ



ফंःব [ǣǦǼBȠȓȂΞƷॶ �ȝȖȠȖǣǦ CƷǴƷǻȠȓƷॶ �ǣǦǣȂ CȂǼƷǴƷॶ ƷǼǌ bǐȝȖȠΞƷ bƷǴƷǦȖǣǦॽ =ƷȝȝǦǆǐ W�� Ʒȝ
ЖǼǦȝǐ ǌǐǼȖǦȝΞॵ �Ǽ /ǼȝȓȂǌȠǆȝȂȓΞ ȓǐΗǦǐΘॽ UȲȡǼࣗ bȂǯȡȲࣗ UȂͤȵࣗॶ ऀऀࣿॵअऀऄূअअइॶ ँࣿࣿंॽ

ফंऄব UǣǦǶǦȏȏǐ ǌǐ $ȂȓǆȓƷǼǌॽ [ǦǻȠǶƷȝǦǼǝ W�� Ʒȝ ЖǼǦȝǐ ǌǐǼȖǦȝΞॽ Uȡ[ॶ =�bँࣿࣿईॵࣿऀࣿॶ ँࣿࣿईॽ

ফंअব :ȂǣǼ Xॽ <ǶƷȠǌǐȓॽ �ȂǣǐȓǐǼȝ [ȝƷȝǐ =ƷǼǝǐΗǦǼ �ȒȠƷȝǦȂǼȖ ǜȂȓ �ƷǼȂǼǦǆƷǶ WȠƷǼȝȠǻ [ΞȖȝǐǻȖ
sǦȝǣ �ȏȏǶǦǆƷȝǦȂǼȖ ȝȂ ȝǣǐ WȠƷǼȝǦΣǐǌ ,ƷǶǶ �Ѝǐǆȝॽ UȂͤȵࣗ Xǯࣗ͝ॶ �ँईॵँࣿंअূँࣿःआॶ ऀईइःॽ

ফंआব BƷȓǆȂ �ȓǦȖȝȂǜȂȓǐȝȝǦॶ $ȓƷǼǆǐȖǆȂ �Ǧ XǐǼΣȂॶ ƷǼǌ =ȠǦǝǦ [ǆȂȓΣƷȝȂॽ CǐΘ ƷȏȏȓȂƷǆǣ ȝȂ ȝǣǐ ȖǦǝǼ
ȏȓȂǅǶǐǻ ǦǼ ȒȠƷǼȝȠǻ ЖǐǶǌ ȝǣǐȂȓǦǐȖॵ ,Ǧǝǣ ǌǐǼȖǦȝΞ W�� ȂǼ Ʒ =ǐǜȖǆǣǐȝΣ ȝǣǦǻǅǶǐॽ UȂͤȵࣗ Xǯࣗ͝ॶ
�इअॵࣿआःऄࣿअॶ ँࣿऀँॽ

ফंइব ,ॽ $ȠǱǦǦॶ �ॽ ,ȂǼǌƷॶ Bॽ <ƷȝȂॶ yॽ <ǦǴȠǴƷΘƷॶ [ॽ <ȂǻƷȝȖȠॶ ƷǼǌ bॽ [ƷǼȂॽ ,ΞǅȓǦǌ BȂǼȝǐ �ƷȓǶȂ
ȂǼ =ǐǜȖǆǣǐȝΣ ȝǣǦǻǅǶǐȖ ৄ � ȖȝȠǌΞ Ȃǜ ȝǣǐ ȓǐȖǦǌȠƷǶ ȖǦǝǼ ȏȓȂǅǶǐǻॽ :,�Uॶ ऀࣿॵऀःआॶ ँࣿऀंॽ

ফंईব $ȓƷǼǆǐȖǆȂ �Ǧ XǐǼΣȂ ƷǼǌ %ǦȂΗƷǼǼǦ �ȓȠΣΣǦॽ bǣǦǻǅǶǐ ȓǐǝȠǶƷȓǦΣƷȝǦȂǼ Ʒȝ ΘȂȓǴॵ ǜȓȂǻ ȝȂΞ ǻȂǌǐǶȖ
ȝȂ ǆǣǦȓƷǶ ȓƷǼǌȂǻǻƷȝȓǦΝ ȝǣǐȂȓǦǐȖॽ UȂͤȵࣗ Xǯࣗ͝ॶ �ईँ঳इ঴ॵࣿइऄࣿंࣿॶ ँࣿऀऄॽ

ফःࣿব yȠΞƷ bƷǼǦΣƷǴǦॶ yȂȖǣǦǻƷȖƷ ,ǦǌƷǴƷॶ ƷǼǌ bȂǻȂΞƷ ,ƷΞƷȝƷॽ =ǐǜȖǆǣǐȝΣৄȝǣǦǻǅǶǐ ƷǼƷǶΞȖǦȖ Ȃǜ ȝǣǐ
ȖǦǝǼ ȏȓȂǅǶǐǻ ǦǼ ȂǼǐৄȖǦȝǐ ǜǐȓǻǦȂǼ ǻȂǌǐǶॽ Cǯ͞ :ࣗ UȂͤȵࣗॶ ऀइ঳ं঴ॵࣿंंࣿࣿँॶ ँࣿऀअॽ

ফःऀব ,ǦȓȂȝȖȠǝȠ $ȠǱǦǦॶ [ΞȂ <ƷǻƷȝƷॶ ƷǼǌ yȂȖǣǦȂ <ǦǴȠǴƷΘƷॽ BȂǼȝǐ �ƷȓǶȂ ȖȝȠǌΞ Ȃǜ =ǐǜȖǆǣǐȝΣ ȝǣǦǻৄ
ǅǶǐ ȖȝȓȠǆȝȠȓǐ ǦǼ ȂǼǐৄǌǦǻǐǼȖǦȂǼƷǶ bǣǦȓȓǦǼǝ ǻȂǌǐǶ Ʒȝ ЖǼǦȝǐ ǌǐǼȖǦȝΞॽ :,�Uॶ ऀँॵऀँऄॶ ँࣿऀऄॽ
ফ�ȓȓƷȝȠǻॵ :,�Uࣿईॶऀआँ঳ँࣿऀअ঴বॽ

ফःँব �ǼǌȓǐǦ �ǶǐΝƷǼǌȓȠॶ %ȆǴ ǉǐ �ƷșƷȓॶ ƷǼǌ UƷȠǶȂ �ǐǌƷȒȠǐॽ BȂǼȝǐ ǆƷȓǶȂ ƷǶǝȂȓǦȝǣǻ ǜȂȓ ȖǦǻȠǶƷȝǦǼǝ
ǜǐȓǻǦȂǼȖ ȂǼ ǶǐǜȖǆǣǐȝΣ ȝǣǦǻǅǶǐȖॽ UȂͤȵࣗ Xǯࣗ͝ �ॶ ईंॵࣿऀःऄࣿःॶ :ƷǼ ँࣿऀअॽ

ফःंব :ȂǣǼ Xॽ <ǶƷȠǌǐȓॽ � =ƷǼǝǐΗǦǼ �ȏȏȓȂƷǆǣ ȝȂ $ǐȓǻǦȂǼ ƷǼǌ WȠƷǼȝȠǻ [ȏǦǼ �ȂȓȓǐǶƷȝǦȂǼ $ȠǼǆৄ
ȝǦȂǼȖॽ :ࣗ UȂͤȵࣗॶ �ऀअॵ=ंऀआॶ ऀईइंॽ

ফःःব :ॽ �ǐȓǝǐȖ ƷǼǌ /ॽ Hॽ [ȝƷǻƷȝǐȖǆȠॽ [ǦǻȠǶƷȝǦǼǝ ǼȂǼǐȒȠǦǶǦǅȓǦȠǻ ȒȠƷǼȝȠǻ ЖǐǶǌȖ ΘǦȝǣ ȖȝȂǆǣƷȖȝǦǆ
ȒȠƷǼȝǦΣƷȝǦȂǼ ȝǐǆǣǼǦȒȠǐȖॽ UȂͤȵࣗ Xǯࣗ͝ =ǯȼȼࣗॶ ईऄॵँࣿँࣿࣿंॶ ँࣿࣿऄॽ

ফःऄব :ॽ �ǐȓǝǐȖॶ [Σॽ �ȂȓȖƷǼΞǦॶ �ॽ [ǐΝȝΞॶ ƷǼǌ /ॽ Hॽ [ȝƷǻƷȝǐȖǆȠॽ =ƷȝȝǦǆǐ ȖǦǻȠǶƷȝǦȂǼȖ Ȃǜ ȓǐƷǶৄȝǦǻǐ ȒȠƷǼৄ
ȝȠǻ ЖǐǶǌȖॽ UȂͤȵࣗ Xǯࣗ͝ॶ �आऄॵࣿःऄࣿࣿआॶ ँࣿࣿआॽ

ফःअব :ȠǐȓǝǐǼ �ǐȓǝǐȖ ƷǼǌ �ǐǼǐȖ [ǐΝȝΞॽ XǐƷǶৄȝǦǻǐ ǝƷȠǝǐ ȝǣǐȂȓΞ ȖǦǻȠǶƷȝǦȂǼȖ ǜȓȂǻ ȖȝȂǆǣƷȖȝǦǆ ȒȠƷǼȝǦৄ
ΣƷȝǦȂǼ ΘǦȝǣ ȂȏȝǦǻǦΣǐǌ ȠȏǌƷȝǦǼǝॽ Cȿǥȕࣗ UȂͤȵࣗॶ �आईईॵंࣿअূंँईॶ ँࣿࣿइॽ

ফःआব :ॽ �ǶȂǆǣॶ :ॽ %ǶǐȖƷƷǐǼॶ :ॽ :ॽ Bॽ qǐȓǅƷƷȓȖǆǣȂȝॶ ƷǼǌ [ॽ ~ƷǜǐǦȓȂȏȂȠǶȂȖॽ �ȂǻȏǶǐΝ =ƷǼǝǐΗǦǼ [ǦǻȠǶƷৄ
ȝǦȂǼ Ȃǜ Ʒ XƷǼǌȂǻBƷȝȓǦΝ BȂǌǐǶ Ʒȝ CȂǼΣǐȓȂ �ǣǐǻǦǆƷǶ UȂȝǐǼȝǦƷǶॽ ँࣿऀआॽ

ফःइব %ǐȓȝ �ƷȓȝȖॽ �ȂǻȏǶǐΝ =ƷǼǝǐΗǦǼ ǌΞǼƷǻǦǆȖ Ʒȝ ЖǼǦȝǐ ǆǣǐǻǦǆƷǶ ȏȂȝǐǼȝǦƷǶॵ BǐƷǼ ЖǐǶǌ ƷǼƷǶΞȖǦȖ ǦǼ
ȝǣǐ ȓǐǶƷȝǦΗǦȖȝǦǆ �ȂȖǐ ǝƷȖॽ :,�Uॶ ࣿऄॵࣿऄँॶ ँࣿࣿईॽ

ফःईব %ǐȓȝ �ƷȓȝȖ ƷǼǌ <ॽ [ȏǶǦȝȝȂȓЍॽ �ǐǝǐǼǐȓƷȝǐ ǌǦȖȝȓǦǅȠȝǦȂǼȖ ǦǼ ǆȂǻȏǶǐΝ =ƷǼǝǐΗǦǼ ǌΞǼƷǻǦǆȖॵ ȂǼǐৄ
ǌǦǻǐǼȖǦȂǼƷǶ W�� Ʒȝ ЖǼǦȝǐ ǆǣǐǻǦǆƷǶ ȏȂȝǐǼȝǦƷǶॽ :,�Uॶ ࣿइॵࣿऀआॶ ँࣿऀࣿॽ

ফऄࣿব yȠȝƷ /ȝȂ ƷǼǌ :ȠǼ CǦȖǣǦǻȠȓƷॽ [ȏȂǼȝƷǼǐȂȠȖ ȖΞǻǻǐȝȓΞ ǅȓǐƷǴǦǼǝ ǦǼǌȠǆǐǌ ǅΞ ǆȂǻȏǶǐΝ
ǜǐȓǻǦȂǼ ǌǐȝǐȓǻǦǼƷǼȝু Ξǐȝ ƷǼȂȝǣǐȓ ȖȠǆǆǐȖȖ Ȃǜ ȝǣǐ ǆȂǻȏǶǐΝ =ƷǼǝǐΗǦǼ ǻǐȝǣȂǌॽ Uȡ[ॶ =�bৄ
b/��ँࣿऀअॵࣿअऄॶ ँࣿऀअॽ

ईआ



ফऄऀব <ȂǼȖȝƷǼȝǦǼȂȖ Cॽ �ǼƷǝǼȂȖȝȂȏȂȠǶȂȖॶ bƷǴǐǣǦȓȂ �ΣȠǻƷॶ yȠȝƷ /ȝȂॶ :ȠǼ CǦȖǣǦǻȠȓƷॶ ƷǼǌ
[ȝȓƷȝȂȖ <ȂΗƷǶǴȂΗ UƷȏƷǌȂȠǌǦȖॽ �ȂǻȏǶǐΝ =ƷǼǝǐΗǦǼ ƷǼƷǶΞȖǦȖ Ȃǜ ȝǣǐ ȖȏȂǼȝƷǼǐȂȠȖ ȖΞǻǻǐȝȓΞ
ǅȓǐƷǴǦǼǝ ǦǼ ǌǦǻǐǼȖǦȂǼƷǶǶΞ ȓǐǌȠǆǐǌ ȖȠȏǐȓ yƷǼǝৄBǦǶǶȖ ǻȂǌǐǶȖॽ :,�Uॶ ࣿँॵऀऄऀॶ ँࣿऀइॽ

ফऄँব %ॽ UƷȓǦȖǦ ƷǼǌ yȂǼǝৄȖǣǦ sȠॽ UǐȓȝȠȓǅƷȝǦȂǼ bǣǐȂȓΞsǦȝǣȂȠȝ %ƷȠǝǐ $ǦΝǦǼǝॽ [ǥȅࣗ [ȅțࣗॶ ँःॵःइंॶ
ऀईइऀॽ

ফऄंব UȂȠǶ ,ॽ �ƷǻǝƷƷȓǌ ƷǼǌ ,ǐǶǻȠȝǣ ,ȠЍǐǶॽ [ȝȂǆǣƷȖȝǦǆ WȠƷǼȝǦΣƷȝǦȂǼॽ UȂͤȵࣗ XǯȮȼࣗॶ ऀऄँॵँँआॶ
ऀईइआॽ

ফऄःব %ǐȓȝ �ƷȓȝȖॶ �ȓǣƷȓǌ [ǐǦǶǐȓॶ ƷǼǌ /ȂǼৄHǶǦǻȏǦȠ [ȝƷǻƷȝǐȖǆȠॽ bǣǐ �ȂǻȏǶǐΝ =ƷǼǝǐΗǦǼ ǻǐȝǣȂǌॵ
sǣǐǼ ǆƷǼ Ǧȝ ǅǐ ȝȓȠȖȝǐǌॾ UȂͤȵࣗ Xǯࣗ͝ॶ �इऀॵࣿऄःऄࣿइॶ ँࣿऀࣿॽ

ফऄऄব %ǐȓȝ �ƷȓȝȖॶ $ȓƷǼǴ �ॽ :ƷǻǐȖॶ �ȓǣƷȓǌ [ǐǦǶǐȓॶ ƷǼǌ /ȂǼৄHǶǦǻȏǦȠ [ȝƷǻƷȝǐȖǆȠॽ �ȂǻȏǶǐΝ =ƷǼǝǐΗǦǼॵ
�ȝǦȂǶȂǝΞ ƷǼǌ �ǦƷǝǼȂȖȝǦǆȖ Ȃǜ ǦȝȖ BƷǦǼ UȓȂǅǶǐǻॽ �ȿȲࣗ UȂͤȵࣗ :ࣗॶ �आऀॵऀआऄअॶ ँࣿऀऀॽ

ফऄअব %ǐȓȝ �ƷȓȝȖॶ UǦǐȝȓȂ %ǦȠǌǦǆǐॶ ƷǼǌ �ȓǣƷȓǌ [ǐǦǶǐȓॽ =ȂǆƷǶǦȖǐǌ ǌǦȖȝȓǦǅȠȝǦȂǼȖ ƷǼǌ ǆȓǦȝǐȓǦƷ ǜȂȓ ǆȂȓȓǐǆȝৄ
ǼǐȖȖ ǦǼ ǆȂǻȏǶǐΝ =ƷǼǝǐΗǦǼ ǌΞǼƷǻǦǆȖॽ �țțǖȕȵ UȂͤȵࣗॶ ंंआॵँंइূँअࣿॶ ँࣿऀंॽ

ফऄआব [ȏǐǼȝƷ Xॽ sƷǌǦƷॽ N ੾ /ǼЖǼǦȝΞ UǣƷȖǐ bȓƷǼȖǦȝǦȂǼ ǦǼ Ʒ �ǶƷȖȖ Ȃǜ �ΝƷǆȝǶΞ [ȂǶȠǅǶǐ BȂǌǐǶ =ƷȝȝǦǆǐ
%ƷȠǝǐ bǣǐȂȓǦǐȖॽ UȂͤȵࣗ =ǯȼȼࣗॶ ईं�ॵःࣿंূःऀࣿॶ ऀईइࣿॽ

ফऄइব Uॽ qॽ �ȠǦΗǦǌȂΗǦǆǣॶ %ǐȓƷǶǌ qॽ �ȠǼǼǐॶ ƷǼǌ [ॽ Cॽ qƷǶǝȠȖǣǐΗॽ �ȂǻȏǶǐΝ UƷȝǣ /ǼȝǐǝȓƷǶȖ ƷǼǌ [Ʒǌৄ
ǌǶǐȖ ǦǼ bΘȂৄ�ǦǻǐǼȖǦȂǼƷǶ %ƷȠǝǐ bǣǐȂȓΞॽ UȂͤȵࣗ Xǯࣗ͝ =ǯȼȼࣗॶ ऀऀअ঳ऀं঴ॵऀंँࣿࣿऀॶ ँࣿऀअॽ

ফऄईব BƷȓǆȂȖ BƷȓǦǼȂॽ =ǐȖ ,ȂȠǆǣǐȖ ǶǐǆȝȠȓǐȖ ȂǼ ǻƷȝȓǦΝ ǻȂǌǐǶȖ ƷǼǌ ȝȂȏȂǶȂǝǦǆƷǶ ȖȝȓǦǼǝȖॽ ँࣿࣿःॽ

ফअࣿব #//+.Γχχ�'(!Α)$./Α"*1χͱΑͮͰॽ

ফअऀব �Ȃ [ȠǼǌǅȂȓǝॽ bǣǐ ,ƷǝǐǌȂȓǼ ȝȓƷǼȖǦȝǦȂǼॶ ǌǐǆȂǼЖǼǐǻǐǼȝ ƷǼǌ C੾ः [yB ȝǣǐȂȓΞॽ Cȿǥȕࣗ UȂͤȵࣗॶ
�ऄआंॵंःईূंअंॶ ँࣿࣿࣿॽ

ফअँব Hǜǐȓ �ǣƷȓȂǼΞॶ :ȂȖǐȏǣBƷȓȖƷǼȂॶ [ǣǦȓƷΣ BǦǼΘƷǶǶƷॶ <ΞȓǦƷǴȂȖ UƷȏƷǌȂǌǦǻƷȖॶ ƷǼǌBƷȓǴ
qƷǼ XƷƷǻȖǌȂǼǴॽ bǣǐ ,ƷǝǐǌȂȓǼ ৄ ǌǐǆȂǼЖǼǐǻǐǼȝ ȏǣƷȖǐ ȝȓƷǼȖǦȝǦȂǼ ǦǼ ΘǐƷǴǶΞ ǆȂȠȏǶǐǌ ǶƷȓǝǐ
C ǝƷȠǝǐ ȝǣǐȂȓǦǐȖॽ �ǫࣗ͝ bȂǯȡȲࣗ BǖȼȂࣗ UȂͤȵࣗॶ इॵअࣿंূअईअॶ ँࣿࣿःॽ ফॶऀअऀ঳ँࣿࣿं঴বॽ

ফअंব =ȠǦȖ �ǶΗƷȓǐΣৄ%ƷȠǻǐॶ �ǐȖƷȓ %ȂǻǐΣॶ ,ȂǼǝ =ǦȠॶ ƷǼǌ [ȏǐǼȝƷ sƷǌǦƷॽ $ǦǼǦȝǐ ȝǐǻȏǐȓƷȝȠȓǐ ǐЍǐǆৄ
ȝǦΗǐ ƷǆȝǦȂǼॶ �ǌ[঳ऄ঴ ǅǶƷǆǴ ǣȂǶǐȖॶ ƷǼǌ ऀ঄C ǐΝȏƷǼȖǦȂǼॽ UȂͤȵࣗ Xǯࣗ͝ॶ �आऀॵऀँःࣿँंॶ ँࣿࣿऄॽ

ফअःব =ȠǦȖ �ǶΗƷȓǐΣৄ%ƷȠǻǐॶ UƷǶǶƷǅ �ƷȖȠॶ BƷȓǆȂȖ BƷȓǦǼȂॶ ƷǼǌ [ȏǐǼȝƷ Xॽ sƷǌǦƷॽ �ǶƷǆǴǣȂǶǐ঄[ȝȓǦǼǝ
bȓƷǼȖǦȝǦȂǼ ǜȂȓ ȝǣǐ [ǻƷǶǶ [ǆǣΘƷȓΣȖǆǣǦǶǌ �ǶƷǆǴǣȂǶǐ Ȃǜ �ǌ[঳ऄ঴Ν [ॱॱऄ ƷǼǌ �ȓǦȝǦǆƷǶ eǼǦȝƷȓΞ BƷৄ
ȝȓǦΝ BȂǌǐǶȖॽ �ȿȲࣗ UȂͤȵࣗ :ࣗॶ �ःइॵअःआূअअऄॶ ँࣿࣿअॽ

ফअऄব bǣȂǻƷȖ � ॽ �ȂǣǐǼॽ $ȠǼǆȝǦȂǼƷǶ ǦǼȝǐǝȓƷǶȖ ǜȂȓ W�� Ʒȝ ǼȂǼΣǐȓȂ ǆǣǐǻǦǆƷǶ ȏȂȝǐǼȝǦƷǶ ƷǼǌ ΣǐȓȂ
ǌǐǼȖǦȝΞॽ UȂͤȵࣗ Xǯࣗ͝ =ǯȼȼࣗॶ ईऀॵँँँࣿࣿऀॶ ँࣿࣿंॽ

ফअअব [ǦǻȂǼ,ƷǼǌȖॶ [ǐΞȂǼǝ <Ǧǻॶ ƷǼǌ :ȂǼৄ/ΗƷȓ [ǴȠǶǶǐȓȠǌॽ � WȠƷȓǴΞȂǼǦǆ UǣƷȖǐ ǦǼ �ǐǼȖǐ bΘȂ
�ȂǶȂȓ BƷȝȝǐȓॾ UȂͤȵࣗ Xǯࣗ͝ॶ �इऀॵࣿईऀऄࣿँॶ ँࣿऀࣿॽ

ফअआব UƷǶǶƷǅ �ƷȖȠ ƷǼǌ �ǼǦǼǌΞƷBȠǴǣǐȓǱǐǐॽ �ǦȖȖȂǶΗǐǌ ǌǐǆȂǼЖǼǐǻǐǼȝॵ UǣƷȖǐ [ȝȓȠǆȝȠȓǐ Ȃǜ ǶƷȓǝǐ C
ǝƷȠǝǐ ȝǣǐȂȓǦǐȖ ΘǦȝǣ ǜȠǼǌƷǻǐǼȝƷǶ ǻƷȝȝǐȓॽ UȂͤȵࣗ Xǯࣗ͝ॶ �आइॵࣿःऄࣿऀँॶ ँࣿࣿइॽ

ফअइব �ƷǼǦǐǶ �ॽ XȂǅǐȓȝȖॶ �ȂȠǝǶƷȖ [ȝƷǼǜȂȓǌॶ ƷǼǌ =ǐȂǼƷȓǌ [ȠȖȖǴǦǼǌॽ =ȂǆƷǶǦΣǐǌ ȖǣȂǆǴȖॽ :,�Uॶ
ࣿंॵࣿऄऀॶ ँࣿऀऄॽ

ईइ

https://dlmf.nist.gov/4.13


ফअईব [ȝǐȏǣǐǼ ,ॽ [ǣǐǼǴǐȓ ƷǼǌ �ȂȠǝǶƷȖ [ȝƷǼǜȂȓǌॽ BȠǶȝǦȏǶǐ [ǣȂǆǴȖॽ :,�Uॶ ऀँॵࣿःअॶ ँࣿऀःॽ

ফआࣿব [ȝǐȏǣǐǼ ,ॽ [ǣǐǼǴǐȓ ƷǼǌ �ȂȠǝǶƷȖ [ȝƷǼǜȂȓǌॽ [ȝȓǦǼǝΞ ǐЍǐǆȝȖ ǦǼ ȖǆȓƷǻǅǶǦǼǝॽ :,�Uॶ ࣿऄॵऀंँॶ
ँࣿऀऄॽ

ফआऀব %ȠȖȝƷΗȂ bȠȓǦƷǆǦ ƷǼǌ ,ǐȓǻƷǼ qǐȓǶǦǼǌǐॽ HǼ �$b ƷǼǌ WȠƷǼȝȠǻ�ǣƷȂȖॽ :,�Uॶ ऀँॵऀऀࣿॶ
ँࣿऀअॽ

ফआँব � <ǦȝƷǐΗॽ ,ǦǌǌǐǼ ǆȂȓȓǐǶƷȝǦȂǼȖ ǦǼ ȝǣǐ ǣƷΘǴǦǼǝ ȓƷǌǦƷȝǦȂǼ ƷǼǌ ȝǣǐȓǻƷǶ ǼȂǦȖǐॽ #//+Γ
χχ*)'$) Α&$/+Α0�.�Α �0χ*)'$) χ%*$)/Ͷ͵χ&$/� 1χ*+/$*).Α#/('ॶ ँࣿऀःॽ ȝƷǶǴ ǝǦΗǐǼ
Ʒȝ $ȠǼǌƷǻǐǼȝƷǶ UǣΞȖǦǆȖ UȓǦΣǐ [ΞǻȏȂȖǦȠǻॶ CȂΗॽ ऀࣿॶ ँࣿऀःॽ

ফआंব :ȂȖǐȏǣ UȂǶǆǣǦǼȖǴǦ ƷǼǌ qǶƷǌǦǻǦȓ XȂȖǐǼǣƷȠȖॽ bǣǐ [ȏǐǆȝȓȠǻ ǦǼ ȝǣǐ [ƷǆǣǌǐΗৄyǐৄ<ǦȝƷǐΗ BȂǌǐǶॽ
:,�Uॶ ࣿःॵࣿࣿऀॶ ँࣿऀअॽ

ফआःব $ǐǶǦΝ Bॽ ,ƷǐǣǶॶ Xॽ =ȂǝƷǼƷΞƷǝƷǻॶ UȓǦȝǣΗǦ CƷȓƷΞƷǼॶ ƷǼǌBȠǴȠǼǌ XƷǼǝƷǻƷǼǦॽ �ǶƷȖȖǦЖǆƷȝǦȂǼ
Ȃǜ ȂȠȝৄȂǜৄȝǦǻǐৄȂȓǌǐȓ ǆȂȓȓǐǶƷȝȂȓȖॽ ँࣿऀआॽ

ফआऄব $ǐǶǦΝ Bॽ ,ƷǐǣǶॶ Xॽ =ȂǝƷǼƷΞƷǝƷǻॶ UȓǦȝǣΗǦ CƷȓƷΞƷǼॶ �ǻǦǼ �ॽ CǦΣƷǻǦॶ ƷǼǌBȠǴȠǼǌ XƷǼǝƷৄ
ǻƷǼǦॽ bǣǐȓǻƷǶ ȂȠȝৄȂǜৄȝǦǻǐৄȂȓǌǐȓ ǆȂȓȓǐǶƷȝȂȓȖॶ <B[ ȓǐǶƷȝǦȂǼȖॶ ƷǼǌ ȖȏǐǆȝȓƷǶ ǜȠǼǆȝǦȂǼȖॽ :,�Uॶ
ऀँॵऀऄःॶ ँࣿऀआॽ

ফआअব $ǐǶǦΝ Bॽ ,ƷǐǣǶ ƷǼǌBȂȖǣǐ XȂΣƷǶǦॽ $ǦǼǐ %ȓƷǦǼǐǌ �ǣƷȂȖ ǦǼAdS2 %ȓƷΗǦȝΞॽ UȂͤȵࣗ Xǯࣗ͝ =ǯȼȼࣗॶ
ऀँࣿ঳ऀँ঴ॵऀँऀअࣿऀॶ ँࣿऀइॽ

ফआआব $ǐǶǦΝ Bॽ ,ƷǐǣǶ ƷǼǌBȂȖǣǐ XȂΣƷǶǦॽ �ЍǐǆȝǦΗǐ $ǦǐǶǌ bǣǐȂȓΞ ǜȂȓ �ǣƷȂȝǦǆ �$bȖॽ ँࣿऀइॽ

ফआइব CƷȂȝȂ bȖȠǱǦॶ UǣǦǶǦȏȏsǐȓǼǐȓॶ ƷǼǌBƷȖƷǣǦȝȂ eǐǌƷॽ �ΝƷǆȝ ȂȠȝৄȂǜৄȝǦǻǐৄȂȓǌǐȓǐǌ ǆȂȓȓǐǶƷȝǦȂǼ
ǜȠǼǆȝǦȂǼȖ ǜȂȓ ƷǼ ǦǼȝǐȓƷǆȝǦǼǝ ǶƷȝȝǦǆǐ ǜǐȓǻǦȂǼ ǻȂǌǐǶॽ UȂͤȵࣗ Xǯࣗ͝ॶ �ईऄ঳ऀ঴ॵࣿऀऀअࣿऀॶ ँࣿऀआॽ

ফआईব CƷȂȝȂ bȖȠǱǦॶ bȂǻȂǣǦȓȂ [ǣǦȝƷȓƷॶ ƷǼǌBƷȖƷǣǦȝȂ eǐǌƷॽ �ȂȠǼǌ ȂǼ ȝǣǐ ǐΝȏȂǼǐǼȝǦƷǶ ǝȓȂΘȝǣ ȓƷȝǐ
Ȃǜ ȂȠȝৄȂǜৄȝǦǻǐৄȂȓǌǐȓǐǌ ǆȂȓȓǐǶƷȝȂȓȖॽ ँࣿऀआॽ

ফइࣿব CǦǆȂǶǐ yȠǼǝǐȓ ,ƷǶȏǐȓǼॶ �ȓǦƷǼ [ΘǦǼǝǶǐॶ ƷǼǌ :ȠȖȝǦǼ �ȓǐȖȖǐǶॽ WȠƷȖǦȏȓȂǅƷǅǦǶǦȝΞ ǅǐǣǦǼǌ ȝǣǐ
ȂȠȝৄȂǜৄȝǦǻǐৄȂȓǌǐȓǐǌ ǆȂȓȓǐǶƷȝȂȓॽ UȂͤȵࣗ Xǯࣗ͝ �ॶ ईआॵࣿःँऀࣿऄॶ �ȏȓ ँࣿऀइॽ

ফइऀব :ȠȖȝǦǼ �ȓǐȖȖǐǶॶ :ȂȖǑ XƷȡǶ %ȂǼΣƸǶǐΣ �ǶȂǼȖȂॶ BȂȓǌǐǆƷǦ sƷǐǝǐǶǶॶ ƷǼǌ CǦǆȂǶǐ yȠǼǝǐȓ ,ƷǶȏǐȓǼॽ
[ȝȓǐǼǝȝǣǐǼǦǼǝ ΘǐƷǴ ǻǐƷȖȠȓǐǻǐǼȝȖ Ȃǜ ȒȠǅǦȝ ȂȠȝৄȂǜৄȝǦǻǐৄȂȓǌǐȓ ǆȂȓȓǐǶƷȝȂȓȖॽ UȂͤȵࣗ Xǯࣗ͝ �ॶ
ईइॵࣿऀँऀंँॶ :ȠǶ ँࣿऀइॽ

ফइँব CǦǆȂǶǐ yȠǼǝǐȓ ,ƷǶȏǐȓǼॶ �ǼȝǣȂǼΞ �ƷȓȝȂǶȂȝȝƷॶ ƷǼǌ :ƷȖȂǼ UȂǶǶƷǆǴॽ XǐǆȂǼǆǦǶǦǼǝ ȝΘȂ ǼȂȝǦȂǼȖ
Ȃǜ ȒȠƷǼȝȠǻ ȂȏǐȓƷȝȂȓ ǌǦȖƷǝȓǐǐǻǐǼȝॵ �ǼȝȓȂȏǦǆ ȠǼǆǐȓȝƷǦǼȝΞ ȓǐǶƷȝǦȂǼȖ ƷǼǌ ǦǼǜȂȓǻƷȝǦȂǼ ȖǆȓƷǻৄ
ǅǶǦǼǝॶ ȠǼǦȝǐǌ ȝǣȓȂȠǝǣ ȒȠƷȖǦȏȓȂǅƷǅǦǶǦȝǦǐȖॽ ँࣿऀइॽ

ফइंব �ǣǐȝǣƷǼ <ȓǦȖǣǼƷǼॶ [ƷǻǅȠǌǌǣƷ [ƷǼΞƷǶॶ ƷǼǌ Uॽ Cॽ �ƷǶƷ [ȠǅȓƷǻƷǼǦƷǼॽ WȠƷǼȝȠǻ �ǣƷȂȖ ƷǼǌ
,ȂǶȂǝȓƷȏǣǦǆ bǐǼȖȂȓ BȂǌǐǶȖॽ :,�Uॶ ࣿंॵࣿऄअॶ ँࣿऀआॽ

ফइःব �ǣǐȝǣƷǼ <ȓǦȖǣǼƷǼॶ <ॽ qॽ UƷΗƷǼ <ȠǻƷȓॶ ƷǼǌ [ƷǻǅȠǌǌǣƷ [ƷǼΞƷǶॽ XƷǼǌȂǻBƷȝȓǦǆǐȖ ƷǼǌ
,ȂǶȂǝȓƷȏǣǦǆ bǐǼȖȂȓ BȂǌǐǶȖॽ :,�Uॶ ࣿअॵࣿंअॶ ँࣿऀआॽ

ফइऄব �ॽ UǣƷȓƷǝǻǑǼ ƷǼǌ �ȓǼȖȝ =ǦǼǌǐǶȆǜॽ [Ƞȓ ȠǼǐ ǐΝȝǐǼȖǦȂǼ ǌ৚ȠǼ ȏȓǦǼǆǦȏǐ ǆǶƷȖȖǦȒȠǐ ǌǐ Ƕ৚ƷǼƷǶΞȖǐ ǐȝ
ȖȠȓ ȒȠǐǶȒȠǐȖ ȏȓȂȏȓǦǑȝǑȖ ǌǐȖ ǜȂǼǆȝǦȂǼȖ ǻȂǼȂǝǗǼǐȖ ǌƷǼȖ Ƕǐ ΗȂǦȖǦǼƷǝǐ ǌ৚ȠǼ ȏȂǦǼȝ ȖǦǼǝȠǶǦǐȓॽ �ǥȼǖ
BǖȼȂࣗॶ ंऀॵंइऀূःࣿअॶ ऀईࣿइॽ

ईई

http://online.kitp.ucsb.edu/online/joint98/kitaev/options.html
http://online.kitp.ucsb.edu/online/joint98/kitaev/options.html


ফइअব UƷȠǶ %Ʒȓȓǐȝȝॽ BȡǫǯȲț �țǖȕͤȵȅȵ ȡǻ �ȿȼȡȚȡȲȮȂȅǥ $ȡȲȚȵ �ͤ �ͣǖȚȮȕǯॶ ΗȂǶȠǻǐ ऀॶ �ȏȏǐǼǌǦΝ ंॽ�
Ȃǜ �ǖȚǤȲȅǫǼǯ [ȼȿǫȅǯȵ ȅț �ǫ͝ǖțǥǯǫBǖȼȂǯȚǖȼȅǥȵॽ �ƷǻǅȓǦǌǝǐ eǼǦΗǐȓȖǦȝΞ UȓǐȖȖॶ ँࣿऀइॽ

ফइआব UƷǶǶƷǅ �ƷȖȠ ƷǼǌ �ǣǐȝǣƷǼ <ȓǦȖǣǼƷǼॽ εৄǐΝȏƷǼȖǦȂǼȖ ǼǐƷȓ ȝǣȓǐǐ ǌǦǻǐǼȖǦȂǼȖ ǜȓȂǻ ǆȂǼǜȂȓǻƷǶ
ЖǐǶǌ ȝǣǐȂȓΞॽ :ȡȿȲțǖȕ ȡǻ ,ȅǼȂ �țǯȲǼͤ UȂͤȵȅǥȵॶ ँࣿऀऄ঳ऀऀ঴ॵःࣿॶ ँࣿऀऄॽ

ফइइব �ƷΗǦǌ :ॽ %ȓȂȖȖ ƷǼǌ �ǼǌȓǑ CǐΗǐȠॽ �ΞǼƷǻǦǆƷǶ ȖΞǻǻǐȝȓΞ ǅȓǐƷǴǦǼǝ ǦǼ ƷȖΞǻȏȝȂȝǦǆƷǶǶΞ ǜȓǐǐ ЖǐǶǌ
ȝǣǐȂȓǦǐȖॽ UȂͤȵࣗ Xǯࣗ͝ �ॶ ऀࣿ঳ऀࣿ঴ॵंँंऄূंँऄंॶ CȂΗǐǻǅǐȓ ऀईआःॽ

ফइईব BȂȖǣǐBȂȖǣǐ ƷǼǌ :ǐƷǼ ~ǦǼǼৄ:ȠȖȝǦǼॽ WȠƷǼȝȠǻ ЖǐǶǌ ȝǣǐȂȓΞ ǦǼ ȝǣǐ ǶƷȓǝǐ Ǽ ǶǦǻǦȝॵ Ʒ ȓǐΗǦǐΘॽ

ফईࣿব UȓȂȂǜ Ȃǜ ȝǣǐ ƷǅȖǐǼǆǐ Ȃǜ ǻȠǶȝǦȏǶǦǆƷȝǦΗǐ ȓǐǼȂȓǻƷǶǦΣƷǅǦǶǦȝΞ Ȃǜ ȝǣǐ %ȓȂȖȖৄ
CǐΗǐȠ ǻȂǌǐǶ ǦǼ ȝǣǐ ǌǦǻǐǼȖǦȂǼƷǶ ȓǐǝȠǶƷȓǦΣƷȝǦȂǼ ǌ ੾ँ੺ँ ε ૳ [ȏȓǦǼǝǐȓ=ǦǼǴॽ
ǣȝȝȏȖॵ঄঄ǶǦǼǴॽȖȏȓǦǼǝǐȓॽǆȂǻ঄ƷȓȝǦǆǶǐ঄ऀࣿॽऀࣿࣿआ঄�$ࣿँअंःࣿऀऄॽ

ফईऀব �ॽ Cॽ qƷȖǦǶ৚ǐΗ ƷǼǌBॽ /ॽ qΞƷΣȂΗȖǴΞॽ UȓȂȂǜ Ȃǜ ȝǣǐ ƷǅȖǐǼǆǐ Ȃǜ ǻȠǶȝǦȏǶǦǆƷȝǦΗǐ ȓǐǼȂȓǻƷǶǦΣƷǅǦǶǦȝΞ
Ȃǜ ȝǣǐ %ȓȂȖȖৄCǐΗǐȠ ǻȂǌǐǶ ǦǼ ȝǣǐ ǌǦǻǐǼȖǦȂǼƷǶ ȓǐǝȠǶƷȓǦΣƷȝǦȂǼǌ੾ँ੺ँεॽ bȂǯȡȲBǖȼȂ UȂͤȵॶ
ऀऀं঳ऀ঴ॵऀँआआূऀँइइॶ HǆȝȂǅǐȓ ऀईईआॽ

ফईँব �ǼƷȖȝƷȖǦȂȖ �ॽ UǐȝǴȂȠॽ HȏǐȓƷȝȂȓ ȏȓȂǌȠǆȝ ǐΝȏƷǼȖǦȂǼȖ ƷǼǌ ǆȂǼȖǦȖȝǐǼǆΞ ȓǐǶƷȝǦȂǼȖ ǦǼ Ʒ H঳C঴
ǦǼΗƷȓǦƷǼȝ ǜǐȓǻǦȂǼǦǆ �$b ǜȂȓ ँ< ǌ< ःॽ UȂͤȵȅǥȵ =ǯȼȼǯȲȵ �ॶ ंइई঳ऀ঴ॵऀइূँइॶ �ǐǆǐǻǅǐȓ ऀईईअॽ

ফईंব �ǶǐȖȖƷǼǌȓȂ �ȂǼǌǦॶ %ȠǦȖǐȏȏǐ �ȠȓǆǦॶ %ǦƷǻȏǦǐȓȂ UƷЍȠȝǦॶ ƷǼǌ UƷȂǶȂ XȂȖȖǦॽ BǐȝȓǦǆ ƷǼǌ ǆǐǼȝȓƷǶ
ǆǣƷȓǝǐ ǦǼ ȝǣǐ ȏǐȓȝȠȓǅƷȝǦΗǐ ƷȏȏȓȂƷǆǣ ȝȂ ȝΘȂ ǌǦǻǐǼȖǦȂǼƷǶ ǜǐȓǻǦȂǼǦǆ ǻȂǌǐǶȖॽ �țțǖȕȵ ȡǻ UȂͤȵȅǥȵॶ
ऀईई঳ँ঴ॵँअइূंंईॶ BƷΞ ऀईईࣿॽ

ফईःব �ȂǼǜȂȓǻƷǶ WȠƷǼȝȠǻ $ǦǐǶǌ bǣǐȂȓΞ ǦǼ �ৄǌǦǻǐǼȖǦȂǼȖ ૳ �ॽ[ॽ $ȓƷǌǴǦǼ ૳ [ȏȓǦǼǝǐȓॽ
ǣȝȝȏȖॵ঄঄ΘΘΘॽȖȏȓǦǼǝǐȓॽǆȂǻ঄ǝȏ঄ǅȂȂǴ঄ईआइࣿआईँंःऀऄइऀॽ

ऀࣿࣿ


