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Abstract

Topological phases of matter are exotic states that support dissipationless currents due to
the presence of special modes localized at the edges of the sample. We look at the transport
characteristics of models hosting such phases in open system geometries using the quantum
Langevin and non-equilibrium Green's function formalism. Using this formalism, we rst
consider a general model of spinless superconducting wires in contact with thermal reser-
voirs and obtain closed-form exact expressions for particle current, energy current, and other
two-point correlations in Landauer-type forms. The current expressions are found to be a
sum of three terms having simple physical interpretations. As applications of our results, we
explore the transport properties of two particular models: the 1D nearest neighbor Kitaev
chain, and the 2D spinless-Bernevig-Hughes-Zhang (SBHZ) model. These are some of the
simplest examples of 1D topological superconductors and 2D topological insulators, respec-
tively. For the Kitaev chain, we present results on the particle and thermal conductance and
also demonstrate analytically the physical interpretations of the three di erent terms in the
current expression. For the SBHZ model, we look at the quantization of the two-terminal
longitudinal conductance, and the current density supported by the edge modes inside the
insulator as well as inside the reservoirs. We discuss the nite size e ects on the quantization
and also nd that the current density is localized inside the insulator as well as inside the
reservoirs. Moreover, we also nd that the injection/ejection of the current into the insu-
lator occurs only around its corners. We also consider the application of our results to the
study of heat transport in a classical system, namely a harmonic chain of charged particles
in the presence of a spatially uniform or random magnetic eld. For the case of the uniform
magnetic eld, we show that heat transmission at low frequencies is strongly modi ed due
to the presence and absence of the magnetic eld, and for the case of the random magnetic
eld, we nd that the low-frequency behavior of the localization length depends on the ex-
pectation value of the magnetic eld. Due to these reasons, for the latter case, the scaling

of the current also depends on the expectation value of the magnetic eld.



Chapter 1

Introduction

Topological phases are exotic states of matter and an extensively studied area of con-
densed matter physics |1,12]. These states of matter support special edge modes that carry
dissipation-less current and are robust, to a certain degree, towards symmetry preserving
disorder. The presence or absence of these modes is determined by a topological invariant,
which is calculated from the bulk Hamiltonian of the model. This invariant depends on
the dimensionality and the symmetries of the bulk Hamiltonian[[3] | for example, in two
dimensions a system with time reversal symmetry (TRS) is characterized byZa topological
index taking values 1 while a system without TRS is characterized by a Chern number
which can be any integer. The earliest known examples of topological phases are the quan-
tum hall phases([4]. Currently, several models of topological phases are known to exist in
di erent spatial dimensions, some of which have been experimentally realized as well. In one
dimension, the simplest examples are the Su-Schrie er-Heeger Model [5], which describes
poly-acetylene, and the Kitaev chain[]6]. While the former is a topological insulator, the
latter is a topological superconductor. In two dimensions, several examples of topological in-
sulators are known, some of which are the Haldane model [7], Bernevig, Hughes and Zhang
model (BHZ) |8], and Kane-Mele model [9]. Some of these models have been realized in
di erent experimental setups [10,11]. Two dimensional (2D) topological superconductors

were rst discussed by Read and Green [12] and later on another model was proposed by



Sato [13].

The presence of the edge modes leads to quantized transport characteristics. The earliest
known example of such a quantized transport coe cient is the quantized transverse con-
ductivity in two-dimensional systems hosting quantum hall phases|[4]. In the past decade,
exciting transport characteristics of models hosting topological phases have been predicted
which go beyond the quantized transverse conductivity. Some examples include zero-bias
guantized peaks in 1D topological superconductors |14, 15] 16], quantized two-terminal con-
ductance in topological insulators/[17, 18, 19], quantized thermal Hall conductivity 3D time-
reversal-invariant topological superconductors| [20, RL,122,123] etc. The rst two of these

examples have been observed experimentally[24] 25, 26,2728, 11].

One of the standard approaches for understanding transport is the Green-Kubo formalism
that is based on linear response theory. In the Green-Kubo approach, the system is assumed
to be in an equilibrium state and an external eld is introduced to perturb this state of the
system. Under linear response approximation, one relates the transport coe cients to the
equilibrium current-current correlations of the closed system. In fact, using this formalism
the transverse conductivity can be shown to be proportional to the so-called Chern invari-
ant [29]. However, experiments on transport are usually done in open system geometry, and
more importantly, transport in topological systems is often in the ballistic regime, in which
case the interactions of the system with the environment and the coupling of the system
with the leads become important. For such systems, a microscopic model describing the
bath and its interactions with the system becomes necessary. Then, various open quantum
system approaches, for example, the Landauer approach, quantum Langevin equation-non-
equilibrium Greens function (QLE-NEGF) approach[[30], quantum Langevin equation ap-
proach [31], path-integral approach [32] and the quantum master equation approach, have
to be used to study the transport properties. In this thesis, we discuss QLE-NEGF ap-
proach to transport in models hosting topological phases such as topological insulators (TI)
and topological superconductors (TS). The NEGF formalism is a powerful method to study
transport in mesoscopic systems connected to external reservoirs [33,[31, 15]. This method

involves elimination of reservoir degrees of freedom to obtain the exact non-equilibrium
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steady state (NESS) of the system in terms of the e ective Green's function of the system.
The e ective Green's function of the wire is the Green's function of the isolated system, with
self-energy contributions from the reservoirs. From the NESS, the transport properties, such

as particle and heat currents, can be obtained and expressed in standard Landauer forms.

A wide variety of models hosting topological phases are given by tight-binding Hamiltoni-
ans with superconducting pairing, if present, de ned on di erent lattices. Therefore, for
a complete understanding of the transport properties of such exotic systems, we rst con-
sider a model of superconducting wires de ned on a general lattice with arbitrary hopping
and superconducting pairing. Using the NEGF formalism, we obtain an exact solution for
this superconducting wire in contact with the reservoirs and from this solution we derive
compact formulas for the particle current, heat current, and other two point correlators
of the system. The expression for the heat and particle current is put in the Landauer
form, from which the physical interpretations, in terms of the scattering processes, of dif-
ferent terms in the expressions was explicit. As an application of our formalism, we discuss
transport characteristics of two particular models: the 1D Kitaev chain and the 2D spinless-
Bernevig-Hughes-Zhang (SBHZ) model. These two are some of the simplest examples of a

1D topological superconductor and 2D topological insulator respectively.

The Kitaev chain models a one-dimensional spinless p-wave superconductor [6] and provides
one of the simplest examples of a topological superconductor. This system has the so-
called Majorana Bound States (MBS), which are topologically protected zero-energy bound
states, localised at the boundaries of an open chain. Experimental realizations of this model
and observe MBS is known to be very dicult. There are two main drawbacks: Firstly,
the superconductor should be spinless which needs to be engineered as electrons in any
material naturally carry spin, and the second drawback is the fact that p-wave supercon-
ductivity is needed which is extremely rare in nature. Nevertheless, several proposals were
put forward [34, 35,1436/ 37] to realise the Kitaev chain experimentally and observe the
MBS. Mainly, these proposals combine three independent phenomena to e ectively model
a p-wave spinless superconducting wire. These three phenomena are spin orbit coupling,

time-reversal symmetry breaking and proximity induced superconductivity. The former two

3



dl/dV (2e*/h)

Figure 1.1: Experimental results for the di erential tunnelling conductance with the bias
voltage, V, from experiments in Ref.[[38,-39]. A peak could be seen developing at zero bias,
V =0, at strong enough magnetic elds.

e ectively create a spinless system and, in experimental setups, are provided by a semi-
conducting nanowire, with strong spin orbit coupling, in presence of an applied external
magnetic eld. The latter is achieved by placing the semi-conducting wire in proximity of an
s-wave superconductor. Some of these experimental proposals have already been successfully
implemented [38/°39] 40, 41, 42, 43]. One of the key experimental signatures of the MBS is
the zero-bias peak in the di erential tunnelling conductance and Ref. [38, 39,140] were some
of rst experiments which reported evidence for this peak. However, these experiments show
several deviations from the expected theoretical results. For example, the strength of the
zero-bias peak was found to be much smaller than the expected val@é=h, see Fig[]L Apart

from this, the disappearance of the peak should be accompanied by a gap closing and then
reopening for the topological phase transition into the topologically trivial regime. As seen
from Fig. [1, the peak disappears without the two adjoining peaks, due to the rst excited
states, closing in to mark the gap closing. Some of these issues have been resolved in very
recent experiments([26, 27, 28]. However, it has also been argued that such zero bias peaks
may be due to some trivial Andreev bound states. These trivial bound-states could form in
presence of smooth or disordered chemical potential variations|[44] 45, 46]. Therefore, while
Ref. [26,[27] 28] show an encouraging progress, realization of MBS in an experimental setup
beyond any doubt is still an unachieved task. It may be possible to distinguish the trivial

Andreev bound state from the MBS by looking at other transport characteristics such as
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the thermal conductance. It is therefore important to have a full understanding of trans-
port characteristics of the Kitaev chain in such geometries and the QLE-NEGF formalism

provides a simple and straightforward way to do so.

We next consider a simple 2D topological insulator in contact with metallic leads (reservoirs)
on each ends. The existence of perfectly conducting edge modes suggests quantization of
longitudinal conductance. However, this is not obvious when one considers that the contacts
with the leads need not be perfect and there could be scattering of incident electron waves.
In fact, to the best of our knowledge, there exists no proof (similar to TKNN)[29] of the
guantization of the longitudinal conductance in the open system setup. We attempt to arrive

at a better understanding of the two-terminal longitudinal conductance in the open system

by use of the NEGF formalism. For our studies, we consider the spinless BHZ (SBHZ)
model [47], a Chern insulator, placed in contact with two normal metallic leads. Apart
from measuring the conductance obtained from NEGF, we use this formalism to also extract

information on the scattering states formed by the edge mod&s the presence of the leads

We also discuss application of NEGF method to heat transport in ordered and disordered
classical harmonic wires in the presence of a magnetic eld. Low dimensional harmonic
systems are known to have anomalous heat transport properties |[31], and recent works on
heat transfer in such systems in presence of magnetic eld have led to some interesting
results [48)49/50]. In particular, Ref[[48] studied a harmonic chain with transverse degrees
of freedom and with the Hamiltonian dynamics perturbed by stochastic noise that conserves
both momentum and energy. The stochastic noise is used to model the non-linearities of
the interactions [51]. In the context of anomalous heat transport the authors identify a
new universality class based on the system size dependence of the thermal conductivity. An
interesting observation made in the paper is on the phonon dispersion in this model with a
nite magnetic eld | out of the two phonon bands it was found that the lower band has

a low frequency dispersion ¢* and so a vanishing sound speed. A natural question is
the e ect of this on heat conduction in this system in the absence of stochastic noise. In
the absence of the stochastic noise, this systems admits the same structure of the Green's

function as the 1D Kitaev chain, we therefore use the same formalism to address the question
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of heat conduction in this system in absence of stochastic noise. The e ect of magnetic eld

on acoustic phonon modes have also been considered experimentally [52].
Outline: This thesis is structured as follows:

In chapter [2, we de ne a general model of superconducting wires which covers some
models of topological insulators and superconductors. We evaluate explicit expressions
for particle, heat conductance and other two point correlators of the system. We
also discuss e ects of high energy bound states, if present in the system, and nd
their explicit contribution to the non-equillibrium steady state of the system. We
numerically verify the steady state results for the 1D Kitaev chain and discuss its
transport properties. We also apply our results to study conductance of next-to-nearest

Kitaev chain.

In chapter [3, we study transport in the 1D Kitaev chain using scattering method
and analytically demonstrate its equivalence with the QLE-NEGF results derived in
chapter[2. We also discuss the Majorana bound state in the open system geometry

while deriving the conductance properties using the scattering approach.

In chapter[4, we study transport due to edge modes in a simple 2D topological insula-
tor (SBHZ Model) in an open system geometry. We consider the quantization of the
two terminal longitudnal conductance and the e ects of nite system size on it. We
also discuss the current density and the charge density inside the insulator as well as

in the reservoirs due to the scattering states formed by the edge modes.

In chapter [3, we apply our formalism to a classical system of a 1D harmonic wire in
presence of ordered and disordered magnetic elds. This system admits the same struc-
ture of the Green's function and therefore, using the formalism developed in Chapfer 2
we study heat transport in this system. For the ordered case, we discuss the heat con-
duction in the thermodynamic limit and for the disordered case we look at the scaling

of the disorder averaged current with the system size

In chapter[g, we summarize the results of this thesis.
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Chapter 2

QLE-NEGF formalism for a spinless

superconducting wire

In this chapter, we introduce a formalism to compute steady state properties of a general
model of a spinless superconducting wire. The model we consider here is quite general in
the sense that we allow non-zero hopping elements between arbitrary sites and similarly
the superconducting pairing term is allowed between any pair of sites. Thus there are no
restrictions on dimensionality and the structure of the underlying lattice and the range of the
interactions. As an application of this formalism, we would consider the transport properties

of 1D nearest neighbour Kitaev Chain and next-to-nearest neighbour Kitaev chain.

In the next section, we introduce the model and in Sec. 2.2, we derive the quantum Langevin
equations for the model which we solve to obtain the exact steady state solution in terms of

the nonequilibrium Green's functions. In Se¢. 2|3, we derive compact expressions for particle,
heat currents and the two point correlators for the steady state. We express the particle and

heat current in a form from which the physical interpretations of di erent terms contributing

to the transport are explicit. In Sec[2.4, we introduce a numerical scheme to for computing

correlations of the system, which we use to express the bound state contributions to the
two point correlators in the nonequilibrium steady state. In Sed. 2|5, we use the numerical

scheme in to explicitly verify the results derived in this chapter for the case of 1-D Kitaev
7



chain where we also discuss its transport properties. In S¢c.|2.6, we discuss conductance of

next to nearest neighbor Kitaev chain. We summarize our results in Séc.]2.7

2.1 The model

We consider a wire coupled to thermal baths on its two ends. The wire Hamiltoniai{ "V,

is taken to correspond to a spinless superconductor while the two baths are modelled by the
tight binding Hamiltonians, H- and HR. The L and R superscripts denote the baths on the
left and the right of the wire respectively. The couplings of the wire with the two baths,
HWR and HW! , are also modelled by tight binding Hamiltonians. Let us denote bfic,; ¢, g,

fc ;g and fc o, ¢’sg the annihilation and creation operators of the system, left bath and
the right bath respectively. These satisfy usual fermionic anti-commutation relations. For
lattice sites on the bath we use the Latin indicesi; j;:::, for sites on the left reservoir we
use the Greek indices,; ;::: , and for sites on the right reservoir, the primed Greek letters

0 0. We take the Hamiltonian of the full system of wire and baths as follows:

H=HY+HY + HVR + HE + HF, (2.1)
where
w X w
H" = HmGhG+ mnGhG+ iy CmGCn; (2.2)
X y
HWE = vidc + VE den: (2.3)
X' y
HWYR = VR co+ VR oCn; (2.4)
Xom
H- = H- dc (2.5)
HR = H Ro oCyoC 0. (26)

00



2.2 Quantum Langevin equations and Green's function

formalism

We now follow the approach of Ref[]33] to obtain the NEGF-type results for this system.

First we note that the Heisenberg equations of motion for the wire sites and bath sites are

given by:
X X X X
a= i HWYen i Kmd, i V¢ i VRco (2.7)
m m 0
X X .
c= i H-c i VT (2.8)
X X
co= i H¥%«c i VYo (2.9)
0 |
where K, = ( T)im- We treat the term containing ¢ in Eq. (2.8) and Eq. (2.9) as

the inhomogeneous parts and solve these equations using the following Green's functions

corresponding to the homogeneous part of the equations:

D Z 1 d! )
g )= ie ™" ()= Z—QE (e "; (2.10)
zh

GO= "= Fa)e": (211)

In terms of these, we obtain the following solutions for the reservoir equations (for t o):

X Zy X ,
c)=1i [g(t t)] c(te)+ ds [g(t )] Via(s); (2.12)

to I

X 2t X y
co(t)=i [gr (t  to)] ooC o(to) + ds [gg(t s)] o VR G(s): (2.13)

0 to q



Substituting these results in the Heisenberg equation for the wire sites we have:

X X
g= | HVen Kmc, i iF
Ztm x m Zt x
i ds Vgt 9] Vhen(s) i ds VRG] 0 oV en(s);
to m to 0 O
(2.14)
where
L X L
FEi VTl to)] ¢ (to); (2.15)
X
F=i  VRIg(t to)] oocoto): (2.16)

00

At t = to, we choose the two reservoirs to be described by grand canonical ensembles at
temperatures and chemical potentials given byT(; ) and (Tr; r) respectively. This
allows us to determine the correlation properties of the terms- and . For the left bath

we have:

D E
R = P P9 =o; (2.17)
E

D X

MOV Ve (8 )] Va [ (t° to)]  (to)c (to) ; (2.18)
with similar expressions for }. We thus see that Eq. [(2.14) has the structure of a quantum
Langevin equation for the wire where the reservoir contributions are split into noise (terms

given by | and ), and dissipation (the terms in Eq. [2.1%) involving integral kernels).

At this point we take a digression to simplify Eq. (2.18) and write it in Fourier space.
Let g( ) and g be the single-particle eigenvectors and eigenvalues of the left reservoir

Hamiltonian, H'. Using this and the fact that the left bath is initially described by a grand

10



canonical ensemble with temperaturd, and chemical potential | we get

X .
g (t t)] = i (t to) d() & ()eltalt o (2.19)
q
X
¢ (to)c (to) = g () gO)Cg) (2.20)
q

where f ( Id) = f(L; ;T.) is the Fermi-Dirac distribution function. Using these two

equations in Eq. [2.1B) we have:

I
D E Xx

y !
oL = v L) L()e s by Vi (2.21)

De ning the Fourier transform
Z 1

~(1) = ;—t (e ; (2.22)
1

we nally get the Fourier transform form of Eq. (2.2]) as:
D E
TOHREY = RO ¢ (2.23)

P .
where [(1) = (V- "V and - = () () (! g)- Using Eq. (2.23) we
can also show that

TOCY) = RO ¢ (2.24)

The correlation properties of the right bath would be of the same form.

Let us now return back to Eq. [2.14) and obtain its steady state solution. For this we assume
that one has taken the limits of in nite bath degrees of freedomand the timg ! 1 . Then

it is expected that a steady state should exist provided certain conditions are satis ed [33].
For now we assume the existence of a steady state and will re-visit this question in the next

section. The Langevin equation in Eq.[(2.14) is then amenable to a solution by Fourier

11



transforms. To this end, we de ne

Z 1
&(l)= :—tQ(t)é” ; (2.25)
1
and substitute this in Eq. (2.14) to get
[(Dm&n(')  Km€h( )=~ (1) +~7(); (2.26)
where
(D=1t HY ) RO (2.27)
L) = VEgI(VY, R = VRGNV (2.28)
With some algebra one can also show:
1 +
L(t) = 27 L(1) C(M) s (2.29)
r(') = % r(1) =) (2.30)

where | =[ [P and ;=[ &P. We now write Eq. (2.26) in matrix form as:
(HCce) KoY )y=~t)+~R@); (2.31)

where C(! ), CY(!') and +=R(!) are column matrices with componentx+(! ), €, (! ) and
~|L:R(! ) respectively. A complex conjugation of Eq.[(2.26) and transforming ! I gives

us the following matrix equation:
(YY) Kcl)y= Y+ R (2.32)
Using Eq. (2.32) and Eq.[(2.311) we nally obtain the following expression fagf! ):
h [

&n(!) =[GI(NIm T () +~FC) +[G(MIm 7 D+~ 1) (2.33)

12



where

1 .
(D)+ K[ ()] K’

Gz(1)=Gi(HK[ ( )™ (2.35)

Gi(1)= (2.34)

Thus we have obtained the steady state solution in terms of these two nonequilibrium Green's

functions.

2.3 Nonequilibrium steady state properties

Using the solution forcy (! ) and the noise properties obtained in the previous section, we
now proceed to compute expectation values of various physical observables which are along

guadratic functions of the fermionic operators.

2.3.1 Steady state particle and energy currents

We rst de ne the particle current in the wire. Clearly, the rate of change of total number
P
of particles in the left bath, N_ = ¢ c , gives the particle current,J_, entering the wire

from the left reservoir. A straightforward calculation then gives

X

J=2 ImV: (e ()] (2.36)
" X Z . Z . | * X +#
=2Im didt %¢ 't ) vic (9 (2.37)
1 1

m

From the Fourier transform of Eq. (2.8) we have

Vo e (9= R0+ {( Ameal O (2.38)
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Using Egs. (2.28,2.3D,2.33) and the correlation properties of the noise terms we nally obtain
the following expression for current in the units where= h =1
Z 1
Jo= di Ta()EE) RO+ T L) RO+ T((EEC) ()

1

whereG, (1) =[G (1)), G, (') =[Gz (1) and

Ti(1)=4 ?Tr GI (1) r(1)GL (1) (1) ; (2.39)
T,(1)=4 2Tr G5(!) &( )G, (') () and (2.40)
Ts(1)=4 2Tr G3(1) [( NG, (1) (1) : (2.41)

We have introduced electron and hole occupation numbers &§(! ) = f(!; «;Tx) and
fre) = f( «; Ix), (X = L;R). The details of the calculation are presented in the
appendix[7.1. A similar expression can be obtained fdr which we de ne as the current

from the right reservoir into the system.

For = 0 case, it is straightforward to see that Eq. (2.39) agrees with the expression for
the current obtained in Ref. [33]. Also, for | = rR= andT_ = Tg = T it reduces to
YA 1
Jo= d! [Ta(!) + To(DICF(H) £ ));

1

This form agrees with the current expression derived in Ref. [15] for a 1-D Kitaev chain with

nearest neighbour interactions.

From Eq. ) we see that forT, = Tg; L = Rr, J.;Jr 6 0 whenever 6 0 and, in
general, the current at the left end and the right end are di erentj.e J. 6 Jg. This result
initially appears to be surprising, but is basically due to the fact that the superconducting
pairing matrix | in the Kitaev wire is not calculated self-consistently but is taken as a

xed parameter of the wire Hamiltonian. This becomes clear if we consider the equation for
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the total number operator of the wire:

d X N
g mOa®i = Js+ I+ Ik (2.42)
|

wherelds = P bm 2 ImnK|m h'cy,i ° is the extra contribution from the superconducting terms
of the wire Hamiltonian. In the steady state the left hand side vanishes and the fact that
J. + Jr 6 0 can be understood in terms of the extra pairing currentls. Physically our
set-up corresponds to a wire that is in contact with a superconducting wire and the so-called
proximity e ect induces superconductivity in the wire. The superconducting substrate acts
as an electron reservoir |53, 54, 55] and acts like a ground for the wire. Thus current can
enter the wire through the left and right reservoirs and ow into the superconductor. Also,
Js need not vanish even when the baths are initially at the same chemical potentials and
temperatures and hence,J, and Jg may take non-zero values. Note that imposing the

self-consistency condition, namely
Kim = hemai = he/cli ; (2.43)

for all I; m, would giveJs = 0 and in that case we would get the expected charge conservation

condition J. = Jg.

We comment on the physical interpretation of the three di erent parts in Eq. [(2.39): the
rst term corresponds to normal electrons being transmitted from the left to the right bath
(normal transmission), the second term corresponds to the process of an electron from the
left bath being scattered as a hole into the right bath (Andreev transmission) while the third
term corresponds to the electron from the left bath scattered back as a hole into the left
bath again (Andreev re ection). The probability of these three processes are then given
respectively by T,(! ), To(! ) and T3(! ). De ning the conductance at the left end (in units
of &=h) by

@4

GL(Ty; u)= @, (2.44)
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we get at zero temperature T, = Tr = 0):
GL=Ti( L)+ To( L)+ T L)+ Ta( 1L): (2.45)

Due to the particle-hole symmetry of the Hamiltonian, we expect,(! ) and T3(! ) to be even
functions of ! . Therefore, T3(! ) contributes twice to the conductance which represents the
fact that in Andreev re ection, a total of two electrons are transferred across the junction

as a single cooper pair.

We now turn to the computation of the energy current, which is readily obtained using our
formalism. The energy current coming into the wire from the left end can be obtained by
the rate of change of left bath Hamiltonian,H . So, we consideléit HY and then use the

Heisenberg equations of motion for the left reservoirs operators to obtain:

n 0}
J'= — H- =2  Im [V'H'] hci ; (2.46)
|

whereJ[ is the energy current owing into the wire. This can be simpli ed by using Eq
to obtain,

n * +
X £1Z1 #

, X
JP= 2Im didt ¢ "M% @)y vice(9 (2.47)

m 1 1

Comparing this with the expression for particle current in Eq.[(2.37), it can be seen that
this would yield the same expression with an extra factor df in the integral. After some
simpli cation this then gives:

VA 1
I = di b [To()+ To(OIFSC)  fr(M)): (2.48)

1

The low temperature thermal conductance is given by

_dif k3 T

GH
L dT, 6

Gr( 0); (2.49)
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where,Gr( ) =2(Ti( )+ T2( L)) andis of similar form as obtained in Ref[]|56]. Therefore,
only two processes contribute to the heat current the normal transmission and the Andreev
transmission. The Andreev re ection term does not contribute to the energy current since
the particle and hole each carry a unit of energy and so no net energy is transferred across
the junction. Note also that, unlike the electron current, the energy current is the same at

both ends of the wire and indeed anywhere inside the wire since energy is conserved.

The general expressions for particle current and energy current in Eqp. (4[39,2.48) are two
of our main results. These expressions provide compact formulas for thermal and particle
conductances and may be used to study these physical quantities in systems de ned on

arbitrary lattices with interactions between arbitrary sites.

2.3.2 Two point correlations

We now compute the full two-point correlation matricesh:IVCmi; hoiCmi; i‘qyc%i in the NESS.
These would allow one to obtain the local particle densitiesg/ci, and local currents (nor-
mal and superconducting) anywhere in the system. We start by writing the steady state

correlations in the Fourier representation:

zZ Z
NSS = & (t)ea(t) = did! %¢° DY & (1) (19 (2.50)

Then using the solution in Eq. [2.3B) and the noise properties a straightforward computation
gives:

x Z
Nim = d [GI (1) (NG (M f)+[G5(1) x( )G (Dlamf(!) & (2.51)

x=L;R

A similar computation gives

M > = hg(t)g (b)i
X Z
= d Q)] +IQ(1) Qe )] Fx(!); (2.52)
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where QL?]R(! ) = G}O(! ) 1=r(!)G;T( !). Substituting this in the expression forJs =
m 21m Kinhd'ahi , we get its steady state value,

Z n h io n h io
Js=2 diim Tr QK (fL() D+Im Tr QLK  @fx(1) 1)

From Eq. (2.52), it also follows that hfci(t); g (t)gi = Rd! QL)+ QI(')+ Qr(M) +
QL(M)]j = lj. It turns out that these integrals do not always vanish. This is at rst
surprising since we expect that the usual anti-commutation properties of the fermionic op-
erators should hold. The underlying reason is that the results presented so far assume the
existence of a steady state. However this is true only if there are no bound states in the system
(wire+baths). In case there are bound states present in the system, then their contributions
to the expressions of the correlations have to be added separately. For the case of Eq. [2.52),
the contribution from the bound state would ensure the vanishing ofifc(t); ¢ (t)gi. To
calculate the contributions of the bound states requires one to use an approach involving
the diagonalization of the full Hamiltonian of the two baths and wire and identi cation of
the bound states. We describe this in the next section where we present the contributions
of the bound states to the correlations. We relegate the details of the calculation to an
appendix[7.2. In Sed 2|5, we will demonstrate numerically that these contributions ensure

that the commutation relations hold and also show their e ect on the density correlations.

2.4 An exact numerical approach for computing corre-
lations in nite systems and the bound state con-

tribution to the two point correlators

The fact that our system is described by a quadratic Hamiltonian means that the exact
diagonalization of the system becomes a much simpler probleémi[57, 58]. Net be the total
number of lattice sites in the entire system of wire and the two reservoirs. Then instead of
diagonalizing a 2's  2Ns matrix, the problem reduces to the diagonalization of al2s 2Nsg
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matrix. To see this we de ne a ANs-component column vector:

0 1
= @ A :where C= % E (2.53)
CcY

and Cy, C. and Cr are column vectors containing the wire, left bath and the right bath
operators respectively. Note that { Ne+i = i» fori =1;2:::;Ns. We can then write the

Hamiltonian in Eq. (2.1)) in the form

1 1
H=27YZ + ZTiHg]; 2.54
5 5 TrlHs] (2.54)
whereZ is a Ns 2Ng matrix de ned as
0 1
H K
- @ 'S SA . (2.55)
K Hg

with

~

(2.56)

© 3 -

0 1 0
Hw VR
s = %vLy He 0§ andKs = %o
VA Hr

o
o
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As can be easily veri ed, the R s eigenvectors of the matrixZ occur in pairs of the form

0 1 0 1
us( ) vi()
uz( 1) V(i)
i = BUng( i) i = BVne ()& i=1;2:::;Ns; (2.57)
va( i) us( i)
Wns (1) Ung (1)
where the eigenvectors; and ; correspond respectively to eigenvalues and ;. Let us

de ne the Ns Ngs matricesU, V and E with matrix elements U = us( i), Vsi = Vs( i)

and Ej = ; j, respectively. Then we see that the matri®V which diagonalizesZ has the
structure 0 1
U \%
w=@ A (2.58)
\% U
so that 0 1
E 0
WYZW = @ A (2.59)
0 E

We de ne new fermionic variables = WY and note that due to the structure in Eq. [2.58),
Ne+i = 1, fori =1;2;:::;Ns. Note that this transformation mixes the operators cor-
responding to di erent sites of the wire and the bath, and the index does not refer to
any lattice site. The ; correspond to the \normal modes" of the system. In this basis the

Hamiltonian then takes the form
1 1
H= i 7O 5 +3TiHs] (2.60)

The evolution of the operators is simply given by (t) = e 'i' ;(0). Therefore, a two point

correlator of the original operators at any timet can be expressed in terms of operators at
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t = 0 via the transformation W. For the correlator hcy(t)cq(t)i, wherep; g denotes any site

on the entire system, we thus obtain:

Xs .
f‘c%(t)%(t)l — TNNSS++p|;ng+meI( |+ m)thly lynl
Iim=1
+ Tl\||r2+p;qe i( )+ m)thI mi + -I-’\INSer+pI;;Cr1ne i+ m)thly mi
+ T’\Il:glf;?e ICoomty Yo (2.61)

WhereTp'g‘ = WpuWym and ; in the above equation denotes;(0). Using the transformation

= WY | the two point correlations of the operators att = 0 can be determined from the
two point correlations of ¢, and ¢f at t = 0, which are known once the initial state of the
system is speci ed. In particular we know these correlations for the product initial state used
in the previous section, where the reservoirs are described by thermal states with speci ed

temperatures and chemical potentials, while the system is in an arbitrary initial state.

The numerical approach thus consists of nding the eigenspectrum of the matrix and then
computing the time evolution of any two-point correlator using Eq.[(2.61). Our interest will
be in looking at correlations in the wire. For a nite bath we expect to see steady state
behaviour of the wire correlations in a time window, which is after some initial transients
and before the nite bath e ects show up. Thus the correlations would rst show some
initial evolution, then show a long plateau before nite size e ects show up. The steady
state properties can be extracted from the plateau region. We will use this procedure in the
next section to directly verify the steady state results given by the analytic expressions in

the previous section.

2.4.1 Bound states

As discussed earlier we can look for the existence of bound states by examining the spectrum
of the matrix Z. The bound state corresponds to states which lie outside the band width

of the baths and the corresponding eigenvector would be spatially localized. The existence
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of such bound states in general cause persistent oscillations and steady state properties
can become periodic in time. We are in fact now in a position to write down the bound

state contributions to Eq. and Eq[ 2.52 respectively. Let us write thg eiggnvector of

the matrix Z corresponding to a bound state with eigenvalug in the form @ ®A where
E

e(q = ug(E) and g(g) = v4(E)(qruns from 1 to Ns). Following Ref. [33], we then see
that the contribution of the bound states to Eq.[2.51 and Eq[. 2.52 are given by

X | z
N2> (t) = dEo0 Bt (1) £.()) Eli) Eo(m)

iE b:Eygox=LR

[ x(! )]jifx(! )
(" En(! Ep)
7 #

T fy(! . .
al) el) el eum ar B ) ) e) em) s i and

) (2.62)

X P o “ L)
e (Epot Ep) Eb(l) Eb(J) EbO(I) Ebo(m) d! (I Eb)él + EbO)

S —
Mip () =
ihE bEyox=LR

#
+ g1 g,(0) () go(m)

£ L LIORA 0

o) g,0) el go(m) (I +E)(! Ep)

(2.63)

respectively. The sum in these expressions runs over all bound state eigenvectoid evith
positive as well as negative eigenvalues. These are identi ed from the spectrumZofas
eigenvectors corresponding to eigenvalues which lie outside the band. In the next section,
we demonstrate numerically the fact that the addition of these two corrections to the steady
state values gives us the exact long time behaviour of the correlators of the wire. As is
clear from these expressions, the bound state contribution would in general cause persistent
oscillations in two point correlations of the wire and hence, in all the steady state properties
of the wire. The frequencies of these oscillations would be the sum and di erences of the

energies of the corresponding high energy bound states.
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2.5 Numerical veri cation of QLE-NEGF results and
the bound state contributions in a nearest neigh-

bour Kitaev chain

We apply the numerical approach of the previous section on the one-dimensional Kitaev
chain to verify the analytical results in Sec.[(2]3). We consider a one-dimensional system
with N sites on the wire andN, on each of the two baths and stNg = N + 2N,. The full

system Hamiltonian is given by:

H=Hw+H_+Hw_+Hg+ Hwr

X 1h i
= wd * wdfdat gaa tec.

=1

N¢ 1h i
+ p(BV0,, + B B)  Vi(alb; + bYay)
=1
N¢ 1h i
+ b(bRgbRo_'_l + bRgl_,_l HQD) VR(aK| ldf + nyaN); (264)
0=1

wherefa;; a'g, f B}, ¥g,f bFo; 3g are annihilation and creation operators on the wire, right

and left bath sites respectively. As in Sec[ (2.2), we start from the initial state:

e L(HL LNy) e r(Hr rNr)
= j 0ihOj ;
Z b Zn

(2.65)

whereN_r are the number operators in the bathsZ, = Tr e x(Hx xNx) 'y = |:R, the
partition functions of the baths andjOihQj refers to the wire being initially completely empty.
With this choice of the initial state, we can compute all thet = 0 correlations required in
Eq. (2.61). The eigenvalues and eigenfunctions of the matri& de ned in the previous
section, corresponding to the Hamiltonian Ed.(2.64), can be easily computed numerically for
chains of nite length Ns. For our numerical example we takeN = 2, N, = 100, and use
Eq. (2.61) in the previous section to calculate the time evolution, at any nite time, of the
currentsJ (t) = 2V Im[hel(t)bi(t)i]; r(t) =  2VrIm[he| (t)b }(t)i] at the two boundaries
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and the densitiesN1(t) = hal(t)as(t)i; No(t) = has(t)ax(t)i.
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4
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Figure 2.1: Comparison of numerical time-evolution and analytical steady state results:
Parameter values| N =2, N, =100, =1, =10, . =0, . =0, VL =Ww= =1,

w=0, p=15and =0 :40. (a) Comparison of the numerically calculated particle
current at the left, J, (t), and the right, Jr(t), end of the wire with the corresponding value,
Jin, given by the expression in Eq.[(2.39). (b) Comparison of the numerically calculated
densities,N1(t) = haj(t)ay(t)i and N(t) = hab(t)a(t)i, on the two sites of the wire with the
corresponding valueNy,, given by the expression in Eq.[(2.51). Similarly, (c) and (d) show
the comparison of the energy current and the energy density from direct numerics with the
values obtained from steady state expressions. Note that the left and the right heat currents
have the same magnitude unlike the particle currents. The initial oscillations seen in the
plots correspond to the transient phase, while the behaviour ne&= 60 is due to the nite
size of the baths. In the intermediate region we see perfect agreement between the numerical
solution and the steady state value.

The general analytic expressions for the steady state properties of the wire are in terms of the
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Figure 2.2: Spectrum of the entire system at parameter valués = 2, N, = 100, V- = VR =
w=1 w=0and ,=2:5 for two values of . In (a) we do not see any discrete energy
level while in (b) a discrete energy level outside the main band can be seen. As discussed in

the text, the non-existence of a steady state, indicated in a non-vanishig, is related to

the existence of the discrete level which corresponds to a bound state (see (2.3)).

two Green's functionsGj (! ) and G5 (! ) de ned in Eq. (.34) and Eq. (2.35) respectively.
For the Hamiltonian given in Eq. (2.64), the various matrices involved in them take simpler

forms and one nds [33]:

Ki=( i+ i 1) (2.66)
[T =V20() iy (2.67)
[ L)y = VEImfg(l)g it ju; (2.68)
[ R = VEI(') N jn; (2.69)
[ Rl = VRIMf(1)g i jn (2.70)

[CD) =" 45+ sCijert iy 1)
V() i jr VRI() i N (2.71)

whereg(! ) =[g; (! )]11- Sinceg; (!) is the inverse of a tri-diagonal matrix, it can be shown
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that [33]

8
1 | q!2 1 'f| 2
%:ﬁ qrg  TE=> 2
— | 12 . -
g(!)—gib it qrg 1; ift<s 2, (2.72)
L L1 Lo ifjlj< 2y
b 20 42

Using Egs. [2.6b6f 2.72) we can compute the steady state value of the current and densities
by direct substitution of these expressions in Eq] (2.89) and Eq. (2]51). The integrations
over ! in the resulting expressions are carried out numerically. In Fig[ (4.1) we show the
comparison between the values for the steady state currents (particle and heat) and densities
obtained from Egs. [2.31,2.4B,2.51) with the corresponding values obtained from the direct

time evolution.

In general we nd that, for the parameter regimes over which there exists a steady state,
Eq. (2.39) gives the value of the steady state current. We also veri ed that this expression
reproduces the results given in Ref[ [15]. As discussed in the end of Sec/](2.3), the non-
vanishing ofl; in fact indicates the presence of bound states which leads to the break-down
of the NESS assumption. In Figs|[(2]2a,2.2b) we show the full energy spectrum of the system
for the parameter valuesN =2, N, =100, V- = VR = (=1, ,=2:5 and for two values
of . We see the appearance of a discrete energy level, indicating a bound state, for the
parameter value = 5. In Fig. (4.33) we show the variation, with , of the quantity
P : . e .

ij i J° for dierent parameter regimes of the Hamiltonian in Eq. (2.6}) withN = 2.
We see that the bound state contribution, for any xed p, only kicks in after some critical
value of . In Fig. (2.3B) we show the variation of the energy gap, between the bound
state level and the band edge, over the same parameter regimes as in Hig.| (2.3a). For any
xed |, we see that the bound state appears at the same value of as that wheilg in
Fig. (2.3a) becomes non-vanishing. In Fig[ (3.3c) we plot the real and imaginary parts of the
two point correlator M1, = hay(t)ax(t)i, in the presence of bound states, and compare the
values obtained from the numerical simulationsY((t)) with the analytic results [M >+ M £3,

using Egs. (2.52,2.63)]. In the long time limit, the observed agreement requires that we add
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Figure 2.3: (a) The variation ofP i i j2 over di erent parameters of the Hamiltonian in
Eq. (2.64) with s = V. = Vg =1 and N = 2. Physically this quantity should identically
vanish. We see that this happens only for for certain parameter regimes of the Hamiltonian.
In (b) we verify that the non-zero values are associated to the presence of high energy bound
states in the spectrum of the full system seen in Fig|. (3.2). This plot shows the gap between
the bound state energy and the edge of the band,.ung, fOor the same parameters as in
(a). We see that the value of at which the bound state appears is exactly the same value
where the corresponding curves in (a) start taking non-zero values. (c) and (d) demonstrate
that the numerical simulation for the two-point correlators agrees with the analytic results
obtained by adding the bound state contributions to the steady-state values. While (c) shows
that the commutation relations are satis ed when we add the bound state contribution (d)
on the other hand depicts the persistent oscillations in the particle densities due to the bound
states. Parameter values for these two plots afd = 2 for (c) and N = 3 for (d), N, =100,
rR=1 gr=10, [ =0, [ =0,V  =Ww= =1, =0, bzland =0 :80.

the bound state contributions and we recover the correct anti-commutation relations. The
bound state contribution leads to persistent oscillations in properties such as densities and
this can be seen in Fig.[(2]3d) where we compare the analytic result from Eq. 2.62) with the

numerical simulation.
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Figure 2.4: Variation of zero temperature conductance and the terms contributing to it
with the left bath chemical potential, . Parameter values{N = 100, V|, = Vg = 0:2,
w= w=1 p=land =0 :25.

So far we have discussed short wires and highlighted the role of bound states and how the
steady state description needs to be modied in their presence. We now briey discuss
the case of long Kitaev wires where we expect topological phases with Majorana bound
states. These zero-energy bound states lie inside the bath band widths and so do not lead to
problems in the steady state. The conductance of the Kitaev chain is given by E.12) and
here we provide a numerical demonstration of the interpretation of the three transmission
terms in this equation (see discussions after Ed. (3]12)). For a long wire, Fi§. (2.4a) shows

the conductance result which reveals the well known zero bias peak of strength 2 in the
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Figure 2.5: (a)Variation of thermal conductance at | = 0 in units of 2k3 T =6 with the
chemical potential, ,, on the wire for di erent wire sizes. (b) shows the wave function of
the Majorana zero mode at ,, far away and close to the topological phase transition point
for N = 100. The extended nature of the Majorana wave functions spreading across the wire
can be clearly seen when,, is close to the phase transition point. Other Parameter values{
Vi =VWw=025 ,= p=1land =0 :3.

topologically non trivial parameter regimej, j < 2} wj, of the wire Hamiltonian. This
peak is due to the existence of the zero energy Majorana bound states in this parameter
regime. In Figs. [2.44,2 4f,2]4d) we show the variation of the three terms which contribute
to the conductance. As is clear from these plots, the peak is due to the perfect Andreev
re ection at zero bias owing to the Majorana bound state. Within the superconducting gap,
we also nd Ty( ) = T( ) = 0 for long wires which is consistent with their physical
interpretation as normal and Andreev transmission amplitudes. The transmission from left
to right bath for long wires(long enough so that the Majorana modes are isolated) can only
occur via excitation of quasiparticles within the wire which is not possible if_ lies within

the superconducting gap.

We now consider the thermal conductance at the left end at zero bias, (= 0). This is given
by Eq. (2.49) and we see that it is proportional to the net transmissionT;(0) + T»(0). As we
just discussed, if the wire is long enough so that the Majorana modes have no overlap within
the wire, the net transmission and hence the zero bias thermal conductance would be zero.

However, for a xed nite size of the wire as we move closer to the topological phase transition
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point, , =2 ,, the spread of the Majorana zero modes in the wire increases and as we
approach the phase transition point, these modes hybridize to form two extended modes.
This can be seen in Fig [(2]5b) where we plot the MBS wavefunctions for a few di erent

w Vvalues. This would then result in non-zero transmission probabilities at zero bias. As a
result the thermal conductance for a nite sized wire will take nite values su ciently close
to the transition point. In Fig. (2.5a) we show the variation of thermal conductance at zero
bias with , while keeping other parameters xed. We see that for a xedN the thermal
conductance peaks to a strength 1 (in units of the thermal conductance) at g, value close
to the in nite size phase transition point. Note that this means that Andreev re ection is
now suppressed and so the electrical conductance peak at zero bias would reduce from the
value 2. We also see that with increasing system size, the the peak becomes narrower and
moves closer to the phase transition point. This peak has been noted recently [56] and we
point out here that there are strong nite size e ects and in particular the vanishing width

with increasing wire size would make this di cult to observe experimentally.

2.6 Next nearest neighbour Kitaev chain

Finally in this section, as an application of our very general formalism, we discuss the
transport properties of an open Kitaev chain with interaction couplings that extend beyond
nearest neighbours. In particular we consider a wire Hamiltonian with next nearest neighbour

couplings:

HW — Wa].Vaj 1 a_jVa_j+1 + a3a+ tC.C
[
, a]Ya“z +é 3jaj.+2 +C.C. (2.73)

The other parts of the total Hamiltonian (bath and wire-bath coupling) are taken to be the
same as the Hamiltonian in Eq. 2.64. Such models have been discussed for the closed system
and follow from Jordan Wigner transformation of a 1-D transverse Ising model with three

spin interactions. The phase diagram of such a model reveals very interesting features [59].
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For =0, one has two di erent topologically non-trivial phases, phase-1 and phase-2, apart
from the topologically trivial phase (phase-0). Phase-1 and phase-2 contain one and two
zero modes localized at each end respectively. However, f@& 0 the energy of the localized
modes of phase-2 is lifted from zero to a nite value. These facts can be seen in the spectrum
of the isolated wire Hamiltonian in the three phases for the case of zero and non-zerand

we show this in Fig. [2.6a) and Fig.[(2J6b). The dierent values of , = 1:5;0:5, and 1 in
these spectral plots lie in the parameter regimes of phase-2, phase-0 and phase-1 respectively.

The topological edge modes can be seen between the superconducting gap near zero energy.

In Fig. (2.6c) and Fig. (2.6d) we show the conductance results of this model obtained from
Eq. [2.45, evaluated with the Hamiltonian in Eq. [2.7B), for the parameter regimes of the
three phases at zero and non-zerorespectively. We see that for = 0 there is a single zero
bias peak as all topological edge modes in the three phases are of zero energy. However, for
6 0 we see two distinct peaks of strength 2 for the case of phase-2 at the same energy
as the energy of the topological edge mode. Thus phase-2 is accompanied by two perfect
Andreev re ections at energies of the edge modes and the degeneracy of the modes localized
at the two ends is broken. Phase-1 on the other hand is has a single peak at zero energy
for being zero or non-zero representing the fact that the degeneracy of the zero modes at
the two ends is not lifted. Phase-0 as usual has no such peak since there are no edge modes.
The splitting of the conductance peak seen in Fig[ (4.6d) has recently been observed in a
ladder system of two coupled chains with longe range interactions (power-law form) within

each chain([6D].
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Figure 2.6: (a) and (b) show the spectrum of an isolated next nearest neighbour Kitaev chain

at the parameter values ; =1, , = 2,N =100,V, = Vg =0:3and ,=1:5 at zero and
non-zero values of and for the values of , = 1:5; 0:5 and 1 corresponding to phase-2,
phase-0 and phase-1 respectively. The topological edge modes can be seen in the spectral
plots in between the superconducting gap. The corresponding conductance results obtained
from Eq. are shown in (c) and (d). The conductance plots for= 0 show a single zero

bias peak for the two topologically non-trivial phases while they show two distinct peaks for

a non-zero value for phase-2.

2.7 Conclusion

In conclusion, we considered transport in a wire that is modelled by a spinless superconductor
with a mean- eld pairing form for the interaction term, so that it is e ectively described by a
general quadratic Hamiltonian. We investigated transport in the wire for the so-called N-S-N
geometry where the superconductor is placed between normal leads. Thus, in our set-up, the
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wire is attached to free electron baths at di erent temperatures and chemical potentials and
we investigated particle and energy transport, using the open system framework of quantum

Langevin equations (QLE) and nonequilibrium Green's function (NEGF).

Our main results are the exact analytic expressions for the particle current, energy current,
other two-point correlations in the nonequilibrium steady state and high energy bound state
corrections to them. These have the same structure as NEGF expressions for free electrons,
but now involve two sets of Green's functions. We show that current expressions generically
involve three types of terms which can be physically interpreted in terms of normal and
Andreev processes. We also derive the Landauer formula for the heat current and show that
the Andreev re ection process does not contribute to this leading to absence of a zero bias
peak in the thermal conductance for parameter regimes far away from the topological phase
transition point. However, for xed wire sizes the zero bias thermal conductance shows a
peak as one moves su ciently close the transition point. To derive these expressions one has
to assume the existence of a nonequilibrium steady state and we relate this to the existence
of bound states (discrete energy levels) in the spectrum of the entire coupled system of
the superconducting wire and the baths. The role of bound states on the existence of
steady states is known for normal systems [33,161, 62] 63] and has recently been investigated
numerically for the case of superconductors in Ref. |58]. In the present work, we examined
this issue analytically for a general spinless superconductor and obtained explicit expressions

for the bound state contributions to the two point correlators.

Next, by performing an exact numerical diagonalization of the full quadratic Hamiltonian of
wire and baths, we computed the time evolution of the current and local densities, starting
from the same initial density matrix as used in the steady state calculations. We then
showed that the results from this approach agree perfectly with the analytic expressions,
both for the case where there are no high energy bound states and also in the presence of
such states after we add the additional correction terms to the usual steady state results.
We verify from the numerics that these correction terms are crucial in ensuring that the
fermionic anti-commutation relations are satis ed. Our analytic results for the bound states

also reproduce the persistent temporal oscillations observed in the steady state.
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Finally, as an application of our general formalism, we investigated the conductance results
of long wires for a Kitaev chain with next neighbour interactions. In particular it is known
that several interesting topological phases are obtained if one adds a phase di erence between
the superconducting parings of the nearest neighbour and next neighbour terms. We found
that the conductance peak of strength 2 exists whenever the system is in a topologically non-
trivial phase. However, in the topologically non-trivial phase-3 the presence of the phase
di erence leads to a lifting of the degeneracy of the topological edge modes and consequently
the conductance results showed two distinct peaks at the new energies of the edge modes.
Our general formalism can be readily applied to other physically interesting set-ups such as
those studied in Refs.[[64, 65].

34



Chapter 3

Equivalence of Scattering and

QLE-NEGF in 1-D Kitaev Chain

Multiple scattering processes lead to transport of particles and energy in a Kitaev chain
as we discussed in the previous chapter. These include the normal transmission, normal
re ection, Andreev's transmission and re ection. In the previous chapter, we argued that
these scattering processes show up in the expression for the particle current as di erent
NEGF-transmission functions namelyT,(! ), To(! ) and T3(! ). In this chapter, we analyt-
ically demonstrate the physical interpretation of these terms as the normal transmission,

Andreev's transmission and re ection respectively.

We start in Sec.[3.1, where we quickly reintroduce the Kitaev model connected to metallic
leads with a slightly di erent notation and state the main results of chapte R. We also
qualitatively discuss the scattering approach and its expected equivalence with the QLE-
NEGF method. In Sec|[ 3.R we provide explicit details of the calculation involved in scattering
approach and also discuss the zero mode Majorana bound state(MBS) in this system. The
analytical proof for the equivalence of the two approaches is given in Sec.]3.3. We conclude
in Sec[3.4.

35



3.1 The model and the equivalence of the two approaches

In this section, we introduce the model for the Kitaev chain connected to reservoirs at its two
ends and then summarize the results obtained by applying the QLE-NEGF approach and
the scattering approach to this model. After that, we qualitatively discuss the equivalence
of the two approaches which is later proven analytically in Sef. 3.3. As mentioned in the
previous chapter, the Hamiltonian of the Kitaev chain(1-D wire),Hy, is given by normal
tight binding Hamiltonian with mean eld BCS-type coupling between its neighbouring sites.
We once again take the reservoirs are taken to be semi-in nite chains with nearest neighbour
tight binding Hamiltonians, H_ and Hr. L and R refer to the left and the right reservoir
respectively. The nite ends of the reservoirs are placed at ends of the wire and its extremal
sites are coupled to the nearest reservoir sites via tight binding Hamiltonians{\,, and
Hwr. The creation and annihilation operators, satisfying usual fermionic anti-commutation
relations, for the wire, the left bath and the right bath are denoted a$ (:Jy ¢g, fd;cgand
fc’o; C og respectively. The Latin indices; k;:: are taken to label the sites on the wire. These
take values from 12;::;;N, N being the number of sites on the wire. Similarly, Greek indices
: ;. taking values from 1 ;::; 1;0 and primed Greek indices ¢ ¢ :: taking values from

N +1;N +2;:::;1 label the left reservoir and right reservoir sites respectively. The full
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Hamiltonian is thus given by,

H=Hw+Hw_.+Hwr + H_+ Hg; (3.1)
X 1h
where Hy = wqG  w(dGa + ¢l G)
j=1 .
i
+( GGu + ¢y d) (3.2)
Hwe = o(ClCo+ ccr); (3.3)
Hwr = o(COn+1 + G iq Cn); (3.4)
X0
Ho= dcag+0,c; (3.5)
=1
b3
HR = b Cyoc o4 F Cyo+lc 0, (36)
0=N+1

where ; ;  are respectively the superconducting pairing strength, hopping amplitude
and the chemical potential on the sites of the wire,. is the coupling strength between the
wire and the reservoirs, and the hopping amplitude in the reservoirs is given by. For
simplicity, all of these parameters are taken to be real. The reservoirs are initially described
by grand canonical ensembles at temperatures$, ; T and chemical potentials, | ; r and,
as we will see, this determines the correlation properties of the noise terms in the nal

Langevin equations.
In the previous chapter, we showed that the current entering the wire from the left reservoir
is given by,
£1 g
Jo= > TOECC)  fRE)+ To)(ECC) FRO)+ TS L))

1
(3.7)

wherefg(1)=f(!; x;Tx), fR()=f(; x;Tx), (X = L;R) are the electron and hole
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occupation numbers and

Ti(t)=4 2T GI(') r(1)GL (1) (1) ; (3.8)
T(1)=4 *Tr G3(1) r( )G (1) (1) ; (3.9)
T(1)=4 *Tr G3(1) (( 1)G(1) (1) : (3.10)

From the expression for current we can obtain the conductance at the left end and, in units

of €=h, is found to be:

GL(Ty; L)=2 g—f; (3.12)
which at, T, = Tr =0, gives:
GL=Ti( L)+ T2 L)+ Ta( L)+ Ta( L): (3.12)

The transmission functions involve the two Green's function§7 (! ) and G5 (! ) given by
Eq. (2.34) and Eq. [2.3b) respectively. The various matrices which are present in their

expression have simple forms and are given by:

[ O = 2C) i (3.13)
[ (W] = —gg(!) i1 j1; (3.14)
[ ROy = 2(C!1) N N (3.15)
[ r()]y = —gg(!) N N (3.16)
[CD) =P+ w) g+ w(ijsr ¥ iy 1)

S g SN N N (3.17)
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whereg(! ) =Im[( !)], and is given by

8
1 ! q!2 1 if I 2
%:ﬁ g =2
— | 12 . H
(!)—Eib it qq 1; ifl< 2, (3.18)
L L1 Lo ifjlj< 2y
b 2 45

Using these results, the terms involved in the NEGF-expression for conductance become

Ti(1) =4 R() GH ()] (3.19)
T(1)=4 () G (! ) 5 (3.20)
Ta(1) =4 (1) [Gh (! )]s (3.21)

We will use these expressions for the analytical proof of the equivalence of the two methods
in Sec[3.38.

We want to compare these results with the results from the scattering approach to the same
problem. Here we present a qualitative discussion of the scattering formalism and relegate
the details of the calculation to Sec.[(3]2). The rst step in the scattering approach would
be to identify the di erent scattering processes that could take place in the system. Let us
consider a plane wave incident on the wire from the left reservoir and then, considering the
wire as a scatterer, we note that there are a total of four processes that can take place. Two
of these processes are | (i) an electron from the left reservoir being re ected back into the
left reservoir and (ii) an electron from the left reservoir being transmitted across the wire
into the right reservoir. We will refer to these as normal re ection and normal transmission
processes respectively. However, in a superconductor the electron and hole wavefunctions
are intertwined and therefore an electron may get scattered as a hole also. This results in
the two additional scattering process in which an electron from the left reservoir can (iii)
get re ected back as a hole into the left reservoir or (iv) get transmitted across the wire
as a hole into the right reservoir. We refer to these as Andreev re ection and transmission

respectively. During these two processes, charge conservation is ensured by the formation of
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a cooper pair in the wire.

Having identi ed the scattering processes, the next step would be to write down a stationary
state wavefunction, at some energ¥, in the three regions of the system (the wire, left
bath, right bath) with appropriate scattering amplitudes and wavefunctions so that all the
scattering processes are captured. In the left reservoir, we thus have the incoming plane
wave and the outgoing plane waves for the re ected electron and hole corresponding to the
normal and Andreev re ection respectively. The re ected electron and hole plane waves
are multiplied by some scattering amplitudes which we take to be, and r, respectively.
Similarly, in the right reservoir we will have the transmitted electron and hole plane waves
from the normal transmission and the Andreev transmission respectively and we take the
scattering amplitudes for these to bd, and t, respectively. In the wire, the wavefunction
will be a superposition of quasi particles of the wire at enerdy which are de ned in terms

of the diagonalization of the bulk wire Hamiltonian. The normal and Andreev scattering
amplitudes are obtained by implementing the boundary conditions and then the conductance
at the left junction, in units of €?=h, is given by the net probability of an electron to be

transmitted across the left junction which is
GP = jtaj®+ jtal® +2jraj® =1 j roj® + jraj’ (3.22)

The last step follows from the probability conservationjr,j? + jraj* + jtnj* + jtaj’ = 1. The
factor 2 in Eq. (3.22) with jr,j? is due to the fact that in the Andreev re ection process, two

electrons are transmitted across the junction as a single cooper pair.

Now in order to compare these two independent approaches note that the NEGF expression
for the current, Eq. (3.7), has contribution from three terms. On comparison of these three
terms with the usual Landauer formulas for current one may expect the following: the rst
term has electrons as incoming and outgoing particles and therefore this must be the contri-
bution of the electron from the left bath being scattered as an electron into the right bath
(normal transmission), the second term having electrons and holes in the opposite baths

as the incoming and outgoing particles respectively should correspond to the process of an
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electron from the left bath being scattered as a hole into the right bath (Andreev transmis-
sion). Finally, the third term which also has electrons and holes as incoming and outgoing
particles respectively but in the same bath would therefore correspond to the electron from
the left bath scattered back as a hole into left bath again (Andreev re ection). The traces
in the three terms should then be proportional to the probability of these three processes
respectively. Therefore, the rst two terms of the conductance expression in E{. (3]12) calcu-
lated at energyE, T1(E) and T,(E) should be equal to the probabilities from the scattering
amplitudes t, and t, at the same energy respectively and the sum of the last two terms,
T3(E) and T3( E), both of which follow from the third term of the current expression in
Eq. (3.7) should then be equal to j2,j2. This would make the two conductance expressions,
in Eq. (3.13) and Eq. [3.2), from the two approaches exactly the same. In Sgc.|3.3 we
present an exact proof of this result but for now we proceed to Sef. (3.2) where we present

the details of the calculations involved in the scattering approach.

3.2 Scattering approach

In this section, we rst nd out the stationary states of energyE inside the left reservoir, the
wire and the right reservoir. This would enable us to write down the scattering wavefunction
as discussed in Seg. 3.1 in the three regions and after implementing the boundary conditions,
at the reservoir-wire junctions, we would obtain a set of linear equations for the normal and
Andreev scattering amplitudes. The conductance could then be obtained via Eq. (3.22).
Afterwards, we discuss the case & = 0 separately and nd the wavefunctions and the

parameter regime of existence of the MBS.

Consider for the moment the case where the wire haksites while the left and right reservoirs

have N. and Nr number of sites respectively so ghay the total number of sites iNs =

N + N_ + Ng. Let us de ne a column vector , = @CPA, where the indexp refers to any

%

41



site on the entire system so that we can rewrite the Hamiltonian in the form

1 X
p:a

where A,q are 2 2 block matrices which form the elements of theNs  2Ns matrix A

given by
0 1
0 A
0 A
Al 0 Ac
AL A Ay
Al A A
A= w W : (3.24)
Al, A Ac
AL 0 Ag
AL 0 Ag
AL 0
with

0 1 0 1

0 0
AR =A|_ = @ b A , AC = @ ¢ A , (325)

0 b 0 c

0 1 0 1

0
Ay =@ " A A=@ " A (3.26)

w O w

Now considering rst the wire region, let  (j) be the components of the stationary state

of energyE of the wire in this basis. Then, in the bulk of the wire we have:

Ay wi D+A w(@+Aw w(+1)=E w(): (3.27)
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0 1

u, .
We choose w(j)= @ A Z and x z such that the Eq. (3.27) is satis ed. On substitution
Vv

of w(j) in Eq. (8.27), we arrive at the following equation,

0 10 1

wiz+ H+ L+ E 1 U
@ ) (z 2 a@’a-o (3.28)

(z 3) wz+H+ W E 0V

which means thatz must be xed such that
z+ H+ L+ E z 1
wzt 2+ W ( 2 =0: (3.29)
(z b wz+H+ W E

Clearly, there are four possible solutions for as this determinant on expansion will give a
fourth order equation in z. However, we can make things a bit simpler by choosirg= €
so that the above determinant on expansion gives a quadratic equation in coshather than
a fourth order equation inz. The quadratic equation thus obtained is the following:

2 2 4 2

E
(coshx)? S—— COShx + D) =0 (3.30)

W

with its two solutions given by

p
2 2\(E2 4 2)+ 2 2
coshx = —" Ci 5 2)( 7 ) w. (3.31)

Therefore, the four possible solutions ta, which are obtained from the two quadratic equa-

tions z2 2costx z+1=0, are given by
z1=e*:z=e" zz3=¢e"; zu=€": (3.32)

From Eq. (3.28), we see that) and V for the corresponding solutions foe could be chosen
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in the following form:

U= (22 1) (3.33)
Vo= w(@Z+1)+ z( w+ E) (3.34)

wheres = 1;2; 3;4 for the four solutions ofz. Therefore, we have the required stationary
states inside the wire. Now, the stationary states of energl inside the baths can be
obtained from the wire solution via the transformation, ,,! 0, ! Oand ,! , We
get the solutions to be two left travelling plane waves and two right travelling plane waves

of the following forms:

01 01
1. . 1 .
@A dx: @A g iax: (3.35)
0 0
01 01
On ig 0 10
@A dax; @A e iax, (3.36)
1 1
whereq and ¢’ are given by cos' = andcos' > respectively. Physically, the

rst two solutions, Eq. (B.35), correspond to an electron travelling right and left respectively
while the last two solutions, Eq. [3.3p), correspond to a hole travelling to the right and left

respectively.

We are now in a position to write the explicit form of the scattering wavefunction in the

three regions for a plane wave of enerdy incident from the left reservoir. This will be of

the form:
01 01 01
1, . 1, . 0, .
()= @AdI +r @Aegld +r,@AeT (3.37)
0 0 1
0 1
Xt Us, -
w(i)= a@ Az ! (3.38)
s=1 S
01 01
1 gl ©° N 1 0 g% ° N 1
r( 9 =t, @A gal )+ t, @A daX ) (3.39)
0 1
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with =1 ;x5 2,0 ; j=1;2:x:Nand °= N +1;N +2;::1 . As already discussed
in Sec. [3.1),r, is the probability amplitude for the electron to be re ected back at the
left junction as an electron. Therefore, this corresponds to the normal re ectiorr., is the
probability amplitude for the Andreev re ection. Similarly, t, and t, are the normal and
the Andreev transmission amplitudes respectively. The solution inside the wire represents a
superposition, with amplitudesay; a,; az and a4, of the quasi-particles with energyE in the
wire travelling to the left and right respectively. These scattering amplitudes are obtained by
implementing the boundary conditions. We note that we have eight scattering amplitudes
and two boundaries, one at the left end and the other at the right end of the wire. Each site
on either side of each boundary gives two equations. Therefore, a single boundary gives four
equations in total and we have exactly eight equations from the two boundaries, su cient

to determine the eight scattering amplitudes. These eight boundary equations are given by

AL L( D+ Ac w@)=E L(0) (3.40)
Ac LO)+A w@)+ Ay w(@=E w(); (3.41)
Al wN 1)+ A w(N)+ Ac g(N+1)= E w(N); (3.42)
AL w(N)+ Ag r(N+2)= E (N +1): (3.43)

After substituting the solution from Egs. (3.37, 3.38} 3.39), the eight linear equations for the

scattering amplitudes can be expressed in matrix form as

o 10 1 0 , 1
b€ + E 0 Uz Uy cUs cUs 0 0 fn ve @ E

0 b€’ E oV V2 Vs cVa 0 0 fa 0

¢ 0 fa f2 fa fa 0 0 a1 ¢

0 ) £0 19 9 £0 0 0 af 0

0 0 0 92 03 04 c 0 asf 0

0 0 9 99 93 9 0 c a 0

0 0 cz) MU o2y U oZ) MUz oz tus L+ E 0 th 0

0 0 2N vz v, oozl v oozl vy 0 e’ E  ta 0

(3.44)

45



where fors =1;2;3;4 thefs, f2 g and ¢ are given by

fo=( wt E)Us+ zo( wUs+ Vi); (3.45)
fo=( w E)Ve+t zg( wVs+ Us); (3.46)
&=( wtE)Uszd "+( WUs  Vo)zg' % (3.47)
®=( w EWVezd "+( WV Uz Z (3.48)

Solving Egs. [3.4%) gives us the required expressions fqr r,, t, andt,, and from these we

can obtain the conductance using the scattering approach.

We now look for the special solution corresponding to the zero energy MBS in this open wire
system. We expect that for long enough wires there are two MBS each localized at edges of
the wire. Let us consider a zero energy eigenstate localized at the left epd=(1), therefore

for this we must havet, =0, t; =0 and as = 0 if jzsj 1 in the wavefunction given by

Eq. (3.37,/3.38| 3.39) withE = 0. Out of the four roots, z;, z,, zz and z,, it is clear that two

of them always have absolute values greater than 1 while the other two are always less that
1. Let us choose, by relabellingz; and z, to be the ones with absolute values less than 1,
therefore we sei; and a4 to be zero. We also note from Eq[(3.28) that foE =0, U = V.
Therefore, depending on whether,(z,) satises U; = V3(U, = V) or Uy = V(U = Vo)

we choosdJ;(U,) and V;(V,) accordingly. This choice could be made by noting that) = V

is satis ed by
P 2
w w 4 \?v+4 §
Z = X 3.49
2w ) (3:49)
while U = V is satis ed by
p 2
4 2 +4 2
2= "= w w : 3.50
20 ) (8:50)

Thus z; and z, have to be equal to two of these four roots which have absolute values less
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than 1. Fixing > 0, we nd that for j wj < 2j wj, jz j < 1 andjz°j > 1 while for
i wj> 2 wj, the absolute value one of the roots amorgy and z° is greater than 1 while the
other is less than 1. This implies that for > 0 andj ,j < 2j j, we need to setJ; = V;

and U, = \V,, while for > 0andj j> 2 wj, we haveU; = V; and U, = V,.

We rst take the case with > 0 andj j < 2 j. For this we havet, = t, = a3 = a4 =0,
E =0, U, = V; and U, = V,, which simplify Eq. (3.44) to the set of four equations:

I pfnt+ Uiay+ War=i (3.51)
I prat Uy + Usa,=0; (3.52)
fnt Ui+ ap= (3.53)
fat 1Uias+ oUa =0; (3.54)

where =  + z( w + ). These equations can be solved to giver, =0, ry =1,

(io2+ 2 and Usa, = (ipa+ 3.

> 0 2 ) (3.55)

Uiy =

These equations then give the wavefunction of the zero mode that is localized at the left end

and can be written as

01
1
MBS (1) = @1A sin7 and MBS ( 9=0; (3.56)
01 4
. 1 (ip2% 2" (61t D21
MBS - @A |Im b 2 c)f1 b 1 c/72 . 3.57
w () ) (5 ) (3.57)

Also, due to the perfect Andreev re ectionf, = 1), we get G, (E = 0) = 2 which marks
the zero bias peak found in systems which host MBS[15,]24]. Thus the zero mode found
is the wavefunction of the zero energy MBS found to be present in the parameter regime

J wj < 2] wj. Due to the left-right symmetry of the Hamiltonian, the wavefunction of the
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MBS localized at the other end of the wire can directly be written as:

01
1
MBS (9= @1A sin(NT(b and "% ()=0; (3.58)
01 = _ #
MBS (j) = @1A Im (iv2+ 3z ' (ipat 3z : (3.59)

c( 2 l)

The absolute value of the height of the peak in the MBS wavefunction is given Ry?j.

— =02 ||
n. = 0.1
| —— m.=10.05

8001

=]
o
o

|\IIMBS(p)|2
i
(==}
[e=]

|

0 " 7 r
—20 -10 0 10 20

(@)

Figure 3.1: Plot of the MBS wavefunction for di erent couplings with the reservoir at
parameter values{ , = 1.5, ,, = 0:5, =0 :5 | = 1. The normalization of these
wavefunctions is the same as in Eq|. (3.56-3]57) and the vertical black line marks the left end
of the wire. Note that the lead wavefunctions are not visible on this scale.

Therefore, the height of the peak decreases as coupling with the bath increases which makes
sense since one expects the wavefunction to leak into the reservoir more as the coupling
with reservoirs increases. This can be seen in Fg.[3.1 where we plot the MBS wavefunction
for a few dierent couplings with the reservoirs. Also, increasingy increases the band
width of the system which decreases the density of the states arougd= 0 and therefore

the MBS of the isolated wire hybridizes less with the reservoir wavefunctions as the energy
di erence between them increases. Note that if the height of the peak in the MBS goes
down, the weight of the MBS in the reservoirs increases and vice-versa. We will see later
that this wavefunction helps in explaining the behaviour of the zero bias peak with di erent

parameters of the Hamiltonian.
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Let us consider the case with > 0 andj j > 2 j. For this we have

I prnt+ Ui+ War= (3.60)
I prat Uiy WUa, =0; (3.61)
ot U+ Uar = (3.62)
fat Uiy 1Ua, = 0: (3.63)

These equations can be solved faoy, r,, U; and U, with which we can then construct the
zero mode present in this parameter regime. However, these equations giye= 0 and
therefore there is no perfect Andreev re ectionr = 1). Thus the zero mode constructed
out of them would not be the MBS. They would merely be the zero energy states of the
left reservoir leaking into the wire. We therefore conclude that only the zero energy states
present in the parameter regime j < 2] \j give rise to the perfect Andreev re ection and
are the states representing the MBS of this system. Similar arguments can be repeated for

the case < 0.

3.3 Analytical proof of the equivalence of QLE-NEGF

and scattering approaches

In this section we will show analytically the equivalence between the two approaches by

deriving the following equalities,

Ti(E) = jtaj% T2(E) = jtaf? (3.64)
and T3(E) = Ta( E) = jraj? (3.65)

where, T1(E), T2(E) and T5(E) are given Eq. [3.19, Eq.[(3.20) and Eq] (3.21) respectively
with | replaced byE. This would then straight forwardly imply the equivalence of the
two conductance expression. To proceed, we rst need to nd a set of equations relating the

transmission amplitudes,t, andt,, to the re ection amplitudes, r, and r, directly, which is
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0 1 0 1

1 N +1
possible by relating@ L( A directly to @ R( )A via transfer matrices. We start
L(0) r(N +2)
by considering the equation for the stationary state of energl inside the wire

Ay w(i D+A w(@+Aw w(+1)=E w() (3.66)

which we re-write in the following recursive form:

0 1 0 1

T - T -
@Aw W(J' 1)A -, @Aw .W(J)A ; (3.67)

w() w( +1)

where
0 1
T
w = a" AAzAW (A)WA: (3.68)
w

Using the boundary conditions at the left junction, Eq. [(3.4D) and Eq.[(3.41), we can write

0 1 0 1
1 Al 1
L(0) w(2)
where
0 1
lEA? A A
L=@t T - A (3.70)
At 0
0 1
(E  AA, A
2= w=@ o YA (3.71)
Ay 0
Using Eq. (3.67) repeatedly in Eq.[(3.69) we have the following equation:
0 1 0 1
1 M N 1
@ (Ya- |, , 2@l wiN Dy (3.72)
L(0) w(N)
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Finally, we use the boundary conditions at the right junction, Eq. [(3.42) and Eq[(3.43), to

obtain the desired equation

0 1 0 1
1 N+1
@ L )A = L1 L2 \'7\/ 2 R2 Rl@ R )A (3.73)
L(0) rR(N +2)
0 1
N +1
= 1 r@ R )A; (3.74)
r(N +2)
where
0 1
E A |
o= @ A (3.75)
| 0
0 1
TE A.TA
= @ ¢ TRA (3.76)
Ac 0
= L2 \'7\/ ? Ro (3.77)
0 1

1
and| denotes a 2 2 unit matrix. We now have Eq. (3.74) which relate<® ( )A directly
(0)
0 1 -

to via the transfer matrix, .1 rz1. This equation will furnish a set of four
r(N +2)

equations forry, ra, t, and t, after using the forms of () and r( 9 from Eq. (83.37)
and Eq. (3.39) respectively. However, we could make things much more simpler by using the

forms of the matricesAc, A and Ar to write
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1 E ¢
L1 = @ ‘A
bc b Z 0
0 1
1 0 2 z
i=—@ ©AY
c b E ¢
0 1
1 E *
and R1 = —@ bA;
c g z 0
0 1
1 0
where 2= @ A . Now, from Eq. (3.74) we have
0 1
0 1 0 1
1 N+1
Lll@ L( )A: Rl@ R( )A’
L(0) rR(N +2)

which then gives the following two matrix equations:

27 (0= ulE * g(N+1)+ 4 r(N+2)]
+ 1227 r(N+1);
b L( 1)+E z L(O)z 21E z R(N +1)

+ 21 p rR(N+2)+ 225  r(N +1);

where j are 2 2 matrices that form blocks of the matrix , i.e
0 1

- @4 12p
21 22
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(3.81)

(3.82)

(3.83)
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Using the forms of (( )and r( 9 from Eq. (3.37) and Eq. [3.39) respectively, Eq](3.82)
and Eq. (3.83) can be written as

g(j'l'i"' rnj+ti raji )=
e 9 g+ 2o [taj+i taji l; (3.85)
p(€9j+i + e Uryj+i e Mryji )=

8 @ it F oo [tajti taji ] (3.86)

where we substitutedq ~ for ¢, ji is the eigenvector of Z with eigenvalue 1. We can si-
multaneously get rid ofr,, andr, by subtracting Eq. (3.83) and Eq. [(3.8p) after multiplication

with appropriate factors. Thus, one nds:

2ie singj+i = —ZO[tnj+i taji I; (3.87)
C
where
) 2 ) 2 ) 4
O= e p;+-tel , el y+-% p: (3.88)
b b b

From Eg. (3.87) we can write down the two equations for,, and tj:

1= " wjoj+i+ — 2 mjoji ; (3.89)
2|—Esmq 2|—;S|nq

0= — " hjoj+i+ 2 hjoji : (3.90)
2|—;smq 2|—;5|nq

Also, from Eq. (3.86) we directly get an expression af, in terms of t, and t:

2
ra= hj ajti+=hj j+i t,
b

o2
hj 21j i+ e'q—‘; hj 22j i ta: (391)

For the moment we leave this here and turn our attention to the terms in the NEGF-
expression for conductance. From Eq| (3.19-3|21) we see tHafE), T,(E) and T3(E) are
essentially given by the elementsd; (E)]in, [G; (E)lin and [G; (E)]1; of the two Green's
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functions. We note that given the forms of the Green's function§&] (! ) and G (!), it is

not easy to obtain these elements. Therefore, we have to re-write these Green's functions in
some other form so that these elements could be obtained analytically. For that, we consider
the Fourier transformed Langevin equations of motion for the wire, Eq[ (2.26), and write its
solution in a slightly di erent form involving a single 2N 2N Greens function. We start

with the equations

[CD)ImEn(t)  Kim€( 1) =~F()+~R(); (3.92)
[C D€ (1) Kmen() =~ D)+~ 1) (3.93)

De ning the two component vectors
0 1 0 1
~+ ~R
c)=@% A ang )=@ ¢ T A
e !)

T+

we write Eq. (3.92) and Eq. [3.9B) together asd@ *(! )lmCm(!) = (') which has the

solution:

G ) =16 )]im m('); (3.94)

with G (1 ) beinga 2N 2N matrix whoselm-th 2 2 matrix block element is given by

0 1
[G (! )lm = @ LCE i i A (3.95)
I‘<Im [( ! )]Im
Comparing Eq. (3.94) with Eq. [2.3B) for thecw (! ) we see that
0 1
[G(! )]Im - @ [Gl (! )]Im [Gz (! )]Im A : (396)

[Go( Dlm  [G1( Dlim

Now, from Eq. (3.17) and Eq.[(3.95) we nd that the matrix G(E) has the following structure:
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0 1,
E+A A Aw 0 0 =i 0 0
Al E+A Ay 0 =i 0 0
0 Al E+A Ay ::::: 0 0
G(E) = :
: Al E+A Aw
0 0 0 SR Al E+A A
(3.97)
0 1
:(E) 0 o _
whereA = @ A, ( E) being given by Eq. (3.18) with  replaced

0 ;¢ (B
by E, and the matricesA; Ay dened as in Eq. (3.26). We note that forjEj < 2 4,

b( E)= u ( E)= €9. This then simplies A to be —‘Ee‘qlz with I, beinga 2 2

identity matrix. We work in the regime of JEj < 2 , as outside of it the conductance is zero.

Note that G(E) = G'(E) and therefore, we have

[GI(E)" = Gi(E) (3.98)

G,( E) = G}(E): (3.99)

These relations would be useful later on. The block tri-diagonal structure dB(E) in
Eq. (3.97) allows us to nd the required elements of5(E), which are Gy; and Gy, for
obtaining the terms in NEGF-expression for conductance. Thus, we de nky to be a
2N 2N identity matrix so that, using the rst column of equations from the identity

G YE)G(E) = I\, we can write

(E+A A)Gi+AwG1= 12 (3.100)
ALG 11+( E+A)Gi+ AwGia=0forl<i<N (3.101)
AVGY 11t( E+A A)G1=0 (3.102)

We rewrite these equations as a recursion relation, following similar steps as we did for
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Eq. (3.74), to obtain o 1 0 1

@ A - L N2 2@G'“A (3.103)
G 0

with \ given by Eq. (3.68),
0 1 O 1

E A+ A)A.S A 1 A
L= @( - JAw YA -@ A (3.104)
Ay 0 0 1
0 1 0 1
E A+A 1 1 0
2= @ A = Rz@ A (3.105)
1 0 A 1

where |, and g, are the same matrices de ned in the scattering calculation by Eq|. (3.]71)
and Eq. (3.7%) respectively. Using Eq. (3.104), Eq} (3.105) and substitutiy = —ie‘qlz,
one can express Eq[ (3.1D3) as

O 1 O 10 1

iq _baq
@?a-@ ¢ o‘ 12% 3O 2 @G“A; (3.106)
Gi1 21 _§e|q 22 22 0

whereO is given by Eq. [3.88). From the upper block of Eq[(3.106), we obtain the following
matrix equation for [G* (E)]n1 and [G5( E)ly+:

j+i= €90 [G](E)naj+i +[G5( E)n1ii (3.107)
which gives two linear equations forG* (E)]n1 and [G5 ( E)]y 4

1= &[G (E)lnih+jOj+i €M[G3( E)lyh+jOji (3.108)
0= €M[G;(E)ln1hjOj +i €M[G;( E)ly.hjOji : (3.109)

Comparing these with Eq. [(3.8P andl 3.90) and noticing that sig= g(E) we have

2i 29(E)[G; (E)ln1 = € 2tp; (3.110)
2 29(E)[G;( E)lna= e Pta (3.111)
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These equations, along with Eq.[(3.98 anid 3.99) imply that

Ti(E) =4 {g°(E)I[G] (E)]uni® = jtai?; (3.112)
T2(E) =4 (g°(E)IlG; (E)luni® = jtai®; (3.113)

which are the required relations. If we consider the lower block equations of Ef. (3.106),

then one of the component equation reads

2
G2( ENu= hj ajri &—=hj zj+i [GI(E)h:

o2
+ hj i e'q—‘;hj 22)i [Gz( E)lna: (3.114)

We replace ] (E)]n: and [G5( E)]y, for t, and t, in this equation with the help of
Eq. (3.110,3.11]1). Comparing the resulting equation with Eq[ (3.p1) and using E¢. (3/99),
we nally obtain

T3(E) = To( E) =4 {G*(E)i[G; (E)lui® = jraj* (3.115)

This completes the analytic proof for the equivalence.

3.4 Conclusion

In conclusion, we provided an analytical proof of the equivalence of the QLE-NEGF ap-
proach and the scattering approach to electron transport in a 1-D superconducting wire. In
both cases we start from the same microscopic model of a Kitaev wire connected to one-
dimensional leads (baths) containing free fermions in equilibrium. In the former method
one starts with the Heisenberg equations of motion of the full system and eliminates the
bath degrees of freedom to obtain e ective quantum Langevin equations of motion. The
steady state solutuon of these leads to the NEGF formula for the conductance in terms of

a set of nonequilibrium Green's functions. In the second approach one considers the wire
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as a scatterer of plane waves from the leads and writes down the corresponding scattering
solutions for the energy eigenstates. These solutions involve scattering amplitudes that are
obtained using the boundary conditions at the wire-leads junctions. The conductance at the

junction is then given by the net probability of transmission of particles across the junction.
We summarize here our some of the main results:

We obtained the complete solution of the scattering states in the Kitaev chain, includ-

ing closed form expressions for the scattering amplitudeés, t,;rn;ra.

We obtained the special zero energy solution corresponding to the MBS state of the
isolated open Kitaev chain. We showed that this state exists in the same parameter

regime as for the isolated wire.

The conductance of the wire from the QLE-NEGF method and the scattering approach
are given respectively by Eq.[(3.12) and Eq[ (3.22). We showed analytically that
the terms in the NEGF conductance expression](E), T»(E) and T3(E), can be
related to the scattering amplitudest,,, t, andr, respectively. This leads us to proving
the complete equivalence of the two formulas for conductance and hence of the two

approaches.

We have demonstrated clearly and explicitly the physical interpretation| from our
derivation we see that the expression for current, Eq[ (5.46), is exactly in Landauer's
form with each of the baths playing the role of a "double reservoir", of electrons and
holes. The wire acts as a scatterer and scatters the incoming electrons as holes or
electrons into the two baths. Therefore, an electron from say the left bath may end up
being scattered as a hole or an electron into the left bath only. These two processes
are the normal re ection and Andreev re ection processes respectively. The electron
may also end up being scattered into the right reservoir, therefore transmitted across
the wire, as an electron or a hole. Out of the four possibilities of the future of an
electron from the left bath, all excepting the normal re ection lead to particles being

transmitted across the left junction. Therefore, only these three actually contribute to
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the conductance of the wire. This is the reason behind the NEGF current expression
having three distinct terms with the probabilities of these processes multiplied with the
corresponding di erence of thermal occupations of the incoming electrons and outgoing

electron or holes as one typically nds in Landauer expressions.
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Chapter 4

Quantized two-terminal longitudinal
conductance and edge states in an
open geometry 2-dimensional Chern

Insulator

Consider a strip of an insulator with non-trivial topology connected to metallic leads at two
opposite edges, with a voltage di erenc®¥ applied across the leads. An interesting question
is regarding the quantization of the longitudinal two-terminal conductance(s. The presence

of the perfectly conducting edge modes suggests the possibility of quantization, but this
is not so obvious when one considers that the contacts with the leads need not be perfect
and there could be scattering of incident waves. A proof (similar to TKNN)[29] of the
guantization of the longitudinal conductance in the open system setup would be desirable
but, to the best of our knowledge, remains an open problem. The quantization of the
longitudinal conductance can be argued to be the same as the transverse conductance in a
four-probe measurement setup based on the Landauer-Buttiker formalism, assuming perfect
transmission via edge modes and quantized conductaneésh, of the point contacts [8, 66,

67]. Under this assumption, in the four-probe measurement setup, the longitudinal voltage
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drop is equal to the transverse voltage drop. This makes the transverse conductance the same
as the longitudinal conductance and therefore quantized. However, it is not very clear as
to what is required to achieve perfect point contacts. It is not obvious that the assumption

of perfect transmission can be seen to hold in a more microscopic approach such as the
non-equilibrium Green's function (NEGF) formalism, where the transmission is explicitly
related to the details of the reservoir model and its coupling with the system. An interesting
guestion is whether the details of the reservoir and the coupling become irrelevant as one
takes the thermodynamic limit and one always sees a perfect transmission. In fact, a few
numerical studies based on the NEGF formalism have considered aperiodic 2D topological
insulators sandwiched between two metallic leads and nd the longitudinal conductance to

be quantized [[17| 18, 19].

In this chapter, we attempt to arrive at a better understanding of the two-terminal longi-
tudinal conductance in the open system by use of the NEGF formalism. We consider the
spinless BHZ (SBHZ) model[[47], a Chern insulator, placed in contact with two normal
metallic leads. Apart from measuring the conductance obtained from NEGF, we use this
formalism to also extract information on the scattering states formed by the edge modes
the presence of the leadsThe strip geometry makes this a highly non-trivial problem. In
particular, for the scattering states, we obtain the current and charge density pro les inside

the insulating region as well as in the metallic leads.

In Sec.[4.1, we de ne the model of the SBHZ wire in contact with semi-in nite metallic
leads. We also discuss brie y the isolated SBHZ model and discuss some of its features.
We conclude this section by discussing the conductance, current density, and the charge
density in the open system geometry within the NEGF formalism. In Sef. 4.2, we present
our numerical results on the conductance, current density, and the charge density of the edge

modes. We conclude in Set.4.3.
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4.1 The model and the NEGF results for Conductance,

charge and current density

4.1.1 The open system setup

The SBHZ model is a simple 2D topological insulator given by a nearest neighbor tight-
binding Hamiltonian on a square lattice. Each site has two fermionic degrees of freedom.
Let us call the creation and annihilation operators of these degrees of freedom a¢x;y),
1Gy)and o(x;y), 3(x;y)respectively. Theintegersk =1;2;:::;Nyandy =1;2;:::;N,
label the position of the sites on @y Ny rectangular lattice. The operators (x;y) and
2(x;y) follow the usual fermionic anti-commutation relation. We consider the system in
contact with two external reservoirs at the two opposite edges at= 1 and x = Ny. The two
reservoirs are taken to be metallic leads that are semi-in nite in th&-direction and of width
Ny in the y-direction and modeled as 2D tight-binding Hamiltonians which we refer to a3,
and Hr. We take two fermionic degrees of freedom on each site in the two reservoirs as well.
We label the corresponding annihilation operators asi. =g (X.=r;Y) and 2.=r (X.=r;Y),
whereL and R label the left and the right lead, respectively. The integerg, and xr label
the x coordinates of the sites on the left and the right reservoirs, respectively. These take
integer values that run from 1 to 0 and Ny, +1 to 1 , respectively. They coordinate
here takes the same integer values as in the wire (SBHZ insulator) i.e. from 1Ng. Free
boundary conditions are imposed at the edges of the reservoir and the systenyat 1 and
y = Ny respectively. The contacts are themselves modelled as tight-binding Hamiltonians,

Hw. and Hywr. The full Hamiltonian of the system and baths is therefore given by:

H:HL+HWL+HW+HWR+HR; (41)
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whereHy, is the Hamiltonian of the SBHZ-model and

xRy . .
Hw = Yo Y)HW X y; xS yq ( xS y9; (4.2a)
x;x0=1 y;y0=1
xRy , .
He = VO HLXG Y XD yT LDy (4.2b)
xexd=1 yy%=1
>4 %y 0 0
Hr = LR YHRIXR; Y X YT R(XR:YY); (4.2c)
xR X% =Nyx+1 yiy=1
%N Ry
HwL = VO YVLIXL Y Xy (O x vy + hees; (4.2d)
xL=1 ;x=1yyo=1
N« Ry
Hwr = Y (Xr:Y)VRIXR; Y: X YA ( x;¥9 + hic: (4.2€)

Xr=Nyx+1;x=1 y;y0=1

.
Here we have de ned the two-vectors (X;y) = 1(X;y) »(x;y)  and  r(X)Y) =

.
1L=r (X;Y) si-r (Xy) - The 2 2 matrices,Hw [X;y; X%y, Hi=r [Xi=r; V5 XP-g s VI,
Vi-r [X;y; x%y9 are given by:

i + i
HW[X;y;XO; y?l = wl2 xxo yy°+ z 2 . x;x0+1  yyO (Xo< N x) + = 2 s x+1;x9 yy0 (X <N x)
i +i
+ 2 L oyyort w0 (YOSNy)+ = 2 T ya1yo xxo (Y <Ny); (4.32)
HL[XL;y; XE;yo_l = bIZ( xp Lx2 yy© + xpx? 1 yy© + yiyo+1 xp x? (y0< N y) + y+1:y0 x x? (y <N y));

(4.3b)

Hr[XR:Y; X(F)g;yC] =l xR X% +1 yyO T x4l xS yy© T oyyon XRr X3 (y0< N y) T oye1yy0 XR X% (y <N y));

(4.3c)

VL [XL;y; X3 y(ﬂ = c|2 X ;0 x;1 yyo and VR[XR;y;X; y(?l = CIZ XRr Nx+1 XN yy°; (4-3d)

where (m < n) is an indicator function which is 1 ifm < n and zero otherwise. These
functions impose free boundary conditions at the edges of the SBHZ wires and the reser-

voirs. We have taken ,, , and , to be the usual Pauli matrices whilel, is a 2 2
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Figure 4.1: Schematic of the SBHZ wire connected to metallic leads

identity matrix. The elements in the above equations can be represented in the form of ma-
trices, Hw, Hi=r and Vi, of size Ny N, and components given byH [X;y; a; x% y b],
Hi=r [Xi=r:Y; @ X0 ;Y% bl and Vi=r [Xi=r ; ¥; & X; Y% ] respectively. The indicesa; btake val-

ues 12 referring to the two degrees of freedom on each site. A schematic representing the

SBHZ wire in the open system geometry is given in Fig (4.1).

We now proceed to discuss some of the features of the eigenspectrum and eigenstates in the
isolated SBHZ wire before discussing, in Sgc. 4]1.3, the NEGF results for the conductance

and pro les of current and density in the open geometry.

4.1.2 Isolated SBHZ wire

The bulk spectrum, for the in nite SBHZ system, can be computed by a simple Fourier

transform. In Fourier space, the Hamiltonian is given by

H(kg;ky) = xsinky+ ysinky+ ,( w cosky cosky); (4.4)
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wherek, and k, are wave numbers irx andy direction respectively. Therefore, the spectrum

and the corresponding eigenstates are given by

q
(Kx; ky) = siinzléx+sin2ky+( w cosky cosky)?; (4.5)

B

(xy)= dkxdky% Ky: ky)ei(kxx+ kyy); (4.6)

2

N

where € Kky;ky) is a two-vector such thatH (ky; ky) € ky;ky) = (kg ky) € Kk« ky). From the
bulk spectrum and the eigenstates, the Chern number can be computed, and it turns out
tobelfor 2< <0, 1forO0O< , < 2 and zero otherwise[][47]. We also consider
the spectrum of the model with nite size and free boundary conditions at the edges. This
spectrum is obtained by numerically diagonalizing the matrixH,y. For the non-zero Chern
number parameter regimes, the nite-size system will host mid-gap modes localized at the
edges of the model. This can be seen from Fig. (4.2a) and Fig. {4.2b) where we plot the
bulk and the nite size spectrum at di erent values of , respectively. We see that the gap

is lled with states in the nite size spectrum, shown in blue, in the topologically non-trivial

regime, 2< < 2. These are the edge modes, some of which we plot in Hig [4.2c).

4.1.3 NEGF results for the non-equilibrium steady state

The SBHZ model is a tight-binding model without the superconducting pairing. We can
therefore use the results of Set. 2.3 with the superconducting pairing set to zero. Therefore

the e ective Green's function for the wire is given by,

! ;andG;(1)=0 4.7)

GI(1)= G ()= [y

where
=R(!) = VLy:R |—VL=R: (4.8)

65



2.5 | | | | 2.5
0.0 K 00 \ = ~
—251 | | | | —25

—5.01 —5.0

-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3
,uw ,U"LU
(a) Bulk Spectrum (b) Finite Size Spectrum

E =-0.363 FE =-0.219 FE =-0.073 E =0.073 E =0.219 0.32
7.5 0.28
0.24
5.0 0.20
= 0.16
25 0.12
0.08
0.0 - 0.04
0 o 0.00

T T T
(c) Edge Modes

Figure 4.2: (a) and (b) Bulk Spectrum and nite size Ny = Ny = 10) spectrum, with free
boundary conditions at the edges, of the BHZ model at di erent ,, respectively. (c) is a
contour plot of some of the edge states that appear of the nite size spectrum with, = 1
where the Chern number is known to be 1. The energy values of the states are printed on
the top of each sub-panel in (c).
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Ny Reservoir. SBHZ wire . . Ny Reservoir._Meta SBHZ wire Metal
Ny o ‘ Ny —1

(@) (b)

Figure 4.3: Schematic of two geometries used for the calculation of the current density in
the SBHZ wire and the reservoirs. The red regions are the reservoirs. The green region is
the normal metallic region with a Hamiltonian identical to the reservoirs. The blue region

is the SBHZ wire.

Two terminal conductance
The current entering the wire from the left lead, in units withe= h =1,
Z
Jo= dicg(M) ¢ oT) (5 rTR (4.9)
wheref (I; ;T ) is the Fermi distribution function and

G(1)=4 2Tr G (1) =(1)G (1) (1) : (4.10)

G(!) is the transmission function and can be interpreted as the scattering amplitude of

the scattering process where an electron from the left reservoir is transmitted into the right

reservoir. SettingT, = TR =0, .= + =2and R= = 2, this current expression
reduces to,J, = G( ) . Therefore,G( ) directly gives the conductance of the reservoir
at energy,

Charge and current density

The charge density and the current density can be computed from the correlation matrig,

with components given by,

Clxy;a;xSySh = Yxy) o(x5y) ; ab=1;2 (4.11)

67



where the expectation value is taken in the non-equilibrium steady state. From Sec]2.3, this
is given by
VA 1

C= . d [CL()F( T+ G v TR (4.12)

whereC, (! ) and Cr(! ) are given by,

Cir(1)= G (1) ==(1)G (1) (4.13)

The charge density and the current density are given is given in terms 6f as follows:

a(Xy) = CIxy;a;xy; al; (4.14)
X2

JIxy;x%yq=4 Im Hw[xy;ax®y%HCxy; a;x%y%h : (4.15)
a;b=1

J [x;¥;x%y] is the net particle current on the bond between the lattice point X;y) and

(x%y9. Clearly, it is zero if the two are not nearest neighbors on the square lattice.

We note that while Eq. (4.15) gives us the current density inside the system, it is slightly
more non-trivial to obtain the current density in the reservoirs. However, with a simple
modi cation of the geometry of the system, the NEGF formalism can still be used to compute
the current density in the reservoirs. The main point to note is that in the NESS of the full
system and reservoirs, the state inside the reservoirs has also evolved and in fact contains
information about the scattering states (plane waves incident from either reservoir onto
the scattering region formed by the insulator). To see the steady state pro le inside the
reservoirs, we simply consider a setup that consists of the insulator sandwiched between
nite metallic segments, which are in turn connected to the reservoirs (again formed by
metals). In Fig (4.3), we show a schematic, of the original and of the modi ed setups, where
the red regions correspond to the left and right reservoirs, green regions are normal metallic
regions and the blue region is the Chern insulator. However, in the new setup, we can now
use NEGF to compute current everywhere inside the system, including the metallic sites.
The current density in the normal metallic region would be identical to that in the reservoirs
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in the original setup because of the uniqueness of the NESS.

ForT,=Tg=0, .= + _and = + grwith |; gr<< ,the expressions

for the current density can be further simpli ed. We can write the current density as

J =J+Jg; (4.16)

whereJ_ and Jr are contributions of the left and right reservoirs, respectively. These are

given by,
Z =R
IR (XY x%Y9 = diIm Hwxy;a;x%ySHCr X y;a; xS ySH(!) :
a;b=1 1
(4.17)
If  |-r are small, then this equation could be expressed as,
Iy xSy = 3 SRy xSy + I D6y xS yT; (4.18)

whereJ 5% and J g is the equilibrium and the excess part of -, respectively. These are

given by,
32 Z
I xy:ix%yy= dIm Hw[xy,a;x®y*bCr[x;y;a;x%y% () ; (4.19)
a;b=1 1
I o x v: X° X2
R DYDY T beys @iy HC L [y YR B ) (4.20)
L=R ab=1

Therefore, the net current densityd = J_ + Jg, can also be split into the equilibrium part,
Jea=J°%+ 339 and the excess part) = J. + Jg. Inside the normal metallic region,
the equilibrium part of the current density on every bond would vanish. However, since
the Chern insulator can support chiral persistent edge currents, @ would not be zero on
and close to the edges. Note however that if we sum this over all horizontal bonds across
any transverse cross-section there will be no net current, as expected in equilibrium. On

the other hand, the excess current] , is a relatively small correction overd €9, and is the
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transport current arising due to the chemical potential di erence between the reservoirs.
Only the total current is expected to respect the chirality of the Chern insulator, not the
excess current. As the excess current is proportional to |-r, this implies that the current
inside the insulator ips its sign, on changing | -r to L=r and could ow opposite to

the chirality of the insulator.

With similar arguments, the excess charge density, = €4 where €9 is the charge
density for | = r = 0, can be expressed in a form similar td . We get:
X2
(x;y) = Cxy;axiy;al( ) o+ Grixy;axy;al ) re (4.21)
a=1

For the SBHZ wire, the edge modes lie within the gap, we therefore always setto be
within the gap of the insulator. In the next section, we present numerical results for the

conductanceG( ) and the excess charge and current density pro les.

4.2 Numerical results

4.2.1 Conductance

In Fig. (4.4), we plot the conductance as a function of the Fermi level, for two system
sizes. It is seen that when the Fermi level lies in the gap, the value of the conductance
(in units of €?=h) is quantized to the value 1. This conductance plateau is due to the edge
modes present in the gap of the bulk spectrum. In Fig[ (4.4b) and Fig. (4.4c) we show the
variation of the strength of the plateau at Fermi level = 0 with the strength of the coupling
with the reservoirs, . and width of the insulator, Ny, respectively. From these plots, we
see that the conductance strength grows to the quantized value and eventually becomes
independent of . and Ny, when they are su ciently large. The growth to the quantized
value is oscillatory, with exact quantization being achieved at certain values of and Ny.

The inset of Fig. b) shows that the oscillation period scales Ns,lzz c. The conductance
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Figure 4.4: In (a) we show the variation of the conductance with the Fermi level,. (b)
and (c) show the variation of the conductance at the Fermi level, = 0, with . and Ny,
respectively atNy = 100. The inset in (b) shows that, on scaling . with Nylzz, the peaks
in the oscillations coincide and therefore the period of the oscillations s.calesl\#ﬂs=2 c. (d)
shows the variation of the conductance at zero Fermi level with. at di erent N, with
Ny =100. Parameter values; for (aNx = Ny = N, ,=2, =1, =1:5and for (b), (c)
and (d) ,=2and , =1.
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does not depend on changiny, at xed N,. This can be seen from Fig.4d) which shows
the variation of the conductance at zero Fermi level with respect to. at di erent values of
NX-

4.2.2 Charge and Current density

We rst look at the excess charge and current density inside the Chern insulator, with the
Fermi level set at = 0. From Fig (4.5), we see that the current ows along the edges of the
insulator, and the charge density is also localized along the edges, as expected. The excess
charge and current density are sensitive to the choice of | and . This can be seen by
comparing Fig (4.5a) and Fig [(4.pb) for the choice & =0, with Fig (4.5¢) and Fig (4.5d),
where we set | = 0. For these choices, the current ow is according to the chirality of the
insulator. However, on changing the signs of | r, we note that currents everywhere are
reversed, which means that the excess currents inside the insulator are of chirality opposite

to that of the isolated insulator.

Next, in Fig 4.6, we show the excess current density inside the normal metallic regions.
Remarkably, the excess current density is sharply localized even in the normal metallic
regions. We see that the current primarily ows along the lines at 45 degrees to the horizontal
direction and gets multiply re ected until it reaches the top corner of the SBHZ wire. At
this corner, it gets injected into the insulator inside which it ows along the edges and then
leaves at the diagonally opposite corner where it enters the normal metallic region on the
other end. These features smoothly fade away as we tune the Fermi level of the reservoirs.
Thus, we see in Fig.[(4]6b) that at = 0:2, the localization of the current disappears deep
in the metallic region. The fact that the observed localization is sharp at = 0 seems to
suggest that it is very special to the scattering state formed by the isolated edge modes of
the insulator and the reservoir modes present at zero energy. At zero energy, the Fermi
surface in the bulk of the reservoirs is a square in momentum space. The localization could
arise from a particular superposition of the modes on this surface. As an example, consider

the setup in Fig.[4.T where a current is injected into a semi-in nite metallic strip of width
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Figure 4.5: Excess charge density and current density inside the Chern insulator at the
Fermi level, = 0. Deep in the insulator (marked blue) the density has a value less than
10 8. In (b) and (d), the size of the arrows indicate the current strength. Parameter values:
Ny=Ny=20and ,=1, =1, ,=1.
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Figure 4.6: Excess charge and current densities in the reservoirs and the SBHZ wire. Deep
inside the insulator (white region), the density has a value less than 19 The current in the
reservoirs is localized along the lines at 45 degrees to the horizontal directions. Parameter
Values{Size of the SBHZ wire (blue region)=30 20, r=0, = =1and , =1
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Figure 4.7: A scattering state at zero energy in a 2D metallic strip with injection at the
left bottom corner. The wavefunction is non-zero only on the green-marked sites, with
the amplitudes indicated by A; B; C and their combinations. The red arrows indicate the
currents. If the hopping from the 1D reservoir to the 2D metallic strip is set, then

a similar solution for the wavefucnction could be constructed by making the replacement
(A+C)! (A+ C)=.inside the 1D reservoir andB ! B= . inside the metallic strip.

W at the left-bottom corner through a point contact with a 1D reservoir. The motivation

for considering such a setup comes purely from the numerical observation (in Fify. {4.6))
that the current is injected at the corner into the metallic region. For simplicity, let the
Hamiltonian of the 1D reservoir and the metallic strip be the nearest neighbor tight-binding
Hamiltonian, with all the hopping parameters, including the hopping for the point contact

at the corner, setto 1. Therefore, at any lattice siteX;y) on this setup, the equation for the
wave function at zero energy would be that the wave function components at lattice points,
that are nearest neighbor to X; y), should sum to zero. In Fid 4.]7, an ansatz is presented for
one such scattering state at zero energy | this displays a similar current localization as we
see in our original model. The wave function is non-zero only at the green sites, whareB,

and C are arbitrary complex numbers, and is zero otherwise. A& ! 1 , the ansatz can

be written as a simple superposition of states on the square Fermi surface. The existence
of such states seems to suggest that the observed localization may be a consequence of the
current injection at the corners, which in turn is related to the edge physics of the Chern

insulator.

If the Fermi surface is slightly deformed, we expect these features to be retained up to slight

perturbations. To check this, we introduce anisotropy in the reservoirs by choosing the
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Figure 4.8: Excess current density in the anisotropic reservoirs and the SBHZ wire. The

anisotropy is introduced by choosing di erent hopping, denoted by, and y, in the x andy

directions respectively. The current in the reservoirs is localized along the lines at 45 degrees

to the horizontal directions. Parameter Values{Size of the SBHZ wire (blue region)=3020,
R=0, x= =1, =0and , =1.

hopping in the x and y directions to be ,x and ,, respectively. The results are shown in
Fig. @), where we plot the current densities for,, = 1:1, ,, = 1:2 and py = 1:3 with
bx = 1. We see that the localization feature is indeed retained for small perturbations but

slowly gets washed away for increased anisotropy. Interestingly, on changing, the angle

of the lines with the x-axis also gets changed from 45 degrees.
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4.3 Conclusion

In conclusion, we looked at electronic transport properties due to the edge modes of a Chern
insulator in the open system geometry and using a microscopic approach based on the NEGF
formalism. For arbitrary choices of the coupling between the insulator and leads, we nd
that, in the topologically non-trivial regime, the conductance is quantized and the transport
current and charge densities are localized along the edges of the insulator. This is as is
expected from a phenomenological Landauer-Buttiker argument with perfect point contacts.
We nd several interesting results on nite size e ects and properties of the current density

inside the reservoirs. We discuss our ndings below:

We have provided numerical evidence, in a speci ¢ model, that the two terminal lon-
gitudinal conductance of a Chern insulator in an open geometry, namely coupled with
metallic leads is quantized. An analytic proof of this for a large class of models is desir-
able and remains an open problem. The conductance, at Fermi levek 0O, increases
non-monotonically with the coupling of the insulator and the reservoirs. The growth

to the quantized value shows oscillations with a period that scales as,lzz c

Our most interesting nding is that, at zero Fermi level, despite the fact that the CI
and the leads are coupled throughout the edge, the current injection into the Cl and
ejection from the CI occurs only at the corners. Furthermore, the current density in
the leads is sharply localized in the metallic leads, at the scale of a few lattice spacing.
These features remain roughly true for small perturbations of the geometry of the

Fermi surface of the leads.

The quantized conductance is a topological property. For an open system, it is phys-
ically reasonable to de ne a topological property as one that is independent of the
details of the properties of the leads and the coupling of the leads to the INT. On the
other hand the patterns of current densities and charge densities, namely the geome-
try of these observables are dependent on the model. We present numerical evidence

that, the geometry of these observables are largely determined by the shape, namely
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geometry, of the Fermi surface of the leads. We illustrated this by looking at current
densities as the Fermi level is tuned away from zero, and by introducing anisotropy

inside the metallic leads.
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Chapter 5

Classical harmonic wires in presence

of a magnetic eld

Heat transport in harmonic wires has been extensively studied. Ordered harmonic wires
lead to ballistic transport where the heat current saturates in the thermodynamic limit, on
the other hand for disordered harmonic wires the current goes down with system size due
to Anderson localization. Typically, due to Anderson localization all the energy modes get
localized with a energy dependent localization length and the heat current scales exponen-
tially with system size. However, for special cases of disordered parameter, for example
mass disordered harmonic chains, the localization length diverges as the energy of the mode
approaches zero. Therefore, low energy modes still contribute to the heat transport and due
to this the current scales as a power law with system size. This power law is dependent
on the behaviour of the transmission and the localization length at low frequencies. The
behaviour of the transmission is dependent on whether the ends of the harmonic chain are
free or xed. Due to this the current power laws also depend on the boundary conditions.
For mass disordered harmonic wires, these power laws were found to beN*? and 1=N32

for free and xed boundary conditions respectively.

Harmonic wires in presence of magnetic elds were recently studied and several interesting

results on the behaviour of heat transport were obtained [48,'49,/50]. Particularly, Ref, [48]
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studied harmonic wires with magnetic eld and stochastic momentum exchange(modelling
non-linearities) and showed that the current exponent is completely changed in presence
of a magnetic eld. This was attributed to the fact that the magnetic eld changes the
spectrum of the system and the lower band shows a dispersior(g) . In this chapter,

we investigate the question of heat transport properties in absence of the stochastic noise

but with ordered and disordered magnetic elds.

In Sec[5.1, we introduce the model and derive the heat current for any spatial con guration
of the magnetic eld using the NEGF formalism. We discuss brie y the similarity with

the 1-D Kitaev chain. We also express the Green's function as product of matrices which
is useful to make analytical progress. In Sef. 5.2, we consider the ordered case and derive
the expression for the heat current in the thermodynamic limit for two di erent boundary
conditions. From these expressions, we discuss the low frequency behaviour of the heat
transmission, and we nd that the presence of the magnetic eld strongly modies this
behaviour. In Sec[ 53, we look at the disordered magnetic eld case and derive the behaviour
of the Lyapunov exponent (inverse of localization length) at low frequencies. Using the results
for the transmission and the Lyapunov exponent at low frequencies, we obtain the power
laws for the for the current by using heuristic arguments. We also obtain the power laws
numerically. On comparison with the theory, we nd that for the case where expectation
value of the magnetic eld is non-zero we see a good agreement. However, for the expectation
of the magnetic led to be zero, we don't nd a good agreement between the theory and the

numerics. We provide an explanation of this disagreement.
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5.1 The model and derivation of heat current using

NEGF

5.1.1 The model

We consider a chain oN harmonic oscillators each having two transverse degree's of freedom
so that every oscillator is free to move in a plane perpendicular to the length of the chain. We
choose the plane of motion to be the y plane and denote the positions and momenta of the
n™ oscillator by (x,;yn,) and (pX; p) respectively, withn = 1;2;:::;N. The oscillators are
assumed to have massesy, and each carry a positive charge. We consider a site-dependent
magnetic eld B, = B,¢e,, perpendicular to the plane of motion, which can be obtained from
a vector potential A, = ( Bnyn;BnXn;0) at each lattice site. The Hamiltonian of the chain

is given by:

X (pj + eBnYn)2 +(p eBan)2 + kX\I (Xn+1 Xn)2 + (Yn+1 yn)2
2m 2

n=1 n=0

H =

wherek denotes the inter particle spring constant. We will consider the two di erent bound-
ary conditions: (i) xed boundaries with xo = XN+ = 0 and (ii) free boundaries with

Xo = X1; XN = Xn+1. In order to study heat current through this system, we consider the
1t and the N oscillators to be connected to heat reservoirs at temperaturds and Tg
respectively. The heat reservoirs are modelled using dissipative and noise terms leading to

the following Langevin equations of motion:

mx, = k(Xn+l + Xn 2 Cnxn)"' eBnyp + E(t) n1t é(t) n:N ( n1t n:N )X ; (5-1)

mYn = k()/n+1 + yn 1 Cnyn) eBn)in + K(t) n;1+ é(t) ;N ( n;1+ n:N )Yn: (5.2)

forn =1;2:::;N. Here ((t) = ( X(t); [(t)) and gr(t) := ( X(t); %(t)) are Gaussian
white noise terms acting on the ¥ and N™ oscillators respectively. These follow the regular

white noise correlations, -z (t) =r(tY) =2 T,z (t t9 (Boltzmann's constant is xed
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to one to simplify), where is the dissipation strength at the reservoirs. The coe cients,
x the boundary conditions of the problem. For xed boundariesc, = 2 for all n, while for

free boundary conditionsc, = 2 Rl nN -

5.1.2 Heat current using NEGF

For heat current in the setup considered here, we need to obtain the steady state solution of
R .

the equations of motion given by Eq.[(5]1)[(5]2). Denoting bu(*) = + i e " u(t)dt the

Fourier transform of any function u(t), we rewrite the Langevin equations in Fourier space

as

( m! Z+ ek + ! mit il N )xa(t)  iteB aya(!)
Kéner (1) Ky 2() =~0() na+ R(Y) ans (5.3)
( M2+ oK+l mat il an)¥a(l)+ 1eB pxa(!)

Kynsr (1) kyn 1(1) = ~)|_/(! ) 1t é(' ) nn: (5.4)

The noise correlations in Fourier space now satisfy . (! ) (=r(! 9 =( Tr=) (! +!9.

Let us de ne the column vectors

0 1 0 0 1
x1(!1) ya(! ) ol y('
x(!) y2(!)

X()= : , Y(1) = : ; 27 =
N 1(!) 1(!)
xn(!) () ') y('
to write Eq. (5.3) and Eq. (5.4) jointly in the block-matrix form
0 1 O 1 0 1
1) )@X(! A = @J(! ) with G ()= @ () k¢ )A; (5.5)
Y() ~() Ke) (1)
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where (!) and K (! ) are square matrices with matrix elements given by

[(Dne =( M2+ GK) ne K(nper + ne D+ 0! ot il v oo

[K( )] = ieBp! oo

From Eq. (5.5), we can write the steady state solution directly by inverting the matrix

G 1(!). Therefore we have

X X
% () = \ [GI () (1) + ‘ [G5 ()lny 2 (1); (5.6)
X X
Ya(!) = \ [GZ (" )y (1) + \ [G: (! )]ny =2 (1); (5.7)
where
Gt= + K K 'andGi= G'K & (5.8)

These two last matrices form the 2 2 block structure of the matrix G(! ) as

0 1
oy @G0 G,
Gi(1)  Gi()

De ning the square matricesG,_, =[G ,Yand - (')=[ Y(') (D)= 2! ( 1t
nn N ), One gets from Eq.[(5.B) that5,] * [Gy] t= Y + K VY 'K K K.
Multiplying this on the left by G and on the right by G; we get, after some manipulations,

the following relation:

Gi(') Gi(1)=Gi Gy +G; Gy (5.9)
This will be useful later on to put the heat current in the Landauer or NEGF form.

Having obtained the steady state solution, we now proceed to calculate the average heat
current Jy in the steady state. We can compute the current at any point on the chain since
the steady state value will be the same everywhere. Let us consider the current from the left

reservoir into the system. This is given by taking the steady state averadeiss of the dot
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product of the velocity of the rst particle with the force on it from the left reservoir, thus

W= G+ +hiOxil+ h YOyl

The rst term on simpli cation gives

£ dr N 2 2
G+yr = — 27T1? [GI(Nha + [G3( )
1
2 2 + 2 + 2 © .
+2 “Tr! % [GI(D)lun ~+ [Go (M )]an ; (5.10)
and the sum of the other two terms is given by
Z1 g

h {(O)xi,+ h Oy, = — I T+ i [GIT (1) T (5.11)

7 1

ld!IZn 2

1

(0]
24 ([GL(Man “+ [GE()an D) 2

(5.12)

=27, [GE()]ua °+ [Gh (1)

where in the last step we used Eq[ (§.9). Adding Eq[ (5.10) and Eq. (5]12) we nally get
vA 1
1

where Ty is the net transmission amplitude across the harmonic chain de ned by

2 2 h 2 2i
()= =17 [GI(MNun "+ [G5(N)lan ~ (5.14)

Note that in the absence of the magnetic eldB, = 0, the Green's function, G, vanishes
and we recover the current due to two uncoupled oscillator chains [68]. The magnetic eld
couples the two transverse modes. In fact, we see from Efg. {5.6) thaf (! ) connects the
x-displacements with they-displacements, and hence, it can be interpreted as the scattering
matrix for a x-polarized incident plane wave to be scattered into g-polarized wave. The
term involving Gj (! ) is the normal transmission amplitude which is attributed to scattering
of the incoming plane wave without change of polarization. The combination of the two
terms leads to the rotation of the polarization of the incoming plane wave.
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It is interesting to note that the mathematical structure of the Green's functions obtained
here is of the same form as that found for electron transport in superconducting wires
discussed in chaptef]2. Analogous to the scattering between transverse modes that we see
here, in superconducting wires, the superconducting order causes scattering between particle

and hole electronic states.

5.1.3 Green's function as product of matrices

We now rewrite the components of the two Green's functionsG[ (! )]y and [G3 (! )1n

de ned by Eq. (5.8), as a product of matrices using a transfer matrix approach. This will
give us explicit expressions for the two components enabling us to obtain analytic closed-
form results in special cases. We start by rewriting the equations of motion in a way such

that the 2N 2N matrix G (! ) appearing in Eq. [5.5) gets restructured into a 2 2-block

tri-diagonal matrix, G(! ). To that end, we de ne for eachk = 1;:::;N the column vectors
0 1 0 1
[ ~X(1
Ry)= @A 0y= @A,
y(!) =)

and notice that the Eq. (5.3) and Eq. [(5.4) can then be written as

X
[G ()l R(1) = ~a(!); (5.15)
=1
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where G (! )]k are 2 2 matrices de ned viaG (! ) given by

0 1
AW+l kl, 0 0 =i 0
Kl, Ax(1) Kklo 0O i 0
0 Kl As(!) Klo oo 0
G()= : : I :
kl2 An 1(')
0 0 0 i Tl I 2 AN(')+||I 2

Herel, refers to an n identity matrix, while A-(! ) is the 2 2 matrix de ned by
0 1
A‘::A\(!):@m!2+0k eB - A. “=1:::0N:
ileB - m! 2+ ck
Notice that Eq. (5.15) givesR-(! ) = P IG(! )]k (! ), so on comparison with the solution
in Eq. (5.6) and Eq. (5.7) we can write the components of the 2 2 matrix [G(! )]x; to be

0 1
@ [GJlr (! )]n;‘ [G; (! )]n;‘A :

[G; (! )]n;‘ [GJlr (! )]n:‘

G )]ny = (5.16)

Thus we now require the 2 2 block [&(! )]1.n to calculate the components@; (! )]y and
[G5 (! )]n - Since the matrixG (! ) is tri-diagonal, [G] (! )]1.n can be expressed as products
of matrices using a transfer matrix approach. This may be achieved by writing down the

rst column of equations from the identity G(! )G (! ) = I,

Gl;]_(A]_ +ill 2) kGl;z = |2 ; (517)
Gy 1+ Gra Kk 1GyA =0 1< <N; (5.18)
Gl;N (AN +ill 2) kGl;N 1=0: (519)
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We now write these equations in the form

0 1
Ar+ill 5 Iy
Il Gi1 = Gi Gp @ A (5.20)
Kl 0
0 1
kK 1A |
G.1 Gy = G- Gony @ A 1< <N (5.21)
| 0
0 ? 1
K (AN +ill ) Iy
Gn: Gn = Gy 0@ . OA: (5.22)

We then use Eq. ) in Eq.[(5.20) repeatedly and nally use Eq[ (5.p2) to get,

|2 (3_[1 = GI.N 0 L N R (523)

with the the 4 4 matrices _; n; r dened by

0 1 0 1
L:@lz ITIZA’ R:@k|2 OA’
0 0 I P
0 1 0 1 (5.24)
W W 1A. W \ y
y = o @k A IZA: @a|2+b |2A
=1 =1 2 0 =1 2 0
where ¥ = (9 ') is the second Pauli's matrix and
a:=a()=( m?2+ck)=k; b:=b(l)=l!eB - =k: (5.25)

Thus we have expressed the required components of the Green's function as a product of
4 4 matrices -. This product can further be simpli ed by making a unitary transformation

such that ¥ = UY 2U with 2 = (3 ©) the third Pauli's matrix, in order to diagonalise
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the matrix al,+ b Y . This makes the product to be
0 1 O 1 0 10 1

Y . y y W . z
\ = @a|2+b |2A:@U OA @a|2+b IZA@U OA

=1 I 0 0 U 4 I 0 0 U

The product in this equation is now composed of 2 2 diagonal blocks and therefore we

have that forany 1 n N,

0 1
0 0 gr 0
Y @aI2+b z % f, 0 d,
=1 frTl 0 O 1 0
1 0 O 1

where the numberd , ;g,, de ned for n = 0; 1;::; N, follow the same second order recursive

equation but with di erent initial conditions. More exactly we have that for

fn+1 :(an+1 b~|+1)fn fn 17 fO :1, fl = Q,

Oh+1 = (an+1 bn+1)gn b v D :0; 0 = 1:

(5.26)

Therefore, the 4 4 matrices in the product are e ectively reduced to 2 2 matrices. The
expressions foff , ; g, could be exactly found for the two boundary conditions. We do this
in the next section, for now we conclude this section by expressing required components of

the Green's function using the variabled  ;g,. We useU = pl—i( ' 1) to rewrite \ as,

0 1
i(fg + f ) (fn ) (o + ov) (9% 9v)
_ 1 Q i(fy +fy) (R o) (o + ov)
L=
2 ﬁ fu 1) (fv 1 fn D) G 1+t ow ) (1 o)

fn 1) ify 1+fn ) (1 O D) iy 1+ O 2
(5.27)
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We de ne the matricesPy and Qy as follows,

0 1 0 1
py= L@ i) N fu g o 1gi@*ra) & oo,

= + N NE ' - (5.28)
I (fy ) i(fg + ) I (v Ov) i(oy + 9y)
Then 0 1
P
=@ " A (5.29)
Pn o1 Qn 1
Substituting n from Eq. (5.27) in Eq. (5.28), we can show that
0 1
_ 2| 2 I(Fu + Fy) +(Fy  Fyn)
l,=G.n kPy+i! (Qn + Py 1) kQNI:Gl;N@21N+ N le T NIA
7(Fv Fy) o 3Py + Fy)
(5.30)
!
Gui=Gn Qnt i?QN 1 (5.31)
where
Fv = Fy()=k fgu+igh(ogy+fy 0 k_il 29N 1 - (5.32)

Using Eq. (5.16) and inverting Eq. [(5.3D) gives us the required components of the Green's

functions:

1 1 1 1 1 1

Gilin = = +— and Gilin= = — —

(Gl = 3 Fy  Fy S Frv  Fu
These then give, using Eqs[ (5.13)-(5.[L4), the heat current to be

n #
ZZ 1 1 1

In=(T. Tr)— drt 2 ——+ . (5.33)
! Fa()? Fyu()

Thus we have now obtained a new expression for the net transmission amplitudig(! ).
In the next section we use this form and, for the case of a uniform magnetic eld, derive
analytical expressions for the current in the thermodynamic limit. Before that, we take a

quick digression to discuss the temperature pro le.
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Temperature Pro le

We can also obtain the temperature pro le of the chain, which is de ned a& = mhx?(t) + y2(t)i.
Using the steady state expression fot:(t) and y-(t), we can show that this is given by,

Z1 d! . P .
—m! 2 [GI(NIi*+ G5 (1)]rj? (5.34)

T=T. +Te@ )
1

Using Eq. (5.20), Eq. [(5.2]L) and Eq.[(5.22), we could obtain the matrix blod®, containing
the required components for the temperature pro le, to be,

0 1

kP- +i1Q - Q
I, Gu = G Gya  rR= G Gy @ | A (5.35)
kP- 1 11Q Q 1

where - is de ned by Eq. (5.27) with n replaced by". Using this equation we can write

linear equations forG,: and G;-+1 in the block form as,

l5 il Gy = leP G 1 +1 kP- 1, (536)
Gu=6G60Q G1+1Q 1: (5.37)

Gy, is obtained via Eq. [5.31). This set of equation seems complicated to simplify further but
when evaluated numerically, for an ordered chain, we obtain the results given in Fig (6.1).
The temperature in the bulk is the same as for zero magnetic eld casel (+ Tr)=2 and

the magnetic eld mostly e ects the pro le near the ends of the chain.
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(@ B=0 (b) B=0:5

Figure 5.1: Temperature distribution for the ordered chain. Parameter values |e= m =
k=1;N=32;T. =3:5,TR =1:5.

5.2 Expressions for the current in the thermodynamic

limit for the uniform magnetic eld case

We consider a uniform chain B, = B for all n =1;2:::;N) and derive the expressions for
the current in the thermodynamic limit,

J, = lim IN;
N1

for the cases of xed boundary conditions and free boundary conditions.

For the in nite system, the phonon spectrum consists of two band§! (g) ; 92 (0; )g
where2n! (g)= eB+ P (eB)2+8mk(1 cosqg). The bands are gapped foeB > P 2mk.
In Fig. (@a) and Fig. b) we show the spectrum foeB < P 2mk and eB > P 2mk

respectively. In the former, the bands overlap while in the latter they are gapped. We

expect the transmission to be zero outside the bandwidth of the two bands which becomes
explicit in the thermodynamic limit. We will show that in the thermodynamic limit, the
current expression in Eq.[(5.33) is the sum of two terms due to the two frequency bands of

the system. Also, in the small limitwe will ndthat T, (! )=Ilimy; Tn(!) is equivalent
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(@B=1 (b) B=2

Figure 5.2: Spectrum of the chain in the bulk. Parameter values |[e= m = k = 1.

to ! 322 and ! **? for free and open boundary conditions respectively. We consider the two

boundary conditions separately and set = e = 1 without loosing generality.

Fixed boundary conditions:

can be found exactly from Eq.[(5.26). Recalling Eq[ (5.P5) let us denote := q (!) 2 C
such that

2cosq (!) =a(') b()=2 m? B (5.38)
We obtain
. Cr1 \
f. = W and g =f. , (for" 1) (5.39)

Recall Eq. (5.33). If! is not in the frequencies band de ned byl * (resp. ! ) then
g (') (resp. g (!)) has a non-vanishing imaginary part and=y (! ) (resp. Fy (! )) becomes

exponentially large inN, so that these! 's will not contribute in the thermodynamic limit
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to the heat current.

We therefore obtain in the thermodynamic limit,

2 41 2" 1 1 i
Ju =T Tr) — fim (120"! )7 R’
22 N G [ @F
= — | d! —_— d! P —
oW L Y9 @ o YR @

where in the second equality, the 2 comes from the fact that by symmetry we restricted us

to positive frequencies.

To obtain the limits, we follow the steps given in[[68]. By using Eq[(5.32) and Edq (5.39)

we can expres$, (! (q) as

Full @)= gl (@sin@N)+ (@) cosa)l; (5.40)

@=@ ' (q1*)cos@+2i! (a); @=@@+ [ (91*)sin(q):

We have then to study the limit asN !'1  of

Z e Sie(@l (Al oz H @

» 9 Gd @G+ (@cos@NP - o YT+ R (@sn@INT T (@)
where

H (9= . @ @sm@n @r
“§ @P+] (F @d !
and
2R — eaia >
R (@cos' (@ = ot @ @) o eest (@ =1 T (@)

jo@pP+j (@ i @F+] @F

(o) is the complex conjugate of (). It can be shown [68[ 69, 70] that

|' z H (9 G e @
W MR @sn@aN T @) o PT R oF
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In

J1

Fixed BC \ Free BC

Fixed BC \ Free BC

N=10,B =1 0.179 0.160 0.179 0.158
N=20B=1 0.179 0.158 0.179 0.158
N =10,B =2 0.163 0.121 0.163 0.131
N=20,B=2 0.163 0.131 0.163 0.131

Table 5.1: Comparison of numerical values of the current for niteN and the value of the
current in the thermodynamic limit for =02, m=k=e=1, T, =1;Tgr =0.

Since we have that

S S N B
"1 RP 2Im( )
and
Im (@ (@ =2! (g 1+ ? (g)* sin(@d 0 forgq2(0; );
we get that
Z 2 2
, @! sin(g)[!  (9)]
lim dg (0)- . >
N 0 @4 ) (dsin(aN)+ (o) cos@N)] (5.4)
1’ @ ! (q)sin(q)_1Z!()I!sin(q(!))_
"2, Yedlir @r 2, o ¢ T1r e
We conclude that
8 9
<Zi(y rsin@() %' O tsin@ ()7
Ji =(Te Tr) -, o d s * o d e (5.42)
The two integrals run over the two bands of the spectrum:![ (0);! ()] =[0;( B +

P P B2+ 16m)=2m]. We see that in the

BZ+16m)=2m] and [ *(0);! *( )] =[B=2m; (B +
thermodynamic limit the transmission is exactly zero at energy values outside the two bands
of the spectrum and also the current is explicitly expressed as sum of two terms coming from
the two bands. For smalll behaviour of the transmission;T; (! ), we take the contribution
(0) =0). It

1372 for B 6 0 while for B = 0,

due to the lower band (depending on the sign &fB we have! *(0) = 0 or !
is straightforward to see from Eq. [(5.42) thatT; (! )
T. (1) 2
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(a) Fixed BC (b) Free BC

Figure 5.3: Comparison of the transmissiofy (! ) for xed and free boundary forN = 20
with T, (! ). Parameter values| m=k=e=1, =0:2andB =2.

Figure 5.4: Variation of the current with the magnetic eld. Parameter values | e= m =
k=1; =0:2, T, =1;Tg =0.

Free boundary conditions:

For free boundary conditions we have: =2  .;  -y. Recalling Eq. [5.25) and the

de nition of g = q (!) 2 C the numbersf. ;g can once again be obtained with from
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Eq. (5.26). We have

and g = fy ;= Sinﬁq j(sin@ N) sin@ (N D);

whereq is de ned in Eqg. (5.38). Using these we can expre$y, de ned by Eq. (5.32) as

Fy(t (@)=

Sugl @SN+ (@ cosN)

where

(@ =2(cos(@ 1) ' (qJ?cos@+2i! (Q(1 cos@):;
(@= 2 (gP*sin@+2i! (g)sin(o):

It has the same form as~ appearing in Eq. [5.4D) but with di erent expressions for

and . Hence using the same method, and noticing that

Im (@ (@ =2 [ (@sin@ B+ *+m! (g

we deduce that

8 9
<Z!+(>d' sin(g* (1)) 21 () ,sin@ () =

Ji =(TL Ta) — ! 4 ! 1 (5.43)
! LR '+ ) B+( 2+ m)! - B+( 2+m)!;

As in the case of xed boundary condition, we have expressed the current as the sum of two
integrals running over the two bands of the spectrum. However, from this expression, for
small! behaviour of T, (!), the lower band givesT, (!) !*?and !°forB 6 0 and

B =0 respectively.

In Fig. (5.3a) and Fig. (5.3b), we show a comparison betweeR (! ) derived for the two
boundary conditions with the respect transmission obtained numerically fod = 20. It can

be seen that the transmission in the thermodynamic limit looks exactly like the envelope
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covered by the transmission for niteN. Table 1 shows the comparison of the numerically
obtained current for N = 10;20 andB = 1;2 with the value of the current calculated from
the Eq. (5.42) and Eq. [5.4B) for the two boundary conditions respectively. These show a
good agreement. We also show in Fig. (5.4) the variation of the current in thermodynamic
limit J; with respect to the magnetic eld and we nd that it decreases monotonically to O
with the magnetic eld B, as =B? for large B, independently of the boundary conditions.
We can also check easily thatthe ImiB! OandN !l commute, i.e. the limit ofJ; as

B ! 0 is equal to the normalised current of the ordered harmonic chain without magnetic

eld considered in [71[ 72| 73, €8], for free and xed boundary conditions.

5.3 Disordered magnetic eld

In the Sec.[5.1, by using the non-equilibrium Green function formalism, we obtained an
exact expression for the heat currentJy, in the steady state of the chain for any spatial
con guration of the magnetic eld. We now consider the magnetic eld to be disordered.
We denote byhlyi the expectation of the heat current with respect to the magnetic eld

distribution hi and our goal is to understand its scaling behavior il .

Note that the iteration in equation Eq.[5.26 for €, )n o and (g, )n o can now be thought in

terms of the two dimensional discrete time Markov chainl,), o given by
0 1 0 1
Unsy = @2 ¥ B 1 A U,; where U, = @ " A and m= k=1; (5.44)
1 0 Un 1
by choosing suitable initial conditions. By replacing theB,'s by B,'s in the last display,
we see that {, )n o and (g, )n o can also be expressed in terms ot(), o . The state of
the Markov chain is nothing but the result of a product of 2 2 product of independent

and identically distributed random matrices. Roughly, the behaviour oF, is related to the
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growth of kUy (! )k which will be in the form € (N where

1 1
()= Lllrln %HogkUn(! ki = r|1|1r1n ﬁHogJun(! )ji > 0; (5.45)

with h::ii denoting a disorder average, is half the Lyapunov exponent associated to the
Markov chain (U,), o, or equivalently of the corresponding product of random matrices.
The limit exists by Furstenberg's Theorem[[74], is non-negative, independent of the initial
condition Uy and the limit holds in fact also for any realisation and not only by averaging

over the magnetic eld distribution.

For now we quickly discuss the e ect of localization due to the random magnetic eld on the

heat transport and the need for calculating the Lyapunov exponent(! ) for small frequencies

5.3.1 E ect of localization due to random magnetic eld on the

net Transmission

Using Eq. (5.14), we can calculate the net transmissiof (! ) for any spatial con guration
of the magnetic eld using a computer programme. In Fig|(5]5a) and Fig[ (5.5b) we plot the
net transmission function with! for a uniform magnetic eld and for a random magnetic eld
for di erent system sizes respectively. On comparison of the two plots, we can see that the
randomness causes suppression of the net transmission and also the net transmission for the
random magnetic eld case goes down with system size while the system size has nearly no
e ect on the transmission for the uniform magnetic eld. The suppression in case of random
magnetic eld is due to localization of the normal modes of the system. The normal modes
of frequency! get exponentially localized due to randomness with a localization length given
by 1= (! ) where (!) is the Lyapunov exponent de ned in Eq. [5.4p). As a result of this
they a priori do not contribute to the transmission. However, note that the transmission for
random magnetic eld is higher near! = 0 and goes down as we move away which means
that the normal modes with energies closer tb = 0 have a larger localization length, i.e.
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(a) Uniform magnetic eld (b) Random magnetic eld

Figure 5.5: Variation of the net transmission, in units okg = 1, with ! for uniform magnetic
eld, panel (a), and random magnetic eld, panel (b). The axes are in log scale and= 0:2.
The magnetic eld in (a) is set to be 1 on all oscillators and in (b) it was chosen uniformly
from the interval (0;2). As can be seen clearly from the plots, the localization e ects cause
suppression of the transmission.

(!)! Oas! I 0. Since we are eventually interested in the size dependence of the current,
for large N, which is the integral of the transmission over all , we can reduce the integration
limit to values of ! for which the localization length is greater than the system size. For
the remaining! values for which the localization length is less than the system size, the
transmission would be negligible. Hence, we cut o the integral limittd = !\ where

1= (! N..) = N and the current is then given by

Z,n Z

ma

Wni 2(TL Tr) di Jim hR ()i =2(Te Tr) AT () (5.46)
0 : 0

Note that the frequency! ). would be very small for largeN , and for such small frequencies
we expectT; (!') to have a weak dependence on disorder [since in the recursion Eq. (5.44),
the randomness is multiplied by ] | hence in the above equation T; (! ) is written without

a disorder average and can in fact be determined by considering the chain irc@nstant
magnetic eld of strength lBi. In Sec.[5.2, we showed that for constant magnetic eld

Bi&o0o T.(!) !®*2and ! for xed and free boundaries respectively, while for
99



MBi = 0 it goes as! 2 and ! ° for the two boundary conditions respectively. To determine
the size dependence of the current in addition to the small behaviour of T; (! ) we also
need the small!l behaviour of (! ). We now proceed to the next section where we discuss

the Lyapunov exponents of this equation.

5.3.2 Analysis of the Lyapunov exponents

In this section we present theoretical and numerical results on the asymptotics of Lyapunov
exponents for small for the Markov processes de ned by Eq[(5.44). The Lyapunov expo-
nents are independent of the boundary conditions { so for this section we only work with
xed boundary conditions by setting ¢, = 2 for all n { and of the initial condition of the
process { i.e. it is the same fof , and g,. We show that Eq. (5.44) has three di erent
behaviors for the Lyapunov exponent depending on the expected valb®i of the random
magnetic eld. For hBi > 0 the Lyapunov exponent satises (! ) ! and for BBi < 0,
(') !*¥2 However, fornBi =0, (!) ! 23, Similar Lyapunov exponent behaviours are
found for a harmonic oscillator with parametric noise,[75] and we will see that Ed. (5]44)

could be written exactly in this form in the continuum limit.

Theoretical results for Lyapunov exponents

Let (z): o 2 R? be the solution of the following stochastic di erential equation (with arbi-
trary initial condition)
z= Az +" A1z ; (5.47)

where" is a small positive parameter, > 0 a constant, ; a one dimensional standard white

noise andAo and A; are 2 2 matrices such that

0 1 0 1
0 1 0 O

Ag= @ A: A=@ A withc2R:
c O 10
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The Lyapunov exponent ,(") of the process %); o is de ned by
1 .
2(") = lim fhlog kz:ki ; (5.48)

whereh i denotes the expectation with respect to the white noise. It is proved in appendix
that if we denotez, = (u;;v;)? then we have the Lyapounov exponent foru), o is the
same as for %), o:

(") = Itilrln %Hogjutji : (5.49)

The following result, proved in [/6], gives the behaviour of the Lyapunov exponeni(") for

small noise
1. fc=0then ,(")= "( )"23 where”( )is de ned in Eq. (7.41) .
2. If c> 0then (") 8—(2:"2 .

3. Ifc< 0then (") pﬁ

A sketch of the proof of this result is given in Appendix 7]3.

Consider now Eq. |(5.44) de ning the discrete time Markov chairJ, = (un;u, 1)” and

rewrite it in the following form, for small ! ,
Uns1 + Up 1 2up = !hBiuy, ! (Bnhar hBi)u, + O(!?):

In the continuum limit, the discrete time process (,), o becomes then the continuous time
process (;); o solution of

el = ! kBiUt ! t Ut (550)

where (1); o is a standard white noise and 2 the variance of the 8,),. Dening w; =
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(u;up)” we see that the previous equation reads

0 1 0 1
0 1 0O O

w =@ Aw+ | @ Aw, (5.51)
'Bi 0 10

We are interested in the Lyapunov exponent of the processij; o (or equivalently of the

process \;); o as said before):
1 1
I\ = [ e D -
w() Itl!rln tHogkwtkl y{n tHogjutjl (5.52)

Eq. (5.51) looks similar to Eq. ) but to t perfectly with Eq. (5.47) we perform the time
scaling

bt = U=Pr

in Eq. (5.50) wich gives by scaling invariance of white noise
& = hBity, ! (5.53)

or equivalently for z = (4; &)~ the equation

0 1 0 1
0o 1 0 0

=@  Az+ 1 @ Ag: (5.54)
hBi O 10

With the previous notation we have hence
— p T 1=4y .
W)= () (5.55)

Eq. (5.54) ts perfectly Eq. (5.47) with c= hBi and" = ! ***. Then using point (i), (ii) and
(iii) of Eq. (5.47) and Eq. (5.55) we get

1. IfmBi =0, ,(1)="( ) 23 where”( )isdenedinEq. (7.41) .
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(@) Bi >0 (b) MBi =0 () MBi <0

Figure 5.6: Variation of numerically calculated Lyapunov exponent, = NlHogjuNji , with I,
Hogjuy ji denotes average of logly j over 100 realizations of the random magnetic eld. For
(@), (b) and (c) the magnetic elds were chosen randomly from the intervals (@), ( 1;1)
and ( 1;0) respectively. The solid line is the data from the simulation while the dashed line
is a power law t, C! 3, to the data with C and s as tting parameters. The obtained values
of the tting parameters agree appreciably with the theoretical values.

2

2. 1FBi >0, W(!) ! .

3. 1fBi<0, o) pthij! =2

It makes sense to believe that (! ) de ned by Eq. (6.45) and (! ) de ned by Eq. (6.59)
have roughly the same behaviour as ! 0 but a strong theoretical argument supporting

this belief is missing. However, in the caddi > 0, we can obtain directly the behaviour of

(! ) by following the approach of[[77] and we observe then a good agreement at rst order
between (! )and (! ), notonly at the level of the exponent in! but also at the level of the
prefactor, see Tabl¢ 5]2. Unfortunately we were not able to carry this approach fdBi < 0
or Bi = 0 and we decided hence to not pursue this approach. However numerical results

presented in the next section support strongly the claim that (! ) w()for! 1 0.

Numerical results for Lyapunov exponents

We numerically calculate the Lyapunov exponents by using Ed. (5]26) to generatg for 100
realizations of the random magnetic eld. The Lyapunov exponent would then be given by

= NiHogjuNji , whereN is the number of oscillators. We plot in Fig. ), the numerical
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Case Range ofB, |s: (!) CI*® C Ciheoretical
Bi>0 (0;0:25) 0.986 0.0045| 0.0052
o) (0;0:5) 0.999 0.0102| 0.0104
' 8hBi " (0; 0:75) 1.0005 0.0156| 0.0156

Bi < 0 ( 0:250) 0.492 0.315 0.353
| TET 122 ( 0:50) 0.492 0.444 0.5

(t) et ( 0:75.0) 0.491 0532 | 0.612

Bi =0 ( 0:25,0:25) 0.658 0.073 0.079

()= " )2 ( 0:505) 0.658 0.115| 0.127

' ' ( 0:75,0:75) 0.649 0.136 0.167

Table 5.2: Comparison of analytical prefactor for the three cases with the numerical prefac-
tor. For this table, N = 107.

data thus obtained for di erent ! and the power law t, C! 8, for the data with C and s as

tting parameters. We see that the values of obtained for the three casse$Bi > 0; hBi < 0

and Bi = 0, agree reasonably well with the theoretically expected values. The prefactor,

C, obtained for the three cases also seems to agree with the expected values from theory, see
Table 5.2.

We now have the behaviour of the Lyapunov exponents at smdll for Eq. (5.28) and we
found this to be di erent depending on the expectation value of the random magnetic eld.
The transmission is determined byf  as well asf,, and these two have di erent Lyapunov
exponents forBi & 0, therefore the larger of the two exponents will dominate in the
transmission. This is the Lyapunov exponent fof , for hBi > 0, while fortBi =0, f§ and

fy have the same Lyapunov exponent. In the next section, we determine the size dependence

of the current using these results for the Lyapunov exponents.

5.3.3 Size dependence of the current

We now have the small!l behaviour of (!) for the transmission. We found this to be
di erent for Bi & 0 and Bi =0, so we expect di erent power laws for the current for the
two cases. The boundary conditions will also play a role in the power law via the small

behaviour of T; (! ). We therefore take the case$Bi 6 0 and hBi = 0 separately for the
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Boundary Conditions | Average magnetic eld| T, (!) (") | Power law for the currenthlyi
Fixed Bi&0 132 ! 1=N>=
Fixed Bi=0 12 |23 1=N°%=2
Free Bi&0 1 1= ! 1=N3=2
Free hBi =0 10 | 2=3 1=N3=2

Table 5.3: Power law for the current for di erent boundary conditions and average magnetic
elds.

(@) Bi&0 (b) MBi =0

Figure 5.7: Numerically obtained power laws for the average current, averaged over 100
realizations of the disorder, with xed and free boundary conditions. ForBi > 0, B, is
chosen from (13) while for BBi =0, B, is chosen from ( 2; 2).

two boundary conditions.

Fixed boundary conditions:

(@ ForBi& 0, T, (!) !32and (!) !. Therefore using these in Eq[(5.46) we have
hyi  1=N52.

(b) For Bi =0, T; (!) !'2and (!) !23 whichgiveshlyi 1=N°%2
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Free boundary conditions:

(@) ForBi&0, T, (!) !*and (!) ! whichgiveshlyi 1=N32 .
(b) For Bi =0, T, (!) !%and (!) ! ?3 which giveshlyi 1=N3%2 |

The results are summarized in Tabl¢ 5/3. Fid (5.7) shows the numerically obtained power
laws for BBi & 0 and hBi = 0. Numerically, the power laws are obtained by calculating
Ty (') for dierent ! and then performing the integration numerically. We expect to see
the power law behaviour at some large enougk. We see a reasonable agreement with the
theoretically expected power laws except for the case witilBi = 0 and free BC, where we

gethdyi  1=N? instead of the expectedyi  1=N32 .
The case withtBi = 0 seems to be quite subtle because of the following reasons:

The assumption that T; (! ) may be replaced by the transmission for the uniform
case for smalll does not hold good foBi = 0 case. This can be clearly seen from
Fig. (56.8), where we show a comparison of the transmission for smialfor lBi & 0 and

hBi = 0 with their respective uniform cases. WhilehBi & 0 shows a clear agreement
with the corresponding uniform caselBi = 0 case shows a clear disagreement. It is

not clear how to estimateT, (! ) for this case.

Interestingly we note that the transmission coe cient has peaks at much lower fre-
guencies than the ordered case. These peaks correspond to the normal modes of the
isolated chain and it is then of interest to study the system size dependence of the
,N for the disordered chains withtBi & 0

and hBi = 0, and the ordered case withB = 0. In Fig. (5.9) we show the scaling of
I N with N. We see that, forhBi & 0, ! N 1=N while ' Y 1=N2. Thus, for any

S max

lowest allowed normal mode frequency

nite but large N, we have! N >1 I and there are a su ent number of conducting

modes. On the other hand, fohBi =0, both ! N and! Y scale as N3 and this

could be the reason why our heuristic approach for current scaling fails for this case.
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(a) Bi&0 (b) MBi =0

Figure 5.8: Comparison for the transmission for disordered and uniform cases for the two
boundary conditions. ForhBi & 0, B, is chosen from (13) while for Bi = 0, B, is chosen
from ( 1;1). These are compared with the transmission for the uniform cases wigh, = hBi
respectively.

(a) MBi &0

Figure 5.9: Scaling of lowest allowed normal mode,Y with the system size,N. For

Bi & 0, B, is chosen from (13) while for Bi =0, B, is chosen from ( 1;1). The B =0

plot corresponds to the ordered chain (the ordered ca$e 6 0 is not shown and has the
scalingN 2).
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5.4 Conclusion

In conclusion, we studied heat transport in an harmonic chain in the presence of a uniform
and disordered magnetic eld magnetic eld. Using non-equilibrium Green's function for-
malism we found that the heat current has contribution from two di erent terms involving
two di erent Green's functions G (! ) and G5 (! ). for any spatial con guration of magnetic
eld. These can be interpreted physically as the transmission amplitude of a transverse
plane wave being scattered without or with the= 2 rotation of its polarization respectively.
This happens due to the fact that the magnetic eld couples the and y coordinates of the
oscillators. We expressed the required components of the Green's functions as a product of
2 2 transfer matrices which we used to obtain explicit results for the uniform and random
magnetic eld cases. For the uniform case, in the thermodynamic limit, the currents be-
comeN -independent and we obtained analytic expressions for the current for free and xed
boundary conditions. These expressions show that at smalland B 6 0O, the transmission,

T, (') !32for xed boundary and T, (! ) ! ¥*2 for free boundary.

We next considered the case where the magnetic eld is disordered and derived power laws
for the current with respect to the system size. The power laws were found to be sensitive to
boundary conditions and the expectation value of the magnetic eld. This was understood
as arising from the di erent behaviour of the Lyapunov exponent (! ) and T; (! ) for small
frequency! . The small! behaviour of T; (! ) was approximated to be the same as for the
uniform case which was dependent on the boundary conditions imposed on the chain. To
estimate the Lyapunov exponent we mapped the discrete time process which determines
the Green's functions to the motion of a harmonic oscillator with parametric noise. This
not only revealed an interesting connection between the Lyapunov exponents of the two
systems but also showed that the Lyapunov exponent have di erent behaviour for di erent
expectation values of the magnetic eld. ForrBi > 0, Bi = 0 and hBi < 0 we nd that

the Lyapunov exponents were of ordel; ! 273 and ! 2 respectively. These behaviours
of the Lyapunov exponent were also veri ed numerically. Using the results for th&, (!)

and (! ), we make analytic predictions of di erent system-size dependences of the current,
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depending on the expectation value of the magnetic eld and the boundary conditions. For
free boundary conditions the current decreases asN3 irrespective of the expectation
value of the magnetic eld. However, for xed boundary conditions the current decreases as
1=N3% and 1=N°2 for Bi & 0 and hBi = 0 respectively. Our direct numerical estimates
show disagreement for the casaBi = 0, and this is especially clear for the case with free
boundary conditions. We discussed possible reasons for the disagreement, amongst which
is the intriguing numerical observation of the N3 system-size dependence of the lowest
normal mode frequency for thetBi = 0 case. The resolution of this issue remains an

interesting outstanding problem.
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Chapter 6

Conclusions

In this thesis, we looked at transport characteristics of models hosting topological phases
in open system geometries. These models support special edge modes, within topologically
non-trivial parameter regimes, that can carry dissipation less edge currents and are robust,
to a certain degree, to symmetry preserving disorder. Due to the edge modes, topological
phases posses quantized transport properties and therefore, the transport in such models
lies in the ballistic regime. In this regime, the role of the reservoirs and their coupling with
the system play an important role and thus, a microscopic modeling of the reservoirs and its
contacts with the system become important. To that end, the NEGF formalism is a powerful
tool and we used this formalism to study transport characteristics of some models hosting
topological phases and a classical model, namely a chain of harmonic oscillators in presence

of a magnetic eld.

In chapter[2, we rst considered a general model for a spinless superconducting wire in contact
with reservoirs kept initially at some chemical potentials and temperatures. Using the NEGF
formalism, we derived an exact solution for the nonequilibrium steady state of the wire. From
this solution, we obtained compact expressions for particle, heat currents and other two point
correlators of the model. These expressions were put in standard Landauer from which the
physical interpretations of the di erent terms became explicit. The physical interpretation
was given in terms of the scattering amplitudes of di erent scattering processes namely the
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normal transmission, Andreev transmission and the Andreev re ection. We also looked at
other features such as the corrections of high energy bound states to the nonequilibrium

steady state.

As application of this formalism we considered transport properties of the 1D nearest neigh-
bour Kitaev chain and next-to-nearest neighbour Kitaev chain. We looked at particle and
heat transport due to the topologically non-trivial bound states in these models. As expected
from earlier studies[|14, 15, 16], the particle conductance shows a zero bias peak of strength
2, in units of e= h = 1, attributed to the presence of the MBS. The thermal conductance,

on the other hand, is zero deep within the topological phase but near the topological phase
transition point, it shows a peak of strength 2k3 T=6, whereT is the temperature of the
reservoirs. The next-to-nearest neighbour Kitaev chain hosts two di erent topological phases
with one and two topological modes localized at each end. We nd that this leads to multiple

peaks in the conductance at the energies of these modes.

In chapter[3, we reconsidered the physical interpretation of di erent contributions to the heat

and current expressions and analytically demonstrated the equivalence of di erent terms with
the scattering amplitudes. The NEGF expressions involved multiple transmission coe cients
namely Ty(! ), To(' ) and T3(! ) which were shown to exactly equal the normal transmission,
Andreev transmission and the Andreev re ection of a plane electron wave incident on the

wire from one of the reservoirs, respectively.

In chapter [4, we considered a simple 2D model for a Chern insulator (SBHZ model) in
contact with metallic leads at either ends. We looked at the quantization of the two-terminal
conductance and the nature of the scattering states formed by the edge modes within the
two-terminal setup. We veri ed that the two-terminal longitudinal conductance is quantized
when the Fermi level is in the band gap of the insulator. We also looked at nite size e ects
of the quantized two-terminal conductance and nd that the growth of the conductance, to
the quantized value, shows oscillations as a function of both the system size and the system-
reservoir coupling. The oscillation period shows a simple scaling with the system size and

the coupling strength. A proof of the quantization in this open system geometry would be
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desirable and remains an open problem.

To understand the nature of the scattering states formed by the edge modes, we looked at
the charge denisty and the current density inside the insulator as well as inside the leads. We
nd that in the insulating region, the current density due to the edge modes is, as expected,
localized along the boundaries of the sample. Remarkably, for the case when the reservoirs
are in the vicinity of vanishing Fermi levels, we nd that even inside the leads, the current
density is highly localized and moves along zig-zag lines at 45 the longitudinal direction.

The current enters the insulator from one corner and leaves at the diagonally opposite corner.

In the last chapter, we considered heat transport due to a harmonic wire in presence of
ordered and disordered magnetic elds. For the ordered case, we showed that the heat
transmission at low frequencies is strongly modi ed due to the presence of magnetic eld by
obtaining the exact experssions for the heat current in the thermodynamic limit. We then
considered the disordered magnetic eld case where we were interested in the power law
scaling of the disordered averaged current with the system size. This power law is determined
by the low frequency behaivour of the localization length and the heat transmission. We
showed that the frequency dependence Lyapunov exponent, inverse of the localization length,
of this system is exactly the same as that of a harmonic oscillator with noisy frequency.
The Lyapunov exponents were found to be dependent on whether expectation value of the
magnetic eld was zero or non-zero. Using the results for the Lyapunov exponents and
assuming that the transmission at low frequencies is independent of the disorder, we found
the current power laws are di erent for zero and non-zero expectation value of the magnetic
eld. Our direct numerical estimates for the power laws show disagreement for the case
hBi = 0, and this is especially clear for the case with free boundary conditions. We discussed
possible reasons for the disagreement, amongst which is the intriguing numerical observation
of the 1=N3=2 system-size dependence of the lowest normal mode frequency forlBe = 0

case. The resolution of this issue remains an interesting outstanding problem.

112



Chapter 7

Appendix

7.1 Derivation of the current expression

We present the derivation of the expression for the current in Eq[ (2.39) here. We start by
substituting Eq. (2.38) in Eq. (2.37) we get,

nZ _ 0
Jo=2im  did €¢I g )f LY+ (0 Yme(! 9 (7.1)

Using Eq. (2.33) in the above expression we have, ra

D E
S LY+ FCOme( 99 = Ar+ A+ Ag+ Ag+ As (7.2)
where,
Z,2, | D E Z:
A, = did! €¢ NG, (N 2C) L9 = dTr Gy(1) (V) fu()
1 1 1
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Z, 272, D E

A, = did! ¢ MG, (Nlenl £ Nm[GE( Yo (1) (19
le 1
= d T G, (1) [(! )G (M) L(M) () (7.3)
z4 Z, _ D E
As = dd Y NG, (Neml T mi[G (! Ve DY) R(19
Zl
= dTr G (1) 1(DGI() r(Y) fR(Y) (7.4)
z4 z, _ D E
A, = did! €¢ MG, (O )nl T mi[G5 (! Owe k(1) H( 19
le 1
= AT G, (1) TMGIM) T ) @ fu( 1)) (7.5)
z4 z, _ D E
As = dd G, (Ol L m (G2 O KO 1) LY
Zl
= AT G(h) [(HGH(H) RO @ fr( 1)) (7.6)

The imaginary parts of A1, A,, Az, A4 and As can be shown to be the following,

Imf A,g = le dr Tr G, ( )2i Gi(t) L) L) (7.7)
Limfasg= Z: d Tr G, (1) L()GH() (1) fu(h) (7.8)
LimfAsg= le d Tr G, (1) L(1)GI(!) r(") fr(") (7.9)
L imfAug = le dTr G,(1) L()G(") T( ) () 1) (7.10)
L imf Agg = le dTr G,(1) L(1)G(1) R( 1) (Fr( 1) 1)  (7.12)

It is fairly straightforward to show that,

G (1) GI()=2i= GI()( (1)+ r(NGL()+ G L( 1)+ r( 1)G()

Substituting this result in Eq. (7.7) and adding up the imaginary parts of the terms\;, A,,

A3z, A, and As, we obtain the required expression for the current entering the wire from the
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left reservoir to be

Zl
Jo = di T(OEEC)  FRON+ T()EEC)  FRON+ To()ELE)  F0C)

1

whereG, (1) =[G} (! )Y, G, (1) =[G} (! )l and

Ti(1)=4 ?Tr GI(1) r(1)GL (1) (1) ; (7.12)
T.(')=4 2Tr G5(!) &( )G, (') (') and (7.13)
Ts(1)=4 2Tr G3(1) [( NG, (1) (1) : (7.14)

7.2 Derivation of the expressions for bound sate con-

tribution to the correlators

To obtain the contribution of high energy bound states to the two point correlators we begin
by considering form of the Hamiltonian written in Eq[2.54. Clearly, the equations of motion
for the entire system could be written as,

0 1 0 1
@C(t)A - iz @C(t)A
(1) CY(t)

(7.15)

where C(t) and Z are the same as in sectigh 2.4. This directly gives us the full solution of

to be,
a(t) = i[G(t)]imCm + I[G(D)]imC, (7.16)

where, 0 1

G- e e @30 GO,
G G

(7.17)
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We can also expand this Green's function in terms of the eigen vectors of the matéxas,

X ,
[G(Dlpg= i €™ &P g(a) and (7.18)
[GMlg= 1 e e e(a: (7.19)

0 1

where @ A s the eigenvector of the matrixZ with energy E. In the long time limit, it
E

can be shown that these expressions reduce [{ol[33],

X .

t|!i1m [G(t)]pg= 1 €™ g(p) g,(d and (7.20)
Ep
X

tl!ilm [G(D]pg = i e ©o' g, (p) £, (0 (7.21)
Ep

The sum now runs only over the bound states of the Hamiltonian. The Fourier transform of
this green's function is given by,

0 1
o80) G, _ 1

)= G(I) G() '*i <2

(7.22)
Using these Green's function we can obtain the two point correlators of the system as a sum
of the steady state contribution and the bound state contribution. To see this explicitly,
we rst need to relate the components Green's function&, (! ) and G(! ) with the Green's
functions G] (! ) and G; (! ). Note that G (! ) and G; (! ) are matrices of dimensiorN while

G.(!') and G(! ) are matrices of dimensiorNs. So, we splitG, (! ) and G(! ) as follows,

0
Gr(') GY:()  GIR(M)

G(')= %G&W (1) GL() GLR (! )% (7.23)
G (')  GH(') GR(')

where the components o6} (! ) are given by (! )] , the components ofG}'" (! ) are given

by [Gi(! )i and like wise for the other matrices in this equation. We remind the reader here
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that i;j; m;n denote the sites on the wire while as ; and % ¢ °denote left bath and

right bath sites respectively. G,(! ) can be split similarly. We now rewrite Eq.[7.2p in the

following block form,

GY GWL GWR GY
G G G Gy
G GRt GF GRW
GY GNt GWR GW
G G GF G

0 (VA 0 ! +Hg GRW G Gf GRW

(QPIIIIID - ©

From this we obtain the following required relations,

GY(1)=Gi() ; GY()=6G3(!)
GY-(")= Gy (" )Vig (1)
GYR(1) = G (M )Vro (1)

Gy (1)=G3( Vg (1)
GYR(1)= G3( !)IVeag (1)

GYL GYR
Gy G
GR  GF
GWL GYF
Gt GKF
GR  GF

(7.24)
(7.25)
(7.26)

(7.27)
(7.28)

We can now consider the two point correlators of the wire operators. Assuming initially that

there is no correlation between the wire and the baths we can be write these as,
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D E X
d(t)em(t) = [GM)] dc [GMIn +[GM)] c [GMH)n

X D E D E
+ [GM] 0 oco [G)]m o+ [G()] 0 C oo [G()Im o  (7.29)

)(o D E D E
+ GOl d5 GOy GOl of Gt

X
he (t)cm ()i = G cc [GM)ln +[GMI dc [G(t)]m
X D E D E
+ [GON o € oo [GU)]m o+ [G(D)]i 0 oCo [Gi(t)]m o (7.30)
)(0 O D E D E

+ GO dg [GMOlm +[GOl 6] [Gt)]m

ij

where hjcqi and he,cti, p; g denoting sites anywhere in the entire system, are the initial
correlations of the system which are determined by the initial states of the reservoirs and
the wire. Note that the full solution depends on the initial state of the wire. We assume
that the wire operators are initially un-correlated i.e.l‘civqi =0 and mcjyi = j whichis the
same as choosing the initial state of the wire to bj@i h0j. The expressions in Eq.[(7.2}-7.28)

enable the use of a similar algebra as in Ref. [33] to obtain,

NS+ N2S(t) and (7.31)

hgy (t) G (1)i
hei (t) e (1)

M+ Mo (1); (7.32)

where N5 and M35 are the steady state contributions given by Eqg[ 2.51 and Eq. 2]52
respectively. NBS(t) and MBS (t) are the bound state contributions to these correlators
which are de ned by Eq.[2.62 and Ed. 2.63 respectively.

118



7.3 Lyapunov exponent for a harmonic oscillator with
parametric noise

In order to obtain an expansion of ,(") we follow the strategy developed by Pardoux et al.

in [78] and by Wihstutz in [79]. The rst step of the proof is to use the ergodic theorem to

obtain an explicit formula (see Eq.[(7.38)) for ,(") instead of Eq. (5.48). In the second step

we perform a perturbation analysis in" with this new expression.

First we express the solution of the 2-dimensional SDE{; o in terms of a 1-dimensional
SDE. De ne ( {); o to be the solution of

o= ho( 9+ 7@Na( DN )+ "Nal ) (733)

with
ho( )=sin?( )c 1) c¢ and hy( )=  cog(): (7.34)

One can check that

z, = Ry (cos(y);sin( 1))

where zZ, Z,
R; = kzok exp o( )+"r()d " a() d ; (7.35)
0 0
with
®()=(1 ocos()sin(); ()= 2*cos()sin(); (7.36)
()= % 2c0d() 1 : (7.37)

Observe thatkz;k = R;. Moreover, since in Eq.[(7.33) the noise is vanishing exactly at the

points , = (2k+1) =2,k 2 Z, and that the drift in Eq. (J.33) at , is equal to 1, we see

that starting from o 2 [, ;; ) the process (1): o will pass successively in the intervals
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02 [-; -4) for k1 without coming back to an interval previously visited. This
de nes a sequence of random times = infft O0; (2 [, - ;;  -)gfor = 0 with
to = 0. The process is thus clearly not ergodic. A simple way to restore this ergodicity (that
will be needed later) is to consider the processi; o, livingin[ =2; =2), and de ned by
7= ¢+(k ) fort2[t;t.). The processT satis es the same stochastic di erential
equation as (1) o but when it reaches =2 it is immediately reseted to = 2. Equivalently
()t o is solution of Eq. {7.3B) but seen as a SDE on the torus [= 2; = 2) where the two end
points of the interval have been identi ed. The process); o has now the nice property to
be ergodic. We denote by-( )d its invariant measure which is computed below. Observe
moreover that Eq. {7.35) still holds by replacing by ~ because the functionsp; cy;r are

-periodic. In order to keep notation simple we denote in the sequel the procesby .

By de nition (5.48) of Lyapunov exponent and Eq. [7.3b) we get that
Z t Z t
Q( )+"r()d+" a() d

0

) = in

= lim
tl

G( )+"r()d ;

R : : : .
sinceh yau () d i =0. Then by using the ergodic theorem we obtain

Z =
2(") = G( )+ " () -()d : (7.38)

=2

The expansion in" for (") can then be obtained from the expansion of-.

Before doing this we prove Eq.[(5.49), i.e. that the procesg; o = (ui;v)” . o and the

process (;); o have the same Lyapunov exponent. By de nition we have

1 o1 o1 . .
tI!|1m ¥Hogjutj| = !I{n ?Hogkztkl + Mn ¥HOQJCOS(t)jI : (7.39)
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Since () is an ergodic process we obtain that

Z :2

T -Olog(eosOiyd =0

.1 . -
tI!llm fHochos(t)Jl = Mn

This proves the claim.

Let us now compute - which is the solution of the stationary Fokker-Planck equation

h i
@ 2@Mh; -) (ho+ Fhi@hy) - =0: (7.40)

If we look for a solution such that;@(hf ) (ho+ ;hl@hl) « =0 we get

( )/ CcoS 2( )e %;tan?’() £rzta”( )

which is not normalisable. Hence we have to look for a normalisable solution such that
;@(h% ) (ho+ ;hl@hl) -~ = A for some constantA. We get then that

Zt " n
an( ) oM 2 3 2c" 2

()= Z. 2w ()cos () 1 exp FZu+ —5-u du

with
no 2 n 2

33 tan®( )

v()=exp tan( )

4

and Z. the partition function making - a probability. Injecting this in Eq. (.38) we may
derive the results claimed by a careful saddle point analysis. We prefer instead to rely on a

more heuristic analysis to bypass boring computations.

It is natural to expect that as " ! 0 the stationary measure -( )d will converge to the
one of + = ho( ¢) (i.e. Eqg. (7.33) with " = 0). However as we will see this deterministic
dynamical system has di erent behaviours depending on the value ofand that in some

cases we have also to compute the next order corrections.
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If ¢ > 0, the deterministic dynamical system has a unique invariant stateq( )d with
p_

o ) = —Shy*( ) becausehy never vanishes on [ =2; =2). Hence - ! ,as" ! O.

However, since ; () o( )d =0, we have to expand - at order "2 to obtain the behavior

of . in Eq. (7.3§). Letus assume that- = o+ "2 o+ 0o("?), inject this in Eq. (7.40) and
identify the powers in". We obtain that

@Mho ( 0)]= 3@ @(h: o) (@) o
L R,
which implies, since "_,( o)( )d =0 that
0= p ¥ s @hi o) (M@hy) o

We deduce that

2P

A ¢ sin( )cos( ) co$( )sin( )
° hy " g Y TR0
SinceR:fz( 0)( )d =0 we obtain A =0 and
~P% sin()cos() co$( )sin( )
- g Y TR0

Hence we get that

Z -,

(1) = "2 —z(r()O()+ () o ))d +o("?):

By the change of variablex = tan( ) we get

z =2 Zpazl X2 1 2
r() o()d = dX= P
=2 2 1 (+x3)(x*2+ 0 2(" c+1)2
zZ _, p-
_ o (@ c+l)(c 17 1 c
:2%() 0( )d - 8(P6+1)4C + 2(|"E+1)3
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Hence we nally get
2

()= "+ o)

This proves case (ii).

If ¢ < 0 then % 2 (0;1) and the function hy vanishes on [ =2; =2) if and only if 2
[ =2; =2)is solution of
c

sin?( ) = o1

There are two solutions > 0 and < 0. The deterministic dynamical has two extremal
invariant probability measures given by -. Sincehd( )< 0<h3( ), Is unstable
while  is stable. By introducing noise in this dynamical system the stable stationary state
is selected when the intensity of the noise is sent to zero afterwards, i.e( )d ! . We

conclude that
) " P —
im ,(")=w( )= jd:

This proves case (iii).

The casec = 0 is more delicate. Sinceho() =  sin?(), the unique invariant measure
for the deterministic dynamical system is o (stable) and we expect that -( )d ! ¢ as
"1 0. Observe however thatp(0) = 0 so that we have to nd the rst correction to the
approximation of - to o. Due to the singularity of the Dirac mass we cannot perform an

expansion analysis if'. Hence we will use another argument to get item (i). Consider the

following linear transformation T- = "% 9 which is such that"?=®*kzk k T.zk k zk for
anyz 2 R and " 1. This implies that (z); o and (T-z); o have the same Lyapunov

exponent. Expressing as we did before
2‘t = T"Zt = kitk(COSAt;Sin At)>

we notice that

~>

"= sin?(") Zsin Y ocos() " cod(h) «
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which implies by scaling invariance of the white noise thalt, = w2=3 Where
4= sin’( ) ?sin( ¢)cos’( 1) cos( ) ¢ :

If ~( )d is the unique invariant measure for (;); o we have by a scaling argument that the

Lyapunov exponent satis es

()= ")
with z_,
"()= =2(Op( )+ r( )" )d; (7.41)

whereq and r are de ned respectively in Eq. [(7.36) and Eq.[(7.37) witlt = 0. To obtain
the value of'\( ) itis sucientto nd ® which is the uniqgue normalisable function of the

Fokker-Planck equation associated to the process); o, i.e.

2 s Ztan() .
N Y= 27 tcos?( )e 3z@n() exp 2 du;
1

whereZ is the normalisation constant making “a probability measure.
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