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Abstract

Topological quantum field theories encode an abundance of algebraic data: codimension
p operators have an [E,-algebra structure. Motivated by this, we study the deformation
theory of E,-structures.

For a fixed ground field k, we use the framework of m-proximate formal moduli
problems developed by Jacob Lurie to study the formal moduli of E,-algebras in: a) k-
module spectra and b) k-linear oo-categories, up to Morita equivalences of E,-algebras,
as well as equivalences of [E,-algebras in the appropriate categories. Two [E,-algebras in
a symmetric monoidal co-category are Morita equivalent if the higher category of n-fold

right-modules over them are equivalent. Our main results are as follows:

1. The functor classifying the deformations of a homologically bounded below E,,-
algebra over k (upto Morita equivalences) is a formal moduli problem given by its

E,-Hochschild cohomology

2. The functor classifying deformations of an E,-monoidal k-linear oco-category (upto
Morita equivalences) which is Morita equivalent to the E,-monoidal k-linear oo-
category of right modules over E,, . ;-algebra B is a (n+2)-proximate formal moduli
problem. The corresponding formal completion is given by the K, ;-Hochschild
cohomology of B. Convention, Ej-monoidal category = category; Morita equiva-

lence of Eyp-monoidal categories = equivalence of categories.

Assuming B is homologically bounded below and considering deformations over the

formal power series ring k[[t]]: the space of deformations is homotopy equivalent



to the space of k[f]-linear structures on RMod;. Here (3 is a variable in degree

(—n —1).

Being a formal moduli problem implies that the formal neighbourhood is described by

‘solutions to Maurer-Cartan equation’.
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Chapter 1

Introduction

1.1 Preface

Consider an open subspace of the n-dimensional Euclidean space which is diffeomorphic
to the standard unit open ball, called an n-disk. For every integer m > 0, there is an
associated space of embeddings of m-many n-disks in another n-disk, denoted E(n;m)
The connectivity of E(n;m) increases with n: E(1;m) is not connected, E(2;m) is con-
nected, F(3;m) is simply connected and so on. In general, the connectivity of E(n;m)

is related to the connectivity of the (n — 1)-dimensional sphere.

The collection of all these spaces {F(n;m;)|m; > 0} has a natural ‘composition

law’:

E(nym) x E(n;p1) x -+ x E(n;pm) — E(nipr+ - + pm)

In plain words, pick a point in the space E(n;m), i.e. an embedding of m-many
n-disks in another n-disk. Choose an arbitrary ordering on these m-many n-disks. For
every 1 < ¢ < p, pick a point in E(n,p;), i.e. an embedding of p;-many n-disks in the
disk labelled by i. This process yields an embedding of p; + - -+ 4+ p,,-many n-disks in
another n-disk, i.e. a point in the space E(n;p; + -+ + p,). This composition can be

schematically represented as a concatenation of trees

1



1.1. PREFACE

This collection of spaces along with this composition law is called the E,-operad.
The E,-operad encodes an algebraic structure, the structure of an E,-algebra. The
archetypal example of an [E,-algebra is the n-fold loop space of a topological space.
Indeed, it is well known that the concatenation of based loops in a topological space
is homotopy associative, endowing the based 1-fold loop space with the structure of a
homotopy associative algebra in spaces. The structure of an E;-algebra over a field k
is equivalent to that of an A-algebra or a differential graded (dg) associative algebra.
The structure of an E..-algebra over a field of characteristic zero is equivalent to the
structure of a commutative dg algebra.

The intermediate cases 1 < n < oo interpolate between the non-commutative (n = 1)
and fully commutative (n = oo) cases. As n increases, so does the connectivity of the
spaces E(n;m). This observation translates to the increasing commutativity of the
multiplication with increasing n. The case n = 1 reflects the fact that the 0-sphere
is not connected. While the case of n = oo reflects the contractibility of the infinite
dimensional sphere. The increasing commutativity of multiplication with increasing n
reflects the increasing connectivity of the n-sphere with increasing n.

Topological quantum field theories are closely related to [E,-structures. The algebra
of local observables in an n-dimensional TQFT has an [E,-structure; extended operators
also have a similar structure. The local operators have a multiplication which is given by

the OPE data of the theory: computed by ‘integrating the appropriate fields’ over certain
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cycles in the space of configurations of points in discs. This endows local observables
with an E,-structure. More generally, one may include defects/extended operators to
obtain a richer structure. For example, the OPE data corresponding to line operators is
an E, _;-structure. Crudely, this boils down to the fact that a line has one less direction
to move in compared to a point. In fact, the algebraic data of all the extended operators
in a TQFT can be organised to form a higher category. This observation serves as a
motivation for this work. Broadly, we would like to study extended operators in TQFTs
via deformation quantization of the algebraic structure of the corresponding classical
theory. This leads us to the study the formal deformations of E,-structures.

The problem at hand is to classify the deformations of B, a given algebraic object.
We call this the deformation problem of B. We follow an approach to deformation theory
via dg Lie algebras, as promoted by Drinfeld, Feigin, Kontsevich and others. We note
that over a field of characteristic zero, there is a dg Lie algebra g, associated to every

deformation problem.! Given a dg Lie algebra, there is the Maurer-Cartan equation

1
dp+ 5l ) =0

Each deformation of B corresponds to a Maurer-Cartan element, i.e. a solution to
the above equation, in the associated dg Lie algebra gp. We say that gg controls the
deformations of B. This observation maps the problem of classifying deformations of B
to the problem of classifying Maurer-Cartan elements in gg.

In what follows, we work over an arbitrary field k. Consequently, the dg Lie approach
to deformation theory doesn’t exactly apply here. In [Lurllb], Jacob Lurie developed a
framework of deformation theory which not only generalizes this approach to arbitrary
fields, but also is flexible enough to allow deformations over non-commutative bases. We
review this framework in §2.2.2.

In the context of [E,-structures over a field of characteristic zero, the correspondence

IThis observation has been independently sharpened to a theorem by Lurie and Pridham. See
[Lurllb, theorem 2.0.2]
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between deformations and Maurer-Cartan elements is not 1-1. An arbitrary Maurer-
Cartan element may induce a curvature term, i.e. not every Maurer-Cartan element can
be associated to an honest deformation. We illustrate this in the case n = 1, using the
language of A..-algebra:

An A,.-algebra consists of a graded k-vector space V' and a sequence of k-linear maps

{m; : V® — V},5; with deg(m;) = 2 — 4, such that the following holds for all N > 1

> D) m, (1% @m, ®19) =0

r,t>0
N=r+s+t

where u = r + 1 +t. The above quadratic equation encodes the homotopy coherent
associative multiplication on V. In particular, when N = 1 the above sequence of
equations gives a differential on V: m? = 0. We recover associative algebras by assuming
V' is concentrated in degree zero and m; =0 Vi # 2.

In this language, a deformation of the A.-structure is a deformation of the maps
{m;}; that satisfies the above equation.? For instance, a first order deformation of this

data is given by a sequence of maps {m; + em/};>; such that € = 0 and

S () my + eml) (157 ® (my + eml) ©1%) = 0

r,t>0
N=r+s+t

Given the {m;};>1 already satisfy the above equation, we are left with the condition that

Z (_1)r+stmu(1®r ® m; ® 1®t> + Z (_1)r+stm;(1®r Q@ m, ® 1®t) -0 (1‘1)

r,t>0 r,t>0
N=r+s+t N=r+4s+t

The dg Lie algebra associated to this deformation problem is the Hochschild cochain
complex of the A, -algebra, shifted by 1 so that the Gerstenhaber bracket becomes a Lie

bracket. Moreover, equation 1.1 precisely says that {m/]};>; must be a solution to the

2We refer the reader to [PS94, KS02, KL09] for further details on the deformation theory of A..-
algebras.
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Maurer-Cartan equation (upto terms of order €?) in the Hochschild cochain complex.
In [KL09, example 3.14] it was demonstrated that an arbitrary Maurer-Cartan element
in the Hochschild complex of a A, -algebra may deform the A.-algebra to a curved
As-algebra, i.e. introduce a map mg : Kk — V in the deformed A.-algebra. This is
a problem because in this case m? = my. A non-zero my forces us out of the world of
homological algebra.

Therefore, the first question should be about characterizing the situations where

Maurer-Cartan elements do not induce a curvature in deformations.
When can we gauge away the curvature?

Addressing this question over the ring of formal power series k[[t]] forms the core moti-
vation behind this work.

In order to address the question about deformations over k[[t]], we begin by first
analyzing the broader problem of characterizing the infinitesimal moduli spaces of E,,-
algebras and [E,,-monoidal co-categories. Following Grothendieck, we adopt the functor
of points approach to study these infinitesimal moduli spaces. The framework of functor
of Artin rings, developed by Schlessinger, is an approach to deformation theory using

the functor of points approach [Sch68]. A functor of Artin rings is a functor
X : CAlgd" — Set

from the category of commutative local artinian k-algebras to the category of sets, such
that X (k) is a singleton set. Lurie’s framework of formal moduli problems is an adap-
tation of Schlessinger’s framework to the setting of derived, non-commutative algebraic

geometry. A functor of artinian (small) E,-rings is a functor
X Algr™™ — S

from the oco-category of E,-algebra analogs of commutative local artinian k-algebras to
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the oo-category of spaces, such that X (k) is a contractible space. See [Lurllb] for details
(or §2.2.2 for a short review).

Given an E;-algebra B there are three associated natural deformation problems: a)
deform B as an E;-algebra upto equivalences, b) deform B as an E;-algebra upto Morita
equivalences (definition 3.0.1), and ¢) deform B as a module over itself, i.e. as an object
of LModpg. It turns out that these three deformation problems are closely related. When
made precise, this relation can be expressed as a fiber sequence of functors of small [Eo-

rings (proposition 3.4.3).
ObJDef]]E; E— SimDef(RModBVB) E— CatDefRMOdB

In the above sequence, the middle term corresponds to the deformation problem a),
the right-most term corresponds to the deformation problem b), the left-most term
corresponds to the deformation problem c).

Moreover, there is a fiber sequence of non-unital Es-algebras associated with the

above fiber sequence of functors.
B[-1] —— Tp[-1] —— HHg (B)

where T is the tangent complex of B (definition 3.5.14), while HHy, (B) is the Hochschild
cohomology of B (definition 3.5.12). Think of these non-unital Ey-algebras as the non-
commutative versions of the dg Lie algebras which control the above three deformation
problems.

In fact, the analogs of the three deformation problems exist for an [E,-algebra B, for
n > 1: a) deform B as an E,-algebra upto equivalences, b) deform B as an E,-algebra
upto Morita equivalences, and c¢) deform the presentable (oo, n — 1)-category of (n —1)-
fold iterated modules over B viewed as an object of the presentable (0o, n)-category of
n-fold iterated modules over B.

The preceding fiber sequence of non-unital Es-algebras becomes a fiber sequence of

the non-unital K, ,-algebras
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B[-1] —— Tp[—n] —— HHg (B)

here T is the tangent complex of B and HHg (B) is the E,-Hochschild cohomology of
B.

This discussion is closely related to the work of John Francis on the deformations of
E,-algebras [Fral3]. For B an E,-algebra in a symmetric monoidal k-linear oo-category,
theorem 1.1 of loc. cit established the existence of the preceding fiber sequence of
non-unital E, ,;-algebras. We recover the preceding fiber sequence of non-unital E,, -
algebras through corollary 3.4.5. See § 3.5.2 for a detailed discussion connecting our
approach to Francis’.

The fiber sequence of functors of small E, ;-rings associated to an E,-algebra B
(proposition 3.4.3) and the fiber sequence of associated non-unital E,, , ;-algebras of corol-
lary 3.4.5 are central objects of this work. The main results of §3.5 depend vitally on
the interrelation between the three deformation problems associated with an [E,-algebra

B.

1.2 Motivation: Deformation quantization

A major inspiration for this work arises from the objective of studying TQFTs as a
deformation quantization of classical theories. Broadly, deformation quantization is a
process which takes a commutative algebraic structure and gives a non-commutative
algebraic structure.

The field of deformation quantization began several decades ago through the work
of Bayen, Flato, Frgndsal, Lichnerowicz, and Sternheimer [BFFT78]. Over time, this
area has seen numerous significant contributions. Our intention here is not to provide
a detailed historical overview but rather to recall the aspects directly pertinent to this
thesis.

In his seminal work, Maxim Kontsevich proved that any finite dimensional Poisson

manifold admits a deformation quantization [Kon03], i.e the commutative algebra of

7



1.2. MOTIVATION: DEFORMATION QUANTIZATION

functions on a Poisson manifold can be canonically deformed into an associative algebra.
Given a smooth manifold M, a star product = on M is the structure of a R[[h]]-linear
associative multiplication on the algebra of smooth functions C*°(M). For every f,g €
C>*(M)

fxg="rfg+> WP(fg)

i>1
where P; are bilinear maps which behave like differential operators in each component op-
erators. For f(h), g(h) € C°(M)][Rh]], the star product is defined by h-linearity. [Kon03,
theorem 1.1] says that the set of equivalence classes of star products on a smooth man-
ifold is in bijection with the equivalence classes of Poisson structures depending on the
formal parameter h. Kontsevich obtained the result about deformation quantization of
Poisson manifold as a corollary of a much more general result about the quasiisomor-
phism of certain dg Lie algebras [Kon03, §4.6.2 Main Theorem]|, the Kontsevich formality

theorem.

In the article [Toé14], Bertrand Toén advocated a unified approach to deformation
quantization arising from derived algebraic geometry (developed in detail by [CPT*17]).
In this approach, deformation quantization of algebraic spaces is viewed from the point
of view of the deformations of the associated category of sheaves (equipped with an

appropriate monoidal structure).

Let X be a nice derived algebraic stack (eg. quotient of a commutative dg algebra
by a linear algebraic group). X admits a tangent complex Ty, which is defined to be
the Ox-dual to the cotangent complex. One defines the complex of n-shifted polyvector
fields on X

Pol(X,n) = @ T(X,Symp, (Tx[-1 — n]))

>0
The Lie bracket on vector fields endows this complex the structure of a graded Poisson
dg-algebra where the Lie bracket has cohomological degree (—1 — n) and weight (—1).

The space of n-shifted Poisson structures on X is defined to be the space of maps of

8



1.2. MOTIVATION: DEFORMATION QUANTIZATION

graded dg-Lie algebras [CPT*17, definition 3.1.1]
Poiss(X, n) == Mapggpes (k(2)[—1], Pol(X,n + 1)[n + 1])

where k(2)[—1] is the graded dg-Lie algebra which is & in cohomological degree 1, has
zero bracket and pure weight 2. Roughly, graded dg-modules over k£ are k-dg-modules
equipped with an action of k[e] with deg(e) = —1, €2 = 0 and a direct sum decomposition

with respect to this action, called the weight decomposition.

One has the higher formality conjecture [Toél4, conjecture 5.3]: For n > 0 an
integer and a nice derived algebraic stack X, the dg-Lie algebra ]TI?IETLH(X )n + 1]
is quasiisomorphic to Pol(X,n)[n + 1]. Here ﬁ[EnH(X) ~ End ;7% (J:0x) is the
formal version of the Hochschild complex of X, and £*(X) is the formal completion
along j : X — L"(X), the natural map from X to the corresponding n-fold loop
stack of X, L"(A) := Map(S™, X ). Here we view the topological n-sphere as a constant
derived stack. The conjecture can be interpreted as the statement that the E,,-Hochschild
complex of a nice derived algebraic stack is quasiisomorphic to the complex of n-shifted
polyvector fields. This conjecture reduces to Kontsevich’s formality theorem in the case
n = 0 [Kon03, §4.6.2]. The higher formality conjecture is known to be true when X is
the quotient of a cdga by a linear algebraic group [Toél3, corollary 5.4].

Our result on formal deformations (theorem 3.5.10) is an extension of the result of
Anthony Blanc, Ludmil Katzarkov and Pranav Pandit [BKP18, theorem 4.27]. It is in
the spirit of a result that would be required for the deformation quantization of algebraic
stacks. In ongoing work, we attempt to extend our result regarding formal deformations,
making it applicable to the derived category of a quasi-compact and quasi-separated
scheme. More precisely, we attempt to generalize the result to any derived category

which admits a single compact generator.

Following the argument of [Toél4, §5.3]: let X be a derived Artin stack for which

the formality conjecture holds. Given a n-shifted Poisson structure k(2)[—n — 2] &

9



1.3. RELATION TO OTHER WORKS

Pol(X,n+1) on X, the formality conjecture gives a map k(2)[—n—2] % ﬁﬁ;nH (X)) —
HHg, . (X). Now, if a version of theorem 3.5.10 holds for the derived category of X, it
will follow that ¢ provides a formal deformation of the derived category of X, viewed
as an [E,-monoidal k-linear oo-category. This deformation is the formal deformation
quantization of the pair (X, p).

Deformation quantization of an algebraic stack X equipped with a n-shifted Poisson
structure p was extensively discussed in [CPT17]. The authors work in characteristic
zero and use the technical tools of formal algebraic geometry to define a deformation
quantization of the pair (X, p). The essential idea is to view X as a family of formal
derived stacks, which translated questions about the stack X into questions about certain
dg Lie algebras that encode the formal geometry of points of X. Given such a stack
X, there is an associated stack Xpg, called the de Rham stack of X. As a functor on
the oo-category of cdgas, Xpr(A) = X (Aplack), where Apjack = To(A)plack- There is a
natural functor X — Xppr that allows us to view X as a family of formal derived stacks
over Xpg [CPTT17, corollary 2.1.9]. The authors define a certain sheaf of graded mixed
cdga By over Xpg (see [CPTT17, definition 2.4.11]) such that the oo-category of perfect
complexes of Ox-modules is equivalent to the oo-category of perfect modules over By,

Bx — Modfirjggr [CPT*17, Main result B]. The quantization of (X,p) is constructed

in terms of a deformation of the oco-category By — Modffﬁggr, induced the n-shifted

Poisson structure p [CPT*17, definition 3.5.5]. One would expect that this construction
of the deformation quantization of the pair (X, p) and the one explained in the preceding

paragraph must coincide when both are valid.

1.3 Relation to other works

Throughout this work, we are over a ground field k. We study the deformations of E,-
algebras in: a) the co-category of k-modules, b) the co-category of k-linear co-categories,

up to Morita equivalences (definition 3.0.1), as well as equivalences of E,-algebras.

10
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We situate our work in the context of deformations of monoidal categories.

1.3.1 Deformations of monoidal categories

Over the years, there has been a continuous interest in studying the formal moduli spaces
of algebraic objects: associative algebras [Ger64], abelian categories [Ane06, LVdBO05],
prestacks of linear categories [VL18], A,-algebras [PS94, KS02, KL09] dg-categories
[KL09] (equivalently, k-linear co-categories [Lurllb]). Following previous works [Dav97,
CY98, Yet98, Yet03], there has been a recent resurgence of interest to study deformations
of more intricate structures in the form of monoidal categories [PS22, ITC23, FGS24].
(Braided) Monoidal categories arise in the study of knot invariants and quantum groups
both of which are of interest to mathematicians and physicists alike. We summarise
some of these results and sketch a comparison with our work.

In [PS22], Piergiorgio Panero and Boris Shoikhet construct a generalization of the
Davidov-Yetter complex of a k-linear monoidal (dg-) category C as a totalization of
a 2-cocellular dg vector space. In fact, they show that this complex is an Es-algebra
[PS22, theorem 4.6] and conjecture a lift of this Ep-algebra to an Es-algebra. They
define an abelian category of 2-bimodules over a k-linear bicategory [PS22, §3.6], and
show that the complex they constructed may be realised as the internal hom-object in
this category [PS22, proposition 3.14]. They argue that the third cohomology of this
complex may be identified with the equivalence class of infinitesimal deformations of
C [PS22, theorem 5.3]. We note that in their work they only consider deformations
of: a) the composition b) the monoidal product on morphisms c) the associator of
the monoidal structure and d) the left and right units of the monoidal structure. In
particular, the “set theoretic data” of objects and the monoidal structure on objects is
held fixed under deformations [PS22, §5.1]. They classify deformations up to equivalence
of monoidal categories, which is a strictly stronger notion compared to the notion of a
Morita equivalence of monoidal categories (definition 3.0.1): every monoidal equivalence

induces a Morita equivalence, while the converse need not be true.

11
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A large part of this thesis is devoted to studying the deformations of monoidal oo-
categories upto Morita equivalences. Another difference between loc. cit. and this is that
here the “set theoretic” data is not held fixed under deformations. This means that some
objects may “disappear” under deformations. Let C be the co-category of right modules
over an Es-algebra B. It is reasonable to expect a map from the (space of) deformations
of C as defined by Panero-Shoikhet to the (space of) Morita deformations of C as defined
in this work (construction 3.2.1). Conjecturally, there is a natural map of Es-algebras
from the complex defined by Panero-Shoikhet to the Eo-Hochschild cohomology of B,
HHg, (B) (definition 3.5.12). In fact, this map should factor via the natural map of
Es-algebras Tp — HHg, (B) (see proposition 3.5.16), where T is the tangent complex
of B (definition 3.5.14). Consequently, it seems reasonable to expect a natural functor
from the category of 2-bimodules of [PS22] to the underlying homotopy category of the
oo-category of bimodules over C (as defined in [Lurl7, §4.3]). In this thesis we do not

study the deformations of monoidal co-category upto monoidal equivalences.

In [ITC23], Angel Toledo studies the deformations of a monoidal triangulated cate-
gories. The focus is on derived categories arising in algebraic geometry which admit an
essentially unique dg-enhancement. The strategy employed by Toledo involves construct-
ing a lift of the monoidal structure on a triangulated category to a (homotopy-truncated)
monoidal structure on the dg-enhancement, called a pseudo dg-tensor structure on the
dg-category [ITC23, §2.2]. Any pseudo dg-tensor structure on a dg-category induces
an associative monoidal structure in the homotopy 2-category of dg-categories [ITC23,
theorem 3.16]. As the name suggests, a pseudo dg-tensor structure is not compatible
with the homotopy theory of dg-categories, i.e it is not the right notion of a monoidal
structure on a dg-category. Nonetheless, the focus of Toledo’s work is tensor triangulated
categories, hence this notion suffices. Combined with Toén’s Morita theorem, Toledo
views this structure in terms of bimodules, proceeds to construct a double complex from
this data, such that the 4th cohomology of the corresponding total complex gives first
order deformations of the pseudo dg-tensor structure [ITC23, theorem 3.15]. To be pre-

12
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cise, only the associativity of the pseudo dg-tensor structure is deformed. In contrast
to [PS22], Toledo’s work takes into consideration the notion of homotopy equivalence of
dg-categories.

A difference between this thesis and Toledo’s work is that we focus on classifying
deformations up to Morita equivalences, which is a weaker notion of equivalence com-
pared to weak equivalence of monoidal dg-categories. It is not immediately clear how
to compare deformations of C as defined by Toledo and Morita deformations of C (as

defined in construction 3.2.1).

In [FGS24], Matthieu Faigt, Azat Gainutdinov and Christoph Schweigert use the
methods of homological algebra to develop methods to explicitly study the Davydov-
Yetter cohomology of a tensor category which is equivalent to the category of modules
over a finite dimensional algebra over a field k. They describe the Davydov-Yetter
cohomology in terms of the cohomology of an internal hom-object, i.e Ext-groups, of
the unit of the Drinfeld center of the tensor category [FGS24, theorem 1]. This allows
for an explicit characterization of the Davydov-Yetter cohomology, even describing an
associative monoid structure arising from the Yoneda product. They develop a method
to explicitly compute the cocycles which give rise to the deformation of the tensor
structure [FGS24, §5.4]. The Davydov-Yetter deformation theory characterizes only
those deformations where just the associativity of the monoidal structure is deformed.
In particular, the objects, composition and the monoidal structure on the objects is
held fixed under deformations. If C is the oo-category of right modules over a finite
dimensional (classical) commutative k-algebra B, then there should be a map from the
Davydov-Yetter complex of C to T (computed by viewing B as an Eq-algebra over k).
Possibly, this map could allow a partial description of the cohomology of Ty in terms of

the explicit calculations of [FGS24].

Here we provide (also see [PS24]) different perspective on the problem of deforma-
tions of monoidal categories by applying the framework of formal moduli problems of

Jacob Lurie. An advantage of our approach is the availability of powerful theoretical

13



1.3. RELATION TO OTHER WORKS

machinery. We study deformations of monoidal categories more comprehensively as
compared to the other approaches. For instance, we do not fix the set of objects of the
category under deformations; we work with the full co-categorical data, not passing to
truncations at any point; also address the question of deformations up to Morita equiva-
lences. A drawback is that the results are abstract; do not precisely connect to the more
explicit computations performed in the above three works. Although our project begun
independently, we note that a recent work by Fei Yu Chen also uses Lurie’s framework
to study deformations of objects in higher categories [Che23]. The key departure of our
work from Chen’s work is our treatment of deformations over the formal power series
ring k[[t]], which is crucial for application to deformation quantization. In addition,
the consideration given to ‘compact generators’ in this thesis is something missing in
[Che23]. A compact generator allows one to gain a better control over the space of
deformations, as demonstrated in §3.5 . We have included the full treatment without
reference to Chen to keep the thesis self contained. Part of the reason is also because
some of Chen’s work is not entirely clear to me. For instance, in the proof of [Che23,

proposition 2.2.5] Chen shows that there is a (n — 3)-truncated map of spaces
QOb_]DefM(A) — QOb_]DefM(B) XQObjDefM(B’) QObJDefM(A/)

from which the Chen concludes that removing the loop spaces, gives a (n — 2)-truncated

map of spaces
ObJDefM(A) — ObJDefM(B) XObjDefM(B’) ObJDefM(A,)

The conclusion cannot follow from such a general argument because it is agnostic to those
connected components of ObjDef,,(A) which do not contain the base point. It is not
hard to cook up examples to illustrate this problem. Consider a map 5?1152 RN N {x}
where the first copy of S? maps to S? via the identity, while the second copy of S? maps
to {*}. Choose a base point in the the first copy of S?. Then Q(S?1JS5?) LR Q(S?u{x})

14



1.4. OVERVIEW

is a homotopy equivalence. Clearly, the map f is not (—1)-truncated, i.e. f does not
induce a homotopy equivalence on the image. The proof of theorem 3.2.3 takes this issue

into account and provides a slightly different proof.

1.4 Overview

In this section, we set the notation to be used in the rest of this document, summarise

the content, and highlight the main results of this work.

1.4.1 Notation

We work over a field, denoted k. This is fixed once and for all.

o Fix a nested system of three universes Uy € U, € Uy. The elements of Uj are called
small, the elements of U are called large and those of Us are called very large. Let

ko be the smallest cardinal which is large but not small.

« By an oo-category we always mean a quasicategory (weak Kan complex), as in

[Lur09, definition 1.1.2.4].

« S isthe co-category of small spaces (Kan Complexes), as in [Lur09, definition 1.2.16.1].

S is the oo-category of large spaces.

. @oo is the oo-category of large oo-categories admitting all small colimits and
colimit preserving functors. This is a symmetric monoidal oo-category where the

monoidal structure preserves colimits in each variable.

. Prf EEROO is the oo-category of presentable co-categories and colimit preserving
functors, as in [Lur09, definition 5.5.3.1]. This is a symmetric monoidal co-category

where the monoidal structure, denoted ®, preserves colimits in each variable.
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Mody, is the stable co-category of k-modules in spectra. By [Lurl?, corollary 4.5.1.6],
this is canonically equivalent to the oo-categories of left k-module spectra and
right k-module spectra [Lurl?7, definition 7.1.1.2]. This is a symmetric monoidal

oo-category where the tensor product is an exact functor.

For n > 1 an integer, Alg), is the co-category of E,-algebra objects in Mod,. While
Alg "8 ~ (Algy) i is the co-category of augmented E,-algebras over k.

Pry = Modyjeq, (Pr*) is the oo-category of k-linear co-categories. This has a

symmetric monoidal structure induced from Pr”.

For an integer n > 1, nPry = Mod,,;. (n—1)p:L (E-EROO) is the presentable (0o, n + 1)-
category of presentable k-linear (0o, n)-categories. We adopt the convention that

OPr; = Mody. See definition 2.3.8.

For an E,-algebra A € Algy, LMod}, 4 = LMOdLModZ_l«n — 1)Pry) is the pre-
sentable k-linear (0o, n)-category of n-fold iterated left A-modules. We adopt the
convention that LMod% = A. In situations where it is unambiguous, we use A

instead of LModp, 4 to avoid notational clutter. RMody, 4 is defined analogously.

1.4.2 Outline and Main Results

We present an outline of the thesis and highlight the main results to aid the reader.

Chapter 2 is a review of the theoretical framework used in this work. This part

presents the language in which the results of this thesis are stated. No novelty is claimed

here, and appropriate citations have been given.

The first section recalls the Lurie’s framework of derived deformation theory [Lurllb].

We recall the notion of a formal moduli problem, which is a vast generalization of

Schelssinger’s notion of a functor of Artin rings [Sch68]. A formal moduli problem is

a functor which satisfies the derived analogs of Schlessinger’s criterion. Intuitively, a

formal moduli problem is the functor of points of an infinitesimal moduli space, and
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there is an algebraic description of this space (for example, as solutions to the Maurer-
Cartan equation in an appropriate dg Lie algebra).

The deformation problems we study in this work are not formal moduli problems.
Although this discrepancy can be quantified using the notion of an m-proximate formal
moduli problem, where m > 0 is an integer. A 0-proximate formal moduli problem is a
formal moduli problem. We recall the notion of an m-proximate formal moduli problem,
originally developed in [Lurllb].

Lurie’s framework is flexible enough to allow deformations over non-commutative
bases, i.e. E,-algebras. The deformation context of [£,-algebras is essential to us as all
results in chapter 3 are formulated in this context. We recall the relevant aspects of this
deformation context.

The second section recalls the theory of presentable (oco,n)-categories of German
Stefanich [Ste20]. To talk about Morita equivalences of E,,-algebras (definition 3.0.1) we
use the notion of the presentable higher category of iterated modules over them.

Chapter 3 is the heart of this thesis. This work is in collaboration with Pranav
Pandit (currently in preparation [PS24]). The chapter’s introduction provides an in-
depth explanation of all findings. Here we highlight the key results.

We are concerned with the deformation theory of E,-algebras and E,-monoidal oo-
categories, over a field k. Let n > 1 be an integer and B be an E,-algebra over k. There

are two natural deformation problems associated with B.
a) Deformations of B up to equivalences of E,-algebras.

b) Deformations of B up to Morita equivalences of E,-algebras. This notion of equiv-

alence is described in definition 3.0.1).

In this chapter, we investigate both of these deformation problems via their functor of
points. The functor corresponding to problem a) is denoted AlgDef, and it is studied
in §3.1; the functor corresponding to b) is denoted Caﬂ:DefRMOd;r > and it is addressed

in §3.5. In general, neither of these two functors satisfies the derived analogs of Sch-
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lessinger’s criterion, i.e. neither of these two is a formal moduli problem. We characterize
this failure using the language of proximate formal moduli problems. Additionally, under
a boundedness condition on B, we prove each of these two functors is a formal moduli

problem:

Theorem A (proposition 3.1.3) Let n > 1 and m < 0 be integers, B be an E,-algebra
over k such that the underlying spectrum of k is m-connective. Then AlgDef, as in

construction 3.1.1 is a formal moduli problem.

Theorem B (theorem 3.5.10) Let n > 1 and m < 0 be integers, B be an E,-
algebra over k such that the underlying spectrum of £ is m-connective. Then the space

CatDefratoar, , (K[[t]]) is homotopy equivalent to the space as CatDefﬁModgrqB (k[[t]])

Warning 1.4.1. We use the convention that an Ej-monoidal category is a category,

while a Morita equivalence of Eqg-monoidal categories is an equivalence of categories.

There is a third deformation problem which is naturally associated to an E,-algebra

B.

e) Deformation RMod~ + viewed as an object of RMody, . In case n = 1, this is the

same as deforming B viewed as a module over itself.

The functor corresponding to this deformation problem is denoted ObjDefRModn—é. Un-
pr,
surprisingly, this functor is not a formal moduli problem. The three deformation prob-

lems a), b) and e) are not entirely unrelated.

Theorem C (proposition 3.4.3) There is a fiber sequence of functors

ObJDefRModg;g — SimDef gyoqn RMod™ %) — 7 CatDefryoar, ,,

pr,B>
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here SimDef(RModgnB,RModg;é) is the deformation problem of the pair (RMody, 5, RMod?; 3),
where RMod;) - £ is viewed as an object of RMod}, 5. Note that when n = 1, this becomes
the deformation problem of the pair (RModg, B), i.e. a category with a chosen object.
Morally, one can identify SimDef(RModgnB’RMod;;é ) with AlgDef,. This identification can
be made precise, but we do not attempt that in this work. This fiber sequence of functors
is important to this thesis. There is an associated sequence of formal moduli problems

(corollary 3.4.5; also see proposition 3.5.16) which makes a recurring appearance in the

proofs of various results in chapter 3.
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Chapter 2

Preliminaries

In this chapter we review the necessary background from the literature. No novelty is

claimed here.

2.1 oo-Operads

Operads are a mathematical gadget which allows one to conveniently package algebraic
structures. The algebraic structure of a Lie algebra, an associative algebra, a commuta-
tive algebra, a left module over an associative algebra are some examples which admit a
description in terms of operads. This thesis extensively uses the framework of co-operads

as developed in [Lurl7, §2]. In this section, we review some aspects of this framework.

Notation 2.1.1. Let Fin, be the skeleton of the category of finite pointed sets and
their morphisms. The objects of Fin, are denoted (n) where n > 0. For n > 0 the
object (n) is to be understood as {x,1,2,...,n}, while (0) is {*}. Let f : (m) — (n) be

a morphism in Fin,, then
a. fis inert is for every i € {1,....,n}, the inverse image f~'(i) is a singleton set.

b. fis active if f~1(x) is a singleton set.
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For every n > 0 and 1 < ¢ < n there is an inert morphism, denoted p’ : (n) — (1),
defined as
| 1 ifi=3j
p'd) =
* otherwise

By N(Fin,) be the oo-category obtained by taking the nerve of Fin,.

Definition 2.1.2. [Lurl?7, definition 2.1.1.10] An oc-operad is a functor p : O® —

N(Fin,) between oco-categories which satisfies the following conditions:

1. For every inert morphism f : (m) — (n) in N(Fin,) and every object C € Of?nw

there exists a p-cocartesian arrow f : C — C’ in O lifting f.

2. Let C € O, and C" € Of, be objects, let f : (m) — (n) be a morphism
in Fin,, and let Mapé®(0, (") be the union of those connected components of
Mapps (C, C") which lie over f € Homg,, ((m), (n)). Choose a p-cocartesian mor-
phism C" — C! lying over the inert morphisms p’ : (n)(1) for 1 <4 < n. Then

the induced map

Maphe (C,C") — [ Mappd/ (C.C")

1<i<n

is a homotopy equivalence.

3. For every finite collection of objects C1,...,C,, € O%, there exists an object C' €

O% and a collection of p-cocartesian morphisms C' — C; covering p' : (n) —

(1).

Example 2.1.3. [Lurl7, definition 2.0.0.7] Let C® & N(Fin,) be an coc-operad and
a cocartesian fibration. Let C ~ C% be the fiber of p over (1). Then the cocartesian

fibration p endows C with the structure of a symmetric monoidal co-category.

Definition 2.1.4. [Lurl7, definition 2.1.2.3] Let p : O¥ — N(Fin,) be an oo-operad.
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A morphism f in O is inert if p(f) is inert and f is p-cocartesian. While f is active if

p(f) is active.

Definition 2.1.5. [Lurl7, definition 2.1.2.7] Let O® and O'® be cc-operads. A mor-

phism of co-operads is a map of simplicial sets f : O® — O'® such that

1. The diagram

o® ! > O'®
\ )/

N(Fin,
commutes.
2. The map f preserves inert morphisms.
The oo-category of co-operad morphisms from O® to O'® is denoted Alg,(O').

Example 2.1.6. In the above definition, let O’ be a symmetric monoidal co-category
and let O = N(Fin,). Then Algy z,,)(0’) is the oo-category of commutative algebra
objects in O'.

Definition 2.1.7. [Lurl7, definition 2.1.3.7] Let p : C® — O® and ¢ : D® — O% be
maps of oo-operads which are also cocartesian fibrations. Then C and D are O-monoidal
oo-categories. A map of oo-operads f € Alg.(D) is a O-monoidal functor if it carries

p-cocartesian arrows to g-cocartesian arrows.

2.1.1 The left module cc-operad

We follow [Lurl?7, §4.2] to review some aspects of left-module objects in oco-categories.

An analogous treatment can be done for right-module objects.
Definition 2.1.8. [Lurl?7, definition 2.1.1.1] A coloured operad O is defined as follows:
1. A collection of objects or colours of O, {X,Y, Z,..}.
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2. Given a finite set I, an I-indexed collection of colours {X; € O};cr and a colour

Y € O, a set of morphisms from {X;}ier toY denoted Mulp({ X }ier, Y).

3. Given a map of finite sets I — J let the fibres be {/;},c;. Consider a collection

of colours {X,}ier, {Y;}jes and Z € O. There is a composition

[[Mulo({Xi}ier,, Y5) x Mulo({Y;}jes, Z) — Mulo({Xi}ier, Z)

jed
4. A collection of morphisms {idx € Mulp({X}, X)}xeo which are left and right
units of the composition on O.
5. The composition is associative.
The left module operad is an example of a coloured operad.

Example 2.1.9. [Lurl?7, definition 4.2.1.1] The left module coloured operad LM is

defined as follows:
1. There are two colours: a and m.

2. Let {X;}ier be a finite collection of colours and Y be another colour. If Y = a and

X; = a for every i € I, then Mulpn({X;}ier, YY) is the set of linear orderings of 1.

If Y = m, then Mulp({ X, }ier, Y) is the collection of linear orderings {i; < ... <i,}

such that X;, =m and X; = a for every j <n.

All other morphisms sets are empty.

3. Composition is given by composition of linear orderings. Intuitively, one can imag-

ine concatenation of trees with vertices labelled by a and m.
Another example of a coloured operad is the associative operad.

Example 2.1.10. [Lurl?7, definition 4.1.1.1] The associative coloured operad Assoc is
the full sub-operad of LM spanned by the colour a.
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Definition 2.1.11. [Lurl7, notation 4.2.1.6] Let LM® be the category obtained from

the colour operad LM. This category is defined as follows:
1. The objects are finite sequences of colours X1, .., X,, € LM.

2. A morphism from {X3,.., X,,} to {Y7,..,Y,,} is the data of a morphism of pointed

sets a: (m) — (n) along with a collection
{¢; € MulLy({Xifica1), Vi) Fie

3. Composition in LM? is given by compostion of LM.

Definition 2.1.12. [Lurl?7, definition 4.2.1.7] There is an evident forgetful functor
LM® — Fin, which induces a functor of co-categories N(LM®) — N(Fin,). The

oo-operad LM® is given by taking the nerve of the category LM®.

Definition 2.1.13. The full sub oo-operad of LM® spanned by the colour a is an

oo-operad Assoc®.

Remark 2.1.14. [Lurl7, remark 4.2.1.10] The natural inclusion of coloured operads
Assoc — LM induces a fully faithful map of co-categories Assoc® — LM® which is a

map of oo-operads.

Definition 2.1.15. [Lurl7, definition 4.2.1.19] Let C® % £LM® be a map of oo-operads
which is a cocartesian fibration. Then ¢ exhibits C,, = ¢'(m) as left-tensored over

Co=q (a).

Definition 2.1.16. [Lurl7, definition 4.1.1.10] A monodial oco-category is a map of

oo-operads C®¥ — Assoc® which is also a cocartesian fibration.

Example 2.1.17. Let C® — N(Fin,) be a symmetric monoidal oco-category. Then
Assoc-monoids in C are maps of oo-operads Alg,....(C). The objects of Alg,..,.(C) are

associative algebra objects of C.
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Example 2.1.18. Let C® — N(Fin,) be a symmetric monoidal co-category. Then
L M-monoids in C are maps of oo-operads Alg,,,(C). The objects of Alg,,,(C) may be
viewed as pairs (A, M) where A is an associative algebra object of C and M is an object

of C equipped with a left action of A.

2.1.2 Little [-disk occ-operad

We follow [Lurl?7, §5] to review some aspects of E,-algebras.

Definition 2.1.19. [Lurl?7, definition 5.1.0.2] Let [ > 1 be an integer, ' = (—1,1)! be

the open cube of dimension [ and ‘E,* be a topological category defined as follows:
1. The objects are (n) € Fin,.
2. A morphisms (m) — (n) in ‘E,® is the following data

a. A morphism a : (m) — (n) in Fin,.

b. For each j € {1,...,n} an embedding (I x a~() 20 Moreover, for every

z € a '(j), o(—,x) : OF — OF is given by
(Y1, -y y1) = (aryr + by, oy + by)

for some real constants a; > 0 and b;. ¢ is called a rectilinear embedding.

3. For every pair of objects (m),(n) € 'E,®, the space HomtEe;l((m), (n)) has the

presentation

Homege((m), () = [T T Reet(@ x £71(),0)

fim)—(n) 1=j=n

4. The composition of morphisms is defined in the obvious way, in terms of concate-

nation of trees.
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Let Ef be the topological nerve of E,®.

Proposition 2.1.20. [Luri7, proposition 5.1.0.3] There is a forgetful functor 'E,° —
Fing, which induces a functor Ef@ — N(Finy). This induced functor exhibits IEI® as an

oo-operad.
Definition 2.1.21. E? is called the co-operad of little l-cubes

Construction 2.1.22. [Lurl7, construction 5.1.2.1] Let I,{" > 0 be integers. There is a

topological functor p: ‘E,® x 'E,® — 'E, +l’® defined as follows:
1. The diagram

tp ® t ® P t ®
_
E~ x 'E, E,

! !

N(Fin,) x N(Fin,) —— N(Fin.)

commutes. Here, # : N(Fin,) x N(Fin,) — N(Fin,) is as defined in [Lurl?,
notation 2.2.5.1]:

b. Given f: (m) — (m’) and g : (n) — (n’) two morphisms of finite pointed

sets,
x if f(a) =% or g(b) = *
f#glan+b—n) =
fla)n' 4+ g(b) —n’ otherwise
2. Given morphisms @ : (m) — (n) in ‘E® and 8 : (m/) — (n') in 'E,®, denote
1

a=(a,{f; : O x a”

() — O%Yeq,omy) and B = (B, {fy : 0" x a7 1(j') —
0"} jreqr,..ny)- Define p(a

a, ) « (mm') — (nn')
(a8, {f; x fir : O xa™(j) x 87 B Njeqrmpetomy

Taking the topological nerve induces a functor Ef x Ej} % E .
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The following is a version of the Dunn additivity theorem proven by Lurie. It plays

an important role throughout the next chapter.

Theorem 2.1.23. [Lur17, theorem 5.1.2.2] Let I,I' > 0 be integers. The functor EJ x
E; N Efil, of construction 2.1.22 exhibits the co-operad E%rl, as a tensor product of the

oc-operads B and Ej.

In other words, o(a, 3) is inert if both @ and 3 are inert. Let C be a symmetric
monoidal oo-category such that the tensor product preserves colimits in each variable.
For every integer [ > 0, Alg'(C) = Algg, (C) is the oo-category of [E,-algebra objects in
C. The above theorem (Dunn-Lurie additivity) implies that

Alg"™(C) ~ Alg'(Alg"(C))

Lemma 2.1.24. [Luri7, example 5.1.0.7] There is an equivalence of co-operads EY ~

Assoc”.

2.2 Formal Moduli Problems

In Schlessinger’s axiomatic approach to deformation theory [Sch68], the deformations
of an algebro-geometric object are encoded in a functor from local Artin rings to sets,
called a functor of Artin rings. A functor of Artin rings that behaves well with certain
limits allows one to study its value on ‘larger’ Artin rings in terms of ‘smaller’ ones, for
example, small extensions/square-zero extensions. A functor of Artin rings that does
this may admit a hull [Sch68, definition 2.7], i.e. a surjective morphism from a ‘minimal’
pro-representable functor of Artin rings. It would be even better if such a functor
is (pro)-representable, allowing an algebraic description of the formal neighbourhood
of the object being deformed. Schlessinger’s criterion [Sch68, theorem 2.11] provides

sufficient conditions on a functor of Artin rings to guarantee the existence of a hull, and
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pro-representability. An example of a pro-representable functor of Artin rings is the
formal completion of scheme at a closed point. If the scheme is a moduli scheme, then
the formal completion encodes the data of deformations of the object represented by the
closed point.

Analogously, one would like a ‘derived functor of Artin rings’ to behave well with
homotopy limits and satisfy a derived variant of Schlessinger’s criterion. When trying
to formulate such a criterion, one is guided by the natural requirement that the formal
completion of a derived algebraic stack at any closed point should satisfy that criterion.
In this section, we review the axiomatic framework of derived deformation theory as
developed by Lurie [Lurllb]. In this framework a derived functor of Artin rings that
satisfies certain conditions is called a formal moduli problem. If a functor is a formal
moduli problem it admits an algebraic description. For instance, in terms of a dg Lie
algebra.

There are numerous derived functors of Artin rings that arise from algebro-geometric
objects and which fail to be a formal moduli problem. The functors we study also show
this behaviour. We review the notion of an approrimate formal moduli problem as
introduced in [Lurllb, §5.1]. This notion allows for a quantification of the failure of a
deformation functor to being a formal moduli problem, giving a convenient language to

formulate our results.

2.2.1 Stabilization and Spectrum Objects

We will see that the tangent space to a formal moduli problem is more naturally described
as a tangent spectrum, from which the tangent space can be recovered. In view of this

observation, we recall the definition of a spectrum object.

Definition 2.2.1. Let ) be an oco-category which admits finite limits. A spectrum
object of ) is a reduced, excisive functor X : S/ — Q). By definition, X is reduced

if it preserves final object and X is excisive if it takes pushout squares S/ to pullback
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2.2. FORMAL MODULI PROBLEMS

squares in %).

Notation 2.2.2. [Lurl7, notation 1.4.2.20] Let Sp(2)) = Exc.(S/™,9) be the full sub-
category of Fun(S/"9)) spanned by the spectrum objects of 2). For each integer n, there

is a functor

Q7" Sp(Y) — Y

which is given by E — Q°(FE[n]), where E[n] is the shift of E' be n. In case n > 0, the

functor 2°°7" is given by evaluation on the n-sphere.

Example 2.2.3. Let S be the oo-category of spaces. The oo-category of spectrum
objects Sp(S) is equivalent to the oo-category of spectra.

Remark 2.2.4. Let R be an E-ring spectrum, ) = (CAlgg),r = CAlgh® be the
oo-category of augmented E..-algebras over R. By [Lurl7, corollary 7.3.4.14], the oo-
category Sp(%2)) is equivalent to the oco-category of R-module spectra Modg.

Let £ € Modg. Following [Lurl7, remark 7.3.4.16], for any n > 0 we can identify
Q" E with the square-zero extension R & Eln].

Remark 2.2.5. Let n > 1 be an integer, R be an E, ,;-ring spectrum, LMody be the
oo-category of left R-modules in Sp(S). As a consequence of [Lurl7, corollary 4.8.5.20
& proposition 7.1.1.4] LModp, is an E,-monoidal stable co-category.

Let Algh, be the oco-category of E,-algebras in LModg and Algip™® = (Algl™®)/r

be the oo-category of augmented E,-algebras over R. It follows from [Lurl7, theo-

rem 7.3.4.13 & proposition 3.4.2.1] that
Sp(Algz™"®) ~ LModg

is the oo-category of spectrum objects of Alg'.

Remark 2.2.6. A spectrum object in spaces can be intuitively thought of as an oo-fold

loop space of a space. This perspective is made precise by [Lurl7, proposition 1.4.2.24].

30



2.2. FORMAL MODULI PROBLEMS

This proposition says that the co-category Sp(2)) is equivalent to the homotopy limit of

the tower of oco-categories

— D = 2 — D

2.2.2 Formal Moduli Problems
We present an introduction to the framework of formal moduli problems.

Definition 2.2.7. A deformation context is a pair (), {Eqs}aer), where ) is a pre-
sentable oco-category and {E, }aer is a set of objects of the stabilisation Sp(Q)).

A deformation context decides the test objects which we are allowed to probe the
formal moduli of the objects of our interest. For instance, consider Schlessinger’s frame-
work of functor of Artin rings. In this setting one could consider a functor which maps
local Artin k-algebras to sets. The test objects in this case are local Artin k-algebras.
Lurie’s framework is more flexible, allowing one to choose test objects from arbitrary
presentable oco-categories. In other words, the choice of a deformation context is the

choice of the objects which act as the bases over which we deform.

Example 2.2.8. [Lurllb, example 1.1.4] Let R be an E,-ring spectrum. In view of
remark 2.2.4, the pair (CAlg3™®, R) is a deformation context.

View R as an E,;-ring spectrum via the forgetful functor CAlg — Alg"™. Fol-
lowing remark 2.2.5, the pair (Algy, R) is also a deformation context for every integer

n>1.

For the remainder of this section, we focus on the deformation context (Alg}, k),
where k is a field. This is the deformation context relevant for chapter 3. The reader is
referred to [Lurllb, §1] for a more general treatment.

Formal E,-Moduli Problems

Let n > 1 be an integer, k be a field.
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2.2. FORMAL MODULI PROBLEMS

Notation 2.2.9. Let Alg,*"® ~ (Algy)x be the oo-category of augmented E, -algebras

over k.

We fix an integer n > 1 and the deformation context (9),{E}) = (Alg, ™", {E}) for
the rest of this section. Here, E € Sp(Alg,*"®) corresponds to k € Mody, (remark 2.2.5).
Now we specify the test objects in the deformation context of [E,-algebras. These

are analogs of local Artin k-algebras.
Definition 2.2.10. [Lurllb, definitions 1.1.5 & 1.1.§]

1. A morphism ¢ : A — A" in Alg]"™"® is called elementary if there is an integer n > 0

and a pullback diagram

A———k

lqs l@so

Al —— Q*"E
Here, ¢y is the base point of Q*™"FE = k @ k[n].

2. A morphism ¢ : A — A" in Alg™® is called small if it can be written as a

composition of finitely many elementary morphisms.

3. An object A of Alg;™"® is called small if the canonical map A — k is a small

n,aug

morphism. The full oco-subcategory of small objects of Alg, is denoted by
Ang’smaH.

Proposition 2.2.11. [Lur11b, proposition 4.5.1] An E, -algebra A over k is small if and
only if

1. A is connective, i.e. m;A >~ 0 for all v < 0.
2. m A is a finite dimensional k-vector space.

3. Let n be the radical of mgA. Then unit map k — (moA)/n is an isomorphism of

k-vector spaces.
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The analog of a functor of Artin rings in Lurie’s framework is the following:

n,small
k

Definition 2.2.12. A pre-formal moduli problem is a functor X : Alg — &S such

that X (k) is contractible.
The following is the analog of Schlessinger’s criterion in Lurie’s framework:

Definition 2.2.13. [Lurllb, definition 1.1.14] Let o:

A1—>Bl

Lk

A2—>BQ

be any pullback in Alg*™". A pre-formal moduli problem X is called a formal moduli

problem if X (o) is a Cartesian diagram in & whenever ¢ is small.

Notation 2.2.14. Let Moduli} C Fun(Ang’smau, S) be the full subcategory spanned by

formal moduli problems.

Formal moduli problems have an important invariant, called the tangent complex.
Let X be an algebraic variety over C, n € X(C) be a closed point of X. The Zariski
tangent space of X at 7 is defined to be the fiber T, = fib,(X(Cle]/€*) — X(C)).
Equivalently, this is the Zariski tangent space of the formal completion of X at the
closed point 7. The tangent complex of a formal moduli problem is a derived analog of

the Zariski tangent space of an algebraic variety.

Remark 2.2.15. Let X : Alg{*™" — S be a formal moduli problem. It follows from
[Lurllb, proposition 1.2.3] that Sin E2N Alg; ™" factors via the full subcategory of small
objects Ang’Sman. As a consequence of [Lurllb, proposition 1.2.4] we conclude that the

composition

in E X
Sim = Algz,sma = S
is a strongly excisive, i.e. may be viewed as a spectrum.
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Definition 2.2.16. [Lurllb, definition 1.2.5] Let X : Alg"*™" — S be a formal moduli
problem. Let X (E,) denote the composition Sf* 2 Algpemat % 8. We view X (E) as

an object in the co-category of spectra, called the tangent complex to X, denoted TX.

The following result establishes that the tangent complex of a formal moduli problem

is a complete invariant.

Proposition 2.2.17. [Lurl1b, proposition 1.2.10] Let f : X — Y be a map of formal
moduli problems. Then f is an equivalence if and only if it induces an equivalence of

spectra X (E) — Y (E).

We recall the notion of E, Koszul duality in terms of a universal property. This
duality leads to the generalization of the relation between deformation problems and dg
Lie algebras.

Let n > 1 be an integer, k be a field, A be an E,-algebra over k. Let Aug(A) =
Map Ang(A, k) be the space of augmentations of A. Let B be an E,-algebra over k and
choose augmentations €4 : A — k and eg : B — k. Let Pair(A, B) be the fiber of the
map Aug(A ®x B) — Aug(A) x Aug(B) over (ea,€p).

Definition 2.2.18. Define ©"(A) as the E,, Koszul dual of A, specified by the universal
property given below

Map g jgnaus (B, D"(A)) ~ Pair(A, B)
Equivalently, the E,-Koszul dual represents the functor B +— Pair(A, B).

By [Lurllb, proposition 4.4.1] the object ©®"(A) along with a universal pairing v :
AR D"(A) — k exists. D™ : (Alg™"®)P — Alg ™" is called the E,, Koszul duality
functor.

The following result is one of the most important results in the context of derived
deformation theory. This is the non-commutative, positive characteristic analog of the
statement that “dg Lie algebras control deformation problems over a field of character-

istic zero” (see [Lurllb, theorem 2.0.2]).
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Theorem 2.2.19. [Lur1l1b, theorem 4.0.8] Let n > 0 be an integer and k be a field.
Then there is an equivalence of co-categories U : Alg,” * — Moduli;, given by given by
A = Map yjgraus(D"(—), A). In addition, we have the following (homotopy) commutative
diagram
Algy™ —2 s Moduli!
Fo b
Mody, —— Sp

where T : Moduliy, — Sp is the tangent complex functor and m : Alg*" — Mody, is the

augmentation ideal functor given by (A — fib(A — k)) with the fiber taken in Mody,.

Definition 2.2.20. [Lurllb, definition 4.1.1] Let m and n > 1 be integers, k be a field,
and A be an E,-algebra over k. Note that A is equipped with a unit, which is a map
of k-modules k& = A. Then A is said to be m-coconnective if the homotopy groups

m;cofib(e) vanish for i > —m.

Note that when m > 0, A is m-coconnective if and only if the unit map £ — A
induces an isomorphism & — myA and 7; A vanish for all ¢ > 0 and —m < i < 0.

The following two results about E,, Koszul duality will be essential in §3.5 and §?7?.

Lemma 2.2.21. [Lurl1b, lemma 1.5.10] For every small object A € Alg}*™" D"(A)

n,aug

is a compact object of Alg,

Lemma 2.2.22. [Lurilb, lemma 4.5.9] Let n > 1 be an integer, k be a field and A
be an augmented E,-algebra over k. If A is connective, then the Koszul dual ©"(A) is

n-coconnective.

2.2.3 Approximations to Formal Moduli Problems

Definition 2.2.23. Consider a (homotopy) commutative diagram of spaces:

X —Y

L

X — Y
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This diagram is said to be n-Cartesian if the homotopy fibres of the the natural map
X = Y Xy X’ are (n — 2)-truncated. We say that a space is (—2)-truncated space if
and only if it is contractible. It follows that a 0-Cartesian square is a Cartesian square

in the usual sense.

Definition 2.2.24. Let o:

A1—>Bl

Lk

A2—>BQ

be any pullback in Alg}*™". Let n > 0 be an integer. A pre-formal moduli problem X
is called a n-proximate formal moduli problem if X (o) is a (n — 2)-Cartesian diagram in

S whenever ¢ is small.

Notation 2.2.25. As Moduli} is an accessible localization of Fun(Ang’smaH,S ), there
exists a left adjoint L : Fun(Algp®™™" S) — Moduli} to the natural inclusion i :
Moduli? — Fun(Alg}*™" S). We note that the natural inclusion factors through the
full subcategory of pre-formal moduli problems Fun, (Ang’smaH,S). This leads to an

adjunction (denoted using the same symbols)

L
>
Moduli?? —— Fun,(Alg*™" S)
For every integer m > 0, Let Prox(m) C Fun,(Alg}™™" S) be the full subcategory of

m-proximate formal moduli problems. We will denote the composition
Prox(m) C Fun,(Alg/*™", S) L Moduli}

by (=)".

Theorem 2.2.26. [Lurl1b, theorem 5.1.9] Let X : Ang’smaH — 8 be a pre-formal moduli

problem. Then the following are equivalent:
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1. The functor X is a n-proximate formal moduli problem.

2. There exists an (n — 2)-truncated map n : X — Y, where Y is an n-proximate

formal moduli problem.

3. Let L denote the left adjoint to the natural inclusion Moduli®* < Fun(Alg}™™" S).
Then the unit map X — L(X) is (n — 2)-truncated.

2.3 Presentable (0o, n)-categories

Notation 2.3.1. Fix a nested system of three universes Uy € U; € U,. The elements of
Uy are called small, the elements of U; are called large and those of Us are called very

large. Let kg be the smallest cardinal that is large.

Notation 2.3.2. Let @OO be the oco-category of large cocomplete oco-categories and

colimit preserving functors.

The notion of a presentable (oo, n)-category relies on the observation that the oo-
category of presentable co-categories Prl is an essentially large oo-category. Prl is
both a subcategory and an object of 5a\too. The observation that EEROO is kp-compactly
generated by presentable oo-categories (see proposition 2.3.4) allows a construction of
presentable higher categories as iterated modules over Pr” without a need for an infinite
nested sequences of universes. A detailed development of these ideas may be found in

[Ste20]. Here we present a terse review relevant for our purpose.

Definition 2.3.3. [Ste20, definition 5.1.2] Let C be a very large, locally large co-category
admitting all large colimits. An object E € C is kg-compact if the corresponding corep-
resentable functor C K S preserves ro-filtered colimits. We say C is kg-compactly
generated if it is generated under large colimits by the ko-compact objects, and the

space of kg-compact objects is large.
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Proposition 2.3.4. [Ste20, proposition 5.1.4] The oo-category Ea\too 1S Ko-compactly

generated. An object of EEROO is ko-compact if and only if it is a presentable co-category.

Proposition 2.3.5. [Ste20, proposition 5.1.10] Let £ be an algebra in Cateo, and A
be an algebra in E£. Then the co-category RMod s of right A-modules equipped with its
natural left £-module structure, is a presentable £-module. In other words, RMod 4 is

ko-compact as an E-module.

Notation 2.3.6. Let CAIg(aROO) be the oo-category of E,.-algebra objects in Ea\too.

Following [Ste20, remark 5.1.11}, we have a lax symmetric monoidal functor
Mod,,, _ : CAlg(Cats.) — CAlg(Catoo)

which sends an object £ to Mod,, ¢ the oo-category of ko-compact £-module objects in
Caltoe.

We have a functor
Mod_ : CAlg(Cats) — CAlg(CAT.)

where CAT, is the oo-category of very large oo-categories. The functor sends an object
£ to the oco-category Mode of £-module in 5a\too. By [Ste20, proposition 5.1.7] we know
that the collection of free £&-modules € @ C where C is a presentable oco-category is a

collection of kg-compact generators of Modg. By convention, we let the functor
Mod” : CAlg(Cats) — CAlg(CAT.)
be the composition —Mod o —Modgr_’i.

Definition 2.3.7. [Ste20, definition 5.2.2] We define the oo-category of presentable

(00, n)-categories nPr” to be the oo-category of presentable modules over (n — 1)Pr”

nPrl = Mod,, (,_)pyt (Cato) = Mod?!

n—1 pr,S
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A presentable (0o, n)-category is an oo-category that is a ko-compact left module over

(n — 1)Pr". We adopt the convention that OPr” is the co-category of spaces S.

Definition 2.3.8. [Ste20, variant of definition 5.2.5] Let k& be a field. We define the
oo-category of k-linear (0o, n)-categories to be the oo-category of presentable modules
over (n — 1)Pry.

nPrj = Mod,, (, 1)p,t(Cato) = Mod?

A k-linear (oo,n)-category of an oo-category that is a kg-compact left module over
(n — 1)Prf. We adopt the convention that OPr} is the oo-category of k-module spectra

MOdk.
There are several examples of presentable k-linear (oo, n)-categories:

Example 2.3.9. Let C be an algebra object in nPrﬁ . It follows from proposition 2.3.5
that RMod¢(nPrr) € (n + 1)Prr is a k-linear (oo, n + 1)-category.
If Ais an E,-algebra over k, then RMod’} := RModRMOdZ—l ((n—1)Prf) is the presentable
k-linear (0o, n)-category of n-fold iterated right A-modules.

When n = 2, it follows from [Lurl7, corollary 4.8.5.20] that RMod 4 is an [E;-monoidal
k-linear oco-category. It follows from proposition 2.3.5 that RMod% = RModraod , (P1E)
is a presentable k-linear (oo, 2)-category. When n > 2, iterating this argument shows

that RMod’; is a presentable (n — 1)Prp-module.

Given a presentable oco-category M tensored over a presentable symmetric monodial
oo-category A one may construct an co-category 91 enriched in \A. This construction is
in fact functorial (see [Ste20, §3.2] for a discussion, or alternatively [GH15, §7]). In case
A = (n — 1)Pr*, we may view 9 as an (oo, n)-category. We recall the definition of the

(00, n + 1)-category nBt” of presentable (0o, n)-categories.

Remark 2.3.10. Let n > 1 be an integer, n@m be the oco-category of co-categories

enriched in (oo, n — 1)-categories. By [Ste20, §5.3] we have a lax symmetric monoidal
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functor

¥y, : Mods — n@oo

which turns oo-categories tensored over Mod} : in to the associated oo-categories en-
riched in (oo, n — 1)-categories. If C € Mody, then the underlying oo-category of ¢, (C)

is equivalent to C.

Let C be a presentable (0o, n)-category. Given that there is the enrichment functor
¥n, we can define the n-fold endomorphism object for an object £ € C. We define this

object iteratively.

Definition 2.3.11. Let C be a presentable (0o, n)-category and F € C be an object.
Then there is an associated (presentable!) (oco,n — 1)-category of endomorphisms of
E, denoted Map ,(E, E). The n-fold endomorphism object of F, denoted 3(FE), is the
(n — 1)-fold endomorphism object of the identity idg € Map,(F, E). It follows that
3(E) has the structure of an E,-algebra.

Let n€at” be the (co, n+ 1)-categorical enrichment of Mod’s. More precisely, we view
Mod} as a module over itself, therefore Mods may be enriched in itself. The functor
¥, + Mods — n@m allows us to enrich Mod} in nC/fano. Note that the underlying

oo-category of n€at” is equivalent to Mod'.

Definition 2.3.12. The full subcategory of n€at’ spanned by presentable (co,n)-

categories is denoted nJBt”. The underlying co-category of nft” is equivalent to nPr”.
g ying gory

In general, the endomorphism (oo, n — 1)-category is not kg-compact, i.e. it is not presentable.
Although it can be realized as a ro-filtered colimit of £o-compact objects of (n — 1)Pr".
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Chapter 3

Deformations of E,,-monoidal

categories

This chapter serves as the core of this thesis. In the following sections, we will under-
take an in-depth study of the deformation theory of E,-monoidal k-linear co-categories,

considering both Morita equivalences and E,-monoidal equivalences.

Definition 3.0.1. Two E,-algebra objects B, B’ in a symmetric monoidal co-category
are Morita equivalent if RMody, 5 and RMod}, g/ are equivalent as n-fold iterated module

oo-categories.

Due to [Lurl7, corollary 4.8.5.20] we know that for every B € Algy, an E,-algebra
over k, the corresponding k-linear co-category of right B-modules, RModg, has an E,,_1-
monoidal structure. Stefanich, in [Ste20, §5], introduced the concept of a presentable
(00, n)-category. Based on [Ste20, §5], we define the presentable k-linear (oo, 2)-category
of right modules over RModp as RModf)r’ g = RModgmod, (Prk). Proceeding along these
lines, we define the presentable k-linear (oo, n)-category of n-fold modules over B to be
RMod}, 5 = RModRModg;é((n — 1)Pr}) (see definition 2.3.8 and example 2.3.9).

In section 3.1, we study the deformations of E,-algebras over k, up to equivalences of

E,-algebras. We construct a functor AlgDef, called the deformation functor for an [E,-
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algebra B (construction 3.1.1), and establish that this functor is a 1-proximate formal
moduli problem (lemma 3.1.2). We also prove that under a boundedness hypothesis
on the underlying k-module of B, the functor AlgDef; is a formal moduli problem
(proposition 3.1.3). This result plays a crucial role in the proofs of our main results in

the subsequent sections.

In section 3.2, we study the deformations of presentable k-linear (oo, n)-categories.
This section extends the work of [Lurllb, §5.3], originally focusing on deformations of
k-linear oo-categories, to include presentable k-linear (oo, n)-categories where n > 1.
We construct a functor CatDefe, called the deformation functor of a presentable k-linear
(00, n)-category C, for every integer n > 0 (construction 3.2.1). Per our established
convention, C is a k-module in the case where n = 0. We show that CatDef; is a (n+1)-
proximate formal moduli problem (theorem 3.2.3). We define 3(C), a k-linear center of
C (definition 3.2.5), and construct a natural transformation from CatDefe to the formal
moduli problem given by 3(C) (construction 3.2.7). We show that the formal completion
of CatDefe, denoted CatDefp, is equivalent to the formal moduli problem given by 3(C)
(corollary 3.2.10). As a consistency check, one can see that the results of this section

reduce to those of [Lurllb, §5.3] upon setting n = 1.

In section 3.3, we study the deformations of objects in presentable k-linear (oo, n)-
categories. This part is a common generalization of [Lurllb, §5.2 & §5.3], which deal
with the deformations of objects in k-linear oo-categories and the deformations of k-
linear oo-categories respectively. We construct ObjDefj, the deformation functor for
an object E in a presentable k-linear (oo, n)-category, for n > 1 (construction 3.3.1).
We prove that ObjDefy, is a n-proximate formal moduli problem (theorem 3.3.3). It is
noteworthy that the functor CatDefe can be seen as a specific instance of the functor
ObjDefy: if C is a presentable k-linear (0o, n)-category for n > 0, then consider C as an
object in the presentable k-linear (co,n + 1)-category nPrI,;. We adopt the convention

that OPry = Mody.

In section 3.4, we study the deformations of pairs (C, F) such that F is an object
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of a presentable k-linear (oo, n)-category C, for every integer n > 1. This part is a
generalization of [BKP18, §4.1], which deals with the deformations of pairs (C, E') such
that C is a k-linear oo-category. We construct a functor SimDef(¢ g), the deformation
functor of the pair (C, E) (construction 3.4.1). We demonstrate that there exists a
fiber sequence of deformation functors that includes ObjDefy, SimDef¢ gy, and CatDef
(as stated in proposition 3.4.3). This leads to the conclusion that SimDef g) is a
(n + 1)-proximate formal moduli problem (corollary 3.4.4). An immediate corollary
that follows is that there is an associated fiber sequence of formal moduli problems
associated with the pair (C, F) (corollary 3.4.5). Next, we undertake a closer analysis
of the formal completion of SimDef¢ g), which is a formal moduli problem denoted
SimDef{\a@. We define 3(C, F), a k-linear center of the pair (C, E) (definition 3.4.6),
and construct a natural transformation from SimDef¢ g) to the formal moduli problem
given by 3(C, E) (construction 3.4.10). We finally show that SimDef(, ) is given by
3(C, E) (proposition 3.4.11). The last part of this section focuses on obtaining an explicit
description of the functor ObjDef,, using the fiber sequence of formal moduli problems
obtained earlier (proposition 3.4.14). In pursuit of this proposition, we discuss the
restriction of a formal E,-moduli problem to a formal E, ;-moduli problem via the
natural forgetful functor Algl™ — Algl. To conclude this section, we make some

conjectural observations, connecting to [Fral3, conjecture 4.50].

In section 3.5, we focus on studying the deformations of an IE,-monoidal k-linear
oo-category C, up to Morita equivalences. As we discussed above, this amounts to
studying the deformations of the presentable k-linear (0o, n +1)-category RMod, .. We
assume that C arises as the oo-category of modules over an E,,;-algebras B over k. We
impose an additional boundedness hypothesis on the underlying k-module of B (defini-
tions 3.5.2 & 3.5.3). We focus on deformations over the formal power series ring, k[[t]],
(theorem 3.5.10) We show that the space of deformations CatDefraoar ,(A) is equiva-

lent to the space CatDefﬁMOdgnc (A), where A = k[[t]] . To conclude this section, we show

through proposition 3.5.16 that the fiber sequence of non-unital E, ,-algebras of [Fral3,
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theorem 1.1] can be seen as a specific case of the fiber sequence of formal moduli prob-
lems in corollary 3.4.5: in the notation of corollary 3.4.5, if we choose C = RMod’;: £ and
E = RMody, p, we recover the fiber sequence appearing in [Fral3]. Specifically, through
lemma 3.5.13 we show that the E, -Hochschild cohomology of B (definition 3.5.12) is

n+1

canonically equivalent to the k-linear center 3(RMod} "y

). Moreover, in lemma 3.5.15,
we also show that the tangent complex of B (definition 3.5.14) is canonically related to

the k-linear center 3(RMody" z RMod}, 5).

We need a couple of results to show that the various deformation functors that we
construct are m-proximate. We record these now:

The following lemma does not rely on any specific model of an (oo, m)-category.
All we use is that an (0o, m)-category has an (oo, m — 1)-category of morphisms be-
tween any pair of objects. Following the standard practice, an (oo, 0)-category is an
oo-groupoid /Kan complex. In addition, we use that there is a truncation functor from
the oo-category of (0o, m)-categories to the co-category of (oo, 0)-categories which sends

an (0o, m)-category to the underlying Kan complex. For instance, the model of (oo, m)-

categories developed in [GH15] meets these requirements, so does the model used by

[Ste20].

Lemma 3.0.2. Let m > 1, F' : C — D be a functor between (0o, m)-categories. If F
induces an equivalence of m-morphism spaces C(x1,y1)(22, y2)...(Zm, ym) — D(Fa1, Fyy)
(Fao, Fya)..(FTpm, Fym) for all z1,y; € C, for all x;,y; € C(x;_1,yi—1), then the induced
map of spaces (F)~ : C~ — D~ is (m — 2)-truncated.

Proof. We prove this by induction on m. When m = 1, then F' : C — D is a fully
faithful map of (oo, 1)-categories. We note that a fully faithful map is conservative.
This implies that F' induces an equivalence of spaces C(z,y)% Fow, D(Fx, Fy) for all
x,y € C. Here C(x,y)* C C(x,y) and D(Fz, Fy)®* C D(Fz, Fy) are the subspaces of
invertible morphisms, i.e. morphisms which are equivalences. In particular, for every

x € C, the map F. : C™(z,z) — D=(Fx, Fx) is an equivalence of spaces. This gives
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an isomorphism of homotopy groups m;(C~, z) ~ m;(D~, Fx) for every x € C, for every
i > 1. We conclude that the map F'~ is (—1)-truncated when m = 1.

Assume that the result is true for some m. Let F': C — D be a functor of (co,m + 1)-
categories satisfying the hypothesis. For every pair of objects x,y € C, C(z,y) Lov,
D(Fz, Fy) is a functor of (oo, m)-categories such that F,, induces an equivalence of
m-morphism spaces: for every object xy € C and every sequence {x;11 € C(z;, ;) 2,

the induced map of spaces

Fl o om
C(xo, x0)(x1, 21).(Tm,y T) ——— D(Fxo, Fxg)(Fro, Frg)..(Fxy,, Fa,,)

e
is an equivalence. By the induction step, the map of spaces C(zg, 2¢)~ —= D(Fxq, Fx()~

is (m—2)-truncated for every zy € C. We conclude that C~ 2 D¥isa (m—1)-truncated

map of spaces. [

Lemma 3.0.3. Let m > —2 be an integer, U sV be @ m-truncated map of space over
a space Y. Then for any map * = Y, the base change preserves m-truncated maps, i.e.

the induced map U, = U Xy * f—y> Vy =V Xy * is m-truncated.

Proof. We proceed by induction on m. The result is evident for m = —2. Let the result
be true for some m > —2 and U — V be a (m + 1)-truncated map of spaces over Y.
Consider the pullback of spaces

g
—

U
!
y

— Y

* —— &

Then for any u € Uy, the induced map of loop spaces U(gu, gu) EAN V(fgu, fgu) is a
m-truncated map of spaces over Y (y,y). By the induction hypothesis, U(gu, gu); —
V(fgu, fgu)y is m-truncated. Here g is the constant loop at y € Y. By commutativity
of limits, we have that U(gu, gu); ~ U,(u,u) and V(fgu, fgu); ~ V,(fyu, fyu) for all
u € U,. We conclude that U, (u,u) v, V,(fyu, fyu) is m-truncated for all u € U,. So

U, — V, is m + 1-truncated. O]
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3.1. DEFORMATIONS OF E,-ALGEBRAS

3.1 Deformations of [E, -algebras

In this section, for an integer n > 1, we will study deformations of an [E,-algebra over a
field k, viewed as an object of the co-category of [E,-algebras over k. A key result to be
used in §3.5 is proposition 3.1.3. The proposition says that the formal moduli space of a
homologically bounded below E,-algebra B over the field k is characterized by a dg-Lie

algebra, more precisely by an K, -algebra.

Construction 3.1.1. By [Lurl7, theorem 4.8.5.16] there is a symmetric monoidal func-
tor

Alg, — Pry

which sends A — LModa. By passing to E,-algebra objects and using [Lurl7, theo-

rem 5.1.2.2] (Dunn-Lurie additivity) we obtain a symmetric monoidal functor
Algi™ — Alg"(PrE)

which sends an E,, ;1-algebra A to the E,-monoidal k-linear co-category of left A-modules
LMod%. We compose the functor Algi*t" — Alg"(Pry) with the functor Alg™(Pry) —
Pr" given by taking E,-algebra objects, D + Alg"(D). This composition of functors
classifies a cocartesian fibration Alg" % Ang“. We restrict to g-cocartesian arrows to

obtain a left fibration, Alg™®% — Alg?™. Given an E,-algebra B over k with n > 1,

[Lur09, proposition 2.1.2.1] gives an induced left fibration
Deform(B] i= (Alg™C") 1,5 — (Algi ™) = Alg] ™

classifying the deformations of B where equivalences are equivalences of algebras. We
call Deform[B] the co-category of deformations of B. The objects of Deform[B] are tuples
(A, Ba, ) where A is an augmented E, j-algebra over k and By is an E,-algebra over

A such that k®4 B4 & B is an equivalence in Alg}. The restriction of the preceding left
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3.1. DEFORMATIONS OF E,-ALGEBRAS

fibration to small E,;-algebras along the inclusion Alg ™™ — Alg! "¢ ig classified

by the functor

~

AlgDef : Algi =™ 5 §
which we call the deformation functor of B.

Lemma 3.1.2. Letn > 1 be an integer, k be a field, B be an E, -algebra over k. Then the
deformation functor of B, AlgDefy (as defined in construction 3.1.1) is a 1-proximate
formal moduli problem. In particular, AlgDefy can be regarded as a functor taking values

in the oco-category S of small spaces.

Proof. The case n = 1 is [BKP18, corollary 4.18]. Their proof can be directly adapted

to the case n > 1. The key input to the proof is that given a pullback in Alg’,frl

A—)AO

]

Al —_— AOl

the image of this diagram in Alg, under the forgetful functor Alg}™ — Alg, is a pullback

square. Consequently, it follows from [Lurlla, proposition 7.4] that the map
LMod = LMod A, X Lytod,,, LMod,,

is a fully faithful functor of k-linear oco-categories. In other words, it admits a right
adjoint GG such that the unit of the adjunction is an equivalence. It is a straightfor-
ward observation that I has a natural lift to an E,-monoidal functor. The functor
Alg" : Alg"(Pry) — Pr" takes a cocartesian fibration over the oo-operad E® and assigns
to it the oo-category of its sections which are morphisms of oo-operads (see [Lurl?,
definition 2.1.2.7]). It follows that Alg"(—) preserves limits. The forgetful functor from
E,-algebras to the underlying k-module spectra is conservative. This implies that the
functor Alg"(F) is fully faithful: note that F' is an E,-monoidal functor and G is a lax

monoidal functor, i.e. GG is a map of oo-operads. In fact, G preserves the E,-monoidal
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3.1. DEFORMATIONS OF E,-ALGEBRAS

unit. It follows that Alg"(F") admits a right adjoint, Alg"(G), such that the unit of the

adjunction is an equivalence. We conclude that the following map is fully faithful.

n Alg"(F n n
Alg"(LMods) 2205 Alg™ (LMod a,) X argr (1atod sy, ) Alg™ (LMod 4,)

It now follows from lemmas 3.0.2 & 3.0.3 that
AlgDef5(A) — AlgDef5 (A1) X algDet,; (401) AlgDefp(Ay)

is (—1)-truncated.

We now show that AlgDefy is valued in essentially small spaces. For m > 0 an
integer, we note that AlgDefz(k @ k[m]) — QAlgDefz(k @ k[m + 1]) is a homotopy
equivalence on the essential image. In addition, the space QAlgDefy(k @ k[m + 1]) is
the fibre of the map MapAngH(A ®r B,A®, B) — MapAngH(B, B), implying that it
is essentially small. We conclude that AlgDefy(k @ k[m]) is essentially small for any
m > 0. Now given any A € Algl™*™! we choose a finite sequence A = Ay — A; —
-+ — A, = k such that there exists integers m; > 0 and pullbacks

Ay —————— k
| |
Ay —— k@ k[my]
We note that the map AlgDefz(A;) — AlgDefg(k) X algbet,, (kak[m,]) AlgDefg (A1) is
a homotopy equivalence on the image. By descending induction we conclude that

AlgDefz(A) is essentially small for any A € Algz+1’small. N

Proposition 3.1.3. Let n > 1 and m < 0 be integers, k be a field, B be an E,-algebra
over k such the the underlying spectrum is m-connective. Then the deformation functor

AlgDefy is a formal moduli problem.

Proof. Note that as B is an E,-algebra over k, it is equipped with the unit map k — B,
forcing myB to be non-zero. The case n = 1 is [BKP18, proposition 4.19]. Their proof
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3.1. DEFORMATIONS OF E,-ALGEBRAS

can be directly adapted to the case n > 1. The key input is that for any pullback of

connective objects of Algy™

A—— A

o

A[) —_— A01

such that mgAg — m9Ap1 and mgA; — myAp, are surjective, the map
LMod = LMod, X Lytods,, LModa,
restricts to a map

Fo,
(LModa)>m — (LMod4, )>m X (LModag,)sm (LMOd4)5m

which is an equivalence (variant of [Lurlla, proposition 7.6]). For every A’ € Algi™,

(LModa)>m C LMod s is the full subcategory consisting of m-connective A’-modules.
We note that F' has a natural lift to an E,,-monoidal functor, which in turn induces the
following colimit preserving, fully faithful map (the argument supporting this is in the

proof of lemma 3.1.2)
n Alg™(F) n n
Alg"(LMod ) ——= Alg"(LMod 4,) X Alg™(LMod Ay, ) Alg"(LMody4,)

It follows from above that Alg"(F) restricts to a fully faithful map

. Alg™(F)s . .
(Alg" (LMod))sm ————= (Alg"(LMod.A,))sm X (Alg"(LModag,))om (Alg"(LModAy))5m
Observe that for every A’ € Algi™ the forgetful map Alg"(LMody) — LMody is
conservative and the functor Alg"(—) preserves pullbacks. We conclude that the counit
of the adjunction, where Alg"(F’) is the left adjoint, is an equivalence when restricted to

m-connective algebras. We conclude that Alg"(F)>,, is an equivalence. In addition, the
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3.2. DEFORMATIONS OF HIGHER PRESENTABLE CATEGORIES

proof of [Lurllb, proposition 5.2.14] implies that every deformation of an m-connective
object over a small E,,, -algebra is m-connective. It follows that the below diagram is a

cartesian square of spaces

| |

and therefore AlgDefy is a formal [, ;;-moduli problem. [

3.2 Deformations of higher presentable categories

In this section, we study the deformations of presentable k-linear (oo, n)-categories. For
the sake of technical simplicity, we focus on those presentable k-linear (oo, n)-categories
where the (0o, n)-category of k-linear endofunctors is kg-compact, i.e. it is an object
of nPry. Additionally, we assume that the (n 4 1)-fold endomorphism objects of these
higher categories are small (definition 2.3.11). An example of such objects is the n-
fold iterated module category over an [E,-algebra. The results in this section, which
are crucial for §3.5, are: a) theorem 3.2.3, which implies that the deformations of a
presentable k-linear (oo, n)-category C fail to be a formal moduli problem, but this
failure is be quantified; and b) corollary 3.2.10 which gives the formal moduli problem

which ‘most closely approximates’ the deformations of C.

Construction 3.2.1. Let n > 0 be an integer, k be a field, nPr} be the co-category of
presentable k-linear (0o, n)-categories, C be an object of nPry. We adopt the convention
that OPrf = Mod; and Alg’(Prk) = Pry. Following [Lurl7, theorem 4.8.5.16] there is a
symmetric monoidal functor

Alg, — Pry

which sends an algebra A to the co-category LMod 4 of left modules over A. Using Dunn-
Lurie additivity [Lurl7, theorem 5.1.2.2] and taking [E,-algebra objects (repeatedly apply
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3.2. DEFORMATIONS OF HIGHER PRESENTABLE CATEGORIES

the functor Alg,(—)), we get an induced symmetric monoidal functor
Algi™ — Alg"(Pry)

which sends A — LMod,, the E,-monoidal k-linear oo-category of left A-modules.

Following [Ste20, proposition 5.1.13], there is a lax symmetric monoidal functor
Alg"(Prf) — (n +1)Pry

which sends an E,-monoidal k-linear oo-category A to the presentable (co,n + 1)-
category LMod, , of presentable modules over LMod} - 4 in nPry. We adopt the con-
vention that the functor Alg”(Pry) — Prk is the identity. The composition gives a
functor

Algi™ — (n +1)Pr}

which classifies a cocartesian fibration, denoted nCat;, — Algi™. The fiber over A €

Algi™ consists of D, an object of Ll\/[odg]ir 1, i.e. a presentable A-linear (co,n)-category.
Restrict to allow only g-cocartesian arrows to obtain a left fibration (nCaty)®® —
Algi™'. Note that (k,C) is in the fiber over k and define Deform[C] = (nCaty)jtee) 1t
follows from [Lur(09, proposition 2.1.2.1] and stability of left fibrations under pullbacks

and composition that there is an induced left fibration
Deform[C] — (Algy™) /5 =~ Algp ™"
This induced left fibration is classified by the functor

X Ang“’aug N

Lsee example 2.3.9: LModg;j = LModLModgrﬁA(nPrI,;).
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3.2. DEFORMATIONS OF HIGHER PRESENTABLE CATEGORIES

Restricting along the natural inclusion Algl ™™ — Algi™"*"¢ gives the functor

~

CatDef : Algi =™ 4 §
called the deformation functor of C.

Lemma 3.2.2. Let kg be the smallest large cardinal, n > 0 be an integer, k be a field,

C be an object of Ind,,((n + 1)Pry). Consider o:

a pullback square in Algi™ . Then the induced morphism in Ind,,((n + 1)PrY)

LModgf3(€) = LMody 4 (C) X o, o) LMody 5(C)

pr,B

is (n + 1)-fully faithful. Recall that a functor F' : C — D between k-linear (co,n + 1)-
categories is (n + 1)-fully faithful iff for every pair of objects C,C" € C, the induced
map Foeo : C(C,C") — D(F(C), F(C")) of k-linear (0o, n)-categories is n-fully faithful.
We adopt the convention that a map F : C — D between k-linear (0o, 0)-categories (i.e.

k-module spectra) is 0-fully faithful iff it is an equivalence.

Proof. This proof is identical to that of [Che23, proposition 2.2.4]. When n = 0 and
C € Pry, the result was proven by Lurie ([Lurlla, proposition 7.4]). In case n = 0
and C € Ind,,(Pry), the result follows from Lurie’s proposition: let C ~ colim,C; be a

ro-filtered colimit of k-linear oo-categories and consider the morphism

LMod 4 (colim;C;) I LMod A (colim;C;) X L Mod . (colimyc,) LMod g(colim,C;)

ZCOHmi(LMOdA/ (Cz) XLModB/ () LMOdB (CZ>)
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3.2. DEFORMATIONS OF HIGHER PRESENTABLE CATEGORIES

The preceding functor is induced by the functors
LMod 4(C;) 25 LMod(C;) X Lytod,, (c;) LMod(Cy)

which are fully faithful for every 7. Note that colimits in Pr* can be computed as limits
in the oco-category of oco-categories (see [Lur09, §5.5.3]). It follows from the definition
of a cofiltered limit diagram of oco-categories that the functor F' is fully faithful when

n = 0.

We induct on n to prove the result. Assume that the lemma is true for some 0 <
n, consider the case of n + 1. Given a map of E, i-algebras k& — R, denote Cr =

LMod*(C). Consider the following map in Ind,, ((n + 1)Pr})
F
Ca — Ca x¢,, Cp

Following the argument for the case of n = 0 above, we may assume that C € (n+1)Pr},
instead of Ind,, ((n+4 1)Pr}). Let C' € C4, and consider following map arising due to the

unit of the adjunction given by F' and its right adjoint (‘restriction of scalars’)
C U—C> CA/ XCB, OB

here Cy = A’ ®4 C, with Cg and Cp defined similarly. To prove the lemma, it is
enough to show that

Ca(C',C) = Ca(C',Car X, Cp) = Car(Cly, Car) XCpr(CL, Cpr) Cp(C%,Ch)

is a n-fully faithful map in Ind,, (nPry) for every C’ € C4. Note that uc, preserves k-

small colimits and admits a right adjoint (‘restriction of scalars’). Let D, D’ € C4(C’, C),
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3.2. DEFORMATIONS OF HIGHER PRESENTABLE CATEGORIES

and consider the following map induced by the unit of the adjunction arising due to ucs
D—D A" XDp D B
It is enough to show that the induced map

CA(C,,C)<D/,D) %CA(C/,C)(D/,DA/ XDp DB)

~Cx(C',C)a (D', D) XCA(C",0) i (D' D) Ca(C',C)p(DYy, Dp)

is a (n — 1)-fully faithful map in Ind,,((n — 1)Pr}) for every D’ € C4(C’,C). Note that
Ca(C"',C)ar = A @4 Ca(C',C) with C4(C’,C) g and C4(C’, C')p similarly defined.
The preceding map is (n — 1)-fully faithful because of the induction hypothesis.

O

Theorem 3.2.3. Let n > 0 be an integer, k be a field, C be an object of nPry, i.e. a
presentable k-linear (0o, n)-category. Then the deformation functor CatDefe : Algi™! —
S (as in construction 3.2.1) is a (n+1)-proximate formal moduli problem (after a change
of universe).

n-+1,small

Proof. Consider a pullback square in Alg,

A— A

|

B—— DB

By lemma 3.2.2, the induced map
LMod" 4 & LMod™}, %1 yoqntt LMod™H,
b 7 p[‘,Bl ’
is (n + 1)-fully faithful.? By lemma 3.0.2 the induced map of spaces

n+ly~ F= n+1 n+l\~ n+1l \~ n+1
(LMOde‘7A) —> (LMOde‘,A/ X LMOd;L:»}lgl LMOdpr,B) — (LMOde,A,) X (LMod;ljjlgl): (LMOde‘,B

2see example 2.3.9: LModg;j = LModLModgrﬁA(nPrI,;).
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3.2. DEFORMATIONS OF HIGHER PRESENTABLE CATEGORIES

is (n — 1)-truncated. Note that '~ fits into a commutative triangle

(LMod™ 1)~ = » (LMod!"},)= X (Latod 1, = (LMod™ 1)~
(k@% %
(LMod? )=
kQgr—)=
here (k@—)~ : (LModg:j‘,)ﬁx(LModgi;,)g(LMod;ﬂ?): N (LMod;:é,)z M) (LMOdgikl)ﬁ-

Taking the fibers over the point C € (Ll\/[odg:r 1) induces the following map of spaces

CatDefc(A) — CatDefc (A/) X CatDefc (B') CatDefc(B)

which, due to lemma 3.0.3, is (n — 1)-truncated. = We conclude that CatDef; is a

(n + 1)-proximate formal E, ;-moduli problem. N

Corollary 3.2.4. Let n > 0 be an integer, k be a field, C be an object of nPr. There

n—+1,small
lg,

exists a formal moduli problem CatDefy : A — S and a (n — 1)-truncated

natural transformation 0 : ObjDef, — ObjDef} (possibly after a change of universe).
Proof. This follows from [Lurllb, theorem 5.1.9)]. O

We now give an explicit description of the natural transformation 6 : ObjDef, —
ObjDef}.

Let n > 0 be an integer, k be a field, C be an object of nPrk. We have the functors

a. Algi™ — Alg(nPrf), sending A LMody, 4 ([Ste20, remark 5.1.13] and Dunn-

Lurie additivity [Lurl7, theorem 5.1.2.2]).

b. RMod(nPr}) — Alg(nPr}) is a cocartesian fibration (combination of [Lur17, corol-
laries 4.2.3.2 & 4.2.3.3] and [Lur09, corollary 5.5.2.9]), where the objects of the
domain are given by pairs (A, D) such that A is an object of Alg(nPry) and D
is a right module over A. The functor sends the pair (A, D) to A (right module
variant of [Lurl7, definition 4.2.1.13]).
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3.2. DEFORMATIONS OF HIGHER PRESENTABLE CATEGORIES

c. RMod(nPry) — nPry is the forgetful functor which sends a pair (A, D) to D.

Define
Rcatn(kuc) = (AngH ><Alg(nPr£’) RMOd(TLPI‘é)) ><nPré {C}

to be the oo category of right actions of E,,q-algebras on C. An object of RCat, (k,C) is
a pair (A,C,), where A € Algi™ and Cy is a right module over LModp, 4 such that the
underlying k-linear (co,n)-category of C, is equivalent to C. We arrive at the following

definition:
Definition 3.2.5. A k-linear center of C is a final object of RCat,, (k,C).

Lemma 3.2.6. Let n > 0 be an integer, k be a field, C be an object of nPrr. Let
E = Fung(C,C) be the presentable k-linear (0o, n)-category of k-linear endofunctors of
C.2 Let the B, 1-algebra of (n+ 1)-fold endomorphisms of C be small. Then there exists

a k-linear center of C.

Proof. Let 3(C) be the E,, 1-algebra of n-fold endomorphisms of ide € £ (definition 2.3.11).
The cases n = 0 and n = 1 have been proven in [Lurllb, §5] (see proposition 5.3.12 of
loc.cit.).

We have a lax symmetric monoidal functor given by the composition
Algy — Alg((n — 1)Pr£) — (nPrﬁ)Modgrk/

given by A — (LMod?, 4,LMod ;). The left functor in the composition arises due
to [Ste20, remark 5.1.13], while the right functor arises due to a variant of [Lurl7,
theorem 4.8.5.5] for large oo-categories. Applying the functor Alg(—), we obtain a
functor Alg}t! i Alg((nPr%)Modgr’k/) ~ Alg(nPr}).

We show that F' admits a right adjoint at £. By [Lur09, lemma 5.2.4.1], it is enough

to show that the right fibration Ae = Algl™ x Alg(nPil) (Alg(nPry)) e = Algi™ is

3In general, £ need not be presentable, i.e. it need not be a xg-compact object of nPr],;. It should
be possible to relax this hypothesis, but we do not do it here.
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3.2. DEFORMATIONS OF HIGHER PRESENTABLE CATEGORIES

representable. An object of Ag is given by a colimit preserving functor LMody, 4 2 € of
monoidal presentable k-linear (0o, n)-categories. Following [Lurl7, proposition 4.7.3.14
14, LMody, 4 is generated under small colimits by objects of the form LModpr 1 @i D,
where D is a presentable k-linear (co,n — 1)-category . This tells us that the k-linear

functor ¢ is determined by the component

ngLMOdn 1o Map o (LModprA,LModpr 1) — Map_(idc, idc)

pr,A

which is a colimit preserving functor of Es-monoidal k-linear (co,n — 1)-categories. But

Map . .. (LMod~ ALMod? ) ~ LMod?; )

pr,A

is an equivalence of Ey-monoidal presentable k-linear (co,n — 1)-categories. There is a

map of Ey-monodial k-linear (oo, n — 1)-categories
QSLMOd;L;l LModprA — Mapg(z'dc, ide)

Now we repeat the argument for the E;-monoidal k-linear functor CbLModgrj‘ and, after
repeating this argument n times, see that ¢ is determined by a map of E, i-algebras,
A — 3(C). This argument shows that all objects and morphisms in A¢ can be viewed
as morphisms of algebras and their homotopies.

Note that there is a canonical functor of monoidal k-linear (oo, n)-categories LMody, 3¢y —
£, arising from the identity morphism 3(C) SN 3(C). This shows that AlgQ™ x Alg(nPrb)
(Alg(nPry)) /e has a final object and the fibration Alg} ™ X Alg(nPrk) (Alg(nPry)) e =

Algi™! is representable:

1\/Ia“pAng+1 (A7 3(6)) = MapAlg(nPrL) (LMOdpr A 8)

“To apply [Lurl7, proposition 4.7.3.14], we first complete LMod;, 4 and (n — 1)Pry under ko-
filtered colimits, use the adjoint functor theorem for ko-presentable oco-categories, and use [Lurl7,
lemma 4.7.3.12].
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Note that the space Map iy (p,ty (LMody, 4, ) is the fiber of ¢ over A. By the universal

property of the endomorphism object (see [Lurl7, §4.7.1]), the space Map g (,p,t) (LMody, 4, )

classifies the actions of LMod;, 4 on C. We note that
AngJrl X Alg(nPrL) (Alg(nPrI,;))/g ~ RCat,(k,C)

The canonical morphism of monoidal presentable k-linear (oo, n)-categories LMody, 5y —
& endows C with a right 3(C)-module structure, and gives a final object of RCat,(k,C).
N

Construction 3.2.7. Let n > 0, k be a field, C be an object of nPrﬁ. By [Lurllb,
construction 4.4.6] we have a functor \"*! : Mt — AlghtH*8 o Algi T which
is a right fibration. The objects of M™™ may be viewed as triples (4, B,¢), where
A, B € Algi™™® and ¢ : A®; B — k is an augmentation such that A — A®; B 5 k
is equivalent to the augmentation of A and similar holds for B. Let Deform[C] —
Algl ™" be the left fibration of construction 3.2.1, whose objects may be viewed as
pairs (A, D, it), where D is an object of nPr and y: k ®4 D — C is an equivalence in

L
nPry.

Let (A, B,e) € M and (A, D, u) € Deform[C]. Then D ®;, B has a left A ®j, B-
linear, and right B-linear structures. Therefore, k ® ag, 5 (D ®; B) has a right B-linear

structure. As this construction is functorial in A, B and D, we get a map
Deform|C] X plgntiens M Deform[C] x (Alg) " xAlg(nPrﬁ)RMod(nPrﬁ) Xpe {C)

which is a left representable fibration, i.e. for every object (A,D,u) € Deform|C],
the oo-category Deform[C] X gLyt M X petormic) {(4, D, 1)} has a final object (see
[Lurl1b, definition 3.1.2]): the final object is the E,,; Koszul dual of A, denoted D" *1(A)
equipped with the universal augmentation A ®; ©"'(A) = k. Due to [Lurllb, con-
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struction 3.1.3], this left representable fibration leads to a duality functor
gt : Deform[C]? — Algy ™" x . per) RMod(nPrf) X,p, {C}
There is a canonical equivalence

Algn+1 ><Alg nPr R,MOd(?’LPI"k) nPrL {C} - (AlgnJrl) /3(C)

n—+1,aug f

As a consequence of [Lur09, proposition 1.2.13.8], the natural functor Alg) =

Algi™! which forgets the augmentation preserves colimits. Hence this functor admits a
right adjoint, which we denote as k@ — : Algi™ — Algl ™", We obtain the following

equivalence by pulling back the preceding equivalence along f

Algy ™™ X gy apety RMod(nPry) X ,p,z {C} = (Algy ™ ™) (e

nPry;

We get a homotopy commutative diagram

n+1
Deform[C]?? —%— (Algd ™) a3

! !

(Algn+1 aug)op Algn+1 ,aug

where D" 1(—) : (Algi T 8)r — Algl ™™ is the E,,-Koszul duality functor (see
[Lurllb, §4.4]). The right vertical functor is the natural projection, sending an object
A— k®3(C) to A. Let

X(=) = Map i (D" (=), k & 3(C)) = Mapyy,n1 (D" (=), 3(C))

The above commutative square leads to a natural transformation « : CatDefp — X.

Remark 3.2.8. By the adjunction between (n+1)-proximate formal E, ,;-moduli prob-
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lems and formal E,,;-moduli problems the map « factors as
CatDefo 2 CatDef} 5 x

where 0 is (n — 1)-truncated (see [Lurllb, remark 5.1.11]). By [Lurllb, proposi-
tion 1.2.10], if B induces an equivalence of tangent complexes, then /3 is an equivalence
of formal moduli problems. Following [Lurllb, remark 5.1.10 & lemma 5.1.12] we note

that
CatDef} (k @ k[m]) ~ colim;Q'CatDefe(k & k[m + i]) ~ Q"' CatDefe(k & k[m + n + 1])

the second equality follows from the fact that CatDefe is a (n + 1)-proximate formal
moduli problem.

If CatDefc(k @ k[m]) KRl X (k@ k[m]) is (n — 1)-truncated for every m > 0, then
QtiCatDefe(k ® k[m + n + 1)) ~ X (k @ k[m]). Therefore, 3 : CatDef; — X induces

an equivalence of tangent complexes, therefore 5 must be an equivalence.

Lemma 3.2.9. The natural transformation o : CatDefe — X of construction 3.2.7 is

(n — 1)-truncated.

Proof. Following remark 3.2.8, it suffices to only evaluate a on k & k[m| for m > 0
and exhibit that the fibers are (n — 1)-truncated. Consider the homotopy commutative

diagram

CatDefc(k & k[m)) » Map y gns1 (D" (k@ k[m]), 3(C))

| !

Qi CatDefe(k @ k[m +n +1]) —— Q" Map g 001 (D" (k & k[m +n + 1]), 3(C))

the left vertical map is (n — 1)-truncated because CatDefe is (n 4 1)-proximate, and the
right vertical map is an equivalence because X is a formal moduli problem. It suffices

to show that w is an equivalence.
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3.2. DEFORMATIONS OF HIGHER PRESENTABLE CATEGORIES

Denote A = k & k[m + n + 1]. Note that Q"™ ObjDef,(A) is the homotopy fiber of
¢ : Endg, (A® id, A ®id) ~ Endg(id, A ® id) — Ende(id, id)

where £ is the k-linear co-category of n-fold endomorphisms of C. Note the fiber sequence
of k-modules

Em+n+2—A—k

this induces a fiber sequence in €
kEm+n+1]®id - A®id — id

We conclude that Q"' ObjDef,(A) ~ Mapg(k[m+n+1]®id, id) ~ Mapg(id, id) @ k[m+
n + 1]. Note that

Mapg (id, id) ® k[m + n + 1] ~ Map, (k[-m —n — 1], 3(C))

~ Map g1 (Free}t! (k[-m —n — 1]),3(C))

By [Lurllb, proposition 4.5.6], ®"*1(k @ k[m]) ~ Free}*'(k[-m — n — 1]). One can
conclude from the universal property of pullbacks and the co-Yoneda embedding that
the map w is induced by a map v : Free} ™ (k[-m —n — 1]) — ©""1(k @ k[m]) which by

uniqueness has to be an equivalence. [

We conclude that
Corollary 3.2.10.
CatDef, (—) LN MapAng+1(@n+1(—)>3(C>)

is an equivalence of formal E,1-moduli problems.
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3.3 Deformations of objects in higher presentable
categories

Now we construct the deformation functor for an object £ € C in a presentable k-linear
(00, n)-category (construction 3.3.1). We prove that this functor is a n-proximate formal
moduli problem (theorem 3.3.3). Further analysis of this functor will be carried out in

section 3.4.

Construction 3.3.1. Let n > 1 be an integer, k a field, C a presentable k-linear (oo, n)-
category, and E € C an object. Following [Lurl7, corollary 4.2.3.2] there is a cocartesian
fibration®

LMod(C) — Alg((n — 1)Pr})

The fiber over any D € Alg((n — 1)Pry) is the presentable k-linear (0o, n)-category of
left D-module objects of C. Following [Ste20, remark 5.1.13], there is a lax symmetric

monoidal functor

Algy — Alg((n — 1)Pr£)

sending A — LMod, - 1. There is an induced cocartesian fibration

nLObj, & Alg}

where nLODbj, = LMod(C) X ag((n-1yp:t) Algg. The fiber of ¢ over A € Algi™ s
LMody yjoqn-1 (C). Restrict to only cocartesian arrows in nLObj, to obtain a left fi-
bration nLObj;>* — Alg;. Note that (k, F) is in the fiber over k. Form the slice

category with respect to this object, inducing a left fibration

(nLOB}™) yis) — (Algp) i = Algy2™®

°The corollary actually provides a cartesian fibration. One has to use [Lurl7, corollary 4.2.3.3] to
conclude that each cartesian arrow induces a functor which preserves small limits, pass to completion
under kq-filtered colimits and appeal to the adjoint functor theorem in order to deduce the existence of
left adjoints. This gives the above cocartesian fibration.
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3.3. DEFORMATIONS OF OBJECTS IN HIGHER PRESENTABLE CATEGORIES

Deform[E] := (nLODbj;”) /x,p) is the co-category of deformations of E. Restricting the
n,small n,aug

preceding left fibration along the natural map Alg, — Alg, ™" gives rise to a left

fibration which classified by a functor
ObjDef, : Algi=™! — §

This is called the deformation functor of E. Given A € Alg}™™"' the points of the
space ObjDefy(A) represent pairs (E4, 1), where E4 is an object of LMody joqn-1 (C)

and k@4 Ea 2 F is an equivalence in C.
Remark 3.3.2. Notice that construction 3.2.1 is actually a specific instance of con-

struction 3.3.1: by selecting C = (n + 1)Pr} in the latter, we recover the former. For

reasons related to notation and clarity, we present these as separate constructions.

Theorem 3.3.3. Let n > 1, k be a field, C be a presentable k-linear (0o, n)-category
and E € C be an object. The functor ObjDefy, : Algptts™ S of construction 3.3.1

is a n-prozimate formal moduli problem (possibly after changing to the universe Uy ).

n—+1,small

Proof. Consider the following pullback in Alg,

A—— A

|

B—— DB
It follows from lemma 3.2.2 that

LMod;, 4(€) & LMody 4 (C) X pguants o) LModjy 5 (C)

pr,B
is n-fully faithful. It follows from lemmas 3.0.2 and 3.0.3 that
ObJDefE(A) — ObJDefE(A/) X ObjDefy (B) ObJDefE(B)

is a (n — 2)-truncated map of spaces. We conclude that ObjDef} is a n-proximate formal

moduli problem. O
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We record the following for completeness. The proof of the statement is given in the

next section.

Remark 3.3.4. By proposition 3.4.14, we have a description of the formal moduli
problem ObjDefy:
ObjDef(—) = Map ygeos (9°(), 3(E))

where 3(F) is the E,-algebra of n-fold endomorphisms of E € C (definition 2.3.11).
Recall that @™ : (Alg,*")? — Alg,"*"® is the E,, Koszul duality functor (see [Lurllb,

§4.4]).

3.4 Simultaneous deformations

Let n > 1 be an integer, k be a field, C a presentable k-linear (oo, n)-category and E € C
be an object. In this section, we study the deformations of the pair (C, E'). The results
which are most relevant for §3.5 here are: a) proposition 3.4.3 which establishes a natural
fiber sequence, linking the deformations of C, deformations of E, and the deformations
of the pair (C, E); b) corollary 3.4.5 which relates the formal moduli problems associated
to these deformation functors.

Let n > 1 be an integer, k be a field, nPrﬁ be the presentable (0o, n + 1)-category
of presentable k-linear (oo, n)-categories. Let (C, E') be an object of (nPrﬁ)Modgr’k /. We

construct the deformation functor for the pair (C, E).

Construction 3.4.1. Following [Ste20, remark 5.1.13], there is a lax symmetric monoidal

functor

Algi™ — Alg(nPry)

sending A +— LMod}~ 1 Recall that the underlying oo-categories of the objects in

(n — 1)Pry are large, cocomplete co-categories and the functors are colimit preserving.
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3.4. SIMULTANEOUS DEFORMATIONS

Following [Lurl7, theorem 4.8.5.16], there is a symmetric monoidal functor
Alg((n — 1)Pry) — (nPr,?)MOd;nk/

sending a monoidal presentable k-linear (0o, n—1)-category D to (LModp((n—1)Pry), D).

n

pr.k 18 the monoidal

The symmetric monoidal structure on (nPrf) Modr, , / arises because Mod
unit of nPry (see [Lurl7, remark 2.2.2.5]). The composition of the above functors gives

a lax symmetric monoidal functor
A]gz — (nPré)Modgr,k/

sending A +— (LMod”, ,, LMod""}). Following [Lur17, corollary 4.2.3.2] (see footnote 5),

pr,A> pr,A

there is a cocartesian fibration
Ll\/[od((7”LP1",€)1\/[Odgr ) Alg(nPr})

leading to the following cocartesian fibration

LMOd((nPrﬁ)MOdng;@/) ><Alg(nPrIl,;) AngJrl i> AngH

Let nLCat,, = LMod((nPrﬁ)Modgryk/) X Alg(nPrl) Algi™. The fiber over an E, ;-algebra
A consists of pairs (D, E) where D is a presentable A-linear (0o, n)-category and F is an
object of D. Consider the left fibration (nLCat})®® — Alg{™" obtained by allowing
only g-cocartesian arrows in (nLCat;). The oo-category of deformations of (C, E) is

defined to be Deform|C, E] := (nLCaty)j(/¢ p)-

Following [Lur09, proposition 2.1.2.1] and the stability of left fibrations under pull-

backs and compositions which induces a left fibration, we obtain an induced left fibration

Deform[C, ] % (Algf*) s =~ Algy 1%
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The left fibration ¢ is classified by a functor y : Algl ™" — S. Restricting along the

natural map AngJrl,smaH N Algz—f—l,aug gives

-~

SimDef( g : Algy ™" — S

called the deformation functor of the pair (C, E'). The points of the space SimDef(¢ x)(A)
represent tuples (Ca, Ea, pt,v) where C4 is an A-linear (oo, n)-category, E represents a
map Mod, 4 — Ca such that p: k®4Ca = C is an equivalence of presentable k-linear

(00, n)-categories and v : u(E4) = E is an equivalence in C.

Remark 3.4.2. There is a forgetful functor (nPry IModr, ,/ — nPrf which sends a pair
(C, E) to C. This induces a map nLCat; — nCat; over Alg{*'. This induces a natural
transformation

7(c,p) : SimDef¢ gy — CatDefc

The homotopy fiber of the map (nPry )Modgr s nPry at the object C is underlying

n
pr,k>

map Fung(Mod, ,,C)~ — (nPrﬁ)Modgr’k/ given by (F': Mody, , — C) + (C, F'(k)). This

Kan complex of the oo-category Fung(Mod, ,,C) ~ C. There is a natural evaluation

evaluation map induces a functor Deform[E]| — Deform|C, E], such that there is an

induced a natural transformation
Wiz : ObjDef ™t — SimDefc g

where ObjDef]JEE,"+1 is obtained by restricting ObjDef, of construction 3.3.1 along the

natural forgetful functor Algl ™™ — Alg’*™" which views an E,, -algebra as an

E,-algebra.

The following result establishes that the deformations of C, E and the pair (C, E)

arrange into a fiber sequence.

Proposition 3.4.3. The sequence of natural transformations of remark 3.4.2
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ObjDeft 22 GimDef ez~ CatDefe

is a fiber sequence in Fun, (Ang“’smaH,S\).

Proof. Following remark 3.4.2, we have a fiber sequence of co-categories
Deform[E] — Deform|C, E] — Deform|[C]

which commutes with projections to Algl™"*"¢. The fiber sequence in the statement of

the proposition follows from the preceding fiber sequence. [

Corollary 3.4.4. Let n > 1, k be a field, C be a k-linear (oo, n)-category and E € C be

n+1,small

an object. Then the deformation functor SimDef¢ gy : Alg, — S as defined in

construction 3.4.1 is a (n + 1)-prozimate formal moduli problem.

Proof. Proposition 3.4.3 gives a fiber sequence of functors

(0] T
ObjDef]JEE,"+1 RASZN SimDef (¢ g) e, CatDef,

Due to theorem 3.2.3 CatDef; is a (n + 1)-proximate formal moduli problem. It follows

from theorem 3.3.3 that ObjDefI,g"+l is a n-proximate formal moduli problem.

Every pullback square in Alg} ™!

A— A

|

B—— DB

induces a homotopy commutative diagram of spaces

ObjDefy* (A) — SimDef¢ j)(A) — CatDefe(A)

| | |

OF) —— S(C,E) —— C(C)
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3.4. SIMULTANEOUS DEFORMATIONS

where

S(C, E) ::SimDef(c,E) (A,) XSirnDef(C’E)(B’) SimDef(C,E) (B)
C(C) ::CatDefc(A’) X CatDefe (B') CatDefc(B)

O(E) :=ObjDef(4) x : ObjDef,;"+(B)

ObjDef, ™ (B/
Both the top and the bottom rows in the above diagram are fiber sequences. The left-
most vertical arrow is (n — 2)-truncated, while the right-most vertical arrow is (n — 1)-
truncated. It follows that the middle vertical arrow is (n — 1)-truncated: form the fiber
sequence consisting of the fibers of the vertical maps and use the long exact sequence of
homotopy groups. We conclude that SimDef(¢ g is a (n + 1)-proximate formal moduli

problem. [

Corollary 3.4.5. The fiber sequence of proposition 3.4.3 gives rise to a homotopy
commutative diagram in the co-category of (n + 1)-proximate formal moduli problems
Prox(n + 1)g,,,

P T
ObjDefy ' —<25 SimDef (¢ gy ——2 CatDefe

l l l

ObjDefy" " —— SimDef( ; — CatDefp

where the bottom row is a fiber sequence of formal moduli problems.

Proof. The bottom row is a fiber sequence of formal moduli problems because the func-

tor L,yq @ Prox(n + 1)g,., — ModuliI,En+1 preserves small limits (lemma ??7). The

n+1
homotopy commutative diagram arises from the unit of the adjunction L, 1 - ¢, where

i: Moduli]/,f"+1 — Prox(n+1) is the natural inclusion. O

En+1

Now we further investigate the formal moduli problem SimDef(. ) (—) of corol-
lary 3.4.5.

Let n > 1 be an integer, k be a field, C be an presentable k-linear (0o, n)-category,
and E € C an object. We have the functors
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a. Algi™ — Alg(nPry), sending A LMod} 4 ([Ste20, remark 5.1.13] and Dunn-

Lurie additivity [Lurl7, theorem 5.1.2.2]).

b. RMOd((nPrI,;)MOdEr, /) — Alg(nPry) is a cocartesian fibration (combination of
[Lurl7, corollaries 4.2.3.2 & 4.2.3.3] and [Lur09, corollary 5.5.2.9]), where the ob-
jects of the domain are given by pairs (A, D) such that A is an object of Alg(nPrk)
and D € (nPr%)Modgnk / is a right module over A. The functor sends the pair (A, D)
to A (right module variant of [Lurl7, definition 4.2.1.13]).

c. RMod((nPrI,;)Modgr )= (nPrk)MOd;r ./ Which sends a pair (A, D) to D.

Define
RC&tZ(k}, C, E) = Ang"'l XAlg(nPrI,;) RMod((nPr%)Modgryk/) X (nPrIIS)Modgr o {(C, E)}

to be the oo category of right actions of E,-algebras on the pair (C, E). An object
of RCat (k,C, E) is a pair (A,Ca, E4), where A € Alg{*" and (C4, E,4) is a right A-
module object of (”PTk)Modgr ./» such that the underlying k-linear (oo, n)-category of C4

is equivalent to C, with E 4 corresponding to . We arrive at the following definition:
Definition 3.4.6. The k-linear center of the pair (C, E) is a final object of RCat; (k,C, E).

Remark 3.4.7. Let £ := Fung(C,C) be the presentable k-linear (oo, n)-category of k-

n

ek C) == C be the presentable k-linear (oo, n)-

linear endofunctors of C,% and Fun(Mod

n

category of k-linear functors. An object £/ € C can also be viewed as a functor Mody, , N

C. Form the following pullback square in the co-category of large co-categories.

gE s £

{x} L Fung(Mod}, .,

C)~C

6In general, £ need not be presentable, i.e. &€ doesn’t have to be a ko-compact object of nPr%.
We make this assumption on £ throughout. With some additional work, it is possible to relax this
assumption.
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To be precise, we use the functor v, of remark 2.3.10 to form the homotopy fiber of

¢ =Y,(E) ACIONy - ¥n(C) at the object F € €. Denote this fiber by €g.

n(E")

¢y — e P

It is straightforward to see that the underlying oo-category of &g, obtained by trunca-

tion, is equivalent to £g: the truncation functor is a right adjoint.

Informally, objects of £g are pairs (F, ) such that F : C — C and F(E) 5 E is an

equivalence in C. Let Map ((C,E), (C, E)) be the oo-category of endofunctors

L
(nPrk)Modgryk/

of the pair (C, E). It follows from definition of the slice construction that

Ep ~ Map(npr}; (C,E),(C,E))

n
)Modpn W,

is the endomorphism object of the pair (C, E). More precisely, €g is the endomorphism
object of the pair (C, E), while g is only its underlying oco-category. In particular, &g

has a monoidal structure.

Lemma 3.4.8. Let 3(FE) be the E,-algebra of n-fold endomorphisms of E € C. Let
3(C, E) be the E,1-algebra of (n + 1)-fold endomorphisms of the pair (C,E) and 3(C)
be the k-linear center of C. There is 3(C,E) ~ 3(C) X3 {*} is an equivalence of

E,-algebras.

Proof. Consider the fiber sequence of remark 3.4.7

E*)

¢y —s e

The above is a fiber sequence in the oco-categories enriched in (co,n — 1)-categories.

This fiber sequence induces a diagram of monoidal co-categories enriched in (oo, n — 2)-
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categories:
Map,, (id(c.k), id(c,r)) — Map, (ide, ide) —> Map (E, E)

We claim that the above diagram is a fiber sequence: follows from the definition of a
fiber sequence in the oco-category of oo-categories enriched in (0o, n — 1)-categories. In

turn there is a diagram of Ey-monoidal oo-categories enriched in (oo, n — 2)-categories:

Mang (Z'd(c,E), id(QE))(Z'd, Zd) — Mape(idc, ch)(ld, ld) — MapC(E, E) (ZdE, ZdE)

By the same argument, the above is a fiber sequence as well. Repeating this a total of

n times, we arrive at a fiber sequence of [E,-algebras over k:

3(C,E) — 3(C) — 3(E)

Lemma 3.4.9. Letn > 1, k be a field, C be a presentable k-linear (0o, n)-category and
E € C an object. Assume that the E,1-algebra of (n + 1)-fold endomorphisms of the
pair (C, E) is small. Then there exists a k-linear center of the pair (C, E).

Proof. We follow the notation of remark 3.4.7. This proof is analogous to that of
lemma 3.2.6. Let D be a monoidal presentable k-linear (oo, n)-category, and €g be as
in remark 3.4.7. By the universal property of an endomorphism object [Lurl7, §4.7.1],
any right D-module structure on (C, F) is classified by a monoidal functor 1, (D) Y ¢p.

Such a functor gives a diagram

(D) ’\
N

QSE—>QS
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The functor p induces a colimit preserving morphism of monoidal presentable k-linear
(00, n)-categories: D — £. If D ~ LMody, 4 for some A € Algi™ then every colimit
preserving monoidal k-linear functor D — £ is equivalent to a map of E, ;-algebras
A % 3(C) (proof of lemma 3.2.6). Let 3(C, E) be the E,i-algebra of n-fold endomor-

phisms of the identity functor id gy € €g. It follows that given a factorization

¥n(LMody, )

@E—>€

There is an induced map of E,,-algebras

A ¥
SR
3(C, E) — 3(C)
As a consequence, in order for D to act on the pair (C, E), the map ¢ must factor
as A — 3(C,E) — 3(C). It follows that every right A-module structure on (C, E)
is given by a map of E, j-algebras A — 3(C, F). It follows that the following two

oo-categories are equivalent

Algy™ X jg(uprty RMod((nPry)vioar, , /) X (PeE s, {(C,E)} ~ (Algi™) j3(c.m)

Hence 3(C, E) is a k-linear center of the pair (C, E). O

Construction 3.4.10. Let n > 1 be an integer, k a field, C a presentable k-linear (oo, n)-
category and F € C an object. By [Lurllb, construction 4.4.6] we have a right fibration
AL ML Algl T8 5 Al The objects of M+ are triples (A, B, i) such
that A, B € Algl™*"® and A ®; B % k is an augmentation. Let Deform[C, E] —
Alg) "™ be the left fibration from construction 3.4.1.

Let (A, B,u) € M™™and (A,Ca, Ea, u,v) € Deform|C, E]. Note that C4®; B can be
endowed an action of A®y B where the action of B is trivial. Then k® 4g, 5 (C ®; B) has

a right B-linear structure, more precisely it is an object of RModLModgnB((nPrk)MOd&’k).
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The image of k® sg, 5(C®yB) under the map Rl\/[odm\/[odgr B ((nPrI,;)l\/[Od}r;r )= (nPrI,;)Modgr i
is equivalent to (C, E'). By repeating construction 3.2.7, replacing 3(C) with 3(C, E') we
obtain a homotopy commutative square

®n+1
Deform[C, B]” —=2% (Algi ") resie.m)

! !

(Ang—H’aug)Op pntl Algz—i—l,aug

This commutative diagram induces a natural transformation
SimDef ¢ gy Map ygn1.0me (D" (), k® 3(C, E))

where MapAngH,aug(@nH(_),k @ 3(C,FE)) is a formal moduli problem. Recall that

DL (Algl )P — Algi T8 s the E,.; Koszul duality functor (see [Lurllb,

§4.4]).

The following proposition gives an explicit description of the formal moduli problem

SimDeff\a p)» associated with the pair (C, ), in terms of the k-linear center 3(C, E).

Proposition 3.4.11. Let n > 1 be an integer, k a field, C a presentable k-linear (0o, n)-
category and E € C and object. Let the k-linear center of the pair (C,E) be small.
Then

SimDef(p j)(—) =~ Map y n1 s (D"(-),3(C, E))

Proof. Following remark 3.2.8, it is enough to prove that the natural transformation of
construction 3.4.10
SimDef(¢ gy = SimDeffp,

is such that SimDef(¢ gy (k ® k[m]) kO], SimDef( i) (k ® k[m]) is a (n — 1)-truncated

map of spaces for every m > 0.
The proof is a parallel to that of lemma 3.2.9. Let £ be the E,-monoidal co-category
of n-fold endomorphisms of id(¢ ) € €p (notation as in remark 3.4.7) and 3(C, E) be the

73



3.4. SIMULTANEOUS DEFORMATIONS

En11-algebra of n-fold endomorphisms of id € &g, i.e. 3(C,E) = Map,, (id,id), where
R )

1d € £ is the E,-monoidal unit.

For every integer m > 0, the space Q""'SimDefc ) (k @ k[m]) can be identified with

the left-most space of the fiber sequence
Mapgy (id, id[m + n + 1]) — Mapgn (id, (k @ k[m + n + 1]) ® id) — Mapg, (id, id)
We have the following equivalences

Mapgy (id, id[m + n + 1]) = Mapy (k[-m —n — 1], 3(C, £))

~ MapAngH(FreeZ“(lﬁ[—m -n—1]),3(C, E))
Due to [Lurllb, proposition 4.5.6], there is an equivalence
Map,y g+ (Freef ™ (K[—m — n — 1)), 3(C, E)) = Map,e: (0" (k & kfm]), 3(C, E))
We have the following equivalence of spaces induced by ¢
Q" 'SimDef ¢ gy (k @ k[m]) ~ MapAngJrl(@TH—l(k’ ® k[m]),3(C, E))
In addition, there is the following natural equivalence of spaces
Map gyt (D" (k @ k[m]), 3(C, E)) ~ Q" IMap e (9" (k & k[m +n + 1)), 3(C, E))

arising from the fact that Map Algz+1(©n+l(—), 3(C, E)) is a formal moduli problem.

It now follows from the same argument as in the proof of lemma 3.2.9 that

SimDef ¢, (k & k[m]) <" SimDef(y, p, (k & k[m])

is (n — 1)-truncated. This proves the proposition. ]
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The following discussion aims to analyze the formal moduli problem ObjDef%.

Remark 3.4.12. Let (Y1, {Eus}aer) and (Yo, {Fo}aer) are two deformation contexts
admitting deformation theories ©; : P — =1 and D, : PY5¥ —> =, respectively. Let
U :2s — 2 be a functor which preserves pullback squares and final objects. Assume

that for every a € T, and every integer n > 0, there is an equivalence U(Q*"E,) ~

QX "F,.

Then there is an induced functor Usmall : g)small _y 9)small which preserves final objects

and pullback squares. Therefore

_ X Usmall * . _
=5 ~ Moduli?? % Moduli¥? ~ =,

is the functor given by pullback by Us™all,

There is a map of cc-operads EY EN E®, , [Lurl7, §5.1.1]. Heuristically, this map
is the identity on objects and given on morphism space by sending a configuration of
n-dimensional open disks to the configuration of (n+1)-dimensional open disks obtained
by taking a with the interval (—1,1).

This map of co-operads gives rise to the forgetful functor Alg} ™ LN Algy. Note that
U admits a left adjoint, in particular U preserves small limits. In addition, for every
integer m > 0, U(k & k[m]) ~ k & k[m| and U(k) ~ k. It follows from remark 3.4.12

and theorem 2.2.19 that U induces a functor

Algl®"¢ ~ Modulif™ 5 Modulii™ ~ Alglth=ue

Lemma 3.4.13. Let n > 1 be an integer, k a field, and X : Ang’smaH — S be a formal

E,,-moduli problem. Consider the restriction X n+1 : Ang“’smaH — S via the above map
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Moduli,™ v, Moduli%”“. By theorem 2.2.19,

X(—) ~ MapAng’a‘*g (9"(-),3)
XEn1(=) 2 Mapy s (D7 (=), 3)

for some 3 € Alg™™® and 3 € AngH’aug. Let {m; : Algz’aug — Mody }iznni1 be the
functors which map to the augmentation ideal.

Then there is an equivalence my11(3") ~ m,(3)[—1] of non-unital E,,-algebras.

Proof. By definition, the tangent spectrum of X is unchanged under the map U*. By
computing the tangent spectrum of X®+1 and applying theorem 2.2.19, we find that

m,,11(3') ~ m,(3)[—1] is an equivalence of spectra. We have the following diagram

n+1,nu

Moduli®+ «=— Algp™he = Alg?

~ ~
U* I |
| |
| |

n,aug n,nu

Moduli*" +—=— Algp™"® —=— Alg},

The top and bottom rightward horizontal arrows are equivalences given by [Lurl?,
proposition 5.4.4.10]. We conclude that the right vertical arrow takes a non-unital E,,-
algebra a and maps it to the non-unital E,;-algebra whose underlying k-module is

a[—1]. Hence m,,1(3’) ~ m,(3)[—1] is an equivalence of non-unital E, ,;-algebras. [

A direct proof of the following proposition can be provided; however, we utilize the
fiber sequence of corollary 3.4.5 to illustrate its use. Subsequent sections will further

demonstrate the significant utility of this fiber sequence.

Proposition 3.4.14. Let n > 1 be an integer, k be a field, C be a presentable k-linear
(00, n)-category and E € C be an object. Then

ObjDefp(—) ~ Map,, o ous (D" (=), k@ 3(E))
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where 3(E) is the E,-algebra of n-fold endomorphisms of E, viewed as a non-unital

E,-algebra over k.

Proof. Let

ObjDeffy (=) ~ Map (D" (=), k@ ag)

Alg'rkl,aug
Following corollary 3.4.5, there is a fiber sequence of formal moduli problems
ObjDefy " —— SimDef(, ) — ObjDefy

Consequentially, there is a fiber sequence of non-unital E, -algebras (also a fiber se-

quence of k-modules):

ag — 3(C, E) — 3(C)

The above sequence leads to the following fiber sequence of k-modules
3(C,E) — 3(C) — ag[1]

By lemma 3.4.8, 3(C, E) ~ 3(C) x3(g) {*} is an equivalence of E,-algebras. Therefore,
ag[l] ~ 3(F) an equivalence of k-modules. So, the preceding fiber sequence of k-modules
lifts to the fiber sequence of E,-algebras of lemma 3.4.8.

In turn, ag ~ 3(F)[—1] is an equivalence of k-modules. We conclude that

ObjDefy™+' (=) ~ Map (D" (=), k@ 3(E)[-1])

n,aug
Alg,

It follows from lemma 3.4.13 that the non-unital E, ;-algebra structure on 3(E)[—1] is
induced by the E,-algebra structure on 3(E) via the map U* : Moduli,” — Moduli],f"“.

This finishes the proof of the proposition. O

The following discussion connects to [Fral3, conjecture 4.50], giving insights into the
restrictions of formal E,-moduli problems to formal E,,-moduli problems for m > n.
The oo-operad E? is Koszul self dual for all n > 0: consider the setting of dg-operads

over k. Let E, be a dg-operad model for the oo-operad EZ, ©(E,) denote the Koszul
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dual dg-operad of E,. A direct implication of [Frell, theorem B] is that there is a

morphism E,[—n] ~ ®(E,) which is a weak equivalence of dg-operads over k.

Definition 3.4.15. Let p be an integer and M be a dg-module over k. An E,,[p]-algebra

structure on M is an E,,-algebra structure on M p].

There should exist an equivalence of co-categories Algy ™" ~ Algy(g,,) (Mody,).

The map E? ENS oF

ng1 Of oo-operads will have an analog in the dg-operad model,

E, EN E,+1. Under Koszul duality, the map j gives rise to a map of dg-operads E,,; 1[—n—

1] 20), E.[—n]. Under the equivalence Moduli;™ ~ Algi"™, the map E,[-n — 1] 20),

E, [—n] should induce a functor Moduli," 207, Moduli,"*".

Conjecture 3.4.16. [Fral3, conjecture 4.50] There exists a natural equivalence U* =~
(D)™

Supporting argument: It follows from lemma 3.4.13 and the definition of a ®(E,,)-
algebra that for every a € Alg;™, the under lying k-modules of the non-unital E, -
algebras U*(a) and (D(j))*(a) are equivalent to a[—1]. Moreover, the functor U :

Algp e — Algl"™" is induced by the morphism of operads E,, EN Eni1.

3.5 Module categories over [E, -algebras

Let C be the E,-monoidal k-linear oco-category of right modules over an E, ,-algebra
B. We study the deformations of C upto Morita equivalences. By definition, C admits
a compact generator, which allows a better control over its deformations. We assume
that B is m-connective for some integer m < 0. The main result here is theorem 3.5.10,
proving which was the original objective of this thesis. This result implies that ‘over k[[t]],
every Maurer-Cartan element in the A-linear center of RMod}, » induces a deformation
of C (upto a Morita equivalence)’. In §3.5.2 we recover the fiber sequence of non-unital
E,;1-algebras of [Fral3, theorem 1.1] using the language of formal moduli problems

(proposition 3.5.16).
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Warning 3.5.1. By an Ejg-monoidal k-linear co-category we mean a k-linear oo-category.

We emphasise that this convention is non-standard.

Definition 3.5.2. [Lurllb, definition 5.3.20] A presentable stable co-category C is said
to be tamely compactly generated (tcg) if it is compactly generated and if for any choice of
compact objects E, E" of C we have m_,,Map ,(E, E') = Extj'(E, E') ~ 0 for sufficiently

large m.

We say an E,-monoidal k-linear oo-category C is tamely compactly generated if the

underlying k-linear co-category of C is tamely compactly generated.

Definition 3.5.3. [BKP18, definition 3.2] Let C be an tamely compactly generated k-
linear oco-category. C admits a single compact generator E € C if E/ is a compact object

and for every C € C, Map ,(F,C) ~ 0 iff C ~ 0.

Remark 3.5.4. Let n > 1 be an integer, C be a tamely compactly generated E,-
monoidal k-linear co-category Assume that C admits a single compact generator F
(definition 3.5.3). We assume that E is an idempotent, i.e. there exists an equivalence
E®ESE.

This assumption endows B := Map,(E, E) with the structure of an E,;-algebra.
This structure on B is non-canonical, depending on the choice of the equivalence EQE =
E. This choice is precisely a choice of an equivalence £ ® E = FE in the homotopy
category of C.

In the scenario of interest, namely the oo-category of modules over E, , -algebras,
there is a canonical choice for such an equivalence because E is the unit of the E,-
monoidal structure in this case. We are not aware of any other interesting and natural
examples of E,-monoidal oco-categories which satisfy the hypothesis that the compact

generator is idempotent.

Lemma 3.5.5. Let n > 0 be an integer, k be a field, and C be a tamely compactly

generated K, -monoidal k-linear co-category which admits a single compact generator E.
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Assume that E ® E ~ E when n > 1, and denote the endomorphism object of E by

B = End.(E). Then RMod;, . and RMody;" & are equivalent as presentable k-linear

(00, n + 1)-categories.”

Proof. By [Lurl7, theorem 7.1.2.1] we have an equivalence of k-linear co-categories
RModp LN C, such that B — FE. This proves the lemma for n = 0.

When n = 1, U allows us to endow RModg with an [E,-monoidal structure coming
from C. This E,-monoidal structure has no reason to be equivalent to the canonical
E,-monoidal structure on RModg. Using these two [E,-monoidal structures, we view
RModp as an object of gyoq,Bimod,(Pry), i.e. a RModg — C-bimodule. We denote this
object by pM,. In addition, we may view RModp as an object of ;Bimodpyq, (Prf),
i.e. a C — RModp-bimodule. We denote this object by .M. Note that, following

[Lurl?7, theorems 4.3.2.7 & 4.8.4.1] an equivalence of co-categories
Mp € Map2pr%(RModc(PrI,;), RModgatod,, (Pr))) = (Bimodpyeq,, (Pry)

M € Map2prk(RModRMOdB(Pr£), RMode (Pry)) 2 gagoq,Bimode (Pry)

Under such equivalences of functor co-categories with bimodule co-categories, the diago-
nal bimodule ;M corresponds to ¢drnod, and the diagonal bimodule ;M 5 corresponds
t0 1dRModgoa,, - NOte that My ®p pMe >~ (M and pMe ®c (Mp > pMp, implying
that RModc(Pry) ~ RModir? 5 1s an equivalence of presentable k-linear (oo, 2)-categories.
Recall that RMod,, ¢ ~ RMod¢(Pry) (follows from a variant of [Ste20, corollary 5.1.15]).

We induct on n and use a similar argument when n > 1 to finish the proof. As-
sume that RMod C o, RMod}, 5 is an equivalence of presentable k-linear (co,n — 1)-

categories. As C is an E,-monoidal k-linear co-category, the presentable k-linear (oo, n)-

n—1

category RMod ¢

has an E;-monoidal structure®, and so does RMod}, p. These two

"The proof relies an the hypothesis that F is a compact generator and B has the structure of an
E, +1-algebra, not that E ®@ E ~ E.

8This follows from [Lurl7, corollary 4.8.5.20]. We have made extensive use of this corollary without
reference throughout this chapter.
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[E;-monoidal structures are not necessarily equivalent. Using the equivalence U,, we

endow RMody, 5 with the structure of a RMod; C— RMody, p-bimodule, denoted .My

and the structure of a RMod}, 5 — RMod 2-bimodule, denoted zM,. Note that

eMp € Map o, (RModgyoqr-s (nPry), RModgear, , (nPry))

(nPt})

B

~ RMod" BlmOd

RMod n
pr,C RModpr

M € MQPrk(RModRModB(Prk), RMode (Pry)) 2 gagoq,Bimode (Pry)
It follows that the above two bimodules establish an equivalence RMody, - ~ RMody " B
O
Remark 3.5.6. Let n > 0 and £ be a field. We have the following diagram of functors,
SimDef(RModgr‘fllg,RModgr’B) —£ 5 AlgDef, — CatDefRMod:j:llg

where the functor £ takes the (n + 1)-fold endomorphisms of the marked object, which
is an [, ;i-algebra. The functor £ is induced by a right adjoint (variant of [Lurl7, the-

orem 4.8.5.11] for ko-presentable co-categories) to the composition of the below functor

Algi™ — (n +1)Prk

A — RModyfy
with the functor (n + 1)Pr} () ((n + 1)Prp)". The functor Ind,,, which sends
D — Ind,, (D), is an equivalence because of [Lur09, theorem 5.5.7.10].
On the other hand, the functor M takes (n + 1)-fold presentable modules over each
algebra deformation of B, induced by Alg}™ — (n+41)Pr} which sends A — RMod""}

pr,A*

3.5.1 Formal deformations

We characterize formal deformations of E,-monodidal k-linear co-categories which are

of the form RModg, where B € Algi™'. We assume the B is m-connective for integer
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m < 0 (theorem 3.5.10).

Lemma 3.5.7. [BKP18, lemma 4.23] Let k be a field and
-+« — By = By — By

be an inverse system of discrete local artinian commutative k-algebras having same
residue field k. Let B = lim; B; be the limit. Let n > 2 and consider for each 1
the algebra B; as an small (artinian) E,-algebra and B as an augmented E,-algebra
via the forgetful functor CAlg:"® — Alg ™. Then the natural map colim;Spf(B;) —
Spf(B) is an equivalence of formal E,-moduli problems. FEquivalently, the natural map

colim;®™(B;) — D™(B) is an equivalence of augmented E,-algebras over k.

Remark 3.5.8. It follows from lemma 3.5.7 that a point in CatDefrnoar, , (K[[t]]) ~
lim; CatDefryrodr, . (k[t]/') is given by a family {M;} with M; a deformation of RMody, ¢
over k[t]/t" for each ¢ > 1 and k[t]/t' @ i+1 Mip1 =~ M; a an equivalence of k[t]/t'-
linear (oo,n + 1)-categories. Further, we have an equivalence CatDefﬁModgr’c (k[[t]]) ~

Map (D" 2(k[[1]), 3(RModl,. ).

pr,C

Lemma 3.5.9. Let n > 0 be an integer, k be a field, C be a tamely compactly generated
E,.-monoidal k-linear co-category admitting a single compact generator E. Assume that

E®FE~F whenn > 1. Then

O(k[[t

CatDefrsroay, . (K[[1]) 2 CatDefyyoan |, (k[[t])

induces a bijection on connected components.

Proof. Let B = End(F) be the E,-algebra of endomorphisms of E. By lemma 3.5.5,
we have an equivalence RMody, » ~ RMod} " £, such that RModg o RMod}, 5. In

turn, we have an equivalence of E,,-algebras 3(RMody, ) — 3(RMody 2). Denote

pr,C

pr,C
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We compute that ®"2(k[[t]]) = k[B] with deg(8) = —n — 2 is the free E-algebra

on one generator viewed as an [, o-algebra via the forgetful functor CAlg, — Ang”.

n

Let n € CatDefﬁModgr’c(k[[t]]) correspond to a LModZ[E}l—linear structure on RMod}, ..

Note that 1 may be viewed as a C-linear natural transformation 7 : ide — ide. For

instance, in case n = 1:
Fung(RMod,, ¢, RMod,, ¢) ~ -Bimod,,

and k[f] 2 3,(B) ~ Map oo (CC)ide, ide).

In addition, RMod} ;€ RMod}, - is an object in a presentable k-linear (co,n + 1)-

category and 3(RMod} ¢) = 3(RMod?, 5) ~ B is an equivalence of E,-algebras.

This data induces a composition of maps k[f] - 3,(B) — B of E,-algebras, which

we denote k[] ), B. Note that the map 3,(C) — B is from lemma 3.4.8. Consider

the image of the generator § under this map, which induces a map E LiSONy 5 n + 2].

Consider the cocone of this map in C, i.e. the fiber sequence:

B —— B2 Bt 9]

We note that E" is a compact generator of C: let F' € C be such that

Map ,(E", F) ~0 = Map (E[n+2],F) — Map ,(E, F)

Map (E, F)[-n — 2] = Map ,(F,F) = Map (E,F) ~0

the preceding implication is due to the tamely compactly generated hypothesis on C.

Since F is a compact generator, F' ~ 0. The converse is always true.
Compact objects of C are closed under finite colimits and finite limits.

Moreover by naturality and C-linearity of n, we have
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b —— EoE~EY N ph1o e B~ En+2

EoE —— E9E~E"Y"YEn+ 2@ E~ En+ 2]
a fiber sequence, hence K" ® E ~ E". Moreover

E"@E —— Eo b~ N By o e B~ B 4 9]

¢(E™) is homotopic to zero because the action of k[5] on E" is trivial by construction.
We see that E"®@ E" ~ E"@® E"[n+ 2]. The E,-monoidal structure on C induces a map

of k-modules

Map ,(E", E") ® Map ,(E", E") —— Map (E" @ E"[n + 2|, E" & E"[n + 2|)

|

Map ,(E", E™)

which is compatible with the E;-algebra structure on Map ,(E", E") endowed by the
composition on C. We conclude that B" := Map, (E", E") has the structure of an E, ;-

algebra. By lemma 3.5.5, RMod” RModgj En. In turn, 3,(B) ~ 3(R1\/Iodgr+ B is

pr,C —

an equivalence of K, ,-algebras. Upon viewing RMod],. 5, as an object of RMod; " B

we find that 3(RMod;, z,) ~ B" is an equivalence of E, ; -algebras, and there is a map
3.(B) — B" of E,,;;-algebras (lemma 3.4.8).

From the naturality of 7, it follows that the map of E,-algebras k[5] - 3,(B) —
B", factors via the natural augmentation k[3] — k. This implies that E" is a k-module

object of the k[f]-linear structure on C. In other words, we have a factorization

T///// l
L

3(RModgj;n,RModgr pn) — 3,(B) —— B"

where by the universal property of the endomorphism object of the pair (RModg:r llgn, RMody, gn)

(remark 3.4.7), the 7 is a map of E,, o-algebras.
Let B" := End.(E"), then there exists RModgn ~ C a Morita equivalence of E,-

monoidal k-linear co-categories. In other words, RModsi' ~ RMod} is an equivalence
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of k-linear (oo, n+1)-categories. We see that 1 may be viewed as the data of a k[f]-linear
structure on RModg: 5o such that the induced action on RMod, g, is trivial. In other
words, RMod}, g, is a Mod}, ;-module object of RMod;‘: B

Following [BKP18, §4] (also see remark 3.5.6), we have a commutative diagram (see

next page). Note that as B" is m-connective for some negative integer m, AlgDefy, is

a formal moduli problem (proposition 3.1.3).

85



Letd 0 [g]3¢ad o ‘ad o ‘ad o
P 1 (1 4 ) TP Ipop T ¢ - ()™ goared g — ([l ®eayed
w
v ([[H]=) 38ty < — ([[1]]) “3oqasty

A

A:mrha

cugd y‘ad [g)y¢ad L ad cugiad
POV PO (JEERON( 1 g (T + w))) TP Ipopy 4 (([3])y) 7 PN PN g5 g



3.5. MODULE CATEGORIES OVER E,-ALGEBRAS

Here ( is a lift of  across 7. The image of  in CatDefrnioar, , (k[[t]]]) provides a lift of
n across O(k[[t]). This establishes that 0(k[[t]]) is a surjection on connected components.
The injectivity also follows from this proof: the method of proof shows that there can

only be a unique (upto homotopy) lift of 1 across the map 0(k[[t]]). O
The following is one of the main results of the thesis.

Theorem 3.5.10. Letn > 0 be an integer, k be a field, C be a tamely compactly generated
E,-monoidal k-linear oo-category admitting a single compact generator E. Assume that

EFE®RFE~F whenn>1. Then
O(k([t)]) A
CatDefRModgr’ c (k[[t])) —— CatDefRMOdgryc (k[[t]])

is a homotopy equivalence.

Proof. Let B = MC(E, E) be the E,;-algebra of endomorphisms of E. Following
the notation of lemma 3.5.9, 3,(B) is the k-linear center of RMody, ..

We will inductively prove that 6(k[[t]]) induces a bijection on homotopy groups.
The base step is that 6(k[[t]]) induces a bijection of 7, i.e. connected components
(lemma 3.5.9). This already proves the theorem when n = 0.

Assume that n > 1 and 0(k[[t]]) induces an equivalence of (i — 1)**-homotopy groups
for some ¢ > 1. In what follows, a good mental aid it to set ¢ = 1 and verify that the
statements make sense. We assume that 1 — 1 < n.

Let Q" 'CatDefgyjoqn _(K[[t]]) denote the (i — 1)-fold loop space for arbitrary choices

of base points. Assume that given an arbitrary point
n € Q1 CatDeffpoge  (k[[H]) ~ 2" Map,y,2(K[3], 3,(B))

the image of  under the map Qi’lMapAlgzm (k[5], 3n(B)) — Map, gn+1 (k[5], B[—i+1])

is contained in the connected component of the base point: in case ¢+ = 1, the proof of
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lemma 3.5.9 says that we can always find a suitable compact generator such that this
statement holds. Denote this compact generator by E!, and B; := %(E?, E!). When
1 = 1, there is the compact generator E} := E" constructed in the proof of lemma 3.5.9.
This guarantees a lift of n to a point

T E Qi_lSimDefRMod”+;n,RMod” - (k[[t]) ~ Qi_lMapAlgzﬂ(k[ﬂ], 3(RMod”, ., RMod™ }))

pr,C> pr,C

(3

The proof of lemma 3.5.9 shows that this lift exists when ¢ = 1.

Consider an arbitrary point ¢ € QnQiflMapAlgzm(l{[ﬁ],Sn(B)). As the image of

7 in MapAngﬂ(k[ﬁ],Bf[—i + 1]) is homotopic to the base point, € induces a map of
EY
E, . -algebras k[5] M B]'[—i].

Let us denote n;(E}) == e(E!). If the map n;(E;") were to factor via the augmen-
tation k[5] — k, then by the universal property of the k-linear center of the pair
(RModgr‘%?, RMody,. B?)’ we would have a lift of ¢ to the space
QTQiflsijef(RMOd;:; J RMod™, ) (k[[t]]). Unfortunately, this is not guaranteed. We need
to construct a suitable compact generator for this purpose.

i(E] . i(E] .

Note that the map k[3] D, B'[—i] corresponds to a map E oitB, Eln+2—1].
As in the proof of lemma 3.5.9, form the fiber sequence

n o B n (bz(EZI) n .
El\, =FE — E! —= Elln +2+1]
It follows that E',, is a compact generator. Denote B}, = B® := Map (E®, E¢). By

construction, the image of n under the map
Q' '"Map atgr+2 (K[B], 3u(B)) — Map g n1 (K[B], B*[—i + 1])

is contained in the connected component of the base point (note that this is true for

Nir1(E} )
—

i = 1). By construction, the map k[5] B#[—i] factors via the augmentation

k[B]-
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To finish the proof it is enough to show that B}, is an E,;-algebra. To show this we

use the C-linearity of ¢;, as done in the proof of lemma 3.5.9: ¢;(E!)QE!' ~ ¢;(E] @ E").

We claim that
EzZ-l ® B ~ Eﬁ+1 ® Nip1

7

for some N; € C. Convention: EJ := E. One can check that Ny ~ 0, Ny ~ EJ[n + 2].
E!'® E! ~ E!'® M,
for some object M; € C. One can check that My ~ 0, My ~ El[n+ 2], My ~ E][n +

2 ® El[n+2—1® EJ[2n+ 4 —1].

Because of C-linearity of ¢;: ¢;(E!) ® E! ~ ¢;(E! ® E!) are equivalent mor-
phisms. Therefore, the fibers of these morphisms should be equivalent. By defini-
tion, fib(¢;(E))) = E}., for every i > 0. According to our convention, fib(¢o(E()) =
fib(¢p(F)) = EY as constructed in the proof of lemma 3.5.9. So,

fib(¢i(EY ® EY)) ~ fib(¢:i(E]') @ E') ~ fib(¢4(E})) @ B ~ E}\, @ E]f (3.1)
must be equivalent to

fib(¢i(E} ® E})) ~ fib(i(E & M;))
~ fib(¢(E})) & fib(¢i(M;))

~ B @ Nip (3:2)

where N, = fib(¢;(M;)). The above equivalences hold because ¢ distributes over finite

sums and fib(—) commutes with direct sums.

Note that, by C-linearity of ¢;, we have the following equivalences

fib(¢i(E{ ® Eil)) ~ fib(E} © ¢i(ElL,)) ~ fib(i(E}) @ Ef,)
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The right-most space is equivalent to E},; ® E}.,, because E}., = fib(¢;(£])). While
the middle space is equivalent to E] ® (E},; ® E}',[n+ 2 —i]), because by construction
the map ¢;(E}") factors via the zero object.

Using equations 3.1 & 3.2, we conclude that

Bl @B, ~ (B ®EL,) & (B @Bl n+2-i)
~ (Bl & Nivt) © (Elyy ® Nigy)ln+2 — ]

~ Ui
~ Bl ® My

where M, 1 = Nij1 @ E} 4 [n+2 —i] @ Nij1[n + 2 — i| The E,-monoidal structure on C

induces a map

MapC(Ein-i-l’ Ely) @ Mapc(E?H, El,) — MapC(EfH S Miv1, By & Miya)

|

Mapc(E?H, Ez‘n+1>

endowing B]\; = Map (£}, |, E},|) with the structure of an E, ;-algebra. We conclude
that RMod™"., = RMody, .. We have a lift of € to the space

P18,

o€ QTQiilsimDef(RModZ:‘;n RMod”  (K[[E]])

+1 i1

Let @ be the lift of n across the map Q"*0(k[[t]]). Using the commutative diagram in the

proof of lemma 3.5.9 adapted to B}, ;, the image of ¢ in Q! CatDefrumoar, , (K[[t]]) pro-

vides a unique (up to homotopy) lift of € across the map €2, '0(k[[t]]). This establishes

a bijection of i homotopy groups of CatDefgyjoqn+r,  (K[[t]) and CatDefﬁModnJr;n (k[[t]])-
PrBit1 PrBl

We conclude the proof by noting that this process is finite because the natural transfor-

mation 6 is n-truncated (corollary 3.2.4). There would have been an issue if this process

was infinite, because for i = n + 2, our strategy cannot be implemented. O
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3.5.2 The fiber sequence of corollary 3.4.5

Assuming that C is the k-linear oo-category of right modules over an E, ,1-algebra, it is
possible to relate the fiber sequence of formal moduli problems from corollary 3.4.5 with
the fiber sequence of [Fral3, theorem 1.1]. This fiber sequence’s existence was originally
suggested in [Kon99]. The goal of this section is to prove proposition 3.5.16. We begin

by introducing some preliminaries.

The following definition is standard:

Definition 3.5.11. Let k be a field and B be an E;-algebra over k. The E;-Hochschild
cohomology of B is an Egp-algebra, defined to be

HH}, (B) = Map (B, B)

pBimodg

Note that HHg, (B) ~ 3(RModp) is an equivalence of Eo-algebra ([Lurl7, theorems 4.3.2.7
& 4.8.4.1]-we will freely make use of these results in this part, without an explicit refer-

ence).

Let B be an Ey-algebra over k. Then RModp is an E;-monoidal k-linear co-category.

Following definition 3.5.11,

HHg (RModg) = Map (RMod g, RModp)

RMod 5 BIMOdR\od 5

RMod?, ).

. . . . . ~ 2
We have an identification : gyp.q,Bimodgyjoq, = MapQPrk(RModpr, B

HHIEl (RMOdB) = Map2PrI,; (R‘MOdf)r,B7 RMOd?)r,B) (idRModfn’B ) Z.dRModme)

Therefore, 3(RMod?, 5) ~ HHE (RModp)(id, id) is an equivalence of Es-algebras.

The analog of E;-Hochschild cohomology for E,,-algebras is defined as follows:
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3.5. MODULE CATEGORIES OVER E,-ALGEBRAS

Definition 3.5.12. [Fral3, definition 3.1] Let B be an E,-algebra over k.
HH; (B) =M B,B
]En< ) apMOd]];" ( Y )
is called the E, -Hochschild cohomology of B. Using [Fral3, proposition 4.37], we define
Mody = HHj,  (RModp)

The definition readily applies to E,-monoidal k-linear oco-categories as well.
We conclude that HHj (B) ~ 3(RMod?, 5).

Lemma 3.5.13. Letn > 1 be an integer, B be an E,-algebra over k, and 3(RMod, p) be
a k-linear center of the presentable k-linear (oo, n)-category RMody 5 (definition 3.2.5).

There is a canonical equivalence of E,.1-algebras over k
3(RMody, ) ~ HHg (B)

Proof. The cases n = 1,2 have already been verified above. The proof follows directly

from definition 3.5.12. Note that Mapnpr%(RMod" RMod}, 5) > pypeqn—1Bimod

pr,B> ooy RMod? 1"

It follows from definitions that

Mod]lE;MOd;;; ~ HHj (RMody, 5) ~ Map ... (RMody, 5, RMod?, 5)(id™,id")

proceeding forward, we find

Mod]f{?i\dodg;g ~ HHj, (RMod ) ~ Map .. (RMody, 5. RMod?, 5)(id™,id™M)(id®, id®))

This process eventually gives

Mod} ~ Map . (RMod; RMod?, 5)(id™,idM)(id®, id®) ... (id"™ id" )

pr,B>
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3.5. MODULE CATEGORIES OVER E,-ALGEBRAS

Therefore, we see that HHp (B) is equivalent to

Map _, (RMody, 5, RMody, 5)(id", id™M)(id®, id®) ... (id" ", id" ") (id™, id™)
n. I‘k ’ )

By definition, the preceding [, 1;-algebra is 3(RMod;, 5), a k-linear center of RMod;), 5.
N

It follows from lemma 3.5.13 and proposition 3.4.14 that the fiber sequence of formal

moduli problems from corollary 3.4.5 can canonically be written as
B[-1] — 3(RMod}, ;RMod?; ;) — HH}, (B)

The above is a fiber sequence of non-unital E, ,;-algebras.

Now we focus on the middle term in the preceding fiber sequence:

Definition 3.5.14. [Fral3, definition 2.6] Let B be an E,-algebra over k. We define a
functor

Der(B, —) = Mapaygp), (B, B & —) : Modj;" — Mod

)/A

The tangent complex of B, Tg, is defined to be the value of the above functor on B
viewed as an object of Mod%?'.9 The cotangent complex Lp is an object of Mod%’ which
corepresents the functor Der(B, —).

Here (Algy),4 is the oo-category of E,-algebras over A. While A @ — : Mod%y —

(Algy) /4 is the functor giving the split-square zero extension.

Let B be an E,-algebra over k. By [Fral3, proposition 4.43], there is a fiber sequence
of k-modules

HH; (B) — B — T[1 —n]

9The tangent complex T := Der(A, A) should be viewed as classifying the infinitesimal deformations
of the identity morphism B — B.

93



3.5. MODULE CATEGORIES OVER E,-ALGEBRAS

where the left arrow is induced by the forgetful functor:
Mod%* — RModp (3.3)
In turn, there is another fiber sequence of k-modules:

Tg|—n] — HHg (B) — B

n—1

Denote C = RMod” a presentable k-linear (oo, n)-category, and E = RMod,, 5 an

pr,B>

object of C. Tt follows from lemma 3.5.13 that Mod% is canonically identified with
the n-fold endomorphism object of C, while it follows from definitions that RModp is
canonically the (n — 1)-fold endomorphism object of FE.

When n =1,
Mod ~ zBimodp ~ Mappr%(RModB, RModg)
and the natural forgetful functor of equation 3.3 coincides with the evaluation functor

Map,, . (RMod 5, RMod ) =E RModp

which sends F' — F(B). In turn, the induced map HHg (B) — B is a map of E;-
algebras. Therefore, when n = 1, we note that the map HHg (B) — B from [Fral3,
proposition 4.43] coincides with the map HHg (B) ~ 3(RModg) — 3(B) ~ B from
lemma 3.4.8. We conclude that when n = 1: 3(RModg, B) ~ Tg[—1] is a canonical

equivalence of E;-algebras.

In fact, this equivalence canonically lifts to an equivalence of E,-algebras. Consider

the pullback square of remark 3.4.7
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3.5. MODULE CATEGORIES OVER E,-ALGEBRAS

&g — Map,, , (RModg, RModg) ~ Bimod

| k |

{x} —F— Map, , (Mod;, RMod) ~ RMod
_ rk

Following [Fral3, proposition 4.23], this pullback square is identified with the one
in [Fral3, corollary 4.22]. 1In fact, by [Lurl7, theorem 4.8.5.5], there is an equiva-
lence of spaces, (€p)~ ~ Mapyy, (B, B). It follows that the Ep-algebra structure on
3(RModg, B) coincides with the Ey-algebra structure on Tx[—1].

This result holds for n > 1 as well:

Lemma 3.5.15. Let B be an E,-algebra over k. There exists a canonical equivalence
of E,.1-algebras

3(RMod}, 5, RMod?; ) ~ Tg[—n]

pr,B>

Proof. The case n = 1 has been established above. Let n > 1. The map HHg (B) — B

of Francis is induced by a functor

HH};  (RModg) = Mod* — RModp

—1

By the same definition, the preceding map must be induced by a functor

HH;  (RMod%) = Modgy, — RMod3,

-2

proceeding in this fashion, we arrive at the following map

Mod;! .-, — RMod},
o¢p

We have come back to the case n = 1, where we know that Francis’s map coincides with
the map of lemma 3.4.8.

Given a pair (C,E) such that C = RMod} and E = RMod% ', Francis’ map
HHg; (B) — B canonically coincides with the map HHg (B) ~ 3(C) — 3(F) ~ B
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of lemma 3.4.8. These two maps are maps of [E,-algebras. It follows that the fibers of
these two maps must also coincide as E,-algebras: 3(C, E) ~ Tp[—n]. We have already

seen that there is a commutative diagram:

Funy,(RMod?, 5, RMod?, ) —— Mod:*

pr, B> RMod’y !
CVRMod;n}]él l
n n ~ n
FU_Ilk<MOdpr7k, R’MOde‘,B) —> RMOdB

Recall that the horizontal arrows are canonical equivalences. The left vertical arrow
is the evaluation functor, while the right vertical arrows is the forgetful functor from
bimodules to right modules. The fiber of the left vertical arrow over RMody - & gives
rise to 3(RMod;, g, RMod; - £), while the fiber of the right arrow over the same ob-
ject gives rise to Tp[—n]. The E, ;-structure on both these objects has its origins
in this diagram. We conclude that there is a canonical equivalence of K, -algebras:

3(RMod, RMod;L;é) ~ Tg[—n]. O

pr,B>

Proposition 3.5.16. Let n > 1 be an integer, k be a field, B € Alg) an E,-algebra. By

[Fral3, theorem 1.1], there is a fiber sequence of non-unital E, 1-algebras:
B[-1] — Tg[—n] — HHg, (B)

Let C = RMod”

g, @ presentable k-linear (0o,n)-category, and E = Rl\/Iodg];]_l3 be an

object of C. By corollary 3.2.10, corollary 3.4.5, proposition 3.4.11, lemma 3.4.13, and

proposition 3.4.14 there is a fiber sequence of non-unital E, 1-algebras:
3(E)[-1] — 3(C, E) — 3(C)

These two fiber sequences fit into a commutative diagram of E,1-algebras:

B[~1] — Tp[-n] —— HH} (B)

R

3(E)-1] — 3(C, E) — 3(C)
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where the vertical arrows are equivalences of E,, . 1-algebras.

Proof. The middle and the right vertical arrows are canonical equivalences, as a conse-
quence of lemmas 3.5.15 & 3.5.13 respectively. The proof of lemma 3.5.15 shows that
the right square is commutative. By the universal property of fiber sequences, the left

vertical arrow is a canonical equivalence, which makes the diagram commute. O

3.6 Summary

We have undertaken a detailed study of deformations of E,-structures. We collect all

relevant results below for convenient reference:

1. (Proposition 3.1.3) Let n > 1, m < 0 be integers, k be a field, B be an E,-algebra
over k such the the underlying spectrum is m-connective. Then the deformation

functor AlgDef : Alg}zﬂ’small — & is a formal moduli problem.
This says that deformations of B up to equivalences of E,-algebras form a formal

moduli problem, i.e. are described by an K, -algebra.

2. (Corollary 3.4.5) Let n > 1 be an integer, k be a field, C be a presentable k-linear

(00, n)-category, E/ € C be an object. There is a commutative diagram of functors

ObjDefi ! —— SimDefc 5 ——% CatDefe

l | l

ObjDefy " —— SimDef(, ;;, — CatDefp

where each row is a fiber sequence, and the functors in bottom row are formal

moduli problems.

One way to think of this fiber sequence is the following: when C is the higher
category of n-fold iterated modules over an E,-algebra B, and the object E is the

higher category of n—1-fold iterated modules, then this fiber sequence characterizes
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3.6. SUMMARY

the difference between deformations of B up to Morita equivalences (right term)

and deformations of B up to equivalences of E,-algebras (middle term).

3. (Theorem 3.5.10) Let n > 0 be an integer, k be a field, C be a tamely compactly
generated E,-monoidal k linear co-category. Assume that C admits a single com-

pact generator £ such that F'® E ~ E. Then the space CatDefraoar, . (K[[t]]) is

n

equivalent to the space of k[f]-linear structures on RMod}, ..

We have seen that one cannot guarantee that the deformations of E,-structures form
a formal moduli problem in full generality. Indeed, it is possible to construct counter
examples, see [KL09, example 3.14]. A ‘boundedness condition’ along with a ‘compact
generator’ enable us to achieve improved control over these deformations. One can

understand this as the statement that ‘solutions to the Maurer-Cartan equation over

k[[t]] describe the Spf(k[t]]) neighbourhood of such objects.
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