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A B S T R A C T

Cell division is a fundamental biological process that ensures the

segregation of genetic material and also involves dramatic changes

in the cellular geometry, leading to cytokinesis: the cleavage of a

cell giving rise to two daughter cells. In metazoans, cytokinesis is

orchestrated by �ows resulting from active stress gradients in the

actomyosin cortex – a thin �lm comprising myosin motors, actin

�laments, and other associated macromolecules. In this thesis, we

develop a theory for the geometrodynamics of the cortex treated as an

active surface.

First, we establish the necessary mathematical tools for the geometry

of surfaces in ambient coordinates. To deal with dynamical geometries,

we also derive the necessary equations for the kinematics of moving

surfaces. Relying on this formulation, we solve the relevant equations

using a �exible computational �nite-element method using on the

FeniCS library.

Next, we explore the interplay between the active patterns with

�xed curved geometry. We show that the steady state patterns pre-

dicted on simple geometries localise on regions of different curvatures

dependent on the parameters. This seems to arise from the Gaus-

sian curvature acting as an effective friction on curved surfaces. We

also observe that qualitatively new patterns emerge purely due to

the change in geometry when the surfaces have regions of negative

Gaussian curvature, naturally giving rise to cytokinesis-like patterns

of myosin distribution and �ows.

Finally, we turn to the full problem of the interplay of active pat-

terns and dynamical geometry. At high contractility, we observe

self-organised dynamics of the cytokinetic furrow and concomitant

myosin patterns, which agree well with experimental measurements

on the dynamics of cytokinetic ring, surface curvature, and rate of

myosin accumulation during the �rst division in the C. elegansembryo.

We then propose an approximate theory assuming only the feedback

from concentration changes due to geometric effects, and the resulting

changes in the dynamics of geometry due to altered active stresses. We

�nd a linear relationship between myosin accumulation rates and the

speed of ring contraction in the theory, and observe this relation across
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several RNAi perturbations in the embryo. Through the same RNAi

perturbations, we further test our prediction that higher contractility

generically leads to asymmetric ingression. This work suggests that

active, self-organised dynamics could underlie the widely observed

kinematic features and asymmetries in cytokinesis.



1
I N T R O D U C T I O N : C E L L S A N D C Y T O K I N E S I S

. . . something unfailingly upsets our physical intuition
as we watch this phenomenon, whose strangeness is even
more appreciable than before the experiment. Why?
Because we see very clearly that this process is bent or
oriented in one exclusive direction: the multiplication of
cells. These to be sure do not violate the laws of
thermodynamics, quite the contrary.
They not only obey them; they utilize them as a good
engineer would, with maximum ef�ciency, to carry out
the project and bring about (as François Jacob has put it)
the “dream” of every cell: to become two cells.

Jacques Monod
Chance and Necessity (1970)

The ability to replicate is a universal feature of all cellular life forms.

It is unclear what the earliest cells looked like, but we imagine them to

be a compartment capable of both chemical replication (of the primor-

dial genetic constituents) and physical separation (of the primordial

membrane enclosing these genetic constituents) [Szostak et al.,2001].

There is a strong possibility that our view of the earliest cells is biased

by their descendants roughly 3 billion years later. However, noticing

the common phenomena in cells operating at remarkably different

length-, and time-scales, with some liberty, one can postulate the exis-

tence of an ancestral cell which, while primitive, showed both of these

features as far as its replication was concerned. We could ask: How

did an ancestral eukaryotic cell develop robust mechanisms for divi-

sion such that these processes have been inherited across generations?

Clearly, evolutionary processes have built on this robust mechanism,

leading to the current stunning diversity of multicellular life. What

simple regulatory constraintscan allow for the robustness of this replica-

tion mechanism? Can self-organised patterns emerging from physical
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processes allow for such minimal cells to execute their “function”? If

yes, what kind of physical principles underlie this self-organisation?

In this introductory chapter, we discuss physical principles and rele-

vant experimental �ndings based on which one can build a theoretical

framework for understanding cytokinesis. We focus on cytokinesis in

eukaryotes; metazoans, to be more speci�c. We begin with examples

of self-organised dynamics in bacterial cell division.

There are two main questions that appear persistently while dis-

cussing cytokinesis. First, what decides the site of the cell cleavage?

Second, how are the forces necessary for the cleavage generated?

1.1 cytokinesis in bacteria

Figure 1.1: In bacteria, two clear examples of reaction-diffusion driven mech-
anisms for cytokinesis site speci�cation exist. (a) In E. coli, pole-
to-pole oscillations of the protein minD suppress the localisation
of cytokinetic proteins at the poles, leading to an effective lo-
calisation in the middle. (b) On the other hand, minD forms a
stable pattern in the cell with two maxima at the poles, leading
to speci�cation of the cytokinetic ring in the middle of the cell.

The mechanisms behind cytokinesis site speci�cation can be differ-

ent for different bacterial species; however, an underlying theme is that

spatiotemporal gradients of speci�c proteins can activate or inhibit the

formation of �lamentous structures that drive cytokinesis, primarily

the FtsZ proteins, to localise at the division site. It is not obvious

how the FtsZ �laments generate the forces necessary to deform the

membrane. The current view on this matter is the following: once

assembled and linked to the membrane, the FtsZ �laments undergo

continuous polymerisation and depolymerisation from two extreme

ends. An effective reduction in the length constricts the diameter of

the �lamentous helix, pulling the membrane inwards [Haeusser and
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Margolin, 2016]. Note that this mechanism of force generation on the

cell surface to divide contrasts with eukaryotes, an issue to which we

shall return later in the chapter. Turning our attention back to site

speci�cation in bacterial cytokinesis; prominent examples are that of E.

coli and B. subtiliswhere the distribution of the Min family proteins on

the cell poles causes local inhibition of FtsZ formation and therefore

localises it towards the centre of the cell [Raskin and De Boer, 1999;

Levin et al., 1999]. In E. coli, the effective attachment-detachment

dynamics of the MinD and MinE proteins to the membrane and the

differences in their diffusion rates in the cytoplasm give rise to an

effective Turing like instability [Turing, 1952], which can self organ-

ise to give rise to the pole-to-oscillations [Howard et al., 2001; Kruse,

2002]. These pole-to-pole oscillations (See Figure1.1 (a)) give rise to an

effective time-averaged pro�le of the Min proteins with is maximum at

the poles and minimum at the centre of the cell. In contrast, as shown

in Figure 1.1 (b), the spatial pro�le of these inhibitory proteins seems

to be non-oscillatory in B. subtilis. However, recent work suggests that

the molecular interactions of these proteins is similar to that in E. coli,

and their dynamics can be modelled as a dynamic steady-state arising

from a reaction-diffusion system [Feddersen et al., 2021], which is

then read-out by the FtsZ proteins to localise a cytokinetic ring that

physically separates the two cells. Note that at the length scales of

� 1mm, as in the case of both the examples above, it is possible to

organise intracellular structures on the timescales of 101 � 102 s relying

solely on diffusive transport. However, as much larger eukaryotic cells

emerged in the course of evolution, their ability to change shape, to

divide (and, to migrate), posed novel challenges that cannot be solved

by diffusive transport alone.

1.2 energetic and transport constraints in eukaryotic

cells

Energy production in bacterial cells is restricted to the membrane,

which naturally leads to the energy budget of the cell to scale with

its surface area. On the other hand, the energetic requirements of

the cell (for maintenance and growth), are typically understood to

scale with its volume [Lane and Martin, 2010]. Energetic

considerations

For simplicity, if we

consider a spherical cell, this demand-to-budget ratio is expected to

scale asR3/ R2, where R is the cell radius. This speci�c physiology is,

therefore, restricted by its surface area to volume ratio, since beyond
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a threshold size, the energetic demands will always overwhelm the

energy production apparatus. The emergence of chloroplast and mito-

chondrial symbiosis allowed eukaryotic cells to circumnavigate this

problem by a drastic change in the cell physiology, thereby allowing

the “storage” of the energy producing apparatus more compactly,

allowing the much bigger eukaryotic cells to emerge and is therefore

considered one of the most important transitions in evolution [Smith

and Szathmary, 1997]. However, circumventing the energetic bottle-

neck is not enough, as a size increase in cells during evolution lead to

another fundamentally different challenge: transport.

The size of the region which can be accessed by diffusion in a

timescale t scales sublinearly with time, as �
p

t, to be precise. For

a typical protein, the diffusion constant turns out to be D � 1mm2/s

[Milo et al., 2010]. The typical timescale for cytokinesis of a eurkaryotic

cells is � 102 s. If cytokinetic patterns were to arise from diffusive

transport mechanisms, this would be possible only for cells of sizes less

than � 10mm.Thermal versus

active transport

On the other hand, activetransport driven molecular

motor proteins have typical translocation speeds of v � 1mm/s . As

such, beyond length scales of order D/ v � 5mm, active transport will

always dominate diffusive transport [Howard et al., 2011]. Notably,

the sizes of eukaryotic cells range from 101 � 103 mm. It is therefore not

a surprise that eukaryotic cells arose not only with their physiological

novelty of endosymbiotic energy production, but also with a diverse

array of motor proteins [Koonin, 2010]. These motor proteins actuate

on �lamentous structures using energy from adenosine triphosphate

(ATP) hydrolysis, and thereby generate active movement [Howard,

2001]. In plant cells, for example, the construction of a new cell

wall following mitosis is achieved through kinesin mediated active

transport [Strompen et al., 2002; Smith, 2002].

1.3 cytokinesis in metazoans

We now turn to cytokinesis in animal cells. Lacking a cell wall, they

show remarkable changes in their geometry as they deform and cleave

to give rise to daughter cells. A fundamental question thus arises:

how do these cells harness active forces to divide into two? What are

the general features that characterise this method of cell division? Is

the highly dynamical geometry merely an outcome of these active

forces, or does it feed back and affect the very forces that caused it to

change?
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Figure 1.2: The otheroil-droplet experiment. (a) Stimulated Marangoni �ows
from surface tension gradients using NaOH at the opposing
poles leads to destabilisation of an oil droplet. (b) The resultant
convergent �ows eventually drive shape changes in the droplet,
resulting in its division. (c) Strikingly similar convergent �ows
were also observed by Josef Spek during cell division in Rhabditis
dolichuraembryos. The panel here shows the mitotic spindle,
cytokinetic furrow, and convergent �ows. Panel (c) reproduced
with permission, from J. Spek, Archiv für Entwicklungsmechanik der
Organismen(1918) [Spek, 1918] ©Springer Nature BV.

Animal cells are soft. Experimental measurements report stiffness

values in the range of � 10� 1 � 101 kPa [Wu et al., 2018]. As such,

initial ideas about animal cells considered them as �uid droplets.

Therefore, one could anticipate surface tension differences to possibly

destabilise the initial cell geometry and cause it to divide. Support

for this hypothesis �rst emerged in the form of experiments on oil

droplets, shown in Figure 1.2 (a-b), where an induced surface tension

gradient using NaOH on opposing poles of the droplet caused con-

vergent �ows. These �ows, directed away from the poles, deformed

the droplet to form a furrow-like shape, and eventually cleave into

two droplets [McClendon, 1912]. Notably, similar convergent �ows
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were also reported in a host of different embryos undergoing cytoki-

nesis, including the nematode Rhabditis dolichuraembryos shown in

Figure 1.2 (c) [Spek, 1918].

Figure 1.3: Schematic showing the experiment on sea urchin embryos by Y.
Hiramoto.

The segregation of the duplicated genetic material occurs concomi-

tant with these geometric shape changes. This segration is primarily

achieved by the mitotic spindle, visible in Figure 1.2 (c) as the two-

lobed structure inside the cell. The cytoskeletal �laments crucial for

the formation and stability of the mitotic spindle are microtubules.

The mitotic

spindle

These are polymeric �laments made of tubulin subunits [Alberts et al.,

2022], and are highly stiff at the length scale of a eukaryotic cell

[Howard, 2001]. These �laments, emanating from the microtubule

organising centre (MTOC) are broadly classi�ed into polar �laments

(responsible for the segregation of chromosomes) and astral �laments

which radiate outwards towards the cell membrane. An alternate

hypothesis to surface tension gradients driving shape changes in cy-

tokinesis was that astral microtubules generate the necessary forces

to pull the furrow inward as the MTOCs move apart to segregate

the chromosomes. This hypothesis was �rst tested using colchicine

to perturb the microtubules in sea urchin embryos. Treatment with

colchicine at the appropriate time (mid-anaphase, when the chro-

mosomes have separated), showed that the cell continued to divide

normally despite the complete disappearance of the spindle [Swann

and Mitchison, 1953]. A more direct, physical evidence was to follow

from an experiment where the spindle was pulled out of a dividing

sea urchin (Clypeaster japonicus) embryo using a micropipette.Mitotic spindle

is dispensable

for cytokinesis

completion

As seen

in the time sequence in Figure 1.3, the embryo is able to divide nor-

mally despite the strong perturbation of its position and the eventual

removal of the spindle [Hiramoto, 1956]. Note that in both of these

experiments, timing is of extreme importance. The disruption of the
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spindle using colchicine, or its direct removal using a micropipette,

both result in failure of cytokinesis. We now know that the astral

microtubules are actually responsible for localising myosin around

the cytokinetic furrow [Pollard and O'Shaughnessy, 2019]. This really

points to the idea that the spindle (and astral microtubules originat-

ing therein) act as a spatiotemporal trigger for cytokinesis. Once the

appropriate initial conditions are met, mechanical forces arising from

the cell surface are suf�cient to deform the furrow, resulting in the

cleavage of the mother cell.

Figure 1.4: (a) The actomyosin cortex is a thin layer setting near the cell
surface. Roughly � 0.5mm in thickness, but can be up to 1mm. (b)
The main constituents are actin �laments, myosin motor proteins,
and cross linkers and other membrane associated proteins. Due
to its small thickness compared to the cell size, for studying
patterns at the scale of cells, the cortex can be assumed to be a
two-dimensional material.

Given the above experimental �ndings, the hypothesis that spatial

gradients in cell surface tension can drive shape changes during cytoki-

nesis becomes quite plausible. However, at the time of these �ndings,

it was not clear how surface tension gradients necessary for cell divi-

sion are generated [Mabuchi, 1986]. Subsequent research revealed the

molecular constituents that generate activeforces on the cell surface.

It soon became clear that there exists organised �lamentous structures

on the cell surface at the onset of cytokinesis [Schroeder,1968; Arnold,

1969]. The discovery that these �laments were polymers of the protein

actin also followed soon after [Perry et al., 1971; Schroeder, 1973].

Molecular

drivers of

cytokinesis

These actin �laments, with the associated myosin motor proteins

proved to be necessary for the completion of cytokinesis [Schroeder,

1970, 1973; Mabuchi and Okuno, 1977; Maupin and Pollard, 1986;

Mabuchi, 1986]. According to our current understanding, the cortex

associated with the cell membrane, is a network of actin �laments,

myosin motor proteins and cross linkers [Pollard and O'Shaughnessy,

2019; Alberts et al., 2022], driven out of thermodynamic equilibrium

owing to the chemical �uxes converted into mechanical forces [Jülicher

et al., 1997]. This actomyosin cortexis the cytoskeletal meshwork re-
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sponsible for force generation on the cell surface. The cortex is at

least an order of magnitude thinner than the size of a typical cell

[Salbreux et al., 2012], and is under constant material exchange with

the cytoplasm on the timescales of � 10 s [Mayer et al., 2010; Saha

et al., 2016].Actomyosin

cortex as an

active layer

These facts, summarised in Figure 1.4, allow us to treat

the actomyosin cortex as a two-dimensional material.

Figure 1.5: At the onset of cytokinesis, cortical �ows generate a ring of in-
creased concentration of myosin and other cytoskeletal molecules,
generating localised contractile forces which subsequently lead to
formation of the cytokinetic furrow

Our current understanding of the emergent dynamics of cytokinesis,

(Figure 1.5), is the following: at the early stages, gradients in the

concentration of myosin motor proteins are set up due to signals from

the mitotic spindle. The positive ends of the astral microtubules orient

towards the furrow region, causing a localised activation of the Rho

pathway leading to higher concentration of myosin motor proteins

on the cell surface [Pollard and O'Shaughnessy, 2019]. Due to the

active nature of motors, these concentration gradients then generate

gradients in stress (or tension, if treated as a two-dimensional surface),

giving rise to convergent �ows. The same forces concomitantly change

the shape of the cell, generating a furrow which constricts to give

rise to two daughter cells. Owing to the location of the furrow and

the dynamics of advective �ows preceding cytokinesis, there can be

additional asymmetries can arise during cell division, giving rise to

differences in the sizes and/or the distribution of certain proteins.

1.4 embryonic cell divisions : the inheritance of broken

symmetries

During embryonic development, a single cell must proliferate to give

rise to an immense diversity of cells, which then specialise and collec-

tivise to become speci�c organs and tissues [Wolpert et al., 2015]. In
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addition, there must be continuous supply of new cells for the main-

tenance and homeostasis of adult organisms. This diversi�cation is

primarily driven through asymmetric cell divisions, where the two cells

inherit distinct morphological and chemical properties upon division

[Knoblich, 2001].

A prominent example of such an asymmetry is the �rst embryonic

division in C. elegans. An initially homogenous distribution of the

PAR-2 and PAR-6 proteins on the cell surface is perturbed by sperm

entry in the oocyte, and segregates into distinct spatial domains (Fig-

ure 1.6) [Munro and Bowerman, 2009]. This asymmetry not only

de�nes the germline cell and somitic cell lineages in the successive cell

divisions, but also establish the anterior-posterior axis of the organism.

A primary requirement for cell polarity is the existence of multiple

locally stable (patterned) states [Trong et al., 2014]. An external signal

can then trigger the system to transition from one of these stable

(unpolarised) states to another stable (polarised) state. In the C. elegans

zygote, this signal is delivered by the MTOC associated with male

pro-nucleus which triggers large-scale cortical �ows that segregate the

PAR proteins [Goehring et al., 2011; Gross et al.,2019]. This general

principle, known as guided self-organisation, could possibly also un-

derlie cytokinesis, as evident by the observation of the spindle acting

as trigger for the initiation of surface �ows and being completely

dispensable at later stages. We will not discuss this asymmetry further

in this thesis. Interestingly, there exist other aspects of asymmetry in

cytokinetic ingressionthat we address next.

Figure 1.6: The PAR system in the C. elegansembryo establishes the anterior-
posterior axis before the �rst cell division

1.5 asymmetries during cytokinetic ingression

As the cell surface deforms and the cytokinetic furrow deepens to

separate the prospective daughter cells, this deformation itself can be

asymmetric; i.e., the furrow ingression can be in a delayed manner, or
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at different speeds in different regions of the cytokinetic ring. This

asymmetry is especially pronounced in large embryos, as seen in the

comb jelly B. ovatashown in Figure 1.7 (a) where the ingression seems

almost unilateral [Rappaport, 1996].

Figure 1.7: Asymmetric cytokinesis can occur across species, and do not
require the localisation of a smaller spindle. (a) Asymmetric in-
gression in the comb jelly B. ovataembryo, note the difference in
relative sizes of cell and spindle in both the embryos. (b) shows
the asymmetric ingression of cytokinetic furrow in C. elegans.
(c) The spindle size in mitotic cells scales up to a threshold of
� 200mm, beyond which the cells have a much smaller spindle,
which is located very close to the cell surface as in (a). The approx-
imate average morphology for these two embryos is labelled with
black symbols; F corresponds to B. ovataand � corresponds to
C. elegans. Panel (c) is adapted with permission from Crowder et
al., Curr. Biol (2015) [Crowder et al., 2015] ©Elsevier.

Early studies on cytokinesis were performed on embryos of marine

animals, chosen for their large size and ease of experimentation. These

cells commonly have a proportionately smaller spindle, which is

localised towards the embryo surface. One would then expect a

smaller region of high Rho activity on the surface, which could then

lead to asymmetric �ows and ingression. As such, we might expect

asymmetric ingression to be restricted to cells which have a mismatch

in the spindle size compared to the cell size. However, in C. elegans

embryos, cytokinesis proceeds in a similar, highly asymmetric manner,

while cell and spindle sizes are comparable, and the spindle seems to

be positioned symmetrically [Maddox et al., 2007].

Spindle morphologies scale with cell sizes across the animal king-

dom, but only up to a threshold of � 200mm. In Figure 1.7 (c), we

show results from quantitative morphological measurements of spin-

dle and cell sizes [Crowder et al., 2015], where a saturation of the

spindle sizes can clearly be observed. The two examples we have
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discussed in this section, while showing asymmetric ingression, lie on

either extremes of this threshold. This suggests that a localised signal

is possibly not a necessary requirement for driving this asymmetry in

ingression.

With this background on asymmetric ingression, we ask two related

questions. First, what physical principles drive this asymmetry? Sec-

ond, since this asymmetry is also an aspect of the geometryof the cell

as it deforms to divide, could the physical principles that drive cytoki-

nesis itself also give naturally rise to this asymmetry? If the answer to

the second question is in the positive, asymmetric cytokinesis must

be very prevalent. This indeed seems to be the case, as it is observed

in diverse cells well below the � 200mm threshold [Bourdages et al.,

2014]. Thus, our aim in this thesis is to understand the correlation

between the physical mechanisms that underlie cytokinesis, and ask if

same mechanisms underlie asymmetric ingression during cytokinesis.

1.6 overview of the thesis

To summarise the discussion above, we view cytokinesis as an in-

terplay between mechanical stresses on the cell surface, the �ows

resulting from their gradients, the spatial patterns of force-generating

molecules, and the geometry changes that occur simultaneously (Fig-

ure 1.8).

Figure 1.8: Animal cell cytokinesis arises from feedback between signalling,
mechanics, and dynamical geometry.
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Formally, we will develop coarse-grained active hydrodynamic equa-

tions of the actomyosin cortex, and couple them to dynamical geome-

try. These hydrodynamic equations for the cortex and the kinematic

equations for evolving surfaces, are highly non-linear. Exact analytical

solutions are, therefore, highly unlikely. As such, we will have to de-

velop appropriate numerical techniques to solve them. Mathematically,

this involves solving partial differential equations for concentrations

and �ow-�elds on arbitrary and dynamical geometries. The problem

is non-trivial since the deformation of the geometry is speci�ed by

quantities which are themselves evolving on that geometry. In other

words, we view the dynamical cell shape during cytokinesis as the

geometrodynamics of active surfaces. Moreover, though these equations

can be formulated using intrinsic coordinates, they can seldom be

solved due to the presence of coordinate singularities.

In Chapter 2, we develop the geometry of curved surfaces em-

bedded in the three-dimensional ambient space. We also formulate

methods to perform differential calculus of �elds de�ned on this

evolving geometry using only ambient coordinates. Finally, we de-

rive kinematic equations that describe the evolution of geometrical

quantities associated with the surface.

In Chapter 3, we set up a theory for the actomyosin cortex, treating

it as an active �uid. We then study the dynamics of aemergent ctive

mechanochemical patterns on curved static surfaces. We �nd that

active patterns are highly sensitive to the underlying geometry, and

localise on regions on different curvatures depending on the physical

parameters. On surfaces shaped like a peanut (which has regions

of negative Gaussian curvature), the active �uid self-organises to

generate convergent �ows, and a ring of myosin pattern in the furrow-

like region.

In Chapter 4, we study spontaneous patterns that emerge from

the geometrodynamics of active surfaces. Surprisingly, we �nd like

cytokinesis-like dynamics of geometry, �ows, and concentration �elds

can emerge spontaneously. We then quantitatively compare this dy-

namics with cytokinesis in the embryo of the nematode worm C. ele-

gans. We �nd that our theory naturally predicts universal quantitative

features of cytokinesis that have been observed across multiple species.

We then write an approximate theory relying solely on the feedback

between dynamical geometry and the concentration changes seen

during the contraction of the cytokinetic ring. We �nd the predictions

of this approximate theory agree with both the numerical solutions

of the full theoretical problem, and experimental measurements in
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the embryo. Finally, we show that asymmetric cytokinesis also arises

naturally in our theory. Furthermore, our theory predicts that the

dynamics of asymmetric ingression correlated with the ingression

rate of the cytokinetic furrow. This is also quantitatively seen in the

experiments.

In Chapter 5, we conclude by discussing some drawbacks and open

questions that remain. We then attempt to frame our results in the

broader context of cellular and embryonic physiology, and end with

an evolutionary outlook.





2
K I N E M AT I C S O F E M B E D D E D S U R FA C E S

The discussions in the previous chapter emphasized the importance

of dynamical geometry in eukaryotic cell division. In this chapter,

we develop the extrinsic differential geometry of time-evolving two-

dimensional surfaces embedded in the ambient three-dimensional

space. The equations governing the spatiotemporal evolution of the

geometrical quantities, such as the surface normal and curvature, as

well as physical �elds de�ned on the surface are highly nonlinear in

nature. With an aim to solve these equations numerically, we recast

these dynamical equations in a manner suited to an implementation

using the �nite element method.

Figure 2.1: The embed-
ded surface
as a map.
Depicting
the local
tangent vec-
tors (green)
and the
unit normal
vector (red).

2.1 the intrinsic and ambient view of the surface

Consider a two-dimensional surface M embedded in R3. We describe

M � R3 by specifying a smooth map f : U ! M where U � R2.

Parametrising U with coordinates sa, the map f gives the Cartesian

coordinates xi 2 R3 of the point corresponding to f s1, s2g 2 U

as shown in Figure 2.1. Thus f (s1, s2) = f i (s1, s2) êi , where êi are

the Cartesian basis unit-vectors in R3, f i are the components of the

map f , and repeated indices are summed over following the Einstein

summation convention. We will use Greek letters a, b, . . . to index

coordinates and vector components in U, and Latin indices i, j, . . . to

refer to coordinates and vector components in the ambient space R3.

We will assume that map f is locally invertible.

At a point p on the surface, the tangent vectors t a are obtained by:

t a =
¶f
¶sa = si

a êi . (2.1)

The shift tensorsss with components si
a � ¶f i / ¶sa in the above equation

is the Jacobian of the mapf [Waxman, 1984; Kreyszig, 1991; Grinfeld

et al., 2013]. It is easy to see why the term shift is used. Let v be a

17
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tangent vector to the surface M at a point p. We can write v either in

terms of the tangent vectors t a or in terms of êi as:

v = va t a = va si
a êi = viêi ,

where we have used (2.1) and de�ned the Cartesian components

vi = si
ava. Thus, the shift tensor sss, represented by a 3 � 2 matrix,

allows us to lift a 2 � 1 vector, with components va, into a 3 � 1

vector, with components vi . This lifting process will work for arbitrary

tensors.

The t a form a basis for the tangent vector space TpM at the point p.

The corresponding dual vector spaceT�
p M has t a as the basis vectors

with t a(t b) = da
b, where da

b represents the Kronecker-delta. Further,

just like the êi form a basis for the tangent vector space TpR3 at the

point p, the dual vectors êi form a basis for the cotangent vector space

T�
p R3. The shift tensor sss with components si

a de�ned above is an

element of T�
p M 
 TpR3, where 
 is the tensor product. It is thus

natural to de�ne another shift tensor sss� with component sa
i � ¶sa/ ¶f i

which is an element of T�
p R3 
 TpM . It should be noted that, by

de�nition, sa
i si

b = da
b. Analogous to (2.1), we have êi = sa

i t a, and for

the dual vectors t a = sa
i êi and êi = si

a t a. However, this only works

for vectors that are tangent to the surface M since the tangent vector

spaceTpM is a subspace ofTpR3 at every point p.

The metric tensor ggg for the surface M is

The metric

tensor

ggg = gab t a 
 t b, (2.2)

where the components gab are given by gab = t a � t b where � is the

scalar product of vectors in R3.

The identity operator in the tangent space TpM is III2 = t a 
 t a while

the corresponding quantity in the tangent space TpR3 is III = êi 
 êi in

R3. To �nd a relationship between these two operators, we consider

the unit-normal vector n̂ at every point on the surface.

At each point p on the surface M , we construct the unit-normal

vector n̂ given by:

The unit

normal

n̂ =
t 1 � t 2

jt 1 � t 2j
, (2.3)

where � represents the cross product in R3. The subspace ofTpR3

spanned by n̂ is one-dimensional, and hence the dual of n̂ can be iden-
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ti�ed with itself. Note also that the direct sum of this one-dimensional

subspace andTpM is the full tangent space TpR3.

Consider an arbitrary vector v, not necessarily tangential to M ,

de�ned at the point p. This vector can be split into its normal and

tangential components as v = v? n̂ + vk, where v? = n̂ � v, and

vk = v � v? n̂ = ( III � n̂ 
 n̂) � v = PPP � v,

where we identify the tangential projection operator

PPP � III � n̂ 
 n̂ . (2.4)

Figure 2.2: Projection
of the
vector
�eld
on the
surface.

It is easy to show that PPP � n̂ = 0 = n̂ � PPP and PPP � vk = vk. The last

relation implies PPP � PPP = III.

Now

vk = III2 � vk = ( t a 
 t a) � vk = ( si
asa

j êi 
 ê j ) � vk

This implies

PPP = t a 
 t a = si
asa

j êi 
 ê j = sss � sss� , (2.5)

where the projection operator has the components

Pa
b = da

b, Pi
j = si

asa
j . (2.6)

Notice that we can also write PPP = sss� sss� , which leads to n̂ � sss = 0 = sss� � n̂ .

From the above, and noting that III2 = gab t a 
 t b, we realize that the

projection operator PPP and the metric tensor ggg are related to each other

via the shift tensors. In other words, the projection operator is the

metric tensor of the surface, lifted in the ambient space. Both of these

mathematical objects, therefore, are equivalent and contain the same

information about the embedded surface [Delfour and Zolésio, 2011].

2.2 tangential calculus

Recall that we would like to compute the derivatives of on �elds

de�ned on the surface, but using the ambient basis. A natural question,

therefore, is how to extend �elds in the direction normal to the surface,

despite them being restricted on the surface. A mathematically well-

posed way is to de�ne the constant normal extensionof surface �elds.

Consider any �eld f : M ! R. Let d be the signed distance function



20 kinematics of embedded surfaces

Figure 2.3: A scalar �eld (represented by the colourmap) on the surface
M , with a unit normal vector �eld n̂. This scalar �eld can be
extended from M into the ambient space R3 via a constant normal
extension. We show this schematically by two surfaces separated
by displacements � dn̂, above and below M .

from the surface such that r 3d = n̂ where r 3 is the Cartesian gradient

operator. Now, let fe : W ! R be an extension of the function to the

ambient space, such thatW � R3 contains all possible deformations

of the surface. For a constant normal extension, at any point p 2 W,

we de�ne the function fe as:

fe(p) = f (c(M , p)) ,

where c(M , p) refers to the closest point on the surface M corre-

sponding to p. Now, since fe is de�ned in W, the ambient gradient

r 3 is a perfectly well-de�ned operation.Constant

normal

extension

However, by de�nition, fe is

a constantnormal extension of the function f , which implies there is

no change in this extended �eld in the normal direction. This clearly

implies

(r 3 fe) � n̂ = 0.

From the de�nition of the extended function, it is clear that on the

surface both the function and its extension coincide: fe(p) = f (p) iff

p 2 M . Clearly, this construction can be extended in a straightforward

manner to all tensor �elds on the surface. Note that we need this

mathematical construction of constant normal extension to justify the

existenceof �elds locally in R3 around the surface M .

For scalar �elds f extended into the ambient space via the constant

normal extension, the surface derivative coincides with the Cartesian

derivative, i.e.,

r f = r 3 fe. (2.7)
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