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Abstract

We tackle three different problems. Each problem is connected to the previous one
in one or more ways, either directly or through the method of solution. Moreover,
all three topics are comfortably enveloped by the overarching theme of numerical
optimization. Our rst problem is to evaluate stability of nonlinear Itering algorithms
when the underlying dynamics is deterministic. We demonstrate that popular ltering
algorithms are exponentially stable and discover a relationship between Iter RMSE
and lter stability. Our second problem is to devise an algorithm to solve Fokker-
Planck equations in high dimensions. We use a deep learning algorithm to compute
the non-trivial zeros of the Fokker-Planck operator. We show that combining these
zeroes with an appropriate Feynman-Kac formula gives us the solution to the time-
dependent Fokker-Planck equation. Lastly, we discuss two deep learning algorithms
for solving constrained optimization problems in in nite dimensional Hilbert spaces.
We test these algorithms on some toy problems inspired by calculus of variations and

physics.



Introduction

One of the challenging problems in earth sciences is to incorporate the vast quantities
of data that are constantly being collected world-wide into dynamical models for these
systems, and is called the problem of data assimilation (DA). DA is a crucial ingredient
for making meaningful real time predictions such as weather forecasts, hurricane
tracking, and possibly even climate predictions. [ 7, 27] The Bayesian formulation of
DA naturally leads to the problem of nonlinear Itering, which studies the conditional
distribution, called the Iter or the posteriordistribution, of the state at any time
conditioned on observations up to that time. [3, 106, 148]

A natural question is about the stability of the Iter with respect to the initial
condition, which is the probability distribution of the state at the initial time. This
guestion has been studied extensively, e.g., [L5, 33], but mostly in the context of
stochastic systems. In many applications in the earth sciences, the models used are
deterministic and only a few results about lter stability are known, see [ 147, 146 and
the references therein. The main focus of the rst part of this thesis is to illustrate
numerically the stability of two commonly used ltering algorithms, namely the
particle Iter and the ensemble Kalman lIter, in the case of deterministic dynamical
systems. But our methods are in no way limited to deterministic systems alone and
are readily applicable to stochastic systems as well. We also study the exponential
nature of Iter stability along with its dependence on two main parameters of the
nonlinear ltering problem, the observation gap and the observation noise.

In order to investigate Iter stability we need to compute distances between
probability measures. Due to its nice geometric properties we use the Wasserstein
metric as our choice of distance between probability measures. Computing the

Wasserstein metric requires one to solve an optimization problem and this unveils



2 | Introduction

the overarching theme of this thesis, namely numerical optimization. Even though
throughout the majority of this thesis we are interested in topics where optimization
is not the end goal, it serves as an important tool in solving the problems at hand.
Moreover, in the last chapter numerical optimization becomes the main subject matter.

In the Bayesian formulation, nonlinear ltering is usually done in two recursive
steps. In the rst step called "prediction”, we evolve our knowledge of the state
according to the underlying dynamical system. In the second step called "correction”
we correct our knowledge with an Bayesian update using the current observation. In
case the underlying dynamical system is stochastic, we can think of the prediction step
as solving an appropriately formulated Fokker-Planck equation which indicates that
algorithms for solving such equations can lead to new ltering algorithms. Other than
that Fokker-Planck equations naturally arise as descriptions of evolution of probability
densities everywhere [108], [93], [16]] and are interesting in their own right. In 1996
Jordan et al showed that solutions to Fokker-Planck equations can be viewed as
minimizers of a regularized version of the squared Wasserstein metric [ 87]. Therefore,
these equations are intricately linked to the topics of the rst chapter in more ways
than one . The second and the third chapters of this thesis deal with Fokker-Planck
equations. In particular, we are interested in ways to solve high dimensional Fokker-
Planck equations. Since deep learning methods can be implemented in mesh-free
ways they give us a viable paradigm for working with high dimensional problems.

In the second chapter we develop a deep learning algorithm for learning zeros of
high-dimensional Fokker-Planck operators. In the third chapter we use the Feynman-
Kac formula with the stationary solutions of Fokker-Planck equations to solve time
dependent Fokker-Planck equations.

The deep learning methods used in the second chapter to estimate zeros of Fokker-
Planck operators can be extended to solve some constrained optimization problems
which is the topic of the last chapter. Penalty and augmented Lagrangian are two
popular methods for solving constrained optimization problems in nite dimensions
[129. And although their in nite dimensional analogues have been theoretically
studied [ 81], [91], their practical implementations are few and far between. The goal of
the last chapter of this thesis is to bridge this gap between theory and implementation.

We devise deep learning versions of the penalty and augmented Lagrangian algorithms
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for constrained optimization problems in in nite dimensional Hilbert spaces. We
consider a few toy problems inspired by calculus of variations and physics to explore
this topic.

Optimization techniques are the central to this thesis as problem solving tools.
Even though they do not become the main topic of interest until chapter 4, they
appear in various subproblems that help us tackle the original problems in the rst
two chapters. In chapter 1, in order to evaluate Iter stability we need to compute
distances in the space of probability measures. The Wasserstein distance between
probability measures happens to be an ideal choice of distance for us which is de ned
in terms of an optimization problem. Thus our route to assessing lIter stability passes
through optimization as a subproblem. In chapter 2 our main objective is to compute
the zeros of Fokker-Planck operators which have deep connections to data assimilation
when the the underlying dynamical system is noisy. To do this we essentially recast
the problem as an unconstrained in nite dimensional optimization problem. The
method described in chapter 2 is also an integral part of the central algorithm in
chapter 3. Finally, in chapter 4 we investigate the more general scenario when in nite
dimensional optimization problems similar to the one in chapter 2 need to be solved

in presence of constraints.

Outline of this thesis

Below we provide a brief outline of this thesis along with the source materials and
necessary attributions of credit. The work appearing in the rst three chapters was

done under the supervision of Amit Apte.

Probing nonlinear Iter stability

In this chapter we explore Iter stability by directly assessing it with Sinkhorn di-
vergence. The work in this chapter was done alongside Shashank Kumar Roy. The
Kalman lter experiments appearing in this chapter were done by Shashank while the
author was in charge of the particle Iter experiments. The contents of this chapter

are taken from the following papers.
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* Mandal, P., Roy, S. K., and Apte, A. (2021). Stability of nonlinear lters - numerical
explorations of particle and ensemble Kalman lIters. In 2021 Seventh Indian
Control Conference (ICCpages 307-312. IEEE

* Mandal, P, Roy, S. K., and Apte, A. (2023). Probing robustness of nonlinear lIter
stability numerically using Sinkhorn divergence. Physica D: Nonlinear Phenomena

451:133765

Learning zeros of Fokker-Planck operators

In this chapter we devise a deep learning algorithm to learn solutions to stationary
Fokker-Planck equations. The contents of this chapter are taken from the following

paper.

« Mandal, P. and Apte, A. (2023). Learning zeros of Fokker-Planck operators. arXiv
preprint arXiv:2306.07068

Solving Fokker-Planck equations

In this chapter we solve time-dependent Fokker-Planck equations using a hybrid
algorithm which uses the zeros of the Fokker-Planck operator and the Feynman-Kac

formula. The contents of this chapter are taken from the following paper.

« Mandal, P. and Apte, A. (2024). Solving Fokker-Planck equations using the
zeros of Fokker-Planck operators and the Feynman-Kac formula. arXiv preprint

arXiv:2401.01292

Learning solutions to some toy constrained optimization problems

In this chapter we explore the penalty and augmented Lagrangian algorithms for
in nite dimensional problems in a deep learning setting. The author is grateful to
Zhisong Qu, Matthew Hole and Robert Dewar for helpful discussions on the topics of

this chapter. The contents of this chapter are taken from the following paper.

« Mandal, P. (2024). Learning solutions to some toy constrained optimization

problems in in nite dimensional Hilbert spaces. arXiv preprint arXiv:2401.01306



Chapter 1

Particle Iters and ensemble Kalman lters are widely used in data assimilation but in the case
of deterministic systems, which are quite commonly used in earth science applications, only a
few theoretical results for their stability are available. Current numerical literature explores
stability in terms of RMSE which, although practical, cannot represent the distance between
probability measures, convergence of which is what de nes lter stability. In this study, we
explore the distance between Itering distributions starting from different initial distributions

as a function of time using Wasserstein metric, thus directly assessing the stability of these
Iters. These experiments are conducted on the chaotic Lorenz-63 and Lorenz-96 models for
various initial distributions for particle and ensemble Kalman Iters. We show that even in
cases when both these lters are stable, the Itering distributions given by each of them may
be distinct. We explore the exponential nature and robustness of lIter stability by varying
two crucial parameters of the nonlinear Itering problem, namely the observation gap and the
observation noise. We also establish numerically a relation between Iter stability and Iter
convergence by showing that the Wasserstein distance between lIters with two different initial

conditions is proportional to the bias or the RMSE of the Iter before stabilizing.



Chapter 1

Probing nonlinear lIter stability

1.1 Introduction

The problem of predicting the state of a complex dynamical system is ubiquitous
in many scienti ¢ and engineering elds. In the context of earth sciences, weather
prediction and reanalysis of past climate [ 39, 105 are major examples of such state
estimation problems, which have two main ingredients: (i) a dynamical model, usually
deterministic, of the system and (ii) partial, usually sparse, and needless to say, noisy,
observations. The process of combining these observations with the model to get an
“optimal” state estimate is commonly called data assimilation - a term introduced in
earth sciences [29, 57, 90].

The mathematical formulation of this problem in a Bayesian framework encapsu-
lates the information from the model in terms of a prior distribution, and the observa-
tional likelihood is used to obtain a posterior distribution for the model state [ 3, 104.
For dynamical systems, this is precisely the problem of nonlinear lItering, where the
posterior distribution itself changes with time and is conditioned on observations up
to that time. This posterior is called the Iter or the lItering distribution [152, 168, 7].

A crucial characteristic of the atmospheric and oceanic dynamics is their chaotic
nature, manifested in the sensitivity to initial conditions. Thus a natural question
is whether the lter is also sensitive to the choice to the initial distribution. In
nonlinear ltering, this appears in the form of a question about the stability of the
Iter [ 34, 33, 42]. A lter is stable if two different initial distributions lead to the same

Itering distribution asymptotically in time. This is a desirable property for a Iter
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since the choice of the initial distribution is arbitrary and we desire the lter to “forget”
about this arbitrary choice. Thus lter stability is an extensively studied topic, but
mainly in the context of stochastic dynamics with only limited results for deterministic
dynamical systems [146, 132, 147, 31].

In practice, nonlinear Iters need to be implemented numerically and we will
focus on two of the most commonly used methods, namely, particle lIters (PF) and
ensemble Kalman lters (EnKF). The stability of particle Iters has been extensively
studied [35, 172 while very few theoretical results are known for the stability of
EnKF [48], though some results related to Iter divergence (which is quite distinct
from an unstable lter) and accuracy for the EnKF are available [ 94, 107, 67]. We note
that the assumptions used to prove stability of PF are not satis ed by a deterministic
dynamical model and thus their stability in the context of data assimilation needs to
be explored numerically. This is the main aim of the present chapter.

In order to assess lIter stability directly using the de nition (see de nition (1.2.2),
we need to compute distances between probability distributions. This has been
a challenging task, but recently proposed Sinkhorn algorithm provides an ef cient
method for this task [ 61, 62, 55, 5]. One of the novelties of this chapter is to demonstrate
the use of the Sinkhorn algorithm in the context of data assimilation for directly
studying stability. Even though we focus on deterministic dynamical systems here,
our methods are readily applicable to stochastic systems as well.

Numerical studies of Iter divergence, especially in the context of twin experiments
where synthetic observations are generated using the model, have focused on assessing
whether the Iter remains bounded or whether the “error' or "bias' of the Iter
(commonly called RMSE, i.e. distance of the lter mean from the numerical trajectory
which is used to generate the synthetic observations) remains bounded in time [ 94, 107].
But this does not provide a direct indication of stability as de ned in  (1.2.2) In this
chapter, we demonstrate that there is a linear relationship between the Iter error and
the distance between two lters started with two different initial distributions, the
latter giving a more appropriate measure of stability. This direct relation between lter
stability and Iter RMSE for particle and ensemble Kalman Iters for deterministic

dynamics is the other main contribution of this chapter.
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The outline of this chapter is as follows. The next section introduces the mathe-
matical setting for the problem of Iter stability. This is followed by a description of
the ltering algorithms (particle Iter and ensemble Kalman lter), and the Sinkhorn
algorithm for computing distances between probability distributions. After that we
present our results in two parts. The rst part looks at the numerical evidence for
stability of the ltering algorithms considered here. In the second part we investigate
the exponential nature and robustness of Iter stability by varying two main parame-
ters in the Itering problem, namely the observation gap and observation noise. We
end this chapter with a summary of the main results along with some possible future

directions of research.

1.2 Problem statement

1.2.1 The nonlinear ltering problem

In this chapter we work with a dynamical model given by a deterministic and chaotic
ODE. Our model state is d-dimensional and the ow corresponding to the model is
denoted by f : R RY9! RY. We observe the model every g units of time and call
g the observation gap. So the model state x, follows a discrete-time deterministic
dynamical system fq ¢ (g, ):RI! RY. The observationsy, 2 R9is related to the
model state by the observation operator (a linear projection throughout this chapter)

H:RY! RYfor k= 0,1,..., as follows:

Xer1 = fg(XK), X0 m, (1.1)

Yk = HXg+ hy, (1.2)

where mis the initial distribution of the model state xo at time 0, and hy N (0Og, S2lq)
are iid Gaussian errors in the observation, and are assumed independent of m Given
observations yjg, Y1, ,Yn, the goal of Itering is to estimate the conditional distri-
bution of the model state at time n conditioned on observations up to that time:
XnjYon  Pn(m, where the dependence on the distribution mof the initial condition

Xo IS made explicit since our focus will be on lter stability.
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1.2.2 Filter stability

In practice we often do not know the initial distribution ~m In such a case, when a
different initial condition n is chosen, one obtains a different Iter, denoted by pn(n),
by using the same set of observations and using the same algorithm. A measure
of robustness of a Itering algorithm is how well it is able to "forget" the initial
distribution, which motivates the following de nitions.

There are two different kinds of randomness that one needs to deal with in the
setup above, the initial condition and the observation noise. Suppose xg:W! R%is
our random initial condition. Consider xp(w), a realization of this initial condition.
Now that we have xed a realization of Xg, pn(n) and p,(m become random measures
whose randomness is determined only by the observation noise. For xp(w) we can

compute the following expectation with respect to the observation noise

Z Z
E ~ h(x) pn(m dx) o h(x) pn(n, dx) (1.3)

for a bounded, continuous function h. If this expectation approaches Oasn! ¥ for
any such h we can say that the lter is "pointwise" stable for the initial realization
xo(w). And if the Iter is "pointwise" stable for almost all realizations of  xg, we call
the lter stable.

[146 explores the "true" lter stability for deterministic dynamics. Below we
adapt the de nition for numerical Iter stability. Below p denotes the numerical

approximation of the true Iter p.

De nition 1.2.1 (Stability-RA [146]) A numerical lter is stable if for any measumwith

m nwe have,

4 V4
lim E h(x) pn(m dx) h(x) pn(n,dx) = 0, (1.4)
nl ¥ Rd Rd

for any bounded and continuous almost everywhere in the sense described above.

Note that the expectation above is taken with respect to the observation noise only.
Although (1.4) captures the notion of Iter stability quite well, from a computational

perspective we can improve on it in the following aspects.
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« Computing the expectation for every possible bounded and continuous function

is infeasible.

* In real world applications we might not have access to mand therefore an

expectation independent of mis preferable.

In order to overcome above dif culties and to assess lter stability numerically, we
devise the following de nition which can be proven to be a stronger version of

de nition 1.2.1 in an appropriate sense (see Theorem 1.6.7 in appendix).

De nition 1.2.2 (Stability-MRA [122]) A numerical lter is said to be stable if for any two

distributions ny, np, the following holds,

lim E[D(Ba(n), Bn(m))] = 0, (L5)

malmost everywhere, whekeis a distance o (RY), the space of probability measures on
RY.

Note that even with the modi cations, de nition 1.2.2 remains hard to compute in

the following aspects.
« Computing the limit for every possible pair  ng, ny is infeasible.
« Computing the limit for every possible initial realization  xg(w) is infeasible.

The last two dif culties also arise in de nition 1.2.1 and are unavoidable in some
sense in a complete de nition of Iter stability. But even with these dif culties
we can explore numerical lter stability in a meaningful albeit slightly limited way.
Although we demonstrate results for a single realization xg(w) here, this realization
was generated randomly and different initial realizations yield qualitatively similar
results which are consistent with the stability de nition 1.2.2 and hence are not
included in the chapter to avoid repetition.

The main aim of this chapter is to study the stability of two popular Itering
algorithms, namely the particle Iter (PF) and the ensemble Kalman lter (EnKF) by
studying the limitin (1.5), where we choose the Wasserstein metricW, as our distance
D on P(RY). Thus we study E[D(pn(n),Pn(me))] as a function of time n for PF and

EnKF algorithms. We also study the rate of convergence of the expectation in (1.5)
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and how it varies with respect to the time between the observations denoted by g and
the observational uncertainty or the error variance s2. In the following discussion
we sometimes abuse the notation and usep to mean p " or pE™8F with clear context.
We now describe these numerical Itering algorithms, followed in section 1.2.6 by a
description of the Sinkhorn algorithm for computing distances between probability

distributions.

1.2.3 Ensemble Kalman Filters

Kalman Iters provide the closed form solutions to the Bayesian ltering equations in
the scenario when the dynamic and measurement models are linear Gaussian or if the

state equation (1.1) looks like

Xkr 1= ArXg+ ag, (1.6)

where a, N (0,Qy). The ltering distribution in this special case turns out to be
Gaussian. The mean and covariance of this distribution is computed recursively in
two steps, a prediction step where the effect of the hidden dynamics is captured and
p(x Y1k 1) is computed and an update step where the observation vy is taken into
account to give the ltering distribution  p(Xx,jy1«) using Baye's rule and well-known
properties of the multivariate Gaussian distribution.

Ensemble Kalman Iters can be thought of as an approximation of the original
Kalman Iter where the Itering distribution is represented by a collection of particles,
as is the norm in Monte Carlo-based methods. The ensemble representation is akin to
dimension reduction which leads to computational feasibility for systems with large
state space dimensiond [53]. Localization, which is the process of weeding out long
range spurious correlations, has made EnKF more applicable as well as wildly popular
in high-dimensional data assimilation problems for spatially extended systems. For a
discussion about localization see [27]. We use Gaspari-Cohn function as our choice of
localization function with radius set to 2. The details of the exact implementation that

we use can be found in algorithm 1.
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Algorithm 1 EnKF with covariance localization in state-space. denotes Hadamard
product.

Initialize N particles f xjgN , according to the initial distribution and set x5?= x},
Setr as the Gaspari-Cohn localization matrix [27].
for k=1, ,ndo
for i =1, ,N do
. :
e fo04®
end
f ax' mooym
k h N 1
foT foT
K RBH" HP,H"+ Ry
fori=1 ,Ndo
Samplehl, N (0g,s?lg)

i i
yl-( yki+f e h ifi
% x, + Ky, Hx;
end
A 1 aN
pk Nai:]_ x:(a
end

1.2.4 Particle Filters

Particle- lters are also Monte Carlo-based lters that recursively compute importance
sampling approximations of the Itering distribution  p(xyjy1x). PFs also follow the
Bayesian paradigm of two-step recursion with prediction and update steps. The
Itering distribution is represented as a collection of weighted particles. In the
prediction step the particles are evolved in time according to (1.1)which gives us the
prior for the next Bayesian update step where the weights are adjusted appropriately
to account for the observation. For an excellent overview of the PF algorithm see
[50]. PFs do not rely on linearity or Gaussianity of dynamic of observation models
which make them powerful but unless the number of particles scale exponentially
with d, PFs experience weight degeneracy and provide poor estimates [11]. In order
to combat weight degeneracy, a resampling step is performed after the Bayesian
update where particles with negligible weights are replaced with particles with higher
weights. Many variants of the standard or the bootstrap PF have been proposed and
the interested reader can see p4] for a discussion. However, applying PFs on problems

with signi cantly high dimensions still remains a challenge.
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Algorithm 2 BPF with offspring-based resampling

Innitialize N particles fx‘ogi'\i 1 according to the initial distribution with equal weights

. ON
Wp = ﬁ . Set§. Below S[i] denotesi-th element of S.

for k= 0, ,hdo

if k> 0then
for i =1, ,N do
| X To(STD)
end

end

Sampleu U 0,4
fori=1, ,Ndo

Wi P(YkiX)
U ut g
end

for i =1, ,N do
if jfU;: é; Twl WU;  &j_,wlgj> Othen
| tag x|, as signi cant

end
end
SetS f xLl,xLZ, ,xikmg as the set of signi cant particles and compute N; p WLj ;
aJ 1Nj = N.
for j = 1, ,mdo .
‘ S S[f N; 1samplesfrom N (x:j,ézld)g
end
Br  w &i21 Ay
end

We use the bootstrap particle Iter for our experiments with a stochastic resampling
step where we place a Gaussian distribution with a pre-determined, small covariance
§2 around the best-performing particles and sample new particles according to the
weights. The details of the exact algorithm can be found in algorithm 2. In algorithm 2,
we use the convention that & LW} = 0. It should be noted that larger values of § are
needed to prevent lter collapse when working with fewer number of particles. In our

experiments for Lorenz 63, §2 = 0.1 and for Lorenz 96,52 = 0.5.
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1.2.5 Choice of distance D

Although the stability de nitions are independent of any kind of speci c distance
and can be computed with other choices of D we choose D to be the 2nd Wasserstein

distance W». We justify our choice with the reasons below.
 An ef cient algorithm exists for approximating W which is described below.

* W, metrizes the convergence in law unlike some other distances and distance-
substitutes e.g. the total variation distance and the KL-divergence, see Introduc-
tion and Appendix B.5 in [ 55] for a discussion. This makes W, a more intuitive

distance to work with, see example 1 in section 2 of [5] for an illustration.

* Moreover, W, does not require the notion of absolute continuity unlike KL-
divergence or Hellinger distance which is useful for comparing empirical distri-

butions.

For a comparison of these distances the interested reader may see $] where example 1
(learning parallel lines) depicts how the output of W, can often be intuitive because
Wasserstein distances lift the standard metrics on R to the probability space P (RY)
unlike KL-divergence or total variation. Lastly, we use p = 2 for no reason other than

the familiarity of the 2-norm on Euclidean spaces.

1.2.6 Sinkhorn divergence

The p-th Wasserstein distance Wp) between probability measures with p-th nite
moment on metric spaces have many desirable geometric features which stems form
the fact that its de nition extends the distance function on the metric space to a
distance on the space of probability measures on the metric space. For a discussion
see b5, 5. Wy or the earth mover's distance has been used in various problems
e.g. comparing colour histograms, solving resource allocation problems etc. When
applied to two sampling distributions with both having sample size  k, computing W,
is equivalent to solving a constrained linear programming problem in  n = k? variables.
Since LPPs takeO(n3) time to solve a problem with n variables, computing W, takes

O(k®) time which is prohibitively expensive.
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In recent years it has been noted that by regularizing the optimization problem that
de nes the Wasserstein distance, one can attempt to solve the dual to the regularized
problem which is akin to solving a convex optimization problem. For a comprehensive
discussion see B1]. The dual problem can be solved using a variant of the Sinkhorn-
Knopp algorithm for nding a doubly-stochastic matrix given a square matrix with
positive entries. The solution to the regularized problem is known as the Sinkhorn
divergence since it fails to satisfy the triangle inequality and is not an exact distance
on the space of probability measures.

Here we focus on the casep = 2. For two probability measures mand n on R9 with

nite rst and second moments, the Sinkhorn divergence Sy is de ned as follows [ 55].

Z
OTymn) €' min  kx  ykBdp(x,y)+ &KL(pjm n) (1.7)
p
s(mn) € oTdmn)  JOTdmm  ZOTyn,n), (18)

where the minimisation is over the set S of distributions p with the rst and second
marginals being mand n respectively and KL is the Kullback-Leibler divergence.

Moreover, it turns out [55] that

q

lim — S{mn) = Wz(mn), (1.9)

and therefore for small enough #we obtain a good approximation of W,. We use the
following notation for this approximation: Dy= P S

In our experiments we compute Sg(m n) for sampling distributions m= &N ; mdy,
and n = éj'\ﬂlnjdyj with # = 0.01where fx;gl\, and fngj'\i1 are points in RY. A
detailed justi cation of this choice of #is in appendix 1.6.3. The Sinkhorn divergence
algorithm being a xed point iteration is extremely fast. The exact procedure is given
in algorithm 3. The authors of [ 55] show that the algorithm is parallelizable with
respect to sample-size. The dimension dependence of the algorithm is only explicitly
apparent while calculating the distance matrix and consequently the algorithm itself
scales only linearly in d. But to accurately represent the underlying distribution with

increasing dimension one would require to compute Sgwith increasing sample size.



16 | Probing nonlinear lter stability

Algorithm 3 Computation of Sy

Input:  fmgll,, fxigl,, frgl,, fyjgl,
Output: Sy &L, mdk,& 2, nd,
Note the de nition, LSE |_ ,Vy ' 1og 3 - exp(Vi).
Initialize a 08i=1, ,N and bj 0,8j)=1, , M.

iteration 0
while min{L relative errors in a and b} 0.1%do

for i =1, ,N do

‘ g ?‘-'A_SE&A:]_ |Og ng + %;h( %kxi ykk%
end

forj=1, ,Mdo

‘ b HSEL, logm+ 2ac  Zkxe yjk3
end

iteration iteration + 1

end
OTmn  &f1;ma+ &}l nb
Initialize & 08i=1, ,Nandb 0,8j=1, ,M.
while L, relative error in &> 0.1%do
fori=1, ,Ndo
‘ a 3 & MSHL, logm+ ia  ikxi xck3
end
end
while L; relative error in b> 0.1%do
forj=1, ,,Mdo
‘ by 3 b HASEL, logn+ ib  iky; yyk3
end
end

St OTmn &j11ma é’1j’\41njbi

For a detailed discussion of sample complexity of the Sinkhorn divergence see chapter

3 of [61].

1.3 Numerical Evidence for Filter Stability

In this section we directly calculate the distances between lItering distributions to

assess the stability of particle Iter and ensemble Kalman Iter. We describe the

experimental setup and the results and also explore the zero of the Sinkhorn algorithm

since it is a fundamental part of the numerical evidence for Iter stability presented

here.
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1.3.1 Experimental Setup
Models

Proposed rst by Edward N. Lorenz, the Lorenz equations are sets of autonomous
equations said to be mimicking the circulation of the earth's atmosphere in an over-
simpli ed manner. Although simple, they have had signi cant impact on the develop-
ment of the dynamical systems theory, especially because of their chaotic nature in
arbitrary dimensions. Since an important application of data assimilation is numerical
weather prediction, the Lorenz systems are a natural rst choice for experiments. Since
their inception they have been extensively used in data assimilation literature. We
use two chaotic models in this section: (i) Lorenz-63 [ 72, Chapter 14] with parameters
r =28,a= 10,b = % and (ii) 10 and 40-dimensional Lorenz-96 [114, 167] with forcing
constant F = 10and F = 8 respectively. These ODE systems are de ned in (1.10)and
(1.11) respectively. Note that, in (1.10)and (1.11)the subscripts denote coordinates
and the state x de ned in (1.1)is a discretized version of these ODEs depending on

the observation gap.

dX,
— = a(X X
dt a(Xz 1)
% = Xi(r  X3) Xo (1.10)
dXsz
. = XXz bXs
dXi .
dat =(Xj+1 Xj 2)Xj 1 Xj+F j=12, .d (1.11)

We observe the system every0.1 units of time which xes the evolution function

fg. We observe alternate coordinates starting from the rst coordinate, so

Ykj = Xz 1t hgj (1.12)

[ m
forj= 1,2, ,q= ¢ and he; N (0,s2). Throughout this section, we choose

2
s2=0.1ors?= 1.0.
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1.3.2 Data generation

Lorenz systems are known to have attracting sets. In this chapter, we focus on the
special case when the ltering distributions are expected to be supported on the
attractor. Not only does it mimic real world scenarios, it also lets us make use of the
theory optimal transport distances, outlined in [ 55], when the probability measures
are supported on a compact domain, since the Lorenz attractors are bounded sets.
So we begin by nding a point on the attractor by randomly generating an initial
point and evolving it according to  fq for 10° iterations. Starting from this point xg”e
on the attractor, we generate a true trajectory according to (1.1) and then generate 10
different observation realizations for the same trajectory according to (1.14)in order
to compute the expectation over observational noise, as in (1.5). For a justi cation of

why 10 observation realizations suf ce for our study, see appendix 1.6.4.

Initial distributions

We use three initial conditions:

m = N (x§U¢,0.1 Ig),
m=NMU+2 143,05 Iy,
m= N +4 141g), (1.13)

where 14 is a d-dimensional vector with all entries 1. With this notation x{“¢ corre-
sponds to xp(w) in subsection 1.2.2. Note that different realizations of xg produce

similar results as shown here.

1.3.3 Zero of the Sinkhorn algorithm

In sections 1.3.4, 1.3.5 we discuss the stability of PF and EnKF by calculating
E[D«pn(m),pn(m))] (i & j) as afunction of time n for initial conditions m from (1.13)
with the expectation taken by averaging over 10 observation realizations. For clarity,
this quantity is shown at every 4-th assimilation step in gures 1.2-1.5. In order to
understand the convergence to 0 of this expectation [see (1.5)], we rst discuss how

close to zero Dy can approach numerically. In gure 1.1 we see the average Dg(ad, bd)
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Fig. 1.1 Average Dxad, bd) (over 20 realizations) where ad,bd are two different
sampling distributions with the same sample size m for the same underlying d-
dimensional Gaussian N (Og, | 1g)

where afy, = &% dme and bl = &1 dma, with f x™4g and fy™g both samples
i i

from the same underlying d-dimensional Gaussian distribution N('j = N (0g,1 1q).
For "small" | , we can expect Dy to behave in a similar fashion as if NG'| were

supported on a compact set. With that in mind, we relate the numerical results shown

in gure 1.1 to the results 1.6.1-1.6.3 in the appendix 1.6.1 by noting the following key

points:

Drop with increase in sample size

Theorem 1.6.3 explains the monotone drop in average Dy for a xed dimension while

increasing the sample size.
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Rise with increase in dimension

As the dimension increases, larger sample sizes are required to accurately estimate
N . Consequently, Dy(ad, b%) grows with dfor xed m since a$, b, become poorer

estimators of N é asd increases.

Drop with decrease in covariance

Decreasing the covariancel has the opposite effect since, for xed dimension d and
sample size m, smaller covariance leads to a better estimation of the underlying

distribution, i.e., aJ, b% become better estimators of N | as| decreases.

Support of our distributions

Since the true trajectories for both systems (L63, L96) lie on bounded attractors, we can
assume that true lItering distributions are supported on a compact set. Consequently,
in the ltering experiments shown later, the zero of the Sinkhorn algorithm shows
qualitatively similar behavior (e.g., in gure 1.2) with respect to dimension as seen in

gure 1.1.

1.3.4 Stability of Particle Filter

Here we use the notation pﬁ'N for P, obtained by alogithm 2 with N particles
(omitting N for brevity when value of N is clear from context). Figure 1.2 shows

E[D«Pn(m),Pn(m))], i & j as a function of n. We note some important conclusions.

BPF quickly forgets the initial distribution

From the insets in gure 1.2 we can see that for every pair (m, m) of initial distributions,
E D«pF(m),pi(m)) stabilizes in the rst few assimilation steps. In fact, this

behavior is consistent with exponential stability of particle lters [34].

Dependence on the number of particles

i
E Dupi™(m),piN(m)) fora xed n decreases monotonically with increasing N

for both L63 and L96 and for both observation covariances for all pairs i 6 j.
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Fig. 1.2 D4 (averaged over 10 observation realizations) for BPF for 10-dimensional L96
(row 1) and L63 (row 2) systems with observation covariance s? = 0.1, for pairs of

initial distributions in  (1.13) with varying sample size. The line for N = 2000has a
band showing one standard deviation. The inset shows the drop in average Dy during

the rst few assimilation steps.

Stability

Suppose the best possible Itering distribution that can be computed by the particle

lteris p5 = limni ¥ poN. Figure 1.2 is consistent with the condition

lim, liminf E[D«pp"™(m),py™(m))]= 086 |

since xing n and increasing N results in a steady drop in Dgaveraged over observation

realizations. By Theorem 1.6.4 this condition is suf cient for concluding

lim E[D«(pr' (M), pr (M)]= 08i6 |

Dependence on observation covariance

All plots in gure 1.2 correspond to observation covariance s2 = 0.1 The other case
s? = 1.0 mentioned in 1.3.1 can be seen in gure 1.3. As we can see gure 1.3 is

gualitatively similar to gure 1.2 and in our experiments, stability of particle Iter
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Fig. 1.3 Dy (averaged over 10 observation realizations) for BPF for 10-dimensional L96
(row 1) and L63 (row 2) systems with observation covariance s? = 1.0, for pairs of

initial distributions in  (1.13) with varying sample size. The line for N = 2000has a
band showing one standard deviation. The inset shows the drop in average Dy during

the rst few assimilation steps.

was not seen to be affected by observation covariance but higher noise levels in
observations naturally causes the level where the Sinkhorn divergence stabilizes, to be

more noisy.

1.3.5 Stability of EnKF

Here we use the notation pE'N for pn obtained by alogithm 1 with ensemble size N.

We might omit N for brevity.

Drop in Dy over time

From gure 1.4, we see that for every pair (m, m) ofinitial distributions D#(p E(m),p ,']E(n]))
decreases with time rapidly within the rst 50 assimilation steps and beyond 100
assimilation steps, the observation average of Dy for Iters with different pairs initial

distributions are similar and have very little variance.
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Fig. 1.4 D« (averaged over 10 observation realizations, with one standard deviation
con dence band) for EnKF for 10-dimensional L96 with N = 50 with localization (left),
N = 200without localization (middle) for observation covariance s? = 0.1, and for
40-dimensional L96 with N = 50 with localization (right) with observation covariance
s? = 1.0for pairs of initial distributions in 1.13. The inset shows the drop in Dy for
the rst 50 assimilation steps.

Variation with respect to observation realization

We see that the variation of Dy for different observation realizations (shown by the
shaded bands in left two panels in gure 1.4 and in top row in gure 1.2) is larger for
the case of EnKF when compared to the particle lter for initial times (e.g. n < 100for
the 10-dimensional L96 model). On the other hand, for larger times (approx. n > 100),

the variation for EnKF is signi cantly smaller than the patrticle lIter.

Effect of localization

EnKF with small ensemble size needs localization which, however, is an ad-hoc proce-
dure to prevent lter divergence and may not approximate the true lter. Figure 1.4 for
10-dimensional L96 (left panel) and for 40-dimensional L96 (right panel) shows that
for N = 50 with localization length 4, the EnKF is stable, whereas the middle panel
shows the stability (with the same con guration as the left panel) for 10-dimensional
L96 without localization, but with larger ensemble size N = 200 This indicates that

that localization does not affect EnKF's stability properties.

1.3.6 BPF vs EnKF

We now compare the BPF and EnKF for the case of 10-dimensional L96 with s? =
1.0 with the same true trajectory and observation realizations. This is shown in

gure 1.5. In the following discussion we assume BPF with 2000 particles to be a
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Fig. 1.5 Comparison between lters for 10-dimensional L96 and s? = 1.0. The solid
lines on the top show average Dy between EnKF without localization with N = 200
and BPF with M = 200Q The dotted lines in the middle show average Dy between BPF
with N = 250and BPF with M = 200Q The dashed lines at the bottom show average
D4 between EnKF without localization with N = 200and EnKF with localization with
M = 50. In each case, different colors are for different initial conditions from (1.13).
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decent approximation for the true Iter and refer to them interchangably. We note a

few important points.

Poor approximation of the true lter by EnKF

The three lines towards the top show the distance between EnKF and BPF, for three
different initial conditions. We see that EnKF produces distributions that are signif-
icantly different from the true lIter, for all the initial distributions. But recall that

for this setup, the EnKF is stable (as is the BPF to0), i.e., the distance between EnKF
with different initial conditions is smaller (as seen in gures 1.2-1.4) than the distance

between the BPF and EnKF

BPF is closer to the true Iter than is EnKF

The three lines in the middle show the distance between BPF with N = 250 and
N = 2000(putatively true Iter). We see that in comparison with EnKF with N = 200

particles, BPF with similar ensemble size (250 particles) is much closer to the true lter.

EnKF with different ensemble size are very similar

The bottom three lines in gure 1.5 show Dy between EnKF with different ensemble
size, which shows that the EnKF is quite stable with respect to changes in the ensemble
size, even though it is not very close to the true lter — thus EnKF is stable but biased,

whereas BPF is stable and unbiased. A more detailed study of the reasons for this

behaviour will be taken up in the future.

1.4 Robustness of Filter Stability

In this section we probe the robustness of lIter stability by varying the observation
gap g and the observation noise standard deviation s. We also explore the nature of
Iter stability by tting exponential curves to the expectation data. The numerical
dif culty in computing Iter stability has led to the adoption of RMSE error of the

Iter as a substitute for the expectation in (1.5)in practical settings. We, therefore, also

investigate the relationship between Iter RMSE and Iter stability. We rst describe
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experimental setup, then go through the results for varying observation gap while

keeping the observation noise constant and vice versa.

1.4.1 Experimental Setup
Model and Data generation

Here we use d = 10 dimensional Lorenz-96 [ 114, 167] with forcing constant F = 10,
described in (1.11) We observe alternate coordinates starting from the rst coordinate,

SO

Yij = Xk2j 1t hi (1.14)

[ m
for j = 1,2, ,qg= ¢ andhg; N (0,s?). Throughout this section, we use

s?=0.2,0.4,0.8,1.end g = 0.01,0.03,0.05,0.07,0.09he choice of the dimension
d = 10 makes sure that we get reasonable performances from both the EnKF and the

particle Iter. We generate our data as we did in section 1.3.2.

Initial distributions

We use two Gaussian initial conditions. The rst one my is centered at the true state
with a small variance representing the case when our guess for the initial distribution
is unbiased and precise. Thus we expect the lter to continue to have those properties
upto some time. The second one m, is centered away from the true state with a
signi cantly larger variance representing the case when our guess for the initial

distribution is biased and imprecise. They are given by,

m= N (x§U¢,0.1 Ig),
m= NS +4 141y, (1.15)

where 14 is a d-dimensional vector with all entries 1.

Metrics for probing Iter stability

To probe Iter stability directly using the de nition 1.2.2, we study the Sinkhorn

divergence E[D«pn(m),pn(m,))] as a function of time. It has been well-known
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that in nonlinear ltering problems where the dynamic model is stochastic, under
suitable additional conditions, the lIter is exponentially stable and from an incorrect
initial condition, it reaches stability in an exponential fashion (see, e.g., chapter 3
of [1664]). Although such results are not available for the case of deterministic dynamics,
exponential decay is a natural or at least desirable behaviour for the temporal behaviour
of the distance between two lIters starting from different initial distributions. To

explore this qualitatively, we t a curve of the following form

E[D«pn(m),pn(m))] = aexp( 1t)+ c, (1.16)

where time t = assimilation step  observation gap = ng. One of the motivation is to
understand whether the exponent | is related the dynamical quantities such as the
Lyapunov exponents of the chaotic dynamical system under consideration.

In addition to stability, we also explore its relationship to the convergence of the
Iter mean toward the true signal as well as the uncertainty of the mean estimate.
Motivated by the results about bounds on the former of these two in [ 94, Theorem 4.4]
and [107, Theorem 4.6], we de ne the following two quantities.

The rst quantity aims to capture the bias of the Iter and is the scaled |, error

denoted by e,(n).

def 1
en(n) = P—a Es,mlxn] f ng xg' ,
1 3172

xa!oxpuel 5 (1.17)
1

1

2
= 4 1
N

I Qog

olr
9 Qo=

=1

where x3' denotes thei-th coordinate of the a-th member of the ensemble representing
the Itering distribution at time  n. Thus, e,(n) is the distance between the true state
and the Iter mean divided by square root of the state space dimension d, with n
denoting the assimilation step and n the initial distribution of the Iter. Note that

from the results [ 94, Theorem 4.4] and [107, Theorem 4.6] mentioned earlier, we expect

E[€(n)] s?asymptotically in time.
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The second quantity s,(n) captures the uncertainty of the Iter estimate.

1 t 1/2#
C Ctr Es ol Xn Es.mlxn]  Xn  Egs (mlXn]
sn(n) = g7 Epaml Xn EgymylXn n o Epy(nmXn ’
2 1,311
_ga1 g 1 g @i éN X215 (1.18)
= — _— n ] *
diyN 1.5, " b=1

Thus, s,(n) is the square root of the trace of the sample covarianace of the lter. We
note that we are not aware of any theoretical results that give any indication about the
asymptotic in time limit of this quantity but it is reasonable to explore their relation
with the observational uncertainty.

We now present the numerical results on stability for PF and EnKF, as well as the
dependence of the exponential rates on the observation gap g and the observation
noise strength s. In the following gures 1.6-1.7, in top row in each of the gures, the
dots represent distance D«(pn(m), pn(Mm,)) between the posterior distributions at time
t = ng with the initial distribution nmy and m, mentioned in (1.15)versus time for 10
realizations of the observational noise. We also plot the mean E[Dy] averaged over
these 10 observational realizations, and the best- t curve (1.16)in the same gures.
Rows 2 and 3 contain, respectively, the expectation value of scaled |, error E[&2] and
uncertainty E[s3] de ned in (1.17)and (1.18)versus time. Row 4 contains scatter plot
of RMSE, de ned as the square root of the expected value of €, averaged over the 10
observational realizations, for the Iter with biased initial distribution m, versus the

mean Dy between posteriors from the biased and the unbiased initial distributions.

1.4.2 Dependence on observation gap

We rst discuss the results of assimilation with both PF and EnKF for a xed observa-
tion covariance s = 0.4l with varying observation gap. As shown in gure 1.6, the
mean Dy falls exponentially over time until reaching a stationary value for both the
lters. Table 1.1 shows the values of the coef cients of the best-t of mean Dy versus
time, according to (1.16), for different observation gaps g.

For PF, we see that the ratel decreases with increasing observation gap g but for

EnKEF, the rates are not signi cantly affected by the change in g. The highest Lyapunov
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