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Abstract

Strongly coupled quantum systems at finite density exhibit fluctuation and dissipation

phenomena that are difficult to access using conventional field–theoretic techniques. This

thesis employs real-time holography to develop a framework for understanding these ef-

fects through their gravitational duals. Using the AdS/CFT correspondence, we con-

struct an open Effective Field Theory (EFT) describing probes interacting with finite-

density holographic media, clarifying the interplay between Hawking fluctuations and

quasinormal-mode dissipation near charged black holes that underlies fluctuation–dissipation

relations (FDRs). On the gravitational side, we analyze the scattering of charged scalar

fields in the AdS Reissner–Nordström background and obtain an effective exterior field

theory that captures both infalling-mode dissipation and Hawking-induced fluctuations.

We further develop a real-time Witten diagrammatic framework for computing n-point

functions of interacting charged scalars, providing real-time correlation functions of the

dual finite-temperature, finite-density CFT. Using this exterior field theory, we derive—

for the first time—both linear and non-linear holographic FDRs at small but finite density,

which reduce to the expected behavior in the zero-density limit. Overall, this thesis offers

a comprehensive holographic description of fluctuations and dissipation in strongly cou-

pled finite-density systems and introduces new tools for studying open quantum dynamics

in gravity and holography.

xv





Chapter 1

Introduction

1.1 Background

Not so long ago, gravity and condensed matter physics were considered entirely separate

domains. Many viewed them as unrelated — each could be studied without reference to

the other. While the separation is largely true, recent developments in theoretical physics

suggest a deeper connection between the two than previously assumed.

Gravity is governed by Einstein’s theory of General Relativity (GR) — a classical

framework in which spacetime is modelled as a smooth manifold equipped with a metric.

This metric defines the curvature of spacetime, which determines how matter/light moves.

In turn, matter influences this curvature via its energy and momentum. As John Wheeler

famously summarised:

“Spacetime tells matter how to move; matter tells spacetime how to curve.”1

The first part of this statement — how matter moves — can be derived from the

appropriately generalised Newton’s laws or from the principle of stationary action, both

of which lead to the same equations of motion (geodesic equations). The second part,

however, is what makes General Relativity unique: it treats spacetime as dynamic, and

its geometry is determined by matter through Einstein’s field equations:

Rµν −
1

2
gµνR = 8πGN Tµν , (1.1)

1Quoted from Geons, Black Holes, and Quantum Foam: A Life in Physics by John A. Wheeler and
Kenneth Ford.
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where gµν is the metric, Rµν the Ricci tensor, and R the Ricci scalar, respectively.

On the right-hand side, GN is Newton’s gravitational constant and Tµν is the energy-

momentum tensor of matter. This fundamental interaction between geometry and matter

is beautifully illustrated in the figure 1.1 below.

Figure 1.1: Spacetime curvature due to the presence of matter, with black and blue blobs
representing massive objects that warp the surrounding geometry.

In contrast, modern condensed matter physics is deeply rooted in quantum theory,

which is fundamentally different from classical physics. Despite both quantum mechanics

and General Relativity emerging around the same era, gravity has eluded its incorporation

into the quantum framework. Reconciling the two remains one of the biggest challenges in

theoretical physics. Various approaches, such as string theory and loop quantum gravity,

aim to address this.

String theory replaces point particles with extended one-dimensional objects called

strings. It is a complete quantum theory that describes the dynamics of strings in higher-

dimensional spacetime (D > 4). It offers a unified framework that includes gravity and

quantum physics. In the last five decades, string theory has evolved into a mathematically

rich structure characterised by various dualities and symmetries. However, its major

weakness remains the lack of experimental validation.

Meanwhile, condensed matter physics has advanced rapidly through experimental

breakthroughs, revealing a wide range of new complex materials. Theoretical progress,

however, has often struggled to keep the pace — especially in understanding strongly

correlated quantum many-body systems, such as those found in high-Tc superconductors

and non-Fermi liquids. This began to shift when physicists started applying concepts

from string theory, particularly dualities, to these systems. Most notably, the AdS/CFT

2



correspondence — a celebrated example of holographic duality — has been increasingly

used to study such systems. Over the past two decades, it has offered valuable insights

into the behaviour of strongly coupled quantum matter [1–3].

The AdS/CFT correspondence [4–6] is a concrete realisation of holographic duality

that relates a (d + 1)-dimensional Anti-de Sitter (AdS) spacetime to a conformal field

theory (CFT) defined on its d-dimensional boundary. A schematic representation of this

correspondence is shown in the figure 1.2 below.

ti
m
e Anti-de Sitter spacetime

CFT on boundary‘Bulk’

(strongly coupled)
(weakly coupled dynamics)

Figure 1.2: Schematic representation of the AdS/CFT correspondence. The bulk of the
cylinder represents AdS spacetime, while the CFT resides on its boundary.

The most prominent example is N = 4 SU(N) Super Yang–Mills (SYM) theory in

(3 + 1)-dimensions and type IIB superstring theory on AdS5 × S5.2 The parameters on

the ‘AdS’ side are string coupling gs and string length ls, and the parameters on the

‘CFT’ side are rank N and gauge coupling constant gYM . Then, these parameters under

the correspondence are identified as:

2πgs = g2YM , and

(
lAdS

ls

)4

= 2g2YMN ≡ 2λ , (1.2)

where λ is called ’t Hooft coupling, given by λ = g2YMN . These identifications provide

just a glimpse into the rich structure of the correspondence. We direct the readers to

look [7–9] for a detailed review on the AdS/CFT correspondence.

2The radius of sphere S5 is same as that of AdS5 and denoted by lAdS.
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Depending on the restriction on parameters, there exist many forms of AdS/CFT

correspondence, as shown in the table (taken from [1]) below–

AdS/CFT N = 4 SYM theory IIB theory on AdS5 × S5

Strongest form any N and λ Quantum string theory, gs ̸= 0, ls
lAdS

̸= 0

Strong form N → ∞, λ fixed but arbitrary Classical string theory, gs → 0, ls
lAdS

̸= 0

Weak form N → ∞, λ large Classical supergravity, gs → 0, ls
lAdS

→ 0

In the ’t Hooft limit (N → ∞ with fixed λ), the strongly coupled SYM theory (regime

where λ → ∞) is mapped to weakly coupled classical supergravity in AdS. This is the

essence of what makes the AdS/CFT correspondence a strong/weak duality, often also

referred to as gauge/gravity duality, as illustrated in figure 1.2.

While the duality was originally formulated within the framework of string theory,

much of its structure is more general and can be expressed in the language of boundary

quantum field theory (QFT) and bulk gravitational physics. A central feature of the

correspondence is the one-to-one mapping between single-trace primary operators O in

the boundary theory and dynamical fields ϕ in the bulk. This mapping enables the

computation of boundary correlation functions by studying the dynamics of bulk fields.

This relationship is formalised in the holographic dictionary, as first introduced by

Gubser, Klebanov, Polyakov, and Witten (and hence referred to as the GKPW dictio-

nary) [5, 6], which asserts:

〈
exp

(ˆ
ddx J(x)O(x)

)〉
QFT

= Zgrav

[
ϕ
∣∣
∂AdS

= J
]
, (1.3)

where J(x) is a source coupled to the boundary operator O(x), and Zgrav is the gravita-

tional partition function evaluated with the boundary condition ϕ|∂AdS = J .

In the semiclassical (large-N , strong-coupling) limit, the Zgrav is well-approximated

by its saddle point,

Zgrav[ϕ|∂AdS = J ] ≈ exp (iSon-shell[ϕ]) , (1.4)

where Son-shell is the classical bulk action evaluated on the solution ϕ that satisfies the

prescribed boundary condition.

This correspondence forms the foundation for computing correlation functions in

strongly coupled boundary theories via classical gravitational dynamics in the bulk.
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Specifically, the generating functional for correlators of a boundary operator O is given by

the on-shell value of the dual bulk action evaluated with appropriate boundary conditions.

This principle will be used extensively throughout this work.

More broadly, holography maps strongly coupled boundary dynamics to weakly cou-

pled bulk gravity, offering a powerful framework to study otherwise intractable quantum

systems. The GKPW prescription enables the computation of boundary correlators from

the bulk on-shell action. Notably, black holes in the bulk are dual to thermal states on

the boundary [10], allowing the study of finite-temperature, strongly correlated systems

via classical gravity [11–15]; for reviews, see [16–20]. As a result, gravity and condensed

matter theory (CMT) — once seen as disconnected to one another — are now linked

through holography, giving rise to the emerging subfield known as AdS/CMT (Anti-de

Sitter/Condensed Matter Theory) [21, 22].

After this background, we now move towards the thesis problem and its motivation.

1.2 Motivation & Problem

Finite–density systems are all around us — they are not only indispensable for under-

standing the universe but also deeply fascinating. These systems arise in a wide range

of physical contexts, from high-energy physics to condensed matter physics, and even in

astrophysics (e.g., neutron stars). Yet many of these systems remain only partially un-

derstood, and their dynamics continue to challenge our theories. Here are a few notable

examples:

1. High-energy physics: The quark-gluon plasma (QGP) at finite baryon density,

a state of matter relevant for heavy-ion collisions and early-universe cosmology.

2. Condensed matter physics: Exotic states of matter, such as non-Fermi liquids

(Strange metals)3 and high-temperature superconductors (Cuprates), where finite

density plays a crucial role.

In these systems, not only is it difficult to calculate transport coefficients like conduc-

tivity and viscosity, but even understanding their responses to external perturbations can

be highly non-trivial. This difficulty can be traced to two inter-related features. First,

3Non-Fermi liquids deviate from conventional Landau’s Fermi liquid theory [23], which assumes
Fermi’s surface and well-defined quasiparticles to describe metallic behaviour.
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the absence of a well-defined quasiparticle description [24, 25] means that excitations

cannot be treated as weakly interacting particle-like entities, a cornerstone of traditional

condensed matter theory. Second, the strong coupling present in these systems prevents

the use of conventional perturbative techniques that typically rely on small interaction

strengths. Instead, their collective behaviour emerges from highly entangled many-body

dynamics that defy standard analytic methods [26–29].

One prominent manifestation of these difficulties is the appearance of strange metallic

behaviour where resistivity scales linearly with temperature [30, 31], violating the expec-

tations of Fermi liquid theory, and the breakdown of the Wiedemann-Franz (WF) law4

[32], which relates electrical and thermal conductivities in conventional metals. These

anomalies point to fundamentally new transport mechanisms that remain elusive in stan-

dard theoretical frameworks.

Holographic techniques, inspired by the AdS/CFT correspondence, offer a promising

lifeline with solvable toy models for addressing these challenges [3, 20]. By mapping

strongly coupled boundary dynamics to weakly coupled gravitational problems in higher-

dimensional spacetimes, they provide a tractable approach to computing correlation func-

tions, transport coefficients, and response functions via classical gravity calculations. In

particular, black hole geometries in the bulk play a central role: they naturally encode

thermal physics and can mimic finite-density systems through appropriate gauge field

configurations in the bulk.

This powerful connection has enabled significant progress in understanding finite-

density, strongly correlated systems using holography, as evidenced by the growing body

of work in the AdS/CMT literature [33–41]. As a result, black holes — once regarded

primarily as objects in high-energy physics and astrophysics — have emerged as useful

tools in the study of condensed matter systems, highlighting the deep and surprising

interplay between gravity and quantum many-body physics. Interestingly, black holes

have also become valuable tools in the context of open systems, where the dynamics of a

subsystem (the probe) is coupled to a strongly interacting bath.

Building on these insights, recent developments have applied effective field theory

(EFT) techniques [42, 43] to study dynamics within these holographic models [44–46]

4The WF law states that the ratio of thermal conductivity κ to electrical conductivity σ (scaled
by temperature) is a constant. This holds because both charge and heat are transported by the same
well-defined quasiparticles.
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by analysing the behaviour of probe fields (such as electrons) coupled to a strongly

interacting background. This naturally leads to the perspective of open effective field

theories (open EFTs). Here, the strongly coupled bath is modelled holographically, while

a separate EFT is constructed for the probe, capturing its essential dynamics. Because

holographic baths are strongly interacting and therefore highly dissipative — often de-

scribed as “maximally forgetful” — they typically produce a local EFT for the probe.

In contrast, weakly coupled baths tend to retain long-lived correlations (i.e., “memory”),

resulting in non-local EFTs. This distinction highlights the unique value of holography

in constructing local open EFTs [47–50].

A particularly illustrative example is the quark-gluon plasma (QGP) at finite density.

Modelling the QGP as a holographic bath allows one to systematically extract its influence

on a probe (e.g., a quark or an electron). This influence is encoded in the influence

functional [51], which captures both dissipative and stochastic effects. This functional

is typically derived using the Schwinger-Keldysh/real-time formalism — a framework

especially well-suited for computing real-time correlation functions in out-of-equilibrium

scenarios, a topic we will explore in detail in the next chapter.

Taken together, these insights naturally lead to a crucial set of questions:

How does holography work in the Schwinger-Keldysh/real-time formalism? Does

real-time holography exist in a rigorous sense?

The study of real-time holography itself has a rich history, beginning with the seminal

works of Son-Starinets, Skenderis-van Rees, and others [52–56]. In this context, real-

time holography refers to methods inspired by the Gibbons-Hawking prescription5 [57]

for computing real-time observables in gravitational systems. However, these earlier

approaches did not fully incorporate fluctuations or Hawking radiation in the bulk, which

are essential for describing dissipation and noise in the boundary theory.

To address this gap, authors in [58] proposed a gravitational dual to the Schwinger-

Keldysh formalism of quantum field theory, known as the grSK geometry. Concretely,

they conjectured that the real-time gravitational path integral is dominated by a geom-

etry in which two copies of the black hole exterior are glued together along their future

5The Gibbons-Hawking prescription relates a thermal QFT partition function to the Euclidean on-
shell action of a gravitational spacetime via analytic continuation to Euclidean time and regularity at
the horizon.
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horizons, as illustrated in figure 1.3. This construction captures both the real-time evo-

lution and the Hawking-like fluctuations necessary to reproduce dissipative dynamics in

the dual field theory. We will explain the grSK geometry and discuss its validity in the

next chapter.

←
H −
→

←
H
+
→

MR↑

(a)

←
H −
→

←
H
+
→

(b)

ML

MR←
H
+
→

(c)

Figure 1.3: Schematic construction of grSK geometry via Penrose diagrams: Figures (a)
and (b) show two copies of the AdS black hole, respectively. Figure (c) represents the
grSK geometry.

These advances in real-time holography have paved the way for the development of

open EFTs in strongly coupled settings [47, 48]. Nevertheless, extending these results

to finite-density systems — such as those relevant to the quark-gluon plasma, high-

temperature superconductors, and non-Fermi liquids — remained an open challenge until

recent years.

From the bulk perspective, the studies of such systems correspond to scattering pro-

cesses against a black hole background, considering the often overlooked influence of

Hawking radiation [59]. The grSK geometry captures these thermal fluctuations in a

gravitationally consistent way. Its validity has been confirmed across a wide range of

contexts [47–50, 60–69], offering a framework that naturally encodes both the thermality

and the microscopic unitarity of holographic systems. In [70, 71], it has been recently

shown that the grSK results for boundary correlators align with Witten diagrammatics,

suggesting an exterior field theory for theories without any derivative interactions. It is

worth noting that grSK inherently provides an exterior field theory, a presumption made

in earlier studies [33, 40, 46].

Since charged black holes provide the gravitational duals of finite-density systems, it is
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natural to seek a generalisation of the grSK framework to such backgrounds. However, it

is not immediately clear how to extend grSK to include charged black holes. In particular,

the presence of multiple horizons raises questions about how the glueing procedure should

be modified.

To address this, we propose the RNSK geometry — a real-time extension of the Reiss-

ner–Nordström black hole geometry adapted to the Schwinger–Keldysh contour [49]. We

will present the details of this construction in chapter 3. This prescription provides a

gravity dual to the Schwinger–Keldysh formalism at non-zero chemical potential, allow-

ing us to study fluctuation and dissipation phenomena in holographic systems at finite

density.

A key question now arises: Can we compute real-time correlation functions purely

from an exterior field theory — that is, a theory defined entirely outside the black hole

horizon — even at finite density? As we will see later, the answer is affirmative, as

explicitly demonstrated in [72]. Much like the zero-density case [70], this construction

remains valid and continues to encode the essential physics of thermal fluctuations.

The presence of Hawking radiation in finite-density backgrounds prompts a deeper

question:

How are these fluctuations related to the dissipative behaviour governed by quasi-normal

modes?

Since any thermal system must obey a version of the fluctuation-dissipation theorem

(FDT), establishing its precise form in this setting could offer new insights into the

real-time dynamics of strongly coupled finite-density systems. In what follows, we will

highlight the distinction between linear and non-linear versions of the FDT,6 and examine

how they emerge from the holographic perspective.

Linear FDT has been extensively studied in systems ranging from weakly to strongly

coupled regimes. A classic example is Brownian motion described by the following

Langevin’s equation for variable q:

q̈ + γq̇ = f η(t) , (1.5)

6As the names suggest, the linear and non-linear FDT relate the linear and non-linear fluctuation
and dissipation coefficients of a system’s dynamical equations, respectively.
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with linear FDT given by,
2

β
γ = f , (1.6)

where γ is the damping coefficient, β denotes inverse temperature, η denotes noise and

f measures fluctuation strength. The intuition behind this relation is that random kicks

from the environment not only slow down the particle’s motion but also generate fluctu-

ations in the form of noise. The FDT then asserts that, on average, the energy injected

by these stochastic forces exactly balances the energy dissipated through damping. At

a more fundamental level, this relationship is rooted in equilibrium statistical mechan-

ics: the linear FDT follows directly from the two-point Kubo-Martin-Schwinger (KMS)

condition [73, 74] (see [75] for detailed derivation of FDT from KMS condition).

However, calculating non-linear FDTs in strongly coupled field theories remains highly

challenging and has only been carried out up to a certain order. Recent developments

in grSK geometry have enabled the computation of non-linear FDTs at zero density to

arbitrary order [47]. As of now, this is the only known method capable of deriving non-

linear FDTs at all orders, with higher-order results remaining unverified by any other

approach.

Regarding non-linear FDTs at finite density, to the best of our knowledge, they have

not yet been explored in the context of strongly coupled field theories, e.g. holographic

theories. This naturally raises two key questions:

Do non-linear holographic FDTs exist at finite density? And if they do, how do they

differ from their zero-density counterparts?

As we will demonstrate, the answer to the first question is in affirmative [72].

We conclude the introduction with a brief comment on the physical implications of

non-linear FDTs at finite-density. FDTs are particularly important for strongly interact-

ing systems at non-zero chemical potential — such as non-Fermi liquids, dense plasmas,

and neutron star — where the presence of a finite density can qualitatively alter both

correlations and response functions. In such settings, non-linear FDTs become essen-

tial because they relate transport coefficients not only to two-point functions but also

to higher-order correlations. This is especially relevant in regimes where linear response

theory breaks down, for instance near critical points, where fluctuations become large,

non-Gaussian, and beyond the reach of mean-field descriptions. In these regimes, the
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linear FDT is no longer sufficient, and non-Gaussian corrections play a central role in

determining transport, noise, and dissipation. For these reasons, finite-density non-linear

FDRs are important both for theoretical analyses and for interpreting experimental data

in complex quantum systems.

Outline

In this work, we begin with an introduction in chapter 1, where we outline the background,

motivation, and the central problem under investigation.

Chapter 2 reviews the Schwinger–Keldysh (SK) formalism in quantum field theory

and describes its gravitational realization within the AdS/CFT correspondence.

In chapter 3, we present our prescription for the gravitational dual of the SK formalism

in finite-density systems, which we refer to as the RNSK geometry. We study free fields

in this background and explain how to compute real-time boundary correlators. We also

perform various consistency checks on the geometry.

In chapter 4, we move beyond the free-field approximation by introducing interactions

through a self-interacting complex scalar field. We demonstrate how an effective field

theory localised outside the black hole horizon emerges and reproduces the full boundary

SK generating functional.

With the generating functional at hand, we turn in chapter 5 to the computation of

fluctuation–dissipation relations in our holographic setup. After reviewing the fluctua-

tion–dissipation theorem through the examples of a Brownian particle and a zero-density

holographic system, we present our results for holographic fluctuation–dissipation rela-

tions at finite density. These are then compared to the corresponding relations at zero

density.

Finally, the chapter 6 summarises our findings and outlines possible directions for

future work.

Detailed calculations and technical derivations omitted from the main text are pro-

vided in the appendices.
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Chapter 2

Schwinger-Keldysh formalism in

Holography

In this chapter, we will begin with a brief review of the Schwinger-Keldysh formalism in

quantum field theory. Along the way, we will establish the notational conventions similar

to those given in [76] that will be used throughout the remainder of the discussion. We

will then highlight the relevance of this formalism in the study of open quantum systems.

Later in the chapter, we will examine the role of the Schwinger-Keldysh framework in

holography, focusing on the central question:

What is the gravitational dual of the Schwinger-Keldysh formalism ?

Throughout this chapter, we only focus on the Schwinger-Keldysh formulation for

bosonic field theories, though the formalism can be readily extended to fermionic cases.

We now proceed to outline the basic structure of the formalism.

2.1 Schwinger-Keldysh formalism

The Schwinger–Keldysh formalism [77, 78] offers a powerful real-time framework for

studying non-equilibrium phenomena in quantum field theory.1 One of its key strengths

lies in its ability to systematically incorporate fluctuations, making it indispensable in

out-of-equilibrium settings. Unlike conventional approaches that focus on transition am-

plitudes between initial and final states, the Schwinger–Keldysh formalism is designed to

1For textbook-level discussions, see [75, 79–81].
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compute expectation values and correlation functions without reference to a final state

— hence the name “in-in” formalism, particularly common in cosmological contexts.

The key idea is to evolve both forward and backward in time along a closed time

contour C in the complex time plane, as depicted in figure 2.1 below–

Re

Im

t0

C

t

OR

OL

Figure 2.1: Closed time contour C starting at the initial time t0, with two operator
insertions: OR on the forward (right) branch and OL on the backward (left) branch. The
end-points are used for the preparartion of initial state.

The contour C starts out from t = t0 + iϵ and moves horizontally till t = ∞ + iϵ

and then takes a turn in imaginary direction till t = ∞ − iϵ and starts moving back

to t = t0 − iϵ.2 For later importance, note that the end-points of the contour are not

identified. The corresponding contour-ordered evolution operator UC is given by,

UC = TC exp
(
−i
˛
C
Hint(t

′) dt′
)
, (2.1)

where Hint is the interaction Hamiltonian and the integration parameter t′ runs over the

contour specified in the above diagram. Here, the symbol TC refers to contour time–

ordering, which we will explain in a moment. Note that we have suppressed the depen-

dence on spatial direction x in the Hamiltonian.

Using the contour-ordering, we can now write down the associated Schwinger-Keldysh

(SK) two-point Green’s functions of a bosonic operator3 O as:

GC(t1, t2) = −i ⟨Ω|TC
{
O(t1)O(t2)

}
|Ω⟩ , where t1, t2 ∈ C , (2.2)

2Unless otherwise stated, we assume that the initial time is taken to be far in the past, i.e., t0 = −∞
throughout this work.

3The operator O could also be composite, i.e. made up of the fundamental fields present in the QFT.
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where |Ω⟩ is the ground state of the full interacting theory. Note that our convention for

the Green’s function corresponds to the inverse Laplacian operator (rather than minus

the inverse Laplacian operator, as is common in literature), as shown below4

G = □−1 , where □ ≡ ∂2 = −∂2t +∇2 . (2.3)

Note that we are working in a mostly positive signature.

This SK contour C has forward as well as backward time-evolving parts and is useful

to label them as right R and left L parts, respectively. It is also convenient to think of

fields/operators O and sources J living on this contour, as divided into these two different

parts, given as follows:

O(t+ iϵ) ≡ O
R
(t) , O(t− iϵ) ≡ O

L
(t) , ∀ t ∈ R ,

J(t+ iϵ) ≡ J
R
(t) , J(t− iϵ) ≡ J

L
(t) , ∀ t ∈ R ,

(2.4)

where t runs over the real axis. Then, the analysis becomes exactly similar to working

with a doubled number of fields, and the SK two-point Green’s function can be thought

of as a 2× 2 matrix, given by:

GC =

GRR
G

RL

G
LR

G
LL

 , (2.5)

where the subscript denotes the position of operator insertion on the SK contour.

In contour ordering, the standard time increases along the arrow on the upper part of

the contour and decreases along the arrow on the lower part. Moreover, any point on the

lower part is considered to have greater contour time than any point on the upper part.

Then, it is not hard to check that the following holds:

G
RR

(t1, t2) = −i ⟨Ω|T {O(t1)O(t2)}|Ω⟩ ≡ GF ,

G
RL
(t1, t2) = −i ⟨Ω|O(t2)O(t1)|Ω⟩ ≡ G< ,

G
LL
(t1, t2) = −i ⟨Ω|T {O(t1)O(t2)}|Ω⟩ ≡ GF̄ ,

G
LR
(t1, t2) = −i ⟨Ω|O(t1)O(t2)|Ω⟩ ≡ G> ,

(2.6)

4Throughout this work, we adopt the mostly positive signature convention for the spacetime metric.
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where T and T represent the time ordering and the anti-time ordering in real-time,

respectively. In standard QFT textbooks [82, 83], GF and GF̄ are Feynman and anti-

Feynman propagators and G<,> are two different Wightman functions.

These Green’s functions are not independent of each other; rather, they are related

by the following relation,

GF +GF̄ = G< +G> , (2.7)

which can be easily checked using the time-ordering property. For instance, writing the

Feynman propagator and the anti-Feynman propagator in terms of Wightman functions

as,

GF (t1, t2) = Θ(t1 > t2)G>(t1, t2) + Θ(t2 > t1)G<(t1, t2) ,

GF̄ (t1, t2) = Θ(t2 > t1)G>(t1, t2) + Θ(t1 > t2)G<(t1, t2) ,
(2.8)

where Θ(t > t′) represents the Heavyside step function.

It is useful to define another basis called the average-difference basis,5 where some of

the physical properties (like the relationship given in (2.7)) are manifested. In this basis,

the operators/fields/sources are defined as,

Oa ≡
O

R
+O

L

2
, Od ≡ O

R
−O

L
,

Ja ≡
J

R
+ J

L

2
, Jd ≡ J

R
− J

L
,

(2.9)

give rise to SK two-point Green’s functions as:

Gdd(t1, t2) = 0 ,

Gad(t1, t2) = −iΘ(t2 > t1) ⟨Ω|[O(t2),O(t1)]|Ω⟩ ≡ Gret ,

Gda(t1, t2) = −iΘ(t1 > t2) ⟨Ω|[O(t1),O(t2)]|Ω⟩ ≡ Gadv ,

Gaa(t1, t2) = − i

2
⟨Ω|{O(t1),O(t2)}|Ω⟩ ≡ Gkel ,

(2.10)

where {Gret, Gadv, Gkel} are the retarded, advanced and Keldysh two-point Green’s func-

tions. In the 2 × 2 matrix notation, we can write the contour-ordered Green’s function

5In literature [79] the average-difference basis is also referred to as Keldysh basis or Keldysh rotation
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as,

GC =

Gaa Gad

Gda Gdd

 =

Gkel Gret

Gadv 0

 . (2.11)

The retarded (advanced) 2-point Green’s function Gret(Gadv) tells about the causal

(acausal) response while Keldysh 2-point correlator Gkel contains the statistical informa-

tion and tells about the fluctuations in field theory. Note the fact that Gdd = 0 is the

direct consequence of Eq. (2.7) when expressed in the average-difference basis. Thus, SK

formalism naturally gives out all real-time correlators without getting into any analytical

continuation arguments.

Similarly, we can easily write down the higher point functions. An n-point SK Green’s

function can be obtained by inserting n operators inside the contour ordering, leading to

a 2n × 2n matrix. To systematically extract these correlators, it is useful to introduce

the SK generating functional, from which all SK correlators can be derived via functional

differentiation. Thus, we now turn to the discussion of this generating functional and its

properties.

2.1.1 Schwinger-Keldysh generating functional

Before we start writing correlators in any particular state, let us for once write the general

SK generating functional for an arbitrary initial density matrix ρ,

ZSK =

ˆ
DO ρ (O

R
(t0),OL

(t0)) exp

[
i

˛
C

(
L[O] + J O

)]
. (2.12)

where t0 is the initial time as shown in figure 2.1. Here L is the Lagrangian for the

field/operator of interest, and J is the source defined along the SK contour, with the

contour integral defined as: ˛
C
≡
ˆ
dtC d

d−1x , (2.13)

where tC is the contour time. Here, we have suppressed the spacetime dependence in the

expression for the SK generating functional. A similar expression can be written down

for pure initial states also, see [75, 79–81] for more details.

Let us begin with correlations in the vacuum state. To calculate vacuum SK correla-
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tors, the SK generating function ZSK is given by,

ZSK[J ] = ⟨Ω|TC exp
(
i

˛
C

[
L[O] + J O

])
|Ω⟩ , (2.14)

Now, writing the SK generating functional in the Right-Left (RL) basis as,

ZSK[JR
, J

L
] = ⟨Ω|TC exp

(
i

ˆ [
L[O

R
]− L[O

L
] + J

R
O

R
− J

L
O

L

])
|Ω⟩ , (2.15)

where we have used the following notation,

ˆ
≡
ˆ
ddx =

ˆ
dt dd−1x . (2.16)

Note that in the expression for the generating functional, the sign difference in the terms

associated with the left (L) segment arises from the orientation of the SK contour. The

underlying reason behind this orientation is the fact that ket and bra states evolve op-

positely in time. The same SK generating functional in the average-difference basis,

ZSK[Ja, Jd], is given by–

⟨Ω|TC exp

(
i

ˆ {
L
[
Oa +

Od

2

]
− L

[
Oa −

Od

2

]
+ JaOd + Jd Oa

})
|Ω⟩ . (2.17)

More generally, one should work with density matrices rather than pure states in

Hilbert space. Accordingly, the SK generating functional is given by,

ZSK[JR
, J

L
] = Tr

[
U [J

R
] ρ̂initial (U [JL

])†
]

(2.18)

where ρ̂initial denotes the initial density matrix of the system. Here, we have expressed

the contour evolution in terms of the right-left basis, given by:

U [J ] = T exp

(
−i
ˆ t

ti

dt′ H[J ]

)
,

(U [J ])† = T̄ exp

(
i

ˆ t

ti

dt′ H[J ]

)
,

(2.19)

where ti denotes the time at which the initial state is prepared. For notational simplicity,

we have dropped the subscript on the Hamiltonian indicating the interaction picture. We
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can then functionally differentiate this generating functional,

1

ZSK

n∏
i=1

(
−i δ
δJ

R
(xi)

) m∏
i=n+1

(
i δ

δJ
L
(xi)

)
ZSK

∣∣∣∣∣
J
R
=J

L
=0

, (2.20)

to obtain m-point SK correlators of the following type,

Tr
[
ρ̂initial T

(
O1O2 . . .On

)
T̄
(
On+1On+2 . . .Om

)]
, (2.21)

where we have denoted Oi ≡ O(xi).

From the above definition of the SK generating functional, we see that the following

relation holds:

ZSK[JR
= J

L
] = 1 or ZSK[Jd = 0] = 1 , (2.22)

where we have used the cyclicity of the trace, the unitarity U †U = 1 and the normalization

of the density matrix, in that order in Eq. (2.18). This relation is called the Schwinger-

Keldysh collapse rule: it states that forward and backward evolution cancel each other

if the sources are equal on both legs. At the level of two-point functions, this leads

directly to Eq. (2.7). For higher-point functions, the collapse rule is most transparent in

the average-difference basis, where it implies that any correlator involving only difference

operators vanishes, i.e., Gdd...d = 0.6

In our discussion, we will be interested in the thermal state as the initial state, and

the thermal density matrix is given by ρβ = e−βH . Such a state amounts to an Euclidean

segment of imaginary time evolution with the compact circle of size given by inverse tem-

perature β. Then, adding this Euclidean compact segment to the previous SK contour,

the SK contour at finite temperature is given by,

6This collapse condition is the largest time equation, see section (2.4.2) of [81] for further discussion
on it.
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Re

Im

t0 + iϵ

t0 − iϵ

t0 + i(ϵ− β)

C

t

OR

OL

Figure 2.2: The SK contour at finite temperature T = 1
β
where starting and end points of

the contour are identified. The direction of the arrow represents the direction of contour
time tC, involving both forward (R) and backward (L) time-evolving parts.

Let me begin by clarifying an important point: the β → 0 limit of figure 2.2 does

not reproduce figure 2.1. In fact, the figure 2.1 does not represent the vacuum state. It

contains two endpoints, each of which must still be used to assign a state, e.g., a density

matrix. In the genuine zero-temperature limit ( β → ∞), the thermal Euclidean circle

S1
β decompactifies, and the imaginary-time direction becomes non-compact. This repro-

duces the standard Euclidean definition of the vacuum: vacuum correlation functions are

computed from a path integral defined on a non-compact imaginary-time axis, where the

limits tE → ±∞ project onto the ground state. Thus, the β → ∞ limit of the thermal

formalism reduces smoothly to the Euclidean vacuum path integral.

We now conclude this section with a quick review of the path integral formulation

of the SK formalism. In this approach, the path integral evolves mixed states using

the closed time contour C introduced before, which consists of forward and backward

segments in real time. Such a contour construction enables the direct computation of

real-time correlation functions to arbitrary order..

Since we will later focus on holographic scenarios, consider a holographic conformal

field theory in d spacetime dimensions (CFTd), governed by the action SCFT. Let O be

a bosonic operator in this CFT, and J be its source, both living on the SK contour C.
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The SK generating functional ZSK of the CFT is then given by the path-integral:

ZSK [J ] =

ˆ
DO exp

(
iSCFT + i

˛
dtC d

d−1x J(x)O(x)

)
. (2.23)

Assuming there are no sources on the imaginary segment of the contour,7 it remains

convenient to treat the fields on the right and left segments separately. We can then

write ZSK as

ZSK[JR
, J

L
] =

〈
exp

{
i

ˆ
ddx

[
J

R
(x)O

R
(x)− J

L
(x)O

L
(x)
] }〉

CFT

, (2.24)

and functional derivatives of ZSK yield the Schwinger-Keldysh correlators of the operators

in the CFT. These correlators play a central role in understanding real-time responses

and capturing the role of fluctuations in the theory.

Before turning to the gravitational counterpart of the SK formalism, we now briefly

highlight the importance of the SK formalism in the study of open quantum systems.

2.1.2 SK formalism & Open systems

Open systems arise in a wide variety of contexts—from something as familiar as a boil-

ing pot to something as complex as an evaporating black hole. While these examples

may appear mismatched, they are chosen deliberately to illustrate the broad scope of

open-system dynamics, spanning both everyday phenomena and highly theoretical sce-

narios. Studying such systems is crucial for understanding how they evolve, how they

exchange information and energy with their surroundings, and how their behaviour can

be modelled, controlled, or exploited in both practical and theoretical frameworks.

Our aim here is not to provide a comprehensive overview of open systems—readers

may refer to standard textbooks [84, 85] for that—but rather to highlight the role of

the Schwinger-Keldysh formalism in their analysis. As an example, we introduce the

concept of the influence functional, originally developed by Feynman and Vernon [51]

to study the dynamics of open systems. The key idea is to first double the degrees of

freedom (d.o.f) for both the system and the environment (or bath), and then integrate

out the environmental d.o.f. This yields an effective field theory (EFT) that captures the

7We omit sources on the imaginary part of the contour to preserve the initial thermal state.
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behaviour of the system coupled to its environment.

The resulting EFT describes the system’s non-unitary evolution, incorporating the

effects of dissipation and decoherence due to environmental interactions. These effects

are encoded in what is known as the influence functional, which we now describe in more

detail.

The setup we have is the following: consider a single system degree of freedom X

coupled with many bath degrees of freedom Xi. The total action of the combined unitary

theory is,

Stot[X, Xi] = Ss[X] + Sb[Xi] + Ss-b[X, Xi] , (2.25)

where Ss, Sb and Ss-b are parts of the action describing the system, the bath and the

interaction between them, respectively. Here, we want readers to note that these actions

are not written in SK formalism; rather, they are written as in standard field theory –

S[ϕ] =

ˆ ∞
−∞

dt

ˆ
dd−1x L[ϕ] , where ϕ ∈ {X, Xi} . (2.26)

Then the path integral required for the evolution of this ‘total’ setup is given by,

ˆ
DXDXi exp

(
iStot[X, Xi]

)
. (2.27)

Following the idea of Feynman and Vernon [51], we double the degrees of freedom (d.o.f)

of both the system and the bath, and then integrate out the ‘doubled’ bath d.o.f Xi to

obtain the following path integral,

ˆ
DX

R
DX

L
exp

(
iSs[XR

]− iSs[XL
] + iSIF[XR

,X
L
]

)
, (2.28)

where X
R
and X

L
are two copies of system degrees of freedom and SIF[XR

,X
L
] is the

influence phase (or influence functional), containing the influence of the bath on the

system. The influence phase describes the non-unitary evolution of the system, arising

from its contact with the bath/environment.

The influence phase generates the real-time correlators of the operator O(Xi) coupled

to the system degree of freedom X.8 More precisely, SIF[XR
,X

L
] is the real-time or the

Schwinger-Keldysh generating functional of the bath.

8Here we assume that the interaction action Ss−b is given by Ss−b =
´
ddx OX.
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As discussed in the introduction, we aim to construct an open Effective Field Theory

(EFT) for a system coupled to a holographic thermal bath. For that, we are going to use

the above-mentioned Influence functional formalism. As we just saw that, it amounts to

working in the SK or real-time formalism. Since we are interested in holographic systems,

we require a real-time formulation of holography that maps boundary QFT dynamics to

a gravitational dual.

Real-time holography has a rich development history, beginning with the foundational

works of Son and Starinets [52], and Skenderis and van Rees [53, 54]. A central question

addressed in these studies is:

What is the gravitational geometry that dominates the gravitational path integral with

the SK contour in the boundary limit?

This question is analogous to that answered by the Gibbons-Hawking (GH) prescription

[57], which selects the Euclidean cigar geometry as the bulk dual of a thermal state in

the boundary theory.

We now turn to this question in detail and review recent developments in the con-

struction of real-time gravitational geometries.

2.2 Gravity Dual of the Schwinger-Keldysh Formal-

ism

An early attempt to construct a gravity dual for the SK formalism involved using the

Kruskal extension of black hole geometries [55, 86], where the two asymptotic boundaries

were associated with the forward and backward segments of the SK contour. However, this

approach was limited in scope — it was only suitable for computing two-point functions

and lacked a systematic prescription for higher-point functions or interactions.

In parallel, other proposals were put forward to realize bulk duals of the SK formalism

[52–54]. While these offered valuable insights, they also faced important limitations. One

among them was the absence of a clear mechanism to incorporate Hawking radiation and

its effects on boundary dynamics. This omission posed a challenge for developing a

complete description of real-time processes, especially those involving fluctuations.

To address these gaps, the authors [58] proposed a gravitational dual to the SK
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formalism called grSK geometry. This is the prescription we will use and discuss in detail

now.

2.2.1 grSK geometry

Consider a Conformal Field Theory (CFT) at finite temperature in the SK formalism.

Via AdS/CFT correspondence, the thermal states of the CFT correspond to AdS black

holes [10]. As we have seen in the §2.1 of this chapter, fields living on SK contour

should be thought of as a duplication of fields. This doubling of the CFT fields directly

corresponds to the doubling of the AdS black hole geometry as detailed in [53, 54]. Then,

the gravitational Schwinger-Keldysh (grSK) geometry should be constructed from these

two copies of the AdS black hole geometry such that it gives the SK contour in the

boundary limit. First prescribed by authors in [58], we will now explicitly construct this

grSK geometry.

Consider a black brane9 in an asymptotically AdSd+1 background in the ingoing

Eddington-Finkelstein (EF) coordinates, given by:

ds2 = −r2f(r) dv2 + 2 dv dr + r2 dx2 , f(r) = 1−
(rh
r

)d
, (2.29)

where rh is the horizon radius. We first complexify the radial coordinate, resulting in a

(d+2)–real-dimensional manifold. The grSK geometry is then defined as a codimension-1

slice of this manifold: the radial coordinate in grSK varies along a contour in the complex

radial plane as shown in figure 2.3.

▲

▶

◀

▶

▼

(L)

(R)

Re ζ = 0

Re ζ = 1

rh

∞+ iϵ (ζ = 0)

∞− iϵ (ζ = 1)

Im r

Re r

Figure 2.3: grSK geometry : The radial contour drawn on the complex r plane at
fixed v, parametrized by coordinate ζ.

9Black brane is a solution of Einstein field equations similar to that of a black hole but with a planar
horizon.
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It is convenient to parametrize this radial contour by a complexified mock tortoise

coordinate ζ defined via
dζ

dr
=

2

iβ r2f(r)
, (2.30)

where β ≡ 4π
drh

is the inverse Hawking temperature of the black brane. The coordinate ζ

has a branch cut along the exterior and is normalised to have a unit monodromy around

the horizon branch point r = rh.

To gain a clearer insight into the grSK geometry, it is helpful to use Penrose diagrams.

These diagrams provide a clear visualization of how the grSK geometry is constructed

from the standard black brane geometry. The grSK geometry is constructed in two steps,

illustrated in figure 2.4 below.

1. Take two AdS Schwarzschild black branes in ingoing EF coordinates.

2. Glue them across their future horizons, i.e. H+.

H+

H+

H−

H−
H−

H+

Figure 2.4: Schematic representation of the construction of the grSK geometry via Penrose
diagrams.

Here, we first consider the two exteriors of the AdS black brane geometry in ingoing

EF coordinates. Next, we glue these two copies of black brane geometries across their

future horizons H+, resulting in the formation of the grSK geometry.
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Regarding the diagram in figure (2.4), it is important to note a couple of aspects.

Firstly, the diagram does not explicitly depict what happens at the future horizons during

the glueing process. Additionally, it lacks a connection to the cigar geometry, which

represents the initial thermal state in the CFT. Therefore, it is crucial to view this

Penrose diagram of the grSK geometry as purely representational. For a more in-depth

understanding of the Penrose diagram of the grSK geometry, readers are encouraged to

look at [47]. Concluding our discussion of the grSK geometry, it is worth mentioning

that this framework has been extended to include charged and rotating black holes, as

explored in [49, 87].10

Now we take a brief detour to comment on the geometrical aspects of the grSK

construction. Locally, the Lorentzian segments of the grSK geometry resemble the

AdS–Schwarzschild exterior. Given this similarity, one might naturally wonder whether

familiar geometric properties of standard AdS black holes — such as the geodesic struc-

ture or geodesic incompleteness – carry over to the grSK setting. However, the grSK

geometry is far more subtle. At present, its global geometric properties — particularly

the notion of geodesics and geodesic completeness — have not been rigorously charac-

terised. This is not simply because the geometry is complex, but because we currently

lack a well-defined framework for analysing geodesic structure in complexified Lorentzian

spacetimes. Likewise, a fully non-perturbative prescription for constructing grSK geome-

tries also remains unknown.

It is also natural to ask how much of this structure survives in more general settings.

For example, in non-equilibrium steady states one expects substantial modifications: the

absence of a thermal state removes the Euclidean cigar and, with it, the KMS periodicity

that underlies the standard gluing prescription. To the best of our knowledge, construct-

ing a genuine grSK analogue for such non-equilibrium configurations remains an open

problem and an interesting direction for future work. With this detour concluded, we

now return to the main theme of the section.

Now that we have described the grSK prescription, the next natural step is to examine

its validity. One way to test this prescription is to probe the grSK geometry with a field

and evaluate the corresponding on-shell action. This on-shell action yields the boundary

Schwinger–Keldysh generating functional, ZSK, which can then be used to compute real-

10For the gravitational dual of the deformed SK contour, see [88].
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time correlators in the boundary theory, as demonstrated in [47, 60].

This setup allows for consistency checks against known properties of the boundary

theory, such as unitarity and thermality. Unitarity can be verified by checking the collapse

rules at the level of the generating functional, while thermality follows from the Kubo-

Martin-Schwinger (KMS) condition—reflecting the periodicity in imaginary time due to

the thermal density matrix.

The grSK prescription has been subjected to a range of such consistency checks

and has proven successful in capturing the physics of Hawking radiation across multi-

ple scenarios. These include systems involving Brownian particle [60, 89], scalar fields

[47, 50, 67], fermionic fields [48], gauge fields [63, 65], and even linearized gravity [62].

However, much of the progress within the gravitational Schwinger–Keldysh framework

has thus far been limited to systems at zero density. Many fundamental questions con-

cerning finite-density systems remain unanswered, e.g.,

What is the gravitational dual of the Schwinger–Keldysh formalism at finite density?

In what follows, we turn our attention to addressing this question.
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Chapter 3

Generalization of the grSK

prescription to finite density

This chapter is based on [49] written by the author in collaboration with R. Loganayagam,

Krishnendu Ray and Akhil Sivakumar.

In the last chapter §2, we reviewed the grSK geometry as the gravitational dual of the

SK formalism for thermal equilibrium. Now, in this chapter, we extend this framework

to include thermal systems at finite density. The core idea is that the finite-density

holographic systems correspond to the charged black holes in the bulk via the AdS/CFT

correspondence. Using this fact, we adapt the grSK prescription to charged black holes

to account for such systems. This setup describes a boundary CFT at finite temperature

and finite density within the SK formalism. Finally, we probe the prescribed geometry

with a free massless Dirac field and perform some consistency checks.

3.1 The prescription: RNSK geometry

Consider a d-dimensional holographic boundary CFTd at finite inverse temperature β and

finite chemical potential µ. Its gravitational bulk dual is described by a charged black

brane in the asymptotically AdSd+1 background. Since we will be interested in studying

fluctuations in this field theory, it requires us to work in the SK formalism. To provide

the gravitational prescription of SK formalism at finite density, we will follow the steps

similar to those of the grSK construction given in section §2.2.1.

Let us start with the Reissner–Nordström (RN) black brane solution in asymptotic
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AdSd+1 spacetime, written in ingoing Eddington–Finkelstein (EF) coordinates as:

ds2 = gMN(x) dx
MdxN = −r2 f dv2 + 2dv dr + r2 dx2

d−1 ,

A = AM(x) dxM = −µ
(r+
r

)d−2
dv ,

(3.1)

where f is the emblackening factor of the RN–AdS black brane, β is its inverse Hawking

temperature, r+ is its outermost horizon radius, and µ is the chemical potential of the

dual boundary theory. Note that adding a constant to the 1-form gauge field A does

not affect the solution. Hence, we choose the gauge so that the field vanishes at infinity

(i.e., r → ∞), unlike in [33, 41, 46], where it is set to vanish at the horizon. As a result,

the chemical potential is determined by the gauge field at the horizon rather than at the

boundary, unlike given in standard literature.

The quantities mentioned above can also be given in terms of the mass parameter M

and the charge parameter Q of the black brane as,

f(r) = 1 +
Q2

r2d−2
− M

rd
,

1

β
=
d r+
4π

(
1− (d− 2)Q2

d r2d−2+

)
,

µ =
g
F
Q

rd−2+

[
d− 1

2 (d− 2)

] 1
2

,

(3.2)

where g
F
represents the gauge coupling constant in the Einstein-Maxwell bulk action,

given by:
1

2κ2

ˆ
dd+1x

√
−g
[
R+ d(d− 1)− 1

g2
F

FMNFMN

]
, (3.3)

where κ2 labels Newton’s gravitational constant, and we have set the AdS radius to unity

(lAdS = 1). Here, R is the Ricci scalar, and FMN is the field strength corresponding to

the gauge field AM ,

FMN = ∇MAN −∇NAM , (3.4)

where ∇M is the covariant derivative.

We can then obtain Einstein’s field equations by varying the above action w.r.t the

metric gMN , as

RMN − 1

2
gMNR− d(d− 1)

2
gMN = TMN , (3.5)
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where we have used the following relations,

δ
√
−g = −1

2

√
−g gMNδg

MN ,

δR = RMNδg
MN + ( total derivative term) ,

δ
(
FMNFMN

)
= 2gPQFMPF P

N δgMN ,

δ
(√

−gR
)
=

√
−g
(
RMN − 1

2
gMNR

)
δgMN .

(3.6)

Upon ignoring total derivative term, it leads to

δ
(√

−g L
)
=

δ

(√
−g
[
R+ d(d− 1)− 1

g2
F

FMNFMN

])
=

√
−g
(
RMN − 1

2
gMNR− d(d− 1)

2
gMN +

1

2g2
F

gMNFABFAB − 2

g2
F

FMPF P
N

)
δgMN ,

(3.7)

and defining the energy-momentum tensor of the electromagnetic (EM) field

TMN =
2

g2
F

(
FMPF P

N − 1

4
gMNFABFAB

)
. (3.8)

Then, we can see

δ
(√

−g L
)
=

√
−g
(
RMN − 1

2
gMNR− d(d− 1)

2
gMN − TMN

)
δgMN ,

(3.9)

leads to Einstein’s field equation. Similarly, by varying w.r.t the gauge field AM , we

obtain Maxwell’s field equations:

∇MFMN = 0 . (3.10)

The ADM mass density M and the charge density Q are given by,

M =
(d− 1)M

2κ2
, Q =

√
2(d− 1)(d− 2)

g κ2
Q . (3.11)

Now, we define a mock tortoise coordinate ζ, as related to the standard radial coordinate
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r via the following differential equation,

dr

dζ
=
iβ

2
r2f(r) . (3.12)

The differential equation above normalizes the new coordinate ζ so that it has a

unit jump across the logarithmic branch cut originating from the outermost horizon r+

and sets ζ(r = ∞ + iε) = 0 without loss of generality. This condition, along with the

above differential equation, then uniquely defines ζ everywhere in the neighbourhood of

r ∈ [r+,∞) (see figure 3.1). The real part of ζ starts at 0, remains unchanged as the

contour moves toward r+ above the real axis in the complex r-plane, and gains +1 when

the contour passes below the real axis, maintaining this value at the other infinity. The

imaginary part of ζ has no monodromy and parametrizes both legs of the contour in the

complex r-plane identically.

▲

▶

◀

▶

▼

Re ζ = 0

Re ζ = 1

r+rinth
∞

∞+ iε (ζ = 0)

∞− iε (ζ = 1)

Im r

Re r

Figure 3.1: The radial contour drawn on the complex r plane, at fixed v. The locations
of the two boundaries, the two horizons and the branch cuts have been indicated.

With this new coordinate defined, we define the Reissner-Nordström Schwinger-Keldysh

(RNSK) geometry as one constructed by taking the RN–AdS exterior and replacing the

radial interval extending from the outer horizon to infinity by the doubled contour la-

belled by ζ, as indicated in figure 3.1. Thus, the metric for the RSNK geometry is given

by:

ds2 = −r2 f dv2 + i β r2 f dv dζ + r2 dx2
d−1 . (3.13)

We then obtain a geometry with two copies of RN–AdS exteriors smoothly stitched to-

gether by an ‘outer-horizon cap’ region. This spacetime requires one further identification

— each radially constant slice must meet at the future turning point.

Using sections of the Penrose diagram, the following figure (Fig. 3.2) schematically
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describes the construction of RNSK geometry. These diagrams provide a clear visualiza-

tion of how the RNSK geometry is constructed from the standard RN-AdS black brane

geometry. Similar to the construction of the grSK geometry, as illustrated in figure (2.4),

the RNSK geometry is also constructed in two steps. First, consider the two exteriors of

the RN-AdS black brane geometry as shown in parts (a) and (b) of figure (3.2). Next, we

connect these geometries across their outermost future horizons, resulting in the forma-

tion of the RNSK geometry, i.e. the part (c) of figure (3.2). Now, it is easy to see that

the boundary limit of this geometry is nothing but the boundary SK contour.1

←
r
+ →

←
r+
→

r−
→

r− →

←
r−

←
r−

MR↑

...

...

(a)

←
r
+ →

←
r+
→

r−
→

r− →

←
r−

←
r−

ML↓

...

...

(b)

ML

MR

(c)

Figure 3.2: Schematic construction of RNSK geometry: Figures (a) and (b) show two
copies of RN-AdS with their coloured exterior region, respectively. Figure (c) represents
the RNSK geometry with the black dashed lines denoting the fixed v contours shown in
figure 3.1.

Instead of working in a coordinate basis, one could equally choose to work in local

orthonormal frame whose basis 1-forms are Ea and the line element is–

ds2 = ηab E
a(x)Eb(x) , (3.14)

where we note that all spacetime dependency goes to the basis and the coefficients are

constants. Note that the choice of basis – whether a coordinate basis or an orthonormal

1-form basis – does not matter. Thus, the metric can be equivalently described by giving

a set of orthonormal 1-forms. However, given a metric, orthonormal 1–forms are defined

1As in the case of the grSK construction, it is important to emphasize that the Penrose diagram here
should be understood as purely representational.
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only up to local Lorentz transformation (LLT) Λa
b , as shown below,

ds2 = ηab E
a(x)Eb(x) = ηab Ẽ

a(x)Ẽb(x) where Ẽa = Λa
b E

b , (3.15)

where we have used the Lorentz invariance, i.e η = ΛTηΛ.

Thus, we can replace the description in terms of the metric with one in terms of a set

of orthonormal 1–forms (called vielbeins or tetrads) [48, 90],

E(v) =
r

2
dv − f

2
r
(
iβ dζ − dv

)
,

E(ζ) =
r

2
dv +

f

2
r
(
iβ dζ − dv

)
,

E(i) = r dxi ,

(3.16)

where the parenthesis in the superscript denotes that the indices are written in the or-

thonormal (or tangent) frame, whereas indices without parentheses describe spacetime

indices. This convention is similar to one present in [48, 49].

The way of writing these vielbeins/tetrads in the above form has a few advantages.

Notably, all of their components and their derivatives are well behaved everywhere, e.g.

there are no poles or branch points in the radial plane. Thus, we can easily say that the

RNSK geometry, even in an orthonormal basis, is smooth at the future horizon where the

process of glueing has happened. As we will see later in section §3.3, this equivalent way

of writing the metric, i.e. using vielbeins/tetrads, is necessary to describe the spinors in

curved spacetime. For a textbook discussion of spinors in curved spacetime, see [91, 92].

3.2 CPT action in RNSK geometry

Now that we have elaborated on the RNSK geometry and its associated notation, let

us answer the following question: Given the ingoing modes, how do we construct the

outgoing Hawking modes? The idea is to make use of the CPT symmetry of the boundary

CFT, which acts as,

v 7−→ −v , x 7−→ −x , (3.17)
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in addition to a charge conjugation. The reader can quickly verify that the transfor-

mations as written above do not preserve the RN–AdS (or RNSK) solution given in

Eqs. (3.1) and (3.16), respectively. So, how then do we implement this symmetry on the

RNSK solution?

The answer to this question lies in the fact that, by the standard rules of AdS/CFT,

the boundary symmetries can always be composed with bulk gauge symmetries (since

they act trivially on the Hilbert space of states of the boundary theory). In this case,

we combine the boundary CPT transformation with bulk diffeomorphisms, local Lorentz

transformations and gauge transformations. In fact, the reader can check that the fol-

lowing transformations preserve the RN–AdS solution: we combine a charge conjugation

AM 7→ −AM , (3.18)

a diffeomorphism,

v 7−→ iβζ − v , x 7−→ −x , (3.19)

a gauge transformation with the following parameter,

Λ ≡ −iβ
ˆ ζ

0

dζ ′ Av(ζ
′) , (3.20)

and a non-orthochronous local Lorentz transformation,

T a
b ≡


−1 0 0

0 1 0

0 0 −1d−1



coshϑ sinhϑ 0

sinhϑ coshϑ 0

0 0 1d−1

 , where ϑ ≡ log f. (3.21)

The linear transformation T is an idempotent local Lorentz transformation (LLT) com-

posed of a boost along ζ with rapidity ϑ followed by a reflection of the v and x axes.

To check the invariance of the geometry, we will write the diffeomorphism in Eq. (3.19)
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in the form XA 7→ XB J A
B where,

J B
A ≡


−1 0 0

iβ 1 0

0 0 −1

 . (3.22)

The invariance is then the statement that

T a
b J B

A Eb
B = Ea

A , −
(
J M

N AM + ∂NΛ
)
= AN , (3.23)

as can be readily checked.

It is instructive to unify these transformations by imagining the gauge field as de-

scending from a Kaluza–Klein (KK) reduction over a circle. Say there was an extra circle

direction denoted by φ, along which we have a 1–form, dφ+AN dXN , that is orthonormal

to the set of 1–forms, Ea
M dXM . The action of charge conjugation and gauge transforma-

tion in this picture can then be thought of as the KK diffeomorphism φ 7→ Λ− φ (which

extends J B
A to the φ direction) along with a KK LLT that acts as a reflection along

the φ axis (which extends T a
b to the φ direction). The mathematically inclined reader

would recognise that we have essentially described the boundary CPT transformation as

an automorphism of the RN–AdS principle bundle.

Having implemented the boundary CPT in the bulk, we will now use this symmetry

to generate new solutions to the bulk field equations linearised about the RN–AdS back-

ground. To see how this is done, let us begin with the simplest example of a complex

scalar field with charge q probing the RN–AdS black brane. In the Fourier domain, we

can expand a field configuration in terms of planar waves:

ˆ
dk0 dd−1k

(2π)d
Φ(q, k0, ζ,k) e−ik

0v+ik·x . (3.24)

Say this configuration solves the diffeomorphism/gauge covariant linear PDE in the bulk.

How do we use the Z2 invariance we constructed above to get new solutions? The quickest

way to answer this is to use the KK (or the principal bundle) picture described above.

To this end, we think of the above field as drawn from a KK decomposition of a higher-
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dimensional scalar field of the form,

∑
q∈Z

eiqφ
ˆ

dk0 dd−1k

(2π)d
Φ(q, k0, ζ,k) e−ik

0v+ik·x . (3.25)

The diffeomorphism/gauge covariant linear PDE can then be lifted to a PDE covariant

under higher-dimensional diffeomorphisms. We perform a higher dimensional diffeomor-

phism {v 7→ iβζ − v ,x 7→ −x , φ 7→ Λ − φ} on the Fourier domain expression given

above. After relabelling the sum/integrals, we obtain,

∑
q∈Z

eiqφ
ˆ

dk0 dd−1k

(2π)d
e−βk

0ζ−iqΛ Φ(−q,−k0, ζ,−k) e−iωv+ik·x . (3.26)

The higher-dimensional diffeomorphism covariance of the linear PDE then guarantees

that the map

Φ(q, k0, ζ,k) 7−→ e−βk
0ζ−iqΛ Φ(−q,−k0, ζ,−k) (3.27)

generates new solutions. In fact, the pre–factor in the exponent shows that this map

takes ingoing solutions that are analytic in r to outgoing solutions which exhibit branch

cut. To see the branch cut in Eq. (3.27), recall that the coordinate ζ itself possesses a

branch cut, as illustrated in figure (3.1). Because the prefactor in Eq. (3.27) contains ζ,

it inherits the same branch structure — namely, a cut extending from the outer horizon

out to infinity. We can thus generate the Hawking modes from quasi–normal modes via

the map, given by–

Φin
q (ζ, k) 7−→ e−βk

0ζeβµq Θ Φin
−q(ζ,−k) ≡ Φout

q (ζ, k) , (3.28)

where k denotes the pair {k0,k} and we have defined

µq ≡ µ q , Θ(ζ) ≡ Λ(ζ)
iβµ

=

ˆ ζ

0

dζ ′
(r+
r

)d−2
. (3.29)

Note that we have chosen to indicate the charge q as a subscript on the field, and we will

continue to follow this convention throughout the text.

The extension to other fields is straightforward. As a pertinent example, let us con-

sider how this works for charged Dirac spinors. The main novelty in this case is the

additional action of LLTs on spinor indices. The complex boost given in Eq. (3.21) acts

35



on spinor indices via

T ≡ Γ(ζ) · exp
( ϑ
2
Γ(ζ) Γ(v)

)
=
√
f Γ +

1√
f

Γ† , (3.30)

where we have defined,

Γ ≡ 1

2

(
Γ(v) + Γ(ζ)

)
. (3.31)

The Gamma matrix notation here is standard and our convention for the Clifford algebra

is
{
Γa,Γb

}
= 2 ηab 1, with a mostly positive signature ηab. The explicit construction of

Gamma matrices and Clifford algebra is explained in much more detail in appendix A.

The map from ingoing to outgoing solutions, in this case, is given by,

Ψin
q (ζ, k) 7−→ e−βk

0ζ+βµq Θ T ·Ψin
−q(ζ,−k) ≡ Ψout

q (ζ, k) . (3.32)

In order to streamline the analysis that is to follow, we end this section with a discus-

sion of how the quantities that we have introduced behave as they traverse the horizon

cap. As noted before, the mock tortoise coordinate has a unit jump when it encircles

r = r+. Noting that the gauge field Av has the value −µ at the horizon, we see that

the scale factor in eβµq Θ is the fugacity z of the boundary theory. To see, recall that

there is no
√
−g in the integrand in the expression for Θ (See Eq. (3.29)). So, Θ suffers

a discontinuity of unity around the horizon despite Av being analytic on the full RNSK

contour. Thus, the fugacity can be seen by evaluating different boundary limits as shown

below

lim
ζ→0

eβµq Θ = 1 , lim
ζ→1

eβµq Θ = eβµq ≡ z . (3.33)

The rapidity parameter ϑ, on the other hand, has a jump of 2πi when it encircles the

outer horizon — this can be traced to the phase e2πi that the function f picks up around

the same path. As a result, every spinor index receives an additional ‘fermionic’ minus

sign as it crosses the horizon cap. For example, the factor
√
f appearing in T contributes

an extra sign when we cross the horizon, while preserving the same branch-cut structure.

For a field of spin s, one gains the statistical factor (−1)2se−β(k
0−µq) which is identical to

the factor gained in Euclidean path integrals as we traverse the thermal circle. As we
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will argue below, this factor is crucial to how the RNSK geometry gets the physics of

Hawking radiation right.

3.3 Probing RNSK geometry by free fermions

We will now apply the preceding slightly abstract discussion to the explicit example of

a free Dirac spinor in the RNSK background. The action for a bulk Dirac spinor Ψ of

charge q and mass m living on the RNSK geometry is given by,

SΨ =

˛
dζ

ˆ
ddx

√
−g iΨ

(
ΓM DM −m

)
Ψ+

ˆ
ddx iΨP−Ψ

∣∣∣∣ζ=1

ζ=0

. (3.34)

Let us explain each of the above terms one by one. The first is the standard bulk

Dirac action, which fixes the equations of motion to be the Dirac equation in this curved

spacetime. Here, we have introduced the following covariant Dirac derivative,

DM ≡ ∂M − iqAM +
1

4
ωabMΓaΓb , (3.35)

where AM is the background gauge potential and ωabM are the spin–connection 1–forms

derived from the tetrads given in Eq. (3.16). The explicit expression for these spin

connections is given as follows:

ω(v)(ζ) =
(
rf − 1

iβf

df

dζ

)
dv − iβ

2
rf dζ,

ω(i)(v) = −1− f

2
r dxi ,

ω(i)(ζ) =
1 + f

2
r dxi ,

(3.36)

with all other components, not related by symmetry, vanishing.2

The second term is a variational boundary term, added to ensure that this action ad-

mits a well–posed variational principle when the spinors satisfy semi–Dirichlet boundary

conditions [93–96]. When the above action is evaluated on–shell, the bulk term vanishes,

and only the boundary term contributes to the final answer. Notice that the boundary

term receives contributions from both the left and right boundaries of the RNSK saddle.

The operator P− involved in the definition of this term is one of two projection operators,

2Here, the label i runs over the boundary spatial directions.

37



defined as,

P± ≡ 1

2

(
1± Γ(ζ)

)
. (3.37)

Varying the action in Eq. (3.34), we obtain the Dirac equation:

(
ΓM DM −m

)
Ψ = 0 . (3.38)

When expressed in momentum (Fourier) space, this equation takes the form:

{
Γ

(
∂ζ + βk0 + βqAv +

1

2
∂ζ ln f

)
+

Γ†

f
∂ζ −

β

2

(
Γ(i)ki + imr

)}(
r

d
2Ψ
)
= 0 . (3.39)

It can be explicitly checked that if Ψq(ζ, k) solves this equation, applying the transfor-

mation described in Eq. (3.32) to it generates another solution of the same equation.

The relevant AdS/CFT boundary conditions are,

lim
ζ→0

r
d
2
−m P+Ψ = P+S0 ψL

,

lim
ζ→1

r
d
2
−m P+Ψ = P+S0 ψR

.
(3.40)

Here S0 is a constant boundary–to–bulk matrix defined in [48]. It is defined in terms of

the ingoing boundary-to-bulk propagator Sin(ζ, k) as,

S0 ≡ lim
ζ→0

r
d
2
−m Sin(ζ, k) = lim

ζ→1
r

d
2
−m Sin(ζ, k) . (3.41)

The above boundary conditions are a ‘doubled’ version of the standard semi–Dirichlet

conditions in AdS/CFT. These boundary conditions uniquely determine the solution on

the RNSK geometry.

To see this, we begin with the most general combination of ingoing and outgoing

solutions:

Ψq(ζ, k) = −Sin
q (ζ, k)ψF̄ (k)− Sout

q (ζ, k)ψP̄ (k) e
β(k0−µq) ,

= −Sin
q (ζ, k)ψF̄ (k)− Srev

q (ζ, k)ψP̄ (k) e
βk0(1−ζ)−βµq(1−Θ) .

(3.42)

Here, we have defined,

Srev
q (ζ, k) ≡ Sin

−q(ζ,−k) , (3.43)
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and we have used the Z2 action detailed in the last section to get the outgoing Hawking

solution.

The boundary conditions described above fix

ψF̄ ≡ nFD (ψ
R
− ψ

L
)− ψ

R
, ψP̄ ≡ nFD (ψ

R
− ψ

L
) , (3.44)

with

nFD ≡ 1

eβ(k0−µq) + 1
, (3.45)

being the familiar Fermi–Dirac factor at finite chemical potential. We recognise ψP̄ and

ψF̄ here, are the Past-Future (PF) basis for the boundary spinor sources [97, 98]. Thus,

when written in the PF basis, the two combinations of sources precisely multiply the

ingoing/quasi-normal bulk–to–boundary propagator and the outgoing bulk–to–boundary

propagator, respectively. This is analogous to the corresponding statements at zero chem-

ical potential [47, 48, 56, 60].

As pointed out in [48], the above fact can be used to argue why the generating function

of correlations computed using our holographic prescription satisfy both the Schwinger–

Keldysh collapse rules, as well as the KMS conditions, i.e., the generating function, cannot

contain terms with only ψP̄ or terms with only ψF̄ . Exactly the same argument is valid

for the case of finite chemical potential presented here. We direct the reader to [48] for

more details.

Finally, in the Keldysh–rotated or average–difference basis,

ψa ≡
1

2
(ψ

R
+ ψ

L
) , ψd ≡ (ψ

R
− ψ

L
) , (3.46)

one gets,

Ψ = Sin ψa −
{(

nFD − 1

2

)
Sin + nFD eβk

0(1−ζ)−βµq(1−Θ) T · Srev

}
ψd . (3.47)

where we have suppressed the dependence of charge q and coordinates (ζ, k).

This basis makes the Schwinger–Keldysh collapse rules manifest, i.e., there are no

terms in the generating function for boundary correlators that have only ψa terms. Equiv-

alently, correlation functions composed of only the difference operator Od vanish. This is
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consistent with our earlier discussion of the SK formalism in chapter 2. As we will see in

§3.3.1, the influence phase that we derive for the open EFT also satisfies this property.

3.3.1 Gradient expansion

In this subsection, we will find the solution to the Dirac equation in gradient expansion,

generalising the work of [48] to charged black branes. We only consider the case of a

massless spinor field for simplicity. However, we expect the analysis to go through for a

massive case also.

We begin by writing the Dirac field in the spacetime domain Ψ ≡ Ψ(v, ζ,x). We then

write the most general solution Ψ in a gradient expansion, compatible with rotational

invariance as,

Ψ =
1

rd/2

{
1+ C(1)

a Ma∂v +D(1)
a MaΓ(i)∂i + C(2)

a Ma∂2v +D(2)
a Ma∂2i + . . .

}
S0 ψ (3.48)

where ψ ≡ ψ(v,x) is the boundary spinor acting as a source at the boundary and the

factor r−d/2 has been taken out to satisfy boundary conditions, given in Eq. (3.40). The

functions {C(i), D(j), . . . } are some unknown functions of the radial coordinate ζ. The

matricesMa that appear in the above equation belong to the set {1,Γ(ζ)} and in order to

satisfy the Dirac equation (3.39) at zero derivative order, we will fix S0 to be a constant

matrix annihilated by Γ, i.e., ΓS0 = 0.

The bulk–to–boundary Green’s function satisfying ingoing boundary conditions can

be computed by substituting the above ansatz into the Dirac equation and solving it

order by order in derivative expansion. In the Fourier domain, we get an expression of

the form,

Sin =
1

rd/2

{
1 +

β

2

(
H Γ(ζ) −H(0)

)
Γ(i) ki −

β2 k0

2

(
H̃ Γ(ζ) − H̃(0)

)
Γ(i) ki

− β2 k2

8

(
f G2 − f(0)G

2
(0)

)
− β2 k2Hc

4

(
H Γ(ζ) −H(0)

)
+ . . .

}
S0 .

(3.49)

where k2 = kik
i and the subscript ‘(0)’ denotes the value of the functions at the conformal

boundary, i.e. ζ = 0. Here, we have written the results only up to the second order in

the gradient expansion. However, we can write down the solution up to arbitrary order
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in a similar fashion.

The unknown functions H, H̃, and G must satisfy the following radial differential

equations:

d

dζ

(
eiqΛ

√
f H

)
= eiqΛ

√
f ,

d

dζ

(
eiqΛ

√
f H̃

)
= eiqΛ

√
f H ,

d

dζ

(√
f G
)
=
√
f .

(3.50)

Since we want an ingoing solution, we take H, H̃, and G to be analytic at the outer

horizon which then implies that the functions
√
fH,

√
fH̃ and

√
fG should vanish at the

outer horizon. With this boundary condition specified, the above ODEs have a unique

solution for these functions and, hence, the ingoing solution Sin.

Now that we have the ingoing solution, we can use CPT isometry to find the outgoing

solution for the Dirac field in the RNSK geometry. Using Eq. (3.47), the full solution

can be easily written in the gradient expansion. Next, we will use this solution to derive

the on-shell action (SK generating functional). Later, we will perform some consistency

checks on this on-shell action or influence phase from an open effective field theory context.

3.4 On-shell action or Influence phase

In this section, we will first derive the on-shell action in average-difference basis. We will

write the on-shell action only up to second order in the gradient expansion.

Let us write the on-shell action Sos for massless Dirac field in the RNSK geometry

Sos =

˛
dζ

ˆ
ddx

√
−g iΨ�����

ΓM DMΨ+

ˆ
ddx iΨP−Ψ

∣∣∣∣ζ=1

ζ=0

,

=

ˆ
ddx iΨP−Ψ

∣∣∣∣ζ=1

ζ=0

.

(3.51)

Via the AdS/CFT dictionary, the on-shell action in the bulk maps to the generating

functional of the boundary. As we discussed in section §2.1.2, the SK generating func-

tional is equivalent influence functional. Thus, the boundary influence functional SIF can

be obtained by evaluating the bulk on-shell action in the SK formalism.
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Inserting the solution Ψ and conjugate solution Ψ in average-difference basis, given

in Eq. (3.47), we obtain the influence phase as

SIF[ψa, ψd] =

ˆ
ddx i

{
ψa Sda ψd + ψd Sad ψa + ψd Saa ψd

}
, (3.52)

where Sad, Sda, and Saa are the retarded, advanced and Keldysh Green’s functions,

respectively. When the dimension of the boundary theory, d, is odd, their explicit forms

are given by,

Sad = γ(v) − βH(0) γ
(i)ki + β2k0 γ(i)kiH̃(0) +

β2k2(H(0))
2

2
γ(v) + . . .

Sda = −

(
γ(v) + βH⋆

(0) γ
(i)ki + β2k0, γ(i)kiH̃

⋆
(0) +

β2k2(H⋆
(0))

2

2
γ(v) + . . .

)

Saa = e γ(v) +
βk0 (1− e2)

2
γ(v) −

β2(k0)2
[
e (1− e2)

]
4

γ(v)

+
e β (H⋆

(0) −H(0))

2
γ(i)ki +

e β2k2
[
(H⋆

(0))
2 +H2

(0)

]
4

γ(v)

+
β2k0

4
γ(i) ki

(
(1− e2)

(
H⋆

(0) −H(0)

)
+ 2 e (H̃⋆

(0) + H̃(0))

)
+ . . .

(3.53)

where we have expanded the Fermi–Dirac factors in powers of k0 and the superscript ‘⋆’

denotes the replacement q → −q in the arguments of the functions. We use the letter e

to denote the ground state (with k0 = 0) charge

e ≡ 1

1 + e−βµq
− 1

1 + eβµq
, (3.54)

which is the difference between the ground–state occupation of fermionic particles and

anti–particles. A similar set of expressions can be obtained d is even, by following the

analysis similar to [48].

3.4.1 Holographic KMS relations at finite density

Let us note a few things about the influence phase we obtained above.

1. SK collapse rule: Note that no term in the influence phase involves only average

sources, i.e. Sdd = 0. This is a general feature that arises from microscopic unitarity.
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In other words, we can write the SK generating functional ZSK,

ZSK[ψa, ψd] = 0 = ZSK[ψR
= ψ

L
] . (3.55)

Now, recall that the SK generating functional can be interpreted as coming from

the evolution operator on the closed time contour. Then, the above equation simply

says that forward evolution exactly cancels the backward evolution if the sources

are equal on both legs, as discussed previously in section §2.1.1. This is nothing

but the fact that the evolution operator is unitary.

2. KMS relation: The coefficients of influence phase are not independent but related

by the following two-point KMS relation,

Saa =
1

2

eβk
0 − z

eβk0 + z

(
Sad − Sda

)
=

1

2
tanh

(
β(k0 − µq)

2

)(
Sad − Sda

). (3.56)

where z is the fugacity of the boundary theory. This relation originates from the

thermality of the boundary theory at finite density.

3. In the limit k → 0, the influence phase has a very simple form,

SIF =

ˆ
ddx i

(
ψ†aψd − ψ†dψa − eψ†dψd

)
. (3.57)

Finally, in the limit of uncharged black branes or vanishing chemical potential (q, µ→ 0),

all these Green’s functions and the influence phase match with the results derived in [48].

Discussion

In this chapter, we extended the prescription for gravitational Schwinger–Keldysh saddles

to the case of charged black branes. The resulting geometry is dual to the real–time

evolution of a conformal field theory (CFT) at finite temperature and chemical potential.

Our construction is a direct generalization of the original grSK prescription [47, 48, 58, 60].

Within this geometry, we demonstrated how outgoing (Hawking) modes arise from CPT–

transformed ingoing quasi–normal modes.
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To test this proposal, we probed the RN–AdS black brane with free Dirac fermions

charged under the bulk gauge field. Using this setup, we derived the influence phase (or

on-shell action of the Dirac field) for a probe fermion interacting with the holographic

CFT, following the formalism of [48]. We showed that the resulting correlators satisfy the

KMS condition, now dressed with the appropriate Fermi—Dirac statistical factors. This

constitutes our central result and provides a natural extension of [48] to include the effects

of finite chemical potential. Additionally, for massless fermions, we computed the quasi–

normal mode solutions up to second order in the boundary derivative expansion. Recently,

this geometry has also been used to describe charge diffusion and energy transport in a

charged plasma [64, 66].

A natural follow-up for further investigation is the near–extremal limit, where the

outer and inner horizons approach each other. This limit introduces subtleties, such

as a potential pinching of the holographic radial contour, which may require a refined

treatment. It would be interesting to clarify how such effects modify the gravitational

SK prescription and whether they connect with the near–extremal derivative expansion

discussed in [99].

Finally, an important next step is to move beyond free-field dynamics and study how

interactions behave in this background. This is precisely the question we turn to next.
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Chapter 4

Interactions in RNSK geometry

This chapter and the next are based on [72], which was written by the author.

In the previous chapter (§3), we described the RNSK geometry and analyzed the

behaviour of free fields (e.g. a free Dirac spinor) in this background. Naturally, the next

step is to understand how interacting fields behave in this setting. Since the RNSK (or

even grSK) geometry is considerably more complex, we do not know a priori how the

monodromy condition around the horizon affects interacting fields.

In the bulk, this also amounts to studying scattering processes against black holes in

the presence of Hawking radiation. Recently, this question — understanding interacting

fields in the grSK geometry — has been investigated for both bosons [70] and fermions

[71]. In these studies, the authors developed a field-theoretic framework to analyze scat-

tering processes around neutral black holes. By field-theoretic, we refer to a diagrammatic

approach using Feynman rules to compute on-shell action. It was shown that the dynam-

ics of interacting fields can be treated perturbatively, using Green’s function techniques.

The basic idea is to compute the boundary-to-bulk and bulk-to-bulk Green’s functions

and then construct the on-shell action, which corresponds to the boundary generating

functional. Interestingly, interactions in the grSK geometry can be effectively described

in terms of an exterior field theory living outside the horizon [70, 71].

Here, we do not delve into the technical details of these studies. Instead, we highlight

several key features exhibited by the exterior field theory :

• Dissipation: The theory captures the dissipative effects due to particles falling into

the black hole.
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• Fluctuations : It incorporates thermal fluctuations arising from Hawking radiation.

• Exterior localization: All relevant dynamical degrees of freedom and interactions

are confined to the region outside the black hole horizon.

• Microscopic unitarity and causality : The theory respects unitarity and causality

within the exterior region, ensuring physically consistent evolution.

• Thermal structure of interactions : Interaction vertices are dressed with appropriate

thermal statistical factors — such as Bose-Einstein or Fermi-Dirac distributions —

consistent with the expectations from thermal field theory.

The absence of contributions from the black hole horizon — leading to the notion

of an exterior field theory — is not immediately obvious. Indeed, it is unclear how the

process of glueing at the horizon, which is part of the construction of the grSK geometry,

might affect the fields living in this background. Naively, this arrangement appears to

obey a principle reminiscent of the central dogma [100].1 However, there are cases where

an exterior field theory does not fully capture the dynamics — for example, in theories

with derivative interactions, where additional terms localized at the horizon contribute

to the field dynamics. This raises important questions about the general existence and

applicability of exterior field theories.

To gather more evidence for the validity of the exterior field theory framework, it

is necessary to study how interactions behave in more general spacetime backgrounds

— for example, around charged black holes, particularly in the RNSK geometry. Such

investigations would also help address the following question:

Do exterior field theories exist in the case of charged black holes? If so, how can one

be formulated?

In this chapter, we will address this question by considering a simple example: a self-

interacting complex scalar field. We will explain how this example leads naturally to an

exterior field theory living outside a charged black hole.

1This dogma asserts that, for an outside observer, a black hole behaves as a unitary quantum system
with a finite number of degrees of freedom, which rapidly scrambles information.
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4.1 Our setup & the corresponding dynamics

Let us consider an interacting charged scalar field Φ in a charged black hole background.

In particular, we consider this field in the RNSK background as given in Eq. (3.1), which

we quote again here,

ds2 = −r2 f dv2 + 2dv dr + r2 dx2
d−1 ,

A = AM(x) dxM = −µ
(r+
r

)d−2
dv .

(4.1)

As an illustrative example, we will only consider a massless complex scalar field in-

teracting via a quartic term2

S = −
˛
dζ ddx

√
−g
[
|DMΦ|2 + λ

2! 2!
|Φ|4

]
, (4.2)

with the covariant derivative DM , given by,

DM ≡ ∇M − iqAM , (4.3)

where q and λ are the charge and the interaction parameter of the field, respectively.

Varying the above action (4.2) w.r.t the field, we obtain the following field equation

(non-linear Klein-Gordon equation) for Φ:

DMD
MΦ =

λ

2!
Φ|Φ|2 . (4.4)

Before delving into the full dynamics of the field and its implications, we will begin

by examining the free part only. Specifically, we will first describe the propagation of the

scalar field Φ in the RNSK geometry, excluding interaction terms. This approach will also

allow us to establish the necessary notation for subsequent sections. Later in this section,

and the following one, we will use this established notation to discuss interactions.

2This is chosen for simplicity; however, the whole analysis can be easily generalised to the |Φ|n
interaction.
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4.1.1 Free complex scalar in RNSK geometry

Let us start with the linear part of the EOM (free Klein-Gordon equation) and solve it

first. Later, we will correct this by adding non-linear terms in the Klein-Gordon (KG)

equation and solve it by using the Green’s function.

The field equation for a free complex scalar field Φ is given by,

DMD
MΦ = 0 . (4.5)

After the free field equation (4.5), we now turn to the solutions of this equation. As far

as solutions are concerned, we will find it convenient to work in momentum space. Thus,

passing into the momentum space,

Φ(ζ, v,x) =

ˆ
ddk

(2π)d
Φ(ζ, k)e−ik

0v+ik.x , (4.6)

where k represents the Fourier transformed tuple {k0,k} corresponding to the variables

{v,x}. In the momentum domain, we find that the free field equation given in Eq. (4.5),

can be explicitly written as–

d

dζ

[
rd−1

dΦ

dζ

]
+
βk0

2

[
rd−1

dΦ

dζ
+

d

dζ

(
rd−1Φ

)]
+ rd−1f

(
βk

2

)2

Φ

+
βq

2

[
rd−1Av

dΦ

dζ
+

d

dζ

(
rd−1AvΦ

)]
= 0 .

(4.7)

Since the equation of motion is a second-order ODE, the general solution is determined by

two linearly independent solutions. We represent the solution using the ingoing and the

outgoing solution, which are related by the CPT (Charge-Parity-Time reversal) isometry,

given in Eq. (3.28). Thus, the free solution in terms of ingoing Gin and outgoing Gout

boundary-to-bulk Green’s function,3 is given as,

Φ(ζ, k) = −Gin(ζ, k)JF̄ (k) + eβ(k
0−µq)Gout(ζ, k)JP̄ (k) , (4.8)

3The approach involving ingoing and outgoing Green’s functions can be seen in [56] and subsequently
elaborated upon for the grSK geometry in [47, 60].

48



with the following ingoing and outgoing Green’s function relationship,

Gout
q (ζ, k) = e−βk

0ζeβµqΘGin
−q(ζ,−k) , (4.9)

where we have written the boundary sources in Future-Past (FP) basis, defined as,

JF̄ = − [1 + nk] JR
+ nk JL

, JP̄ = −nk [JR
− J

L
] , (4.10)

with nk is the Bose-Einstein factor at finite chemical potential, given by,

nk =
1

eβ(k0−µq) − 1
. (4.11)

From the relation in Eq. (4.9), it is clear that the ingoing solution is sufficient to construct

the general solution. To solve for the ingoing Green’s function, two boundary conditions

must be supplied:

1. It must be regular on the horizon, explicitly written as:

dGin

dζ

∣∣∣∣
r+

= 0 . (4.12)

2. It is normalized to unity at the boundary.

lim
r→∞

Gin = 1 . (4.13)

We will later find it convenient to write the above solution in the right-left (RL) basis of

the sources as,

Φ(ζ, k) ≡ g
R
(ζ, k) J

R
(k)− g

L
(ζ, k) J

L
(k) , (4.14)

where J
R
and J

L
denote the right and left boundary sources, respectively. Also, the

symbols g
R,L denote the boundary-to-bulk Green’s functions from the right and left AdS

boundaries respectively, which in terms of the ingoing and the outgoing Green’s functions
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take the form:

g
R
(ζ, k) ≡ (1 + nk)

[
Gin(ζ, k)−Gout(ζ, k)

]
,

g
L
(ζ, k) ≡ nk

[
Gin(ζ, k)− eβ(k

0−µq)Gout(ζ, k)
]
.

(4.15)

As it is clear from the name, the boundary conditions for these Green’s functions are:

lim
ζ→0

g
R
(ζ, k) = 0 , lim

ζ→0
g
L
(ζ, k) = −1 , (4.16)

and,

lim
ζ→1

g
R
(ζ, k) = 1 , lim

ζ→1
g(ζ, k) = 0 . (4.17)

Combining the solution with these boundary conditions, we see that in the RL basis, the

bulk field Φ satisfies,

lim
ζ→0

Φ(ζ, k) = J
L
(k) , lim

ζ→1
Φ(ζ, k) = J

R
(k) . (4.18)

To conclude the free Klein-Gordon equation discussion, we also provide the general

solution for the free conjugate field Φ̄. Since the analysis for the conjugate field closely

mirrors that of the field itself, we will not repeat the steps but directly present the results

and move to the interactions.

Before proceeding further, please note that a bar on top of a field, Green’s function,

or boundary source indicates that it is the conjugate version of the corresponding object.

The free solution for the complex-conjugate scalar field is

Φ̄(ζ, k) = −Ḡin(ζ, k)J̄F̄ (k) + eβ(k
0+µq)Ḡout(ζ, k)J̄P̄ (k) , (4.19)

with the CPT isometry relates these two Green’s functions in the following manner

Ḡout
q (ζ, k) = e−βk

0ζe−βµqΘḠin
−q(ζ,−k) , (4.20)

where we have defined the Future-Past conjugate sources as,

J̄F̄ = − [1 + n̄k] J̄R
+ n̄kJ̄L

, J̄P̄ = −n̄k

[
J̄

R
− J̄

L

]
, (4.21)
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where n̄k is the Bose-Einstein factor at finite chemical potential (with sign of q reversed)

given by,

n̄k =
1

eβ(k0+µq) − 1
. (4.22)

In the right-left basis of the conjugate sources

Φ̄(ζ, k) ≡ ḡ
R
(ζ, k) J̄

R
(k)− ḡ

L
(ζ, k) J̄

L
(k) , (4.23)

where ḡ
R,L denote the boundary-to-bulk conjugate Green’s functions from the right and

left AdS boundaries for the complex field, which in terms of the ingoing and the outgoing

conjugate Green’s functions take the form

ḡ
R
(ζ, k) ≡ (1 + n̄k)

[
Ḡin(ζ, k)− Ḡout(ζ, k)

]
,

ḡ
L
(ζ, k) ≡ n̄k

[
Ḡin(ζ, k)− eβ(k

0+µq)Ḡout(ζ, k)
]
.

(4.24)

Again, the boundary conditions for these conjugate Green’s functions are

lim
ζ→0

ḡ
R
(ζ, k) = 0 , lim

ζ→0
ḡ
L
(ζ, k) = −1 , (4.25)

and

lim
ζ→1

ḡ
R
(ζ, k) = 1 , lim

ζ→1
ḡ(ζ, k) = 0 . (4.26)

Thus, it is easy that the following boundary limits holds:

lim
ζ→0

Φ̄(ζ, k) = J̄
L
(k) , lim

ζ→1
Φ̄(ζ, k) = J̄

R
(k) . (4.27)

Here, we should note that the analysis of conjugate field (i.e. field equation, solution,

etc), is exactly similar to that of the field itself. The only difference we can spot is the

change in the sign of charge, i.e. q 7→ −q.

4.1.2 Interacting complex scalar

Now that we have worked through the free Klein-Gordon equation and its solutions, we

can move on to interactions. In this part, we will consider the full quartic theory and use

the method of Green’s function in the bulk to determine the interactive portion of the
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solution.

For completeness, we once again write the full Klein-Gordon field equation as,

DMD
MΦ =

λ

2!
Φ|Φ|2 . (4.28)

We will solve this field equation perturbatively in the coupling constant λ by expanding

the field Φ as,

Φ =
∞∑
i=0

λiΦ(i) = Φ(0) + λΦ(1) + λ2Φ(2) . . . , (4.29)

under the double-Dirichlet boundary conditions (same as for free theory), given by:

lim
ζ→0,1

Φ(0) = J
L,R , lim

ζ→0,1
Φ(i) = 0 ∀ i > 1 , (4.30)

where J
L
and J

R
are the left and the right boundary sources, respectively. These bound-

ary conditions are doubled versions of the standard conditions in AdS/CFT, modified

specifically to fit the Schwinger-Keldysh formalism. The leading-order solution Φ(0) is

just the free solution that we have already obtained in Eq. (4.8). Regarding the bound-

ary conditions, Φ(0) satisfies the GKPW conditions, while all higher-order corrections

should vanish at both boundaries, consistent with Eq. (4.30).

To find the higher-order solutions, we use the bulk-to-bulk Green’s function. This

function should vanish at both boundaries and is therefore termed binormalisable. The

binormalisable bulk-to-bulk Green’s function4 G satisfies:

DMD
MG(ζ|ζ ′, k) = δ(ζ − ζ ′)√

−g
, (4.31)

where δ(ζ − ζ ′) is the radial delta function on the RNSK contour. The above differential

equation should be solved with the following boundary conditions,

lim
ζ→0

G(ζ|ζ ′, k) = lim
ζ→1

G(ζ|ζ ′, k) = 0 . (4.32)

The explicit calculation for the computation of binormalisable bulk-to-bulk Green’s func-

4Here, we adopt the same notation as in [70], but the convention for the bulk-to-bulk Green’s function
G used here differs by an overall sign.
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tion is given in the Appendix B and given in Eq. (B.16) by,5

G(ζ|ζ ′, k) = eβk
0ζ′−βµqΘ(ζ′)

(1 + nk)

(
Θ(ζ > ζ ′)gL(ζ, k)gR(ζ

′, k) + Θ(ζ < ζ ′)gR(ζ, k)gL(ζ
′, k)[

K in
q (k)−K in

−q(−k)
] )

, (4.33)

where Θ is the radial Heavyside step function on the RNSK contour. Note that K in is the

retarded two-point boundary correlator in the above equation. Additionally, we point out

that later (in section §4.3) we will also use the retarded Gret and the advanced Gadv bulk-to-

bulk Green’s functions. These two Green’s functions are also derived in Appendix B.1,

along with their relationship with each other (B.22) and with binormalisable Green’s

function (B.21). We reiterate that all Green’s functions introduced here are defined with

a convention that differs by an overall sign from that used in [70].

With the help of the binormalisable bulk-to-bulk Green’s function, the remaining

higher-order terms can be written as:

Φ(i)(ζ, k) =

˛
ζ′

G(ζ|ζ ′, k)J(i)(ζ
′, k) , with

˛
ζ

≡
˛
dζ

√
−g , (4.34)

where J(i) are bulk sources for i-th order term in the solution. The first two terms of

these bulk sources are as follows:

J(1)(ζ, k) =

ˆ 3∏
i=1

(
ddpi
(2π)d

)
(2π)dδd

(
3∑
i

pi − k

)
1

2!
Φ(0)(ζ, p1)Φ̄(0)(ζ, p2)Φ(0)(ζ, p3) ,

J(2)(ζ, k) =

ˆ 3∏
i=1

(
ddpi
(2π)d

)
(2π)dδd

(
3∑
i

pi − k

)

×
[
Φ(1)(ζ, p1)Φ̄(0)(ζ, p2)Φ(0)(ζ, p3) +

1

2!
Φ(0)(ζ, p1)Φ̄(1)(ζ, p2)Φ(0)(ζ, p3)

]
.

(4.35)

Now that we have expressed the solution in formal form, our next task is to construct

the on-shell action for the |Φ|4 theory in the RNSK background. Once the on-shell action

is obtained, boundary correlators can be computed by taking functional derivatives with

respect to the boundary sources.

4.2 Exterior field theory for charged black branes

Previously, in section §4.1, we explained the method for solving the bulk field equations

to arbitrary orders in the coupling constant λ. By substituting these solutions into the

5Here, we want to the point out the relationship between Θ and Λ, i.e. Θ = Λ
iβµ .
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action, we can compute the on-shell action to any desired order in λ.6 Our approach,

also used in [71], circumvents the need to evaluate the boundary terms in the on-shell

action explicitly. It leverages the fact that the boundary value of the higher-order solution

vanishes, thereby simplifying the computation.

We start with the bare action Sbare as given by,

Sbare = −
˛
M

(
|DMΦ|2 + λ

2! 2!
|Φ|4

)
, where

˛
M

≡
˛
dζ ddx

√
−g , (4.36)

where M denotes the RNSK background. Inserting the perturbative solution into the

bare action yields the on-shell action Sos in the following form:

Sos = −
ˆ
∂M

Φ(0)

(
DAΦ(0)

)
+ λ

˛
M

[ 1
2!

(
Φ̄− Φ̄(0)

)
Φ|Φ|2 − 1

2!2!
|Φ|4

]
, (4.37)

where ∂M denotes the boundary of M. Note that in deriving Eq. (4.37), we have used

the field equation for Φ and imposed the appropriate boundary conditions to significantly

simplify the expression for the on-shell action.

The on-shell action Sos, expanded in powers of λ , is expressed as:

Sos = S(2) + S(4) + S(6) + . . . , (4.38)

where the subscript indicates the number of boundary sources in each term. For example,

the quadratic term S(2), the quartic term S(4) and the term with six sources S(6) are given

by:

S(2) = −
ˆ
∂M

Φ(0)

(
DAΦ(0)

)
,

S(4) = − λ

2! 2!

˛
M

(
Φ̄(0)Φ(0)

)2
,

S(6) = −λ
2

2

˛
M

Φ̄(0)Φ(1)Φ̄(0)Φ(0) .

(4.39)

As we will see soon, the terms above correspond to the free, contact, and single-exchange

contributions at the tree level in Feynman diagrams. Within the framework of open

effective field theory [47, 50], S(n) represents the n-point influence phase of the boundary

6Since our analysis is limited to tree-level diagrams, we use on-shell action and tree-level influence
phase interchangeably.
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theory.

We find it useful to express the on-shell action in the Past-Future (PF) basis, as shown

in Eqs. (4.10) and (4.21). In this basis, the Schwinger-Keldysh collapse (unitarity) and

the Kubo-Martin-Schwinger conditions (thermality) manifest as the vanishing of coeffi-

cients for terms involving all Future and all Past sources, respectively. Furthermore, this

basis exclusively incorporates ingoing/outgoing boundary-to-bulk and retarded/advanced

bulk-to-bulk propagators in the boundary correlators, ensuring the description of causal

scattering processes.

The explicit computation of the on-shell action requires evaluating monodromy inte-

grals on the RNSK contour. This involves a contour integral over the complexified radial

coordinate, as illustrated in figure 3.1. The integral simplifies into a single exterior radial

integral, with discontinuities arising at the horizon cap. The origin and evaluation of

these discontinuities are detailed in Appendix C. Using the discontinuity formulas listed

in the appendix (see Eqs. (C.1) and (C.4)), the on-shell action can be expressed in terms

of a single exterior radial integral, as shown in Appendix D.

To declutter the expressions, we write the different terms in the on-shell action in the

following way:

S(2n) =

ˆ
k1,2,...,2n

n∑
r,s=0

I(2n)
r,s (k1, .., k2n)

r∏
i=1

J̄F̄ (ki)
s∏

j=1

JF̄ (kj)
n∏

l=r+1

J̄P̄ (kl)
n∏

m=s+1

JP̄ (km) , (4.40)

where we have used the following notation,

ˆ
k1,2,...,m

≡
ˆ

ddk1
(2π)d

ˆ
ddk2
(2π)d

. . .

ˆ
ddkm
(2π)d

δ(d) (k1 + k2 + . . .+ km) . (4.41)

From this point onward, we will only present the expressions for Ir,s derived from

RNSK geometry. The physical interpretation of I(2n)
r,s corresponds to a scattering process,

where r and s ingoing modes with charges − and +, respectively, scatter into (n − r)

and (n − s) outgoing modes with charges + and −, respectively. Although the results

for I(2n)
r,s themselves are intricate, there is a particularly insightful way (i.e., Feynman

diagrammatic way given in section §4.3) to summarise them that highlights their physical

significance. We find that our findings can be concisely represented by a diagrammatic

expansion governed by the Feynman rules.

As discussed earlier, the explicit computation of the on-shell action in the bulk nat-

urally gives rise to an exterior field theory. This theory exists outside the outermost
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horizon of the RN-AdS black brane. Next, we will demonstrate how this exterior field

theory can be utilized to compute boundary correlation functions. The key idea is to

define Feynman diagrammatic rules for the exterior theory and then apply these rules to

compute the on-shell action (or boundary generating functional).

Below, we outline the diagrammatic rules for computing the tree-level influence phase

(on-shell action).

4.3 Feynman diagrammatics

The conventions for momentum k flow are as follows: In boundary-to-bulk propagators,

momentum flows from the boundary to the bulk, while in bulk-to-bulk propagators, it

flows from left to right. Here, it is important to highlight that we will only present the

Feynman rules/diagrammatics in the PF basis. However, one could also do the same in

other basis, but the rules and diagrams might look different in other basis.

The boundary-to-bulk propagators(along with their corresponding source) for complex

scalar are:

• r

k↑ ≡ Gin(r,k)
1+nk

JF̄ (k) ,

• r

k↑ ≡ Gout(r, k) JP̄ (k) ,

(4.42)

where r denotes the bulk point, and k denotes the momentum carried along the propaga-

tor. The red-colored arrow indicates the direction of charge flow. Additionally, note that

the orientation of the ‘diode’ symbol (or triangle) distinguishes whether the propagator

is ingoing or outgoing.

The corresponding boundary-to-bulk propagators for the conjugate field are:

• r

k↓ ≡ Ḡin(r,k)
1+n̄k

J̄F̄ (k) ,

• r

k↓ ≡ Ḡout(r, k) J̄P̄ (k) ,

(4.43)
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and the retarded and advanced bulk-to-bulk propagators are:

→
k

r1 r2
• • ≡ iGret(r2|r1, k) ,

→
k

r1 r2
• • ≡ iGadv(r2|r1, k) .

(4.44)

where r1 and r2 are two bulk points connected by these propagators. The explicit ex-

pressions for retarded Gret and advanced Gadv bulk-to-bulk Green’s function are given

in Eqs. (B.18) and (B.19), respectively. Note that the bulk-to-bulk propagators in our

case are given by iG, rather than −iG as used in [70]. This discrepancy arises because

our convention for the Green’s function differs from that of [70]: specifically, we define

the Green’s function as the inverse of the Laplacian, rather than the negative of it (See

Eqs. (2.3) and (4.31)).

It is important to note that all these propagators are expressed in a basis that explicitly

reveals their causal properties. As a result, the causal structure of Witten diagrams7 will

naturally emerge during their construction, thereby simplifying the understanding of

scattering processes against black holes.

The final ingredient needed to construct the Witten diagrams is the set of bulk vertices.

Before specifying the vertices in this exterior field theory, it is useful first to define,

nk,α ≡ 1

eβ(k0−αµq) − 1
, and k12...m ≡ k1 + k2 + ...km , (4.45)

where we note nk,1 = nk and nk,−1 = n̄k and we will use these two relations interchange-

ably later.

Before we write down the bulk vertices, we would like the reader to note that we will

exclusively use the nk,α notation in describing vertices. Now, let us come to the vertices

7Witten diagrams are the AdS/CFT analogues of Feynman diagrams, with the key distinction that
their external legs are anchored on the AdS boundary.
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in this exterior field theory, given as follows:

•
k1 k2

k4k3
= iλ

n−k1,−1

nk234,1
, •

k1 k2

k4k3
= iλ

n−k2,1

nk134,−1
,

(4.46)

and

•
k1 k2

k4k3
= iλ

n−k1,−1n−k3,−1

nk24,2
, •

k1 k2

k4k3
= iλ

n−k2,1
n−k4,1

nk13,−2
,

(4.47)

•
k1 k2

k4k3
= iλ

n−k1,−1n−k2,1

nk34,0
,

(4.48)

and

•
k1 k2

k4k3
= iλ

n−k1,−1n−k2,1
n−k4,1

nk3,−1
, •

k1 k2

k4k3
= iλ

n−k1,−1n−k2,1
n−k3,−1

nk4,1
,

(4.49)

where one can easily see the charge conservation at the bulk vertex. For each of the

vertices above, we have chosen the convention that all momenta flow into the vertex.

Only these vertices contribute to non-zero terms, while the rest vanish. More precisely,

vertices with the same legs result in no contribution, as shown below:

•
k1 k2

k4k3
= 0 = •

k1 k2

k4k3

(4.50)
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The fact that vertices with only ‘triangle’ legs or only ‘bar’ legs vanish follows from

the collapse rule and the KMS condition, respectively. Notably, these vertices closely

resemble those found in thermal field theory [81]. Here, one can interpret the legs with

triangles as a single effective leg carrying the combined momentum and charge, which

explains why some scattering processes seem to involve particles with zero or double the

charge. This feature is quite general and holds for fermions as well, with the additional

observation that two fermions with opposite quantum numbers behave like a boson [71].

Along with the above Feynman rules for propagators and vertices, to obtain the bound-

ary Schwinger-Keldysh generating functional (on-shell action), we must further supply

with following rules:

1. Multiply every diagram by −i.

2. The vertices are integrated over the exterior of the black brane, with the following

radial exterior integral ˆ
ext

=

ˆ rc

r+

dr rd−1 , (4.51)

where rc is the radial cut-off required for holographic renormalisation [53].

3. Impose momentum conservation at each vertex and integrate over all momenta.

4. Divide by the symmetry factor of the diagram.

Using these Feynman rules for Witten diagrams outlined above, we can calculate the

boundary SK generating functional to any desired order in λ. In this thesis, we only

present the result up to quadratic order in λ, incorporating contributions from contact

and single-exchange diagrams.

4.3.1 Contact & Exchange terms

We begin with the contact diagrams contributing to the four-point influence phase S(4).

The corresponding four-point contact term in the on-shell action is given by:

S(4) = − λ

2! 2!

ˆ
k1,2,3,4

˛
ζ

2∏
i=1

Φ̄(0)(ζ, ki)
2∏

j=1

Φ(0)(ζ, kj) (4.52)

where we have taken S(4) from the Eq. (4.39) and written in the momentum space.
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Using the solutions of the Klein-Gordon equation and performing the RNSK radial

contour integral, as explained in the previous section §4.2. We obtain the on-shell action

at linear order in coupling constant S(4), and read off coefficients I(4)
r,s (k1, k2, k3, k4) as

explained in the Appendix D.8 All the diagrams contributing to the S(4) are:

•

(a) I(4)
2,1

•

(b) I(4)
1,2

•

(c) I(4)
1,1

•

(d) I(4)
2,0

•

(e) I(4)
0,2

•

(f) I(4)
1,0

•

(g) I(4)
0,1

Figure 4.1: Witten diagrams contributing to the four-point influence phase S(4). Each
sub-figure corresponds to a distinct interaction vertex and its associated term in the
influence phase.

Note that these are the only non-zero contributions to the quartic influence phase S(4)

at linear order in the coupling λ. The terms corresponding to these diagrams (recall the

8Recall that symbol I(4)
r,s labels the coefficients of quartic influence phase, defined in Eq.(4.40).
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definition in Eq. (4.40)), listed in the same order, are given as follows:

I(4)
2,1 = −λ

2

1

nk4

ˆ
ext

Ḡin(r, k1)G
in(r, k2)Ḡ

in(r, k3)G
out(r, k4) ,

I(4)
1,2 = −λ

2

1

n̄k3

ˆ
ext

Ḡin(r, k1)G
in(r, k2)Ḡ

out(r, k3)G
in(r, k4) ,

I(4)
1,1 = λ

1

nk34,0

ˆ
ext

Ḡin(r, k1)G
in(r, k2)Ḡ

out(r, k3)G
out(r, k4) ,

I(4)
2,0 = λ

1

nk24,2

ˆ
ext

Ḡin(r, k1)G
out(r, k2)Ḡ

in(r, k3)G
out(r, k4) ,

I(4)
0,2 = λ

1

nk13,−2

ˆ
ext

Ḡout(r, k1)G
in(r, k2)Ḡ

out(r, k3)G
in(r, k4) ,

I(4)
1,0 = −λ

2

1

nk234

ˆ
ext

Ḡin(r, k1)G
out(r, k2)Ḡ

out(r, k3)G
out(r, k4) ,

I(4)
0,1 = −λ

2

1

n̄k134

ˆ
ext

Ḡout(r, k1)G
in(r, k2)Ḡ

out(r, k3)G
out(r, k4) ,

(4.53)

where we have used nk,1 = nk and nk,−1 = n̄k and suppressed the momentum dependence

in I(4)
r,s to shorten the expressions. Here, one could notice that the diagrams with either

all the Future sources or all the Past sources vanish,

•

= 0 =

•

.

This is nothing but the SK collapse condition and the KMS condition at four-point

functions. There are two equivalent ways to see why these diagrams vanish:

• On the RNSK contour: The underlying reason why the SK collapse rules and

the KMS relations hold lies in the analyticity properties of the ingoing propagator.

Specifically, the integrand is analytic, and its integral over the RNSK radial contour

vanishes. To illustrate this, consider an analytic function F (r) integrated over the

radial RNSK contour: ˛
dr F (r) , (4.54)

where r runs over the full RNSK radial contour.
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Breaking the full contour integral into different parts, we see

˛
dr F (r) = lim

ϵ→0

[ˆ r++iϵ

∞+iϵ

F (r) +
�
���

���ˆ r+−iϵ

r++iϵ

F (r) +

ˆ ∞−iϵ
r+−iϵ

F (r)

]
= lim

ϵ→0

[ˆ r++iϵ

∞+iϵ

F (r)−
ˆ r+−iϵ

∞−iϵ
F (r)

]
= lim

ϵ→0

[ˆ r++iϵ

∞+iϵ

F (r)−
ˆ r++iϵ

∞+iϵ

F (r)

]
= 0 .

(4.55)

• From exterior field theory: The reason for the SK collapse and KMS condition lies

behind the disappearance of corresponding effective vertices. These vertices vanish

because they contain the inverse of the Bose-Einstein factor evaluated at k0 = 0,

i.e. 1
nk0

∣∣∣
k0

= 0.

Next, we come to the exchange diagrams contributing to the six-point influence phase

S(6). Here, we will restrict ourselves to single exchange diagrams only that correspond to

a single bulk-to-bulk propagator in an algebraic expression. The corresponding term in

the on-shell action is given by:

S(6) = −λ
2

4

ˆ
k1,2,3,4,5,6

˛
ζ,ζ′

Φ̄(0)(ζ, k1)Φ(0)(ζ, k2)Φ̄(0)(ζ, k3)

× G(ζ|ζ ′, k456)Φ(0)(ζ
′, k4)Φ̄(0)(ζ

′, k5)Φ(0)(ζ
′, k6) .

(4.56)

Again, performing the RNSK radial integral to obtain the exterior radial integral using

Eqs. (C.1) and (C.4) and the details are given in the Appendix D (for instance, see Eqs.

after (D.6)). But here, we directly draw the diagrams and then write the corresponding

expressions using the Feynman rules given above. For simplicity, we only illustrate two

diagrams that contribute to S(6), while noting that other diagrams can be similarly derived

using the same Feynman rules. Below are these diagrams:

• •

(a) I(6)
3,2

• •

(b) I(6)
2,3

Figure 4.2: Two particular Witten diagrams that contribute to S(6).
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and the terms corresponding to these diagrams are:

I(6)
3,2 =

λ2

2

1

nk6

ˆ
ext

Gret(r|r′, k123)

×
[
Ḡin(r, k1)G

in(r, k2)Ḡ
in(r, k3)G

in(r′, k4)Ḡ
in(r′, k5)G

out(r′, k6)
]
,

I(6)
2,3 =

λ2

2

1

n̄k5

ˆ
ext

Gret(r|r′, k123)

×
[
Ḡin(r, k1)G

in(r, k2)Ḡ
in(r, k3)G

in(r′, k4)Ḡ
out(r′, k5)G

in(r′, k6)
]
.

(4.57)

Similarly, higher-point exchange diagrams contributing to the higher-point influence phase

can be built using the Feynman rules described above. This concludes our analysis of

exterior diagrammatics, and we now shift focus to constructing solutions explicitly within

the gradient expansion.

4.4 The Gradient Expansion

In this section, we solve the free complex Klein-Gordon equation by expressing the field

in the gradient expansion. To derive the fluctuation-dissipation relations (FDRs), we

only need to assume that the field Φ is independent of the boundary space coordinates x.

This is equivalent to setting its Fourier counterpart k = 0 in momentum space. Under

this assumption, the free complex Klein-Gordon equation (4.5) reduces to the explicit

form given below:

d

dζ

[
rd−1

dΦ

dζ

]
+
βk0

2

[
rd−1

dΦ

dζ
+

d

dζ

(
rd−1Φ

)]
− βµq

2

[
r rd−2+

dΦ

dζ
+

d

dζ

(
r rd−2+ Φ

)]
= 0 ,

(4.58)

where we have used the explicit expression for the gauge field Av with r+ as outer horizon

size, given in Eq. (3.1).

Note: We have omitted the subscript (0), which indicates that we are working at

zeroth order in the coupling λ, as this will be clear from the context. We will continue

this convention throughout the remainder of the section.

We begin by writing the most general solution (at k = 0) as a gradient expansion

in frequency k0. Instead of expanding around zero frequency (i.e, k0 ∼ 0), we find

it technically simpler to solve the field equations by expanding around the chemical
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potential, i.e., for frequencies k0 ∼ µq, up to second order, as

Φ =
2∑

i=0

(
β(k0 − µq)

2

)i

ϕi(ζ) . (4.59)

This type of expansion is natural when studying quasiparticle dynamics near the Fermi

surface, where relevant excitations occur close to the chemical potential. Although our

system does not contain fermions, we adopt this expansion purely for technical conve-

nience.

Later, we will consider the small chemical potential limit (µq → 0). In that limit,

the expansion around chemical potential (i.e, k0 ∼ µq) effectively becomes an expansion

around k0 ∼ 0. However, it is important to emphasize that these are distinct regimes:

expanding in small (k0 − µq) is not the same as expanding around k0 = 0 at fixed µq. In

particular, for arbitrary or large values of µq, the behaviour of the system near k0 = µq

might differ from that near k0 = 0. A more detailed analysis in the regime of arbitrary

chemical potential is left for future work.

Upon using this expansion (4.59) in the field equations (4.58), we can obtain the field

equations at arbitrary orders. Subsequently, the field equations at zeroth order in the

β(k0 − µq) expansion,

d

dζ

[
rd−1

dϕ0

dζ
+ βµq

(
rd−1 − r rd−2+

)
ϕ0

]
=
βµq

2

(
rd−1 − r rd−2+

)′
ϕ0 , (4.60)

and at the first order in the β(k0 − µq) expansion,

d

dζ

[
rd−1

dϕ1

dζ
+ βµq

(
rd−1 − r rd−2+

)
ϕ1 + 2 rd−1ϕ0

]
=
[
rd−1

]′
ϕ0 +

βµq

2

[
rd−1 − r rd−2+

]′
ϕ1 ,

(4.61)

and at the second order in the β(k0 − µq) expansion,

d

dζ

[
rd−1

dϕ2

dζ
+ βµq

(
rd−1 − r rd−2+

)
ϕ2 + 2 rd−1ϕ1

]
=
[
rd−1

]′
ϕ1 +

βµq

2

[
rd−1 − r rd−2+

]′
ϕ2 ,

(4.62)

where ′ denotes the derivative w.r.t ζ variable in all above-mentioned equations.
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Next, to simplify further, we perform an expansion in small chemical potential (or

equivalently, small charge) by taking µq ∼ 0, up to first order, as:

ϕi =
1∑

j=0

(βµq)
j ϕi,j(ζ) . (4.63)

Taken together, Eqs. (4.59) and (4.63) define what we will refer to as the near-µq gradient

expansion in the small charge regime. Note that these are nested expansions: we first

expand in frequency near µq, and then expand each coefficient ϕi in powers of µq.

As discussed in the previous sections (e.g., see §4.1.1), it suffices to evaluate the ingoing

solution, since the most general solution can be constructed using the CPT isometry. To

determine the ingoing boundary-to-bulk Green’s function Gin, we will solve the field

equations (4.58) under the following ingoing boundary conditions:

Gin
∣∣
r→∞ = 1 ,

dGin

dζ

∣∣∣∣
r+

= 0 . (4.64)

Under the restriction that the ingoing Green’s functionGin is independent of the boundary

space coordinates x,9 the Gin can be solved in the expansion near the chemical potential

along with the small charge expansion. Here, we will only present the answer for Gin

without going into the details of obtaining it.

Thus, the ingoing boundary-to-bulk Green’s function in the near-µq gradient expan-

sion in the small charge regime is,

Gin =
2∑

i=0

1∑
j=0

Gin
i,j(ζ)

(
β(k0 − µq)

2

)i

(βµq)
j , (4.65)

with the coefficients Gin
i,j explicitly given below

Gin
0,0 = 1 , Gin

0,1 =
1

2
F2(r) , Gin

1,0 = F1(r) ,

Gin
2,0 =

ˆ ζ

ζc

dζ̄

r̄d−1

ˆ ζ̄

ζh

dζ̂
[
r̂d−1

]′
F1(r̂)− 2

ˆ ζ

ζc

dζ̄

(
F1(r)−

rd−1+

rd−1
F1(r+)

)
,

(4.66)

9Since our goal is to derive FDRs, the boundary spatial directions x do not play a role.
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where we have defined

Fn(r) ≡
ˆ ζ

ζc

dζ̄

[(r+
r̄

)d−n
− 1

]
, ζh ≡ ζ(r+) , ζc ≡ ζ(rc) . (4.67)

The Fn is analytic on the radial RNSK contour as long as n < d. The other remaining

terms are written below:

Gin
1,1 +

ˆ ζ

ζc

dζ̄

(
1−

r̄ rd−2+

r̄d−1

)
F1(r̄) +

ˆ ζ

ζc

dζ̄

(
F2(r)−

rd−1+

rd−1
F2(r+)

)
=

+
1

2

ˆ ζ

ζc

dζ̄

r̄d−1

ˆ ζ̄

ζh

dζ̂
[
r̂d−1

]′
F2(r̂) +

1

2

ˆ ζ

ζc

dζ̄

r̄d−1

ˆ ζ̄

ζh

dζ̂
[
r̂d−1 − r̂ rd−2+

]′
F1(r̂) ,

(4.68)

and

Gin
2,1 +

ˆ ζ

ζc

dζ̄

[
1−

(r+
r̄

)d−2]
Gin

2,0(r̄) + 2

ˆ ζ

ζc

dζ̄

(
Gin

1,1(r̄)−
rd−1+

r̄d−1
Gin

1,1(r+)

)

=

ˆ ζ

ζc

dζ̄
1

r̄d−1

ˆ ζ̄

ζh

dζ̂
[
r̂d−1

]′
Gin

1,1(r̂) +
1

2

ˆ ζ̄

ζh

dζ̄
1

r̄d−1

ˆ ζ

ζ̄h

dζ̂
[
r̂d−1 − r̂ rd−2+

]′
Gin

2,0(r̂) .

(4.69)

It can be readily checked that the ingoing Green’s function given in Eq. (4.65), along with

the coefficients mentioned above, solves the Klein-Gordon equation with ingoing boundary

conditions. Similarly, the ingoing boundary-to-bulk conjugate Green’s function can be

obtained by replacing q → −q.

We will now express the field in the near-µq gradient expansion in the small charge

regime. The approach involves first constructing the ingoing solution and then applying

the CPT isometry (4.9) to obtain the full solution up to first order in both expansions.

We find it helpful to represent the solution (4.14) in the following form,

Φ = Gin
q (k)

[
Ja(k) +

(
nk +

1

2

)
Jd(k)

]
− eβµq [Θ−1]e−βk

0(ζ−1)Gin
−q(−k)nk Jd(k) , (4.70)

where we suppressed the radial dependence from the ingoing Green’s function and also

defined the sources in average-difference basis as,

Ja ≡
1

2
(J

R
+ J

L
) , Jd ≡ J

R
− J

L
. (4.71)

In what follows, we retain only the leading-order terms in the nested expansion (4.65),

keeping contributions up to linear order in both k0 and µq, while discarding higher-order

and mixed terms such as O((k0)2), O(µ2
q), and O(k0µq). This truncation isolates the

dominant behaviour in the small frequency and small charge regime, and is sufficient for
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our purposes. The resulting solution, keeping only the terms specified above, is given by:

Φ =

[
Ja +

(
ζ − 1

2
+ F1

)
Jd

]
+

βk0

2

[
F1Ja −

(
ζ(ζ − 1) +

[
ζ − 1

2

]
F1

)
Jd

]
+

βµq

2

[
(F2 − F1) Ja +

(
ζ(ζ − 1) +

[
ζ − 1

2

]
F2 +

(
ζ − 1

2
+ F2

)
F1

)
Jd

]
.

(4.72)

To conclude the discussion on gradient expansion, we provide the solution in position

space as well. This form will be significant when we evaluate the non-linear FDRs in the

next section.

In position-space coordinates, the solution can be written as

Φ =

[
Ja +

(
ζ − 1

2
+ F1

)
Jd

]
+

iβ

2

[
F1∂tJa −

(
ζ(ζ − 1) +

[
ζ − 1

2

]
F1

)
∂tJd

]
+

βµq

2

[
(F2 − F1) Ja +

(
ζ(ζ − 1) +

[
ζ − 1

2

]
F2 +

(
ζ − 1

2
+ F2

)
F1

)
Jd

]
,

(4.73)

where we have replaced k0 7→ i∂t to obtain the above result.

4.4.1 On-shell action in gradient expansion

Using the gradient expansion solutions from Eqs. (4.72) and (4.73), we proceed to compute

the on-shell action (or influence phase), starting with the quadratic (free) contribution

S(2), given as

S(2) = −
ˆ
ddx

√
−g Φ(0)

(
DΦ(0)

) ∣∣∣∣ζ=1

ζ=0

. (4.74)

Upon transitioning to momentum space, the on-shell action at quadratic order in the

average-difference basis is found to be:

S(2) =

ˆ
ddk

(2π)d

[
Ĵad J̄d(−k)Ja(k) + Ĵda J̄a(−k)Jd(k) + Ĵdd J̄d(−k)Jd(k)

]
, (4.75)

with Ĵad, Ĵda and Ĵdd are the boundary Green’s functions given below,10

Ĵad = Kret(k) , Ĵda = Kadv(k) , Ĵdd = Kkel , (4.76)

whereKret,Kadv andKkel denote the two-point retarded, advanced and Keldysh boundary

correlators respectively. The retarded and advanced components only capture spectral

information and do not depend on the occupation number nk, as opposed to the Keldysh

10Here, the hat notation Ĵ denotes that J has been integrated over the radial direction and thus no
longer depends on the radial coordinate, i.e. Ĵ ≡

¸
dζ

√
−g J .
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component that explicitly involves nk. The absence of Ĵaa follows from the Schwinger-

Keldysh collapse condition. It is worth noting that the on-shell action expressed in

the average-difference basis naturally produces boundary retarded correlators. The final

term, Ĵdd, representing the effects of fluctuations, as expected from the two-point KMS

condition, is given by

Ĵdd =
1

2
coth

(
β(k0 − µq)

2

)[
Ĵad − Ĵda

]
. (4.77)

where Kkel denotes the two-point Keldysh boundary correlator.

With the quadratic order on-shell action established and its coefficients identified, we

now focus on the quartic on-shell action S(4). It receives contributions from the contact

diagram illustrated in figure 4.1. Using the contact term from the second line of Eq. (4.39)

and considering terms up to linear order in both ∂t and µq while discarding higher-

order and mixed terms such as O((∂t)
2), O(µ2

q), and O(µq∂t), we obtain the following

expression,

S(4) = −λ
ˆ
ddx

˛
dζ

√
−g

|Φ(0)|4

4

= −λ
ˆ
ddx

ˆ
ext

L0 − λ

ˆ
ddx

ˆ
ext

L1 +O((β∂t)
2) +O((βµq)

2) +O(β2µq∂t) ,

(4.78)

where the terms L0 and L1 represent the non-derivative and first-derivative contributions

to S(4), respectively. Note that the quartic on-shell action has been expressed in position

space using Eq. (4.73).

The explicit form of the non-derivative contribution L0 is given by

L0 =
2∑

r,s=0

Gr,s

[
J̄a
]r
[Ja]

s [J̄d]2−r [Jd]2−s , (4.79)

and we express the first-derivative contribution to the quartic on-shell action L1 as

L1 =
1∑

r=0

2∑
s=0

{
Gṙ,s

(
∂tJ̄a

)
+Hṙ,s

(
∂tJ̄d

)} [
J̄a
]r
[Ja]

s [J̄d]1−r [Jd]2−s
+

2∑
r=0

1∑
s=0

{
Gr,ṡ (∂tJa) +Hr,ṡ (∂tJd)

} [
J̄a
]r
[Ja]

s [J̄d]2−r [Jd]1−s , (4.80)
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where the coefficients for all terms are provided in Appendix D.1, and relationships among

them due to charge conjugation as outlined below:

Gr,s = Gs,r

∣∣∣
q→−q

, Gr,ṡ = Gṡ,r , Hr,ṡ = Hṡ,r . (4.81)

Note that since we are working only up to linear order in both ∂t and µq while discarding

higher-order and mixed terms such as O((∂t)
2), O(µ2

q), and O(µq∂t), the term L1 cannot

contain any µ-dependent contributions. However, if we go beyond this order, L1 would

acquire µ-dependent terms, and the relationship given in Eq. (4.81) would be modified

accordingly.

We have outlined the on-shell action (influence phase) to the leading order in the

gradient expansion, highlighting the identification of several coefficients. The subsequent

step is to examine how the coefficients of the quartic influence phase are related, in

a manner analogous to the quadratic case discussed in Eq. (4.77), albeit in the high-

temperature limit. The next section will clarify how these relationships pave the way

for the emergence of holographic non-linear FDRs at finite density under small charge

expansion.
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Chapter 5

Holographic Fluctuation-Dissipation

Theorems

This chapter is based on the results of [72] written by the author.

In the previous chapter, we examined interactions in the RNSK geometry and how

it gives rise to exterior field theory. In this chapter, we now use those insights to derive

fluctuation-dissipation theorems for holographic systems at finite density. Our central

question is:

Do fluctuation-dissipation theorems hold in holographic theories at finite temperature

and finite density? If so, what form do they take?

To address this question, we first begin with a brief review of the fluctuation-dissipation

theorem. We then discuss its realization in zero-density holographic systems, following

the work [47], and finally present our results on the finite-density case as developed in

[72].

5.1 Review of FDT

Thermal systems are present throughout physics, from everyday objects like a cup of

coffee to exotic objects like black holes. The behaviour of these systems is governed by

various constraints on observable quantities. A key example is the Fluctuation-Dissipation

Theorem (FDT), which fundamentally links the strength of fluctuations to the dissipation

coefficient. In other words, the way a system responds to small external disturbances
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(dissipation) is directly related to the fluctuations it exhibits in thermal equilibrium.

The FDT connects macroscopic description to microscopic description by explaining how

irreversible dissipation arises from time-symmetric fluctuations.

A simple illustration of the FDT can be found in classical Brownian motion. It is a

random, erratic movement of tiny particles suspended in a fluid (like pollen in air), caused

by continuous collisions with the molecules of the fluid. The dynamics of a Brownian

particle is described by Langevin’s equation:

q̈ + γq̇ = f η(t) , (5.1)

where γ is the damping (or dissipation) coefficient, η represents the thermal noise1 and f

measures the fluctuation strength. The relationship between these coefficients, as given

by the following linear FDT:
2

β
γ = f , (5.2)

where β denotes the inverse temperature.

The origin of FDT lies in the thermal nature of the bath [101]. This theorem, though

powerful, is also very intuitive because the mechanisms causing dissipation are inherently

linked to the fluctuations observed. A common classical argument is that the thermal

fluctuations causing noise in the bath are also responsible for dissipation. In Brownian

motion, for instance, random kicks from the environment not only hinder the particle’s

motion but also simultaneously generate noise. Then the FDT precisely asserts that, on

average, the random kicks from the fluctuating force balance out the energy lost through

dissipation.

Another way to understand FDTs is through considering the role of the Kubo-Martin-

Schwinger (KMS) conditions [73, 74], which encode thermal equilibrium in quantum

systems. These conditions follow from the thermal density matrix ρ̂β = e−βH and relate

various correlators of operators in thermal states.

To see how the KMS condition emerges, consider a thermal two-point function in the

1Thermal noise refers to the random fluctuations that arise due to the thermal motion of particles.
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time domain:

⟨A(t− iβ) B(0)⟩β = Tr
{
ρ̂β A(t− iβ) B(0)

}
,

= Tr
{
e−βH eiH(t−iβ) A(0) e−iH(t−iβ) B(0)

}
,

= Tr
{
eiHt A(0) e−iHt e−βH B(0)

}
,

= Tr
{
e−βH B(0) eiHt A(0) e−iHt

}
,

= Tr
{
e−βH B(0) A(t)

}
,

= ⟨B(0) A(t)⟩β .

(5.3)

where we have used the Heisenberg time evolution A(t) = eiHt A(0) e−iHt and the cyclicity

of the trace: Tr
(
A B C

)
= Tr

(
C A B

)
. Thus, the KMS condition in the time domain

takes the form:

⟨A(t− iβ) B(0)⟩β = ⟨B(0) A(t)⟩β , (5.4)

where the subscript β denotes the thermal state. In the frequency domain, this becomes:

e−βω ⟨A(ω) B(0)⟩β = ⟨B(0) A(ω)⟩β , (5.5)

where ω is the Fourier conjugate variable to time t.

This exponential relation (5.5) between correlators with different operator orderings

lies at the heart of the fluctuation-dissipation relation. It ensures that fluctuations and

responses are not independent but are intimately connected by the structure of thermal

equilibrium.

To understand it better, let us start by defining two different types of thermal Wight-

man functions, as given below:

G>(t) := ⟨A(t) B(0)⟩β , G<(t) := ⟨B(0) A(t)⟩β . (5.6)

Once these functions are defined, we can write down the commutator and anti-commutator

as follows:

⟨[A(t), B(0)]⟩β := G>(t)−G<(t) ,

⟨{A(t), B(0)}⟩β := G>(t) +G<(t) .
(5.7)
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As seen from the Eqs (5.4) and (5.5), the KMS condition in terms of two-point Wightman

function is given by,

G>(t) = G<(t− iβ) , G>(ω) = eβω G<(ω) . (5.8)

Again, writing the commutator and anti-commutator defined in Eq. (5.7), and using the

above-mentioned KMS conditions, we find:

⟨[A(ω), B(−ω)]⟩ = G>(ω)−G<(ω) = G>(ω)(1− e−βω) ,

⟨{A(ω), B(−ω)}⟩ = G>(ω) +G<(ω) = G>(ω)(1 + e−βω) .
(5.9)

Dividing the above equations gives the following fluctuation-dissipation relation:

⟨{A(ω), B(−ω)}⟩ = coth

(
βω

2

)
⟨[A(ω), B(−ω))]⟩ . (5.10)

Here,

• The anti-commutator gives the thermal fluctuations,

• The commutator gives the dissipative response,

• The factor coth(βω/2) encodes thermal weighting.

In the high-temperature limit β → 0, this reduces to

ω ⟨{A(ω), B(−ω)}⟩ = 2

β
⟨[A(ω), B(−ω))]⟩ , (5.11)

which is nothing but the familiar classical form of the linear FDT as given in Eq. (5.2)

before. For textbook treatments of FDT via linear response theory, see [75, 79]. Although

tangential to the main theme of the thesis, it is worth noting that the linear FDT can

also be understood as an algebraic consequence rooted in the structure of von Neumann

algebras.2

2In the algebraic perspective, the formulation of KMS relations/states depends on the type of von
Neumann algebra involved. In particular, local QFTs are generically type-III, so there is no global trace
or ordinary density matrix. Nevertheless, Tomita–Takesaki theory supplies a modular Hamiltonian, a
modular automorphism group, and a precise notion of KMS states. Whenever a KMS state exists in
this sense, the linear FDT follows as an algebraic consequence. What remains less clear — at least to
our knowledge — is the extent to which this algebraic framework constrains the structure of non-linear
FDTs.
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On the other hand, non-linear FDTs [102] emerge from higher-point KMS conditions,

often supplemented by principles such as microscopic time-reversibility. These relations

are typically formulated using effective descriptions such as non-linear Langevin equations

and can involve out-of-time-ordered (OTO) correlators. These correlators are sensitive

to microscopic reversibility and quantum chaos, and are useful for diagnosing non-linear

response. For detailed studies on this front, see [103–106].

At this stage, it is important to clarify a conceptual subtlety that frequently leads to

confusion in the literature.

KMS relations and FDRs are not the same.

KMS relations constrain microscopic correlation functions and encode the thermal period-

icity of operators. FDRs, by contrast, relate macroscopic dissipative transport coefficients

to fluctuation strengths in the hydrodynamic, long-wavelength limit. These are qualita-

tively different layers of description: KMS symmetry governs the complete microscopic

theory, whereas FDRs emerge only after coarse-graining. In this sense, they “live” in

different spaces, and treating them interchangeably can be conceptually misleading.

This distinction is clearly illustrated in the existing literature. In Refs. [102, 104],

certain higher-point KMS relations — often written in column-vector representation —

are referred to as non-linear FDRs. However, these objects remain purely non-linear

KMS constraints. Later developments [105, 106] demonstrate that extracting genuine

non-linear FDRs requires additional dynamical input beyond KMS, and even with full

knowledge of the microscopic KMS relations, deriving non-linear FDRs can be technically

challenging.

From this perspective, the situation in holography becomes even more interesting.

There is no a priori guarantee that non-linear FDRs should exist in generic interacting

QFTs, much less at finite density. Even in neutral holographic systems, non-linear FDRs

were established only recently [47], and their derivation relied crucially on the detailed

structure of the grSK geometry. At non-zero chemical potential, no general proof of

non-linear FDRs is currently known. While KMS symmetry undoubtedly holds for any

thermal holographic state, it does not automatically imply the existence of non-linear

FDRs. In this light, the question of whether such relations persist at finite density is

both natural and non-trivial.
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Despite these conceptual challenges, holography offers a promising framework for

addressing them. Strongly coupled quantum systems interacting with black hole horizons

provide first-principles access to both fluctuations and dissipation. This makes it possible

— at least in principle — to derive non-linear FDRs in the presence of strongly coupled

baths. It is precisely this holographic path that we now turn to.

5.2 Review of Holographic FDTs at zero-density

Black holes are thermal systems characterised by a well-defined temperature, and as

such, they are expected to exhibit typical thermal properties. For example, they obey

the laws of thermodynamics, captured in the form of black hole mechanics. As discussed

earlier, all thermal systems satisfy fluctuation-dissipation theorems, and consequently,

black holes — and more broadly, thermal holographic systems — should exhibit analogous

FDTs. However, since these holographic systems are typically strongly coupled and thus

extracting FDTs directly is difficult. Fortunately, holography maps such systems to

weakly coupled classical gravitational configurations, making it possible to derive FDTs

through gravitational techniques.

One of the simplest and most intuitive contexts in which FDTs arise is in the study

of Brownian motion. In this case, the motion of a particle in a thermal medium is gov-

erned by a Langevin-type equation, where the FDT relates the dissipative and stochastic

coefficients of the equation. This naturally leads us to ask:

How to construct an effective Langevin-like equation describing Brownian motion in a

holographic setup, and thereby derive FDTs from gravity?

This question gains further motivation from the perspective of the fluid-gravity cor-

respondence [107, 108] and has been explored in several works involving holographic

descriptions of Brownian motion (see, e.g., [56, 109–113]). In the context of real-time

holography, and specifically the grSK geometry, a comprehensive discussion of non-linear

Langevin dynamics and the corresponding non-linear FDTs can be found in [60].

The basic idea is to model the Brownian particle (e.g. Heavy quark) as the endpoint

of a fundamental string in a black hole background. One end of the string is fixed at the

asymptotic boundary, representing the particle, while the rest of the string extends into
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the bulk, interacting with the black hole horizon. The dynamics of this string capture

the response of the particle to the strongly coupled medium.

Solving the string equations of motion and evaluating the on-shell action yields a gen-

erating functional for the boundary theory for the particle’s dynamics. Interpreting this

functional as an effective action for the Brownian particle allows one to derive a stochas-

tic equation of motion via a Hubbard-Stratonovich transformation [114–116]. Comparing

the dissipative and noise terms then provides direct access to the FDTs in the theory [60].

However, this analysis was restricted to a Brownian particle, leaving a generalization to

fields as the next natural step.

The authors of [47] provided the first derivation of non-linear FDTs entirely within

a field-theoretic framework by integrating out holographic bath degrees of freedom using

the grSK prescription. Their derivation relied on analyzing Hawking radiation and its

interaction with ingoing modes near the horizon. Before reviewing their analysis in the

next subsection §5.2.1, we briefly outline the setup and key steps involved in deriving the

FDTs.

To illustrate, they considered a non-linear generalisation of the Langevin equation for

a Brownian field Φ of the form:

(
−K∂2t +D∇2 + γ∂t

)
Φ +

n−1∑
k=1

ηk

k!

(
θk + θ̄k∂t

)
Φn−k = f η , (5.12)

where K,D, θk, θ̄k are some unknown coefficients. These coefficients were shown to satisfy

the following non-linear FDTs,

2

β
θ̄k + θk+1 +

1

4
θk−1 = 0 , (5.13)

where θk and θ̄k correspond to non-linear generalization of fluctuation and dissipation

coefficients.3 Importantly, Eq. (5.13) provides a non-linear FDT valid to arbitrary order,

capturing the full structure of fluctuations and dissipation in the zero-density holographic

system.

The key steps behind deriving these holographic non-linear FDTs can be summarised

as follows:

3The explicit expressions for θk and θ̄k can be found in the section 6 of [47].
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1. One probes the grSK geometry with a self-interacting real scalar field and construct

the on-shell action in the average-difference basis (see §5.2.1 for details).

2. Applying inverse Martin-Siggia-Rose (MSR) trick [117] then yields a classical Langevin

equation, from which fluctuation and dissipation coefficients (θk, θ̄k) and their re-

lations can be extracted. These relations can also be directly read off from the

on-shell action, as we will discuss in §5.2.1.

5.2.1 Real scalar field at zero-density

Let us begin by consider a self-interacting real scalar field ϕ in the zero-density case (i.e.,

in the grSK geometry), with the action given by:

S = −
˛
grSK

(
1

2
(∂Mϕ)

2 +
g

4!
ϕ4

)
, (5.14)

where g is the coupling constant. Note that while [47] considers general ϕn interactions,

we restrict ourselves to the quartic case for simplicity.4 In what follows, we adopt the

same notation and conventions as used for the complex scalar field system in chapter 4,

and will not elaborate on them unless ambiguity arises.

We now present the solution for this system. The zeroth-order (in coupling g) solution

for the real scalar field ϕ, to linear order in the gradient expansion (with k = 0), is:

ϕ(0) =

[
Ja +

(
ζ − 1

2
+ F1

)
Jd

]
+
iβ

2

[
F1∂tJa −

(
ζ(ζ − 1) +

[
ζ − 1

2

]
F1

)
∂tJd

]
,

(5.15)

where we recall the F1 is defined in Eq. (4.67), and the corresponding expression of quartic

on-shell action is,

Sϕ
(4) = − g

4!

˛
grSK

dζddx
√
−g ϕ4

(0) , (5.16)

where the superscript indicates that we are working with the real scalar field ϕ. Upon

evaluating the radial contour integrals in the grSK geometry, the quartic on-shell action

4This simplification is for convenience; the analysis can be extended to general ϕn interactions.
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becomes up to linear order in derivatives,

Sϕ
(4) = −g

ˆ
ddx

{
4∑

k=1

Θk
J4−k
a

(4− k)!

(iJd)
k

k!
+

3∑
k=1

Θ̄
(a)
k (∂tJa)

J3−k
a

(3− k)!

(iJd)
k

k!

+
3∑

k=1

Θ̄
(d)
k

J4−k
a

(4− k)!

(iJd)
k−1

(k − 1)!
∂t(iJd)

}
+O

(
(β∂t)

2
)
,

(5.17)

where the zeroth-order coefficients in the gradient-expansion are:

Θk =
1

ik

˛
grSK

dζ
√
−g
(
ζ − 1

2
+ F1

)k

, (5.18)

where we recall that F1 id defined in Eq. (4.67).

The first-order coefficients in the gradient expansion are given by:

Θ̄
(a)
k =

1

ik−1
β

2

˛
grSK

dζ
√
−g F1

(
ζ − 1

2
+ F1

)k

,

Θ̄
(d)
k = − 1

ik−1
β

2

˛
grSK

dζ
√
−g

[
ζ(ζ − 1) +

(
ζ − 1

2

)
F1

](
ζ − 1

2
+ F1

)k−1

,

(5.19)

where the superscripts (a) and (d) indicate that the time derivative ∂t acts on the average

source Ja and the difference source Jd, respectively.

By performing integration by parts in Eq. (5.17) and ignoring total derivative terms,

we can shift the derivatives from Ja onto Jd, yielding

Sϕ
(4) = −g

ˆ
ddx

{
4∑

k=1

Θk
J4−k
a

(4− k)!

(iJd)
k

k!
+

3∑
k=1

(
Θ̄

(d)
k − Θ̄

(a)
k

) J4−k
a

(4− k)!

(iJd)
k−1

(k − 1)!
∂t(iJd)

}
.

(5.20)

Now, we define Θ̄k ≡
(
Θ̄

(a)
k − Θ̄

(d)
k

)
to simplify the above expression,

Sϕ
(4) = −g

ˆ
ddx

{
4∑

k=1

Θk
J4−k
a

(4− k)!

(iJd)
k

k!
−

3∑
k=1

Θ̄k
J4−k
a

(4− k)!

(iJd)
k−1

(k − 1)!
∂t(iJd)

}
. (5.21)

Then, it is not hard to check that the coefficients are related by the following equation,

2

β
Θ̄k +Θk+1 +

1

4
Θk−1 = 0 , (5.22)

where we note that these relations hold even before performing the radial grSK integral,
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i.e., they are valid at the level of the integrands. In fact, they reproduce the same FDRs

derived in [47] for a system at zero density.5

That said, it is important to emphasize that the coefficients {Θk, Θ̄k} appearing here

are not identical to those defined in Eq. (5.12), namely {θk, θ̄k}, but are proportional to

them.6 The explicit computation of these coefficients requires evaluating a radial grSK

integral, as detailed in Appendix (E.1) of [47]. Making use of those results, we obtain

the following expressions for Θk:

Θ1 =
1

i

1

d

(
rdc − rdh

)
, Θ2 = − 1

i2
rdh
πi

log
rc
rh

,

Θ3 =
1

i3

(
rdc
4d

− rdh
2d

)
, Θ4 =

1

i4

(
− rdh
2πi

log
rc
rh

+
1

2πi

rdh
d

6

π2
ζ(3) +O

(
1

rdc

))
.

(5.23)

The remaining Θ̄k terms can be obtained using the non-linear FDRs given in Eq. (5.22).

These non-linear FDRs can also be represented diagrammatically. For example, in

the case of k = 2, Eq. (5.22) yields the following schematic representation,

2
β

= − −1
4

Ja J̇dJdJa Ja JdJaJaJa JdJdJd

Figure 5.1: Schematic representation of a non-linear FDR for the case of k = 2. Solid
and dashed lines represent boundary-to-bulk propagators that terminate on average Ja
and difference Jd boundary sources, respectively.

Here, solid lines denote average sources (Ja), dashed lines denote difference sources

(Jd), and dots indicate time derivatives. Similar diagrammatic representations can be

constructed for other cases (k ̸= 2), rendering the structure of the non-linear FDRs

manifest in terms of effective vertices.

We now conclude our discussion of FDRs at zero density with a brief motivation to

study their counterparts at finite density.

To the best of our knowledge, this remains the only available method for deriving

FDTs in strongly coupled thermal baths. However, to build greater confidence in these

5Throughout this work, we use the terms FDT and FDR interchangeably and will continue to do so
for consistency.

6The proportionality factors can be determined explicitly, but since they do not affect our discussion,
we will not elaborate on them here.

79



results, it is important to explore other settings where such relations may hold. A natural

next step is to extend this analysis to finite-density holographic baths and investigate

whether analogous FDRs emerge.

At the outset, it is not obvious that such FDTs should persist in these systems. Finite-

density holographic theories introduce qualitatively new features — such as charged black

hole backgrounds, multiple horizons, and chemical potentials — that might affect affect

the dynamics of fluctuations and dissipation relative to the zero-density case. This leads

us to the following central question:

Do fluctuation-dissipation theorems exist in finite-density holographic systems? If so,

what form do they take, and how do they differ from the zero-density case?

We now turn to this question in the next section.

5.3 Holographic FDTs at small but finite density

We begin this section by revisiting the setup and results discussed in chapter 4. Recall,

we considered a self-interacting complex scalar field propagating in the RNSK geometry,

with the action given by

S = −
˛
RNSK

(
|DMΦ|2 + λ

2!2!
|Φ|4

)
. (5.24)

We employed perturbation theory to study the dynamics of this theory and computed the

on-shell bulk action, which corresponds to the Schwinger-Keldysh generating functional

for the dual boundary theory.

The on-shell action Sos can be expanded in powers of the coupling constant λ as:

Sos = S(2) + S(4) + S(6) + . . . , (5.25)

where the subscript denotes the number of boundary sources involved in each term. To

streamline the notation, we expressed the general 2n-point contribution to the on-shell

action as:

S(2n) =

ˆ
k1,2,...,2n

n∑
r,s=0

I(2n)
r,s (k1, . . . , k2n)

r∏
i=1

J̄F̄ (ki)

s∏
j=1

JF̄ (kj)

n∏
l=r+1

J̄P̄ (kl)

n∏
m=s+1

JP̄ (km) , (5.26)
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where the coefficients I(2n)
r,s are determined from the Feynman rules of the exterior field

theory derived from the bulk, as see in Eqs. (4.53) and (4.57).

Our goal now is to extract the relationships between fluctuation and dissipation coeffi-

cients — that is, to identify holographic FDTs for this system. To do this, it is convenient

to work in the average-difference basis of the SK formalism. This basis is particularly im-

portant because the average field maps to the classical stochastic variable under a inverse

MSR transformation, while the difference field corresponds to the noise source.7

However, it is worth emphasizing that both the on-shell action (or SK generating func-

tional) and the corresponding stochastic equation contain the same physical information,

simply packaged differently. Therefore, instead of performing the MSR transformation,

we can equivalently analyze the on-shell action directly and look for relations among

various terms — these relations are the sought-after holographic FDTs.

We begin with the simplest case: the quadratic part of the SK effective action in

average-difference basis as given in Eq. (4.75),

S(2) =

ˆ
ddk

(2π)d
[
Kret J̄d(−k)Ja(k) +Kadv J̄a(−k)Jd(k) +Kkel J̄d(−k)Jd(k)

]
. (5.27)

This part contains two-point correlations and, as seen earlier, yields the KMS relation.

At finite density, the two-point KMS relation takes the following form:

Kkel

2
=

1

4
coth

(
β(k0 − µq)

2

)
[Kret −Kadv] ,

=
i

2
coth

(
β(k0 − µq)

2

)
Im [Kret] .

(5.28)

Here, Kret and Kadv are the retarded and advanced propagators, and Kkel is the Keldysh

(or symmetric) propagator, which captures the fluctuations. This relation is the finite-

density generalisation of the linear fluctuation-dissipation theorem. To understand this,

recall that Im [Kret] corresponds to the spectral function at finite temperature, while

Kkel represents twice the anti-commutator (refer to [79, 98] for details). Commutators

present in response functions naturally measure dissipation and transport, whereas anti-

commutators capture fluctuations [104]. Consequently, Eq. (5.28) provides a correct

description of the linear fluctuation-dissipation relation in finite-density systems.

7For details on this mapping, see [47].
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In the zero-density case (µ = 0), and assuming the field is real, the two-point KMS

condition in the high-temperature limit (β → 0) takes the form of linear FDT, which can

be diagrammatically described as,

∝

Jd Jd

Kkel

JdJa

Im[Kret]

Figure 5.2: Schematic representation of the linear FDT. Solid and dashed lines correspond
to average Ja and difference Jd sources, respectively.

In what follows, we explore how the fluctuation-dissipation paradigm extends to

higher-point functions, and whether non-linear FDRs persist in strongly coupled systems

at finite density. This question captures the novelty of our work.

Just as we analyzed the quadratic on-shell action in the linear FDT case, we now

turn to the next non-vanishing term: the quartic term in the on-shell action. Due to the

parity structure of the action, only even-order terms contribute, making the quartic term

the natural next step.

This quartic contribution to the on-shell action arises from the contact Witten dia-

grams, depicted in figure 4.1. Each diagram contributes a specific term to the on-shell

action, written explicitly using Feynman rules in the Past-Future (PF) basis as shown

in Eq. (4.53). However, to extract FDRs, it is more appropriate to express the on-shell

action in the average-difference basis.

Unlike the quadratic case, the quartic expressions become significantly more involved.

Fortunately, since the FDRs only require terms up to first order in derivatives, we can

simplify our analysis by keeping only the leading derivative expansion. As shown in

Eq. (4.78), the quartic on-shell action up to linear order in near-µq gradient and charge

expansion while discarding mixed terms, can be written as:

S(4) ≈ −λ
ˆ
ddx

ˆ
ext

L0 − λ

ˆ
ddx

ˆ
ext

L1 , (5.29)

where the terms L0 and L1 represent the non-derivative and first-derivative contributions
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to S(4), respectively. The L0 and L1 are given by

L0 =
2∑

r,s=0

Gr,s

[
J̄a
]r
[Ja]

s [J̄d]2−r [Jd]2−s ,
L1 =

1∑
r=0

2∑
s=0

{
Gṙ,s

(
∂tJ̄a

)
+Hṙ,s

(
∂tJ̄d

)} [
J̄a
]r
[Ja]

s [J̄d]1−r [Jd]2−s
+

2∑
r=0

1∑
s=0

{
Gr,ṡ (∂tJa) +Hr,ṡ (∂tJd)

} [
J̄a
]r
[Ja]

s [J̄d]2−r [Jd]1−s ,
(5.30)

where all of the above-mentioned terms/coefficients are given in Appendix D.1 (see

Eqs. (D.15), (D.19) and (D.20)). These terms/coefficients are not all independent. Their

interrelations arise from:

• the reality of the on-shell action ,

• the underlying KMS symmetry, which gives rise to non-linear fluctuation-dissipation

relations.

Importantly, these relations connect terms with and without derivatives (i.e., dissipation

vs. fluctuation), and terms with different combinations of average (Ja, J̄a) and differ-

ence (Jd, J̄d) sources. This structure becomes more transparent in the Witten diagram

representation, where different diagram topologies naturally encode these dependencies.

Without further ado, we now write down the non-linear FDRs among the quartic

coefficients:

G0̇,0 −H1̇,0 − iβG0,0 +
iβ

24
(G2,0 + G1,1 + G0,2) = 0 ,

−1

3

(
G0̇,2 + G1̇,1

)
+H1̇,2 +

iβ

6
(G2,0 + G1,1 + G0,2) = 0 ,

−1

3

(
G1̇,0 + G0̇,1

)
+

1

5
H0̇,2 +

2

5
H1̇,1 −

iβ

16
(G1,2 + G2,1) +

iβ

4
(G0,1 + G1,0) = 0 .

(5.31)

where the terms containing time derivatives correspond to dissipation coefficients, while

those without derivatives represent the fluctuation strength and coefficient β (inverse

temperature) acts as the thermal weighting factor. Hence, these are the non-linear FDRs

at finite density, derived from the structure of the on-shell action. It is important to

emphasize, however, that these relations have been obtained by working only to linear

order in the small chemical potential. Going beyond this approximation may modify

these relations, a question we leave for future work.
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These relations can be further understood using the inverse Martin-Siggia-Rose (MSR)

formalism [117], where one transforms the influence functional into a stochastic field

theory. In that language:

• The average source Ja is identified with the classical stochastic field.

• The difference source iJd corresponds to the stochastic noise.

For the purposes of this work, we focus on the on-shell action and postpone a detailed

derivation of the corresponding stochastic field equations to future work.

The non-linear relations we have derived represent a new class of holographic FDRs

valid at finite density. Unlike the well-studied two-point correlators with linear FDT,

these relations govern the dynamics of higher-order correlators in strongly coupled sys-

tems with chemical potential and describe how non-linear fluctuations and dissipative

responses are interrelated. The fact that such relations are encoded in the dynamics of

bulk gravity further underscores holography as a powerful organising principle for under-

standing fluctuations in strongly coupled systems.

The holographic FDRs at finite density presented here constitute one of the novel

contributions of this work. To our knowledge, this is the first time such relations have

been explicitly derived. Naturally, this raises the question of whether they can be inde-

pendently verified through other means. Unfortunately, strongly coupled field theories

at finite density generally lack non-holographic tools that allow for computing such re-

lations. This very limitation highlights the power and utility of holography in accessing

non-perturbative regimes.

That said, an important consistency check is to consider the zero-density limit (µ →

0), in which the dual black hole background becomes neutral. One would expect to

recover previously known results in this limit. However, the system we study here differs

from the one examined in earlier zero-density analyses (e.g, the system we reviewed in

§5.2.1). In particular, our zero-density limit involves two coupled scalar fields with cross-

interactions, as opposed to a single self-interacting scalar field considered in [47]. Thus,

the check is less straightforward than it may appear.

A meaningful first step is to derive the holographic FDRs for two cross-interacting

scalar fields at zero density. This itself constitutes a new result and is worth pursuing

independently. Once obtained, these FDRs can be compared to those in [47] (or system
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presented in §5.2.1). However, the outcome of such a comparison is not obvious a priori,

given the structural differences between the two setups. As such, the question is ex-

ploratory in nature and could lead to new insights into how FDRs behave in the presence

of multiple interacting fields.

5.4 Zero-density limit

The zero-density limit of our setup corresponds to a self-interacting complex scalar field

propagating in the grSK geometry instead of the RNSK geometry, with the action given

by,

S = −
˛
grSK

(
|∂MΦ|2 + λ

2!2!
|Φ|4

)
. (5.32)

This new setup can equivalently be described in terms of real degrees of freedom by

replacing the complex field Φ with a pair of real scalar fields {ϕ, φ} defined as,

Φ ≡ ϕ+ iφ√
2

. (5.33)

The action in terms of the ϕ–φ variables then becomes,

S = −
˛
grSK

(
1

2
(∂ϕ)2 +

1

2
(∂φ)2 +

λ

16
ϕ4 +

λ

16
φ4 +

λ

8
ϕ2φ2

)
. (5.34)

Inserting the perturbative solution8 into the bare action yields the on-shell action Sos

in the following form:

Sos = −1

2

ˆ
∂M

ϕ(0)

(
∂Aϕ(0)

)
− 1

2

ˆ
∂M

φ(0)

(
∂Aφ(0)

)
+ λ

˛
M

[
1

8

(
(ϕ− ϕ(0))ϕ+ iφ(0)ϕ− iϕ(0)φ+ (φ− φ(0))φ

)
(ϕ2 + φ2)

− 1

16
ϕ4 − 1

16
φ4 − 1

8
ϕ2φ2

]
,

(5.35)

where ∂M denotes the boundary of the bulk manifold M. In deriving the above ex-

pression, we have used the field equations of the ϕ–φ system and imposed appropriate

boundary conditions to simplify the on-shell action.

8The notation for the perturbative expansion of ϕ − φ system is similar to that of Φ, as given in
Eq. (4.29).
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Expanding the on-shell action Sos in powers of λ, we obtain:

Sos = S(2) + S(4) + . . . , (5.36)

where the subscripts indicate the number of boundary sources in each term. In particular,

the quadratic and quartic contributions are given by:

S(2) = −1

2

ˆ
∂M

ϕ(0)

(
∂Aϕ(0)

)
− 1

2

ˆ
∂M

φ(0)

(
∂Aφ(0)

)
,

S(4) = −
˛
grSK

(
λ

16
ϕ4
(0) +

λ

16
φ4
(0) +

λ

8
ϕ2
(0)φ

2
(0)

)
.

(5.37)

Again, these terms correspond to the free and contact contributions at tree-level in the

Feynman diagram expansion.

Since the chemical potential vanishes in the zero-density case, we can directly write

down the gradient-expanded solution for the zeroth-order complex field Φ (with k = 0)

by setting µ = 0. As previously noted, the only non-trivial component we require is the

ingoing solution Gin, which, after setting µ = 0, takes the form:

Gin =
∑
i

Gin
i (ζ)

(
βk0

2

)i

, (5.38)

with coefficients explicitly given by:

Gin
0 = 1 , Gin

1 = F1(r) ,

Gin
2 =

ˆ ζ

ζc

dζ̄

r̄d−1

ˆ ζ̄

ζh

dζ̂
[
r̂d−1

]′
F1(r̂)− 2

ˆ ζ

ζc

dζ̄

(
F1(r)−

rd−1+

rd−1
F1(r+)

)
,

(5.39)

where we again define,

Fn(r) ≡
ˆ ζ

ζc

dζ̄

[(r+
r̄

)d−n
− 1

]
, ζh ≡ ζ(r+), ζc ≡ ζ(rc) , (5.40)

where r+ now denotes the horizon size of the grSK geometry. The outgoing solution is

obtained via CPT conjugation discussed in chapter 4 (See Eq. (4.9) for the mapping) by

setting µq = 0.
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Using this, the full solution for the zeroth-order complex field at zero density is:

Φ(0)

∣∣∣
µ=0

= Gin
q (k)

[
Ja(k) +

(
nk +

1

2

)
Jd(k)

]
− e−βk

0(ζ−1)Gin
−q(−k)nkJd(k) , (5.41)

where we have suppressed the radial dependence of the Green’s functions.

To conclude the discussion on the gradient expansion, we present the solution up to

linear order in derivatives, which will be useful when we evaluate the non-linear FDRs in

the upcoming text.

Φ(0)

∣∣∣
µ=0

=

[
Ja +

(
ζ − 1

2
+ F1

)
Jd

]
+

iβ

2

[
F1 ∂tJa −

(
ζ(ζ − 1) +

(
ζ − 1

2

)
F1

)
∂tJd

]
, (5.42)

where we have replaced k0 7→ i∂t.

As far as the quadratic influence phase S(2) is concerned, the calculation is straight-

forward. One can simply take the result from the non-zero chemical potential case and

set µ = 0. The two-point KMS condition is satisfied and gives rise to two familiar linear

FDTs — one for each real scalar field in the complex field.

However, the interesting structure emerges in the quartic influence phase S(4), where

cross-interactions — i.e., couplings between the two real scalar fields — first appear. By

taking the µ→ 0 limit of Eq. (5.29), we obtain,

S(4)

∣∣
µ=0

= −λ
ˆ
ddx

ˆ
ext

L0 − λ

ˆ
ddx

ˆ
ext

L1 +O
(
(β∂t)

2
)
, (5.43)

where L0 and L1 denote the non-derivative and first-derivative contributions in the zero

chemical potential limit, respectively. From here on, we will omit the explicit notation

indicating µ = 0, as it will be clear from the context.

The non-derivative part is given by:

L0 =
2∑

r,s=0

Gr,s

[
J̄a
]r
[Ja]

s [J̄d]2−r [Jd]2−s , (5.44)

with independent components:

G0,0 =
1

4
(ζ + F1) + (ζ + F1)

3 , G0,1 =
1

8
+

3

2
(ζ + F1)

2 ,

G0,2 =
1

2
(ζ + F1) , G1,1 = 2 (ζ + F1) , G1,2 =

1

2
, G2,2 = 0 .

(5.45)

87



Here, all the remaining coefficients are related by the following relation:

Gr,s = Gs,r . (5.46)

The first-derivative contribution, L1, remains unchanged from the µ ̸= 0 case (See

Eqs. (5.30) and Eqs. (D.19) and (D.20)), as it does not contain any µ-dependent terms

to begin with. Note that this holds only because we are working to linear order in the

small chemical potential expansion.

Thus, it can be readily checked that these coefficients are related by what we call

FDRs at zero density for the system of complex field with quartic interactions (similar to

the ϕ − φ system described above). The relations which directly follow from taking the

µ→ 0 limit are as follows:

G0̇,0 −H1̇,0 − iβG0,0 +
iβ

24
G1,1 +

iβ

12
G0,2 = 0 ,

−1

3

(
G0̇,2 + G1̇,1

)
+H1̇,2 +

iβ

6
G1,1 +

iβ

3
G0,2 = 0 ,

−2

3

(
G1̇,0 + G0̇,1

)
+

2

5
H0̇,2 +

4

5
H1̇,1 −

iβ

4
G1,2 + iβ G0,1 = 0 .

(5.47)

Apart from these relations, we expect additional relations to emerge in the zero-density

limit. We leave a systematic exploration of these to future work. For now, our goal is to

compare the fluctuation and dissipation coefficients Gr,s, Gṙ,s, and Hṙ,s introduced in this

section with the coefficients (Θk, Θ̄k) that appeared earlier in §5.2.1.

Since both sets of coefficients arise in the zero-density case, it is natural to ask: how

are they related? We will shortly demonstrate this connection explicitly, but let us first

introduce the idea at a general level by examining how the coefficients Gr,s and related

quantities can be expressed in terms of (Θk, Θ̄k).

To begin, we consider a prototypical example by taking a coefficient G1,1 defined in

Eq. (5.45). We now convert the exterior integral to the grSK integral, as shown below–

ˆ
ext

G1,1 = 2

ˆ
ext

(ζ + F1)

=

ˆ
ext

[(
ζ +

1

2
+ F1

)2

−
(
ζ − 1

2
+ F1

)2
]

=

˛
grSK

(
ζ − 1

2
+ F1

)2

= i2Θ2 ,

(5.48)
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where in the last line we used the definition of Θ2 from Eq. (5.18). This computation

illustrates that the coefficient G1,1, once integrated over the exterior region, directly relates

to Θ2. where we have used the definition given in Eq. (5.18).

To streamline notation going forward, we define,

F̃ ≡
ˆ
ext

F (ζ) , (5.49)

where the ‘tilde’ denotes integration over the exterior region. Then, the result from

Eq. (5.48) simply becomes,

G̃1,1 = i2Θ2 . (5.50)

Using this logic, we can now compare other coefficients in a similar fashion. Without

going into the details, we first quote the results of the comparison of zero-derivative terms

as,

G̃0,0 =
i4

4
Θ4 , G̃0,1 =

i3

2
Θ3 ,

G̃0,2 =
i2

4
Θ2 , G̃1,1 = i2Θ2 , G̃1,2 =

i

2
Θ1 ,

(5.51)

where Θk is defined in Eq. (5.18) and explicit expressions are given in Eq. (5.23).

Next, we quote the comparison of first-derivative terms as,

G̃0̇,2 =
i

2
Θ̄

(a)
1 , G̃1̇,1 = iΘ̄

(a)
1 ,

G̃1̇,0 =
i2

2
Θ̄

(a)
2 , G̃0̇,1 = i2Θ̄

(a)
2 , G̃0̇,0 =

i3

2
Θ̄

(a)
3 ,

(5.52)

and

H̃1̇,2 =
i

2
Θ̄

(d)
1 , H̃0̇,2 =

i2

2
Θ̄

(d)
2 , H̃1̇,1 = i2Θ̄

(d)
2 ,

H̃0̇,1 = i3Θ̄
(d)
3 , H̃1̇,0 =

i3

2
Θ̄

(d)
3 , H̃0̇,0 =

i4

2
Θ̄

(d)
4 ,

(5.53)

where we have used the expressions for coefficients Θ̄
(a)
k and Θ̄

(d)
k are defined in Eq. (5.19).

These relations provide a precise dictionary between the two sets of coefficients — those

arising in the complex scalar field setup and those in the real scalar field setup — in the

zero-density limit.
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Consistency Check: To validate this dictionary, let us consider a particular fluctuation-

dissipation relation in the µ → 0 limit. For example, consider the first equation in

Eq. (5.47):

G0̇,0 −H1̇,0 − iβG0,0 +
iβ

24
G1,1 +

iβ

12
G0,2 = 0 . (5.54)

Plugging in the relations from Eqs. (5.51), (5.52), and (5.53), we find that this becomes

the following Θ-based expression:

2

β
Θ̄3 +Θ4 +

1

4
Θ2 = 0 , (5.55)

where we have used the identity Θ̄k = Θ̄
(a)
k − Θ̄

(d)
k . As noted in Eq. (5.22), this is nothing

but FDRs for real scalar setup at zero density.

One can perform similar checks for other FDRs and confirm that they are consis-

tent with the non-linear FDRs expressed in Eq. (5.22). This establishes the equivalence

between the two descriptions at zero density, at least for the set of relations we have

obtained, namely those in Eq. (5.47).

We now conclude our discussion of the comparison between the zero-density FDRs

derived here and those obtained in the earlier work [47], and proceed to summarize the

main insights of this section.

To summarise, we have shown that:

• Non-linear fluctuation-dissipation relations exist in holographic systems at small

but finite density.

• These relations are encoded in the structure of the on-shell gravitational action.

• They reduce to known results at zero density, thereby passing a non-trivial consis-

tency check,

• And they represent a step forward in connecting bulk gravity with non-linear

stochastic dynamics in strongly coupled quantum systems at finite density.

Having resolved the question posed at the beginning of this work, we now conclude the

thesis with a summary of results and a discussion of future directions.
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Chapter 6

Conclusion

We will now conclude with a summary of results and future directions.

6.1 Summary

In this work, we have studied fluctuations in strongly coupled quantum field theories at

finite density. We have achieved this using the real-time (Schwinger-Keldysh) formalism

within the holographic framework. Our first goal was to construct a gravitational setting

that captures the physics of finite-density holographic systems. Once this setup was

established, we focused on understanding the nature of fluctuations in these systems. In

particular, we asked whether such fluctuations are related to dissipation. This question

is natural, since fluctuation-dissipation theorems are expected in any thermal system.

In chapter 2, we reviewed the Schwinger-Keldysh formalism and established the basic

conventions used throughout this work. This framework is well-suited for describing non-

equilibrium quantum systems, where fluctuations naturally arise. We then introduced its

gravitational counterpart, called the grSK geometry [47, 58]. This geometry is constructed

by glueing two copies of the black hole exterior. It provides the correct bulk dual for real-

time dynamics in the boundary theory.

To incorporate finite density, we extended the grSK construction to charged black

holes, leading to our prescription called RNSK geometry [49], as detailed in chapter 3.

The RNSK geometry represents a CFT evolving in real time at finite temperature and

chemical potential. In this geometry, we showed that outgoing Hawking modes arise from

CPT-transformed ingoing quasi-normal modes. This generalises the neutral black hole
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case, where time reversal alone relates the two. We also gave a detailed explanation of

why CPT is needed, including examples involving spinor fields. As a check, we verified

that the resulting boundary generating functional satisfies the Kubo-Martin-Schwinger

(KMS) condition, confirming the correct statistical structure. However, at first, this

validation was limited to free fields, namely free Dirac spinors [49].

A full understanding of KMS and fluctuation-dissipation dynamics requires going

beyond free theory to include interactions. In chapter 4, we considered a self-interacting

complex scalar field in the RNSK background and used perturbation theory to analyze

its dynamics. We developed a framework for an exterior field theory, confined outside the

outer horizon, to describe scattering in a charged black hole background in the presence

of Hawking radiation [72]. This extended recent works [70, 71] by implementing a real-

time Witten diagrammatic approach to compute boundary correlators in finite-density

holographic CFTs. Importantly, the existence of an exterior field theory in this setting

is far from trivial — especially in the presence of derivative interactions. Then, such

a construction exists for charged black holes and remains well-defined underscores the

novelty and robustness of framework of exterior field theory.

In Chapter 5, we presented the main result of this thesis using the exterior field

theory framework. We derived both linear and non-linear fluctuation-dissipation relations

(FDRs) for boundary correlators in the small-density regime [72]. These FDRs are valid

at small but finite chemical potential and represent a extension of previous results of

FDRs at zero-density [47]. These relations crucially rely on the RNSK geometry, and

their derivation highlights the power of this gravitational setup. To our knowledge, this

is the first derivation of non-linear FDRs for a holographic system at small but finite

density. In addition, we analyzed non-linear FDRs for a system of two interacting real

scalar fields in the zero-density limit. We showed that our results reduce smoothly to

known relations in the µq → 0 limit, providing a non-trivial check of our methods and

reaffirming consistency with previous work [47].

Although a complete understanding of holographic FDRs at arbitrary density re-

mains an open question, this work makes a significant step toward that goal. It provides

a systematic and well-controlled framework for studying fluctuation and dissipation in

strongly coupled quantum systems using real-time holography. This sets the stage for

future investigations of non-equilibrium dynamics in holography.
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6.2 Future directions

There are several directions in which the results of this work can be extended. First and

foremost, it would be interesting to investigate the fate of fluctuation-dissipation relations

beyond the small-density regime. In particular, how to generalize our analysis of non-

linear FDTs to the regime of arbitrary, and potentially large, chemical potential. While

this is primarily a computational rather than conceptual challenge, the physics in this

regime is expected to be qualitatively different. At large density, the fluctuation spectrum

becomes increasingly skewed — albeit differently for bosons and fermions. This opens

the door to discovering new forms of fluctuation-dissipation relations that are unique to

strongly coupled high-density matter.

Another important direction is to understand the behaviour of the RNSK geometry

in the extremal limit – that is, as the boundary temperature T → 0. This regime is

of particular interest because thermal fluctuations that dominate at high temperatures

tend to obscure quantum effects. As a result, the extremal limit can unveil features

associated with quantum criticality and non-trivial infrared (IR) structure. In the bulk,

extremal black holes often exhibit AdS2 near-horizon geometries, reflecting emergent

scaling symmetries and IR fixed points in the dual field theory. It would also be interesting

to explore possible connections to the Schwarzian dynamics of Jackiw–Teitelboim (JT)

gravity, as discussed in [118].

From a technical standpoint, an important next step is the explicit evaluation of

the radial integrals appearing in the exterior field theory. In higher dimensions, this is

hindered by the fact that bulk propagators are only known perturbatively in a boundary

derivative expansion. However, for the BTZ black hole (d = 2), the bulk-to-boundary

propagators are known exactly in terms of hypergeometric functions [47, 119]. This makes

the BTZ geometry an ideal testbed to validate our methods more precisely and perform

explicit computations beyond the derivative expansion.

In this work, we focused on the tree-level on-shell action, which corresponds to the

leading order in the large-N expansion of the boundary theory. A natural next step is

to include loop corrections in the bulk, which encode 1/N effects on the boundary. A

fundamental question is whether the exterior field theory we have constructed survives

in the presence of such loop effects. Preliminary results in the neutral case [120] suggest
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that it does, but for charged black holes, this remains an open problem. Addressing it

could also shed light on how FDTs are modified at sub-leading orders and clarify the

interplay between quantum and statistical fluctuations in holographic systems.

Once loop effects are under control, we can study transport phenomena in more re-

alistic systems. For instance, we can investigate how fluctuations affect conductivity in

the presence of a holographic Fermi surface. Here, the leading contribution to charge

transport arises from loop diagrams in the bulk, as discussed in [41]. From the gravi-

tational perspective, this also opens the door to studying renormalization in black hole

spacetimes, including questions about thermal masses and running coupling constants.

Finally, it would be interesting to explore whether our results admit cosmological ana-

logues, along the lines of [121, 122]. In particular, one could apply the methods developed

in this work to the study of correlators in de Sitter spacetime using the Schwinger–Keldysh

formalism, following the spirit of recent works such as [123–125]. Such an investigation

could offer new insights into the structure of cosmological correlators and clarify the role

of fluctuations during the early stages of the universe. It may also help illuminate how

real-time holographic techniques generalize to spacetimes with cosmological horizons.
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Appendix A

Clifford algebra

In this appendix, we describe our conventions for the Gamma matrices and Clifford

algebra used in chapter §3. Our notation and setup closely follow those introduced in

[48]. We then see how bulk Gamma matrices can be written in terms of boundary Gamma

matrices. Here, we choose to write Clifford algebra in the basis given in [48], which differs

from the standard one given in [96, 126–129]. However, none of the results depend on a

particular basis of these gamma matrices.

To start the discussion of spinors in our context, we first move to the discussion of

Clifford algebra. In (d+1)-dimensions, the Clifford algebra consists of an identity matrix

1, the (d + 1) generators called Gamma matrices Γa and all anti-symmetric product of

these generators. Let us first begin with the Gamma matrices Γa that satisfy the Clifford

algebra, given by,

{
Γa, Γb

}
= 2 ηab 1, (A.1)

where ηab = diag (−1, +1, . . . , +1) is the flat metric in mostly positive signature. Here,

the single time–like Gamma matrix Γ(v) squares to −1, while the other space–like Gamma

matrices, i.e. Γ(ζ) and Γ(i), are idempotent or squares to 1. In what follows, our con-

vention is to take Γ(v) to be anti–Hermitian matrix and all the rest to be Hermitian

matrices. Recall that in a (d+1)–dimensional spacetime, the gamma matrices are 2k×2k

dimensional, where

k =
⌊d+ 1

2

⌋
. (A.2)
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As a result, Dirac spinors in the bulk also have 2k components. Thus, the number of

spinor components in the bulk and boundary can differ depending on the spacetime

dimension. We adopt the following conventions to handle this mismatch. Bulk spinors

are always taken to be Dirac spinors. On the boundary, if the spacetime dimension is odd

(d = 2n + 1), the boundary spinors are Dirac spinors of dimension 2n. If the boundary

dimension is even (d = 2n), we use Weyl spinors — chiral or anti-chiral — each of

dimension 2n−1. With these conventions, the bulk spinors always have twice as many

components as the boundary spinors, ensuring consistency in dimensional reduction.

To write the gamma matrices explicitly, we focus on the case where the boundary

dimension is even, i.e., d = 2n. In this case, the boundary spinors are Weyl spinors that

transform under the covariant Pauli (or Sigma) matrices (Σ(µ),Σ
(µ)

). The corresponding

bulk gamma matrices are given by:

Γ(ζ) =

1 0

0 −1

 , Γ(µ) =

 0 Σ(µ)

−Σ
(µ)

0

 , (A.3)

where the Sigma matrices are defined as

Σ(µ) =
(
1, σ(i)

)
; Σ

(µ)
=
(
1,−σ(i)

)
, (A.4)

with σ(i) denoting the standard Pauli matrices. These satisfy the usual algebra:

{
σ(i), σ(j)

}
= 2 δ(i)(j) 1. (A.5)

It is straightforward to verify that the bulk gamma matrices defined above satisfy the

Clifford algebra. Since all the Sigma matrices are Hermitian, this implies that Γ(v) is

anti-Hermitian, while all the other gamma matrices are Hermitian.

Finally, the lightcone combinations of gamma matrices, Γ and Γ†, as well as the

constant bulk-to-boundary matrix S0, take the following forms:

Γ =
1

2

(
Γ(v) + Γ(ζ)

)
=

1

2

 1 Σ(v)

−Σ
(v)

−1

 =
1

2

 1 1

−1 −1

 , S0 =

 1

−1

 . (A.6)

Similarly, when the boundary dimension is odd, i.e., d = 2n − 1, the bulk Gamma
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matrices for the Dirac spinor can be chosen as,

Γ(ζ) =

1 0

0 −1

 , Γ(µ) =

 0 γ(µ)

γ(µ) 0

 . (A.7)

where γ(µ) denotes the boundary gamma matrices.

In these odd-dimensional cases, the matrices Γ, Γ† and S0 then take the following

form,

Γ =
1

2

 1 γ(v)

γ(v) −1

 , S0 =

 1

γ(v)

 . (A.8)
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Appendix B

Bulk-to-Bulk Green’s function

Derivation of bulk-to-bulk Green’s function. This appendix is based on [72] written by

the author.

In this appendix, we derive the bulk-to-bulk propagators for a complex scalar field in

the grSK geometry. Our approach closely follows the techniques developed in [41, 130],

and more recently applied to the grSK geometry in [70]. We emphasize this connection,

as we adopt the same notation as in [70], but our convention for Green’s functions differs

by an overall sign.

In this appendix, we will discuss the derivation of bulk-to-bulk Green’s functions for

a complex field in the grSK geometry. Our derivation will closely follow the techniques

used in [41, 130] and recently implemented in the grSK geometry [70]. This we want

to emphasize because we are using same notation but different convention for Green’s

function

The bulk-to-bulk Green’s function solves the following equation,1{(
d

dζ
+
βp0

2

)[
rd−1

(
d

dζ
+
βp0

2

)]
− rd−1

[(
βp0

2

)2

− f

(
βp

2

)2
]

+ βqrd−1Av

(
d

dζ
+
iβ

4
rf

)}
Gq(ζ|ζ0, p) =

iβ

2
δ(ζ − ζ0) ,

(B.1)

with the following bi-normalisable boundary conditions,

lim
ζ→0

Gq(ζ|ζ0, p) = lim
ζ→1

Gq(ζ|ζ0, p) = 0 . (B.2)

1Comparing it to the equation present in [70] (see Eq. (2.28) in [70]), there is overall sign difference.
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Using the notation used by the authors [70] and bi-normalisability of the Green’s function,

our ansatz for the bulk-bulk Green’s function is given below,

Gq(ζ|ζ0, p) =
1

Wq(ζ0, p)
g
L
(ζ>, p)gR(ζ<, p) . (B.3)

where g
L
and g

R
represent boundary-bulk Green’s functions from the left and the right

boundary, respectively, while Wq denotes the undetermined Wronskian. The symbols ζ<

and ζ> are defined by,

ζ<(>) ≡
{ ζ if ζ comes before (after) ζ0 on the RNSK contour

ζ0 if ζ0 comes before (after) ζ on the RNSK contour .
(B.4)

Since the bulk-to-bulk Green’s function has to solve the free field equation away from

the sources, it is clear that it has to be proportional to the boundary-to-bulk Green’s

functions. Left and right-normalisability then fixes this combination of the boundary-to-

bulk Green’s functions to be g
L
(ζ>, k)gR(ζ<, k). The other factors in the above expression

must be fixed using the jump condition coming from the delta function source in the field

equation. The jump condition is obtained by integrating the Eq. (B.1), given as follows,

[
rd−1

d

dζ
Gq(ζ|ζ0, p)

]ζ+0
ζ−0

=
iβ

2
. (B.5)

Now, we put our ansatz (B.3) into the jump condition (B.5) to obtain the Wronskian Wq

as,2

Wq(ζ, p) =
2

iβ
rd−1

[
g
R
(ζ, p)

dg
L
(ζ, p)

dζ
− g

L
(ζ, p)

dg
R
(ζ, p)

dζ

]
= g

L
(ζ, p)gΠ

∗

R
(ζ, p)− g

R
(ζ, p)gΠ

∗

L
(ζ, p) ,

(B.6)

where we have defined left and right conjugate Green’s functions3 as,

gΠ
∗

R(L)
≡ −rd−1D+gR(L) = −rd−1 2

iβ

(
d

dζ
+
βp0

2
+
βq

2
Av

)
g
R(L) . (B.7)

2Again, note the sign difference in the Wronskian as compared to [70].
3By conjugate Green’s function, we mean the Green’s function corresponding to the conjugate field

in question.
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Let’s now apply the above differential operator to the Wronskian given above to get,

2

iβ

(
d

dζ
+ βp0 + βqAv

)
Wq(ζ, p) = g

R
D+

[
rd−1D+gL

]
− g

L
D+

[
rd−1D+gR

]
= 0 . (B.8)

The second equality holds upon using EOM obeyed by g
R
and g

L
. Hence, it implies that,

eβp
0ζ+iqΛWq(ζ, p) = constant along the RNSK radial contour . (B.9)

Determining the Wronskian

The retarded 2-point boundary correlator K in is obtained by taking the boundary limit

of the ingoing boundary-bulk conjugate Green’s function [62], as shown below–

lim
ζ→0,1

rd−1D+G
in
q (ζ, p) = lim

r→∞
rd−1D+G

in
q (ζ, p)

∣∣∣
ren

= K in
q (p) , (B.10)

where subscript ‘ren’ denotes the standard holographic renormalisation [53]. Henceforth,

we will stop writing this subscript as it is to be assumed in every boundary limit.

Similarly, the boundary limits of the outgoing boundary-bulk conjugate Green’s func-

tion give,

lim
ζ→0

rd−1D+G
out
q (ζ, p) = lim

r→∞
rd−1D+G

in
−q(ζ,−p) = K in

−q(−p) ,

lim
ζ→1

rd−1D+G
out
q (ζ, p) = e−β(p

0−qµ) lim
r→∞

rd−1D+G
in
−q(ζ,−p) = e−β(p

0−µq)K in
−q(−p) ,

(B.11)

where we have used the CPT isometry: Gout
q (ζ, k) = e−βk

0ζe−iqΛGin
−q(ζ,−k). Note that

the difference between the left and right boundary limit of the outgoing conjugate Green’s

function as opposed to the same limit of the ingoing conjugate Green’s function.

We now turn to the left and right conjugate Green’s functions and their boundary

limits. Using above-mentioned boundary limits, i.e. equations (B.10) and (B.11), we

obtain the left boundary limits as,

lim
ζ→0

gΠ
∗

R
≡ − lim

ζ→0
rd−1D+gR = −(1 + np)

[
K in

q (p)−K in
−q(−p)

]
,

lim
ζ→0

gΠ
∗

L
≡ − lim

ζ→0
rd−1D+gL = −np

[
K in

q (p)− eβ(p
0−µq)K in

−q(−p)
]
,

(B.12)
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and the corresponding right boundary limits as,

lim
ζ→1

gΠ
∗

R
≡ − lim

ζ→0
rd−1D+gR = −(1 + np)

[
K in

q (p)− e−β(p
0−µq)K in

−q(−p)
]

lim
ζ→1

gΠ
∗

L
≡ − lim

ζ→0
rd−1D+gL = −np

[
K in

q (p)−K in
−q(−p)

]
.

(B.13)

Using these boundary limits and boundary limits of the right and the left boundary-bulk

Green’s functions Eqs. (4.16) and (4.17), we obtain the constant in Eq. (B.9) at the left

boundary,

lim
ζ→0

eβp
0ζ+iqΛWq(ζ, p) = lim

ζ→0

[
g
L
(ζ, p)gΠ

∗

R
(ζ, p)− g

R
(ζ, p)gΠ

∗

L
(ζ, p)

]
= (1 + np)

[
K in

q (p)−K in
−q(−p)

]
,

(B.14)

and at the right boundary also gives the same result as expected from Eq. (B.9). Since

the above quantity is the same everywhere in the bulk, the expression of the Wronskian

can be easily found to be given by,

Wq(ζ, p) = e−βp
0ζ−iqΛ(1 + np)

[
K in

q (p)−K in
−q(−p)

]
. (B.15)

Binormalisable bulk-bulk Green’s function

Now that we have expression for the Wronskian (B.15), the bi-normalisable bulk-bulk

Green’s function (B.3) can be explicitly written as,

Gq(ζ|ζ0, p) =
eβp

0ζ0+iqΛ(ζ0)

(1 + np)
[
K in

q (p)−K in
−q(−p)

]g
L
(ζ>, p)gR(ζ<, p)

=
eβp

0ζ0+iqΛ(ζ0)

(1 + np)
[
K in

q (p)−K in
−q(−p)

]
×
{
ΘSK(ζ > ζ0)gL(ζ, p)gR(ζ0, p) + ΘSK(ζ < ζ0)gR(ζ, p)gL(ζ0, p)

}
.

(B.16)

When we compare this binormalisable bulk-bulk Green’s function to the one given in

[48](see Eq. (A.31) in [48]), we can see a clear overall sign difference as expected. The

bulk-bulk Green’s function, when written ingoing-outgoing basis using the boundary-bulk
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Green’s functions given in Eq. (4.15), we obtain,

Gq(ζ|ζ0, p) =
1[

K in
q (p)−K in

−q(−p)
]

×

{
npe

βp0ζ0+iqΛ(ζ0)Gin
q (ζ, p)G

in
q (ζ0, p) + (1 + np)e

−βp0ζ−iqΛ(ζ)Gin
−q(ζ,−p)Gin

−q(ζ0,−p)

− [ΘSK(ζ < ζ0) + np]G
in
q (ζ, p)G

in
−q(ζ0,−p)

− [ΘSK(ζ > ζ0) + np] e
βp0(ζ0−ζ)eiq[Λ(ζ0)−Λ(ζ)]Gin

−q(ζ,−p)Gin
q (ζ0, p)

}
.

(B.17)

As expected, it resembles the bi-normalisable bulk-bulk Green’s function for a real scalar

field in the grSK geometry [71]. Once we have constructed the bi-normalisable Green’s

function, we now move to retarded and advanced Green’s functions useful in describing

the causal scattering processes in the bulk. Later, we will see that they are not completely

independent but related by reciprocity.

B.1 Retarded and Advanced bulk-bulk Green’s func-

tions

After constructing bi-normalisable bulk-bulk Green’s function, we can also construct

bulk-to-bulk Green’s functions that have specific causal properties, i.e., the retarded and

the advanced bulk-to-bulk Green’s functions. These Green’s functions are normalisable

at the left boundary and analytic in the upper half and the lower half of the frequency

plane, respectively. Here, we will not provide a derivation of these Green’s functions, as it

is similar to the computation of the bi-normalisable bulk-to-bulk Green’s function given

above.4 We just quote the end results for the retarded bulk-bulk Green’s function here

4Again, readers are encouraged to look at [70, 71] for detailed analysis.
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as,

Gret(ζ|ζ0,p) =
1[

K in
q (p)−K in

−q(−p)
]

×

{
− eβp

0ζ0+iqΛ(ζ0)Gin
q (ζ, p)G

in
q (ζ0, p) + ΘSK(ζ > ζ0)G

in
q (ζ, p)G

in
−q(ζ0,−p)

+ ΘSK(ζ < ζ0)e
βp0(ζ0−ζ)eiq[Λ(ζ0)−Λ(ζ)]Gin

−q(ζ,−p)Gin
q (ζ0, p)

}
(B.18)

and the advanced bulk-bulk Green’s function,

Gadv(ζ|ζ0,p) =
1[

K in
q (p)−K in

−q(−p)
]

×

{
e−βp

0ζ−iqΛ(ζ)Gin
−q(ζ,−p)Gin

−q(ζ0,−p)−ΘSK(ζ < ζ0)G
in
q (ζ, p)G

in
−q(ζ0,−p)

−ΘSK(ζ > ζ0)e
βp0(ζ0−ζ)eiq[Λ(ζ0)−Λ(ζ)]Gin

−q(ζ,−p)Gin
q (ζ0, p)

}
(B.19)

where there is again, but due to same reason, an overall sign difference in Gret and Gadv as

compared to [70].Note that we have suppressed the label q for the retarded and advanced

Green’s functions.

The reciprocity relation of the bi-normalisable bulk-bulk Green’s function can be easily

found from Eq. (B.17) as follows,

Gq(ζ|ζ0, p) = G−q(ζ0|ζ,−p) ≡ Ḡq(ζ0|ζ,−p) , (B.20)

where we have defined the bar as an action which changes the sign of charge: q 7→ −q.

The bi-normalisable bulk-bulk Green’s function can be written as a linear combination

of retarded and advanced bulk-bulk Green’s functions, given as,

G(ζ|ζ0, p) = −npGret(ζ|ζ0, p) + (1 + np)Gadv(ζ|ζ0, p) , (B.21)

and then the reciprocity at the level of retarded and advanced Green’s functions is given

103



by,

Gadv(ζ|ζ0, p) = Ḡret(ζ0|ζ,−p) . (B.22)
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Appendix C

Monodromy integrals on the RNSK

geometry

In this appendix, we examine the integration over the RNSK geometry, relevant to the

on-shell action calculation. Specifically, the calculation involves a contour integral over

the complexified radius, as depicted in Fig. (3.1). This integral can be simplified into a

single exterior integral, defined in Eq. (4.51), with the discontinuities arising from the

horizon cap. Here, we will outline these discontinuities and demonstrate how they are

computed.

The discontinuity arises due to the non-analytic nature of the integrand, which orig-

inates from the outgoing propagators. These non-analyticities are introduced through

terms such as ζ and Λ. Notably, e−iqΛ experiences a jump by eβµq across contour branches,

and ζ increments by unity. These factors collectively explain the origin of the disconti-

nuity.

To understand this, consider the evaluation of the following integral ,

˛
ζ

[
eβµq−iqΛ(ζ)

]α α∏
i=1

eβk
0
i (1−ζ)F(ζ) =

−1

n∑
ki,α

ˆ
ext

[
e−iqΛ(ζ)

]α α∏
i=1

e−βk
0
i ζF(ζ) , (C.1)

where F(ζ) is an analytic function and recall the definition of
´
ext

and nk,α

ˆ
ext

≡
ˆ rc

rh

dr rd−1 , nk,α =
1

eβ(k0−αµq) − 1
. (C.2)

This is the only type of discontinuity that arises in a single integral, representing the most
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general form of a single discontinuity. It can be explicitly verified that this result yields the

correct expressions for contact diagrams. However, as we move beyond contact diagrams

– for example, to exchange diagrams – a greater number of bulk integrals appear, often

accompanied by multiple bulk-to-bulk propagators. Therefore, it becomes necessary to

extend this result to multi-discontinuities, starting with double discontinuities.

To de-clutter the expressions in more complicated integrals, we find it convenient to

define Θ as,

Θ ≡ − 1

µ

ˆ ζ

0

dζ ′Av(ζ
′) =

ˆ ζ

0

dζ ′
(r+
r

)d−2
or Λ = iβµΘ , (C.3)

where we note that the Θ jumps by unity across the horizon cap.

Now we will come to the computation of exchange diagrams that contain bulk-to-bulk

propagators. The simplest exchange diagrams consist of double integrals over the RNSK

contour. The most general form of such an integral is given by,

˛
ζ1,ζ2

2∏
i=1

e−βµqαi[1−Θ(ζi)]eβκi(1−ζi)F(ζ1, ζ2)G(ζ2|ζ1, p)

=

ˆ
ext

2∏
i=1

e−βµqαi[1−Θ(ζi)]eβκi(1−ζi)F(ζ1, ζ2)Gdd(ζ2|ζ1, p) ,
(C.4)

where F(ζ) is again an analytic function and the the double-discontinuity Gdd is given

by,

Gdd(ζ2|ζ1, p) ≡G(ζ2|ζ1, p)− eβ(µqα1−κ1)G(ζ2|ζ1 + 1, p)

− eβ(µqα2−κ2)G(ζ2 + 1|ζ1, p) + eβ(µqα1+µqα2−κ1−κ2)G(ζ2 + 1|ζ1 + 1, p) .

(C.5)

The exponential factors in the above expression are simply the monodromy factors due

to the branch cut extending from the horizon radius r+ to the cut-off radius rc on the

complex r plane. We can now use the expression for the bulk-to-bulk propagator given

in Eq. (B.17) to evaluate the integrand above explicitly. We will use the theta function

identities. Using the following properties of step functions on the grSK/RNSK contour,

we find,

ΘSK(ζ + 1 > ζ ′ + 1) = ΘSK(ζ < ζ ′) , (C.6)
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and,

ΘSK(ζ + 1 > ζ ′) = 1 , ΘSK(ζ > ζ ′ + 1) = 0 , (C.7)

where ζ, ζ ′ < ζh or both ζ and ζ ′ are on the left exterior contour.

Substituting the expressions for the bulk-bulk propagator and using relations of

Heavyside step functions, the double-discontinuity obtained is as follows,

Gdd(ζ|ζ ′, p) =
−np,1

(1 + nκ1−1,α1−1)(1 + nκ2,α2)
Gret(ζ|ζ ′, p)

+
(1 + np,1)

(1 + nκ1,α1)(1 + nκ2+p,α2+1)
Gadv(ζ|ζ ′, p) .

(C.8)

We observe that the double-discontinuity formula reduces to the result in [70] in the

q → 0 limit. Though a generalisation to multi-discontinuities is possible, we focus on the

double-discontinuity in this work.
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Appendix D

Computations in |Φ|4 theory

In this appendix, we present the on-shell action for the |Φ|4 theory using a method similar

to [70]. This approach circumvents the need to evaluate the boundary terms in the on-

shell action explicitly. It leverages the fact that the boundary value of the higher-order

solution vanishes, thereby simplifying the computation.

The bare action is given by

Sbare = −
˛
dd+1x

√
−g
(
|DMΦ|2 + λ

2! 2!

(
Φ̄Φ
)2)

. (D.1)

Inserting the perturbative solution into the bare action yields the on-shell action in the

following form.

Sos = −
ˆ
∂M

dΣA Φ(0)

(
DAΦ(0)

)
+ λ

˛
M

[ 1
2!

(
Φ̄− Φ̄(0)

)
Φ
(
Φ̄Φ
)
− 1

2!2!

(
Φ̄Φ
)2 ]

, (D.2)

where we have used the equations of motion and imposed the appropriate boundary

conditions to significantly simplify the expression for the on-shell action. When expanded

in terms of the coupling constant, the on-shell action is explicitly expressed as follows:

S(2) = −
ˆ
∂M

dΣA Φ(0)

(
DAΦ(0)

)
,

S(4) = − λ

2! 2!

˛
dd+1x

√
−g
(
Φ̄(0)Φ(0)

)2
,

S(6) = −λ
2

2

˛
dd+1x

√
−g Φ̄(0)Φ(1)Φ̄(0)Φ(0) ,

(D.3)

where the above terms represent both free and contact contributions at the tree level in
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Feynman diagrams.

We find it convenient to express the on-shell action in the Past-Future (PF) basis,

i.e. Eqs. (4.10) and (4.21). In this basis, SK collapse (unitarity) and KMS condition

(thermality) are reflected in the vanishing of coefficients of all F s and the P s terms,

respectively. Moreover, this basis exclusively involves retarded/advanced propagators in

the correlators, ensuring the description of causal scattering processes.

Now, we turn to the explicit calculation of the on-shell action, starting from the

contact term S(4) of the |Φ|4 theory.

Contact term: The contact term S(4) is given in the second line of the eq. (4.39).

Passing into the boundary momentum variables, it can be written as,

S(4) = −λ
4

ˆ
k1,2,3,4

˛
ζ

2∏
i=1

Φ̄(0)(ζ, ki)
2∏

j=1

Φ(0)(ζ, kj)

= −λ
4

ˆ
k1,2,3,4

˛
ζ

2∏
i=1

{
− Ḡin(ζ, ki)J̄F̄ (ki) + eβ(k

0
i+µq)Ḡout(ζ, ki)J̄P̄ (ki)

}
×

2∏
j=1

{
−Gin(ζ, kj)JF̄ (kj) + eβ(k

0
j−µq)Gout(ζ, kj)JP̄ (kj)

}
(D.4)

where we have written the solution in terms of ingoing and outgoing solution, as given

in Eq. (4.8) and Eq. (4.19).

Taking into account the analyticity of Gin and Ḡin in the ζ coordinate and using

momentum conservation, the RNSK radial integral leads us to the following observations:

1. SK collapse holds: The term with only J̄F̄ and JF̄ vanishes.

2. KMS condition holds: The term with only J̄P̄ and JP̄ vanishes.

As a result, seven of the original nine terms remain. The next step involves performing

the RNSK integral to obtain a single exterior integral, using the Eq. (C.1) from the
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previous appendix. Thus, we obtain the following,

S(4) = −λ
ˆ
k1,2,3,4

ˆ
ext

{
1

2nk4,1

J̄F̄ (k1)JF̄ (k2)J̄F̄ (k3)JP̄ (k4)Ḡ
in(ζ, k1)G

in(ζ, k2)Ḡ
in(ζ, k3)G

out(ζ, k4)

+
1

2n̄k3,1

J̄F̄ (k1)JF̄ (k2)J̄P̄ (k3)JF̄ (k4)Ḡ
in(ζ, k1)G

in(ζ, k2)Ḡ
out(ζ, k3)G

in(ζ, k4)

− 1

nk34,0

J̄F̄ (k1)JF̄ (k2)J̄P̄ (k3)JP̄ (k4)Ḡ
in(ζ, k1)G

in(ζ, k2)Ḡ
out(ζ, k3)G

out(ζ, k4)

− 1

nk24,2

J̄F̄ (k1)JP̄ (k2)J̄F̄ (k3)JP̄ (k4)Ḡ
in(ζ, k1)G

out(ζ, k2)Ḡ
in(ζ, k3)G

out(ζ, k4)

− 1

n̄k13,2

J̄P̄ (k1)JF̄ (k2)J̄P̄ (k3)JF̄ (k4)Ḡ
out(ζ, k1)G

in(ζ, k2)Ḡ
out(ζ, k3)G

in(ζ, k4)

+
1

2nk234,1

J̄F̄ (k1)JP̄ (k2)J̄P̄ (k3)JP̄ (k4)Ḡ
in(ζ, k1)G

out(ζ, k2)Ḡ
out(ζ, k3)G

out(ζ, k4)

+
1

2n̄k134,1

J̄P̄ (k1)JF̄ (k2)J̄P̄ (k3)JP̄ (k4)Ḡ
out(ζ, k1)G

in(ζ, k2)Ḡ
out(ζ, k3)G

out(ζ, k4)

}
,

(D.5)

as noted previously, these exterior integrals naturally exhibit Bose-Einstein factors. These

seven terms correspond to the seven diagrams shown in Figure (4.1).

Exchange terms: Having addressed the contact term, the next step is to examine the

exchange terms. In the case of |Φ|4 theory, the first exchange term originates from the

six-point influence phase S(6), which appears at quadratic order in λ. The S(6) is given

in the third line of Eq. (4.39) and is expressed in momentum space as

S(6) = −λ
2

2

ˆ
k1,2,3,4

˛
ζ,ζ′

Φ̄(0)(ζ, k1)Φ(0)(ζ, k2)Φ̄(0)(ζ, k3)G(ζ|ζ ′, k4)J(1)(ζ
′, k4) . (D.6)

Upon using the expression of bulk source J(1) from Eq. (4.35), we find,

S(6) = −λ
2

4

ˆ
k1,2,...,6

˛
ζ,ζ′

× Φ̄(0)(ζ, k1)Φ(0)(ζ, k2)Φ̄(0)(ζ, k3)G(ζ|ζ ′, k456)Φ(0)(ζ
′, k4)Φ̄(0)(ζ

′, k5)Φ(0)(ζ
′, k6) .

(D.7)
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Using the expressions of zeroth-order solution equations (4.8), (4.19) and (B.17), we get,

S(6) = −λ
2

4

ˆ
k1,2,...,6

˛
ζ,ζ′

[
−Ḡin(ζ, k1)J̄F̄ (k1) + eβ(k

0
1+µq)Ḡout(ζ, k1)J̄P̄ (k1)

]
×
[
−Gin(ζ, k2)JF̄ (k2) + eβ(k

0
2−µq)Gout(ζ, k2)JP̄ (k2)

] [
−Ḡin(ζ, k3)J̄F̄ (k3) + eβ(k

0
3+µq)Ḡout(ζ, k3)J̄P̄ (k3)

]
× G(ζ|ζ ′, k456)

[
−Gin(ζ, k4)JF̄ (k4) + eβ(k

0
4−µq)Gout(ζ, k4)JP̄ (k4)

]
×
[
−Ḡin(ζ, k5)J̄F̄ (k5) + eβ(k

0
5+µq)Ḡout(ζ, k5)J̄P̄ (k5)

] [
−Gin(ζ, k6)JF̄ (k6) + eβ(k

0
6−µq)Gout(ζ, k6)JP̄ (k6)

]
.

(D.8)

Once again, the SK collapse and KMS condition are evident, as all F s and P s terms

vanish in the six-point influence phase S(6).

We proceed with the RNSK integral to express S(6) in terms of the exterior radial

integrals. Here, we present the result for a single term of S(6) , specifically the compo-

nent with five F s and one P s, denoted as S5F̄ ,1P̄ . This term comprises two independent

contributions, as shown below–

S5F̄ ,1P̄ = S[F̄F F̄F F̄P] + S[F̄F F̄F P̄F] , (D.9)

where the notation is designed to clearly indicate whether the past source is from the

field or its conjugate. Now, let us analyze the case where the past source is from the field,

written as,

S[F̄F F̄F F̄P] =
λ2

4

ˆ
k1,2,...,6

J̄F̄ (k1)JF̄ (k2)J̄F̄ (k3)JF̄ (k4)J̄F̄ (k5)JP̄ (k6)

˛
ζ,ζ′

G(ζ|ζ ′, k456)

×
[
Ḡin(ζ, k1)G

in(ζ, k2)Ḡ
in(ζ, k3)G

in(ζ ′, k4)Ḡ
in(ζ ′, k5)e

β(k06−µq)Gout(ζ ′, k6)
]
.

(D.10)

Using double-discontinuity integral given in the Eq. (C.4) from the previous Appendix,

we find,

S[F̄F F̄F F̄P] =
λ2

2

ˆ
k1,2,...,6

1

nk6,1

J̄F̄ (k1)JF̄ (k2)J̄F̄ (k3)JF̄ (k4)J̄F̄ (k5)JP̄ (k6)

×
ˆ
ext

Gret(ζ|ζ ′, k456)
[
Ḡin(ζ, k1)G

in(ζ, k2)Ḡ
in(ζ, k3)G

in(ζ ′, k4)Ḡ
in(ζ ′, k5)G

out(ζ ′, k6)
]
.

(D.11)

It is worth emphasizing that the result above was derived by leveraging the reciprocity

111



between the retarded and advanced bulk-bulk propagators.

Similarly, one could extend this approach to compute additional terms in the six-point

influence phase. However, since the same principles apply, we restrict our focus to a single

term in this appendix. By employing a similar analysis and multi-discontinuity integrals,

exchange terms contributing to the higher-order influence phase can also be determined.

D.1 Explicit terms of quartic on-shell action S(4)

In this section, we will explicitly compute the four-point influence phase at linear order

in the gradient expansion. In time domain, we start with the solution itself given in

Eq. (4.73), as,

Φ =

[
Ja +

(
ζ − 1

2
+ F1

)
Jd

]
+
iβ

2

[
F1∂tJa −

(
ζ(ζ − 1) +

[
ζ − 1

2

]
F1

)
∂tJd

]
+
βµq

2

[
(F2 − F1) Ja +

(
ζ(ζ − 1) +

[
ζ − 1

2

]
F2 +

(
ζ − 1

2
+ F2

)
F1

)
Jd

]
.

(D.12)

Since we are only working up to linear order in derivatives while discarding the mixed

terms (see the discussion around Eq. (4.78)), we can divide the following terms into two

parts:

S(4) = −λ
ˆ
ddx

˛
dζ

√
−g

|Φ(0)|4

4

= −λ
ˆ
ddx

ˆ
ext

L0 − λ

ˆ
ddx

ˆ
ext

L1 +O((β∂t)
2) +O((βµq)

2) +O(β2µq∂t) ,

(D.13)

where L0 and L1 are non-derivative and first derivative term.

As we can see now, we can make our lives easier by moving into position space. It

will remove unnecessary notation and declutter the expressions.

Zeroth-derivative term L0: The L0 can be explicitly written as,

L0 =
2∑

r,s=0

Gr,s

[
J̄a
]r
[Ja]

s [J̄d]2−r [Jd]2−s . (D.14)
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where some of the terms are as follows

G2,2 = 0 , G1,1 = 2 (ζ + F1) , G1,2 =
1

2
− βµq

2
(ζ + F1) ,

G2,1 =
1

2
+
βµq

2
(ζ + F1) , G0,0 =

1

4
(ζ + F1) + (ζ + F1)

3 ,

G0,2 =
1

2
(ζ + F1)−

3 βµq

4
(ζ + F1)

2 , G2,0 =
1

2
(ζ + F1) +

3 βµq

4
(ζ + F1)

2 ,

G0,1 =
1

8
+

3

2
(ζ + F1)

2 − βµq

8
(ζ + F1)− βµq (ζ + F1)

3 ,

G1,0 =
1

8
+

3

2
(ζ + F1)

2 +
βµq

8
(ζ + F1) + βµq (ζ + F1)

3 .

(D.15)

Note that the following is true,

Gr,s = Gs,r

∣∣∣
q→−q

, (D.16)

Note that the above statement is quite general as will see later.

First-derivative term L1: In the first derivative term, the time derivative can appear

on any of the four sources. Thus, we can explicitly write L1 as,

L1 =

1∑
r=0

2∑
s=0

Gṙ,s

(
∂tJ̄a

) [
J̄a
]r

[Ja]
s [

J̄d
]1−r

[Jd]
2−s

+

2∑
r=0

1∑
s=0

Gr,ṡ (∂tJa)
[
J̄a
]r

[Ja]
s [

J̄d
]2−r

[Jd]
1−s

+

1∑
r=0

2∑
s=0

Hṙ,s

(
∂tJ̄d

) [
J̄a
]r

[Ja]
s [

J̄d
]1−r

[Jd]
2−s

+

2∑
r=0

1∑
s=0

Hr,ṡ (∂tJd)
[
J̄a
]r

[Ja]
s [

J̄d
]2−r

[Jd]
1−s

(D.17)

which in concise form is given by,

L1 =
1∑

r=0

2∑
s=0

{
Gṙ,s

(
∂tJ̄a

)
+Hṙ,s

(
∂tJ̄d

)} [
J̄a
]r
[Ja]

s [J̄d]1−r [Jd]2−s
+

2∑
r=0

1∑
s=0

{
Gr,ṡ (∂tJa) +Hr,ṡ (∂tJd)

} [
J̄a
]r
[Ja]

s [J̄d]2−r [Jd]1−s (D.18)

where independent set of the terms are as follows:

G1̇,2 = 0 , G0̇,2 =
iβ

4
F1 , G1̇,1 =

iβ

2
F1 ,

G1̇,0 =
iβ

2
F1(F1 + ζ) , G0̇,1 = iβF1(F1 + ζ) ,

G0̇,0 =
iβ

4
F1

(
1

4
+ 3(F1 + ζ)2

)
.

(D.19)
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Now, we turn to the independent terms involving J̇d and they are explicitly given as,

H1̇,2 = −iβ
4
(F1 + 2ζ) ,

H0̇,2 =
iβ

8

{
− 2(F1 + ζ)(F1 + 3ζ)

}
,

H1̇,1 =
iβ

4

{
− 2(F1 + ζ)(F1 + 3ζ)

}
,

H0̇,1 =
iβ

8

{
(−F1 − 4F3

1 − 2ζ − 24F2
1ζ − 36F1ζ

2 − 16ζ3

}
,

H1̇,0 =
iβ

16

{
(−F1 − 4F3

1 − 2ζ − 24F2
1ζ − 36F1ζ

2 − 16ζ3

}
,

H0̇,0 =
iβ

32

{
− 2(F1 + ζ)(3F1 + 4F3

1 + 7ζ + 28F2
1ζ + 44F1ζ

2 + 20ζ3)

}
,

(D.20)

where all the remaining terms can be obtained from the following relation,

Gr,ṡ = Gṡ,r , Hr,ṡ = Hṡ,r . (D.21)

114



Bibliography

[1] M. Ammon and J. Erdmenger, Gauge/gravity duality: Foundations and

applications, Cambridge University Press, Cambridge (4, 2015),

10.1017/CBO9780511846373.

[2] J. Zaanen, Y. Liu, Y.-W. Sun and K. Schalm, Holographic Duality in Condensed

Matter Physics, Cambridge University Press (2015), 10.1017/CBO9781139942492.

[3] S.A. Hartnoll, A. Lucas and S. Sachdev, Holographic Quantum Matter, MIT Press

(2018), [1612.07324].

[4] J.M. Maldacena, The Large N limit of superconformal field theories and

supergravity, Adv. Theor. Math. Phys. 2 (1998) 231 [hep-th/9711200].

[5] S.S. Gubser, I.R. Klebanov and A.M. Polyakov, Gauge theory correlators from

noncritical string theory, Phys. Lett. B 428 (1998) 105 [hep-th/9802109].

[6] E. Witten, Anti-de Sitter space and holography, Adv. Theor. Math. Phys. 2 (1998)

253 [hep-th/9802150].

[7] O. Aharony, S.S. Gubser, J.M. Maldacena, H. Ooguri and Y. Oz, Large N field

theories, string theory and gravity, Phys. Rept. 323 (2000) 183 [hep-th/9905111].
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