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ABSTRACT

Long-range entanglement in quantum spin liquids (QSLs) leads to novel gauge structures
and excitations with fractionalised quantum numbers. However, experimental signatures of
such fractionalisation are rare and require more theoretical frameworks to interpret the exper-
imental outcomes. Here we present a theoretical study of possible spectroscopic signatures of
fractionalisation via the coupling of spins to Raman-active phonons in candidate QSLs. In the
QSL phase, such magnetoelastic interaction leads to coupling between the lattice and the emer-
gent excitations, resulting in renormalisation of the frequency and linewidth of phonons with
characteristic frequency and temperature dependence. We particularly emphasise on the role
of spin-orbit coupling present in various candidate materials, which on a generic ground gives
rise to novel structures to such magnetoelastic interactions. For more concreteness, we calcu-
late the phonon renormalisation in two kinds of QSLs, Kitaev QSL and non-Kramers quantum
spin ice. In the Kitaev QSL, the phonon renormalisation captures the essential features of the
underlying Majorana excitations arising from the spin fractionalisation. On the other hand, in
the non-Kramers spin ice, phonon renormalisation gets contribution from emergent photons,
magnetic monopoles and electric charges. Such characterisation is shown to be particularly
useful since it allows to naturally separate out their signatures in experiments.

In the second part of the thesis, we address the question of how to obtain newer kinds of
frustrated magnets by varying competing microscopic energy scales. Our analysis predicts the
existence of a new kind of cooperative paramagnet, S=3/2 classical spin ice (CSI), hosted by
the pyrochlore magnets with low-lying crystal field excitations. This model has a richer phase
diagram and new kinds of excitations compared to the usual S=1/2 CSI. Interestingly, these
models are more prone to fall out-of-equilibrium at low temperatures, even in the absence of

long-range interaction or disorder.



CHAPTER 1
INTRODUCTION AND BACKGROUND

Realised on a lattice system of interacting spins—describing the physics of magnetic insulators—
quantum spin liquids (QSLs) are prototypes of long-range many-body entangled phases of
quantum matter [1-3]. The non-trivial long-range many-body entanglement and absence of the
long-range ordering forbid description of such phases in terms of the conventional framework
of spontaneous symmetry breaking via a local order parameter field [4] on one hand, and sym-
metry protected topological phases on the other [5, 6]. Perhaps the most striking difference
is the topological bipartition entanglement of the ground state of a gapped QSL that prevents
adiabatically deforming the QSL ground state to a trivial area law state [3, 7-10]. An important
fall out of the long-range entanglement is the possibility of symmetry fractionalisation in low
energy “elementary” quasiparticles and emergence of effective gauge theories [11-13]. In the
QSL phase, the dynamic gauge fields being in the Coulomb or perimeter phase [10, 14-16],
the quasiparticles, that carry the gauge charges, are “deconfined”. These emergent excitations
then constitute the correct low energy degrees of freedom instead of spins. Interestingly, such
symmetry fractionalisation in the deconfined phase allows to access solid state realisations of
various exotic excitations, such as magnetic monopoles [8,14], Majorana fermions [13], and
so on, which are originally conceived earlier in the context of high energy physics. When
the QSL undergoes a phase transition to a more conventional magnetic phase, such as thermal
paramagnets, trivially polarised or magnetically ordered states, the gauge fields undergo a con-
finement [17, 18] or Higgs transition [19], leading to restoration of their description in terms of
spins.

Over the last two decades, an extensive attempt is being made to explore more and more
toy models which gives rise to a zoo of QSLs with various novel structures. Lattice realisa-
tion of QED [12] and Z; gauge theory [13] are possibly the most common among them. With
the advancement of quantum chemistry, more tunability is achieved in designing the compet-
ing microscopic interactions, which, in turn, has immensely helped the theoretical community
to conceptualise various newer models. Remarkably, such investigations give rise to a wide
class of QSLs with more exotic features, such as recent realisations of Einstein’s equation of

gravity [20], higher rank gauge theories [21], non-abelian anyons [13], and so on.



In parallel to various theoretical developments, an extensive experimental program has been
developed in search of explicit realisation for the QSL phases in the materials. The major
challenges regarding the experiments are mostly two-fold: first to identify the suitable materials
which qualify as promising QSL candidates, and then to design experiments that can probe the
quasiparticles of a QSL.

Regarding the material realisation of the QSLs, it is now well-understood from the earlier
studies of various spin Hamiltonians that the key ingredient is the interplay of various com-
peting interactions [22-24] as well as the geometrical frustration arising from the underlying
lattice structure [25-27]. In magnetic insulators, such competitions often suppress the conven-
tional long-range order in favour of QSL ground state. For a generic magnetic material, the
competing microscopic energy scales are mostly governed by the Coulomb interaction, spin-
orbit coupling (SOC), and the crystal electric field environment of the magnetic ions. The
interplay of these interactions often stabilises various effective degrees of freedom in the low
energy description, which in turn favors the appearance of QSL phases. It is generically con-
jectured that the systems with low-spins are more probable to host QSL phases because of the
enhanced quantum fluctuations. In various materials with 4d, 5d or 4f electrons, due to the
interesting hierarchy of the above-mentioned energy scales, often such effective spin-1/2 mo-
ment is realised, leading to realisation of Kitaev and U(1) QSLs in these candidates. The most
notable examples are materials with rare-earth magnetic ions on a frustrated pyrochlore lattice,
such as TbyTis O7 [28], PryZr,O7 [29], Yb,TioO7 [30], etc, which are promising candidates for
realisation of U(1) QSLs, whereas 4d and 5d magnetic materials, such as a—RuClj [31, 32],
NayIrO3 [33], 8- and v—LisIrO3 [34], CusIrOs [35], etc, which are candidates for the Kitaev
QSL. However, we would like to note that among these microscopic energy scales, the role of
SOC is particularly interesting, which is also one of the central pillars of this thesis work. SOC
interlocks the spin and real spaces and therefore, these low-energy coupled degrees of freedom
often have newer symmetry implementation favouring interactions that can stabilise a QSL. In
many scenarios, the SOC gives rise to the anisotropic spin Hamiltonian [36] by breaking the
complete spin rotation symmetry, which allows experimentalists to realise various QSLs like
Kitaev materials [23, 37], which are completely based on the bond-dependent spin exchange
interactions. In fact, as we will see in this work, the SOC coupled low-energy degrees of free-
dom plays the central role to obtain newer QSLs [38] and to design the newer probes for QSL
phases [39].



Turning to the issue of experimental detection of signatures of QSL excitations, the major
conceptual obstruction is the quasiparticles having fractional quantum numbers compared to the
electronic excitations, often do not couple to the usual probes or couple in a very different way.
Perhaps, the most common observation in this context is the broad continuum of excitations
reported in the inelastic neutron scattering experiments [40] of the candidate materials, which
is in contrast to the sharp signatures observed for conventional magnetically ordered states. It
can be generically attributed to the fact that the experimental probes, such as neutrons, couple
to multiple fractionalised quasiparticles of a QSL. Hence the momentum and energy transferred
by the probe can be widely redistributed following the conservation laws. The neutron scat-
tering further gives rise to potential implications of the underlying gauge structures in some
of the QSL candidates, most notably in the pyrochlore spin ice systems, where the static spin
structure factor measurements show a very special pinch-point-like patterns [41, 42] due to the
inherent U(1) gauge structure. Apart from the neutron scattering, various thermodynamic and
transport measurements also show promising signatures of the QSL phases. The most notable
and illuminating observation among these is low-temperature scaling of the specific heat in a
QSL with gapped matter fields, which typically arises due to the gapless emergent gauge exci-
tations [19, 21, 43]. On the other hand, for QSLs with spinon Fermi surface, the specific heat
shows linear temperature dependence [44, 45]-such metallic behaviour is clearly unexpected
in case of a symmetry broken phase with magnon-like excitations, indeed suggesting frcation-
alisation. Recently, thermal conductivity [44] and thermal hall [46] measurements also show
prominent signatures of QSL excitations. The anomalous quantum oscillations seen in the hall
measurements of various candidate QSLs is possibly the most striking observation which is
currently one of the central debates in the community [46].

More recently, several spectroscopic experiments beyond neutron scattering have shown
much promise. Perhaps the most important among them is Raman scattering [31, 34, 47],
which is also one of the central interests of this thesis work. Although the neutrons, due to their
intrinsic magnetic moment easily couple to the magnetic excitations, it has various drawbacks.
For example, the emergent partons having very different symmetry properties than the conven-
tional spins, often cannot couple to the neutrons, sometimes the candidate materials strongly
absorb neutrons [23], also the intensity of the neutron scattering due to the gauge bosons be-
comes significantly low [19] making them very difficult to observe. On the other hand, light

couples to the magnetic or lattice degrees of freedom differently than neutrons, which makes it a



complementary approach to neutron scattering. Moreover, due to the high velocity of the probe
photons, light scattering essentially occurs at zero momentum transfer [48], which makes the
achievable energy resolution in Raman scattering significantly higher than many other probes.
Another important advantage of such spectroscopic probes is that their coupling to other con-
ventional electronic excitations of a magnetic material (such as phonons) can be indirectly used
to extract the signatures of a QSL, because, in the QSL phase, the conventional excitations also
get renormalised due to their scattering with the emergent quasiparticles [31]. However, in spite
of such promising advantages, the theoretical principles of such spectroscopic experiments in
the context of QSLs need further development in order to create a framework to successfully
interpret the experimental results for candidate materials, which is one of the central aspects of
this thesis.

We now start with a brief overview of the thesis before delving into the further details of

the results.

1.1 Overview of the thesis

In this thesis work, we address some of these related issues which are indicated in the above

discussion. The main goals of this thesis are two-fold:

* understanding and developing the theoretical principles of an experimental probe for the
QSLs based on the magnetoelastic coupling present in the candidate materials, which
can be useful for extracting the possible signatures of the fractionalisation via the Ra-
man spectroscopy on phonons [39, 48]. The particular scope varies with the particular

symmetry implementation of which we show three concrete examples.

* exploring the possibility of a new kind of classical spin ice (CSI), called S = 3/2 CSI on
pyrochlore magnets [38], which at the classical level hosts a much richer phase diagram
and excitations, in comparison to the usual CSI [49]. By adding quantum fluctuations,
this is a potential candidate for a completely new type of QSL which has very different
low-energy spectra and associated phase transitions than that of a more conventional U(1)

QSL [12].

In the next chapter of the thesis, we begin by addressing the first issue and develop a the-

oretical framework of capturing QSL signatures via Raman scattering of phonons, which is



applicable to generic QSL candidates. Typically, in magnetic materials, there are two con-
tributions in the Raman intensity profile coming from the magnetic degrees of freedom and
lattice vibrations [31, 48]. These two seemingly independent contributions get correlated in
presence of substantial magnetoelastic coupling. Therefore, the phonon excitations can con-
vey information about the underlying QSL as well. We explicitly present the details of both
kinds of contributions by giving the relevant vertices for external photon-magnetic degrees of
freedom coupling and external photon-phonon coupling. The magnetic part, often dubbed as
Loudon-Fleury contribution in literature [50, 51], are more direct probe of spin physics, which
has been extensively studied earlier, both theoretically [52-56] and experimentally [31, 57], in
the context of various candidate QSLs. On the contrary, the phonon contributions, although re-
ported in some experiments [31, 57], are not very well-characterised in the theoretical studies.
Therefore, we particularly focus on this kind of contribution and explicitly discuss the essential
theoretical ideas of obtaining the signatures of a QSL via the phonon renormalisation measure-
ments in Raman experiments. Further, we discuss a new kind of interaction vertex between
external photons and quasiparticles of a QSL, which is mediated via phonons. We dub this
contribution as phonon mediated Loudon-Fleury vertex. These are particularly interesting in
the subset of QSL candidates, where the spin-phonon coupling is of substantially strong. The
explicit experimental relevance of such interaction is discussed. In the following two chapters,
we explicitly apply these theoretical frameworks in the context of two kinds of QSLs, Kitaev
QSL and U(1) quantum spin ice.

In chapter 3, we discuss the phonon renormalisation in the first example of Kitaev QSL.
This is a work done in collaboration with experiments, where the candidate material used is
Cu,lrOs, a second generation Kitaev material. The magnetic moment in the material comes
from the odd electron (Kramers) Ir** ion, which gives rise to S=1/2 moment in the low energy
description due to the interesting interplay of CEF and SOC. The spin-phonon coupling in the
material is explicitly derived, which is consisted of Kitaev-like bond-dependent spin bilinears
and is governed by the spin-exchange coupling constant. In the QSL phase, the spins are
further fractionalised into Majorana excitations giving rise to phonon-Majorana coupling. Due
to the presence of such emergent scattering channels at low temperatures, the phonons get
an anomalous renormalisation in their frequency and linewidth, which we explicitly compute
using a diagrammatic perturbation theory. The frequency shift of the phonon is shown to be

dependent on the energy density of the Majorana fermions, whereas the broadening of the



phonon linewidth follows the two-particle density of states of these emergent excitations in
its frequency dependence. Our theoretical result matches quite well with the experimental
observations by our collaborators in the Raman scattering experiment on this compound.

In chapter 4, we discuss the second example of Raman scattering on phonons in the U(1)
quantum spin ice. For concreteness of the calculations, we consider a particular material ex-
ample, PryZr,0;. The magnetic atom of the compound, Pr3*, has 4 f2 electronic configuration
in its outer shell, which further gives rise to an effective doublet at the low energy due to the
interplay of CEF and SOC. However, being an even electron system, this doublet has a very
different transformation property than the usual spin-1/2 doublet. The Pauli matrices formed
out of this doublet have two components which are even under time-reversal, whereas the re-
maining one is odd. This is the famous non-Kramers doublet of the pyrochlore spin ice [24,
58]. The most interesting fall out of such non-trivial symmetry transformation is that the spins
can now linearly couple to the time-reversal even phonons. In fact, in these non-Kramers mate-
rials, such couplings are expected to be dominant contributions to the magnetoelastic coupling.
Further, in the QSL phase, because of the fractionalisation of the spins, phonons—via the lin-
ear spin-phonon coupling—are shown to coherently scatter from the excitations of the emergent
QED, i.e., gapped magnetic monopoles, electric charges, and photons. We explicitly calculate
the phonon linewidth for each scattering channel using diagrammatic perturbation theory, and it
is generically shown to depend on the two-particle density of states of the respective quasiparti-
cles. Furthermore, phonon renormalisation is also calculated in the 7—flux phase of a quantum
spin ice, where m-electric flux pierces through all the elementary hexagonal plaquettes of the
pyrochlore lattice. Remarkably, we show that such non-trivial details of the QSL can also be
captured via phonon renormalisation measurements—more precisely, the anomalous linewidth
of the phonon is shown to be sensitive to the projective implementation of the symmetry on
the QSL quasiparticles. Further, such phonon renormalisation in QSL is explicitly contrasted
with the renormalisation effects in the paramagnetic phase. It is shown that in the paramag-
netic regime, the phonons scatter from the incoherent spins, resulting in renormalisation of its
frequency but not in linewidth, at the leading order.

As a continuation of the investigation of the Raman signatures of QSLs, in chapter 5 we
study phonon renormalisation in Ca;(Cr;Osg, which is a quasi-two-dimensional Heisenberg
quantum magnet on bi-layer kagome lattice, and shows QSL phase below the Curie-Weiss

(CW) scale of Oy ~ 4 K due to the spin—% Cr®" ions [59]. Recently, Raman scattering has



been performed in this material down to ~4 K [60]. However, surprisingly it reveals signatures
of strong anomalies in the temperature dependence of both phonon frequencies and linewidths,
at the crossover temperature of 7 ~100 K, much above the CW scale. Clearly, unlike the
scenarios described so far, such effects then cannot arise from the non-trivial spin-phonon cou-
pling, since the spins, for all the experimentally relevant temperatures, are deep inside the
thermal paramagnet. The central question we then try to address is how to accommodate this
new temperature scale and associated Raman anomalies into the framework of magnetoelastic
coupling developed so far. To answer this, we first note that the system contains the Jahn-Teller
(JT) active [61] Cr°" ion sites offering moderately distorted Cr¥ O, tetrahedra even at room
temperature as reported in the earlier studies [62]. We then theoretically predict a rearrange-
ment of the orbital degrees of freedom of Cr°™ ions below the temperature scale of primary JT
distortion driven by the orbital fluctuations. We claim that the phonons are sensitive to such
orbital reordering via the cooperative JT mechanism, which in turn renormalises the phonon
parameters.

In the chapter 6, we turn to the second problem of the thesis, where a new kind of pyrochlore
magnet is studied, which might be particularly interesting to realise a new kind of QSL. A
particular setting of pyrochlore magnets is analyzed where the CW scale is comparable to the
onsite crystal field gap. Hence, the spin-orbit coupled excited crystal field states also participate
in the magnetism. We show that the presence of such additional degrees of freedom leads to a
richer phase diagram and stabilizes a very different CSI, dubbed here as S = 3/2 CSI, which
does not conform the conventional S = 1/2 CSI. A new parameter regime is unraveled where
the lowest excitaions are gauge-neutral objects, unlike the usual magnetic monopoles. They
are shown to be very robust under thermal fluctuations, leading to an interesting possibility of
the CSI to fall out of equilibrium at low temperatures, even if the interaction is short ranged.
Further, the effective entropic interaction between these ultra-localised excitations is calculated.
Interestingly, they are shown to be interacting via dipolar interaction, leading to the realisation
that they behave as magnetic dipoles at low-temperature regimes. The introduction of the
quantum fluctuations into this CSI leads to the dynamics of these excitations, which might
ultimately lead to their condensation, making the QSL to undergo a phase transition into more
conventional ordered phases. The excitations being gauge neutral, such phase transition is very
different from the Higgs or confinement transition of a QSL.

In chapter 7, we finally summarise all the results and conclude. The details of various



calculations are further given in the Appendix.



CHAPTER 2
A BRIEF OVERVIEW OF THE RAMAN SCATTERING OF MAGNETIC
INSULATORS

In this chapter, we begin by addressing the first problem of the thesis, i.e., extracting signa-
tures of QSL excitations via Raman scattering of phonons, by deriving the relevant theoretical
frameworks which is applicable to a generic QSL phase. We first give a brief review of the
conventional Raman scattering mechanism in a magnetic insulator, which is governed by the
scattering of external photons in the magnetic channels. This has been studied earlier in the
context of various QSLs, both theoretically [34, 47, 52, 53, 57, 63, 64] and experimentally [31,
57]. We then focus on the Raman scattering of the phonons and indicate its usefulness to
explore the signatures of QSL quasiparticles.

Historically, Raman scattering was first conceptualized in theory by Smekal in 1923 [65]
and soon discovered in experiments by C.V. Raman in the context of organic liquids in 1927 [66,
67]. Gradually, with improved resolutions and laser sources, it was extended to the crystalline
and amorphous solids (mostly insulators) [50, 68], and later to high T, superconductors [69—
71], where it revealed a plethora of information about their excitations and also phonons. Par-
ticularly, the non-destructive nature of the Raman spectroscopy, easy sample preparation, avail-
ability of laser sources of high resolution, and very different coupling mechanism between light
and electronic excitations, draw the attention of the wide experimental community to use Ra-
man scattering as a complementary spectroscopic probe to neutrons. More recently, Raman
scattering is being given special importance in the context of studying various exotic magnetic
insulators including QSLs [31, 34, 47, 52, 53, 57, 63, 64]. Typically, in a magnetic insulator,
there are two contributions in the Raman intensity profile, coming from the magnetic degrees of
freedom and lattice vibrations [31, 48, 57]. Their spectroscopic signatures are well-separated
and easy to extract. However, these two seemingly independent contributions get correlated
in presence of substantial magnetoelastic coupling. Therefore, even by studying the phonon
excitations, we can obtain information about the underlying magnetic physics, in turn about the
QSL. In the following sections, we first briefly discuss the magnetic contribution in the Raman

spectra, and then turn to the vibrational part in greater detail.



2.1 The magnetic contribution: Loudon-Fleury vertex

The magnetic part of the Raman spectra, often dubbed as Loudon-Fleury contribution in liter-
ature [50-56, 64], is a more direct probe of the spin physics than the vibrational component.
Such contribution generically appears due to the virtual charge fluctuations of a magnetic in-
sulator and the associated electric polarization in the presence of the external probe electric
field [50, 51]. The interaction between the Raman photons and the magnetic degrees of free-
dom is given by the Loudon-Fleury vertex (R r) which is expressed in terms of the Raman
tensor, 7, — an analogue of the polarisability tensor of the materials [52-56]. This is defined

as,

Rpp =) ehiRuel,, where, R, =Y diH.d, (2.1)

% «
Here €;, and €, are the polarization of the incident and emitted photons, d,, is the bond vector
of the underlying lattice, and H,, is the spin exchange interaction along that bond whose generic
form is given by, H, = Jf:’c’] SBSY +q, T with--- denoting all the symmetry allowed terms.

The Raman intensity can then be computed from the above using the Fermi’s Golden rule [67],

—BE;
Iop(w) = 3 “— [ (f | Rur | ) 8w = Ey + E) 22)
i,f

where | i) and | f) are the initial and final states of the spins with energies E; and E, respec-
tively, and Z is the thermal partition at temperature, 7" = 1/kp[3. The structure of the Raman
tensor, I?,,, is constrained by symmetries, which results in specific polarisation dependence.
In fact, it can be shown that only some particular polarisation channels are useful to extract the
underlying magnetic information.

In the case of magnetically ordered phases, the spins are better described in terms of the
low-energy Goldstone modes of the symmetry broken phase— called magnons [72]. There-
fore, Eq. 2.1 when rewritten in terms of the magnons, results in the coupling of Raman pho-
tons to the two-magnon operators [50, 68]. Therefore, the energy and momentum transferred
into/by the system can be redistributed among multiple excitations, giving rise to a continuum
of Raman response with characteristic temperature and frequency (Raman shift) dependence of
magnons [50, 68].

On the other hand, for a QSL, in the absence of the Goldstone modes, redistribution of
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the absorbed energy occurs among the emergent quasiparticles leading to the continuum of
response. Hence, the Raman intensity can potentially carry information about spin fractional-
isation. Depending upon the underlying emergent excitations and gauge structure, the profile
of the scattering continuum can widely change, leading to useful implications about the den-
sity of states and statistics of the quasiparticles. This has been extensively studied earlier, both
theoretically [52-56, 64] and experimentally [31, 57], in the context of various candidate QSLs.

However, we note that the energy scale of the Loudon-Fleury vertex is governed by the
charge fluctuation in the magnetic Mott insulating phase [50, 51], and therefore, it is generically
proportional to the spin exchange coupling constant, Jf .7, as can be seen directly from Eq. 2.1.
In some materials, such contributions might be significantly suppressed if the electrons are very
localised. This is generically expected to happen in magnetic atoms with 4f-electrons [39]. In
such a scenario, the phonon contribution on the other hand might be very useful to analyze.
Such signatures have been recently reported in some QSL candidates, such as a-RuClj [31],

Baylr;O4 [57] along with the scattering continuum, but their complete characterisation is still

lacking in the context of QSLs.

2.2 The vibrational contribution

Having discussed the Loudon-Fleury contribution to the Raman intensity we now turn to the
vibrational component of the Raman scattering. For a phonon mode to be Raman active, it is
necessary that it should have even parity and the phonon contribution to the rank-2 polarizabil-
ity tensor (A) should oscillate as a function of time [68]. For small amplitude of vibration, we

can expand A as powers of normal modes.
A=A+ C(ﬁ) . [VC(@AL@:O 4. (2.3)

where ¢ is the phonon modes belonging to p irreducible representation of the lattice sym-
metry group. We have truncated the Taylor expansion at linear order, assuming the processes
involving multiple phonons are suppressed at low temperatures and generically denoted by

-++. A is the time-independent part, hence does not contribute to the Raman scattering. The
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Figure 2.1: Raman vertex for phonon-Raman photon scattering: The curly and dotted lines
represent probe photons and Raman active phonons, respectively.

coupling between the Raman photons and phonons is then given by,

HRaman = /P(I‘) : Eemt(r) d31'

_ / dk dK/wi" W, [VC@A] :(_ (P (kKA K)ATK) (24

P =0
where P(r) = AE,,(r) is the polarisation of the crystal in presence of external electric field
E...(r), A(r) is the vector potential corresponding to E.,;(r). The above Hamiltonian is man-
ifestly gauge invariant, since it can be completely expressed in terms of the electric fields. The
Feynman diagram for the above Raman vertex is shown in Fig. 2.1. V. A forms a set of
symmetric matrices which have the same symmetry properties as ¢?). In other words, this set
forms an irreducible representation (p) of the symmetry group. We dub these matrices as Ra-
man matrices. The detailed structure of the matrices can be obtained from the lattice symmetry
analysis. In Chapter 4, we will discuss one particular lattice structure and explicitly give the
form of the Raman matrices associated with it. The above vertex needs to be contrasted with
the previously described Loudon-Fleury vertex where the external photons couple to multiple
magnetic excitations of the system. On the contrary, the Raman photons can couple to a single
phonon excitation, leading to the appearance of sharp peaks in the scattering spectra.

The differential Raman scattering cross-section for the phonon-photon scattering, which
measures the Raman count in the differential solid angle d©, and frequency window between

wo and w°"* + dw°", is given by,

d*o(q,Q)

76 g & @), (2.5)
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where for a system at thermal equilibrium, by Fermi’s Golden rule [67, 68],

R(q.Q) = °

1;7f

—BE;

| <f | HRaman | Z) |2 5(9 - Ef + Ez) (26)

This is a similar kind of expression as Eq. 2.2, with only the difference being | i) and | f)
now represent the initial and final state of the phonons, instead of the magnetic states in the
earlier case. Here q = Qin — Qous and Q = w™ — w°* are respectively the net momentum
and energy transferred to the system by the Raman photons. As the speed of light is very large
compared to that of the phonons, only the g — 0 regime of the Brillouin zone can be probed by
Raman scattering. Further, F; and £y are the energies of the initial and the final phonon states,
respectively.

At low temperatures, the initial state can be approximated by the ground state with zero
phonons. Also, we can see from the Raman vertex (Eq. 2.4) that the scattering matrix element
is non-zero only when | ¢) and | f) differ by a single phonon, as multi-phonon processes
are suppressed at low temperatures due to the Bose occupation factor. So at this temperature

regime, | f) should be chosen from the single phonon sector (| f) ~| q)) leading to

0)ess
Riq, Q) o — DT 50 i Tin[Do(q, 9 + i0) 2.7)
A d—0+
where, n(2) = —a— is the Bose-factor and Dy(q, Q2 + id) = —ﬁ is the bare retarded

Green’s function of the phonon, with (), being its bare dispersion. However, in presence of
interaction, the single-particle states of the phonons become dressed and the effect can be taken
into account by considering the dressed propagators (which has an additional self-energy term
with all the effects of interaction encoded into it) instead of the bare Green’s function. The
dressed Green’s function can be calculated from the analytic continuation of the Matsubara

Green’s function, D(q, if2), given by

- 20
02 + Q2 +20,5(q, i02)

B A .
D(q,if) = —/0 dr (T (¢(a,7)¢(—q, 0)))e " = (2.8)

where 3(q, i) is the self-energy of the phonon arising from the interactions. The imaginary

part of the dressed Green’s function, which is relevant to the Raman scattering cross section
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(see Eq. 2.7 with non-interacting Green’s function replaced by the interacting one), is given by,

402 Tm|5]
(2 — 02 — 2Q,Re[Y])? + 402Tm[S]?

2.9

The above expression if plotted against phonon frequency, €, takes a Lorentzian lineshape,
which is the crucial feature of an interacting phonon system (instead of the sharp Dirac delta
profile for a non-interacting system). The position of the peak of this curve is shifted from the

non-interacting one by

50 = Re [S(q, Q + i6)] (2.10)

and the full-width at half maximum of the Lorentzian is given by

I'=2|Im[S(q,Q+ i) | (2.11)

In the Raman experiments, the frequency shift and the linewidth of the phonon Lorentzian
can be measured with a very good resolution. Clearly, such outcomes are then indicative of the
underlying scattering channels for the phonon.

In the materials, there are two contributions to the phonon self-energy that are relevant to
our case, the anharmonic contribution of the phonons, and the magnetoelastic coupling. The
anharmonic contribution is generically present in all the materials due to phonon-phonon scat-
tering, and its effect is more enhanced at higher temperatures [48, 60]. On the other hand,
in materials with moderate magnetoelastic coupling, the phonons substantially scatter from the
spins. Hence analyzing the renormalisation of the phonon parameters in the magnetic channels,
we can extract useful information about the underlying spin physics. In the QSLs, the spins be-
ing further fractionalised into emergent excitations, new scattering channels for phonons open
up where phonons can coherently decay into those quasiparticles, gaining anomalous renor-
malisation. In fact, as we are going to discuss in the following sections, the temperature and
frequency dependence of these renormalised phonon parameters are extremely useful to extract
the density of states and the statistics of the novel quasiparticles of a QSL. We further note that
the QSL phase, being stabilised only at low temperatures, such anomalous renormalisation is
observed only below the CW scale, which makes it easier to separate out from the anharmonic

contribution.
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Figure 2.2: Phonon mediated Loudon-Fleury vertex in magnetically ordered phases: The
red solid lines represent the magnons of a symmetry broken magnetically ordered state. The
first and second figure show the coupling of phonons to the Raman photons and magnons,
respectively. Integrating out the phonons, the phonon mediated (Raman) photon-magnon
Loudon-Fleury vertex is obtained which is shown in the rightmost diagram.

A further implication of the underlying spin fractionalisation on the phonon spectra is that
the phonon Lorentzian becomes asymmetric in the QSL phase. This is a consequence of the
celebrated Fano effect [73, 74] which has been historically discovered in the context of high en-
ergy physics. The Raman photons, on one hand, scatter from phonons leading to discrete peaks
in the spectroscopic signals, whereas on the other hand, they give rise to a continuum back-
ground due to the scattering with multiple magnetic quasiparticles. The interference effect of
these two gives rise to such asymmetry, which has been reported earlier in the experiments [31].
However, in our theoretical calculation, we do not focus on such effects and stick to the anoma-

lous phonon renormalisation due to the scattering of phonons from the QSL quasiparticles.

2.3 Phonon mediated Loudon-Fleury vertex

In this section, we introduce the possibility of a rather new kind of Raman vertex, between the
Raman photons and the magnetic degrees of freedom, mediated by the phonons in presence of
moderate magnetoelastic coupling, which is dubbed as phonon mediated Loudon-Fleury vertex.
Such interaction is of particular interest when the strength of the usual Loudon-Fleury vertex
(mediated by virtual charge fluctuations) is significantly weak. Even in such a scenario, the
continuum of Raman response might appear due to these phonon-mediated processes, coupling
the probe photon with the magnetic excitations.

Phonon mediated Loudon-Fleury vertex can generically be derived by integrating out the
phonons from the magnetoelastic coupling (see Chapters 3 and 4) and the phonon-Raman pho-
ton vertex (see Eq. 2.4). This procedure is schematically shown in Fig. 2.2 for the magnetically

ordered phases, where the spins are described by the magnon modes. The leading spin-phonon
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coupling is taken to be one-phonon-two-magnon vertex [50, 68], which has been mentioned
earlier in Sec. 2.1. On the physical ground, such a process can be thought of as follows—
the incident Raman photon excites a virtual phonon of the lattice which in turn decays into a
magnon pair due to magnetoelastic coupling, leading to effective interaction between Raman
photons and magnons (two-magnon operators), very similar to the usual Loudon-Fleury. In
the QSLs, instead of the magnons, the phonons scatter into the emergent fractionalised excita-
tions due to the spin-phonon coupling, which effectively opens up the possibility of phonon-
mediated coupling between Raman photons and emergent excitations. This in turn results into
a scattering continuum very similar to that due to the usual Loudon-Fleury contribution, hence
carrying characteristic signatures of the emergent excitations. The explicit examples of such
phonon-mediated vertices will be discussed in the context of Kitaev QSL and non-Kramers
U(1) quantum spin ice in the next two chapters.

From the Feynman diagram of Fig. 2.2, it can be argued that the coupling strength of the
phonon mediated Loudon-Fleury vertex is directly proportional to individual strength of the

photon-phonon vertex (left panel), [VC“") A} and magnetoelastic coupling (middle panel),

¢@ =0
Jsp, as well as inversely proportional to the frequency of the intermediate virtual phonon, (2.

sp [vg(f’) A] (@) g

0 In-

Therefore, such coupling strength can be reasonably approximated as o
terestingly, we will see in the next chapter, J,, is generically proportional to the spin-exchange
coupling constant in the case of odd electron Kramers systems, clearly indicating that the
phonon-mediated Loudon-Fleury is more suppressed by the phonon frequency than the usual
Loudon-Fleury. Therefore, it might not be very useful for the experimental realisation. On the
contrary, for even electron non-Kramers system, as will be discussed in chapter 4, due to the
non-trivial implementation of the time-reversal symmetry on the low energy magnetic degrees
of freedom, the magnetoelastic coupling has an unconventional structure and it is governed by
a very different coupling coefficient than the spin-exchange constant. Therefore, the phonon-
mediated contributions have a very different energy scale in this case than that of the Kramers
one, leading to the possibility of the appearance of a broad scattering continuum even if the

usual Loudon-Fleury vertex is significantly weak.

2.4 The focus of our work

In this thesis work, we particularly focus on the phonon contributions to the Raman intensity

and prescribe a theoretical framework that can concretely extract the signatures of fractionali-
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sation in a QSL from the anomalous phonon spectra. We apply the set of ideas discussed in Sec.
2.2 and 2.3 in the context of two different QSLs— Kramers Kitaev QSL [48] and non-Kramers
U(1) quantum spin ice [39], which have direct experimental realisations, and identify various
possible signatures of the spin fractionalisation that might be relevant to the experiments.

For Kramers Kitaev QSL, the spins get fractionalised into the Majorana fermions, leading
to phonon-Majoana scattering in presence of substantial magnetoelastic coupling. For such
interaction channels, we compute the renormalisation of the phonon frequency and linewidth
by calculating the real and imaginary part of the phonon self-energy (see Sec. 2.2 above)
perturbatively. These are further characterised via their temperature and frequency dependence,
which carry direct evidence of the underlying Majorana fermions. Our theoretical results match
quite well with the experimental findings of the Raman scattering measurement on candidate
Kitaev material, CuyIrOs, performed by our collaborators [48, 75].

For non-Kramers spin ice, the spins are fractionalised into quasiparticles of an emergent
QED-gapped magnetic monopoles and electric charges, and gapless photons. Scattering chan-
nels of phonons from all these excitations are analyzed to obtain the phonon renormalisation in
the QSL phase. For all three cases, the frequency dependence of the linewidth is shown to fol-
low the two-particle density of states of respective excitations. Another interesting scenario is
considered, when the QSL is in 7—flux phase, i.e., the elementary hexagons of the pyrochlore
lattice contain non-trivial electric fluxes. The presence of such fluxes modifies the dynamics
of the underlying magnetic monopoles resulting into their momentum fractionalisation. We
show that such non-trivial details of the QSL phase are also captured in the phonon renormal-
isation measurements. However, the experimental results of the Raman scattering in this class
of candidate QSLs are still not available. Therefore, here we provide all the required details
necessary for the Raman experiments on such materials and discuss their probable implications
in the phonon measurements.

On a similar line of interest, we have analyzed the Raman signature of another magnetic
insulator Ca;(Cr;O9g [60], which is also a QSL candidate [59]. However, to our surprise,
it shows Raman anomaly at much higher temperatures than the CW scale, hence cannot be
described by the QSL physics. We theoretically predict the presence of an orbital reordering in
this material and show that the onset temperature scale of the Raman anomaly can be associated
with this crossover temperature. We note that such anomaly is very different than that has been

described in the context of QSLs so far.
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In the following three chapters, we are going to describe all the details of our theoretical

investigation for these three cases one by one.
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CHAPTER 3
SIGNATURES OF FRACTIONALIZATION IN CANDIDATE KRAMERS KITAEV
QUANTUM SPIN LIQUIDS, Cu,IrO; VIA ANOMALOUS RAMAN SCATTERING OF
PHONONS

3.1 Introduction

In this chapter, we describe the first example of Kitaev QSL, where the previously described
theoretical framework of detecting spin fractionalisation via anomalous phonon renormalisa-
tion is explicitly applied. Kitaev QSL is particularly interesting because it is one of the few
examples of exactly solvable interacting spin models with QSL ground state, and provides a
unique opportunity to realise Majorana excitations along with an emergent 7, lattice gauge
theory [13]. Raman scattering in various candidate Kitaev materials has already shown promis-
ing signatures of spin fractionalisation via observation of characteristic magnetic continuum
and various phonon anomalies [31, 57]. However, although the magnetic continuum has been
studied extensively in the theory [52, 54, 55, 57], the phonon anomalies are barely understood
and have not been characterised enough earlier.

In this experiment-theory collaboration, we particularly analyse the phonon anomalies ob-
served in the candidate Kitaev material Cu,IrO3 [48]. This compound belongs to the recently
discovered family of second generation Kitaev materials [35] which are expected to be more
proximate to the QSL phase than the more conventional first generation candidates, such as
a-RuClj; [32], NayIrO3 [33], etc. The major conceptual obstruction about the first generation
materials is that they ultimately order magnetically at much lower temperatures possibly due
to additional non-Kitaev interactions in the system, therefore, the realisation of the pristine Ki-
taev physics remains debatable. On the other hand, for the second-generation materials, the
magnetic order is absent all the way to the lowest available temperatures [76—78] due to the
fact that the motif formed by the magnetic atoms (for example, Ir** in Cu,IrO3) is much closer
to the ideal honeycomb structure [35], and also possibly due to the smallness of non-Kitaev
interactions. Therefore, such candidates have been the central attraction for the experimental
community to realise QSL physics. To our knowledge, all of the previously reported Raman

scattering experiments have always been performed in the first generation Kitaev materials [31,

19



57], and thus our work is particularly an important addition in this regard.

The magnetic atom Ir** in Cu,IrOs has 5d° electronic configuration in the outer shell. In
these transition metals, spin-orbit coupling is significantly strong, and due to the interplay of
crystal field and SOC, an effective S = 1/2 electron shows up in the low energy descrip-
tion. Such SOC coupled low energy theory naturally leads to enhanced spin-lattice coupling
as described in the earlier chapters, hence opens up the possibility of detection of spin frac-
tionalisation via studying phonon renormalisation in Raman spectroscopy. Before delving into
further details of our results, we first give a brief summary of the S = 1/2 Kitaev QSL [13] for

the completeness of the discussion.

3.2 Description of Kitaev QSL in terms of Majoranas

Figure 3.1: Honeycomb lattice and lattice vectors: The two-point unit cell has been consid-
ered along the z bonds. d; and d, denotes the two lattice vectors of the Honeycomb lattice.

The Kitaev QSL [13] is governed by the bond-dependent spin exchange Hamiltonian on the

honeycomb lattice,

Hy =Y JiaS"Sts 3.1)

7,00

where « denotes x, y or z type of bonds and & denotes the three nearest neighbour vectors
of honeycomb lattice (see Fig. 3.1). This model can be exactly solved following Kitaev’s

prescription [13] of rewriting spins in terms of the Majorana fermions, S{* = %b?ci, with
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b?, b, b7 and ¢; being Majoranas. Therefore, we have,

o Qo 1 (03 N
Here, u?;, ; = 1007, , is the Z> gauge field. The physical gauge invariant flux excitations of
the gauge fields can be obtained by considering the Wilson loops and taking the product of the

gauge connection around the loop. Since the lowest possible loop on the honeycomb lattice is

a hexagon, the elementary gauge flux is defined as,

W, =[] s (33)
iaeQ

It is easy to show that these fluxes are conserved quantities of the Hamiltonian dynamics, there-
fore, the Kitaev model can be solved via restricting to a particular flux configuration [13, 79].
It can then be shown that the Kitaev QSL is consisted of two kinds of excitations— localised
Z, fluxes (W) and itinerant Majorana fermions (c;) which carries Z, gauge charge. Here we
consider the isotropic limit of the Kitaev model, where J; , = Jx. At this point, the zero flux
sector of the model becomes the lowest energy sector due to Lieb’s theorem [80]. Creating
the flux excitations above this low-energy manifold requires a finite amount of energy leading
to the mass gap of the flux being, Ay, ~ 0.012Jk. Due to the mass gap, the flux excita-
tions become relevant only above a characteristic temperature scale of 7; ~ 0.012.Jx. Below
this, it is fairly reasonable to assume the background flux to be zero. The itinerant Majoranas
then become non-interacting which is evident if we choose a trivial gauge fixing, u{; 5 = 1,
and the free Majorana Hamiltonian can be analytically diagonalised by— first transforming the

Majoranas to complex bond-matter fermions [13, 81]
. fi+fl vieA 34)

i(fi—f) vieB

and then applying a Bogolioubov transformations [13, 81] on the momentum space version of

these complex fermionic operators, fi (= ﬁ Sk €RT ),

cosby isinf a
fx _ k k Kk (3.5)

fjk isinfy, cos Oy aik
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where, tan 26y, = %mg(k) and S(k) = Z£(1 + e 4 ¢ikd2) with d; and d, being two

lattice vectors of the honeycomb motif as shown in Fig. 3.1. This leads to a graphene-like band

structure for the itinerant Majoranas in the zero flux sector,

J ke, 3k
€k = f 3+ 2cosk, +4COS?COS\/;y

(3.6)

For temperatures, 7' > 7j, the flux excitations thermally proliferate breaking the translation
invariance for a generic flux configuration. However, the Majorana Hamiltonian can still be
diagonalised in a particular flux sector numerically to obtain the renormalised band structure,
in presence of Majorana-flux scattering [82].

One of the most surprising features of the Kitaev model is that in spite of the gapless Ma-
joranas, the spin-spin correlations are ultra-short-ranged [79], in fact, they vanish beyond the
nearest neighbours. With increasing temperature, the Kitaev model goes through a crossover
temperature scale of 73, ~ 0.38.Jx beyond which the spins become completely disordered, and

the model goes into a paramagnetic or free spin phase [82].

3.3 Magnetoelastic coupling

To obtain the spin-phonon coupling in Kitaev materials, we note that the exchange couplings,
Ji.8, are functions of the ionic position as they come from the overlap of the electronic wave

functions. Thus, in presence of lattice vibrations, we have [83]

2 7.
aJ’”‘(S“ L_0%ia 5¢ 5P (3.7)

Jia =T e
@ =K T gRe %te T 2 gRe QR e

where the expansion is done about the equilibrium ionic positions of the crystal, R;{a =7l —

ré, s with 67, = R?, — R, (a = x,y) denoting the deformation of the bond and the derivatives
are evaluated at the equilibrium position R;;. This in the original Kitaev Hamiltonian leads to
the spin-phonon Hamiltonian that dictates the coupled dynamics of the optical phonons and the

spins.

H = HK + Hspinfphonon + thonon (38)
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where Hy is the bare spin Kitaev Hamiltonian of Eq. 3.1 with J; , — Jx, Hphonon 15 the bare

Harmonic phonon Hamiltonian,

Pla 1
thonon = Z ZT;L + 5 Zpgbﬁézq,aé?,ﬁ (39)
and
Hspin—phonon = Hl + HQ (310)

represents the spin-phonon coupling. The two terms denote the first and second order contri-

butions of Eq. 3.7 and are given by

aJ;
H, = e §e8e 3.11
1 = 8R$’a i,a Vi Mita ( )
and
1 82Jia a <b a Qo
Hy = S TN (3.12)

-5 a b 7,07,
2 &= OR;,OR],

respectively. We note that Ir**, having odd number of electrons, is a Kramers material, and
the low energy S = 1/2 doublet is odd under TR, similar to the usual spins. Therefore, on
symmetry ground, the spins cannot couple linearly with the phonons, which we see in the above
magnetoelastic coupling as well. This is a stark difference between Kramers and non-Kramers
materials, which will be more clear in the next chapter, where we will give an explicit example
of non-Kramers material. It will be shown that the dominant contribution to the magnetoelastic
coupling in the non-Kramers case is generically governed by a very different energy scale,
unlike the spin exchange coupling coefficients (~ Jx) in the case of the Kramers material
which we are discussing now.

A further basis transformation can be performed on the lattice vibrations to rewrite the bond
distortions in the normal mode basis, ¢ Ep ), which diagonalises the matrix Dg%. The unitary
transformation is given by, &; o, 07, = I'e> i(f;).

Further, we note that in the insulators, due to the small overlaps of the atomic orbitals the
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microscopic forms of the spin exchange coupling constants typically looks like,
a . Jo,—ndij
Ji = Jge" (3.13)

where we have assumed a simplified isotropic form where 7 is the inverse length-scale of decay
of overlap. Using the above form, we further define following notations for the compactness of

the calculation:

ab 0 —nd

i, — b
apaRa e —Xp,a
1 ac Tbd 82 —n0ia — \cd
3 el eagpa g ¢ = Moaa (319

With these notations, the spin-phonon coupling, Hpin—phonon, €an now be rewritten in terms

of the normal mode coordinates as,

Hy=3 X060 SiStha (3.15)
Hy = X aGlC S3S8a (3.16)

e

Clearly, the above magnetoelastic couplings generate interaction between different normal
modes of the phonons via the spins. However, in the following sections, we perform a sin-
gle mode approximation by neglecting all possible inter-mode couplings and consider only a
particular mode to calculate its frequency shift and linewidth broadening.

Further, to calculate the generic qualitative features of the renormalised phonon parameters,

we simplify the above expression by neglecting the matrix structure of the coupling coefficients,

cd

assuming X% = x and A%

= A. This assumption removes some of the details of the
information, such as mode dependence of phonon renormalisation. However, this still captures
the essential signatures of the fractionalisation by giving rise to various scattering channels for
the phonons in the QSL phase, which is the central objective of this work. We now obtain the
renormalisation of the phonon frequency and linewidth by calculating the self-energy correction

to the phonon propagators due to the above spin-phonon interactions within a single mode

approximation for the phonons.
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Figure 3.2: Feynman diagrams representing the interaction between phonons (dotted
lines) and bond-matter fermions (solid lines with arrow) in Kitaev QSL: (a) and (b) de-
note contributions due to the spin-phonon coupling linear (Eq. 3.11) and quadratic in phonons
(Eq. 3.12), respectively.

3.3.1 Phonon-Majorana coupling

Within the Kitaev QSL phenomenology, we now perform the standard Majorana decoupling
of the spins to obtain the scattering vertices between the Majoranas and the phonons. Further,
it is assumed that the background fluxes through all the hexagonal plaquettes are zero, which
is strictly speaking a valid assumption below 7; (see Sec. 3.2). However, this does a huge
complexity reduction and allows us to tackle the problem in an analytical approach. Within
this assumption, the above spin-phonon coupling is rewritten in terms of the itinerant Majorana-

phonon coupling,

- XJKZ@ (iciciva) (3.17)
)\
JK Z @fp@fp (iciCiva) (3.18)
i,a,¢,d

and in turn bond-matter fermion-phonon coupling using the transformation given in Eq. 3.4,

a 1 T T et
H, = 4m Z kp [-Ak,k’ S S+ B fw fxw + Cree fi fruqne + P fro ferie

k,k’/
(3.19)
‘]K cd e d T
H2 = 4—va Z )\ @k,ﬁ(—) 'q |:Pk7k’,k//fk//fk”—k—k’ + Qk,k’,k”fk”f*k*k/fk”
k.’ k
+ Ricgeserfier Fliaener + Siaeer Fl oo (3.20)
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Figure 3.3: Leading order contribution to the phonon frequency shift due to the phonon-
Majorana interaction

where

Axw =2+ pik'—k)-d1 4 oi(k'—k)-do

—q / . —q / .
Bk,k’ —e i(k+k’)-dy +e i(k+k’)-d2
Crrr = —e 1K) di _ —ileid)dz
1. .
Dk,k’ — _ez(k k)-dy el(k k)-d2

Pk o 2 + 67:(1{”—1{—1{/){1]_ + ei(k”—k—k’)~d2

. I LY. . TR WA
Qk,k’,k” —e i(k+k’+k”)-d1 +e i(k+k’+k")-d2
. ’ "y, . / "y,
Rk,k’,k” — —¢ i(k+k'+k")dy e i(k+k’+k")-d2
3 VRN VO AN (k! —k—Kk').
Sk,k’,k” — _6z(k k—k')-dy 67,(k k—k’)-d2 (321)

These interaction vertices are represented by the Feynman diagrams shown in Fig. 3.2,
where Fig. 3.2(a) and 3.2(b) denote the interaction vertices arising due to H; (Eq. 3.19) and
H, (Eq. 3.20), respectively. These vertices clearly show that the phonons can decay into the
fractionalised excitations of the QSL and this would renormalise both the frequency and the
linewidth of the phonon peaks. In regard to the linewidth, we expect an anomalous broadening
as the temperature is decreased since on lowering the temperature the fermions become more
coherent, and hence the phonon can more efficiently decay into them while obeying all the

conservation laws.

3.4 Phonon renormalisation

3.4.1 Frequency renormalisation

The leading order contribution to the renormalisation of the frequency comes from the ver-

tices shown in Fig. 3.2(b) when we integrate over the fermions (see Fig. 3.3). The resultant
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frequency renormalisation is given by

1
Sw o A > (Jx 888 a)s (3.22)

7,0

where (O)S = % denotes averaging of the equal time spin correlators over the ther-
modynamic ensemble, and the proportionality constant is given in terms of the first order spin-
phonon coupling and the transformation to the phonon soft modes. For the present discussion,
we neglect their detail structure and assume it to be a constant, .

Within a free Majorana phenomenology restricted to the zero-flux sector, the spin-energy

can be calculated leading to the energy density of the free Majorana fermions. The frequency

shift can then be rewritten as,

1
0w~ A Y elafan — =))s (3.23)

- 2

The above expression being proportional to the total energy of the spin system, is always neg-
ative. This is shown in Fig. 3.4. The curve implies that the frequency shift goes to zero at
T — oo and gradually turns non-zero around 7' ~ Ji ultimately saturating to a negative con-
stant number at zero temperature corresponding to the ground state energy-density of the spins.
Although the deviation from the bare frequency monotonically increases with decreasing tem-
perature, whether it hardens or softens depends on the sign of the coupling constant, A, of the
phonon-Majorana vertex described by Fig. 3.2(b).

Further, numerical calculations exist for finite temperatures including all the flux sectors for
the pure Kitaev model [82] which shows that the thermally excited flux excitations renormalises
the band structure of the itinerant Majoranas. Therefore, on a general ground, it is expected
that the frequency shift is only renormalised via the modified energy density of the Majorana
fermions, keeping the expected experimental consequences unchanged. We note that further
temperature dependence of the frequency shift can come from the real part of the self-energy
bubble due to the interaction vertex H,. However, this is a second-order effect in perturbation

theory and is expected to be subleading.
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Figure 3.4: Temperature dependence of the frequency shift of the phonons in Kitaev QSL

Figure 3.5: Self-energy of the phonon due to the phonon-Majorana interaction

3.4.2 Phonon Linewidth :

The leading contribution to the linewidth comes from the vertices shown in Fig. 3.2(a) in the
second order of the perturbation theory by calculating the imaginary part of the self-energy
bubble diagram shown in Fig. 3.5. Within the free Majorana phenomenology, the phonon
self-energy is given by,

2 j2
T
3 [Mkm,kc;(k b, —i — i) G(—K, i) + My q Gk + o, 9 — iy )G (=K, i)

m,k

¥(q,i82) ~

+ NiyqxG(k + q,iQ +iw,)G(k, iwn,) + Nox—q-kG(k + q, —iQ + iw,,) G (k, iw,)

(3.24)
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where, G(k,iw) is the time-ordered correlator for the Majorana fermions which is given by,

G(k,iw) = — [V dr (Taw()al(0))oe™™ = —1—, and

iw—ey’

Mk+q7k = VZl—q,kZ_)q,—k + A—q,—k—qﬁq,—k + ,Z_)q,—kvi—q,k + @q,k-&-q“i—q,k

Nk+q,k = B—q,—q—kgq,—k + C_—q,kBq,—k + B—q,kéq,—k + C_q,k—l—qc_—q,k (325)

See the Appendix A.1 for the details of the above coupling constants. Further performing the
Matsubara summation in the above expression and calculating its imaginary part (see Appendix

A.2 for details of the calculations), we obtain

Im [S(q=0,Q+i0")] JFIQZ Z(l —2np(ex))|0(Q + 2¢x) — 6(Q2 — 26k)] (3.26)
k

where np(e) denotes the fermionic occupancy with dispersion €y (see Eq. 3.6) in the zero-
flux sector. Again, the proportionality constant depends on the magneto-elastic coupling and
the normal-mode matrix elements which have been assumed to be a constant () for this calcu-
lation. The temperature and the frequency dependence of the above are shown in Figs. 3.6(a)
and 3.6(b), respectively. As indicated by the delta functions, the frequency dependence of
linewidth closely follows the two-particle density of states of Majoranas which is shown in
the inset of Fig. 3.6(b). As T — oo, the Majorana fermions become incoherent and hence
their contribution to linewidth goes to zero, while at low temperatures it reaches a finite value
for the completely coherent Majoranas. This effect is completely opposite of the usual tem-
perature related broadening due to anharmonic terms and arises due to the development of a
coherent scattering channel for the phonons. Clearly, in absence of any magnetic phase tran-
sition, such coherent particles - in case of a Kitaev QSL Majorana fermions - indicate novel
low-temperature physics in the spin sector. This is in direct conformity with the experimental
outcomes that have been reported in our experiment-theory collaboration on the Raman spec-

troscopic measurements on the candidate Kitaev material, CusIrO3 [48, 75].
We note that the zero flux assumption breaks down at the temperature regime of 7" >
T}, which is relevant to the experiment. In this case, the itinerant fermion lines are further
renormalised by their scattering with the Z, fluxes, which, in turn, provide a finite lifetime to
the fermions as well as renormalise their bandwidth [13]. However, it was shown in the earlier
numerical calculations [55, 82] that the qualitative features of the itinerant fermionic density

of states remain almost intact at finite temperatures almost all the way up to the crossover
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Figure 3.6: Renormalisation of the phonon linewidth in Kitaev QSL: (a) and (b) show
temperature and frequency dependence of the linewidth, respectively. Inset of (c) shows two-
particle density of states of Majoranas in zero flux sector.
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Figure 3.7: Temperature evolution of the Lorentzians of the phonon peaks: We plot the
imaginary part of the phonon Green’s function (D) which gives rise to the Lorentzian lineshape
of the phonon spectra with the frequency scaled w.r.t. the Kitaev coupling Jx. Different curves
represent different temperatures. The spin-phonon coupling constants are taken to be A = 0.13
and y = 0.2 for the illustrative purpose.

temperature, 7}, (see Sec. 3.2), where the itinerant Majoranas start to become incoherent and
the QSL goes to the paramagnetic phase by destroying the ultra-short-ranged nearest neighbour
spin correlations in favour of conventional CW behaviour. Therefore, although the zero flux
assumption is no longer valid at higher temperatures, the qualitative features of our results are
still applicable (up to 7' < T},), with the free itinerant Majorana density of states replaced by
the renormalised one.

We further plot the phonon Lorentzian (see Eq. 2.9) at different temperatures for the Stokes
lines in Fig. 3.7 using the expression of the Eq. 3.23 and Eq. 3.26 at the limit q — 0 (which is
relevant to the Raman experiments) for some representative values of coupling constants A and
X, and assuming the band structure of the optical phonons being €1, ~ {2y. The temperature
evolution of this Lorentzian is in qualitative agreement with the experimental observations as

reported in the Ph.D. thesis of Srishti Pal [75].

3.4.3 Comparison with experiments

For completion, a further comparison with the experimental data is obtained by fitting the re-
sults to the experimental data (reported in Ph.D. thesis of Srishti Pal [75]) as shown in Fig.

3.8. Here we compare our results with one particular phonon mode seen in the experiments.
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The match is quite promising at least to the qualitative level. However, since we do not have
detailed information about the mode dependent magnetoelastic coupling constants or particular
matrix elements of the transformation from bond distortion to normal modes, precise quantita-

tive comparison is not possible.
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Figure 3.8: Comparison for theoretical results and experimental data for a particular phonon
mode seen in experimental observation: Temperature dependence of (a) frequency shift and (b)
linewidth for the phonon mode. Red squares are the experimental data after subtracting the anharmonic
contribution. The smooth lines represent the theoretical curves at different values of coupling constant.
In (b), we plot only till Jx = 40K considering the finite bandwidth (~ 3Jk) effect as shown in Fig

3.6(b).
In spite of the remarkable similarity of the qualitative features of our theoretical analysis
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with the experimental data, we should note that a basic assumption of our theory is that the low-
temperature phase of CuyIrOj3 is governed by the pure Kitaev QSL. However, it is well-known
that the nature of the synthesis makes these second-generation Kitaev materials prone to disor-
der [35]. In fact, Cu,IrO; suffers a valence disorder of Cu™ converting into Cu?*, and also Cu-Ir
site disorder [76]. The generic role of these disorders is to introduce non-magnetic impurities
into the honeycomb motif, leading to the possibility of partial freezing at low temperatures [35,
77]. However, the present samples are of much higher quality and do not show any features
of a glassy state either in ac magnetic susceptibility [48] or in SR down to 260 mK [76]. Al-
though in the DC susceptibility measurements, there is a sub-Curie kind of behaviour observed
below ~10 K, this temperature region is beyond the scope of this experiment. This justifies
the applicability of our theory of pure QSL physics throughout the temperature regime starting
from the CW scale to the lowest available experimental temperature. However, understanding
the role of disorder on our theoretical analysis still remains an open question and will be very

interesting to understand in the future.

3.5 Phonon-mediated Loudon-Fleury vertex

As mentioned previously in the Sec. 2.3, in presence of moderate magnetoelastic coupling,
the phonons can mediate an effective coupling between the Raman photons and the magnetic
degrees of freedom. In the case of Kitaev materials, such interaction vertices can be obtained
by integrating out the phonons from the spin-phonon vertices given by Eq. 3.10 and phonon-
Raman photon vertex given by Eq. 2.4. Inside the QSL phase, and with the restriction to the
low-temperature zero-flux sector, such interactions then generate a coupling between the probe
Raman photons and the Majorana fermions, in turn, bond-matter fermions, which we describe
now.

The phonons are integrated out from the vertices shown in Fig. 3.2 and 2.1 within a pertur-

bative framework. At the leading order, this leads to the following interaction vertices,

. 1
H fermion _ 3 [—(HRamanH1>( + (HppmanH2) ¢ + (HRaman (Hi1Ha + H2H1)>g] (3.27)
A\ [D¢O e PHC . .
where (O), = +—=——57— is the thermal averaging over the phonons, and Hgraman 18 the

[ D¢ e PHe
Raman vertex for the phonon-external photon coupling as described in the previous chapter

(see Eq. 2.4). Using the form of /; and H, as given in Eqs. 3.19 and 3.20, respectively, the
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above vertices are explicitly calculated to obtain,

JKX 121, ij in, ou n (1, out (1,
(HRaman H1) = N0 / Pkd’K' d°kd’k’ (V,A) jﬁ o W WOk AT (k) AT (K
X [Akk’fliffk’—k + By fw fu—x + Clck’fk’f11+k/ + Dkk/fltffllkf}
(3.28)
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where the optical phonon band structure is approximated as ), ~ (2. Clearly, the first term
(Eq. 3.28), which is obtained in the second order perturbation theory, contributes to the two-
photon-two fermion vertices, whereas, the last two terms (Eqgs. 3.29 and 3.30), obtained in the
third order perturbation, contribute to four-photon-two-fermion and two-photon-four-fermion
vertices, respectively. Feynman diagram for Egs. 3.28, 3.29 and 3.30 are shown in Figs. 3.9(a),
3.9(b), and 3.9(c) respectively. As can be seen from the prefactors, the first type of vertices is
suppressed by 1/€)q compared to the usual Loudon-Fleury vertex, whereas the last two types
are suppressed by 1/Q2. Therefore, generically their contributions to the scattering contin-
uum are expected to be significantly low in comparison to that due to Eq. 2.1. However, we
note that since in the Raman intensity profile, the leading phonon-mediated vertices contribute
exactly the same way as usual Loudon-Fleury via the two-Majorana density of states, these

contributions might be difficult to separate in the experiments.
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Figure 3.9: Feynman diagram for phonon mediated Loudon-Fleury vertex for bond-
matter fermions: Vertices shown in (a) and (b) comes from the linear (3.2(a)) and quadratic
(3.2(b)) spin-phonon coupling. Vertices shown (c¢) comes from the combination of linear and
quadratic contribution. See the main text for further details.
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Figure 3.9: Feynman diagram for phonon mediated Loudon-Fleury vertex for bond-
matter fermions: Vertices shown in (a) and (b) comes from the linear (3.2(a)) and quadratic
(3.2(b)) spin-phonon coupling. Vertices shown (c¢) comes from the combination of linear and
quadratic contribution. See the main text for further details.
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CHAPTER 4
PROBING EMERGENT QED IN NON-KRAMERS QUANTUM SPIN ICE VIA
RAMAN SCATTERING OF PHONONS

4.1 Introduction

Having discussed the experimental implications of the fractionalisation in a Zy QSL, we now
turn to the case of U(1) QSL. As it is well-known from the work on the gauge theories due
to Polyakov [84], the compact U(1) QSLs with gapped matter fields are unstable to instanton
effects for spatial dimension D< 2, hence, the essential choice to search for their candidates are
restricted in 3D materials. So far, one of the most promising family of candidates reported in
this regard are spin-orbit coupled rare-earths pyrochlores, where the magnetic moments sit on a
three-dimensional network of corner sharing tetrahedra and interact via strongly anisotropic an-
tiferromagnetic spin exchanges [12, 24, 85, 86]. Due to the geometrical frustration inherent to
such lattice structures [25, 87], the magnetic ordering is significantly suppressed in these com-
pounds, naturally paving the way for realising the cooperative paramagnets both classical [41,
42,49, 85, 87-92] and quantum [12, 19, 29, 30, 86, 93-96].

In the classical limit, the model contains a macroscopically degenerate ground state man-
ifold which can be shown to be in a one-to-one correspondence with the water ice with a
similar zero temperature entropy counting. Hence these models are dubbed as classical spin
ice [41, 42, 49, 85, 87-92]. Interestingly, due to such huge residual entropy, the low temper-
ature regime of these models is particularly interesting and can be described entirely by the
entropic rearrangements of the spin ice configurations. It can be shown that it naturally leads to
a description of such lattice models at low temperatures in terms of the lattice magnetostatics
along with a notion of magnetic monopoles defined in terms of the microscopic spin degrees
of freedom, which are the excitations of the spin model[49, 97, 98]. With increasing tempera-
ture, the monopoles thermally proliferate, eventually leading to a paramagnetic phase without
encountering any crossovers or phase transitions [26, 91, 92, 99].

Incorporation of the quantum fluctuations to the classical spin ice becomes way more in-
teresting, which is referred as quantum spin ice[12, 19, 29, 30, 86, 93-96] in the literature.

As a consequence of the third law of thermodynamics, the system tries to quench the residual
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entropy of the ice manifold at zero temperature via quantum tunneling between different de-
generate ice configurations, leading to emergence of a lattice QED with gapless photons, and
resulting into the long-range entangled resonating QSL ground state [8, 12, 19, 30, 86, 95, 96,
100]. Apart from the magnetic monopoles and the photons, the lattice QED also has another
low energy excitation, electric charges, which are the point defects of the compact U(1) gauge
field [12, 86]. ! Various spectroscopic [29, 101] and thermodynamic [43] measurements have
been reported so far on the spin ice candidates to ascertain the existence of these exotic mag-
netic excitations. However, the signatures are not very clear, and more attention is required to
develop various unconventional probes to pinpoint their characteristic features.

In this regard, we present here the possibility of detecting signatures of fractionalisation
from the anomalous phonon spectra in the quantum spin ice, which further can be detected in
the Raman scattering experiments on these compounds [39]. In fact, the spin-phonon coupling
gets enhanced in these compounds due to the presence of 4 f electrons with strong spin-orbit
coupling, which in turn favors the possibility of such observations. Such magnetoelastic effects
become more significant in an interesting subset of the rare-earth pyrochlores which are the
so-called non-Kramers spin ice materials such as PryZr,O7 [29, 63, 102], ProHf,0; [101],
Tb,yTioO7 [103—-105], Ho,TioO7 [104] etc. In these cases, the low-energy spin-1/2 magnetic
moments arise from even-electron wave functions [102—104]. The degeneracy of such a non-
Kramers doublet is protected by lattice symmetry, the Ds; symmetry at the pyrochlore lattice
site, instead of the usual time reversal symmetry for Kramers doublets. Therefore under time
reversal, 7, the transformation of the low-energy doublets, s* (o = z, ¥, z), made out of spin-

orbit coupled wave functions is given by

T {s%, s, 8"} = {s",sY, -5} 4.1)

This is in stark difference from the usual Kramers case as realised in, e.g., DysTi2O7, YbsTis O7,
where all the components of the resultant spin-1/2s are odd under time reversal. Such non-
trivial implementation of time reversal symmetry immediately suggests that the transverse

components {s”, s} can linearly couple to the lattice vibrations of the appropriate space-group

"We note that there are two different assignments of gauge charges found in the literature. In the first assign-
ment and the one that we use here, the magnetic monopoles of a QSL are obtained by violations of the ice-rule
on a tetrahedron which are obtained by spin-flips. The electric charges, on the other hand, are the point defects of
the compact U(1) gauge field [49, 96]. In the other convention, the violations of the ice-rule give rise to electric
charges (often referred to as spinons in the associated literature) while the point defects associated with the gauge
field are dubbed as magnetic monopoles [12].
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symmetry, such that this linear coupling makes the above materials ideal candidates to explore
the spin physics through the spin-phonon coupling in vibrational Raman spectroscopy of the
relevant phonons.

Before delving into further details of the calculations, we first give a brief review on the
various candidate materials for the non-Kramers quantum spin ice, and try to indicate the most
relevant class of materials that will be prospective candidates for realising our theoretical re-

sults.

4.2 A brief overview on the magnetism in non-Kramers rare-earth compounds

Possibly, the most striking example of non-Kramers rare-earth with substantial spin-lattice cou-
pling is TbyTi,07 [28, 103, 105-110]. This material is particularly interesting for its very small
onsite crystal field gap (~10 K) and recent neutron scattering experiments suggest that a vi-
bronic bound state arises due to the coupling between acoustic phonon modes and crystal field
levels which is absent in the high temperature regimes [105, 111]. However, the exact role of
the excited states and the applicability of quantum spin ice physics are currently being debated.
In fact, as we will discuss in the later in Chapter 6, these low-lying exctations can potentially
lead to realisation of a very different kind of QSL in these frustrated magnets with new exotic
excitations that do not conform the quasiparticles of a usual U(1) QSL. Ho,Ti»O7, on the other
hand, is a classical spin ice [104] with a large crystal field gap, although it is interesting to note
that on integrating out the lattice vibrations, their linear coupling with the transverse spins can
induce (presumably very weak) quantum tunneling terms within the classical spin ice.

The praseodymium pyrochlores, unlike the above extremes, belong to an interesting inter-
mediate regime, where the crystal field gap is reasonably large, but quantum fluctuations are
not insignificant [29]. Inelastic neutron scattering by Wen et al. reveals that the existence of
quenched structural disorder in PryZr,O7 can act as a transverse field on the non-Kramers Pr3*
ion and might lift the degeneracy of the non-Kramers doublet [112], although X-ray diffraction
does not show evidence of any structural distortions. More recently, magnetoelastic experi-
ments on ultra-pure samples of PryZr,O; show possibilities of substantial spin-phonon cou-
pling and coupled spin-lattice dynamics [63, 113]. Further, high resolution Raman scattering
on the same samples at relatively high temperatures (6 K-100 K) reveals that both the ground
state and excited crystal field doublets show a temperature dependent splitting. The splitting

grows more pronounced as temperature is increased and can be accounted for by the dynamical
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Figure 4.1: Sublattices of an up tetrahedron: 0,1,2,3 denote the four sublattices and 2o, 21, 22, 23
represent the four respective local quantization axes (see Eq. B.2 in Appendix B.1.1).

coupling of spins to the phonons [63]. However, the Raman scattering in the much low tem-
perature QSL regime still remains unexplored. Further experimental development in this area
would be very interesting for the direct verification of our theoretical predictions.

Therefore, to be concrete, we build our theory using PryZr,O; as an example, although
the results are generically applicable to any non-Kramers quantum spin ice. In PryZr,O7, the
magnetic ion is the rare-earth element Pr3*, which is in the 4 f? electronic configuration. The

ground state manifold is a doublet and given by [29, 102],
| £) =a|£4) Fb[£1) —c|F2) (4.2)

where the different states belong to the J = 4 multiplet, arising from the strong spin-orbit
coupling, with J* | m) = m | m). Notably, characteristic to spin ice, the natural axis of
quantization for the spins is along the local [111] axis (see Fig. 4.1 and Appendix B.1.1). The
ground state doublet is separated from the next crystal field state by almost 10 meV [29]. Due
to this large gap, the low-temperature magnetic physics is dominated by the above non-Kramers
doublet. The effective low-energy magnetic degrees of freedom are then obtained by projecting
all the spin operators to the low-energy doublet manifold, and written in terms of the effective
pseudo spin-3 operators as s*(= 1o*) [102].

A central feature of the doublets in Eq. 4.2 is that under time reversal (7) they transform
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as | £) —| F) such that the pseudo-spins transform as shown in Eq. 4.1.

4.2.1 The spin exchange physics of non-Kramers quantum spin ice

The pseudo-spins at different sites interact via regular spin exchanges and the minimal symme-

try allowed spin Hamiltonian for non-Kramers spin ice is given by [24, 114, 115]

Hy = [J.sis; — Ju(shsy +s7sT)] + -+ (4.3)
(i5)
where - - - denote other symmetry allowed terms (including further neighbour ones) which do
not immediately destabilise the QSL. In fact, their main effect in the QSL phase is to renor-
malise the dispersion of the excitations of the quantum spin ice [94, 116]. We neglect them
here and their effects can be taken into account systematically along the lines discussed in the
rest of this work.

Experiments reveal the exchange coupling to be strongly anisotropic (J,, > Ji). Also,
J,. ~ 1.6K, [29] which is two orders of magnitude smaller than the single ion crystal field gap.
This justifies the use of single ion crystal field states to treat the problem perturbatively.

Interestingly, the transformation of the non-Kramers doublet under 7 in Eq. 4.1 leads to
an unusual Zeeman coupling in such materials. The external magnetic field, being odd under
time reversal, can couple linearly only with s* but not with s* and sY. The latter, however, can
couple to the magnetic field quadratically. The complete onsite Zeeman Hamiltonian can be

found in Ref. [58].

4.3 Non-Kramers rare earth and unusual magnetoelastic coupling

Having discussed the spin physics, we now turn to the linear magnetoelastic coupling in non-
Kramers systems which is the central idea of this work. From the point of view of symmetry
analysis, the structure of such a linear coupling is quite straightforward. For a single tetra-
hedron, the linear coupling can be obtained starting with the eight-dimensional vector space

spanned by the time reversal even transverse components, (s?, s?

1%

), of the spins on four corners
of a tetrahedron (see Fig. 4.1). This is then decomposed into the irreducible representations of

the tetrahedral group, T}, as [58]

edt; Oty 4.4)
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where e denotes the doublet and t;, t» represent two triplets with different symmetry transfor-
mations (see Table B.1 in Appendix B.1.3). These irreducible operators are often characterised
by their classical correlations [58], e.g., the e sector forms the ferroquadrupolar states, whereas
t; and t, both forms two different antiferroquadrupolar states in case of non-Kramers py-
rochlore. Similarly, the (optical) normal vibrational modes of bond distortions of a tetrahedron

are decomposed as [117, 118],
adedty 4.5)

where a; is the singlet. It is evident from the above decomposition that e and t, vibrational
(optical) modes of a tetrahedron can linearly couple to the transverse components of the non-
Kramers doublet. Since the complete symmetry of the pyrochlore is 7;; x Z (with Z being
the inversion), the complete representation is obtained by taking symmetric and antisymmetric
combinations of the previous representations to form the ’g” and "u’ modes, which are even and
odd under spatial inversion, respectively.

As Raman scattering is insensitive to inversion-odd modes, we only consider the e; and tag
modes. Hence, the symmetry allowed magnetoelastic coupling for the Raman active modes is

given by

HO = Y JO(r) (QF (x, A) + Q¥ (r, B)) (4.6)

r,p=1,2

for the e; modes and

= ) I8 () (QU) (r, A) + QY (r, B)) 4.7)

r,p=1,2,3
for the to; modes. Here r denotes the centre of an up tetrahedron and A/B denotes the
two sublattices of the underlying diamond lattice, dual to the pyrochlore. Q](f)(r, A/B) and
;EfZ)(r, A/ B) respectively span the e and t5 irreducible sector for the spins. For a single up

tetrahedron (see Fig. 4.1), they are given by

QY = st + st + 55 + 55

) = ¥+ Y+ Y+ sy (4.8)
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and

1
t T T T T
gQ) = 5(_50 + 57 + 85 — s3)

1 x x x x
Q;tZ) = Z(_SO — 51 + 52 -+ 53) +

=%

(5o + 81 — 85 — s3)

“I%

1
Q) = (5§ — st + 55 — s5) +

1 (s — s{+ sy — %) 4.9)

Finally, ,Sf;(r) and c,&fg)(r) are the e, and to, normal modes of pyrochlore lattice. These

normal modes are given by, () (k) = bz(f 1)( + bl(f )_Tk where b;’f l)j is the creation operator of the

phonons of the p irreducible representation, with the bare phonon Hamiltonian given by

He=>"> w! (b;’jfjb;’jll + %) . (4.10)
b kp

The above linear coupling makes the non-Kramers spin ice materials susceptible to spin
Jahn-Teller distortions, where the spin entropy can be quenched by distorting the lattice and
thereby splitting the doublet. Indeed, in some samples of PryZr,O7, signatures of such splitting
have been observed [112, 119], accompanied with random lattice distortions. However, more
recent higher quality samples appear devoid of such distortions, suggesting controlled suppres-
sion of Jahn-Teller distortions in better quality single crystals [113]. In the absence of static
deformation of the crystal field environment, the above linear spin-phonon coupling helps to
enhance the transverse fluctuations in the spin ice manifold, which could stabilise a U(1) QSL
phase in PryZr,O7 [113].

To further study the effects of the linear magnetoelastic coupling (Eq. 4.6 and Eq. 4.7) on
quantum spin ice, we need to re-write the above spin-phonon coupling in terms of the coupling
of the phonon to the low-energy excitations of the U(1) QSL. To derive this, for completeness
we first give a briefl overview of the well-known mapping between the spins and low-energy

gauge theory for quantum spin ice [12, 17, 19, 94].
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4.4 A brief review of quantum spin ice

The description of the quantum spin ice is obtained starting with a magnetic monopole charge

density operators [19, 94, 97] O,., defined at the centre of a tetrahedron at r, as
Qe =1 Y Sirimen (4.11)
1%

where, 7, = 1 (—1) for r € up (down) tetrahedra of the pyrochlore lattice and e,, is the
vector connecting centres of the two nearest neighbour tetrahedra directed from up to down (see
Appendix B.1.2). We call the positively charged particles monopoles and negatively charged
ones antimonopoles. The creation operators for the monopoles with positive (negative) charge
are defined as ¢! (¢,) such that it satisfies, [Q, qﬁi,] = 0, @1, and it is subject to the hard-core

constraint

dlor =1 (4.12)

arising from the spin-1/2 Hilbert space dimension of the non-Kramers doublet. The relation

between the monopole and spin operators is given by

1

Serte, = 5¢>I et By, 4.13)

where r € up tetrahedron and A, ,, represents the compact U(1) dual gauge field on the bond
joining r and r + e, (In other words, they live on the links of the dual diamond lattice). The

spin operators remain invariant under the following U(1) gauge transformation.
br — e, Avp = Acpy + (Orse, — 0r) (4.14)

The compactness of the gauge field allows for dual electric charge excitations [12] which are
gapped in the QSL. Using the above mapping, the spin Hamiltonian of Eq. 4.3 can be written

in terms of the gauge fields and monopoles to obtain the lattice gauge theory description of
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quantum spin ice. This is given by

JZZ
Hy :Z T(QE’A + Q) - Z ¢r+du p et 6o, p

r r u;ﬁu

Z Of g 4 e dnn Ay 4 (4.15)

r,uFv

where A, B denote two sublattices of the diamond lattice. d,,s (1 = 1, 2, 3) are the lattice vec-
tors and dg = 0 (see Appendix B.1.2). Solving the above model, we obtain various excitations

of the U(1) QSL, as we discuss in the following.

4.4.1 The gapless emergent photons

In the limit J,, > J, the magnetic monopoles have a gap of O(.J,,) and can be integrated out.
The low-energy Hamiltonian is obtained in terms of the fluctuations of the dual U(1) gauge
field A, ,,. This leads to the well-known ring-exchange Hamiltonian that can be obtained either
via degenerate perturbation theory of Eq. 4.3 [12] or equivalently integrating out the magnetic

monopoles from Eq. 4.15. This is given by

Hepp = — ZB —gZCos ZA“‘ (4.16)

T, O r,ucO
where By (= ;.. T € up tetrahedron) is the emergent magnetic field that is canonically
conjugate to the dual vector potential, i.e., [A, ,,, By | = 16y 0, U is a Lagrange multiplier

. . . . J3
imposing the half-integer constraint on magnetic fields, and K ~ .

The emergent elec-
tric field is given by Eq = Zm e A, where er O denotes the lattice curl around the
hexagonal loops of the pyrochlore.

The QSL corresponds to the deconfined phase (| K |>> U) of the above Hamiltonian. In
this limit, the energy for the pure gauge theory can be minimized by setting up zero (7) electric
flux through all the elementary hexagonal plaquettes for X' > 0 (K < 0) [94]. These we
shall term as zero and mw-flux phases, respectively, since the magnetic monopoles hopping on
the diamond lattice (see below) see this electric flux.

The low-energy excitations of the gauge theory can then be captured by expanding the

cosine term up to quadratic order about these static electric flux configurations. This gives rise

to a free Maxwell theory with two transverse polarised gapless photon excitations and their
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dispersion is given by [64],
ek =ce | k| (4.17)
where ¢, = VUK 1is the speed of emergent light.

4.4.2 The gapped magnetic monopole

The dynamics of the bare magnetic monopoles, on the other hand can be obtained in a gauge-
mean-field approximation of Eq. 4.15 by freezing the gauge fluctuation [19] (see Appendix B.2
for details).

For K > 0, the ground state of the pure gauge theory is in the zero electric flux sector (see
above) where the gauge mean field ansatz can be chosen as A, , = 0. The bare band structure

for the two flavours (A and B) of magnetic monopoles is then given by [19]

e =,|2J.. (/\ — % ZCOS (k-(d, — du))) (4.18)
p>v
where ) is a Lagrange multiplier introduced to take into account the unitary constraint of the
monopole operators (see Appendix B.2.1) at the mean-field level.

For K < 0 on the other hand, the monopoles hop in a 7-flux background per hexagonal
plaquette. This can be implemented by choosing a suitable gauge [94] (also see Fig. B.1
in Appendix B.2) which doubles the size of magnetic unit cell, leading to four flavours of
monopoles. The details of their band structure is summarized in Appendix B.2.2. In contrast to
the zero flux phase, two non-degenerate bands (denoted as €7 (k) and €” (k)) appear due to the
presence of non-trivial background flux. It will be shown in Sec. 4.6.2 that this leads to a very
different Raman response of these two QSL phases.

The bare band structure of monopoles gets further renormalised due to the gauge fluc-
tuations [120]. However, in the following discussion, we will assume the monopole-gauge
coupling constant to be small, so that these only lead to a sub-leading corrections of the gauge
mean field results (see Sec. 4.6.4). We shall comment on the merits/shortcomings of this ap-

proximation in the summary.
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4.4.3 The gapped electric charge

The electric charges or the point defects of the gauge field appear due to the 27 ambiguity
of defining the compact vector potential [12, 17]. The fluctuations of the electric field are
not small near these excitations and the expansion of the cosine term (see Sec. 4.4.1) is not
possible. Unlike the magnetic monopoles and the photons, these excitations are non-local in
terms of the underlying spins and their properties are better captured in the dual description [12,
17, 18, 121] of the emergent gauge theory describing the bosonic electric charges, V,, hopping

on the dual diamond lattice, r, via [17, 18]
Heparge = — Y _te 2™ Ul0, +m Y " Wiy, (4.19)
(r,r) r

where a, s is the vector potential dual to A, ,,; ? is the effective hopping strength and m is the
chemical potential for the electric charges. The vector potential admits only integer values and

is defined by,
(V X ar,r/)o* = Z Ay = Br,u - BI(?,[J,

O* denotes the dual elementary hexagonal plaquettes and Bg ., 1s a static divergenceless back-
ground field. Since there is a single spin-1/2 on every pyrochlore site, the gauge field has
a background 7-flux in every dual hexagonal plaquette [18] such that in the gauge mean-field
limit (where we ignore the fluctuations of a, ,» around the background), the dynamics of electric
charges reduces to the problem of bosons hopping on the diamond lattice subject to the back-
ground 7-flux in every hexagonal plaquette. This can be solved using a proper gauge choice
and gives rise to 12 soft modes [17, 18]. We denote the soft modes as v;(i = 1,...,12). The
energy gap of the electric charges, A, in the QSL phase is ~| J |* /J2 . Within the hopping
model, Eq. 4.19, minimum gap of the electric charges is A, = m — 2/2t.

The band structure of the electric charges gets further renormalised due to the gauge fluc-
tuations. Compared to magnetic monopoles, they have a much smaller energy gap, and hence
on general grounds, their coupling with the emergent photon is expected to be relatively much
stronger. However, in order to keep our analysis tractable, we neglect such effects within our

gauge mean field approach and only take them into account perturbatively.
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Figure 4.2: Feynman diagrams for the interactions between the excitations of the quantum spin ice
and the Raman active phonons in a non-Kramers system due to the linear spin-phonon coupling
(Eqgs. 4.6 and 4.7) : (a) The vertex corresponds to the phonon-magnetic monopole interaction described
by Eq. 4.20 and 4.21. Dotted, solid and curly line denote phonon, monopole and emergent photon,
respectively. Thin and thick solid lines represent two flavours of monopoles, A and B, respectively. (b)
Vertex for the phonon-(emergent) photon interaction described by Eq. 4.27. The circle represents the
dipolar form factors (see Eq. 4.28) that makes the vertex gauge invariant. (c) Vertex for the phonon and
electric charge interaction. The dashed line denotes the electric charge.

4.5 Magnetoelastic coupling in quantum spin ice

The effect of the magnetoelastic coupling in the QSL phase can be analyzed by studying the
coupling of the phonon to the emergent excitations using the mapping from spins to gauge
charges discussed above. For the linear coupling in Egs. 4.6 and 4.7, the resultant interactions

are given below.

4.5.1 The magnetic monopole-phonon coupling

Here we obtain the direct coupling between the phonon and the magnetic monopole. From Eq.

4.6, we get, for the e; phonons :

3

e ‘]5(6) [ % 7
HY) = 2373 w) [l ae ™ brsann + 0la, a€ b p] +he (420)
r p=0

where, C(ﬁ )g(r) = Cl(fg)(r) + z'Céi; (r) are the displacement fields and from Eq. 4.7 for the tog

phonons,
) _ 5 NSNS (0 (011 ) () )
by Js ¢ t . (t t
HY = S %3S (G )Ly, — il (0L),)
r pu=0 p=1

iA iAr—
X |:¢I'7Ael r,u¢r+du7B +¢I‘*du,A6’L v d“’“¢r7B _|‘ h.C.

(4.21)
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() (b)

Figure 4.3: (a) Gauge mean field Feynman diagram for phonon and magnetic monopole interaction
(described by Eqgs. 4.22 and 4.23) in the zero flux phase and (b) phonon and electric charge interaction
(described by Eq. 4.29).

The form factors L 2) . are obtained via the relation Qp = D acay Zzzo Lj(gfi),ﬂsfj, their
explicit forms can then follow from Eq. 4.9.

Both these interactions give rise to a Yukawa type coupling between the phonons and the
monopole bilinear of the form (¢'e*¢, albeit with different form factors. The corresponding
bare vertex is shown in Fig. 4.2(a). It is clear from the interaction that the above coupling allows
for a phonon to decay into a monopole-antimonopole pair: new low-energy scattering channels
for the phonons inside the QSL phase open up. Note that while the bare monopole hopping
preserves the sub-lattice flavour of the monopole, the above vertex mixes them, keeping only
the total monopole number preserved.

Within gauge mean field theory, we assume that the gauge fluctuations are weak and can be
taken into account perturbatively. Thus, within gauge mean field theory, the bare vertex for the
magnetic monopole-phonon interaction is given by Fig. 4.3(a), where the gauge fluctuations
have been neglected. Indeed, we shall show that within a perturbative treatment of the gauge
field, the temperature dependence of the corrections due to gauge fluctuations are sub-leading

compared to the mean-field results at low temperatures (see Sec. 4.6.4). In momentum space,

gauge mean field vertices are given by

HO — Jsp Z [ )¢ (k — K)ol 4w + . c} (4.22)
kk’

HyY = Z Z (a4 + Al (k = KoL s + b (4.23)
kk’ p=1

where N is the total number of unit cells, while al(f) and agfgs are vertex functions of the eg
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and tog coupling, respectively, whose forms are given by,

' 1 . . . o

a§,f<) _ Z(_ezkdo +etkedr | pikeda _ pikeds)
s

¢ e's - . . .
a2 — (—ekedo _ gikdr | pikedz 4 oikds)

2,k 4

> T

(t2) _ € '3 ikdo  ikds | _ikdz __ikds

Gk = (e —e +e — %) (4.24)

4.5.2 The (emergent) photon-phonon coupling

To obtain the coupling between phonon and emergent photon, once again we integrate out
the gapped magnetic monopoles (as in Sec. 4.4.1) in presence of the magnetoelastic coupling
described by Eq. 4.20 and 4.21. The leading coupling between phonon and gauge field is

obtained in fourth-order of the perturbation theory [122]. For the e phonons, this gives rise to

€)2
H yhonon—photon = — Js;pjwji Z (Z Cff) (r)- Cée) (r)) cos [Eg] (4.25)
0O \reO

A similar treatment for the to, phonons is possible starting from Eq. 4.7, leading to similar
results as for the eg phonons, and hence not presented explicitly. In the deconfined QSL phase,
the cosine term in the above Hamiltonian can be expanded up to quadratic order as cos E ~
1 — E?/2. At low energies, the constant term in the expansion leads to a quadratic term in the
phonon. This renormalises the frequency of the phonon by a constant shift without affecting its
linewidth.

The leading order coupling between the phonon and the emergent photon, in the continuum

limit is given by

thonon—photon — Jph—ph / dSr Cée) (I‘) ' Cge) (I‘) EQ(r) (426)

o

where Jph—ph ~ W

with [ being the lattice length-scale. As expected, the phonons cannot
simply couple to the dual gauge field since they do not carry the emergent gauge charge. In-
stead, they couple to the gauge invariant electric field. Further, since the Raman active phonons

are even under inversion, they can only couple to the electric field at quadratic order. We note,
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in passing, that the antisymmetric phonon modes ("u’ modes) on the other hand are allowed
to couple linearly to the emergent electric field. Such interaction effects can be probed using
infrared spectroscopy [122, 123].

In momentum space, Eq. 4.26 takes the form

4
Hohonon—photon = / [T @l 67k ke ko ko) (€57 (a) - €57 (ko)) AR A7, 427)

=1

where the interaction vertex is given by

gaﬁ<k17k27k37k4) = % |:

kg Kabap + kﬁkﬂ (ki +ks+ks+ky)  (4.28)
The above interaction is shown in Fig. 4.2(b), where the circle represents the gauge invariant
dipolar vertex function, G**. Such decay processes for phonons in a QSL phase give rise to an
additional contribution to the phonon linewidth similar to that due to the monopoles, albeit at a

different energy-scale.

4.5.3 The electric charge-phonon coupling

Similar to the phonon-magnetic monopole coupling, the phonons also interact with the elec-
tric charges via a Yukawa coupling as shown in Fig. 4.2(c) (again, the electric charge cre-
ation/annihilation operators are not gauge invariant and hence cannot couple to the phonons
linearly).

To derive the coupling between the phonons and the electric charges, we construct the
bilinears of the soft electric charge modes with appropriate symmetry that can couple to a
particular polarisation of the phonon. Here we analyse only the e, couplings and the interaction

is given by,
Hononon-charge = T3 D (€L (1)01() + ¢S5 (1)02(1)) (4.29)
where (O, ©2) forms an e, doublet and is given by,

O1 = P11 + Y1 — Y3103 — Pgidy
Oy = —i1 — Y11 — Y33 — b + 2(V5s + hribr) (4.30)
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Figure 4.4: Self-energy of the phonon due to the phonon-magnetic monopole interaction (see Fig.
4.3(a))

where ¢; (1 = 1,2, - - - 12) are the soft modes of the electric charges as obtained in Ref. [18] and
discussed in the previous section. The above interaction is shown in Fig. 4.3(b). A similar kind
of coupling between t,, phonons and electric charges can be obtained via symmetry analysis.
However, such coupling produces similar kind of Raman response as e phonons, and is not
considered here separately.

Due to the above magnetoelastic coupling, phonons acquire a finite lifetime by scattering
with the excitations of the QSL. In the next three sections (Sec. 4.6, 4.7 and 4.8), we compute
the lifetime of the phonons and their typical low-temperature behaviour in order to probe the

non-Kramers U(1) QSLs.

4.6 Self-energy of the phonon due to phonon-magnetic monopole coupling

We now calculate the self-energy of the phonons and hence the broadening of the phonon
peaks due to the phonon-monopole interaction. We calculate the effect of the coupling in a

perturbative approach both in the zero and 7-flux phases.

4.6.1 Zero flux phase

The first non-zero contribution to the self-energy comes at second order, O(J§£)2), by comput-
ing the bubble diagram of Fig. 4.4. Within gauge mean field theory, for the zero flux phase, the

self-energy is given by,

J(P)2

Egm(q, i) = — 45@6 ; o) + agq ? Go(k, A, iw)Gy(k +q, B,i(w+Q)) (431

where the time ordered Green’s function (Gg) for monopoles in the zero flux phase is defined

as (see Eq. B.9 in Appendix B.2.1),

2J,,

- 4.32
w2 + ()’ (432

G40 478, 1) = [ ar(T (uas(r)6},4,0(0)) " =
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To obtain the broadening of the Raman peaks, we calculate the imaginary part of :° ) (q,i12 —
2 + i0). Performing the frequency summation using standard Matsubara summation tech-

niques [124], we get

: 0 7szp (p) () |2
(1$1_1>T(1]Im[2 (g, Q2 +0)] Z]oek + gl |

n(eo)—n(€° )
x [ L (B g — ) — OO+ € — )

n(ed) +n(e), ) +1
+ ( k) 0 (() k+01) <§<Q + Eg + 6ﬁ+q> - (5(9 - Eﬁ - Eg-i-q))
“kk+q
(4.33)
where, n(e)) = ﬁ+1 is the Bose occupation for the magnetic monopole with €} being the
e k—

single-particle dispersion within gauge mean field theory as given by Eq. 4.18.

The first two delta functions of Eq. 4.33 imply processes where a monopole scatters by
absorption of a phonon (absorption process). The prefactor (n(e)) — n(ey +q)) represents the
net probability of such processes. On the other hand, the last two delta functions in Eq. 4.33
arise due to the conversion of a phonon into a monopole-antimonopole pair or vice-versa (pair
production process, Fig. 4.7(b)). The prefactor (1 + n(e) + n(ey, ) represents the net prob-
ability of two competing processes- the first(second) is the annihilation (creation) of a phonon
followed by creation (annihilation) of the monopole-antimonopole pair.

Eq. 4.33 is one of the central results of this work. It shows that the self-energy correction
of the phonons arises from its coupling to the magnetic monopoles. We now analyse the self-
energy, in particular, its frequency dependence, which can be detected in Raman scattering
experiments. For Raman scattering, only the q ~ 0 regime of the Brillouin zone is accessible.
In this limit, clearly the probability of the absorption process of the phonons vanishes since the

difference of the two Bose factors go to zero as q — 0, leading to

(7)) =2] Im[zg(p)(q =0,9)] |

27TJsp 2 J2, Z o P2 [% | (5(Q+26g) _ s - 241)) | } (4.34)

From Eq. 4.18, we see that the bare monopole band structure is gapped with its minima
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at k = 0 and the energy gap, Ay = /2.J,, (A — 3Jx). It is evident from Eq. 4.34 that the
splitting of phonons into a monopole-antimonopole pair occurs only if the phonon frequency is
larger than the pair creation energy (2A¢) such that I' ~ © (| Q | —2A). This is visible in Fig.
4.5, where we plot the linewidth, I'(£2, T") versus the frequency, (2, for various temperatures,
T, for both the eg and the to, modes, for Ay = 1.26.J,, as an illustrative example for plotting.
The profile of the curve remains qualitatively same as long as the constraint A > 3., is sat-
isfied, which defines the extent of the QSL. Apart from the dependence on the form factors,
ozl(f ), and the Bose factor, both these curves reflects the two-particle density of states profile
of monopoles, shown in the inset of Fig. 4.5(b). The effect of the form factors can be noted
from the qualitative difference of the two plots. Since a(t2) — 0 as k — 0 (from Eq. 4.24),
the linewidth for to; smoothly vanishes for 2 — 2. By contrast, for e, the vertex function

(al(f)) tends to a nonzero constant as k — 0 (from Eq. 4.24) and the linewidth shows a sharp

behaviour even at zero momentum.

4.6.2 m—flux phase

The phonon-magnetic monopole coupling in the 7—flux phase is obtained from the linear spin-
phonon coupling of Eq. 4.6 and Eq. 4.7 via parton decomposition of the spins and freezing the
gauge fluctuations to a suitable gauge mean field ansatz as described in Sec. 4.4.2. Focusing

only on the e; phonons, the phonon-monopole coupling is given by,

H Z > (MEc(a = )] 4,00 + hec.) (4.35)

k p,rv=1,2
The details of the vertex functions M are given in Appendix B.4.1. The Feynman diagram
of the above interaction is again represented by the Yukawa vertex which is very similar to Fig.
4.3(a) except for the fact that four distinct diagrams are possible due to the extended sublattice

structure. The phonon self-energy in this phase is given by,

e)

2
— N /32 > MM G] , (kA iQ +iw) [GF]_, (k, B, iw)

kw p,v,a.B

22(5) ( 0 ZQ

(4.36)
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Figure 4.5: Frequency dependence of linewidth of (a) ez and (b) t2; phonons in the zero flux

phase due to the phonon-magnetic monopole coupling: For both plots, we have chosen ﬁ = 0.7

and 2{% = 0.1 for illustrative purpose. The inset of (b) shows the two-particle density of states (DOS)
of magnetic monopoles for the same values of A/2.J,, and J /2.J..
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where, [G7],.,(k, A/ B, iw) is the Green’s function for the A/B monopoles in the 7-flux phase
(see Eq. B.16 in Appendix B.2.2 for the detailed expressions). Computing the imaginary part
of the above expression, we obtain the linewidth of the phonons in the m—flux phase. The

contribution where the phonon splits into two monopoles, is given by,

r(Q,T)
s §;)2 n(el n(er
- > [%(kﬁa{))mkwﬂ_zﬂ(k)ﬂ 1+627:((k)2(k)>7>2<k)5(9—2e”<k>)

+ (Py(k) + Pa(k)) (

(4.37)

where, P (k), P2 (k), Ps(k), Py(k) are real functions of momentum whose detailed forms are
given by Eq. B.23 in Appendix B.4.2 and €7 (k) are the bare monopole dispersions in the 7-
flux phase as discussed above. The detailed forms are given by Eq. B.13 and B.14 in Appendix
B.2.2.

The above expression should be contrasted with that for zero flux (Eq. 4.34). There are four
distinct delta functions appearing in the expressions. The first two terms are closely related
to the two-particle density of states for the €7 (k) and € (k) bands, implying the decay of a
phonon into monopole-antimonopole pair with respective energy in the two bands, +. On the
other hand, the last two entries represent the processes where a phonon scatters into monopole-
antimonopole pair of different energy bands. Consequently, unlike the zero flux case, both the
pair production and absorption processes show non-zero amplitude even at q = 0.

In Fig. 4.6, we plot various contributions to the two-particle density of states of mag-
netic monopoles in the m—flux phase, which represent the four distinct delta functions of Eq.
4.37. The phonon linewidth is obtained from the sum of these delta functions weighted by
appropriate momentum dependent form factors (P, (k), Pa(k), Ps(k), Ps(k)) and the Bosonic
distribution functions at finite temperature. It is evident from the figure that, unlike the zero
flux case, the Raman linewidth shows a non-zero signal even at very low energy compared to
the monopole gap. Availability of the two non-degenerate bands allow a non-zero probability
of the process where a monopole (say with energy €™ (k)) absorbs the phonon and converts into

another monopole of different band structure (¢7 (k)) even at g = 0. Also, the enlargement
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Figure 4.6: Density of states of different bands contributing to the phonon linewidth in the 7-flux
phase: We have chosen \/2J,, = 0.7, J+/2J,, = 0.3 for illustrative purpose. Red and blue curves
denote the two-particle density of states for upper(e’.) and lower(e™) bands, respectively. Black and
magenta curves denote density of states of €/, + €™ and €T — €”, respectively.

of the magnetic unit cell compared to that of the zero flux case— leading to the momentum
fractionalisation— is very well captured in such a Raman response profile, which is a signature
of the non-trivial projective implementation of symmetry. Hence, the phonon linewidth mea-
surements via Raman experiments can be an extremely useful tool to identify the non-trivial

projective symmetry group of a QSL phase.

4.6.3 A correspondence between the phonon-monopole scattering and the scattering processes

in QCD

At this point, we would like to note that probing the magnetic monopoles of the QSL via the
Raman scattering of the phonons in zero and 7-flux phase is quite similar to— (a) high energy
pair production (Fig. 4.7(a)), and, (b) the deep inelastic scattering [125, 126] of quarks in
quantum chromodynamics (QCD) by the leptons, respectively, as described by the standard
model of high-energy particle physics (Fig. 4.7(c)). The corresponding two relevant vertices
are shown side-by-side in Fig. 4.7(b) and (d), respectively for comparison. In QCD, the quarks
become asymptotically free at high energies and the high energy lepton can then probe them
on sub-hadron length-scales [127, 128]. In a QSL, however, the non-trivial entanglement lead-
ing to fractionalised novel excitations is a low-energy/long-wavelength emergent phenomenon

which the phonons probe via “shallow” inelastic scattering.
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Figure 4.7: Correspondence of scattering diagrams: (a) The high energy photon can lead to
creation of a positron and an electron via pair production, (b) In non-Kramers quantum spin ice,
the phonon flips a spin and creates two magnetic monopoles of opposite charges, (c) In deep
inelastic scattering, a photon emitted from a lepton scatters off a parton, a quark ¢, contained in
the hadron, a gg-pion as a free particle at high energies, and (d) In shallow inelastic scattering,
an optical phonon emitted from a photon scatters off a parton, a magnetic monopole or electric
charge, emerging from the spin degrees of freedom from fractionalisation at low energies.
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4.6.4 Beyond gauge mean field theory : Gauge fluctuations

Coming back to the calculations of Raman cross-section, we note that the previous results (de-
scribed by Eqgs. 4.34 and 4.37) was obtained within gauge mean field theory neglecting the
gauge fluctuations. We now consider the effect of long-wavelength gauge fluctuations within
a weak-coupling approach for the emergent electrodynamics. At present, it is not clear that
such a weak-coupling approach is valid for treating the gauge fluctuations. In fact the cou-
pling parameter— the fine structure constant— for the emergent electrodynamics is generically
expected to be sizeable. However, recent numerical calculations [120] on quantum spin ice (via
Eq. 4.16) suggest that the emergent fine-structure constant is < 0.1 which may suggest that the
perturbative expansion could still provide an estimate of the effect of gauge fluctuations.

For the zero flux case, this is captured by the expansion, e**r# ~ (1 4 iAr,.). Hence,

(from Eq. 4.15) the interaction between monopole and gauge field is given by,

Hor == 3 [ 0ol poren + 45 () Al ] (439)
k X v
where Ay, = \/LN Y rer Ar, .. The details of the vertex functions, 7% 5k, k'), are given
in Appendix B.5 for the zero flux phase. The 7-flux phase can be treated in a similar way.
There are two (related by Ward identities) effects of the gauge fluctuations— renormalisation of
the vertex (Fig. 4.2(a)) and renormalisation of the monopole propagator (Fig. 4.8)— which we
discuss in turn.

In presence of such gauge fluctuations, the vertex functions for the bare phonon-monopole
interactions get dressed via the virtual photon exchange processes as described by Fig. 4.2(a).
This effect can be taken into account by calculating the modified vertices, al(f ) 4+ 5041(!) ). We
compute the leading order corrections by expanding the bare monopole energy about the band
minima at k = 0 (Eq. B.28). Similarly, all the bare vertex functions (041(< ,ozl((t2 Vs / Y5k, K))
are also Taylor expanded in polynomials of momentum and only the leading terms are consid-
ered. We note that the terms with higher powers of momentum contribute to more sub-leading
(in temperature) corrections to the mean-field vertices at low temperatures. With the above
approximations, the leading frequency independent corrections to the eg and ta, vertices are

obtained as (see Appendix B.5 for further details),
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Figure 4.8: Self-energy of the magnetic monopoles due to the gauge fluctuation.

—BAg —BAo
a ase a ase
5ol ~ ag 4+ — + = + 2<3 1 )

gt T\t T

sl ~ g + % + aQeﬁﬁ e (% + %ﬁ) (4.39)
where a; and a; are temperature independent constants. The correction to the linewidth can
now be obtained by incorporating these vertex corrections to Eq. 4.34. We note that such
contributions do not change the dependence of the Raman response on the two-particle density
of states of the monopoles. Instead, they modify the temperature dependence and overall profile
of the linewidth vs frequency plots (see Fig. 4.5) obtained from the gauge mean field ansatz
by renormalisation of the form factors. However, since the QSL phase is stabilised only at low
temperatures, the temperature dependent vertex corrections merely give rise to a sub-leading
correction to Eq. 4.34 as 7" — 0.

Apart from the vertex corrections, the virtual photon exchange due to the gauge fluctuations
also renormalises the monopole self-energy, via processes shown in Fig. 4.8. Such contribu-
tions renormalise the bare monopole linewidth as well as its band structure. The broadening
of the linewidth is sub-leading in the low-temperature regime. On the other hand, the renor-
malisation of the band structure modifies the two-particle density of states of monopoles by an
amount proportional to the speed of emergent light (c.). As a result, the Raman linewidth gets
renormalised compared to the gauge mean field results described in Fig. 4.5 via the dressed
two-monopole density of states. However, since the large anisotropy of the exchange coupling
(J.. > Ji) ensures Ay > ¢, [64, 96, 120], such effects are small. The large gap of the mag-
netic monopoles in QSL phase preserves the essential features of the Raman response obtained

in the gauge mean field ansatz.

4.7 Self-energy of the phonon due to phonon-photon coupling

Similar to the Raman response due to the phonon-monopole coupling, the leading contribution

to the phonon linewidth due to phonon-photon interaction (see Eq. 4.27) can be computed from
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Figure 4.9: Self-energy of the phonon due to the phonon-(emergent) photon interaction (see Fig.
4.2(b)).

the Feynman diagram shown in Fig. 4.9 appearing in the second-order perturbation theory.
However, we note that the presence of the background electric flux does not change the low
energy photon dispersion, hence the phonon linewidth due to the photons remains similar in

both the zero and 7—flux QSLs discussed above. The self-energy of the phonon is given by,

1 )
Eg(e)(qa i) =22 Z Z gﬁ,y(qv k2, ks, ka)G"(q, ko, k3, ka)0(2 + Qy + Q3 + ()

k2 k3,kg Q2030

X GC(k27 Qg)Dﬁu(k{;;, Qg)DfYV(kZl, Q4)(5(q + k2 + k3 + k4) (440)

Here D, (q, iw) denotes the photon propagator which can be calculated from the effective

low-energy Hamiltonian of the pure gauge theory given in Eq. 4.16, i.e.,

US,

L 4.41
02 +e2 4D

A A .
Dy (q, i) = — /0 (T (Aqu(r)A_qu(0))e" =

Eq. 4.40 can be further simplified by performing the frequency summation [124]. For the
Raman scattering experiments discussed earlier, we consider only the g — 0 limit and focus
on the imaginary part. Typically, the dispersion for the optical phonon can be approximated
as, {0q =~ ). Also, the energy scale of the emergent photon is much smaller than the optical
phonon excitations of the pyrochlores [64, 129, 130]. Hence, at the low temperatures of the
QSL phase, it is fair to consider n(£2y) < n(ek). Setting n(£2) = 0 in the leading approxima-

tion, the contribution to the phonon linewidth is obtained as,
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k k

+8(E — &) [1 +n(E)? + §(E) {2[n(e)][n(ex) + 1]} |,
(4.42)

where £ = (£2 — €))/2. Tt is clear from the above expression that the Raman response occurs
around ) = (), due to the gaplessness of the photons, which is different from the frequency
window at which the magnetic monopole signatures occur. For small positive energies £, the

above expression is further simplified to,

[0, E) x E*(1+n(E))>. (4.43)

For the higher energy regime, the photon band structure starts deviating from the linear
behaviour and the above form is no longer valid. The complete energy dependence of the
above contribution to the linewidth is shown in Fig. 4.10 for different temperatures, where
we have used the lattice regularized dispersion for the emergent photons [64, 96]. Apart from
the usual dipolar form factor, the linewidth profile is mostly sensitive to the photon density of

states, which is shown in the inset of Fig. 4.10.

4.8 Self-energy of the phonon due to phonon-electric charge coupling

The final contribution to the phonon self-energy in the QSL phase arises from scattering of
the phonons off the electric charges. Again, assuming weak coupling between the charges and
the gauge field, we compute the phonon linewidth due to Eq. 4.29 using gauge mean field
theory. As we have already seen, this interaction is very similar to that between phonons and
monopoles. Hence, the contribution to the phonon self-energy also comes from similar Feyn-
man diagrams as shown in Fig. 4.11. There are two possible scattering channels for electric
charge-phonon interactions— absorption of a phonon by a charge, or, annihilation of a phonon
followed by pair production of charges (with charge +1). Similar to monopoles, only the sec-
ond process is relevant here. Therefore, I' ~ O(| 2 | —2A,), and the linewidth vs frequency

profile closely follows the two-particle density of states of the electric charges. This is shown
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Figure 4.10: Energy dependence of the linewidth of the e, phonons due to phonon-
(emergent) photon coupling: The energy dependence is shown at different temperatures.
ce = VUK is the velocity of the emergent photons and its density of states is plotted in the
inset.

Figure 4.11: Self-energy of the phonon due to the phonon-electric charge interaction (see Fig. 4.3(b))

in Fig. 4.12 for ¢t /m = 0.2 as an illustrative example (However, it can be chosen from any value
that satisfies, m > 2v/2t, defining the validity of the QSL description, and the profile remains
qualitatively unchanged). Clearly, the Raman response due to the phonon-charge coupling has
a threshold energy scale of ~ 2A. which is a different energy scale compared to the response
due to magnetic monopoles and photons.

Perhaps, the most crucial observation in the above discussion of the Raman response due to
different spin ice excitations is that in all the cases the phonon linewidth is typically sensitive to
the density of states of the respective excitations, and due to the natural separation of the energy
scale of these excitations, such renormalisation appear at very different frequency window.
We particularly emphasise this feature by depicting the Raman response of the quantum spin
ice in the schematic of Fig. 4.13. Such observation might be particularly interesting for the
experiments to detect the signatures of the emergent quasiparticles of the quantum spin ice

separately in the Raman spectrum.
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Figure 4.12: Two-particle density of states of the charges: For illustrative purpose, we have chosen
t/m = 0.2 where A./m = 0.43.
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Figure 4.13: Schematic of the energy scales of different density of states (DOS) of the emergent exci-
tations contributing to the phonon linewidth.
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4.9 Bilinear coupling

Having discussed the effects of the linear magnetoelastic coupling in the QSL phase, we now
briefly discuss the more familiar contribution to the Raman response of the phonons arising due
to the bilinear magnetoelastic interaction. This is present both in Kramers and non-Kramers
systems, as it arises due to modulation of the spin-exchange interactions via the phonons and
can be obtained from the bare spin Hamiltonian of Eq. 4.3 by Taylor expanding the exchange
coupling constants in powers of lattice displacements (,,,,) from the ionic equilibrium position
(Ry.) [83] as

OI(w) ) 1 O ()

v — - a b
Ja (r> JOé + aRZV uu(r) 2 aRzyaRzV 5,ul/ (r)(s,u,l/(r)

(4.44)

Here, J"*(r) denotes the generic bond dependent exchange coupling constant on the bond of
the pyrochlore connecting the sites (r, ) and (r,v). Here, (r, i) denotes the position vector
of the four spins sitting on the corners of the tetrahedron with its centre at r for y = 0, 1, 2, 3,

with « representing zz or + interactions, and,

RZV - (rvu')a_ (I‘, V)aa (a:x,y,z)
0 = R, — R,

Substituting Eq. 4.44 in the spin-Hamiltonian of Eq. 4.3, we get the coupling between the

phonons and spin-bilinears,

H& = Hy + H, (4.45)

0J.. ., ; ; 0Jy o, B
Hl = Z (aRZV 6uy(r)8r,r+e”8r,r+eu - Wf:zl(spy (I‘) (8:r+eusr,r+ey + hC)) (446)

H—Z 1&&1()51)()2 .

2 = oy QaRZVaRZV o\ )0 T Sr,r+e“8r,r+eu
- A )

_§m5m/(r)5}w(r> <S;r+eusr,r+eu + hC)) . (447)

A unitary transformation can be performed on the displacement operators, §,,(r), to re-
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write it in the normal mode coordinates, ¢ () (r), described in Sec. 4.3. The above interaction
is re-written in terms of the fractionalised degrees of freedom in a QSL phase using the parton
decomposition of spins as described in Sec. 4.4. Within gauge mean field theory, the quadratic

magnetoelastic coupling between the phonons and emergent excitations of the QSL is given by,

0J..
oRg,

anz a a
Hl = Z (aRﬁy(suy(r’ A)BI‘#LBr’y + 5“11(1‘, B)Br—du,/.LBI‘—du,I/

r,u,v

0z & aJs o,
_aR: 5MV(I‘,A) (¢I‘+du,B¢r+d“,B + h.c.) — aR: 5/“/(1', B) (¢I—du,A¢rfdu,A + h.c.))
v o
(4.48)
1., .
= Z (5 (9RZ aRZ 5;11/(1'714)5#1,(1',14)3&”3“”
FNTRY v v
1 0%J
+5 a = 5au<r7 B)(Sbw(r7 B)Br—d“, Br—du,u
20R:, ORL, " , z
1 9%
) a 6al/<r7 A)(sbz/(rJ A) ¢I~ d, gbr—‘,-dﬂ,B + h.C.
2 ORs, ORY, " " (¢ha..n )
1 0%Jy
D) a 6a1/<r7 B)ébu(rv B) ¢i_dv A(brfdM,A + h-C- )
20R:,ORY, Z (¢h-a.. )

(4.49)

The above vertices are described by the Feynman diagrams as shown in Fig. 4.14 and 4.15.

The phonon-magnetic monopole vertex arising from the quadratic coupling is shown in Fig
4.14 where (a) and (b) panels show the contribution from H; , and, (c) and (d) panels show the
contribution from H,. It is clear from these diagrams that such magnetoelastic coupling gives
rise to the hopping of the monopoles which preserves the monopole flavour, i.e., monopoles on
A and B sublattices do not mix under this dynamics. This feature can be contrasted with the
monopole dynamics due to the linear magnetoelastic coupling described earlier in Eq. 4.22 and
4.23.

The quadratic coupling also generates a coupling between phonons and emergent photons
which is shown in Fig. 4.15 with (a) and (b) panels depicting contributions from H; and Ho,
respectively. In contrast to the linear coupling case, the phonons now couple to the gauge in-
variant magnetic field. As expected from time reversal invariance of the phonons, the magnetic
field appears only at quadratic order in such couplings. We also note that the process shown in
Fig. 4.15(a) is in the single phonon scattering channel, which was not present in the previous

case.
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Figure 4.14: Feynman diagram for phonon and magnetic monopole interaction due to the spin-
phonon coupling quadratic in spin operators: (a) and (b) are the contributions from H1, and, (c) and
(d) are the contributions from Ho (see Eq. 4.48 and 4.49).

(b)

Figure 4.15: Feynman diagram for phonon and photon interaction due to the spin-phonon cou-
pling quadratic in spin operators: The circles represent the form factor that makes the vertex gauge
invariant. (a) and (b) are contributions due to H; and Ho, respectively (see Eq. 4.48 and 4.49).

Similar to the linear magnetoelastic interaction, the quadratic coupling also renormalises
the phonon frequency and linewidth by opening up the decay channels for phonons depicted
in Fig. 4.14 and 4.15. However, these new scattering channels do not change the essential
features of the Raman linewidth, and its frequency dependence on the density of states of
emergent excitations remains unchanged. In the non-Kramers materials, this contribution is
expected to be sub-dominant compared to the phonon renormalisation due to the linear spin-
phonon coupling. However, we note that the quadratic coupling is the only component of the

magnetoelastic coupling present in the Kramers materials.

4.10 Self-energy calculation in (thermal) paramagnetic regime

Finally, to contrast the case of the QSL to an ordinary paramagnet, we compute the self-energy
of phonon in the high-temperature paramagnetic regime, where 7' > J.. such that the ther-
mal fluctuations predominate. In this thermal paramagnet, due to the presence of abundant
thermally excited both electric charges and magnetic monopoles, they cease to be well-defined
(sparse) quasiparticles, instead presenting randomly fluctuating background fields. In such a

case, individual monopoles or charges cannot propagate coherently, and, the deconfined U(1)
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gauge theory no longer is a valid description of the system. Instead of using the emergent exci-
tations, the dressed self-energy due to the spin-phonon interaction (as described in Eq. 4.6 and
4.7) is now computed in terms of the original short-range correlated spin degrees of freedom.

The phonon self-energy due to the linear spin-phonon coupling is given, e.g. for e, modes, by

See (@ i) = —J6 Y Z (. i) + 0l (—a)rpe (—q, —i)]  (4.50)

a=z,y p,v=0

where £0(q, iw) = foﬁ dr(T (s%(q,7)s5(—q,0)))oe™" is the time ordered spin correlation
function and 77#1, (q) is the form factor for the e mode. Similar expressions hold for to, modes
as discussed in Appendix B.6.

From the bare spin Hamiltonian, we expect the spin-correlations to be diagonal in the spin
indices (defined using the local quantisation axes given by Eqgs. B.1 and B.2), i.e., ki, B(q,iw) =
00 nij (q, iw). Further, in this thermal paramagnetic phase, the spins are incoherent and, there-
fore, the spin correlations are dominated by the short time values which we replace by the equal
time correlators, which in turn can be computed from the high-temperature expansion using the

bare spin-exchange Hamiltonian. The leading contribution is given by,

r—x/]

(s¥s%)g = (s¥s? o me € (4.51)

r°r/

where ¢ ~ [/1In (%) is the finite correlation length in the paramagnetic phase. Taking the

Fourier transform and substituting it in Eq. 4.50, we obtain,

T3

The above expression is purely real, and hence contributes only to a Raman frequency shift that
decays inversely with temperature.

Therefore the leading effect of the spin-phonon coupling is to renormalise the phonon en-
ergy while its lifetime receives sub-leading contributions. Therefore, the Raman linewidth
for the phonons acquires an anomalous broadening while going from the high-temperature
paramagnetic phase to the low-temperature QSL. This leads to the question what happens
to the linewidth at the thermal confinement-deconfinement phase transition between the low-

temperature quantum and high-temperature thermal paramagnets? This is an interesting and
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experimentally relevant question which will be very useful to understand in the future.

4.11 Phonon mediated Loudon-Fleury vertex

In addition to the renormalisation of optical phonons, the magnetoelastic coupling can further
mediate interaction between the external Raman photons and the magnetic degrees of freedom
via phonon mediated Loudon-Fleury vertex as discussed in Sec. 2.3. Such interactions are
of particular interest in those materials where the phonon has a very different energy scale
compared to the QSL excitations [130, 131].

As explained in the earlier sections, the external photons of the Raman experiment probe
the phonons of the system (via Eq. 2.4), which further couple to the fractionalised excitations
via the magnetoelastic coupling (see Eq. 4.22, 4.23, 4.27, 4.29). Therefore, integrating out the
phonons leads to an interaction between the external photons and the emergent electrodynam-

ics. The leading order interaction vertices are obtained as follows,

H}p = (Hraman Hop)e (4.53)

HII?F = <H12%aman thonon—phot0n>c - <Hl2%aman>f <th0non—photon> ¢ (454)

Ay [DCO e _ g® (t2) Qi ifvi -
where (O), = T Dc e and H,, = Hg, + Hsp”’. Simplifying the above expressions, we

get,

Jsgp) - ] n, ou n ou
Hyp =50 / LTk [V A] Gy wits i (aneg + ) AT (k) AT (k2) 6L, 4dka
i=1

X 6(1{1 + k2 + k3 + k4) + h.c.
(4.55)
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(4.56)

where the optical phonon band structure is approximated as €}, ~ (2. Clearly, the above

contributions are suppressed by the optical phonon energy scale compared to the usual Loudon-
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(a) (c)

Figure 4.16: Feynman diagram for the phonon mediated Loudon-Fleury vertex in quantum spin ice for
(a) magnetic monopoles (see Eq. 4.55) and (b) photons (see Eq. 4.56). (c) Feynman diagram contribut-
ing to Raman intensity due to the phonon mediated Loudon-Fleury vertex for magnetic monopoles.

Fleury vertex [64]. Feynman diagram for Egs. 4.55 and 4.56 are shown in Figs. 4.16(a) and
4.16(b), respectively.

Raman intensity due to these processes is obtained by calculating the imaginary part of
the bubble diagrams which comes in the second order perturbation theory. The bubble due
to the monopoles is shown in Fig. 4.16(c). It is clear from the diagram that the resulting
monopole bubble is exactly same as the one obtained (see Fig. 4.4) earlier. Therefore, the
Raman intensity due to the phonon mediated Loudon-Fleury processes are sensitive to the
two-monopole density of states in the QSL phase and it can in principle also characterise the
physics of spin fractionalisation even if the phonon is off-resonant to the quasiparticles of the

QSL phase.
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CHAPTER 5
ANOMALOUS RAMAN SIGNATURES OF Ca;(Cr;0-s

5.1 Introduction

In this chapter, we present vibrational Raman signatures of another exotic quasi-two-dimensional
material, Ca;oCr;O9 [59, 132, 133], which is a quantum Heisenberg magnet on bi-layer
kagome lattice. This work is an experiment-theory collaboration, where we tried to develop
a theory for the anomalous phonon spectra observed in the Raman scattering on the polycrys-
talline samples. We will soon see that this effect is very different from the Raman anomaly
observed in the QSL phases described earlier. Renormalisation of the phonons in Ca;(Cr;Oog
originates from an intricate reordering of the orbital degrees of freedom of the magnetic atom,
instead of the spin fractionalisation of a QSL phase.

The actual stoichiometry of the compound, Ca;o(Cr" O,)s(Cr"?0,) [134], contains magnet-
ically isolated distorted kagome bilayers of spin—% Cr®* ions with both ferromagnetic (FM) and
antiferromagnetic (AFM) isotropic Heisenberg exchange couplings [132, 135]. The magnetic
Hamiltonian, constructed from the experimental phenomenology and first principle calcula-
tions, accounts for the inequivalent FM (significantly stronger) and AFM isotropic Heisenberg
couplings (XJ < 1 meV) [133] and results in a mean-field CW temperature of -y =~ 4 K [59,
135]. However, the system shows no sign of long-range magnetic order or any spin freezing
down to 19 mK, implying the presence of a fluctuating spin liquid ground state as confirmed
from bulk susceptibility, heat capacity, SR, or neutron scattering measurements [59, 132, 133,
136, 137] as well as from theoretical studies [137-139].

Surprisingly, the Raman scattering experiment performed by our collaborators on this sys-
tem down to ~4 K, reveals strong anomalies in the temperature dependence of phonon fre-
quencies and linewidths, at the crossover temperature 7 ~100 K, much above the temperature
scale (~10 K) associated with the spin-exchange interactions. Hence this cannot arise from the
non-trivial spin-phonon coupling, because for all practical purposes, spins are deep inside the
thermal paramagnet, i.e., effectively at infinite temperature (7//©¢y > 1). On the other hand,
these Raman anomalies also do not arise from the temperature-driven magnetic ordering transi-

tions [140, 141], which are strictly absent in this frustrated system [132]. This raises the central
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question about the origin of the new crossover energy scale and the associated Raman-active
phonon renormalisation.

To answer this question, we first note that the system contains the Jahn-Teller (J-T) ac-
tive [61] Cr®" ion sites offering moderately distorted Cr"’ O, tetrahedra even at room tem-
perature as reported in the earlier studies [62]. Clearly, the phonon anomaly then cannot be
attributed to the static to dynamic J-T crossover [142—144]. Therefore, we turn our focus on
the co-operative J-T effects driven by the interaction between localized orbitals and the crystal
lattice [145]. In fact, we theoretically predict a rearrangement of the orbital degrees of freedom
of Cr®* ions below the temperature scale of primary J-T distortion driven by the orbital fluctu-
ations. We claim that the phonons are sensitive to such orbital reordering via the cooperative

JT mechanism, which in turn renormalises the phonon parameters.
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Figure 5.1: Temperature dependence of (a) frequencies and (b) linewidths of selected phonon
modes: The orange curves are fits to cubic anharmonic model given by Eq. 5.2. Values of the fitting
parameters for different modes are mentioned in the plot.

5.2 Experimental observations

In this section, we briefly describe the experimental observations regarding the phonon spectra
in Ca;(Cr;0sg, which is reported in the Ph.D. thesis of our collaborator, Srishti Pal [75].

The temperature evolution of frequencies and linewidths for various phonon modes ob-
served in the experiments are shown in Fig. 5.1(a) and (b), respectively. The solid orange lines

are fits for the phonon parameters between 100 K and 295 K determined from the simple cubic

71



anharmonic model [146]. These fitting equations are given by,

W = o + A[1+ 205 (%)] 5.1)
%), =To+ B [1+2np (%)] (5.2)

where w is the bare frequency, I'y, A and B are constants, and np(w) is the Bosonic distribu-
tion at temperature 7'. The dashed lines are the extensions of the fits to the lower temperature
regimes. Clearly, except for M8, frequencies and linewidths of all other modes exhibit anoma-
lous behaviour with temperatures. The frequencies of M1, M2 and linewidths of M1, M2, M5,
and M6 show clear deviations from the expected cubic anharmonicity below ~100 K. The fre-
quencies of M5 and M6 remain anomalous throughout the entire temperature range and hence,
cannot be fitted with the cubic anharmonic model.

In the following sections, we construct the theoretical model to explain the possible origin
of these anomalous behaviours in greater detail by carefully taking into account the J-T effects
in the material, which naturally gives rise to a new crossover energy scale, and can be attributed

to ~100 K.

5.3 Theoretical model

A minimal model that captures the J-T distortion includes the spin-1/2s, S, and the two e4-
orbitals ((|ds,2_,2), |ds2_y2)) = (|+),|—))) 7 on the Cr’* sites as well as the Raman active
phonons, Ci(p ) (p denotes the normal modes) with appropriate symmetries. The associated spin-
orbital-phonon Hamiltonian is given by H = Hg, + H., where H is the harmonic phonon
Hamiltonian:
Loon? Lo oy
He=Y_ 5 (7)) + 5GP (5.3)
p

with 7 representing the momentum conjugate to the mode ("), and Hg,, ; governs the cou-

pled dynamics of spin, orbit and phonons:

Hsrc= 3 [Kgﬁ +J30S, - sj} rerd 4 3 TP (5.4)
(ig),o8 1,p,8
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with Jgﬁ and K gﬁ denoting the bare spin-spin and orbital-orbital exchange interactions re-
spectively between two neighbouring Cr’* ions; I'”# is the coupling of the orbitals with the
phonon modes. Note that, due to the absence of atomic spin-orbit coupling (expected to be
small for 3d transition metals), the spin-spin interactions are rotationally symmetric while
the dependence on the orbital labels is constrained by lattice symmetries. The second term
in the above equation is the symmetry allowed linear coupling between the orbitals and the
phonon modes that is present in a J-T active ion and is responsible for the distortion of the
lattice. The spins being in the thermal paramagnetic phase, at the experimentally relevant tem-
peratures, they only modify the orbital exchange interaction via short-range spin correlations,

aff aB _ 1raf af

5.3.1 The primary J-T distortion

The primary distortion of the CrV O, tetrahedra is theoretically captured by considering the
minima of the J-T potential, Hyr = }_ 4 refcrs 44 >, Gu(C (P))2, with respect to (),

which occurs at

p,B8
W= -3 %Tﬁ (5.5)
B

p

This is lower in energy when (77) # 0, i.e. the orbital degeneracy is lifted, and thereby the
tetrahedra is distorted. This is nothing but the single-ion JT distortion. Substituting the above
minima in the H;7, we obtain the energy gain due to the J-T distortion. For more than one

mode, it is given by,

EJT:—Z T (5.6)

Clearly, the above expression is always negative suggesting the fact that the reduction of the
symmetry via lattice distortion is always favourable. The maximum energy gain occurs for
the mode with the largest J-T coupling, I'”# and minimum elastic constant, C,. This in turn

dictates the specifics of orbital splitting, (7°).
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5.3.2  Orbital reordering at intermediate temperatures

Below the temperature scale of primary J-T splitting, the other J-T coupling constants, as well
as the orbital fluctuations can induce a reorientation of the orbital ordering, which was already

set by the primary J-T. Such effects are typically expected to be governed by the orbital ex-

af

change energy scale, ICZ] ,

and might lead to an appearance of a cross-over energy scale which
we are going to explain now in detail.

Consider the intermediate temperature range where the Raman anomalies are observed:
Ocw(~ 10K) < T < Ty(> 300 K), where ©Ocy ~ 10 K and Ty are respectively the CW
and the primary J-T transition temperatures. At this regime, the orbital ordering has already
set in due to the primary J-T effect. Let us assume that this ordering is along 7% (we do not

know the actual direction of distortion from the powder samples). Therefore, the effective

Hamiltonian in the intermediate temperature range is given by

H= Z IC%B R ERAN Z 77 + Z INCIG LR E ey - (5.7
(ij),0B i i.p

where A; characterises the splitting of the orbitals due to the primary J-T effect, I:IC is the
harmonic phonon Hamiltonian in the distorted lattice. The sum p now runs over the other
phonon modes that can potentially lead to co-operative J-T. In principle, there will also be a
symmetry allowed term of the form A, ) . 7 coming from the lattice distortion at the primary
J-T transition, but the effect of such terms is straightforward— they smear out sharp features of
phase transitions arising from Eq. 5.7 and makes way for smooth crossover. Assuming a single
secondary mode favouring the orbital reordering along a particular direction, the mean-field
phase diagram of the orbital part of the above Hamiltonian is easy to work out which we show
now.

At the mean-field level, approximating orbitals by their expectation values— (77}, the Hamil-

tonian of Eq. 5.7 can be written as,

AME = N K ey + A i+ Y Ty (5.8)

(ij),ap 3,p,x
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Then we can use Eq. 5.5 to replace (((P)) = — Fgf (77) to obtain

HYF =N K +A127 =Y ph (5.9)

(ig),aB h,af

where, p*% = 37 FPZ,—FPB Considering a simplified case where the cooperative JT tries to
p

align the orbitals in 7 direction, the above mean field Hamiltonian can be further simplified as

HMF — Z Ko +A12T = ()T (5.10)

(i3),apB a8

where we have neglected other P terms, and write down the minimal orbital exchange term
that gives rise to the reordering along 7*. Assuming the orbital exchange coupling constants to
be uniform, i.e, ICZ”F]:'r = KC**, and defining the effective onsite average CW field to be > | y IC;{”J?” =
KeeD = K= (where D is the coordination number of the lattice), the above Hamiltonian can

now be solved as a single onsite spin problem. At finite temperature, it then gives rise to

(r7) = —% tanh[E /T] (5.11)
(%) = (i = gm)w) tanh[E /T (5.12)

. 2 1/2
where F = {(K” — ,um> (T2 + A%} . This in turn translates into

T>T.: (r%) = —tanh[A,/T] and (%) =0 (5.13)

and
T<T. : (r*) =% tanh[E/T] and E = (u** — K*)tanh[E/T] (5.14)
where the transition temperature, 7, , is determined from, 6 = tanh[0/t.], with 6 = (mﬁ—licw)

and t, =T,/ <um — I€m> This equation has a finite solution as long as < 1 (see Fig. 5.2).
Clearly, this implies that the orbitals rearrange themselves via the intersite orbital exchange
interaction below the temperature scale of 7,.. The reorientation of the orbitals are shown
in Fig. 5.3(a) and (b). Our central idea is to associate 7, with ~100 K, the experimentally

observed onset temperature scale for the phonon anomalies.
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Figure 5.2: Temperature scale for the secondary cooperative Jahn-Teller ordering transition

5.4 Phonon renormalisation due to the orbital reordering

In the intermediate temperature regime, the phonon anomalies observed in the vibrational Ra-
man scattering experiments can be taken into account by considering the fact that phonons
are coupled to the orbital degrees of freedom, hence the reordering of the orbitals, in turn,
renormalises the phonons via co-operative effects. For this, we note that in addition to I'?#,
the orbital-phonon coupling has another source i.e., the coupling constants, ICU , which are

dependent on the dynamic distortions of the tetrahedra. Hence we have, similar to the usual

magnetoelastic coupling,

K?jﬁ _ ]C?ﬂ + ZAQBJ) C(P + ZB&@PQC(I’ C (5.15)

p.q

where Afjﬂ P and Bgﬁ P4 are coupling constants whose different components are constrained
by the residual symmetries. Using this in the Eq. 5.7, we obtain the complete orbital-phonon

coupling that is central to the vibrational Raman scattering.

Horb—ph — Z I‘PﬂTﬁ_i_ZAaﬁP o 5 _|_Z Z BaﬁquaTﬂg(P)C (516)

i,p,B Jrox ij af,pq

The phonon renormalistion can then be computed perturbatively due these interactions.
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Figure 5.3: Orbital reordering due to the orbital fluctuations below 7,

The renormalised phonon parameters generically get contribution from both the anharmonic

effects and orbital reordering, hence we write

Aw® = ® — o = Aw® + Aw® (5.17)

anh orb

ne = no® +1u | (5.18)

or
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where the subscript “anh” and “orb” represent the contributions due to the anharmonic effects
and orbital reordering, respectively. While the anharmonic contribution to the phonon parame-
ters are usually determined from the fitting of the experimental data at high temperatures (see
Eq. 5.2), the orbital contributions are computed here due to the orbital-phonon coupling which
we present now.

The leading order renormalisation of the frequency is is given by

Aw®) o B (rf77) (5.19)

Clearly, the frequency renormalization due to orbital reordering is determined by the equal-time
spin-correlators on nearest neighbours. Within our minimal model, approximating (7 T > ~
(79)(7#) below T, we obtain the results that are plotted in Fig. 5.4(a) as a function of tem-
perature for various representative choices of the coupling constants. In particular, it is clear
from these plots that the softening or hardening of the phonon is determined by the sign of
the coupling Biﬁj%p P, 'We see both these behaviours for different phonons that are consistent
with the experimental observation [see Fig. 5.1(a)]. An estimate of these coupling constants,
however, requires a more microscopic calculation which is beyond the purview of the present
symmetry-based arguments.

Turning to the linewidths, we calculate it via diagrammatic perturbation theory from the
imaginary part of the phonon self-energy arising due to its scattering of phonons with 7*s. To

the leading order of perturbation theory, it is given by,

o
%) « Zm ( /0 dr ¢ (T |T

r®s- ﬂ _|_ZABV (») ,3 ( )]

[rw YO+ AL ’<o>] >>>

(5.20)

The expression can further be simplified which is shown in the Appendix C.1. The resultant

leading order Raman linewidth is given by

H(P) (w>

orb

> My Tm |G (k= 0,0 +i0%) | (5.21)

V=,
where (fu,,(k, iwy,) is the Fourier transform of the time-ordered orbital correlation functions,
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~

Cu(r,7) = (T (1#(1)7§(0))) — (7#(7))(7§(0)), and M, is a constant whose form can be
found in Appendix C.1. The correlation functions for the orbital degrees of freedom are explic-
itly calculated within a quadratic approximation (see Appendix C.2 for details). We plot the
temperature dependence of the linewidth in Fig. 5.4(b). For simplicity, we also assume the cou-

pling coefficients, M ,,,, to be temperature independent, and therefore this is now completely

s
controlled by the two-point dynamic correlators of the orbitals. We note that such behaviour is
in direct conformity with the experimental observation [see Fig. 5.1(b)].

At this point, we would like to note that the phonon anomalies which were described in the
earlier chapters arise due to the opening up of new scattering channels due to the fractionalistion
in a QSL phase, hence such effects are quite generic and expected to happen in any QSL phase
with moderate magnetoelastic coupling. However in this case, in addition to the orbital-phonon
coupling, a central role behind such anomaly is played by the non-trivial interplay of the J-T
effects and the orbital fluctuations, which are strongly material dependent. Thus on a generic

ground, such effects are not expected to be universal and their experimental realisation in other

contexts might be more challenging.
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Figure 5.4: Frequency and linewidth renormalisation from theoretical calculations: (a)
Frequency shift due to the orbital reordering. Blue, black, red and magenta curves are obtained
by choosing (B**#P B**PP B#*PP) to be (1,1,1), (1,1,—1), (—=1,1,—1) and (1, —1, —1), re-
spectively. (b) Linewidth renormalisation of phonon. For blue and red curves, we choose
I'y=0.01, My, =M,,=—-1land I'y = 0.01, M,, = —0.7, M,, = —1, respectively and
set all other parameters to zero. For both the panels, § = 0.5.



CHAPTER 6
SPIN-3/2 ICE

6.1 Introduction

In this chapter, we describe the possibility of realising new kinds of frustrated magnets in-
cluding low-energy magnetic excitations beyond the lowest energy magnetic doublet. This
approach has already been proven to be very insightful in several cases, with the novel features
reported both in classical [147, 148] and quantum [20, 149] versions of these models. Inter-
estingly, the understanding of these systems allows us to explore more exotic gauge structures,
and associated fractionalisations in the solid state set ups [20, 21, 147—-149], as well as to realise
various unconventional phases and associated phase transitions.

In the search for novel QSL phases in magnetic insulators, the primary focus has been
on spin-1/2 systems where the quantum fluctuations are significantly strong. For systems with
higher spins (S > 1/2), it is generically expected that the spins are more prone to order magnet-
ically. However, there are interesting exceptions to this, starting with the symmetry protected
topological AKLT phases for S = 1 chains [150] and its higher dimensional analogues [150,
151], as well as S = 1 QSLs [152, 153]. This has received particular attention in recent times
with several examples of multiorbital magnets with the spin moments S > 1/2 [154, 155]. In
most of these cases, the large spin representations arise primarily in two ways — (1) due inter-
play of orbital degeneracy whence the electrons align in order to reduce Coulomb interactions
(via Hund’s rules) typically in 3d transition metals, or, (2) due to spin-orbit coupling (SOC)
such that the total moment of each electron J = L + S is larger than 1/2. The low energy spin
physics is then described in terms of the degenerate (25 + 1) states at every site which interacts
via symmetry-allowed interactions.

In this work, we show an alternate novel route for stabilising frustrated S = 3/2 magnets
with novel paramagnetic phases where the large spin occurs due to almost degenerate crystal
electric field (CEF) doublets that arise in rare-earth pyrochlore magnets due to the intricate
interplay of electron-electron Coulomb interactions, SOC and CEF [12, 24, 85, 86]. Remark-
ably, the splitting of the doublets is already known to be low in several candidate pyrochlore

magnets [104, 156]. We further show that the splitting can be tuned via phonons due to the
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Figure 6.1: (a) Onsite low energy CEF doublets of our model, (b) Onsite CEF energy levels
of Th,Ti; O [156]: In the low-energy theoretical formulation, we only consider the lowest two
doublets denoted by | 01) and | 71.), separated by an energy gap of A (Eq. 6.1).

magnetoelastic coupling present in these compounds, leading to the interesting possibility of
observing both S = 3/2 and S = 1/2 [12, 19, 42, 49, 88] ice in various candidate materials
with small and large CEF splitting, respectively, along with a rich physics in the intermediate
regime as well. In fact, here we discover a particular scenario where the lowest excitations of
the model are very different from the excitations of a S = 1/2 ice [12, 42, 49], which are akin
to the magnetic monopoles of the emergent magnetostatics. These new excitations are shown
to have no gauge charges under the emergent gauge transformation, which in turn results into
a drastic consequence on their dynamics — they become unusually immobile and robust under
thermal fluctuations. This leads to an interesting possibility of a very slow equilibration process
of the S = 3/2 ice at low temperatures via dynamical arrest of these excitations.

In the following sections, we now first give the details of our lattice model and then go into

the discussion of various interesting features associated with it.
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6.2 Theoretical model

Here we consider the pyrochlore geometry with a different CEF scheme. The onsite low-lying
CEF energy levels of our model are shown in the schematic of Fig. 6.1(a) where | o1) and
| 71) denote the ground state doublet and first excited doublet respectively of the onsite Hilbert
space separated by a small energy scale A. All other CEF levels are well separated from these
low-energy doublets, hence, ignored in the low-energy description. The central attempt of this
work is to understand what kind of new features such model gives rise to, due to the presence
of such low-lying excitations.

A natural description of such model can be obtained in terms of effective S = 3/2 operators,
where S* = +1/2 and S* = £3/2 denote the o and 7 doublets respectively. The CEF splitting
Hamiltonian for this manifold is then given by (the local [111] direction that forms the natural

axis of these materials)

A 1
Hy=75) ((55)2 - Z) , (6.1)

i

while the leading order AFM Ising interactions between nearest neighbours are of the form,
HY =J..) SS7. (6.2)
(ig)

Together they lead to a novel generalisation of the “Ice rules”- the spin-3/2 Ice — with new
consequences both at the classical and quantum level.

Remarkably, in the experiments, such models have a concrete realisation in the rare-earth
pyrochlore, TbyTi,O;. The CEF levels for the Tb3™ ion in Tb,Ti,O; are schematically depicted
in Fig. 6.1(b) [156] to indicate its proximity to our model (also see Appendix D.1). The higher
levels can be safely ignored due to their large gap, below the Curie-Weiss temperature scale
of the compound, which is ~ 19 mK [156]. We note that for further material realisations,
the ideal candidates would be the non-Kramers [29, 101, 104, 156] subclass of the rare earth
pyrochlores (note that Tb,Ti;O7 also belongs to this category). In this subclass, as we have
already shown in Chapter 4, the magnetoelastic coupling is significantly large, leading to the
possibility of hybridisation of the two CEF levels via phonons and renormalisation of the CEF
gap. With this added tunability in the CEF scheme, such candidates are the natural choice

for realising our theoretical model. In the following section, we explicitly show the phonon-
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mediated hybridisation of the CEF levels considering their coupling to the dynamical phonons.

6.3 Magnetoelastic coupling and tunability of the CEF gap

In Chapter 4 of this thesis, we have already given a derivation of the linear magnetoelastic
coupling in the non-Kramers pyrochlores, using detailed symmetry analysis. Here we discuss
another derivation of the same but from a more microscopic point of view. As we will see, this
naturally generalises the linear coupling to the higher non-Kramers CEF doublets, and takes
care of the possibility of the hybridisation of CEF levels as well.

To start with the derivation, we first introduce a microscopic description of spins using
parton decomposition technique. Two flavours of hard-core bosons are introduced to represent

each doublet which are as follows.
| £) =0l [0) , |£)=d.|0). (6.3)

Now the effective spin-1/2s (¢* and 7#), obtained by projecting the angular momentum in these
two doublets, can be represented by these hard-core bosonic operators via the well-known spin-

1/2 to hard-core boson mapping:

1 1
ot = §bgngﬂbﬁ , TH= §dgngﬁdﬁ . (6.4)

where n* denotes three Pauli matrices for i = z, y, z. The magnetoelastic coupling can now be
obtained by writing symmetry allowed coupling between e, phonons and microscopic parton

degrees of freedom. This is given by,
Hsp—ph = Ho—ph + Hr—ph + HO’—T—ph ) (65)
where,

Ho pn = FJ(CzUm + Cyay) )
HT—ph - FT(CLBTx + CyTy) )

Hyrppy = D[Cu(dlby + dlby) — iy (dlby, — dlby) + hec] (6.6)
where, ((;,(,) are two normal modes of the pyrochlore lattice which forms e, irreducible
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Figure 6.2: Feynman diagram of the magnetoelastic coupling of Eq. 6.6: (a), (b) and (c) represent
the interaction due to H,_pp, Hr_p, and H,_ ), respectively. Black and blue solid lines denote the
particles in the ground state and first excited doublet. The curly line stands for the phonon excitations.
u € (+, —) and i represents the opposite flavour of .

representation. It is evident from the above expression that H,_,;, and H._,, give the linear
coupling between the low energy doublets and phonons, whereas H,,_._,;, produces a coupling
between ground state doublet, the excited doublet, and the phonon. These are represented in
the Feynman diagrams given by Fig. 6.2.

The energy gap (A) of the CEF levels being small in our model, the phonons can now dy-
namically generate significant coupling between the two doublets. Treating the magnetoelastic
coupling as the smallest energy scale of the problem, we integrate out the optical phonons con-
sidering second-order processes (see Fig. 6.3), where a virtual photon is exchanged between

the two doublets. This leads to an effective hybridisation of the doublets, which is given by,

1
HO'—T -

0 Fff(an + nbi) + Fz(ndT + ndﬂ + 1y (0y7 + 0y7y) + Fg(blch + bId¢ + h.c.)] ,

(6.7)

where, I'; = 2,1, 'y = I'(T', + T';), Ny, = bLbﬂ, ng, = deu and (2 is energy of the optical
eg mode. We note that the higher order processes involving multiple phonons are suppressed
in the relevant low temperature regime. The first two terms of the above Hamiltonian only
contributes to the renormalisation of the CEF gap, but does not change anything else. The third
term of the Hamiltonian has no matrix element in the physical CEF Hilbert space, which has
the single particle constraint given by, ny, + ng, + na, + nq, = 1. The only relevant effective
coupling between ground state doublet and excited doublet is given by the last term of Eq. 6.7.

Further rewriting the above Hamiltonian in terms of the S = 3/2 operators, we obtain,

10 @
T 3 e s I

(2
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Figure 6.3: Hybridisation of ground state and first excited doublet via virtual phonon exchange
process

In (4) =

—. Entropy ——

In (2) J

In (11/4)

2

%m (3/2) J

< >
~Eg ~J,, ~ g}

Temperature —»

(b)

Figure 6.4: (a) Ground state (GS) and the first excited state (Ex) in different parameter
regime : Red, blue and black line correspond to A= 3J.., A= 2J.., A= J,., respectively.
The ground state configurations in the blue region and the white region are given by | 1111) and
| 3333), respectively. The first excited states (denoted by Ex in the figure) at different region is
explicitly shown in the plot.

Clearly, the effect of the first term is to renormalise the CEF gap, A — A=A+2I resulting
in the possibility of the tunability of the CEF gap in suitable materials. In the last term, 77 =
%S [S"‘SB SV] is the S=3/2 octupole operator (S[-] denotes symmetrisation with respect to the
spin indices «, 3,7 = x,y, 2). This term induces quantum fluctuations and is responsible for
the mixing of o and 7. Momentarily, we shall assume that such mixing is small and shall return

to them along with other symmetry allowed higher rank operators below.

6.4 Phase diagram

With the renormalised CEF gap, A, consider the full classical spin-3 /2 ice problem given by

Egs. 6.1 and 6.2, which can be rewritten as

A—2J..
H=Y (8-27) S5+ ‘% (Qu)’| (6.9)
X

4 ;
1€X
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where Ox = 1 Y ;5 57 With g = 1(—1) for X € A(B) tetrahedra. According to the stan-
dard magnetostatic [88] description of the classical spin ice (CSI), Qx measures the charge of
magnetic monopoles on a tetrahedron. We now discuss various aspects of the model, stabilized
at different regions of A—J., plane.

It is instructive to start with the special limit of A = 2J.. denoted by the blue line in
Fig. 6.4(a). Compared to the S = 1/2 CSI, the ground state ice-manifold obeying Qg = 0
per tetrahedron now consists of 44 configurations at single tetrahedron level out of the 256
states. These 3/2-ice states are given by | 1111), | 3333), | 3111), | 1133) and all the other
configurations are generated by applying TR and lattice symmetries. A Pauling-like estimate
of the extensively degenerate ground state manifold leads to ground state entropy of %ln %

per spin which is &~ 36% of the total entropy and is marginally larger than the CSI case (=

11
4

29%). Therefore, one expects the zero temperature entropy per spin to saturate at %111 as
shown by the blue line in Fig. 6.4(b). Long distance spin correlations in the extended ice
manifold can be calculated using the standard mapping of the problem to magnetostatics [49,
97, 98] where Qg = 0 leads to Gauss’s law resulting in dipolar form ({SZSZ%) ~ ﬁ) as
in CSI. In addition, higher spin representation lead to non-trivial power-law quadrupolar and
octupolar correlations and are given by — ((QZ*QZ7)) ~ m , ((TF*T777)) ~ ﬁ Here
({...)) denotes the connected part of the correlator in the ice manifold. Note that the octupolar
correlations are dipolar since they receive parasitic contributions from the spin correlations
while the quadrupolar correlations only receive contributions that are square of the (S7S%).

The excitations above the spin-3/2 ice manifold are magnetic monopoles with integer
charge, Ox = —6,---,+6 with the lowest excitations (Qx = =£1) being 80-fold degener-
ate for a single tetrahedron. These states are given by | 1111), | 3311), | 1131), | 3331), and
others generated by TR and lattice symmetries.

Departure from the A = 2J.. line splits the above extended ground state degeneracy in
favour of the regular spin-ice manifold whence the ground state degeneracy becomes 6 for
a single tetrahedron and a Pauling entropy of %ln% — as is well known for a CSI. In fact,
depending on the relative values of J,, and A, there is a multi-step partial quenching of entropy,
as shown in Fig. 6.4(b). Similar partial quenching of the entropy is observed earlier in the spin-
1/2 ice via the application of a magnetic field along the easy axis ([111]) direction [49, 157].

For A > 2.J.. (A < 2J..), the ground state is given by the | 1111) (| 3333)) configuration

which is shown in Fig. 6.4(a) which is a CSI in the S = +1/2 (£3/2) manifold with the other
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Figure 6.5: Creation of a §-excitation requires at least six spin-flips on a elementary hexagonal
loop: A representative operator shown here is S;7.S; S5 S, S& Sy . Blue (red) discs represent
S* = £1/2 (5% = +3/2) with red being the sites of J-excitations.

states of the extended ground state manifold now forming excitations. In the more physical

limit of A > 2., these excitations, which we call J-excitations, are comprised of states of the

form [3111) and |3111) with an energy cost of £5 = 2=2%=_ In fact, for 3., > A > 2.J,.,

the d-excitations cost less than the lowest Qg = +1 magnetic monopoles and are the lowest
energy excitations in the system— as indicated in Fig. 6.4(a). It is easy to see that the J-
excitations reside on the sites of the pyrochlore lattice as shown in the right-hand diagram of
Fig. 6.5. Foremost, both the tetrahedra associated with the site individually have zero magnetic
charge, i.e., Qx = 0. In this sense, they are a new class of low energy gauge neutral excitations
not present in spin-1/2 ice. Due to the gapping out of the d-excitations, the correlations at low

temperature now acquire an exponential decay of the form e~/

6.5 Creation and annihilation of the d-excitations

The J-excitation (as indicated in Fig. 6.5), unlike the magnetic monopoles, cannot be created
or annihilated by a single spin flip operation out of an ice manifold, but require a minimum
set of six-spin flips over a hexagonal loop of the pyrochlore lattice. Hence, creating them out
of incoherent local thermal fluctuations at finite temperature is less probable than the magnetic
monopoles even though the latter is energetically more costly. In fact, the process of creat-
ing a single J-excitation is in a one-to-one correspondence with the so-called non-contractible
monopoles [158] in spin-1/2 ice although they are different branches of excitations. Alterna-

tively, the annihilation of a single J-excitation by such thermal fluctuations as single spin-flip
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protocol requires a two-step process: first, it splits into a oppositely charged non-contractible
magnetic monopole pair and then the monopole pair gets annihilated upon recombination
through a series of spin-flips. Clearly, the first step requires activation energy which makes
the annihilation of the d-excitations exponentially suppressed at low temperatures leading to

long-lived d-excitations in quenches [158].

6.6 Entropic interaction between the j-excitations in the low temperature regime

In the temperature regime, 7' < €5, the magnetic monopoles are extremely rare and we have a
dilute concentration of d-excitations. At these low temperatures, as argued above, these long-
lived metastable states are almost frozen at the sites in a background sea of thermally fluctuating
S = 1/2 ice rule preserving states.

In absence of such d-excitations altogether, starting with the well-known spin ice to mag-
netostatics mapping — B - &, = xSy, (where S7 = +1 /2) — the entropic contribution to the
free energy, F, for a CSI is obtained as F /T = § [ d®*r B? with the ice-rules implemented via
V- -B=0.

The J-excitations locally pin the magnetic field as B - &;, = p;,,3/2, where j;, = sgn (S%))
at the frozen locations. This can be implemented at low energy via incorporating a cost term
U icvsr(B - &a — 1i03/2)* where the sum runs over only the sites of the excitations and
where U > 0 is a large number. Expanding the square and coarse-graining, we find that the

free energy in presence of the -excitations is given by
3 0 2
Fz/dr(EB —UM-B), (6.10)

where U is the renormalised magnetic permeability and very suggestively, we have used M to
define new magnetisation arising from the §-excitations as, Ml(r) = > . s 3ftiad (r — 1;) €44.

The d-excitations can therefore serve as magnetization of the emergent magnetostatics. The
entropic interaction between them can then be easily obtained by integrating out the background
spin fluctuations, i.e., B (see Appendix D.5) leading to effective interactions between the o-

excitations is given by

9[72
Fs = = > Villiaps 6.11
’ 167U i Hiaklis ( )

ia’jﬂewén
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(@) (b)

Figure 6.6: Spin correlation function between spins sitting at {0,0,0}e, and {z,y, z}e,
in (a) absence of the d-excitations, (b) presence of two J-excitations sitting at {1,1,0} and
{-1,-1,0}.

where ij‘-ﬂ _ e 373(2?-@&)(”]. 250) is the usual dipolar kernel. This long-range dipolar
interaction is purely due toJ the interaction mediated via the emergent magnetic field and is
similar to that between the ghost-spins in a dipolar-CSI with site dilutions [159]. In fact Eq.
6.11 is exactly the Hamiltonian arrived by Sen ef. al. in Ref. [159] for dilute site impurities
in S = 1/2 dipolar CSI and it was subsequently shown [160] to harbour a topological spin
spin-glass phase for ¢ and j being random. The crucial difference here, however, is there is

no quenched disorder in the Hamiltonian in Eq. 6.9, but, it is self-generated via localised and

possibly randomly placed metastable J-excitations.

6.7 Spin-spin correlations

The free energy in Eq. 6.10 readily gives way to calculate the spin-spin correlations in presence

of a dilute set of )-excitations. As detailed in the Appendix D.5, this is given by:

<z z>_ﬁ af C2U2

rar'8 + i VAV it (6.12)

7 rr/
U iu’jyew 5

where C; and (5 are two positive constants and the first term denotes the usual dipolar spin-
correlations in CSI via fo that results in pinch-points in momentum space observed in neu-

tron scattering. The effect of d-excitations is given by the second term, which arises from an
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effective scattering of the usual spin-1/2s from the j—excitations due to possible entropic rear-
rangements in the ice manifold, and gives correction to the dipolar spin correlations. However,
since Vf‘r[}j falls off as ~ ﬁ, the effect of the frozen J-excitations become significant only

near the frozen locations, the spin correlation remains mostly unaffected in the other places

(see Fig. 6.6).

6.8 Other symmetry allowed interactions

We now briefly study the effect of other symmetry-allowed interactions in addition to Eq. 6.9.
These additional interactions are primarily of two types— (1) classical interactions only involv-
ing S7 and its higher multipoles, and, (2) quantum which involves the spin-flip terms involving

the transverse components.

6.8.1 Classical interactions

For the classical interactions, while there is no symmetry-allowed on-site terms there are bilin-

ear terms given by

AH = Z (JQQfZQjZ + JTTTZZT]-Z"‘Z) . (6.13)
(i)
Here, Q%% = %S [50‘55] — %5"‘51 are the quadrupolar operators. Since, we have S = 3/2, the
on-site Hilbert space allows for 15 operators that includes three spin, S, five quadrupole, Q*%,
and seven octupole 77 (also see Appendix D.3).

With J,, = 0, the Jo > 0 (Jr > 0) only model drives the system into the degenerate
manifolds composed of : | +£3 +£3 £ 1 £ 1) (| 3333)) configurations characterised by zero
quadrupolar (octupolar) charge, i.e., Q% = 1y Yiem QF = 0(QL = mw > ;g T7** = 0).
While | 3333) are usual spin ice configurations with S* = +3/2, the other one is more exotic
with enhanced ground state degeneracy of 96 at single tetrahedron level resulting in significant
enhancement of entropy per spin ~ 65%. We dub it as classical quadrupolar ice.

Turning back to the above regime of our interest where ¢5 < J,, for % < 1, the extended
degeneracy of the special A = 2.J.. line is partially lifted from (at the single tetrahedron
level) 44 to 24 comprised of the subset | 3311)— comprised of the 2-§-excitations. In Fig
6.7, we show the energy dependence on .J,/J., of different classes of low energy excitations

for a representative point in the region 3.J,, > A > 2J,,. The spin ice described above
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Figure 6.7: Energy dependence of different states with quadrupolar exchange constant
(Jg): The octupolar interaction is set to Jr = 0. Red, blue, black, magenta and orange lines
represent energy for | 1111), | 3111), | 3311), | 3333) and | 1111), respectively. Different
colored regions represent various possible phases as mentioned in the figure.

survives along with its properties for Jgy < €5 as shown in the figure. However, in the regime
2 > Jg > %, the d-excitations condense resulting in a generalised version of 1-out-3-in (1-
in-3-out) state, with minority spin being S* = 3/2 (—3/2), comprised of states such as | 3111)
(| 3111)). Such a state breaks both TR symmetry as well as point-group symmetries. For even
larger Jg > 5, the quadrupolar ice is obtained that is characterised by Q% = 0. Therefore,
the phase diagram has two different classical Coulomb phases separated by a symmetry-broken
one and presents a rather interesting situation. The effect of Jr in the same limit is much less

interesting and only renormalises the special line of extensive degeneracy.

6.8.2 Quantum interactions

For the quantum interaction, we have both the on-site contributions with the on-site terms
arising from coupling to phonons as discussed above in H, . The full onsite Hamiltonian
Hy + H, . can be fully diagonalised to obtain the eigenstates of a rotated S; operator (See
Appendix D.4). The bilinear spin-spin exchange terms (Egs. 6.2 and 6.13) when written in this

basis give rise to additional transverse exchange terms of the form

H™ = J Y (SFS7 +he)+-- (6.14)
(i)
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where - - - refer to other symmetry allowed terms. For small, I'y/A < 1- typically expected—
the rotation is small and all the above analysis of the classical Hamiltonian remains completely
valid albeit in the rotated basis.

This leads us to the effect of the intersite spin flip terms in Eq. 6.14 whose generic effect is
to introduce quantum dynamics of various excitations leading to the quantum spin ice— a U(1)
QSL - via resonating loops of spin flips [12]. They also provide dynamics of the emergent
magnetic and electric monopoles and the gapless photons.

Here, however, we focus on the new J-excitations which also become dynamic in presence
of the spin-flip terms. However, because of their gauge neutrality, they hop only via the loop
operators generated at higher order perturbation theory in Eq. 6.14— unlike the hopping of
magnetic monopoles via single spin flip operations that leaves behind a gauge string. We find
that to the lowest order, i.e., applying a single hexagonal loop operator— the smallest loop in
a pyrochlore— the d-excitation can hop only to the second or third nearest neighbour (see Fig.
6.8). Note that the nearest neighbour hopping is not forbidden but is allowed via a two-loop
operator that is suppressed in perturbation theory.

Defining the creation (annihilation) operators for the d-excitations as a! (a.), the hopping

Hamiltonian for the § excitations is written as,

Hs = —t Z (eiﬁA'draIar/ + h.c.) , (6.15)
rr'€2nn,3nn

where 2nn and 3nn represent second and third (sitting diagonally opposite on a hexagon) near-
est neighbour site, ¢ A - dr implies lattice curl of the emergent U(1) gauge field in the quantum
spin ice calculated over the hexagonal loop of which both r and r’ are a part of. Clearly, the s
being gauge neutral do not couple to the vector potential, but couples to the emergent electric
flux, § A - dr. Therefore the dispersion of the d-excitations depends on the flux pattern. For
the two well-known zero and 7-flux quantum spin ice, this leads to relatively inverted band
structures which are shown in Fig. 6.9 (see Appendix D.6 for details of the calculations). The
minima of their energy occur at I' and K points of the BZ, for zero and m-flux, respectively.
Softening of the mode at I' point leads to a /-out-3-in type state with the minority spin being in
the S* = +3/2 state for the zero-flux state while that for the 7-flux state leads to a modulated
ordered pattern. This transition from the quantum spin ice appears to be different from Higgs’s

transition in usual quantum spin ice [17, 19].
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(b) Third nearest neighbour hopping of §-excitations

Figure 6.8: Hopping process of the d-excitations.
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Figure 6.9: Band structure of the j-excitations in the (a) zero-flux and (b) 7—flux phase.
I') X, W, L, K are the high symmetry points of the FCC Brillouin zone.
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CHAPTER 7
CONCLUSIONS

To summarize, this thesis work addresses two central but complementary aspects of QSL
physics in the spin-orbit coupled magnetic insulators.

In the first case, anomalous Raman signatures in the phonon spectra are analyzed in the
context of various QSL candidates. It is shown that due to the magnetoelastic coupling, which
is generically expected to be substantial in spin-orbit coupled magnetic systems, such anomaly
carries signatures of underlying spin fractionalisation that results from the long-range entan-
glement of a QSL. The phonon renormalisation is explicitly calculated via computing its self-
energy perturbatively. The real and imaginary parts of the self-energy are shown to be directly
proportional to the frequency shift and the linewidth of the phonons, which can be measured
explicitly in the Raman experiments. The signatures of the emergent excitations in a QSL
are characterised by the temperature and frequency dependence of these quantities. While the
temperature dependence generically conveys information about the statistics of the underlying
quasiparticles, the frequency dependence carries information about their density of states. We
have explicitly shown the application of our theoretical framework in two examples of Kitaev
QSL and non-Kramers quantum spin ice.

In the Kitaev QSL, we identify the signatures of the fractionalised Majorana particles in
the phonon anomalies, which are in direct conformity with the experimental observations per-
formed on the second generation candidate material, CuyIrO3. Although for the sake of the
simplicity of the calculations, we neglected the flux excitations in the theoretical framework,
our results are argued to be robust even if the fluxes get thermally excited.

In case of non-Kramers quantum spin ice, it is shown that the spin-phonon interaction is
possibly enhanced due to the presence of linear magnetoelastic coupling, which is an essential
consequence of the non-Kramers nature of the low-energy magnetic degrees of freedom. We
show that in the U(1) QSL phase of the quantum spin ice, all the emergent excitations—the
emergent gapped magnetic and electric charges as well as gapless emergent photons—interact
with the phonons leading to identification of all three types of excitations by studying the
phonon anomaly. Interestingly, since in the quantum spin ice phase, the magnetic sectors and

the electric sectors are naturally separated in energy, the Raman response also appears in dif-
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ferent energy windows for these degrees of freedom alongside the gapless emergent photon to
which both the charges couple. Moreover, it is further shown that the phonon as a probe is
particularly interesting, because it can also distinguish between zero flux and 7—flux phases of
a QSL, and hence the PSG implementation realised in the QSL. Given the recent development
in synthesising high-quality single crystals of ProZr,O7 and obtaining their Raman response,
albeit so far only at high temperatures, we hope that our work will contribute to the uncovering
of the experimental signatures of QSLs in the context of the search for fractionalised quantum
phases of matter in D=3.

As a related work, we have also explored the Raman anomalies in polycrystalline samples
of the Heisenberg quantum magnet Ca;oCr;Osg which is observed at a temperature scale much
higher than the one associated with the spin-exchange interactions of the system. Clearly, in
this case, the phonon anomaly does not arise from the fractionalisation physics inside a QSL,
but possibly arises due to a unique interplay of J-T distortion and orbital fluctuations. We theo-
retically predict the presence of an orbital reordering crossover, driven by the co-operative J-T
effects, in the already J-T distorted lattice. The phonon renormalisation associated with this

reordering is explicitly calculated and shown to be in direct conformity with the experiments.

In the second problem, we present a rather novel and yet unexplored possibility in spin
ice systems where the crystal field gap is relatively much smaller, hence, the magnetism of
the material is controlled by the ground state manifold as well as by the first excited states to
reveal a new set of phenomena related to novel gauge neutral excitations. The effect of these
rather localised excitations affects the low-energy spin-correlators measurable in experiments.
These low-lying d-excitations are metastable since they can only decay via creating a pair of
magnetic monopoles. Such metastable states in presence of quench disorder have been sug-
gested to drive glassy dynamics [161] in spin systems. The present situation of such metastable
gauge invariant excitations in an otherwise fluctuating background of a coulomb liquid in a
(quenched) disorder-free system is rather new and can lead to dynamical slowing down [158]
and an interesting topological spin-glass phase [159, 160] at low temperatures 7'/.J,, < 1.
Numerical confirmation of such a phase would be extremely interesting. While the most likely
candidate for such observations are the non-Kramers pyrochlore magnets such as PryZr,O7 [29,
39], Ho,TioO7 [49, 162] and in particular TbyTioO; [103], where the tunability of the crystal

field gap is possible via a soft phonon, the basic physics of the §-excitations can also be realised
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in Kramers systems, albeit with lesser tunability.
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APPENDIX A
SIGNATURES OF FRACTIONALIZATION IN CANDIDATE IN KRAMERS KITAEV
QUANTUM SPIN LIQUIDS, Cu,IrO; VIA ANOMALOUS RAMAN SCATTERING OF
PHONONS

A.1 Details of the Majorana fermion- (optical) phonon coupling

To calculate the phonon renormalisation due to the Majorana-phonon coupling, we first need to
rewrite the magnetoelastic couplings in terms of the Bogolioubov particles since the free Ma-
jorana Hamiltonian becomes diagonal in this basis. Applying the Bogolioubov transformation
given by Eq. 3.5 on the phonon-bond matter fermion coupling Hamiltonian of Egs. 3.19 and

3.20, we obtain,

JK 3 i 2 t 5 i 5 ot
Hy, = 4—\/ﬁb X* ﬁ’p [Ak,k' a_wax —x + Biw a_way_y + Crw ayax—x + Dy Gty
K.k’
(A.1)
. JK )\cd c @d 75 + Q f
> 74N, kpok,q | Pk K G-k Ok —k—K I k! k7 QX" Oy yr_gerr
kK’ k"

+Rk,k/,k”a11‘(”ak”7k7k/ + Sk,k/,k//a’-l-k”al't(—f—k’—k”]

(A.2)

where the vertex functions are given by,

./Zlk7k/ = 7sin Q_k/ COS Hk’—k-Ak,k’ + cos 9_1(/ COS ek/_th_k/ + 7 COS 9_1(/ sin Qk/_ka,_k/
— sin 9_1{' sin Qk/_kaJ(/

By = —sinf_y sin by Ay g + i cos 0_yo sin O 4 By 1o + cos 0y cos O 1 Cr 10
+ ¢sin 0_y cos Ok Dy i/

C_k,k’ = COS H_k/ COS Hk/_k.Ak’k/ + ¢sin Q_k/ COSs Hk/_kBk,_k/ — sin 0_1(/ sin Hk/_ka_k/

+ 7 cos Q_k/ sin gk’—ka,k’
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@k,k/ =i cosf_y sin Oy Axw — sin_y sin Oy By _x + isin 0_ys cos O _xCx _x
—+ cos 0_1(/ COS Qk’—ka,k’

ﬁk,k’,k” = ¢ sin ‘9_1(// COs Hk”_k_kllpk,k/,k” + cos Q_k// COs Qk”—k—k’ Qk,k’,—k”

+ i cos H,ku sin Hku,k,k/”Rk,k/,,ku — sin Q,k// sin Hku,k,k/Sk,k/’k,,
Qk,k’,k” = —sin 9,1{// sin Hk”fk—k’lpk,k/,k" + 1 COS (9,1{// sin Ok//,k,k/ Qk,k/,—k”

-+ cos 9_1(// COS ek//_k_k/RkaQ_kN -+ 18in e_k// COS Hk//_k_k/Sk,k/7k/,
ﬁk,k’,k” = COS «9_1(// COS ek//_k_klpk,k’,k” + 4 sin 49_1(// COS Hku_k_k/ Qk,k’,—k”

— sin 9,1{// sin Gk//,k,k/Rk,k/,,kn ~+ 7 cos Q,k// sin Gk//,k,kISk,k@k,,
Sk,k’,k” = 1COS (9_k// sin ek//_k_k/ Pk,k’,k” — sin 9_k// sin an_k_k/ Qk,k’,—k”

+ 7sin e_k// COSs ek//_k_k/Rk7k/7_k// -+ cos e_k// COSs an_k_k/Sk,k@ku

(A.3)

A.2 Linewidth of phonon

Using the form of the Green’s function for the Majorana fermions, G(k,iw) = ——, the

Tw—€exk

self-energy of the phonons given in Eq. 3.24 can be rewritten as,

Xk

HWWN—MB

1 1 1 1
Myt qx~ , . — M _y_q,—x- . .
Jrq? q7
- W + W, + €kpq Wm — €k W — Wy, — €kyq W — €k
Wm,

1 1 1 1
: - ; + N_x_q—x- : .
W+ Wy, — €xpq W — €k W — Wy, + €k g Wiy — €k

(A4)

_Nk+q,k

To perform the Matsubara frequency summation, we first define

1
h:mpif L L (A.5)

R—oo 2mi | €P% + 12+ iw + eyq 2 — €

1 1 1
L= im o . (A.6)
R—o0 27 | €% + 12 4 iw — €xiq 2 — €k

Here, the contour is chosen to be the circle with radius 1? and the radius is sent to co. The poles

and residues of the complex integrals are listed in the following table.
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I I

Poles Residue Poles Residue

. 1 1 1 . 1 1 1
Wm _B Zwm WHiWm €t ¢ tWm —€g Wm _E ZUJm WHiWm —€x 4 q WmtEk
c nr(ex) c nr(ex)

k iwtegteptg k wtep—€g1q

_ 1-nr(ertq)
wte€gqtek

__nF(ektq)

—wW — €k+q Wt€p—€ktq

—Z(.U + €k+q

Now, both I; and /5 vanishes as R — oo. Therefore, from the above table it is straightforward

to see that
1 P 1 b 1= ﬁF(€k+q) — nr(ex) (A7)
15} W+ Wy, + €kpq Wm — €k 1w + €k + €ktq
1 P — 1 ' L ”F'(Ek) — np(€kiq) (A8)
15} W + Wy — Exetq Wi T €k W + €k — €ktq
Hence, we have,
2 72
: X Ji Myt qx My q,x >
2i(q,iw) ~ 1 —np(ex) —np(e : : — - ’
(@)~ 5 5 [ et —measa) (et e
Nk+q,k N—k—qu
+ (e nF<€k+q)) (iw + €k — €kiq W+ €kpq — €k

(A9)

In this work, we consider the q — 0 limit which is relevant to the Raman scattering. At
this limit, the second part of the above expression with the factor (np(ex) — np(€exiq)) van-
ishes. Finally, we Taylor expand My q kx in powers of momentum and truncate the series upto
the first non-zero term which is momentum independent. This gives the leading temperature
dependence of the self-energy. We take the imaginary part of the above expression after doing
the analytic continuation. Using the identity Zm [m] = —7md(x — x0), we obtain the

expression for the linewidth which is given in Eq. 3.26 of the main text.
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APPENDIX B
PROBING EMERGENT QED IN NON-KRAMERS QUANTUM SPIN ICE VIA
RAMAN SCATTERING OF PHONONS

B.1 Details of the pyrochlore lattice

B.1.1 Local basis for the spins

The spins on a tetrahedron are described by,

S; = S:-Efi'i -+ Sy Az‘ + Sgéi (Bl)
i iY )

where, (Z;, U, 2;) is the set of local basis defined at site i of a tetrahedron (see Fig. 4.1). In

terms of the global coordinates, these local basis vectors for an up tetrahedron are given by,

R (1,1,1) R (?,1,1) . (O,i,l)
20 = , Lo = y Yo =
V3 V6 V2
~ 1,1,1 R 2,1,1 ~ 0,1,1
LWLy oeln o (01
V3 V6 V2
. 1,1,1 . 2,1,1 . 0,1,1
22_( )7352_( ),y2—< )
V3 V6 V2
. (1,1,1) . (2,1,1) . (0,1,1)
Z3 = , T3 = , = B.2
3 \/§ 3 \/6 Y3 \/5 (B.2)

B.1.2 Lattice vectors

The four nearest neighbour vectors, which connect the centre of an up tetrahedron to that of its

adjacent down tetrahedra, are given by,

(1,1,1) (1,1,1) (1,1,1) (1,1,1)

€y = , 81 = ——= , ey = , ez = (B.3)
The FCC lattice vectors are given by,
d,=ey—e,, for n=1,2,3 (B.4)
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B.1.3 Symmetry table for spins

The tetrahedral group, 7}, is made out of 24 symmetry elements which can further be clas-
sified into 5 conjugacy classes. To decompose the vector space of (s?, s!) operators into the
irreducible representations (see Sec. 4.3), we compute their transformations under one repre-
sentative symmetry transformation from each non-trivial class : C3[111] (three-fold rotation
about the global (1,1,1) axis), Cs[Z] (two-fold rotation about the global Z axis), o4[z = y]
(reflection about the © = y plane) and S,[Z] (reflection about the z = 0 plane followed by
four-fold rotation about the global 2 axis). This is given in Table B.1 for the transverse spin
components, s; and s%’. Here we do not consider time reversal odd s? operators, since these are

not relevant to the linear magnetoelastic coupling.

Symmetry Transformation of spin operators
1 1
Cs[111] 5§ — —586 + ‘/755‘8 ;sg— —‘/7533 — 550
x lex o V3.0 . Y V3. 1.y
x 1.z 3.Y . QY 3 T 1.y
s8> —dst+ BY o s 5 VB Lo
Cs[Z] st — st sy — sy
T x Y Y
ST =85 5 S] — S
S5 — st sh — sy
st — 835 sh — s
_ T lex _ V30Y . oY V3.x 4 1.y
ooz =y| | s§— —555 ?50 ;Sg — —?30 + 350
x 1. x 3Y .Y 3 T 1.y
8] = =551 — 581 81—~ —%5 81+ 351
s — —2s5 — \/7335 ;s — —‘/73336 + 254
x lex _ V3oy . ¥ V3.x | 1.y
5 1 3.y . 3 1
Sa[Z] 55— —585 — %sg ;Sy — —%s% + 555
ST — —2s% — ‘/733?3’ ;s — —\?8% + 154
s5 — —3s7 — ‘/7333’1’ sy — —%gs:f + 351
s — —385 — ‘/755‘8 ;osy — —*/7553 + 258
T T . Y Y
T s§—sg 5 sy — S
T T . Y Y
s¥— ¥ sh — sy
T T . Y Y

Table B.1: Transformation of the transverse components of spins under lattice symmetries and
time reversal
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B.2 Details of the gauge mean field theory of quantum spin ice

B.2.1 Gauge mean field theory of monopole dynamics in the zero-flux phase

To implement the unitary constraint of the monopole operators described by Eq. 4.12, we

introduce a new term to the Hamiltonian with a global Lagrange multiplier, \.
AY (o —1) (B.5)

The constraint is imposed softly if we consider A to be a large number (more precisely, it needs
to be the largest energy scale of the problem). With this term, the constraint can be relaxed by
rewriting monopole operators as ¢l = ¢ (where y, takes real eigenvalues from (0, 27] and

satisfies [xy, Q] = @0y ,) and expanding it up to linear order of y.
Ol & 1+ ixy (B.6)

Substituting the above expansion in the bare monopole Hamiltonian (obtained by freezing the

dual gauge fluctuations in Eq. 4.15) along with the Lagrange multiplier term, we obtain,

JZZ
=D Qs Z Xet+d, BXrtd, B + )\ZXrBXrB + B— A
r r,uFv
(6”)2
—Z | Q.5 57 | xxsl?| + B—=A (B.7)

where € is the bare monopole dispersion in the zero flux sector and given by Eq. 4.18. In the
above equation, we ignore the unimportant additive constant. We note that the above Hamil-
tonian describes a bunch of decoupled Harmonic oscillators which can be easily diagonlised

using the standard ladder operator formalism.
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The monopole Hamiltonian is simplified to,

Hy = Z eﬂ (aLAakA + aLBakB + 1) (B.8)
k

Action for the magnetic monopoles

We can obtain the action for the monopoles corresponding to the mean field Hamiltonian H|,
using standard Trotter decomposition technique and implementing the unitary constraint of ¢,
field via the Lagrange multiplier term in the path integral formulation. We note that since A

and B monopoles are decoupled in the mean field Hamiltonian, their action is additive.

Sy =S5+ 5P
* i (JJQ J _
564 = ng)kw’A 57 —i—/\—?iZCOS(k' (d,—d,))| dxw.a
k,w L zz u>v |
[ W2 J ]
S5 =D bhum |5 t A 5 D cos (ko (dy—dy)) | dun (B.9)
k,w L T7%* u>v J

We can further compute the Green’s function for monopoles from the above action which is

given by Eq. 4.32 of the main text.

B.2.2 GMFT of monopole dynamics in the m— flux phase

The bare dynamics of the magnetic monopoles in the 7-flux phase can be obtained by choosing
a suitable gauge fixing condition shown in Fig. B.1. It can further be written as A, , = €,Q -r
withe, = {0,1,1,0} and Q = @(1, 0,0). Similar to the zero flux case, the monopoles can
hop only inside the A or B sublattice. Hence, the monopole dynamics can be expressed in

terms of the following action.
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Figure B.1: Unit cell of the diamond lattice with 7-flux: The gauge mean field is chosen such that
Ay rte, = mon the yellow bonds and Ay y e, = 0 on the black bonds. A1, A2, B1, B2 denote the four
sublattices in the enlarged unit cell of the w—flux phase.

Sp =57+ 57
A * * 231 + A + {TidA(k) {TifA (k) ¢kw,A1
S = ) (ko Ghoo) s y ) (B.10)
K,w T fak) s TA— S da(k) Pk, A2
2 J J
. . “— + X+ Zdp(k) S fe(k) Prw,B1
Sf - Z(¢kw,Bl qbkw,BQ) 2z J ! w2 ! Ji
kw S I5(k) o +A—Sdp(k) Oxw, B2
(B.11)
where,

da(k) =2 (cos(k-dy)+cos (k- (dy —ds)))
Fa(k) =14 ¢hdi | pilcda _ mikeda 4 —ike(di+da) _ omike(da—d1) | —ik(datds)
| p—ik(datds—da)
dp(k) =2 (cos (k-dy) —cos (k- (d; —ds)))
fo(k) =1 — e ikds 4 gmikdz | pmikda | mile(datda) _ mike(da—da) 4 o mike(da+da)
| —ike(dz+ds—dy)

(B.12)
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)\ is the global Lagrange multiplier introduced to take into account the constraint ¢i¢, = 1.
(Al, A2, B1, B2) denotes four sublattices of the enlarged unit cell. The above action can fur-

ther be diagonalised to obtain the dispersion for four monopole bands.

(k) = \/QJZZ (u—w ) P+ Al P )

where A+(B=+) denote two bands made out of linear combination of A1 and A2 (B1 and B2)
to diagonalise the S2 (SP). Since A and B monopoles do not mix under the above dynamics,

their bands are degenerate.
e (k) = e (k) = €l(k) (B.14)

We can compute different Green’s function for monopole from the above action of the

monopoles. The Green’s function is defined as,

[Gg} uv (k’ A/B’ iw) - /B dr <7- <¢kvA/BuU<T>¢LA/B,y(O))> T (B.15)

0

where, 1, v = 1, 2. The different Green’s function are given by,

JZZ
G7 k,A/B,iw
(Gl e A/ By ) = e fA/B< P
[\/| dasp(k) 2 + | fasp(k) [? +da/p(k \/| dasp(k) I + | fasp(k) | — dA/B(k)]
W2 + (7 (k) w? + (7 (k))*
J
G™].. (k,A/B,iw =
[ ¢}22( / ) \/’dA/B |2+’fA/B( )|2
[¢ [ /) P4 [ T P —dayp(k) /[ dap ) P+ Fajp(K) '2+dA/B(k>]
W2 1 (¢ (k)2 w? + (€ (k))?
- zzfA/B( ) 1 1
G k,A/B,iw -
(6ol (41 )= VIdas®) P+ fapk) P |w?+ (€1(k)*  w?+ <€7—r(k)>2]

(B.16)
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B.3 Raman matrices for the e, and t,, phonon modes

Structures of the Raman matrices, V ») A, which govern the coupling of the eg and t2 phonon

modes to the Raman photons, are obtained by decomposing six dimensional space of second

order [68] polynomials(z2, 32, 22, xy, yz, zx) into the irreducible representations of symmetry

group 7y and constructing the Hessian matrices for different components. The decomposition

is as follows:

a; edty

where the basis for the irreducible subspaces are

: x2+y2+22
D (228 — 2P =yt P — )

. (wy, yz, zx)

Hence, the relevant polarizability matrices of the Raman scattering are given by,

€g !

t2g .

[V (e)A] (e) XX

ng ng:O

Vel >

Ve Mego

—_

0 O 1 0 0
-1 01, [vééﬁéA]<§f3=0 x |0 =1 0
2 0 0 0

0 0 1
5 [vgéE)A]cétE):O X 0O 0 01,

1 00
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Ba — Bp

Figure B.2: Self-energy bubble diagrams for phonon in 7-flux phase: The label Ay — Av (Ba —
Bp ) implies the Ap (Ba) monopole is created in the left vertex and Av (B/3) monopole is annihilated
at the right vertex. u, v, a, 8 = 1, 2, hence, there are 16 possible distinct diagrams.

B.4 Raman response in 7—flux phase

B.4.1 Vertex functions of magnetoelastic coupling

The vertex functions (ML") of the magnetic monopole-phonon coupling in the 7-flux phase

(see in Eq. 4.35) are given by,

= 2(1 + e dl)
MIP = 2(1 — ek(di=da))
(e’Lk d1+d2 _|_ 6ik~(d2+d3))
M =2(1 — k) (B.22)

B.4.2 Self-energy of phonons due to magnetic monopoles

Similar to the zero flux case, the self-energy can be obtained by calculating the bubble diagrams
appearing in the second-order perturbation theory. The only difference is that due to the larger
unit cell, sixteen nonequivalent diagrams (see Fig. B.2) need to be taken care of.

For convenience, we introduce the following convention.

Ap — Av

Q Ap — Av
Ba — Bp

Ba — BfS

We now compute all the distinct contributions to the phonon self-energy. In the following

equations, we group the distinct diagrams along with their Hermitian conjugate.
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IS e D N R E N FPEa
[(x/ldA|2+|fA|2+dA)(\/|dBP+|fB\2+OZB)W++
+ (VTG AT Ia Pt da) (VITds P4 Jo P = ds) W
Jr(\/!dAI“rlfﬂ2 )(\/IdB\2+|fB\2+dB)W+
(VI P+ Tfa P = da) (VIds P+ 1 fs P = ds) W]

(A1—>A1)+<A1—>A1) Z R;(M“M”fg( ))2 2

Bl — B2 B2 — Bl VIdalP+1faPV1ds P+ fs ]

< (VI P+ T Fa P da) (Was = W)

+ (VIR —da) (Vo =W )]

(m = A1> MU,

RN Ay Y
[(H dal?+| fa |2+dA) (\/ldB >+ /s |2—dB)W++
+ (VTGP AT Ia Pt da) (VIds P+ fo Pt ds) Wi
(VT P+TTa P =da) (VIdo P+ 15 P~ dp) Wy
c(VIda P+ Fa P =) (Vids P+ 1 f5 P +ds) W]

(A1—>A2> N (A2—>A1) Z > (MM 45 + MEMY fAf3)

B2 — Bl Bl — B2 VIdalP+ 1 falPV1ds P+ fs 2

X Wl =Wy — W + Wy

B2—B2) L VIdaPHTfaPVIds P+ ] f5
) (VI B AT Fa P+ da) (VIds B ] o Pt ds) W
+(VIdaP+TFa P +da) (VIds P41 Fs P —dp) W-

(VI P+T7a P - A)(¢|dB|2+|fB|2+dB)W+_

) ( ds)

(VI B+ TP —da) (VIds B+ 1 Fs B —ds) Wy ]

(AQ — A2> M22 M22 J2
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A2 — A2 . A2 — A2 3 Re (MEPM?% f5(k)) JZ,
Bl — B2 B2 — Bl = V0 da P+ fal?]ds P+ fB

X [(\/| da P+ fal +dA> Wy =W__)
+ (\/’ da >+ | fal? — dA) Wiy — W+,)}

Al — A2 A2 — Al JZ (MEMZB fafy + MY MEf4fB)
Bl — B2 B2 — Bl = VIda P+ fa PV ds P+ ][5 2

X Woo = Woy = Woe + W]

There are five other distinct diagrams which can be obtained by replacing A — B in the
above diagrams (more specifically, second, third and sixth expression). Adding up all the above

contributions, we obtain,

n J .
c@ (q =0, ZQ N Z W++ ZQ) + PQ(k)W__(k, ZQ)
k

+Ps (k)W _(k, Q) + Py(k)W_4 (k, i€2)] (B.23)
where, Py (k), P2(k), Ps(k), Ps(k) are real functions of momentum and

| 1
Won () = =52 o T (a0 7+ (G

(B.24)

The phonon linewidth is obtained from Eq. B.23 by calculating its imaginary part. Apart from
the momentum dependent form factors, the contribution is mostly dominated by the four W,

terms. Calculating their imaginary parts, we obtain,

(1 + 2n(e%(k)))

lim Zm (Was (k, Q + i6)) = [6 (2 +2€7(K)) — 6 (Q — 27 (k)]

30 4e7 (k)2
(1;1_1>I(1)Im (Wi (k,Q+1i0)) =Zm (W_,(k,Q+1id))
- e {j)( 20 15 (04 e (1) 7 (1)) — 3 (0 — e k) — e (k)]
m(n(€} (k) — n(" (k))) - . . "
+ 4¢7 (k)e™ (k) [5 (Q + €2 (k) — €+(k)) —9 (Q + e (k) — 5—(k))]

(B.25)
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Substituting the above expressions in B.23, we obtain the linewidth of the phonon in the m—flux
phase due to the phonon-magnetic monopole coupling which is given in Eq. 4.37 of the main

text.

B.5 Effect of Gauge fluctuations for the magnetic monopoles

The vertex functions of the photon-magnetic monopole interaction of Eq. 4.38 are given by,

,}/gu(k’ k/) _ e*ik'dueik/'du o efik-d,,eik’-du

7 (K, K) = e dumdy) _ oK (dpd) (B.26)

Due to the photon-monopole interaction, the interaction vertices of phonon-monopole cou-
pling is modified. The leading order contribution to the vertex correction obtained from the

perturbative expansion is given by,

o~ J3 y
50\ (q, p, i€, iwn) = — 16;3 SN (@ + ol ).k + )y (k. —q + p)

k uv

1
x5 D Gy(k+q, BiQ + iwn) Dy (K + o — P, i + ity — iwnn)Gy(K, A, iw,)

Wn

(B.27)

where, 7Z,B(k7 k') = Zuw) VZI,/B(ka k').

To further simplify the above expression, we first perform the frequency summation of
the above expression using Matsubara method and then the momentum integrals are computed
using the several approximations. The monopole band structure is expanded around the minima

at k = 0 up to first non-zero term.
) ~ A+ mok? (B.28)

where my is a constant measuring the curvature of the band at k = 0. Further, the vertex

functions are also expanded in momentum and approximated to the leading term to obtain from
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Eq. 4.24,

3 (t2) |12
e k
o e, ol o D e E B.29)
3 3
and from Eq. B.26,
Ak K) ~ ik + K) - (dy — d)
vy (k, k) ~i(k+ k') - (d, —d,) (B.30)

We substitute the above expressions in Eq. B.27. Due to Raman criterion, only q = 0 limit
is considered. Further, we set {2 = w,, = 0 to find the frequency independent correction. We

redefine the notations as,

5(0,p,0,0) = sal?)

5a)(0,p,0,0) = salf?

Finally, applying all the approximations described above, the leading corrections to the

vertex functions are obtained which is given in Eq. 4.39.

B.6 Hamiltonian and form factors in the paramagnetic phase

For the convenience of calculation, we express the Hamiltonian given in Eq. 4.6 and 4.7 in

momentum space representation.
3
HO =033 (gff;(k)sjj(—k) + ggf;(k)sg(—k)) (1 + eedu) (B.31)
k
3 3
HG) = TG0 3000 %0 D LGy (si(—lo) (1+ e™) (B.32)
k -

From the above Hamiltonians, we can obtain the self-energy of the phonon using similar kind

of perturbation theory as applied to QSL phase. Again, the first non-zero contribution comes

in the second order(O(Jgg)z)) in the perturbative series and it is given in Eq. 4.50 of the main

text. The form factors in the Eq. 4.50 are given by,
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() = 1+ e 4 emiadu 4 ciar(du—dy)
3
) (@) = (14 @ 4 emiade p graldumd)) N " 02) 702) (B.33)

nulj’a pb,o,pump, o,y
p=1
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APPENDIX C
ANOMALOUS RAMAN SIGNATURES OF Ca;(Cr;0-s

C.1 The phonon linewidth

The linewidth of the phonon can be perturbatively obtained from Eq. 5.16 by calculating the

imaginary part of its self-energy. To the leading order, it is given by,

CE
% o« Im (/ dr e ((T
0

N g ZAﬁ’YP ;3 7-)]
X [FP’B'T,-ﬁ/(O) + Z Aiﬁl;’YI;pTz{B/(O)TIZ,<O)] >>>

rrATed ST (720 (0)))

B ,
=1Im / dr e

+ DN AR T (7 0] ) (0)))

twn—w—+i0t

£ AT (7 () () ()
Z AL AP (] (#(ﬂg (7)75’(0)71’(0)>>>] (C.1)

twp—w+i01

There are four contributions which are given as follows :

Contribution-1 :

Fp 6Fp B

1) (k, w) Z Im ( / dr (T (Tf(f)ff/(m)>>e—ik'<rf—”>>

PR T, (cﬁﬂ,(k, Wt ¢o+)> (C2)

wp —w—+i0t
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% (k = 0,w) =Zm [rpvwrpvwém(k = 0,w +i0%) + [P9TP*C, (k = 0,w +i0%)
+TP* TP (k = 0,w + i07) + IP*IP2C..(k = 0,w + i07)
(C.3)

Contribution-2 : We assume the coupling constant Aﬂ 7P to be uniform, i.e., Aﬁ TP — AP,

1) (k. )
Fp ,BA/B’V"
% Z/ dk' Im (/ dt e (T (Tf(T)Tf/(O)T;Z,(OO>>6_ik'(ri‘r’f)e‘ik"(‘"j‘rk)>
ik iwn —w+10T
FP BAﬁ/’y P ' 66/ A+ 'Y, B,Y’ -+ ﬁ/
Z dk' Im C- (w+i07) {7 ) + Cyp) (w + 07 )(7; ))
ijk
X e—ik-(ri—rk)e—ik’~(rj—rk)
B (APYp o AV B , , _ Ciers ik
= ( E ) Z/ dK' (1) Im <C£-B (w+7,0+)> e~k gmikir;
ij
— Fp,ﬁ (Aﬁw';p + A’y’ﬁ’§p> <7_y’>l—m (éﬁﬂ’ (k,w + i0+)) (C_4)

where in the second step we have applied the quadratic approximation by splitting the 3-point
correlator in 2- and 1-point correlators and at the last step in the mean field level we have used,

7 D = 7ok e Adding all the contributions, we get,
kJFk 2]

) (k = 0,w) = (2ATPIP=(77) 4 IP% (A 4 A% (1%)) Tm [c (k=0,w+ ¢0+)}

| (QATTPDPE (77) 4 TPE (AT5P 4 A%50) (1Y) T o (k = 0,0 + z'o+)]

| (QAFEPLPE (2 4 [P (AP 4 AT (29Y) T [ G (k = 0,0 + z’0+)]
¢

+ (2Azz;prp,w<7_z> 4 TP (Azac;p + A:EZ;P) <7’x>)Im [ sz(k _ O,w + i0+)]

(C.5)
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Contribution-3 : Very similar to the contribution-2, it can be shown :

P8 ABYsp
() _
H(g) (k,w) = 3
x> / dk' Im ( / dr ™7 (T <Tf(¢)7f’<0)7,3’(0))>>e—ik(ri—rk)e_z-k«(rj_rk))
ijk twn —w-i0T
~ TPB  ABYp v B'p o gl 0t
~T A + A <7’ >Im Cﬁ/g(k, w 10 ) (C6)

Adding all the contributions we get,

P (k = 0,w) = (2A™PIPT (77 4 [PT (ATP 4 A7P) (77)) T [c (k=0,w+ z'o+)]
©(QATEPTPE (1) 4 TR (AT 4 A=) (19) T [ o (K = 0, + i0%)

i (2Azz;prp,m<7_z> + TP (Azm;p + Azz;p) <7_:r>) m -sz(k — 0’ w + i0+)
C

+ (QAZZ;PI‘P,I<T,2> + I‘p,z (Azz;p + AmZ;p) <T$>)Z‘m [ ~zz(k — 07 w + Zo+)i|

(C.7)

Note that contribution-1, 2 and 3 have similar dependence on the imaginary part of the

time-ordered two-point spin correlations.

Contribution-4

APi(P) ABY3(p)
- Nd Z
ijkl

x / dk'dk” Im ( /0 ’ dr e (T <Tf ()7} (1) '(0)7?/(0)>>>)M%HO+

—ik/~<l‘i—l‘j)—ik'(rl—l‘j)—ik//~(l‘k—l‘1)

Hgg(k, w)

X e

— (Aﬁv;pAﬁ’v’;p + Aﬂwyp’ﬁ’m) ((TV><T”’,>Im [éﬁ,@’(kﬂﬂ 4 i0+)]

1
—7T
+27r mn

/ dK’ Z éﬁﬁ’(k + X, w, + Qm)éw’(_kla —Qm)] >

iwn —w-+i0T

(C.8)
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Therefore, adding all the contribution the phonon linewidth can be written as,

(k=0,w) = Z M, Im [C~W (k=0,w+ i0+)]

Y=,z

+ ) ) MagulIm [ / k"> " Cu (K, i, + iw,)Cop (—K', —i)

wV=z,z a,B=x,2 twp —w—+i0T

(C.9)

Here M, and Mg, are in general temperature dependent coupling coefficients. It is
clear from the above expression that the various contributions, within the the quadratic approx-
imations are given by the various components of the two-spin correlation function C~W (k,iwy)

which we now calculate within quadratic approximation from the bare orbital Hamiltonian.

C.2 Time-ordered correlation functions for the orbital degrees of freedom in imaginary

time formulation

The bare orbital part of the low energy Hamiltonian is given by,
Hyy = Z K™rird + Ay Z 77 (C.10)
(i5) g
Equation of motion for the orbital degrees of freedom due to the above Hamiltonian in the

imaginary time formulation is given by,

7= %A TY (C.11)
7= 2K it g — 2007 (C.12)
d
7= 2K g (C.13)
d

Equations of motion for the correlators:
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Coa(r, 1) = 2i2,Cpe(r, 1) (C.14)
Cya(x,) + 2001 Cop(r, 1) = —2i0(£)0(x) () — 20 (7%)% + 2iK™ > (T (75 (t)7,a(H)75(0)))

a
(C.15)

Cun(r, 1) = —2iK"™ §<T (¢ () a(®)75(0))) (C.16)
Cy=(r,) = 2i8()3(x) (77) + 20K™ Y (T (7 (0)7,a(8)75(0))) — 2041 (Coa(r,8) + (77) (7))
i (C.17)

C.u(r, t) = —2iK"™ ;@ (r (O)7a(t)75(0))) (C.18)
Coz(r,t) = 2iA,C,. (1, 1) (C.19)

C.2.1 Quadratic Approximations and solving the equations of motion of Green’s function

Approximation 1: To solve the above equations of motion, we approximate the 3-point cor-
relators in the above equations of motion by splitting into 2-point and 1-point correlations. A

typical example looks like as follows.

£y AT (7 (0)75a()m5(0))) = K7 (i a)) (77) + Can(r, 1) (1)

+ Coo(r, 0)(7%) + (T7)(7%)?) (C.20)

where, K** = K**D with D being being the coordination number. The first term is time-

independent, hence do not contribute to finite frequency response.

Approximation 2: We further do a second approximation by setting the nearest neighbour

2-point correlator in Eq. C.20 to its mean field value, such that, ((7777 4)) = (7775.4) —

(7)) 0.

With these approximations, the equation of motions can be simplified to,
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Cop (7,1) = 2iA,Cyy (7, T) (C.21)
C.o (1,1) = =2iK(1%)Cyy (7, T) (C.22)
Cul(r,1) + 2 <A1 - /€<7Z>) Coa(7,1) = 2K (77)Cla (7, 1) = Cy(7, 1) (C.23)
Coz(T,1) = 2iA,C,. (7, 1) (C.24)
C..(1,r) = —2iK(r")C,.(1, 1) (C.25)
() + 2 <A1 - /C) Co(7,1) — 2iK(7)Cou(r, 1) = Cy (. 1) (C.26)

where,

O (7, 1) = 20 (77)6(7)8(x) + 2i(r®) (%) (/6<TZ> - Al)
Cy(7, 1) = —2i(r9)3(1)d(x) + 2i(r®)? (/€<TZ> - A1>

The above equations can be easily solved by going to the frequency space. The frequency

space correlations are then given by,

~ iw,CY (iwn, k = 0)

Cy- (iwn, k = 0) = — - _ (C.27)
(in)? = (483 + 4K2(r7)? — 4K A (77) )
C.. (iwn, k = 0) = 28y (f“”“ k=0) _ (C.28)
(iwn)? = (4% + 4K2(r7)? — 4K (7))
é. (iwn K = 0) = — 2iK(T >C’1~(zwn,k = 0)~ (C.29)
(iwn)? = (47 + 4K2(r7)? — 4KA (7))
o (i, k = 0) = — itonCs (1w, k =0) (C.30)
(in)? = (0% + 4K2(77)2 — 4K A (77) )
Clw (iton, k = 0) = 218G (ion, k = 0) (C.31)
(iwn)? — (407 + 4K2(r7)? — 4K (7))
. (it K = 0) = — 2iK(1")Cy (1w, k = 0) (C32)

(iwp)? — (4A‘f AR (1o — 4/€A1<Tz>)

where,



Cnin, e = 0) = —2{r") +2iB(r")? (K (r*) = Ar) buo

The correlators in the real frequency space can be obtained from the above by the standard

procedure of analytic continuation, iw,, — w + 0.

C.2.2 Phenomenological damping of the correlation functions

We add a phenomenological term to the equations of motion given in Egs. C.21 — C.26 which

causes the decay of the correlation functions with time.

Che (7,1) — il Cuy (7, 1) = 2iA,Cyy (7, 1) (C.33)
C.o (1,1) —iD C.p (7, 1) = —2iK (1) O,y (7, 1) (C.34)
ny(T, r) — il Cyp(T,1) + 2 (A1 — l@(rz>> Coo(T, 1) — 2i]€<7’x>CZ$(T, r) = Cy(7,1)

(C.35)
Coo(7, 1) — il Cpa(7, 1) = 2iA,C,. (1, 1) (C.36)
C..(r,r) —iT C..(1,v) = —2iK(1")C,.(7, 1) (C.37)
Ca(m,1) = i Cyalryx) + 20 (A1 = K) Coa(7,7) = 20K (r)Ces(7,1) = Ci(r,1) - (C.38)

The relevant correlators to the linewidth calculations now become,

- 2iA1C (iwy, k
G (itoy k) — Nz 1C5 (zwnj )

(iwp)? — (4A§ AR (re)2 — 4ICA1(TZ>> B
C’xz(iwn’ k) _ ~2ZA101 (an: k)

(i) — (4A§ + AR (re)2 — 4m1<¢z>) T2 -2,
~ 2i K (%) C4 (iwp, k)

sz(iwn, k) = — — — (C41)
(iwp)? — (4A§ +AR2(ra)2 — 4m1<¢z>) T2 20,

(C.39)

(C.40)

The imaginary part of the above correlation functions contribute to the phonon linewidth
as described in Eq. 5.21. Since the numerators of the above expressions are purely real, the
contribution completely comes from the denominator. Generically, all the contribution looks

like as follows,
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20T
<w2 - <4A§ AR (ro)2 — 4I€A1<72)> . r2>2 + 4w?T?

Im [C’W(w +i0" k= O)] x —

(C.42)

Substituting the above in Eq. C.9, we obtain the renormalisation of the linewidth of the

phonons.
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APPENDIX D
SPIN-3/2 ICE

D.1 The wave functions

The magnetic contribution of the material comes from Tb?"([Xe]4f®) ion. Due to strong spin-
orbit coupling of the rare-earth family, the outer shell forms J = 6(L = 3,5 = 3) Hilbert
space. Because of the Ds, crystal field of the Oxygen, the 13 dimensional space splits in the

following way [104]

F13 = 4eg D 3a1g D 2A2g (Dl)

The lowest two CEF states are doublets and in the case of Tb3T, these wave-function have been

determined from the experiments and are given as follows [104]:

|04 /1) = Ayjr | 24) F Byyr | £1) + Cyr | ¥2) £ D,y )y | F5) (D.2)

where A, = 0.912, B, =0.119, C, = 0.176, D, = 0.352, A, = 0.374, B, = 0.108, C, =
—0.232, D, = —0.891 (our choice differs by a phase from the description given in the refer-
ence). Both the doublets form £, irreducible representation under the symmetry group of the

anionic crystal field environment.
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D.2 Symmetry transformation of S = % states

The transformation properties of the S = % states under symmetry of a tetrahedron (7;;) and

time-reversal (TR) is given by

C3[111] : | os)i — €T3 | o4);
| 7a)i — €75 | 7
Col2] 1 | ow)i —| o4);
| 71)i — Ti>]
oidr=vyl: |oL)i — e | 0%);
| Ta)i — =T | 75);

27
) 3 |U¥>j

| 74); — €55 | 72,
)

TR : |O':|: i —>| 0':|:>Z'

Here, | ...); denotes the CEF state at site 7 of a tetrahedron. Transformation of the site index

can be fixed from the transformation of the vertices of the tetrahedron (see Fig. D.1) under

corresponding symmetry element. It can be easily represented by the following cycles:

C[111] —» (243),  Cal2] — (12)(34)

oalw = y] — (34),  Su[f] —> (1324)

D.3 The on-site operators

The S = 3/2 spins allow for a 4 dimensional Hilbert space that is spanned by 4 x 4 matrices.

Therefore, there are 15 non-trivial on-site operators. These are given by the dipole (three)

{S7,57,57) (D3)
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Figure D.1: Local basis for the up tetrahedron

quadrupole (five)
{Q7, Q. Q. Q. Q")
and octupole (seven)
{Crixxx’ Tiyyy’ EZZZ’ 7’;3333y’ 7’;$Iz7 7’;?/?#37 1"13392}
operators. In terms of spins, the quadrupoles and octupoles are defined as,

Q= %S [S;"Sf] - Z&aﬁzi

)

TR = és [sesst|

where the operator S symmetrises the spin indices.

D.3.1 Transformation of S = 2 operators

(D.4)

(D.5)

(D.6)

D.7)

Under the above transformations of the states, the dipole operators mixes with the octupole

operators and quadrupole operators mixes among themselves. as follows :
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Transformation of quadrupolar operators :

(Qr—ar

Q" — Q5

Cs[111] 1 § Q7" — Q7 (D.8)
QY — —3Q) - 1Q7 + FQ

| @ — QY - Q7 —3Q)

Col2] 1 4 Q7 — QF (D.9)
QYW — QW
i J

Q' — Qj°

QFf — QF

Qi — Q5

oalr =yl & Sif2]: ¢ QF — QF (D.10)
QI — —3Q" - 105" + ¥Q7

QO — SO + Q5 + 307

\

The twenty dimensional space of quadrupole operators on a single tetrahedron can be de-

composed into irreps of 7.

Fquadrupole =2a; asDed2t; P 3ty (Dll)
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Transformation of dipole and octupole operators

S; — 53,
Teee s T
S7 > 357 + ;T SY - YTy — AT AT g7
St — — MSf +§8Y + QT = 3T — T+ P T
Cy[111] - T S H YT T T (D.12)
Tees s zlié sz _ gT,;zz 1 szxz _ \/TﬁTfyz
T'i:v:w 35 S;c 43:5} Sjy 25T]¢m . %ﬁjﬂ]yyy N %I?Iy . 28_1 TYY®
TV —s 4\f ij 35 Sy + MTqm: _ 25y % ijy + MTyya:
Timy 12«/ ij ?g Sjy S?Txm o ZTyyy o ET;my + 8«1f U
| T — 8587 4 (Y — ITpe - e L g
—
S; — 57
Sy — 57
Teee s T
SEI S 0.13)

i _y
Tiyyy } Tg/yy
szy T:m:y

T s T
i J
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S; — =55,
T;zzz N _T;zz
S 357+ 58 17— B 7
St — 73S —35] - iT + ST T P T
wyz 41 @z \/3 zzz | V3rpaxz _ layz
wali] & Sl ffsﬂ AR
Tiac;rz 1é S; 3T'-ZZZ + %T];mz + \/7§T;cyz
Teee &qu + 43\5[53 25 zjm _ %gijyy _ %T;Bxy _ %ijyx
Tiyyy 4?:5f5]x _ _Sy 9\/?:chm: + 2_85T]yyy + %T]gmy _ MTyym
R Y Y S
\ T :ig Sja: + 23\5[ S;J T]mm _ 81\:} TV _ ; \1[ Tery _ 1 Tyyl"

(D.14)

The 40 dimensional subspace of dipole and octupole operators can be decomposed in the fol-

lowing way.
Fdi;l)ole—i—octupole = a1 ) 33—2 D e D 6t1 D 4t2 (DIS)

D.4 Diagonalisation of complete onsite Hamiltonian in presence of magnetoelastic cou-

pling

As mentioned in the main text, the complete onsite Hamiltonian is given by,

Honsite = HO + HJ,T
A 10
=3 DS+ Ty (35;” — T J;yyf”> (D.16)

This complete onsite Hamiltonian can then be rewritten as,

A/ N2
Honsite = Ho+ Hor =Y 5 (S; [Fz /AD + Constant (D.17)
where, A= —VN;BF% and the S? [FQ / A] are such that it looks exactly same as S7, but in the

transformed basis where H,,;;. is diagonal. In fact, we can define all the 15 operators in this
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new basis having the same structure, and the rest of the analysis remains as it is. If U[I'y/ A] is

the unitary transformation makes H,, ;. diagonal, the rotated operators are then given by,

Q

§: [ro/A] = U [ro/Al 57 0 [FQ/A} S7 4 %sz +0 [(m /A)?} (D.18)

T - r -1t ~ r r ~
Sr [ry/A] = U [ry/A Sfu[n/a} xs;wfcgg/y—fcgfwo{(m/mﬂ (D.19)

S! :Fz/ A: =U :FQ/ A:ng v [FQ/ A] ~ SY - %ny +0 [(Fz/ﬁ)z} (D.20)
Q7 [FQ/A] —U [rz /A} "o U [r2 /A}

~ QP+ 2??22 S — 222 T — 222 TV + O [(FQ/A)Q} (D.21)
e8] - ] 0 ] e+ B o]

Similarly, all the other operators can also be found by applying the unitary transformation.

D.5 Frozen /-excitations inside the sea of S = 1/2 CSI

As noted in the main text, the dynamical arrest of J-excitations at low temperatures can be

implemented energetically via the term

U (B8 — 111a3/2)° (D.23)
ic”8”
Expanding the square, we get
U D ((B-&i)” — 3B - &0 +9/4) (D.24)
ia€”§”

Leaving out the constant term, on coarse-graining, the first term renormalises the usual magne-

tostatic energy ~ B? while the second term — linear in B becomes
~ —U/d3r M- B (D.25)

where we define a new magnetisation vector, M(r) (see the main text for the details of the

expression), to capture the presence of d-excitations. The partition function is then given by
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(ignoring the constant term),

Z{u}] = /DB exp {—/d?’r (U B? - UM-B)] §(V-B) (D.26)

Note that the divergenceless condition is satisfied throughout the space including the almost
frozen locations, as J-excitations are gauge neutral by construction. We now integrate out the

B field to obtain the effective partition for these excitaions as

U2 ; AN 5
Z [{u}] = exp i > | &k 0as - o | MO (k)M (k)
L ia,jBE”§”
Elg ( 750 €55 — 3 (Tij - €ia) (T - €5p)
=exp [—= Y (dapd(ri —1;) — 2 5 HialLjs
AU iers Amry;
(D.27)
92 77€ia - €55 — 3 (rij - i) (Ts5 - €)p)
= exp T Z ’ : 47rr]5’. T ialta (D.28)
ia,jBE" 8 i

where r;; = r; — r;. One can clearly see that the almost frozen excitations behaves like source

of magnetic dipole moments and hence interact by effective dipolar potential.

D.5.1 Correlation between two S=1/2 spins from the ice manifold

The spin-spin correlation of the ice manifold is given by,

DB (B-8)(B 6w)d(V B)exp [~ [ (I B -UM-B)]
\Fradep) = Bt

(D.29)

We introduce a source term to compute the above correlation function.
Z{u},J] = /DB §(V-B)exp {—/d‘gr (U B~ UM B+iJ(r)- B(r))] (D.30)

where, J(r) = ) g, JRa€Rad (r — R). Then, the correlation function can be rewritten as,

o920 DA

(52a5%0) = = | 55507 21
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Using B = V x A and rewriting everything in the momentum space, we obtain,
Z[{u},d /DA exp { /d3k (U K*A(—k) - A(k) — i j(~k) - A(k))] (D.32)

where, j¢(—k) = e (U M?(—k) —iJ%(—k)) k. Integrating out A, we get,

Z[{n},J]
= Nexp {—%/di”k j_(_kl)éj(k)}
= Nexp {ﬁ / 4’k (6ab kkkb) (U2 M (k)M (k) + J*(—k)J* (k)

UM (k) Jb(K)) } (D.33)

where N is a constant number. exp[ U / (dgl)‘ <5ab kakb) M?(—k)M?®(k)] term in the above

expression gets canceled by the Z[{x}] term in the denominator of the correlation function.

Therefore, to obtain the correlation function, we need to evaluate,

(StaSes)
g 0
~ N
|:ajroz ajr’,@
1 kekb
exp [——~/d3k (5ab - ) (J*(—k)J° (k) + iU M“(—k)J”(k))H
4U k2 J=0
=N [a? a?
ra r'B
1 R?,60 — 3R%, RS
exp | —— Sapd(R1 — Ry) — —2 12 12)jlaj2éaléb2y
[ 4 R%ﬂu(b( 1~ Ra) AT Ryp° Faa Rl
ZU R27/5a - 3RaZsz ~Q A
—4—~Z Z (5ab5(R1 - R;) - : IZL?TRE’ — ) lea'uiﬁeRluei')VI
U R18i8€76” Li J=0
o 0
= _—N D.34
|:8s7ro¢ ajrﬁ ( )
1 ) iU .,
exXp [__’” Z Vﬁlelelin&V - Z Z VﬁlRiJRlﬂl‘LiV]]
4U Ri,Rapv 4U Ripive”s” J=0
(D.35)
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where,

R? 0ab — 3R R

Vﬁij = a0 (R; — R;) — = Lew eh 5.5 (D.36)
ij
z Qz Cl apy yBv
< ro r’B> UV Z V V jﬂmﬂju (D37)
iy, Jve”s”

where C and Cy are two constant numbers.

D.6 Hopping of -excitations

In the zero flux phase, the electric field piercing through each hexagon can be set to zero at the
mean field level. The above Hamiltonian reduces to the simple hopping Hamiltonian on the

pyrochlore lattice. It is then given by,

=—t> Y HuKal ,ax, (D.38)

k pv
where
Hyw (k) = Hoo N (k) + Hon N (k) (D.39)
where
2k, k'y_kz k ky—k, 2k, ka:_ky
0 2 cos 3 COS ~ 2 cos f cos = 2 cos 3 C0s ~
2k, ky—k. 2k, kz+ky 2k, kztk.
’H?NN: 2COS\/§COS y\/g 0 2COS\/§COS 7 2COS\/§COS—\/§
2ky ke—k- 2k, ka+k 2ky kyt+k-
2COS\/§COS el 2cos\/§cos \/gy 0 2COS\/§COS y\/g
2 cos 2\’/% Cos k”\;;y 2 cos % CcoS kzjgkz 2 cos % CcoS kyj;z 0
(D.40)
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2(Coy + Ciy + C) 0 0 0

BN _ 0 2(Cay + Cyz + Caz) 0 0
0 0 2(Cy + C + Cy2) 0
0 0 0 2(Cyy + Coz + Cy2)
(D.41)

- 2ko+hy) - ko —ky)
where C,, = cos (T and Cy, = cos ( 7

The dispersion of the above Hamiltonian is shown in Fig. 6.9(a) in the main text. In the
m-flux phase, similar hopping Hamiltonian appears with an overall negative sign, that inverts
the band structure (see Fig. 6.9(b) in the main text). Clearly, such hopping renormalises the
bare gap of the d-excitations, and might lead to condensation of them if the quantum fluctuation

is significantly high.
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