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at the level of individual particles, can suppress the Crowley instability.
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Abstract

This thesis investigates the role of geometry in shaping the interactions and dynam-

ics of particles in �uid and electrostatic environments. Motivated by asymmetric

geometries and the resulting adaptive motion in nature, particularly in sedimenta-

tion in the viscosity-dominated regime, we use a theoretical and simulation-based

framework to study the dynamical behaviour of both single and multiple particles.

At the single-particle level, we show that geometric asymmetries give rise

to couplings between translation and rotation, leading to settling behaviours as

complex as quasi-periodic motion with chiral trajectories. At the collective level, we

explore how interparticle interactions mediated by hydrodynamic �elds can lead

to instabilities and clustering. The mathematical analogy between electrostatics

and microhydrodynamics is used to derive a set of generalized Faxén's laws,

enabling a uni�ed treatment of interactions across physical domains through the

method of re�ections. A unifying simulation framework based on the boundary-

integral method is used to study problems in both microhydrodynamics and

electrostatics. We also investigate how particle��uid momentum coupling shapes

two-dimensional turbulence.

The results shed light on fundamental mechanisms underlying aperiodic dy-

namics that can lead to enhanced mixing at low Reynolds number, instabilities

that result in pattern and cluster formation due to hydrodynamic and electrostatic

interactions in soft matter systems, and provide theoretical foundations for future

experimental and computational studies in micro�uidics and colloidal science.

Keywords: Quasi-periodic sedimentation, Chiral trajectories, Non-modal insta-

bility, Pseudospectrum, Generalized Faxén's laws, Electrostatic torque, Dusty

turbulence, Intermittency, Energy & Enstrophy cascade
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1

Introduct ion

�I went to the woods because I wished to live deliberately,

to front only the essential facts of life,

and see if I could not learn what it had to teach,

and not, when I came to die, discover that I had not lived.�

� Henry David Thoreau, Walden (1854)

The challenge of modeling nature's complexity is vividly captured in the

opening lines of Mandelbrot's The Fractal Geometry of Nature [2]: � Clouds are not

spheres, mountains are not cones, coastlines are not circles, and bark is not smooth, nor

does lightning travel in a straight line.� Despite the intricate and irregular shapes

found in nature, simple and symmetrical geometries have long been the go-

to choice for mathematical models, primarily due to their analytical tractability.

Spheres, for instance, have served as idealized representations in problems ranging

from the theory of gravitation and electromagnetism to �uid dynamics, o�ering

mathematical clarity and solvable forms. While such simpli�cations often provide

valuable �rst-order insights, they also risk conveying the impression that shape

is merely a passive detail when, in many systems, from the self-assembly of

nanocrystals [3, 4] and the phase behaviour of bent-core liquid crystals [5, 6], to

the mechanical response of granular media [7] and the deformation dynamics of

atomic nuclei [8], shape actively determines the underlying physics.

A common setting where geometry plays a central role is in how objects interact

with their surrounding environment, such as a �uid, or with one another. Striking

examples of this arise in the realm of microhydrodynamics. Before exploring these

examples, let us �rst build some intuition about this regime, which forms the

central focus of this thesis.
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CHAPTER 1. INTRODUCTION

1.1 The essence of microhydrodynamics

Microhydrodynamicsrefers to �uid dynamics at microscales. The Reynolds number

governs the physics of �uid �ow and the motion of objects within it. For bodies

moving in a �uid, it is de�ned as the ratio of inertial forces to the viscous forces

(see Figure 1.1):

'4 =
58=4AC80;

5E8B2>DB
=

� 5+ 202

� 0+
=

� 5+0

�
• (1.1)

Here, � 5 is the density of the �uid, + is the speed of the moving body, 0 is the size

of the body, and � is the dynamic viscosity of the �uid.

For a human swimming in water, the Reynolds number can be on the order of

105. This high- '4 regime is the one we are most familiar with in everyday life. To

experience a low Reynolds number, one would have to swim very slowly in a �uid

like honey (where very slowly is relative to the typical human swimming speed of

about 1m•s). Another way to reduce '4 is by decreasing the characteristic length

scale0. Fishes, for instance, swim at relatively lower Reynolds numbers, around

'4 � 102. Microorganisms, on the other hand, operate at extremely low Reynolds

numbers, on the order of '4 � 10� 4. This is the essence of microhydrodynamics: it

concerns length scales so small that inertial e�ects become negligible, and viscous

forces dominate. To put this into perspective, if you were to shrink down to about

100� m, moving through water would feel like swimming through a pool of honey!

In this thesis, we explore the realm of microhydrodynamics, a viscosity-dominated

regime characterized by negligible Reynolds numbers.

A lot of �ow features can be understood by looking at the governing equations

of the �uid. We delay the detailed mathematical derivations to the next chapter

and discuss only the qualitative features of the subject. The �uid �ow in the

negligible '4 regime is governed by the steady Stokes equation, given by

� r 2u � r ? Ï f = 0– r � u = 0• (1.2)

Here � is the dynamic viscosity, u is the velocity �eld, ? is the pressure �eld,

and f is an external force per unit volume acting on the �uid. Contrasting

this with the Navier-Stokes equation, which has �nite '4 e�ects in the form of

convection terms %Cu and u � r u, it is clear that the Stokes equation is a linear

partial di�erential equation. The absence of the convective terms has the following

important implications:

2



1.1. THE ESSENCE OF MICROHYDRODYNAMICS

Figure 1.1: Redrawn from Purcell's �Life at low Reynolds number" [9]. (a) shows
the de�nition of the Reynolds number for a body moving in a �uid. (b) shows
how the Reynolds number decreases as one goes towards the microscopic scale.
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CHAPTER 1. INTRODUCTION

1.1.1 Linearity

This is the most important feature of the �ow in microhydrodynamics. It says that

the �uid velocity �eld depends linearly on the external forcings. It further implies

that the linear velocity \ and the angular velocity 
 of a body are linearly related

to the hydrodynamic force L � and torque Z � acting on the body [10�14],
"
\




#

= � � � 1M �

"
L �

Z �

#

• (1.3)

The proportionality constant M is called the mobility matrix, which only depends

on the size and geometry of the body. Note that we have assumed zero back-

ground �ow while writing equation (1.3). Thus, the idea that geometry in�uences

dynamics arises naturally in the realm of microhydrodynamics. As we shall see,

the geometric symmetries of a body can be used to determine the structure of its

mobility matrix [14, 15].

This linearity of the Stokes equation enables powerful analytical techniques,

including the use of Green's functions, singularity solutions, the principle of

superposition, and boundary integral formulations [10, 16]. These four tools form

the foundation on which this thesis is built.

In contrast, the nonlinear term u � r u in the Navier-Stokes equation is respon-

sible for transferring energy and momentum across di�erent length scales, as can

be examined using the Fourier transform of the equation. The absence of this

nonlinear term in the Stokes equation implies that the �ow structures at di�erent

length scales remain decoupled. This is in contrast to our intuition from high

Reynolds-number �ows, where structures at one length scale can give rise to

structures at other scales, for example, the wake behind a moving object [17, 18].

1.1.2 Instantaneity

The absence of a time-derivative term in the Stokes equation implies that the �uid's

response is instantaneous: the state of the �uid at any moment depends only on

the instantaneous con�guration of the immersed bodies, not on their history. As

a result, any motion of a body is immediately re�ected in the entire velocity

�eld. Physically, however, the propagation of �ow disturbances in a viscous �uid

occurs via di�usion of momentum. For a disturbance to reach a distance ;, the

characteristic time scale is thedi�usive time � 3 � ¹ ;2• � º, where � is the kinematic

viscosity. Instantaneity is a valid assumption only when this time scale is smaller

than other relevant dynamical time scales, most notably, the convective timescale

� 2 � ¹ ;•+ º, where + is a typical velocity of the body.
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1.1. THE ESSENCE OF MICROHYDRODYNAMICS

Since � 3 grows quadratically with ; while � 2 grows linearly, there exists a

critical length scale ;2 beyond which this assumption breaks down. Setting � 3 = � 2

gives

;2 =
�
+

=
0

'4
– (1.4)

where 0 is the size of the body and '4 is the Reynolds number based on that scale.

This shows that even in �ows with very small '4 , the assumption of instantaneity

eventually fails at distances much larger than the body size. Thus, in unbounded

domains, one must be cautious: �nite- '4 e�ects become important at distances of

order 0• '4 . In this thesis, we will work in the theoretical limit of '4 = 0, where

such e�ects are formally absent.

While the absence of the nonlinear convective term precludes the formation

of wakes with multiple interacting length scales, the instantaneity of Stokes �ow

further rules out phenomena like vortex shedding, commonly seen in high- '4

�ows. Nevertheless, recirculation zones can still occur behind asymmetric or blu�

bodies [19, 20], though they remain steady and �xed relative to the body rather

than evolving or shedding downstream.

1.1.3 Reversibility

The Stokes equation possesses a key symmetry: under the transformation? ! � ?,

f ! � f , and u ! � u, the equations remain unchanged. This implies that the

reversed �ow �eld � u is also a valid solution, provided the pressure and force

�elds are simultaneously reversed. This property is known as reversibility and

has powerful consequences when combined with the geometric symmetries of a

system [11, 12].

For instance, it can be shown that a pair of identical spheres sedimenting

under gravity will maintain their relative positions during descent [11]. Similarly,

a sphere sedimenting near a rigid wall cannot drift toward or away from the

wall [12]. A spheroid cannot change its orientation as it settles, as illustrated in

Figure 1.2. More broadly, a body undergoing a reciprocal (time-reversible) cyclic

deformation cannot achieve net locomotion, an insight formalized in Purcell's

scallop theorem[9, 21, 22]. These results illustrate how far one can go by exploiting

the symmetries of the governing equations, even without solving them explicitly.

Importantly, such reversibility and the constraints it imposes break down at a

�nite Reynolds number. In high- '4 regimes and unsteady Stokes regimes, history

matters, and such symmetry-based arguments no longer su�ce.

While we have highlighted some key properties of Stokes �ow and contrasted

them with the �nite '4 e�ects, the discussion here has focused selectively on
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CHAPTER 1. INTRODUCTION

Figure 1.2: Demonstration of reversibility ruling out rotation in a settling
spheroid . (a) A spheroid settles under gravity with linear velocity \ and angular
velocity 
 , dragging nearby �uid with it. The surrounding �uid velocity �eld
is denoted by u and gravity points in the direction of g. (b) Upon reversing the
forces (i.e.,g ! � g), the �ow and the dynamics reverse. (c) Rotating the system
by 180° restores the original geometric con�guration, except for the sign of the
angular velocity. By the uniqueness of Stokes �ow, it follows that 
 = 0.

aspects most relevant to the thesis. For a broader and pedagogically rich treatment

of �uid mechanics, the National Committee for Fluid Mechanics Films (NCFMF)

released an excellent series of educational videos and accompanying texts in

the 1960s, available online at MIT's website. Despite their age, the concepts are

conveyed through remarkably clear demonstrations and remain invaluable. In

particular, the �lm by G.I. Taylor on Low Reynolds Number Flowbeautifully illus-

trates many features of microhydrodynamics discussed here, and more. Another

excellent source is EM Purcell's classic lecture,Life at Low Reynolds number[9],

which captures the essence of how strikingly di�erent our experience would be if

we lived in a low '4 world, especially in the context of swimming.

1.2 Asymmetric Geometries and Adaptive Motion in

Nature

As seen in the last section, the physics of �uid �ow changes fundamentally with

the Reynolds number. In the high- '4 regime, the motion of objects through

a �uid depends crucially on the wake structures they generate. For example,

by simply �apping their tails, �sh can transfer momentum backward into the

wake, thereby propelling themselves forward [23, 24]. However, this strategy

fails in the low-Reynolds-number regime: as stated by the scallop theorem [9,

21, 22], a �sh cannot achieve net propulsion by simply �apping its tail in such

highly viscous environments. This constraint was elegantly demonstrated by G.
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1.2. ASYMMETRIC GEOMETRIES AND ADAPTIVE MOTION IN NATURE

I. Taylor through his classic experiments on low Reynolds number �ows. At low

'4 , inertial e�ects are negligible, and viscous forces dominate. To overcome this,

microorganisms have evolved remarkably clever strategies to achieve directed

motion by exploiting shape asymmetry. Bacteria, for instance, possess �lament-

like appendages called �agella, each of which adopts a helical shape and rotates like

a rigid corkscrew to generate propulsion through viscous drag [13, 21]. In contrast,

eukaryotic cells such as spermatozoa use �exible �agella, which they deform in

the form of travelling waves to achieve propulsion [13, 21]. This type of drag-based

propulsion can be understood through the concept of drag anisotropy, which refers

to the directional dependence of viscous drag on an elongated body (such as a

slender rod). Unlike a sphere, which experiences a drag force directly opposite

to its direction of motion, an anisotropic body encounters drag forces that vary

with orientation, resulting in a net force that is not necessarily aligned opposite

to its motion. This principle of drag anisotropy is beautifully illustrated in [13]

for microorganisms that use �agella for propulsion. Each segment of a �agellum

can be treated as a slender rod that experiences a local drag force with a nonzero

component in the axial direction. These axial components add up constructively

along the length of the �agellum, resulting in a net propulsive force.

Another interesting example where shape asymmetry plays a crucial role in

dynamics is that of plankton. Plankton are a diverse group of organisms that

inhabit the ocean and, being unable to swim against the current, typically drift

along with the surrounding �ow. Among them, Phytoplankton, which rely on

photosynthesis, perform diel verticalmigration, descending to nutrient-richdeeper

layers at night and ascending to well-lit surface waters during the day for light [25,

26]. However, turbulence in the upper layers of the surface can be harmful to these

organisms [27�29]. A recent study [30] showed that certain phytoplankton, upon

sensing turbulent conditions, can alter their migration strategies by changing

their shape. Speci�cally, phytoplankton with fore-aft asymmetry, shapes that

allow them to swim upward against gravity, can transition to fore-aft symmetric

shapes and begin migrating downward, along gravity. The stable orientation of

the body in �ow is determined by a balance between the gravitational torque and

the hydrodynamic torque about the geometric center. The latter is in�uenced

by the position of the hydrodynamic center of resistance, which in turn depends

sensitively on the shape of the organism. By modulating their shape, these

organisms e�ectively tune the hydrodynamic torque, demonstrating the critical

role that particle geometry plays in governing dynamics in �uid environments.

Plankton play a foundational role in the oceanic carbon cycle by converting
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CHAPTER 1. INTRODUCTION

atmospheric CO2 into organic matter via photosynthesis [31, 32]. As these or-

ganisms die or are consumed, their remains, along with fecal pellets and other

detritus, form marine snow that sinks into the deep ocean. This sedimentation is

central to the biological carbon pump, by which carbon is e�ectively sequestered for

periods ranging from months to millennia [33, 34]. Understanding the physical

mechanisms that govern the sedimentation of such anisotropic and often irreg-

ularly shaped particles is crucial, not just for marine ecology, but also for global

climate models.

1.3 Role of geometry in single body sedimentation

Although the ecological signi�cance of sedimentation in marine environments has

only been realized relatively recently, sedimentation itself has long been exploited

in practical applications, particularly for separating particles based on their size or

density. It is also a ubiquitous natural process, evident in phenomena such as the

descent of raindrops and dust in the atmosphere, or the deposition of sediments in

rivers. Consequently, the sedimentation behaviour of bodies ranging from spheres

to ellipsoids has been the subject of extensive study for many decades [12, 14, 35,

36].

As previously discussed, the Reynolds number ( '4 ) plays a crucial role in

their settling behaviours. However, another key parameter is the density ratio

� A between the particle and the surrounding �uid. As we shall see in Chapter

2, if � A'4 � O¹ 1º, the particle inertia becomes negligible. This, along with

'4 � O¹ 1º, de�nes the so-called overdamped limit, in which the external forces and

torques acting on the body are instantaneously balanced by the corresponding

hydrodynamic resistances. The steady sedimentation of a single sphere in the

overdamped limit has been understood since Stokes' seminal solution in 1851, over

170 years ago. The simplicity of the overdamped limit as well as the geometry of

the sphere allows one to determine its linear velocity \ and angular velocity 


analytically, given by the well-known Stokes law:

�

"
\




#

= �
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¹6� 0º� 11 0

0 ¹8� 03º� 11

#
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=
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�

"
L g

0

#

– (1.5)

where L g is the buoyancy corrected weight of the sphere, 0 is the radius of the

sphere, � is the dynamic viscosity of the �uid. In writing the second equality in

equation (1.5), we have used the fact that in the overdamped limit, hydrodynamic

force and torque are always balanced by external force and torque. Here external

force is due to gravity, i.e., L � Ï L 6 = 0, and the gravitational torque about the centre
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1.3. ROLE OF GEOMETRY IN SINGLE BODY SEDIMENTATION

of a sphere of uniform density is zero, i.e., Z � = 0. Comparing this with equation

(1.3), we see that the structure of M consists of only diagonal submatrices, which

are proportional to the 3 � 3 identity matrix 1. This simplicity in the structure of

M of a sphere is a result of its geometric symmetries.

We emphasize an important feature of the overdamped limit: the linear rela-

tionship between external forces and the velocity of a body, unlike the Newtonian

regime, where external forces are proportional to the rate of change of velocity.

Thus, one can think of the overdamped limit as the Aristotelian world where force

is needed to maintain motion.

This overdamped limit may seem uneventful since a sphere settling in this limit

falls with its terminal velocity. However, a sphere possesses numerous geometric

symmetries. If one instead considers an ellipsoid, it can drift horizontally as it

settles vertically [10, 13, 14], a consequence of the drag anisotropy, as mentioned

before. The mobility matrix M of an ellipsoid is a diagonal matrix in the coordinate

axes aligned with its principal axes frame. Drag anisotropy manifests itself as

the diagonal elements being unequal [10, 14]. It can be shown (see Chapter 3)

that any shape with an inversion symmetry ( x ! � x) simply settles without

rotating, in the absence of any external torque. In other words, the o�-diagonal

terms in the mobility matrix of a body with inversion symmetry are zero. This

includes a wide range of shapes from spheres to ellipsoids. To achieve rotation

upon sedimentation without an external torque, and hence non-trivial settling

patterns, one needs to break the inversion symmetry. The translation-rotation

couplingarises when the mobility matrix M of a body has non-zero o�-diagonal

elements, which couples hydrodynamic force and torque. Note that lack of

inversion symmetry is a necessary but not su�cient condition for translation-

rotation coupling; additional symmetries like rotational symmetry about an axis

can further restrict the translation-rotation coupling [14].

An intriguing example of translation�rotation coupling in a geometrically

symmetric object was proposed by Lord Kelvin in 1871 [14, 37], in the form

of the isotropic helicoid, a chiral body resembling a sphere with �ns that remains

isotropic in its resistance properties. With the widespread occurrence of chirality in

microorganisms, the dynamics of chiral bodies and the resulting coupling between

translation and rotation have attracted considerable interest [38�41]. More recently,

it has been observed that even achiral bodies can exhibit chiral settling trajectories,

revealing unexpected richness in sedimentation dynamics [42, 43]. While there

have been studies addressing the settling behaviourof arbitrarily shapedbodies [38,

44�46], their abstract formulations often obscure speci�c dynamical features that

emerge in more structured cases, particularly those that admit translation�rotation
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CHAPTER 1. INTRODUCTION

coupling while preserving certain geometric symmetries. One such feature is the

presence of a conserved quantity that governs the dynamics of bodies with two

planes of symmetry, a feature absent in the fully general case of asymmetric bodies.

Chapter 3 is dedicated to the study of such bodies with two planes of symmetry,

which we refer to as di-bilaterals. These can be viewed as a natural generalization

of ellipsoids, which possess three planes of symmetry. Thus, di-bilaterals help

bridge the gap between the well-understood case of ellipsoids and the general

category of arbitrarily shaped bodies. The study presented in Chapter 3 o�ers

a systematic and predictive framework for classifying and understanding their

settling dynamics.

1.4 Role of geometry in collective sedimentation

In most of the practical scenarios, multiple bodies are involved in the sedimentation

process. While each body may exhibit intricate settling patterns due to its complex

geometry, the presence of nearby bodies can signi�cantly alter its dynamics. Even

highly symmetric bodies such as spheres or spheroids can experience translation-

rotation coupling as a result of hydrodynamic interactions [10�12, 14].

A helpful way to conceptualize these interactions is by adapting a quote from

John Archibald Wheeler to the context of �uid dynamics: �uid tells particles how

to move; particles tell �uid how to �ow. In this way, the �uid acts as a mediator

of the coupling between bodies. This mediation is conceptually similar to other

physical systems: spacetime mediates interactions between massive bodies in

general relativity, while electromagnetic �elds mediate forces between charged

particles. There exists a close mathematical analogy between microhydodynamics

and electrostatics, an analogy that is explored in detail in Chapter 5 of this thesis.

Hydrodynamic interactions between multiple bodies in a viscous �uid play a

central role in shaping their collective behaviour. These interactions arise because

each body disturbs the surrounding �uid, and this disturbance, in turn, in�uences

the motion of neighbouring bodies. Hydrodynamic interactions between two

force-driven bodies are long-range interactions that decay as 1• ' in an unbounded

domain, where ' is the dimensionless separation between the two bodies [10�12,

14]. Therefore, in the context of sedimentation, where the external �ow �eld is

typically absent, these long-range interactions play a dominant role in determining

the dynamics.

There is a natural way to generalize the concept of the mobility matrix for

multiple bodies. In the overdamped limit, for two hydrodynamically interacting
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1.4. ROLE OF GEOMETRY IN COLLECTIVE SEDIMENTATION

bodies in an otherwise quiescent �uid, the mobility formulation looks like
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Note that we have used the fact that the mobility matrix is symmetric [10�12] while

writing equation (1.6). Hydrodynamic interactions manifest both as couplings

in the o�-diagonal elements and as corrections to the diagonal elements of the

mobility matrix. These couplings and corrections not only depend on the relative

positions of the bodies but also on the orientations of their principal axes, an

aspect not explicitly highlighted in equation (1.6) for notational clarity. In the far

�eld regime, the mobility matrix can be computed using the method of re�ections,

as demonstrated in Chapter 2. It is straightforward to generalize the mobility

formulation to more than two interacting bodies.

An interesting example of viscosity-driven instability was demonstrated by

Crowley [47] in 1971. Through both theoretical analysis and experiments, he

showed that a one-dimensional lattice of spheres sedimenting in a viscous �uid

is unstable to perturbations in particle positions. Hydrodynamic interactions

between the spheres reinforce clustering in regions where the spheres are initially

closer together, leading to the formation of valley-like regions of concentrated

particles, as shown in Figure 1.3. We refer to this clustering mechanism as Crowley

mechanism.

A more recent study by Chajwa et al. [48] investigated a similar setup, replacing

spheres with discs arranged in a one-dimensional lattice. This problem, explored

both theoretically and experimentally, highlights yet another important role of

particle geometry in sedimentation dynamics. Due to drag anisotropy, each disc

experiences lateral drift during settling, depending on its orientation. As with

the spheres, hydrodynamic interactions drive clustering; however, the orientation-

dependent drift allows discs to escape the clustering process (see Figure 1.3). We

refer to this counter-mechanism as the drift mechanism.

A linear stability analysis revealed that beyond a critical lattice spacing, the

�xed point becomes neutrally stable rather than unstable. Interestingly, despite

this neutral stability, experiments showed a di�erent form of lattice disruption:

the discs formed pairs and separated, rather than aggregating in valleys (see

Figure 1.4). This behaviour was explained by non-modal growth of perturbations,

a feature often missed by classical eigenvalue-based stability analyses.
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CHAPTER 1. INTRODUCTION

Figure 1.3: Schematic illustrating the disruption of a one-dimensional lattice of
sedimenting (a) spheres and (b) discs upon perturbation . Adapted from Chajwa
et al. [48]. (a) The sphere near the center sediments faster due to the downward
�ow induced by neighboring spheres. As a valley forms, spheres on either side are
drawn inward (black arrows) by hydrodynamic interactions, leading to clustering.
(b) Similar hydrodynamic interactions promote clustering at valleys (black arrows).
However, for discs, orientation-dependent lateral drift (green arrows) counteracts
this clustering, allowing escape from the valley.

Figure 1.4: Experiments showing di�erent types of clustering following lat-
tice disruption of sedimenting discs . Experiments by Rahul Chajwa. (a) For
lattice spacings smaller than the critical value, discs cluster at the valleys due to
dominant Crowley-type instability. (b) For spacings larger than the critical value,
discs separate into pairs away from the valleys, as the orientation-induced drift
mechanism dominates over the Crowley mechanism.
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The far-�eld model used to describe hydrodynamic interactions loses accuracy

as the discs approach one another to form clusters. To capture the close-range

dynamics more accurately and to quantify the nature of these clusters, it was

necessary to improve the interaction model. Beyond quanti�cation, an improved

model also has implications for the system's stability. In the neutrally stable regime,

all eigenvalues lie precisely on the imaginary axis, making the system structurally

unstable. Small changes in the interaction model can shift the eigenvalues o�

the axis, thereby altering the qualitative nature of the stability. Moreover, since

the original system was shown to be non-normal, and a hallmark of non-normal

operators is that their eigenvalues are highly sensitive to small perturbations [49],

stability analysis using the improved interaction model becomes essential. These

issues are addressed in detail in Chapter 4 of this thesis.

1.5 Connections to Electrostatics

Ice crystals in atmospheric clouds often grow into complex hexagonal shapes,

but for many modeling purposes, particularly in �uid and electrostatic interac-

tions, they are e�ectively approximated as spheroids due to their elongated or

�attened forms [50�52]. This simpli�cation captures their essential anisotropy

while allowing analytical or semi-analytical approaches to their dynamics and

interactions.

In turbulent storm clouds, ice crystals undergo frequent collisions and interac-

tions with supercooled water droplets. These collisions, especially in the presence

of di�erential terminal velocities and turbulent �ow, result in the separation and

transfer of electrical charges [53�57]. The process, known as non-inductive charg-

ing, is one of the primary mechanisms believed to be responsible for charge

separation in thunderstorms, eventually leading to lightning. This naturally leads

to the question of how anisotropic charged bodies like spheroids interact electro-

statically. Unlike spheres, the interaction between charged spheroids depends not

only on their separation but also on their relative orientations, adding a layer of

geometric complexity. These considerations motivate the study of electrostatic in-

teractions between anisotropic bodies, such as spheroids, to better understand the

role of shape in the collective dynamics of charged particles in both atmospheric

and synthetic systems.

The equations governing electrostatics are one tensorial level lower than those

of Stokes �ow. To draw a direct analogy: the electric potential, which satis�es

the Poisson equation, corresponds to the �uid velocity �eld in Stokes �ow, which
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CHAPTER 1. INTRODUCTION

also satis�es a Poisson-like equation, with the pressure �eld acting as a Lagrange

multiplier enforcing incompressibility [11]. The electric �eld, being the gradient

of the potential, corresponds to the stress tensor in Stokes �ow. Similarly, charge

density in electrostatics is analogous to force density in Stokes �ow. Thus, at

the level of governing equations and their associated physical quantities, a direct

correspondence can be made between the two systems. From the perspective of

boundary conditions, the no-slip condition on the surface of a rigid body in Stokes

�ow requires specifying the rigid body velocity on the surface. This is analogous

to specifying the total charge (or, equivalently, constant potential) on the surface

of a perfect conductor in electrostatics.

With this analogy in place, one can see that the mobility formulation in Stokes

�ow has an electrostatic counterpart, known as the potential matrix formulation

[58]. In the electrostatic setting, two perfect conductors carrying charges & 1 and

& 2 interact such that constant potentials +1 and +2 are maintained on their surfaces.

The charges and potentials are linearly related through the potential matrix � " ,

in direct analogy with how forces and velocities are related via the mobility matrix

in Stokes �ow. This linear relation is given by,
"
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#
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#

– � " =
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� 12 � 22
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where we have used the fact that the potential matrix is symmetric. Here &0 is the

permittivity of the free space and 0 is the typical size of the conductor. One can

compare equation (1.7) with the equation (1.6) to see the similarities between the

two formulations. Since the length scale is factored out, the elements of � " only

depend on the geometry of the conductors. In the far �eld regime, the potential

matrix can be computed by extending the idea of the method of re�ections from

microhydrodynamics to electrostatics, as demonstrated in Chapter 2.

Since electrostatic systems are conservative, the energy of a given con�guration

of two conductors can be expressed as [59, 60]

, = W) � � " � W– (1.8)

where W = ¹& 1– &2º is the vector of charges. By di�erentiating this energy with

respect to the positions and orientations of the conductors, one can compute the

electrostatic forces and torques acting on them. This formulation naturally extends

to systems with more than two conductors using the potential matrix approach.

While spheroids serve as e�ective models for ice crystals, detailed analyses of

electrostatic interactions between anisotropic bodies remain limited [61�65]. In

contrast, electrostatic interactions between charged spheres have been studied
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extensively using methods of images and bi-spherical coordinates since the time

of Maxwell [66�72]. Notably, it has been shown that even like-charged spheres can

attract each other due to induced polarization e�ects [67, 73�75]. Such induction-

driven forces have important implications for the collision e�ciency of charged

sedimenting particles [74�76]. However, these studies are largely con�ned to pairs

of spheres.

For anisotropic bodies such as spheroids, the lack of symmetry and absence

of convenient coordinate systems limit the applicability of analytical or semi-

analytical methods. Chapter 5 of this thesis addresses this challenge by applying

ideas from microhydrodynamics to the electrostatic context, providing both an-

alytical insights and numerical solutions to capture the anisotropic e�ects in

electrostatic interactions.

1.6 Dusty 2D Turbulence: A Leap into the Inertial

World

Up to this point, we have focused on the overdamped limit, where both particle and

�uid inertia are negligible. The central theme has been how particle geometry can

give rise to novel dynamical features through hydrodynamic coupling between

the body and the surrounding �uid. These discussions have primarily addressed

the dynamical features of either a single body or small collectives. When a large

numberof particles are involved, geometry continues to a�ect individual dynamics,

but collective interactions can also modify the macroscopic behaviour of the �uid

itself, as seen, for instance, in how the rheology of a suspension di�ers from that

of the pure solvent [77�80]. Considerable e�ort has gone into understanding such

complex �uids through their underlying microstructure [10�12, 81].

In many practical scenarios, such as protoplanetary disks [82], clouds [53],

and aeolian processes [83], we encounterdusty �ows, a term used to describe

�uids laden with suspended particles. In most of these contexts, the �uid is

air, and the particle-to-�uid density ratio is large. In this limit, particle inertia

can no longer be neglected. One key consequence of including particle inertia

is preferential concentration, where inertial particles tend to avoid vortical regions

and accumulate in strain-dominated zones [84�86]. This mechanism has been

proposed as a potential explanation for the droplet-growth bottleneck in clouds

[87].

Despite signi�cant attention, most studies of particles in turbulence have

considered one-way coupling[88], where the particles respond to the �uid but do
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not in�uence it. However, this assumption breaks down at high particle number

densities. For instance, the streaming instability in protoplanetary disks [89, 90],

believed to play a crucial role in planet formation, relies on two-way momentum

coupling. A natural question that arises is: how does the presence of dust a�ect the

universal properties of turbulence, such as energy spectra or structure functions?

Simulating fully coupled dusty turbulence in three dimensions is computa-

tionally prohibitive, especially with a large number of particles. As an alternative,

two-dimensional turbulence provides a more tractable setting to explore the ef-

fects of particle-�uid momentum exchange. A notable study by Pandey et al. [91]

used the point-particle approximation to investigate this problem. They reported

a suppression of clustering and the emergence of a dusty scaling regime in the

energy spectra, though these e�ects were found to be non-universal, depending

on parameters like the Stokes number and dust concentration.

The point-particle approximation assumes that particle size is much smaller

than the smallest eddy scale (the Kolmogorov scale � ), thereby ignoring geometric

e�ects of the particles. Investigating such e�ects would require going beyond the

point-particle model, but computational techniques like the immersed boundary

method [92, 93] become increasingly expensive with large particle counts. Before

tackling geometric e�ects, several unexplored questions remain even under the

point-particle framework. For instance, how does intermittency in the vorticity

and velocity �elds vary with dust concentration? How is the �ow topology, as

characterized by the Okubo-Weiss parameter, in�uenced by dust? These are

among the questions addressed in Chapter 6 of this thesis, which presents results

from an ongoing investigation into dusty two-dimensional turbulence.

1.7 Thesis Outline & Main results

With the context, motivation, and problem statements discussed in the previous

sections, we now outline the structure of the thesis and summarize its main

contributions.

Chapter 2 presents the mathematical background essential for analyzing arbi-

trarily shaped bodies in both microhydrodynamics and electrostatics. It introduces

the foundational tools and techniques that underpin the rest of the thesis. These in-

clude analytical methods based on singularity solutions, perturbative approaches

for many-body interactions, and numerical schemes that enable high-accuracy

simulations. A key aspect of this chapter is the development and extension of
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these tools, originally designed for hydrodynamics, into the context of electrostat-

ics, thereby establishing a uni�ed framework. The major components discussed

in this chapter are:

ˆ Singularity solutions of the Stokes and Laplace equations, which serve as

the building blocks for constructing solutions around spheres and spheroids,

are reviewed.

ˆ Faxén's laws, which relate the structure of singularity solutions to hydro-

dynamic resistance tensors, are discussed and systematically extended to

electrostatics, o�ering a new perspective on how conductors respond to

arbitrary background electric �elds.

ˆ The method of re�ections , a perturbative technique for computing the

mobility matrix of multiple interacting bodies in viscous �ow, is revisited and

generalized to electrostatic interactions between conductors, demonstrating

the strength of the hydrodynamic-electrostatic analogy.

ˆ Boundary integral formulations using the double-layer potential are devel-

oped for both Stokes and Laplace equations. Particular attention is given

to the spectral properties of the electrostatic double-layer operator, drawing

insights from its hydrodynamic counterpart.

The method of re�ections provides a tractable analytical framework in the far-�eld

regime, whereas the boundary integral method allows for uniformly accurate treat-

ment of near-�eld and far-�eld interactions in both hydrodynamic and electrostatic

settings.

Chapter 3 bridges the gap between the well-understood sedimentation dy-

namics of single ellipsoids and the more complex behaviour of arbitrarily shaped

bodies. It focuses on a speci�c class of geometries, bodies with two planes of

symmetry, referred to as di-bilaterals. These bodies exhibit a rich spectrum of sedi-

mentation dynamics, ranging from simple vertical settling to persistent drifting,

periodic spiraling, and quasi-periodic �uttering. The main �ndings of this chapter

are summarized below:

ˆ Conserved quantity : Di-bilaterals possess a conserved quantity that plays a

central role in governing their sedimentation dynamics.

ˆ Shape-based classi�cation : Di-bilaterals can be grouped into three distinct

classes based solely on a shape factor:

1. Settlers - bodies that settle vertically without rotation.
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2. Drifters - bodies that drift and settle obliquely without rotating.

3. Flutterers � bodies that rotate inde�nitely, exhibiting periodic or quasi-

periodic motion.

ˆ Origin of quasi-periodicity : For �utterers, the dynamics decouple into a

periodic driving component and a response (Floquet) component, leading

to either periodic or quasi-periodic behaviour.

ˆ Geometric realization : Using boundary integral methods, we show that all

three dynamical classes can be realized from a continuous family of shapes

constructed by bending a prolate spheroid and modifying its cross-section

from convex to concave.

Chapter4 explores the collective sedimentation behaviourof a one-dimensional

lattice of discs. This work develops an improved hydrodynamic interaction model

that accurately accounts for close-range dynamics, enabling quantitative insights

into cluster formation and lattice disruption. The main �ndings are summarized

below:

ˆ Limitations of the Stokeslet model : The Stokeslet or point-particle approxi-

mation fails to capture certain close-range behaviours of sedimenting discs,

such as the experimentally observed rocking orbits [94]. Including �rst

re�ection corrections qualitatively captures these dynamics and aligns well

with experimental observations.

ˆ Impact on stability : Incorporating �rst re�ections alters the qualitative na-

ture of �xed points. Neutral modes seen under the Stokeslet approximation

become unstable. Despite the exponential instability across all lattice spac-

ings ¡3, at large ¡3 the perturbation amplitude is dominated by more rapid

algebraic growth, which ultimately leads to lattice disruption.

ˆ Growth rate scaling : The instability growth rate follows a power-law scaling

of ¡3� 4•5 at large spacings, signi�cantly steeper than the ¡3� 2 scaling observed

for spheres [47].

ˆ Cluster morphology : At large lattice spacings, sedimenting disc pairs pre-

dominantly form an inverted `T' or ? con�guration. This geometry is ex-

plained through an analysis that builds on Koch and Shaqfeh (1989) [95].
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Chapter 5 applies ideas from microhydrodynamics to electrostatics, focusing

on the interaction between a sphere and a spheroid. This minimal con�gura-

tion is su�cient to reveal anisotropic e�ects such as electrostatic torque between

conductors. The main �ndings are summarized below:

ˆ Accuracy of method of re�ections : Electrostatic forces and torques com-

puted using the second re�ection approximation remain accurate down to

separations comparable to the size of the conductors, as validated against

results from the boundary integral method.

ˆ Near-contact asymptotics : In axisymmetric con�gurations, boundary inte-

gral results can be extrapolated to near-contact regimes using lubrication

approximations, enabling accurate predictions at vanishingly small separa-

tions.

ˆ Like-charge attraction via induction : The boundary integral method cap-

tures attractive interactions between like-charged bodies arising from in-

duced charges, which become signi�cant at separations below one-tenth of

the conductor size. Although the method of re�ections predicts like-charge

attraction, it becomes unreliable at very small separations.

ˆ Competing alignment mechanisms : Electrostatic torques can either rein-

force or counteract hydrodynamic alignment of spheroids, depending on

the con�guration. This suggests that electrostatic e�ects could in�uence the

onset of instabilities in dilute suspensions of sedimenting spheroids [95].

Chapter 6 explores inertial e�ects in the context of two-dimensional dusty tur-

bulence. Building on a recent study by Pandey et al. [91], this work investigates the

implications of mass loading, a dimensionless parameter quantifying the in�uence

of dust on the �ow, on intermittency and �ow topology. The key �ndings are

summarized below:

ˆ The skewness of the Okubo�Weiss parameter retains its negative sign across

varying mass loading values, suggesting that the underlying �ow regions

remain vorticity-dominated. The increase in the extreme values of the Okubo-

Weiss parameter with the mass loading shows more intense vorticity and

strain-dominated regions.

ˆ The one-point Eulerian vorticity statistics show intense values of vorticity

become more frequent as the mass loading is increased.
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ˆ The probability distribution function of two-point Eulerian vorticity dif-

ferences lacks scale invariance, signaling intermittency regardless of mass

loading. Increased mass loading leads to a loss of spatial correlation in

the vorticity �eld, and the corresponding second-order structure function

exponents tend toward zero.

ˆ No negative energy �ux is observed at large wavenumbers, indicating that

dust feedback cannot be captured by a simple small-scale forcing model.

Chapter 7 brings together the insights from the preceding chapters, o�ering

an outlook on future directions and open problems emerging from this thesis.
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2

Mathematical Background

�Mathematics is the art of giving the same name to di�erent things.�

� Henri Poincaré

In this chapter, we develop the mathematical framework used to study hydro-

dynamic and electrostatic interactions between bodies in three dimensions. Two

principal approaches are employed: a perturbative technique known as the method

of re�ections, and a numerical approach based on the boundary integral method.

The method of re�ections yields semi-analytical expressions for multi-body

interactions, provided the solution for each body in isolation is known. While

applicable to a range of shapes, it is most commonly used for canonical geometries

such as spheres and spheroids. In contrast, the boundary integral method enables

accurate computation of interactions between arbitrarily shaped bodies, and its

key advantage lies in dimensionality reduction: only the surfaces of bodies must be

discretized, not the surrounding �uid domain. This makes it especially well-suited

for problems in unbounded domains.

We begin in Section 2.1 with a review of basic concepts in microhydrodynamics.

This is followed by a focused overview of electrostatics in Section 2.2, emphasizing

concepts relevant to the implementation of the two methods. We then present

singularity solutions in electrostatics in Section 2.3 and extend Faxén's laws, orig-

inally derived in the context of hydrodynamics, to electrostatics for arbitrarily

shaped bodies in Section 2.4.

Subsequently, we revisit the singularity solutions and Faxén's laws speci�cally

for spheroidal bodies in microhydrodynamics in Sections 2.5 and 2.6. With

these tools in hand, including multipole expansions, singularity solutions, and

generalised Faxén's laws, we introduce the method of re�ections in Section 2.7.

Finally, we describe the boundary integral method, with particular attention

to its formulation in electrostatics in Section 2.9. The presentation draws heavily
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from analogous formulations in microhydrodynamics, particularly those found

in the work of Pozrikidis [16], which we brie�y review in the last Section 2.10.

2.1 A Quick Review of Microhydrodynamics

The equation of motion for a �uid can be obtained using mass, momentum, and

energy conservation. For an incompressible �uid, momentum conservation leads

to the Navier-Stokes equation, given by,

� 5%Cu Ï � 5u � r u = � r ? Ï � r 2u Ï f – r � u = 0• (2.1)

Here u is the �uid velocity �eld, ? is the �uid pressure �eld, � is the dynamic

viscosity, � 5 is the �uid density, and f is the force per unit volume acting on the

�uid. To solve for a �ow �eld, one needs to supplement the Navier-Stokes equation

with an initial condition and boundary conditions.

The �uid stress tensor � 89describes internal stresses within the �uid, where

¹2 �  nº8 = � 89=9 gives the 8-th component of the force per unit area acting on a

surface with normal  n, exerted by the �uid on the side facing the  n direction.

The Navier-Stokes equation (2.1)describes aNewtonian�uid, for which the stress

tensor is given by

� 89= � ?� 89Ï � »%9D8 Ï %8D9¼• (2.2)

This is a constitutive relation derived using the assumptions of isotropy and a

gradient expansion of the velocity �eld [81, 96]. Certain �uids, such as blood,

colloidal suspensions, and polymer solutions, violate this relation and are known

as complex �uids. In this thesis, we will restrict our attention to Newtonian �uids

satisfying the equation (2.2).

The Navier-Stokes equation (2.1) is capable of describing a wide variety of

�uid �ows around us, from the laminar regime to the turbulent regime. Most of

the cases require numerical solutions, owing to the non-linearity of the Navier-

Stokes equation. Since we are interested in the realm of microhydrodynamics, a

signi�cant simpli�cation is possible, which can allow us to `ignore' the nonlinear

e�ects. To estimate the relative importance of each term in the equation (2.1), let us

non-dimensionalize the equation. Let + be the �uid velocity scale, 0 be the �uid

length scale, � 5 be the �uid time scale. We denote the dimensionless quantities

with a dash. Thus, we have u0 = u•+ , x0 = x• 0, C0 = C• � 5, ?0 = ?•¹ � 0� 1+ º and

f 0 = f •¹ � 0� 2+ º. Note that we have de�ned pressure and force scales based on the

dynamic viscosity � , consistent with the viscosity-dominated regime, where the

internal pressure scales with the dominant viscous forces. Using the dimensionless
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quantities in equation (2.1) gives

� 5+

� 5
%C0u0 Ï

� 5+ 2

0
u0 � r x0u0 = �

� +

02
r x0?0 Ï

� +

02
r 2

x0u0 Ï
� +

02
f 0 (2.3a)

=) '4 ¹(; %C0u0 Ï u0 � r x0u0º = � r x0?0 Ï r 2
x0u0 Ï f 0– (2.3b)

where

'4 �
� 5+0

�
– (; �

0
+ � 5

• (2.4)

The two non-dimensional numbers are the Reynolds number '4 and the Strouhal

number (; , which compares the inertia to the viscous e�ects. In the viscosity-

dominated regime of microhydrodynamics, we have '4 � 1 and (; � 1. There-

fore, to the leading order, we have

r x0?0 Ï r 2
x0u0 Ï f 0 = 0•

In the dimensional form, we get the steady Stokes equation,

r ? Ï r 2u Ï f = 0– r � u = 0• (2.5)

Note that the lack of a time derivative and non-linear term considerably simpli�es

the problems in microhydrodynamics. Solving the steady Stokes equation requires

appropriate boundary conditions. Throughout this thesis, we will be looking at

the dynamics of rigid bodies in an unbounded �uid domain. The surface of

the rigid bodies and the surface at in�nity act as boundaries, with the boundary

conditions given by,

u¹xº = \ Ï 
 � ¹ x � x2º– x 2 ( (2.6a)

u¹xº ! 0 as jxj ! 1 • (2.6b)

Here \ and 
 denote linear and angular velocities of the rigid body with its surface

denoted by ( , and x2 is the centre of mass of the rigid body. For multiple bodies

in the �ow, the no-slip boundary condition is imposed on the surface of each of

the rigid bodies.

The force and torque acting on a body immersed in the �uid can be computed

using the stress tensor as:

L � =
¼

(
2 �  n 3(– Z � =

¼

(
¹x � x2º � ¹ 2 �  nº 3(– (2.7)

where  n is the normal vector pointing out of the surface, towards the �uid.

Some of the interesting properties of the steady Stokes equation are discussed

in Chapter 1. The linearity of the steady Stokes equation allows powerful analytical

techniques that are discussed in the subsequent sections.
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2.1.1 Lorentz Reciprocal Theorem

This is one of the most useful theorems for obtaining integral representations of

Stokes �ow, as well as for computing the force and torque on a body without

solving the complete �ow �eld. Consider two �ow �elds u¹1º and u¹2º with their

respective stress tensors2 ¹1º and 2 ¹2º in the same �uid domain D . Then, using

the divergence theorem and the incompressibility condition, we have
¼

%D
u¹1º�¹2 ¹2º�nº 3( �

¼

%D
u¹2º�¹2 ¹1º�nº 3( =

¹

D
u¹1º�¹r �2 ¹2ºº 3+ �

¹

D
u¹2º�¹r �2 ¹1ºº 3+•

(2.8)

Here n is the normal vector to the boundary of the �uid domain, denoted by

%D , pointing away from the �uid domain D . The equation (2.8) is called the

generalised reciprocal theorem. If we further require that the two velocity �elds

satisfy the steady Stokes equation, we have
¼

%D
u¹1º � ¹2 ¹2º � nº 3( =

¼

%D
u¹2º � ¹2 ¹1º � nº 3(• (2.9)

One of the corollaries of the reciprocal theorem is the linear relationship

between force and velocity acting on a rigid body in Stokes �ow. Following Kim &

Karilla [10], consider two separate con�gurations, each involving a homogeneous,

steady Stokes �ow generated by a rigid body moving through an otherwise

quiescent �uid. The bodies move with velocities \ 0and \ 00, and experience total

forces L0 and L00, respectively. Let L = f ¹\ º be the relation between force and

velocity. Using the reciprocal theorem (2.9), we have

\ 0 � L00= \ 00� L0 =) \ 0 � f ¹\ 00º = \ 00� f ¹\ 0º•

We have used the fact that the velocity �elds decay at in�nity, so the only contri-

bution from the boundary is due to the surface of the particle, where the �uid

velocity is constant. The above relation implies that

f ¹\ º = ¹ f ¹\ º � e8ºe8 = ¹ f ¹e8º � \ ºe8 = ¹e8f ¹e8ºº � \ – (2.10)

where e8 is the 8-th basis vector and the summation convention is used in the

equation (2.10). This shows that the function f ¹\ º is linear in the velocity. This

idea can be generalised for a rigid body moving with linear velocity \ and angular

velocity 
 , in which case the motion is linearly related to the hydrodynamic force

L � and hydrodynamic torque Z � as
"
\




#

= � � � 1

"
a ¡b

b c

#

�

"
L �

Z �

#

= � � � 1M �

"
L �

Z �

#

• (2.11)
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The matrix M in the equation (2.11)is called the mobility matrix, which depends

only on the size and geometry of the rigid body. It can be further shown using

the reciprocal theorem that the mobility matrix is symmetric [10�13, 16], i.e.,

a) = a– ¡b = b) –c) = c. It should be noted that equation (2.11) is written for a

zero background �ow �eld. In the presence of an external �ow, equation (2.11)

has to include the background velocity, background vorticity, and background

strain-rate. We will restrict ourselves to zero background �ow in this thesis; for

extensions of mobility formulation to incorporate background �ow, see [10�13].

2.1.2 Equation of Motion of Rigid Bodies in Overdamped Limit

The equation of motion of a rigid body in the presence of gravity g, �uid, and

some other external force Lother is given by:

� ?+?
3\
3C

= L � Ï ¹ � ? � � 5º+?g Ï Lother– (2.12)

where � ? is the density of the body and +? is the volume enclosed by the body. The

buoyancy force is separated from the hydrodynamic force L � since it comes from

the hydrostatic part of the pressure, � 5g � x. Similarly, the angular momentum R

of the body about its centre of mass x2 satis�es

3R
3C

= Z � � � 5+?»x1 � x2¼ � g Ï Zother– (2.13)

where x1 � + � 1
?

¯
+ x3+ is the geometric centre of the body, and Zother is some

other external torque acting on the body. In the viscosity-dominated regime, the

equations (2.12)and (2.13)can be simpli�ed as follows. In the viscosity-dominated

regime, the hydrodynamic force L � scales with viscosity as � 0+, where 0 = + 1•3
?

is the length scale based on the size of the body, and+ is the velocity scale of

the body. Moreover, the relevant �ow time scale in case of a body moving with

speed+ in the �uid is � 5 = 0•+ , and 6 = jgj provides an acceleration scale. Thus,

we de�ne the dimensionless quantities as \ 0 = \ •+ , x0 = x• 0, C0 = C+• 0, and

g0 = g•j gj. Using these to non-dimensionalize equation (2.12), we get

� ?

� 5

� 50+

�
3\ 0

3C0 =
1

� 0+
¹L � Ï Lotherº Ï

� 50+

�
60

+ 2
¹� ?• � 5 � 1ºg0•

This de�nes three non-dimensional numbers, namely the Reynolds number '4 ,

the Stokes number (C and the Froude number �A, given by

'4 �
� 5+0

�
– (C� ¹ � ?• � 5º'4– �A2 �

+ 2

60
• (2.14)
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The non-dimensional force balance is

(C
3\ 0

3C0 =
1

� 0+
¹L � Ï Lotherº Ï

'4
�A2

¹� ?• � 5 � 1ºg0• (2.15)

Equation (2.15) suggests that the Stokes number(C can be interpreted as the

dimensionless measure of inertia of the particle, while equation (2.14) shows

that the Froude number �A compares inertia with gravity. We shall work in the

overdamped limitwhere particle inertia and �uid inertia are negligible, i.e., '4 � 1

and (C � 1. Moreover, we are interested in the regime where the dominant

viscous forces balance gravity, i.e., �A2 � O¹ '4 º. Then, the leading order physics

in the overdamped limit is governed by the right-hand side of equation (2.15)

equated to zero. Returning to dimensional form, this implies

L � Ï ¹ � ? � � 5º+?g Ï Lother = 0•

A similar argument for the angular momentum equation (2.13) leads to

Z � � � 5+?»x1 � x2¼ � g Ï Zother = 0•

Using the mobility formulation, one can then obtain the equation of motion of a

rigid body falling under gravity in otherwise quiescent �uid as:
"
\




#

= � � 1M �

"
¹� ? � � 5º+?g Ï Lother

� � 5+?»x1 � x2¼ � g Ï Zother

#

– (2.16)

where we have used equation (2.11)to rewrite hydrodynamic forces and torques.

Therefore, given the mobility matrix M for a given geometry of a rigid body, one

can obtain the dynamics of the rigid body. The extension of this to multiple bodies

is straightforward, with the mobility matrix of a multi-body system depending not

only on the individual geometry of the bodies but also on their relative positions

and orientations [10, 11].

2.1.3 Free Space Green's Functions for Steady Stokes Flow

Consider the fundamental solution of the steady Stokes equation

� r ? Ï � r 2u Ï F� ¹x � x0º = 0– r � u = 0– (2.17)

where ? is the pressure �eld, u is the velocity �eld, and F� ¹x � x0º is the force per

unit volume acting on the �uid at x0. The linearity of the Stokes equation allows

us to write the velocity �eld as

D8¹xº =
1

8��
G89¹x–x0º� 9• (2.18)
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Here x is the target point, x0 is the source point, and G is the velocity Green's

function of the Stokes equation. Similarly, the pressure �eld and the stress tensor

can be written in terms of their Green's function as:

?¹xº =
1

8�
P 9¹x–x0º� 9– � 89¹xº =

1
8�

T89:¹x–x0º� : • (2.19)

There are di�erent types of Green's functions based on the domain of the �ow.

We are interested in the unbounded domain, which requires the velocity �eld of

equation (2.17)to decay at in�nity. Taking the divergence of equation (2.17)gives

r 2? = L � r � ¹x � x0º = � L � r r 2

�
1

4� A

�
– r � x � x0– A� j r j–

where we have used the free space Green's function of the Laplace equation to

rewrite the � ¹r º function in three dimensions. Requiring that the pressure goes to

zero at in�nity, we get

?¹xº =
1

8�
L �

2r
A3

=) P ¹x–x0º =
2r
A3

• (2.20)

Using this solution for pressure in equation (2.17), we have

� r 2u =
1

4�
L �

�
%r 2 � rr

� 1
A

•

Note that %denotes the identity tensor. Since A� 1 = r 2¹A•2º, we have

� r 2u =
1

4�
L �

�
%r 2 � rr

� 1
2

r 2A

The Laplacian can be factored out from the above equation, given that the velocity

�eld decays at in�nity. Therefore, the Stokeslet, or the velocity Green's function,

is given by

u¹xº =
1

8��
L � G¹x–x0º– G¹x–x0º =

%
A

Ï
rr
A3

• (2.21)

The velocity �eld due to a point force is commonly referred to as Stokeslet, and is

shown in Figure 2.2. By construction, we have

%9G89¹x–x0º = 0• (2.22)

Note that � 89= � ?� 89Ï � ¹%9D8Ï %8D9º, which gives the Green's function of the stress

tensor as

T89:¹x–x0º = �P : � 89Ï %9G8: Ï %8G9: = �
6A8A9A:

A5
• (2.23)

Using (2.20) and (2.21) in (2.17) we have

� %8P 9 Ï r 2G89= � 8�� 89� ¹x � x0º• (2.24)
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Using (2.23) and (2.24) gives

%9T89:¹x–x0º = � 8�� 8:� ¹x � x0º• (2.25)

Equations (2.25)will be used in proving integral properties of the Green's function

of the stress tensor.

2.1.4 Integral Representation of the Steady Stokes Equation

We want to represent the velocity �eld, satisfying the steady Stokes equation,

outside a rigid body in an unbounded domain in terms of integrals over the

surface of the body. Recall the generalised reciprocal theorem given by equation

(2.8). Let us use¹u¹1º–2 ¹1ºº = ¹u–2º as the desired �elds satisfying the homogeneous

steady Stokes equation in the �uid domain D , and ¹u¹2º–2 ¹2ºº as the auxiliary �elds

due to a point force L located at x0, either inside the open �uid domain D or

outside the domain R3nD , but not at the boundary %D . Note that D denotes

closure of the open domain D , i.e. D = D [ %D . Therefore, the auxiliary �elds

satisfy

r � 2 ¹2º¹xº = � L � ¹x � x0º– (2.26a)

u¹2º¹xº =
1

8��
L � G¹x–x0º– 2 ¹2º¹xº =

1
8�

L � T ¹x–x0º• (2.26b)

Using equation (2.26)in the generalised reciprocal theorem (equation (2.8)), and

factoring out the arbitrary force L, we have

�
1

8�

¼

%D
D9¹xºT89:¹x0–xº  =: ¹xº 3( ¹xº

�
1

8��

¼

%D
G89¹x0–xº� 9:¹xº  =: ¹xº 3( ¹xº =

8>><

>>
:

D8¹x0º– x0 2 D –

0– x0 8 D •
(2.27)

Here we have used the fact that G¹x–x0º = G¹x0–xº, T ¹x–x0º = � T ¹x0–xº, and

 n = � n is the normal vector pointing towardsthe �uid domain D , as shown in

Figure 2.1. The integral representation of the Stokes equation, given by (2.27),

states that the velocity �eld inside any point in the �uid domain D can be obtained

using the information on the boundary of the domain %D .

The above integral equation (2.27)can be simpli�ed for the case of a rigid body

in Stokes �ow. We note that for the Stokes �ow outside a rigid body, the boundary

%D consists of the particle surface ( ? and the surface `at in�nity' ( 1 . Moreover,

the boundary condition for the �uid velocity is

u¹xº = \ Ï 
 � ¹ x � x2º = vRBM¹xº– x 2 ( ?
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Figure 2.1: The domain of interest, D , with normal vectors  n pointing towards D .
Fluid velocity at any point in the domain D can be obtained by integrating over
the boundary of the domain, %D , which, in the case of an unbounded domain,
includes the `surface at in�nity' ( 1 .

and u¹xº ! 0 as jxj ! 1 . Here \ and 
 are respectively the linear and angular

velocity of the rigid body with centre of mass at x2. Therefore, we have

D8¹x0º = �
1

8�

¼

( ?

ERBM
9 ¹xºT89:¹x0–xº  =: ¹xº 3( ¹xº

�
1

8��

¼

( ?

� 9:¹xº  =: ¹xºG89¹x0–xº 3( ¹xº– x0 2 D • (2.28)

The contribution from ( 1 is zero because the velocity �eld decays to zero at

in�nity. Note that the rigid body velocity also satis�es the steady Stokes equation

with stress tensor given by a constant isotropic pressure ?0. Using the integral

representation for vRBM insidethe rigid body, we have

0 = �
1

8�

¼

( ?

ERBM
9 ¹xºT89:¹x0–xº  =: ¹xº 3( Ï

?0

8��

¼

( ?

 =9¹xºG89¹x0–xº 3(– x0 2 D

(2.29)

Owing to the incompressibility of the Stokeslet (equation (2.22)), the second term

on the right-hand side of equation (2.29)is zero. Therefore, equation(2.28)reduces

to

D8¹x0º = �
1

8��

¼

( ?

� 9:¹xº  =: ¹xºG89¹x0–xº 3( ¹xº– x0 2 D • (2.30)

The generalization of equation (2.30)to multiple bodies in the presence of external

steady Stokes �ow is straightforward. The complete solution in this case is
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given by the sum of the Stokeslet integrals over the surfaces of each rigid body,

supplemented by the external �ow velocity [10].

It is easy to interpret equation (2.30). The term on the right-hand side of

equation (2.30)is called the single-layerpotential, and it denotes the velocity �eld

due to a `single layer' of forces of strength 2 �  n distributed on the surface of the

rigid body.

Returning to the general form of integral representation given by equation

(2.27), the second term on the left-hand side of equation (2.27)is called the double-

layerpotential. The interpretation of the double-layer potential is more subtle, as

discussed below.

2.1.5 Interpretation of The Double-Layer Potential

Recall from equation (2.23) we have,

T89:= �P : � 89Ï ¹ %9G8: Ï %8G9:º•

Let us understand each of the terms on the right-hand side in more detail.

2.1.5.1 The Potential Source

Consider a potential �ow due to a point source, described by u = r ) , with

r � u = r 2) = & � ¹xº, where & 7 0 denotes the strength of the point source. The

solution is simply given by

) ¹xº = �
&

4� jxj
– u¹xº =

& x
4� jxj3

• (2.31)

Comparing the �ow due to a source to the Green's function of the pressure P , it

is clear that P ¹x–x0º represents �uid �ow at point x, due to a point source of unit

strength located at x0.

2.1.5.2 The Rotlet and the Stresslet

Consider steady Stokes �uid �ow due to two point forces of equal and opposite

strength jLj, acting at x0 Ï d•2 and x0 � d•2, on the �uid. The velocity �eld for

such a �ow is given by

u¹xº =
1

8��
L � »G¹x–x0 Ï d•2º � G¹x–x0 � d•2º¼•

Taking the limit jLj ! 1 –jdj ! 0, such that � 93: � � � 9: remains constant, we

get �ow due to a force dipoleas

D8¹xº = �
1

8��
� 9:

%
%G0:

G89¹x–x0º =
1

8��
� 9:%: G89¹x–x0º• (2.32)
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Figure 2.2: Streamlines of the velocity �elds produced by various singularities at
the origin. (a) Stokeslet centered at the origin with the force on the �uid indicated
by the black arrow. (b) Rotlet centered at the origin, with the torque on the �uid
indicated by the black arrow. The red arrows represent two equal and opposite
forces, which, in the limit of vanishing separation and increasing magnitude,
produce a point torque. (c) Stresslet centered at the origin. The red arrows show
two equal and opposite forces that, in the same limit, give rise to the stresslet �eld.

Since %9G89= 0, the isotropic part of the dipole � 9: does not contribute to the

velocity �eld. Therefore, we will only deal with the traceless part of � 9: given by

� 9: � ¹ 1•3º� ==� 9:. We can further decompose the traceless dipole into symmetric

part ( 9: = ( :9 and antisymmetric part ) 9: = � ) :9 as

� 9: �
1
3

� ==� 9: = ) 9: Ï ( 9:• (2.33)

Note that by construction, ) 99= 0– (99= 0. Using equation (2.33)in equation (2.32),

we have

D8 =
1

8��

) 9:

2
¹%: G89� %9G8:º

|                        {z                        }
Rotlet

Ï
1

8��

( 9:

2
¹%: G89Ï %9G8:º

|                         {z                         }
Stresslet

• (2.34)

The antisymmetric dipole contribution to the velocity �eld is called the rotlet, and

the symmetric dipole contribution is called the stresslet[10, 11], as shown in Figure

2.2.

To understand the stresslet and the rotlet in more detail, it is informative to

look at the force density due to the dipole � 9:. The velocity �eld in equation (2.32)

corresponds to the stress tensor� 89which satis�es

%9� 89¹xº = � lim
jLj!1
jdj! 0

� 8»� ¹x � x0 � d•2º � � ¹x � x0 Ï d•2º¼= � %9¹� 89� ¹x � x0ºº•

Therefore, the dipole � 89can be thought of as the point stress acting on the �uid

due to the dipole. Rewriting the antisymmetric part of the dipole ) 89in terms of a
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Figure 2.3: Redrawn from Kim & Karilla [10]. Schematic of the velocity stream-
lines due to double-layer potential. The double-layer potential consists of two
contributions: (a) from point sources (black arrows), and (b) from stresslets (force
bilayer, shown as black arrows), both distributed along the boundaries of the
domain (taken here to be the x-axis). (a) Point sources contribute to a discontinuity
in the normal component of the velocity �eld across the boundary. (b) Stresslets
contribute to a discontinuity in the tangential component of the velocity �eld
across the boundary.

pseudo-vector ) : , we have

) 89=
1
2

&89:) : =) ) : = &:89) 89= lim
jLj!1
jdj! 0

¹d � Lº: – (2.35)

where &89:is the Levi-Civita symbol. Therefore, the antisymmetric part ) 89� ¹x � x0º

can be understood in terms of a point torque ) : � ¹x � x0º acting onthe �uid. Using

the decomposition (2.33), the steady Stokes equation in the presence of a force

dipole reads,

r � 2¹xº Ï r � »Y� ¹x � x0º¼ Ï
1
2

r � » Z � ¹x � x0º¼ Ïr

�
1
3

� ==� ¹x � x0º

�
= 0• (2.36)

SinceY represents a symmetric stress actingon the �uid, the �ow associated with

Y is called a stresslet. Similarly, Z represents the torque due to a dipole onthe �uid,

and the associated �ow is called a rotlet. The last term on the right-hand side of

equation (2.36)appears as an isotropic stress acting radially outwards on the �uid.

This isotropic stress is balanced by the pressure to enforce incompressibility and

does not lead to any �ow �eld, as seen by its absence from equation (2.34).

Now that we understand each part that makes up T89:= �P 8� :9Ï¹ %9G8: Ï %: G89º

(see equation (2.23)), we can see why the �rst term on the right-hand side of

equation (2.27)is called the double layer potential. The term D9T89: =: represents
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2.1. A QUICK REVIEW OF MICROHYDRODYNAMICS

the �ow due to a point source of strength D9 =9 and the stresslet of strength D9 =: .

The integral of these quantities over the boundaries represents point sources and

force dipoles (two layers of forces) distributed on the surface of the body, as shown

in Figure 2.3. This interpretation highlights an important point about the double-

layer potential. The �ow due to the double-layer potential is discontinuous across

a boundary, as shown in Figure 2.3. This fact plays a central role in the boundary

integral formulation in terms of the double-layer potential, yielding a second-kind

integral equation.

2.1.6 Multipole Expansion

Returning to the case of a rigid body in steady Stokes �ow, we have the integral

form for the �uid velocity outside the rigid body given by equation (2.30). Since

the integral is evaluated over the surface of the body, the resulting velocity �eld

inherently depends on the geometry of the rigid body. However, at distances

much larger than the characteristic size of the body, the in�uence of these geo-

metric details diminishes, and the velocity �eld exhibits universal features. This

asymptotic behaviour is systematically captured through a multipole expansion.

Multipole expansion relies on the idea that the evaluation point x0 of the velocity

�eld is far away from the source point x, i.e., jxj � j x0j, with the origin located

somewhere inside the rigid body. One can then use the Taylor expansion to write

G89¹x0–xº =
1Õ

==0

1
=!

¹x � r xº= G89¹x0–xº

�
�
�
�
x=0

=
1Õ

==0

¹� 1º=

=!
¹x � r x0º

= G89¹x0–0º•

Using this in equation (2.30), we get the far-�eld �uid velocity outside the rigid

body as

D8¹x0º = �
1

8��

¼

( ?

� 9:¹xº  =: ¹xº
1Õ

==0

¹� 1º=

=!
¹x � r x0º

= G89¹x0–0º 3( ¹xº

= �
1

8��
� �

9G89¹x0–0º Ï
1

8��
� 9:

%
%G0:

G89¹x0–0º Ï •••– (2.37)

where

� �
9 =

¼

( ?

� 9:¹xº  =: ¹xº 3( ¹xº– (2.38a)

� 9: =
¼

( ?

G: � 9<¹xº  =< ¹xº 3( ¹xº• (2.38b)

Therefore, the far �eld velocity from a body can be written in terms of a Stokeslet

with strength equal to the hydrodynamic force on the body L � which decays as

33



CHAPTER 2. MATHEMATICAL BACKGROUND

jx0j � 1, a force dipole with strength J which decays as jx0j � 2 and higher order

multipole moments which decays faster than jx0j � 2. From our previous discussion,

we can decompose the force dipole J into a symmetric traceless part Y with the

associated �ow called a stresslet and an antisymmetric part Z with the associated

�ow called a rotlet. Using equations (2.33) and (2.35), we have

) 9: =
1
2

¹� 9: � � :9º =
1
2

¼

( ?

»2 �  nº9G: � ¹ 2 �  nº: G9¼3( ¹xº (2.39a)

) 8 = &89:) 9: = &89:

¼

( ?

¹2 �  nº9G: 3( ¹xº = � ) �
8 – (2.39b)

( 9: =
1
2

¹� 9: Ï � :9º �
1
3

� << � 9: =
1
2

¼

( ?

»2 �  nº9G: Ï ¹ 2 �  nº: G9¼3( ¹xº

�
1
3

� 9:

¼

( ?

¹2 �  nº< G< 3( ¹xº• (2.39c)

Note that equation (2.39b)shows that the antisymmetric part of the force dipole J

corresponds to the negative of the hydrodynamic torque Z � on the body. Therefore,

the far-�eld velocity due to a body can be written in terms of Stokeslet, rotlet, and

stresslet as

D8¹x0º =
1

8��

2
6
6
6
6
6
6
6
4

� � �
9G89¹x0–0º

|           {z           }
Stokeslet

Ï
1
2

&9<: ) �
<

%
%G0:

G89¹x0–0º
|                        {z                        }

Rotlet

Ï ( 9:
%

%G0:
G89¹x0–0º

|                 {z                 }
Stresslet

3
7
7
7
7
7
7
7
5

Ï •••

(2.40)

In the overdamped limit, the hydrodynamic force L � and hydrodynamic torque

Z � are negative of the external force and torque acting on the body. Therefore, for a

body under an external force, like gravity, the leading order �ow �eld is produced

due to the Stokeslet. For neutrally buoyant bodies experiencing no external torque,

the leading-order contribution to the �ow �eld arises from the stresslet. This is

typically the case for many microorganisms [11, 13]. As discussed previously, the

stresslet contributes to the symmetric stress tensor in the �uid (see equation (2.36)).

Thus, a suspension of neutrally buoyant particles leads to a change in the viscosity

of the �uid.

2.2 A Quicker Review of Electrostatics

The governing equation for the electric �eld K in the realm of electrostatics is given

by [59, 60, 97]

r � K¹xº = � ¹xº• &0– r � K¹xº = 0 (2.41a)
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=) K¹xº = � r ) ¹xº– r 2) ¹xº = � � ¹xº• &0• (2.41b)

Here � is the charge density, &0 is the permittivity of the free space, and ) ¹xº is

the scalar potential. The charge density on the surface ( ? of a perfect conductor

can be obtained in terms of the potential outsideits surface as [59, 60, 97]

� ¹xº = � &0  n¹xº � r ) ¹xº– x 2 ( ?•

The normal vector  n points outsidethe surface of the conductor. Therefore, the

total charge on the surface is given by

& =
¼

( ?

� ¹xº3( ¹xº = � &0

¼

( ?

 n¹xº � r ) ¹xº 3( ¹xº– x 2 ( ?• (2.42)

We shall exclusively work with the scalar potential, which is su�cient to describe

various phenomena in electrostatics.

2.2.0.1 Free Space Green's Function in Electrostatics

Consider the fundamental solution of the electrostatic potential in an unbounded

domain

r 2) ¹xº = �
&
&0

� ¹x � x0º; ) ¹xº ! 0 as jxj ! 1 – (2.43)

where & � ¹x � x0º is the point charge density located at x0. This can be easily

solved either using Fourier transforms or by noting that r 2jxj � 1 = � 4�� ¹xº. The

fundamental solution is given by [59, 60, 98]

) ¹xº =
&

4�& 0
G¹x–x0º– G¹x–x0º �

1
jx � x0j

• (2.44)

Here x is the target point, x0 is the source point, and G is the Green's function for

the electrostatic potential. Note that the Green's function satis�es

r 2G¹x–x0º = � 4�� ¹xº• (2.45)

2.2.1 Green's Reciprocal Theorem in Electrostatics

The Lorentz reciprocal theorem in microhydrodynamics has an analog in elec-

trostatics, known as Green's reciprocal theorem. Both theorems are based on

the same principle of relating the integrals of two �elds over a common domain.

Consider two electrostatic potentials ) ¹1º and ) ¹2º in the same domain D . Using

the divergence theorem, we have
¼

%D
) ¹1º»n � r ) ¹2º¼3( �

¼

%D
) ¹2º»n � r ) ¹1º¼3(

=
¹

D
) ¹1ºr 2) ¹2º 3+ �

¹

D
) ¹2ºr 2) ¹1º 3+• (2.46)
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Here n is the normal vector to the boundary of the domain, denoted by %D ,

pointing away from the domain D . Equation (2.46) is called the generalised

reciprocal theorem in electrostatics.

A corollary of the reciprocal theorem is the linear relationship between total

charge and the potential on the surface of a perfect conductor. Consider two

separate con�gurations, each involving a single perfect conductor. The electrostatic

potentials ) 1¹xº and ) 2¹xº correspond to conductors carrying charges & 1 and & 2,

and held at surface potentials +1 and +2, respectively. Since the potential �eld

satis�es the homogeneous Laplace equation outside the conductor in both cases,

the reciprocal theorem yields

+1

¼

( ?

»n � r ) 2¼3( = +2

¼

( ?

»n � r ) 1¼3( =) +1& 2 = +2& 1•

The fact that & •+ is identical in both cases implies that it depends solely on

the surface geometry, which remains unchanged between the two con�gurations.

This proportionality constant � = & •+ , which relates charge to potential on a

conductor, is called capacitanceof a conductor, which only depends on the geometry

of the conductor. The concept of capacitance, or its inverse called the potential

matrix, straightforwardly generalises to multiple conductors. The potential matrix

is thoroughly used in Chapter 5 of this thesis.

2.2.2 Integral Representation of Electrostatic Potential

Let ) ¹1º = ) ¹xº be the desired electrostatic potential satisfying the homogeneous

Laplace equation in the domain D . Let ) ¹2º be the auxiliary electrostatic potential

due to a point charge & located at x0, either in the domain D , or outside the

domain R3nD , but not at the boundary %D . The auxiliary potential satis�es

r 2) ¹2º¹xº = �
&
&0

� ¹x � x0º– ) ¹2º¹xº =
&

4�& 0
G¹x–x0º•

Using the reciprocal theorem for electrostatics (2.46)and factoring out the arbitrary

charge & , we have

1
4�

¼

%D
) ¹xº  n¹xº � r G¹x–x0º 3( ¹xº

�
1

4�

¼

%D
G¹x–x0º  n¹xº � r ) ¹xº 3( ¹xº =

8>><

>>
:

) ¹x0º– x0 2 D –

0– x0 8 D •
(2.47)

Here  n again points towards the domain of interest D (see �gure 2.1). The �rst

term on the left-hand side of equation (2.47)is called the double-layer potential,
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and the second term is called the single-layer potential. The nomenclature is clear

as they represent potential due to a dipole layer and a single layer of charges

distributed over the boundaries of the domain.

The integral representation for the potential outside a perfect conductor can be

simpli�ed using the fact that the potential inside a perfect conductor is constant

and equal to its surface value, +0. This is similar to the single-layer representation

of rigid bodies in Stokes �ow. Applying the reciprocal theorem inside the surface

of the conductor with the target point x0 lying in the domain D , which is outside

the conductor, we have

0 =
1

4�

¼

( ?

 n¹xº � r G¹x–x0º 3( ¹xº– x0 2 D (2.48)

Equation (2.48)can also be interpreted as stating that the �ux of �uid through a

closed surface, due to a source located outside the enclosed volume, is zero. Using

equation (2.48)in the equation (2.47)and noting that, as the potential �elds decay

to zero at in�nity, the boundary contribution comes only from the surface of the

conductor, we have

) ¹x0º = �
1

4�

¼

( ?

G¹x0–xº  n¹xº � r ) ¹xº 3( ¹xº– x0 2 D • (2.49)

2.2.3 Multipole Expansion in Electrostatics

Similar to the case in Stokes �ow, one can obtain the universal structure of the

potential �eld outside a conductor at distances much larger than the typical size

of the conductor using the multipole expansion. For simplicity, we assume that

the origin is located somewhere inside the conductor and jxj � j x0j. Using the

Taylor expansion

G¹x0–xº =
1Õ

==0

1
=!

¹x � r xº=G¹x0–xº

�
�
�
�
x=0

=
1Õ

==0

¹� 1º=

=!
¹x � r x0º

=G¹x0–0º–

in equation (2.49), we have

) ¹x0º = �
1

4�

¼

( ?

 n¹xº � r ) ¹xº
1Õ

==0

¹� 1º=

=!
¹x � r x0º

=G¹x0–0º 3( ¹xº

=
&

4�& 0
G¹x0–0º �

d
4�& 0

� r x0G¹x0–0º Ï •••– (2.50)

where & is the total charge on the conductor and d is the dipole moment of the

conductor, given by

& = � &0

¼

( ?

 n¹xº � r ) ¹xº 3( ¹xº– (2.51a)
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d = � &0

¼

( ?

x»  n¹xº � r ) ¹xº¼3( ¹xº• (2.51b)

The higher-order multipole moments can be computed by taking higher-order

moments of the surface charge density � &0  n�r ) . Note that for a charged conductor,

the leading order contribution to the potential decays as jx0j � 1. For an uncharged

conductor, the dipole moment contributes to the leading-order potential �eld,

which decays as jx0j � 2.

The main ideas covered up to now for both microhydrodynamics and elec-

trostatics will help in studying the hydrodynamic and electrostatic interactions

between multiple rigid bodies and conductors, respectively. Comprehensive

details on these topics can be found in [10, 59, 60].

2.3 Singularity Solutions in Electrostatics

We are interested in obtaining the electrostatic potential outside a perfect conductor

in an unbounded domain. Let ( ? denote the surface of the conductor. This requires

solving the boundary value problem given by

r 2) ¹xº = 0– (2.52a)

) ¹xº = ) 0– x 2 ( ?– (2.52b)

) ¹xº ! 0 as jxj ! 1 • (2.52c)

Here ) 0 is the constant potential over the surface of the conductor. Note that

any linear functional of the electrostatic Green's function, whether an integral or

a di�erential operator, satis�es the homogeneous Laplace equation outside the

region ( ?, provided the source of the Green's function lies outside the domain, i.e.,

within the conductor. This forms the basis of singularity solutions. A singularity

solution to a given boundary value problem consists of a superposition of such

linear functionals of the Green's function, constructed to satisfy the prescribed

boundary conditions. We now review singularity solutions for spherical and

spheroidal conductors [99].

2.3.1 Charged Sphere

Consider a sphere with radius 0, centered at the origin. The singularity solution

is simply given by the point charge placed at the centre of the sphere as

) ¹xº = 0) 0G¹x–0º = ) 0
0

jxj
• (2.53)

38
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It is easy to see that the solution satis�es the Laplace equation outside the sphere

and the boundary conditions given by equation (2.52). The total charge & on the

surface of the sphere is given by

& = � � 0

¼

( ?

 n � r ) 3( = � � 0

¹

+?

r 2) 3+ = ¹4� 0&0º) 0• (2.54)

Consequently, the capacitance of the sphere is given by� = & • ) 0 = 4� 0&0 [60, 64,

97, 100].

2.3.2 Charged Prolate Spheroid

Any point x on a prolate spheroid ( ? with semi-major axis 0 and aspect ratio

� ¹7 1º, oriented along the unit vector p and centered at origin is given by

x �

�
1
02

pp Ï
1

02� � 2
¹%� ppº

�
� x = 1– x 2 ( ?• (2.55)

The singularity solution to equation (2.52)can be represented in terms of a uniform

charge distribution located along the symmetry axis of ( ? as [99]

) ¹xº = ) 0

�
1

2 arctanh4

¹ 04

� 04
G¹x–� pº 3�

�
– (2.56)

where 4 =
p

1 � � � 2 is the eccentricity. The total charge & on the surface of ( ? is

given by

& = � � 0

¼

( ?

 n � r ) 3( = � � 0

¹

+?

r 2) 3+ =

�
4� 0� 04

arctanh 4

�
) 0– (2.57)

Consequently, the capacitance � � & • ) 0 of the perfectly conducting prolate

spheroid ( ? is given by [60, 64, 97, 100]

� =
4� 0� 04

arctanh 4
• (2.58)

Note that as lim 4! 0 � = 4� 0� 0, which is the capacitance of a sphere of radius 0.

2.3.3 Charged Oblate Spheroid

The singularity solution of an oblate spheroid can be derived from that of a prolate

spheroid using the eccentricity transformation [101]

4 !
84

p
1 � 42

• (2.59)
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Therefore, the potential �eld due to an isolated oblate spheroid described by

equation (2.55) with � 5 11 is given by:

) ¹xº = ) 0

(
1

2 arcsin4

¹ 04• �

� 04• �
G¹x– 8� pº 3�

)

• (2.60)

Note that for cartesian coordinates aligned such that the unit vector p is along the

z-axis, G¹x– 8� pº gives rise to a term
1

p
G2 Ï H2 Ï ¹ I � 8� º2

which is singular on the

disk of radius � in the G� Hplane (I = 0), which corresponds to the singularity

distribution for an oblate spheroid [10].

Correspondingly, the capacitance of an isolated oblate spheroid is given by [60,

64, 97, 100]

� =
4� 0� 04

� arcsin 4
• (2.61)

2.3.4 Grounded Prolate Spheroid in Presence of a Uniform

Electric Field

The potential �eld in this case can be divided into two parts as ) = ) 3 Ï ) 1 .

Here ) 3 is the disturbance potential produced by the grounded prolate spheroid

to maintain zero potential on its surface, and ) 1 = � K1 � x, with K1 being the

ambient uniform electric �eld. The boundary value problem to be solved for ) 3¹xº

outside ( ? in this case is

r 2) 3¹xº = 0– (2.62a)

) 3¹xº = K1 � x– x 2 ( ?– (2.62b)

) 3¹xº ! 0 as jxj ! 1 • (2.62c)

The singularity solution can be represented as [99]

) 3¹xº = K1 �

(
3- �

?

243
p

¹ 04

� 04
� G¹x–� pº 3�

�
3. �

?

443
¹%� ppº � r

¹ 04

� 04
¹0242 � � 2ºG¹x–� pº 3�

)

– (2.63)

where

- �
? �

43

3
¹arctanh 4 � 4º� 1– . �

? �
243

3

� 4
1 � 42

� arctanh 4
� � 1

• (2.64)

1the eccentricity is now given by
p

1 � � 2
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The �rst integral term in equation (2.63)represents a linear charge distribution

along the symmetry axis, whereas the second integral term represents the parabolic

distribution of dipole moments pointing perpendicular to the symmetry axis. Note

that the charge distribution in the �rst integral term has a non-zero dipole moment

but zero net charge. The induced dipole moment d is given by (see equation(2.51b))

d = � � 0

¼

( ?

x  n � r ) 3( = � � 0

¹

+?

»r ) Ï x r 2) ¼3+ (2.65)

The volume integral of the gradient term doesn't contribute since ) = 0 on ( ? and

¹

+?

r ) 3+ =
¼

( ?

)  n 3( = 0• (2.66)

Therefore, the dipole moment is given by

d = � � 0

¹

+?

x r 2) 3 3+ = 4� 03� 0»- �
? pp Ï . �

? ¹%� ppº¼ �K1 • (2.67)

Note that lim 4! 0 - �
? = lim 4! 0 . �

? = 1, resulting in lim 4! 0 d = 4� 03� 0K1 and we

get the dipole moment of a sphere of radius 0. We can rewrite equation (2.63)in

terms of the dipole moment d as

) 3¹xº =
3

8� 0343� 0
d � p

¹ 04

� 04
� G¹x–� pº 3�

�
3

16� 0343� 0
d � ¹%� ppº � r x

¹ 04

� 04
¹0242 � � 2º G¹x–� pº 3� • (2.68)

2.3.5 Grounded Oblate Spheroid in Presence of a Uniform

Electric Field

We again use the eccentricity transformation (2.59)to obtain the dipole moment

d and disturbance potential �eld ) 3¹xº due to a grounded oblate spheroid in the

presence of a uniform background electric �eld K1 . The dipole moment is given

by

d = 4� 03� 0»- �
> pp Ï . �

> ¹%� ppº¼ �K1 – (2.69)

where

- �
> �

43

3
»4¹1 � 42º � ¹ 1 � 42º3•2 arcsin 4¼� 1– (2.70a)

. �
> �

243

3

�
4¹1 � 42º2 � ¹ 1 � 42º3•2 arcsin 4

� � 1
• (2.70b)
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The disturbance potential �eld is given by:

) 3¹xº =
3� 3

8� 0343� 0

�
d � p

¹ 04• �

� 04• �
� 8� G¹x– 8� pº 3�

�
1
2

d � ¹%� ppº � r x

¹ 04• �

� 04• �

�
0242

� 2
� � 2

�
G¹x– 8� pº 3�

�
• (2.71)

2.4 Faxén's Laws for Arbitrarily Shaped Conductors

in Electrostatics

Once the singularity solutions are known for a given conductor geometry, Faxén's

laws can be used to determine the induced multipole moments on the conductor

due to an arbitrary background potential �eld. This approach enables analytical

expressions for the electrostatic potential outside a collection of conductors, as

each conductor induces multipole moments in response to the others. The power

of the reciprocal theorem lies in its ability to relate these induced multipole

moments to the singularity solutions. Faxén's laws for electrostatics can be derived

analogously to those in microhydrodynamics [10], using the reciprocal theorem.

The electrostatic counterpart for spheres is detailed in [58], and we extend this

framework to arbitrarily shaped conductors.

2.4.1 Faxén's Law for Total Charge and Potential on a Conductor

We follow the approach of [10] to relate the total charge & on the surface of

a conductor to its surface potential + in presence of an arbitrary background

potential �eld 5 1 ¹xº, such that ) 1 ¹xº � O¹ 1•j xjº as x goes to in�nity. Let us

denote the surface of an arbitrary-shaped conductor by ( ?. Note that total charge

on ( ? due to a potential ) ¹xº outside it, is given by

& = � � 0

¼

( ?

r ) �  n 3(– (2.72)

where  n is the outward pointing normal vector to ( ? and � 0 is the permittivity of

free space.

We use the reciprocal theorem with the details of the two �elds as follows:

1. Take ) 1 to be the potential �eld satisfying the Laplace equation outside the

isolated conductor with ) 1 = ) 10 on ( ?, where ) 10 is some constant and ) 1

goes to zero at in�nity. This is a case of an isolated conductor with some

charge & 1 on its surface given by & 1 = � ) 10, where � is the capacitance of

the conductor.
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2. Take) 2 to be the potential �eldgiven by the solution of r 2) 2¹xº = � & 0� � 1
0 � ¹x�

yº, where y 2 � , with ) 2 = + on ( ?. Here, the ambient potential �eld ) 1
2 ¹xº

is given by a point charge located at y, and the conductor produces a dis-

turbance �eld in order to satisfy the boundary condition on its surface. Let

& 2 be the charge on the conductor, which is to be determined using the

reciprocal theorem.

Using equations (2.46) and (2.72), we have2,

& 0) 1¹yº = & 1+ � & 2) 10

=) & 2) 10 = � ) 10+ � & 0) 1¹yº• (2.73)

Now, ) 1¹yº can be represented in terms of singularity solution as

) 1¹yº = ) 10F+ fG¹ y–/ ºg = ) 10F+ fG¹ / –yºg• (2.74)

Here F+ is the corresponding linear functional and / represents the region inside

the conductor over which the singularities are distributed. Using equations (2.4.1)

and (2.74), we have

& 2 = �+ � & 0F+ fG¹ / –yºg = �+ � 4�& 0F+ f ) 1
2 ¹/ ºg• (2.75)

Here we have used the fact that & 0G¹/ –yº = 4�& 0) 1
2 ¹/ º. However, all ambient

�elds ) 1 ¹xº that decay at in�nity and satisfy the Laplace equation can be con-

structed using an appropriate set of point charges. Therefore, equation (2.75)

applies to a general ambient �eld ) 1 ¹xº. Thus, the relation between charge & on a

conductor and the potential + on its surface in presence of a background potential

�eld ) 1 ¹xº is given by

& = �+ � 4�& 0F+ f ) 1 ¹/ ºg• (2.76)

This result can be directly applied to the bodies with a known singularity

solution of the form given in equation (2.74). In particular, for a prolate spheroid

with semi-major axis 0, eccentricity 4, and orientation vector p, we have the

singularity representation given by equation (2.56)and capacitance by equation

(2.58). Therefore, the charge & on the prolate spheroid in the presence of a

background potential �eld ) 1 is given by

& =
4� 0� 04

arctanh 4

�
+ �

1
204

¹ 04

� 04
) 1 ¹x2 Ï � pº 3�

�
– (2.77)

2We have used the fact that the �elds involved in the problems decay fast enough far from the
conductor to have zero contribution from the surface �at in�nity�.
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where 2 = 04and x2 denotes the centre of the prolate spheroid.

Similarly, the charge relation for an oblate spheroid with semi-major axis 0 and

orientation vector p in the presence of a background potential �eld ) 1 is given by

& =
4� 0� 04

� arcsin 4

(

+ �
�

204

¹ 04• �

� 04• �
) 1 ¹x2 Ï 8� pº 3�

)

– (2.78)

2.4.2 Faxén's Law for Induced Dipole Moment on a Conductor

To relate the induced dipole moment d on a conductor in the presence of an ambient

potential �eld ) 1 ¹xº, we again use the reciprocal theorem with the details of the

two �elds as follows:

1. Take ) 1 to be the potential �eld satisfying the Laplace equation outside the

isolated conductor with ) 1 = K1
10 � x on ( ?, where K1

10 is a constant electric

�eld and ) 1 goes to zero at in�nity. This is a case of the disturbance potential

produced by a grounded isolated conductor placed in a uniform ambient

�eld K1
10.

2. Take) 2 to be the potential �eldgiven by the solution of r 2) 2¹xº = � & 0� � 1
0 � ¹x�

yº, where y 2 � , with ) 2 = 0 on ( ?. The goal is to determine the induced

dipole moment d2 in this case.

Applying the reciprocal theorem in these two �elds gives

& 0) 1¹yº = � 0K1
10 �

¼

( ?

xr ) 2 �  n 3( = � K1
10 � d2– (2.79)

where we have used the fact that the surface charge density on the conductor

is given by � 2 = � � 0r ) 2• n and dipole moment d2 is simply the �rst moment of

this charge density on the conductor. Now, ) 1¹yº can be represented in terms of

singularity solution as

) 1¹yº = K1
10 � F � fG¹ y–/ ºg = K1

10 � F � fG¹ / –yºg• (2.80)

Here F � is the corresponding linear functional and / represents the region inside

the conductor over which the singularities are distributed. Using this in equation

(2.79) and factoring out K1
10, we have

d2 = � F � f & 0G¹/ –yºg = � 4�& 0F � f ) 1
2 ¹/ ºg– (2.81)

where ) 1
2 is the ambient potential �eld in the second case. Again, for the general

ambient �eld ) 1 ¹xº constructed using an appropriate set of point charges, the

dipole moment d on the conductor is simply given by

d = � 4�& 0F � f ) 1 ¹/ ºg• (2.82)
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This result can be directly applied to the bodies with a known singularity solu-

tion of the form given in equation (2.80). In particular, for a prolate spheroid with

semi-major axis 0, eccentricity 4, and orientation vector p we have the singularity

representation given by equation (2.63). Therefore, the induced dipole moment

on the prolate spheroid in the presence of a background potential �eld ) 1 is given

by

d = � 4� 03� 0

"
3

20343
- �

? p
¹ 04

� 04
� ) 1 ¹x2 Ï � pº 3�

Ï
3

40343
. �

? ¹%� ppº � r x2

¹ 04

� 04
¹0242 � � 2º ) 1 ¹x2 Ï � pº 3�

#

• (2.83)

Similarly, the dipole moment of an oblate spheroid with semi-major axis 0 and

orientation vector p in the presence of a background potential �eld ) 1 is given by

d = � 4� 03� 0
3� 3

20343

"

- �
> p

¹ 04• �

� 04• �
8� ) 1 ¹x2 Ï 8� pº 3�

Ï
. �

>

2
¹%� ppº � r x2

¹ 04• �

� 04• �

�
0242

� 2
� � 2

�
) 1 ¹x2 Ï 8� pº 3�

#

• (2.84)

2.5 Singularity Solutions in Microhydrodynamics

We are interested in solving for the �uid velocity �eld outside a rigid body moving

in otherwise quiescent �uid. Let ( ? denote the surface of the rigid body. This

requires solving the boundary value problem given by

� r 2u¹xº � r ?¹xº = 0– (2.85a)

u¹xº = \ Ï 
 � ¹ x � x2º– x 2 ( ?– (2.85b)

u¹xº ! 0– jxj ! 1 • (2.85c)

Here \ and 
 are the linear and angular velocity of the rigid body, and x2 is

the centre of mass of the rigid body. The singularity solutions for spherical and

spheroidal rigid bodies are well established. In this thesis, we require only the

singularity solutions in the absence of an imposed background �ow. Accordingly,

we present the solutions in a quiescent �uid and refer the reader to Kim & Karrila

[10] for the treatment of singularity solutions in the presence of a background

�ow.
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2.5.1 Rigid Body Motion of a Sphere

Consider a sphere with radius 0, centred at x2, moving with velocity \ Ï 
 �¹ x � x2º.

The singularity solution corresponding to (2.85)involves a Stokeslet and a potential

doublet (Laplacian of the Stokeslet), given by [10]

u¹xº = 6�� 0\ �

�
1 Ï

02

6
r 2

�
G¹x–x2º

8��
Ï

1
2

8�� 03¹
 � r º �
G¹x–x2º

8��
• (2.86)

The structure of this singularity solution is richer than in the case of electrostatics

(see equation(2.86)). One can understand the potential doublet term as follows.

We saw that P ¹x–x0º represents �ow due to a point source of unit strength (see

equation (2.31)). Therefore, q � rP ¹x–x0º represents �ow due to a source-sink

dipole, i.e., source and sink placed at x0 and displaced along q•j qj in�nitesimally.

This �ow is called the potential doubletand occurs in many singular solutions in

Stokes �ow. One can use the steady Stokes equation to see thatq � rP ¹x–x0º =

� q � r 2G¹x–x0º for x < x0. Therefore, the structure of the singularity solution

of a sphere consists of a Stokeslet, a potential doublet, and a rotlet (last term in

equation (2.86)).

2.5.2 Rigid Body Motion of a Prolate Spheroid

Considera prolate spheroidwithsemi-majoraxis 0andaspect ratio � ¹7 1º, oriented

along the unit vector p and centred at x2. The singularity solution corresponding

to equation (2.85)involves a uniform distribution of Stokeslets along the symmetry

axis of the spheroid, and a parabolic distribution of potential doublets and rotlets,

along with a more complex distribution of stresslets and a quadrupole moment.

The solution is given by [10]

u¹xº = �
L �

8��
�

1
204

¹ 04

� 04

�
1 Ï ¹ 0242 � � 2º

1 � 42

442
r 2

�
G¹x–x2 Ï � pº 3�

Ï
1
2

¹Z � � r º
8��

�
3

40343

¹ 04

� 04
¹0242 � � 2ºG¹x–x2 Ï � pº 3�

Ï
¹Y� � r º

8��
�

3
40343

¹ 04

� 04
¹0242 � � 2º

�
1 Ï ¹ 0242 � � 2º

1 � 42

842
r 2

�
G¹x–x2 Ï � pº 3� –

(2.87)

where

L � = � 6�� 0»- �
? pp Ï . �

? ¹%� ppº¼ �\ (2.88a)

Z � = � 8�� 03»- �
? pp Ï . �

? ¹%� ppº¼ �
 (2.88b)
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Y� �
1
2

�
42

2 � 42

�
»¹Z � � pºp Ï p¹Z � � pº¼• (2.88c)

Here, the resistance functions are given by [10]

- �
? �

8
3

43»� 24 Ï ¹ 1 Ï 42º! 4¼� 1– . �
? �

16
3

43»24 Ï ¹ 342 � 1º! 4¼� 1 (2.89a)

- �
? �

4
3

43¹1� 42º»24� ¹ 1� 42º! 4¼� 1– . �
? �

4
3

43¹2� 42º»� 24Ï ¹ 1Ï 42º! 4¼� 1– (2.89b)

with !4 � log4

�
1 Ï 4
1 � 4

�
.

2.5.3 Rigid Body Motion of an Oblate Spheroid

The singularity solution of an oblate spheroid can again be obtained using the

eccentricity transformation given by equation (2.59). Therefore, for an oblate

spheroid described by

¹x � x2º �

�
1
02

pp Ï
� 2

02
¹%� ppº

�
� ¹x � x2º = 1– x 2 ( ?–

with � 5 1 and the eccentricity given by 4 =
p

1 � � 2, the singularity solution is

given by [10]

u¹xº = �
L �

8��
�

�
204

¹ 04• �

� 04• �

�
1 Ï

�
0242

� 2
� � 2

�
1

442
r 2

�
G¹x–x2 Ï 8� pº 3�

Ï
1
2

¹Z � � r º
8��

�
3� 3

40343

¹ 04• �

� 04• �

�
0242

� 2
� � 2

�
G¹x–x2 Ï 8� pº 3�

Ï
¹Y� � r º

8��
�

3� 3

40343

¹ 04• �

� 04• �

�
0242

� 2
� � 2

� �
1 Ï

�
0242

� 2
� � 2

�
1

842
r 2

�
G¹x–x2 Ï 8� pº 3� –

(2.90)

where

L � = � 6�� 0»- �
> pp Ï . �

> ¹%� ppº¼ �\ (2.91a)

Z � = � 8�� 03»- �
> pp Ï . �

> ¹%� ppº¼ �
 (2.91b)

Y� � �
1
2

�
42

2 � 42

�
»¹Z � � pºp Ï p¹Z � � pº¼• (2.91c)

Here, the resistance functions are given by [10]

- �
> �

4
3

43»¹242 � 1º Ï 4
p

1 � 42¼� 1– . �
> �

8
3

43»¹242 Ï 1º � 4
p

1 � 42¼� 1 (2.92a)

- �
> �

2
3

» � 4
p

1 � 42¼� 1– . �
> �

2
3

43¹2 � 42º»4
p

1 � 42 � ¹ 1 � 242º ¼� 1– (2.92b)

with  � arccot
�
4� 1

p
1 � 42

�
.

This singularity solution for an oblate spheroid will be used in Chapter 4 to

study hydrodynamic interactions between multiple discs.
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2.6 Faxén's Laws in Microhydrodynamics

The Faxén's laws relate the multipole moments, such as hydrodynamic force,

torque, and stresslet, on the rigid body to the structure of their singularity solutions.

The derivation of the Faxén's laws in microhydrodynamics follows the same ideas

as discussed in Section 2.4, starting from the reciprocal theorem(2.8). With their

derivation outlined in [10], we shall simply state them here for the case of spheres

and spheroids. For a sphere with radius 0 centred at x2 and moving with velocity

\ Ï 
 � ¹ x � x2º with a background Stokes �ow u1 ¹xº, the Faxén's laws give the

hydrodynamic force and torque on the sphere as [10]

� �
8 = 6�� 0

�
1 Ï

02

6
r 2

� �
D1

8 ¹xº � +8

�

x=x2

(2.93a)

) �
8 = 8�� 03

�
1
2

$ 1
8 ¹x2º � 
 8

�
– (2.93b)

where 8 ¹xº1 = r � u1 ¹xº is the background vorticity.

Similarly, for a prolate spheroid with semi-major axis 0, aspect ratio � ¹7 1º,

eccentricity 4 =
p

1 � � � 2, and symmetry axis along the unit vector p, the Faxén's

laws give the hydrodynamic force and torque on the spheroid as [10]

� �
8 = 6�� 0»- �

? ?8?9 Ï . �
? ¹� 89� ?8?9º¼

1
204

�
¹ 04

� 04

�
1 Ï ¹ 0242 � � 2º

1 � 42

442
r 2

�
»D1

9 ¹x2 Ï � pº � +9¼3� (2.94a)

) �
8 = 8�� 03»- �

? ?8?9 Ï . �
? ¹� 89� ?8?9º¼

3
80343

�
¹ 04

� 04
¹0242 � � 2º»$ 1

9 ¹x2 Ï � pº � 2
 9¼3�

� 8�� 03&89;?;?: . �
?

�
42

2 � 42

�

�
3

40343

¹ 04

� 04
¹0242 � � 2º

�
1 Ï ¹ 0242 � � 2º

1 � 42

842
r 2

�
� 1

9:¹x2 Ï � pº 3� • (2.94b)

Here K1 ¹xº is the strain-rate associated with the background �ow u1 ¹xº. The

resistance functions - �
? – . �

? – - �
? – . �

? are given by equation (2.89).

One can use the eccentricity transformation (equation (2.59)) to obtain the

Faxén's laws for an oblate spheroid with longer side 0, aspect ratio � ¹5 1º, eccen-

tricity 4 =
p

1 � � 2 and symmetry axis along the unit vector p. These are given by
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� �
8 = 6�� 0»- �

> ?8?9 Ï . �
> ¹� 89� ?8?9º¼

�
204

�
¹ 04• �

� 04• �

�
1 Ï

�
0242

� 2
� � 2

�
1

442
r 2

�
»D1

9 ¹x2 Ï 8� pº � +9¼3� (2.95a)

) �
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> ¹� 89� ?8?9º¼

3� 3

80343

�
¹ 04• �

� 04• �

�
0242
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9 ¹x2 Ï 8� pº � 2
 9¼3�

Ï 8�� 03&89;?;?: . �
>

�
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�
3� 3

40343

¹ 04• �

� 04• �

�
0242

� 2
� � 2

� �
1 Ï

�
0242

� 2
� � 2

�
1

842
r 2

�
� 1

9:¹x2 Ï 8� pº 3� • (2.95b)

The resistance functions - �
> – . �

> – - �
> – . �

> are given by equation (2.92). The Faxén's

laws and singularity solutions for an oblate spheroid will be used in Chapter 4 to

study hydrodynamic interactions between multiple discs.

2.7 The Method of Re�ections

The methodof re�ections is an iterative scheme widely used in micro-hydrodynamics

to calculate hydrodynamic interactions between widely separated bodies [10]. This

method produces a perturbation series in terms of the order 0• ' where 0 is the

typical size of the objects and ' is their typical separation. The method is de-

scribed in [10] and is outlined for electrostatic interaction between two conductors

as follows.

The exact way to incorporate electrostatic interaction between conductors

would require obtaining a harmonic potential �eld that satis�es the constant po-

tential boundary conditions on the surface of each conductor. This problem is

barely tractable for two spheres, and hence we need to resort to some approxi-

mate methods, such as the method of re�ections, for more complex shapes like

spheroids.

In the zeroth-order approximation, the solution for two conductors (denoted

( 1 and ( 2) that are far apart is obtained by simply adding the potential �elds of

each isolated conductor, meaning the electrostatic interactions between them are
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CHAPTER 2. MATHEMATICAL BACKGROUND

Figure 2.4: Depiction of the method of re�ections, adapted from Kim & Karilla
[10] (a) Two sample surfaces( 1 and ( 2 with their typical size 0, and their separation
' . (b) The two surfaces create �elds ) 1 and ) 2, respectively, each of which satis�es
the boundary condition on its surface. The �eld ) 2 acts as an incident �eld on ( 1,
which in response creates a re�ected �eld ) 21, and vice versa. These re�ected �elds
then act as new incident �elds on the opposite surfaces, continuing the process
iteratively. This results in a perturbative series of the form ) 1 Ï ) 2 Ï ) 21 Ï ) 12 Ï •••,
which, in the 0 � ' regime, converges to a solution that simultaneously satis�es
the boundary conditions on both surfaces.

ignored. Let ) 1 and ) 2 be two potential �elds such that

) 1¹xº = +1 x 2 ( 1– (2.96a)

) 2¹xº = +2 x 2 ( 2• (2.96b)

Note that these solutions can be obtained using the singularity solutions discussed

in Section 2.3. However, ) = ) 1 Ï ) 2 doesn't satisfy the boundary conditions on

either of the surfaces. The error in the boundary condition on ( 
 is ) 3� 
 ¹xº, which

is of the order of 0• ' . The �elds ) 1¹xº and ) 2¹xº are called the �rst incident �elds

on the conductors ( 2 and ( 1, respectively. Now, ( 1 produces a disturbance �eld

) 21 and ( 2 produces a disturbance �eld ) 12 such that

) 21¹xº = � ) 2¹xº x 2 ( 1– (2.97a)

) 12¹xº = � ) 1¹xº x 2 ( 2• (2.97b)

These disturbance �elds are called the re�ected �elds, which account for the cor-

rection in the boundary conditions. Note that the �elds are uniquely labeled by

augmenting the subscripts of the incident �elds by the subscript corresponding

to the particle on which the re�ection is taking place.

These �elds can be determined using the multipole expansion discussed in

Section 2.2.3. The induced multipole moments are determined using the Faxén's
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2.7. THE METHOD OF REFLECTIONS

laws discussed in Section 2.4 Now, ) = ) 1Ï ) 2Ï ) 21Ï ) 12 is a better approximation

to the complete solution because the error in the boundary conditions is now

O¹) 12º � O¹ ) 21º which takes contributions from higher multipole moments and

decays asO¹04• ' 4º. This procedure can be iterated with the re�ected �elds from

one conductor being incident on the other conductor and producing subsequent

re�ected �elds, as shown in Figure 2.4.

For microhydrodynamics, the velocity �elds take the place of the potential

�elds in the method of re�ections. A detailed outline of the method of re�ections

in microhydrodynamics can be found in Kim & Karilla [10]. We shall apply the

method of re�ections up to the �rst re�ection in Chapter 4 of this thesis for the

case of multiple discs sedimenting in Stokes �ow.

The method of re�ections is applied up to the second re�ection for the case

of a spheroidal and a spherical charged conductors in Chapter 5 of this thesis.

We demonstrate the method of re�ection for the case of two spheroidal charged

conductors below.

2.7.1 Far Field Interaction of Two Charged Prolate Spheroids

Consider two prolate spheroids ( 1 and ( 2 with semi-major axes 01 and 02, eccentric-

ities 41 and 42, position vectors x1 and x2 and orientations p1 and p2, respectively.

Faxén's laws (see equation(2.77)) can be used to relate the potentials +1 and +2

on the surfaces of the spheroids to their total charges & 1 and & 2, respectively.

The ambient �eld around the �rst spheroid is generated by the second spheroid

and can be expressed perturbatively using the method of re�ections. The same

approach applies to the second spheroid, where its ambient �eld is in�uenced by

the �rst spheroid. Using equation (2.77), we have for the �rst spheroid

+1 = & 1
arctanh 41

4� 01� 041
Ï

1
20141

¹ 0141

� 0141

) 1
2 ¹x1 Ï � 1p1º 3� 1– (2.98a)

+2 = & 2
arctanh 42

4� 02� 042
Ï

1
20242

¹ 0242

� 0242

) 1
1 ¹x2 Ï � 1p2º 3� 1– (2.98b)

Using the method of re�ections, we have

) 1
1 ¹yº = ) 1¹yº Ï ) 21¹yº Ï ) 121¹yº••• (2.99a)

) 1
2 ¹yº = ) 2¹yº Ï ) 12¹yº Ï ) 212¹yº••• (2.99b)

Here ) 1¹yº and ) 2¹yº are the zeroth-order disturbance �elds, ) 21¹yº and ) 12¹yº

are the �rst re�ection �elds and ) 121¹yº and ) 212¹yº are the second re�ection �elds

produced by ( 1 and ( 2, respectively.
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The zeroth-order solution to the problem is

+ ¹0º
1 = & 1

arctanh 41

4� 01� 041
– +¹0º

2 = & 2
arctanh 42

4� 02� 042
• (2.100)

Since ) 1 and ) 2 are the potentials due to isolated spheroids ( 1 and ( 2, they are

given by equations (2.56) and (2.57) as

) 1¹yº =
& 1

8�� 00141

¹ 0141

� 0141

G¹y–x1 Ï � 1p1º 3� 1– (2.101a)

) 2¹yº =
& 2

8�� 00242

¹ 0242

� 0242

G¹y–x2 Ï � 1p2º 3� 1• (2.101b)

The �rst-order correction comes through the �rst re�ection as

+ ¹1º
1 =

1
20141

¹ 0141

� 0141

) 2¹x1 Ï � 1p1º 3� 1– (2.102a)

+ ¹1º
2 =

1
20242

¹ 0242

� 0242

) 1¹x2 Ï � 1p2º 3� 1– (2.102b)

with the �rst re�ection �elds ) 21 and ) 12 represented to the leading order in 0• '

by the dipole moments d¹1º
1 and d¹1º

2 . The explicit expression for the �rst re�ection

�eld ) 12 by spheroid ( 2 is (see equation (2.68))

) 12¹yº =
3

8� 03
243

2 � 0

"

d¹1º
2 � p2

¹ 0242

� 0242

� 2 G¹y–x2 Ï � 2p2º 3� 2

�
d¹1º

2

2
� ¹%� p2p2º � r y

¹ 0242

� 0242

¹02
242

2 � � 2
2º G¹y–x2 Ï � 2p2º 3� 2

#

• (2.103)

The dipole moment d¹1º
2 is given by the Faxén's laws as (see equation (2.83))

d¹1º
2 = � 4� 03

2
3

8� 03
243

2

"

- �
?2p2

¹ 0242

� 0242

� 2 3� 2

¹ 0141

� 0141

& 1

20141
G¹x2 Ï � 2p2–x1 Ï � 1p1º 3� 1

Ï
. �

?2

2
¹%� p2p2º � r x2

¹ 0242

� 0242

3� 2 ¹02
242

2 � � 2
2º

¹ 0141

0141

& 1

20141
G¹x2 Ï � 2p2–x1 Ï � 1p1º 3� 1

#

– (2.104)

where we have used equation (2.101)for ) 1¹yº in place of ) 1 in equation (2.83).

Here - �
?2 = - �

? ¹42º and . �
?2 = . �

? ¹42º are given by equation (2.64). The correspond-

ing �rst re�ection �eld ) 21¹yº and the dipole moment d¹1º
1 is obtained by simply

switching the labels 1 and 2.
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The next order correction comes through the second re�ection as

+ ¹2º
1 =

1
20141

¹ 0141

� 0141

) 12¹x1 Ï � 1p1º 3� 1– (2.105a)

+ ¹2º
2 =

1
20242

¹ 0242

� 0242

) 21¹x2 Ï � 1p2º 3� 1– (2.105b)

with the second re�ection �elds ) 121 and ) 212 represented to the leading order

in 0• ' by the dipole moments d¹2º
1 and d¹2º

2 . These dipole moments can again be

obtained using Faxén's laws (equation (2.83)) with �rst re�ection �elds in place

on ) 1 .

Therefore, up to second re�ections, the potentials on the surface of the

spheroids are related to their respective total charges as + 
 = + ¹0º

 Ï + ¹1º


 Ï + ¹2º

 ,


 2 f 1–2g. These interaction potentials are accurate up to O¹04• ' 4º.

2.8 Boundary Integral Formulation

We came across the integral representation of both the velocity �eld in Stokes

�ow (equation (2.27)) and the electrostatic potential (equation (2.47)). These

convey an important idea that the velocity �eld and the electrostatic potential

at any point in the domain can be obtained by evaluating integrals over the

boundaries of the domain. This is the essential idea behind boundary integral

methods. The mathematical beauty of the formulation, which involves linear

functional theory, and the computational advantage of reduction in dimensions

of the problem by having to discretize only the boundaries rather than the whole

domain, make the boundary integral methods attractive. We shall discuss the

boundary integral formulation for the easier case of electrostatics, and brie�y

outline it for microhydrodynamics. A detailed account of boundary integral

methods in microhydrodynamics can be found in the work of Pozrikidis [16].
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Figure 2.5: (a) The compact domain D � � R3 with the normal vector to the
boundary %D � indicated by n. (b) The modi�ed domain ¡D � which is union of D �

and the region inside the hemisphere ( "
� of radius � centered at x0.

2.9 Boundary Integral Method for Arbitrary-Shaped

Conductors in Electrostatics

Recall the integral representation of the electrostatic potential given by equation

(2.47) as

1
4�

¼

%D
) ¹xº  n¹xº � r G¹x–x0º 3( ¹xº

�
1

4�

¼

%D
G¹x–x0º  n¹xº � r ) ¹xº 3( ¹xº =

8>><

>>
:

) ¹x0º– x0 2 D –

0– x0 8 D •

Recall that  n points towards the domain of interest D . The integral representation

shows that there is a jump discontinuity across the boundaries %D . This jump

discontinuity comes from the double-layer potential, which represents the distri-

bution of dipoles over the boundaries. Let's inspect the integral properties of the

double-layer potential in more detail.

Claim:

1
4�

¼

%D �

n � r G¹x–x0º3( ¹xº =

8>>>><

>>>>
:

� 1– x0 2 D � –

0– x0 2 R3nD � –

� 1•2– x0 2 %D � –

(2.106)

where D � represents a compact volume in R3 and n is the normal to the boundary

%D � , pointing outof the bounded region of interest, as shown in Figure 2.5. Proof:
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For x0 2 D � or x0 2 R3nD � , we use the divergence theorem to get

¼

%D �

n � r G¹x–x0º3( ¹xº =
¹

D �

r 2G¹x–x0º 3+ = � 4�
¹

D �

� ¹x � x0º 3+•

This proves the �rst two cases of equation (2.106). Now consider the casex0 2 %D � .

Consider a hemisphere ( "
� of radius � , centered atx0 2 %D � as shown in Figure 2.5.

We now have a modi�ed domain ¡D � which is identical to D � in all the regions

except near x0 where it contains the region inside ( "
� as shown in the Figure 2.5.

Sincex0 2 ¡D � , we have

1
4�

¼

%¡D � ¹� º
n � r G¹x–x0º3( ¹xº = � 1– x0 2 ¡D � ¹� º•

But

lim
� ! 0

¼

%¡D � ¹� º
n�r G¹x–x0º3( ¹xº =

¼ %+

%D �

n�r G¹x–x0º3( ¹xºÏ lim
� ! 0

¹

( "
�

n�r G¹x–x0º3( ¹xº

where %+ over the integral denotes principal valueof the integral, which involves

integrating over the boundary %D � except over a small disc of radius � centered

at x0 and taking the limit � ! 0. Therefore, we have

� 1 =
1

4�

¼ %+

%D �

n � r G¹x–x0º3( ¹xº �
¹ � • 2

0

1
4�� 2

� 22� sin¹� º3� •

This �nally gives

1
4�

¼ %+

%D �

n � r G¹x–x0º3( ¹xº = � 1•2–

which completes the proof.

2.9.1 Boundary Integral Equation for Laplace Equation

We have an integral representation of the potential �eld in the domain D given

by equation (2.47). To obtain an integral equation over the boundary, consider

taking the target point x0 to the boundary enclosing a compact region in R3. Let

¡x0 2 %D � , as shown in the Figure 2.6. Note that when D is multiply connected,

%D � forms one part of the boundary, with another part being `surface at in�nity'.

The compact region in R3 enclosed by %D � is denoted by D � . We take x0 ! %D �

such that x0 = ¡x0 � �  n¹ ¡x0º, where � 7 0 and the plus and minus signs correspond

to approaching the boundary %D � from outside and inside the enclosed region
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Figure 2.6: The multiply connected domain of interest, D , with normal vectors  n
pointing towards D . The boundary of the domain, %D , is formed by the boundary
of the compact region D � � R3 and the `surface at in�nity' ( 1 .

D � , respectively. Now, consider the integral

lim
� ! 0Ï

¼

%D �

 n � r G¹x–¡x0 � �  n¹ ¡x0ºº) ¹xº 3( ¹xº

= lim
� ! 0Ï

¼

%D �

») ¹xº � ) ¹ ¡x0º¼  n � r G¹x–¡x0 � �  n¹ ¡x0ºº 3( ¹xº

|                                                                 {z                                                                 }
�1

Ï ) ¹ ¡x0º lim
� ! 0Ï

¼

%D �

 n � r G¹x–¡x0 � �  n¹ ¡x0ºº 3( ¹xº• (2.107)

The second integral �2 on the right-hand side of equation (2.107)can be written

using equation (2.106) as

lim
� ! 0Ï

1
4�

¼

%D �

 n � r G¹x–¡x0 � �  n¹ ¡x0ºº 3( ¹xº = �
1
2

Ï
1

4�

¼ %+

%D �

 n � r G¹x–¡x0º 3( ¹xº•

(2.108)

The limit in the �rst integral �1 on the right-hand side of equation (2.107)can be

taken inside the integral since the integrand is regular at ¡x0, provided ) ¹xº has a

Taylor expansion at ¡x0. This can be seen as follows. With A� j x � ¡x0j, the integral

�1 over a small patch of radius ' centred at ¡x0 has the form

� �
¹ '

0
A

�

¹A2 Ï � 2º3•2
A =|{z}

A=� C0=�

�
¹

� 4 ¹sec� º2

� 3j sec� j3
¹tan � º2
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which goes to zero as � ! 0Ï . Therefore, the integral �1 is regular near ¡x0. Using

lim � ! 0 �1 = �1¹� = 0º and equation (2.108) in equation (2.107) we have

lim
� ! 0Ï

1
4�

¼

%D �

 n � r G¹x–¡x0 � �  n¹ ¡x0ºº) ¹xº 3( ¹xº = �
1
2

) ¹ ¡x0º

Ï
1

4�

¼ %+

%D �

) ¹xº  n � r G¹x–¡x0º 3( ¹xº•

Using this result in the integral representation (equation (2.47)), we have the

boundary integral equation

1
4�

¼ %+

%D
) ¹xº  n¹xº � r G¹x–x0º 3( ¹xº

�
1

4�

¼

%D
G¹x–x0º  n¹xº � r ) ¹xº 3( ¹xº =

1
2

) ¹x0º– x0 2 %D • (2.109)

The boundary integral equation (2.109) relates quantities at the boundaries to

their surface integrals. Given a boundary condition, we have two types of integral

equations

1. Dirichlet condition: where ) ¹xº is given on %D . This leads to a �rst-kind

integral equation, which is numerically ill-conditioned [16, 102].

2. Neumann condition: where  n � r ) ¹xº is given on %D . This leads to the

second-kind integral equation, which is desirable.

Unfortunately, in the case of conductors, the Dirichlet condition is more suitable,

where ) ¹xº is constant on the boundary %D . Thus, the boundary integral equation

in its current form is not suitable for numerical implementation. In the following

sections, we shall see that an integral representation based on the double-layer

potential leads to a second-kind integral equation with the Dirichlet boundary

conditions.

2.9.2 The Double-Layer Operator

From now on, we will denote the boundary of a compact region D � using ( ?.

The domain of interest D is still exterior to this boundary ( ?. Let us de�ne the

double-layer operator on a surface ( ? as

L 3»@¼¹x0º �
1

2�

¼ %+

( ?

@¹xº  n¹xº � r G¹x–x0º 3( ¹xº– x0 2 ( ?• (2.110)

57



CHAPTER 2. MATHEMATICAL BACKGROUND

Here @¹xº 2 V and V is Hilbert space of square-integrable functions de�ned on

( ? with the inner product given by

h@1– @2i �
¼

( ?

@1¹xº@2¹xº 3( ¹xº–

Thus, L 3 : H ! H is an operator on this Hilbert space H . It can be shown that

this double-layer operator is weakly singular for Lyapunov surfaces and hence is

a compact operator [10, 16, 102].

Using equation (2.108), we have the jump discontinuity result as

lim
� ! 0Ï

1
2�

¼

( ?

@¹xº  n¹xº � r G¹x–x0 � �  nº 3( ¹xº = ¹L 3 � 1º»@¼¹x0º– x0 2 ( ?– (2.111)

where 1 is the identity operator over ( ?. Let us look at the adjoint of L 3, denoted

asL 3y. For @1– @2 2 H , we have

h@1–L 3@2i =
1

2�

¼ %+

( ?

@1¹x0º

� ¼ %+

( ?

@2¹xº  n¹xº � r G¹x–x0º 3( ¹xº

�
3( ¹x0º

= �
1

2�

¼ %+

( ?

@2¹xº  n¹xº �

� ¼ %+

( ?

@1¹x0º � r x0G¹x0–xº 3( ¹x0º

�
3( ¹xº = hL 3y@1– @2i

Therefore,

L 3y»@¼¹x0º = �
1

2�
 n¹x0º �

¼ %+

( ?

@¹xºr G¹x–x0º 3( ¹xº– x 2 ( ?• (2.112)

A jump discontinuity result similar to equation (2.111) follows for the adjoint

operator, given by

lim
� ! 0Ï

� 1
2�

 n¹x0º �
¼

( ?

@¹xºr G¹x–x0 � �  nº 3( ¹xº = ¹L 3y � 1º»@¼¹x0º– x0 2 ( ?• (2.113)

2.9.3 Spectrum of the Double-Layer Operator

Note that a constant function 20 over ( ? when acted on by the double-layer operator,

gives

L 3»20¼=
20

2�

¼ %+

( ?

 n¹xº � r G¹x–x0º 3( ¹xº = � 20• (2.114)

Therefore, a constant function over ( ? is an eigenfunction of L 3 with eigenvalue

-1.

Claim: The spectrum of L 3, lies in the real interval »� 1–1º.

Proof: Consider a function F ¹x0º de�ned in R3, given by a single-layer potential as

F ¹x0º = �
1

2�

¼

( ?

@0¹xºG¹x–x0º 3( ¹xº– (2.115)
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where L 3y»@0¼= � @0, i.e., @0 is an eigenfunction of L 3y with eigenvalue � . Take

x0 2 ( ? and de�ne

� �
= ¹x0º � � lim

� ! 0Ï
 n¹x0º � r x0F ¹x0 � �  nº

= � lim
� ! 0Ï

1
2�

 n¹x0º �
¼

( ?

@0¹xºr G¹x–x0 � �  nº 3( ¹xº = ¹L 3y � 1º»@0¼¹x0º– x0 2 ( ?•

This implies

� �
= ¹x0º = ¹� � 1º@0¹x0º• (2.116)

Note that � �
= denotes normal components of the electric �eld associated with the

potential F , just outside and inside the surface ( ?. Now, for external �ow in

domain D , we de�ne KÏ ¹xº � � r F ¹xº in the domain D , and

E Ï � �
¼

( ?

F ¹xºKÏ ¹xº�¹�  nº 3( ¹xº = �
¹

D
r �¹F KÏ º3+ =

¹

D
jr F j2 3+ � 0– (2.117)

where we have used the divergence theorem, r 2F = 0, and the fact that there is

no contribution from `surface at in�nity'. Similarly, we de�ne K� in the domain

D � , and

E � � �
¼

( ?

F ¹xºK� ¹xº �  n 3( ¹xº = �
¹

D �

r � ¹F K� º3+ =
¹

D �

jr F j2 3+ � 0• (2.118)

Using equation (2.116) we have

E � = �
¼

( ?

F ¹xº� �
= 3( ¹xº = �¹ � � 1º

¼

( ?

F ¹xº@0¹xº 3( ¹xº• (2.119)

Therefore, we have
E Ï

E � = �
¹� � 1º
¹� Ï 1º

� � � 0•

The last inequality follows from equations (2.117)and (2.118). For E � < 0, � 2

¹0–1º , which in turn gives

� =
1 � �
1 Ï �

2 ¹� 1–1º– for E � < 0• (2.120)

1. Consider the caseE � = 0. We have jr F ¹x0ºj = 0 for x0 2 D � . This implies

that F is constant in D � . From equation (2.119) we have

�¹ � Ï 1º
¼

( ?

F ¹xº@0¹xº 3( ¹xº = 0•

It follows that if F < 0 in D � , then � = � 1. From equation (2.116), we have

@0 = � � Ï
= •2. Therefore, � = � 1 is an eigenvalue of L 3y with eigenfunction
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@0 = � � Ï
= •2. SinceF is continuous across ( ?, and F is constant over ( ?, F

represents the potential due to a perfect conductor with surface denoted by

( ?. We noted previously that L 3»20¼= � 20 for a constant function 20 over

( ?. Therefore, the eigenfunction of L 3 with eigenvalue � 1 is just a constant

function.

2. Next, consider the caseE Ï = 0, which implies F is constant in D . But F ! 0

at in�nity. Therefore, F = 0 throughout D , which in turn implies @0 = 0 and

hence� = 1 is not an eigenvalue of L 3y.

Therefore, we conclude that the eigenvalues of L 3 which are complex conjugate of

the eigenvalues of L 3y lies in the range »� 1–1º with L 3»20¼= � 20 and L 3y»� Ï
=¼=

� � Ï
= . This completes the proof.

Claim: The eigenvalue � = � 1 of L 3 is non-degenerate.

Proof: Let # be a generalised eigenfunction of L 3 such that

¹L 3 Ï 1º»# ¼= 20– L 3»20¼= � 20• (2.121)

Snice L 3 is a compact operator, L 3 Ï 1, is a Fredholm operator [10, 16, 102].

Therefore, existence of solution to equation (2.121)requires that h20–" i = 0, for

all " such that ¹L 3y Ï 1º»" ¼= 0. Recall that " = � Ï
= is the normal component

of the electric �eld just outside a perfect conductor with surface denoted by ( ?.

Therefore, existence of# requires h20– � Ï
= i = 0. Let F be the associated potential

outside this conductor such that F ¹xº = 20 for G2 ( ?. Then we have

¹

D
jr F j2 3+ =

¼

( ?

F� Ï
= 3( ¹xº = h20– � Ï

= i •

If h20– � Ï
= i = 0, then F is constant in D which along with the decay condition

of F at in�nity requires 20 = 0. Therefore, for 20 < 0, no # exists for which

¹L 3 Ï 1º»# ¼= 20.

To summarize, we have the following two important results for the spectrum

of the double-layer operator

1. For the spectrum of double-layer operator � »L3¼, we have � »L3¼ 2 »�1–1º.

Moreover, L 3»20¼= � 20, where 20 is a constant function.

2. The eigenvalue � 1 is non-degenerate; therefore, any accumulation point of

the spectrum must lie within the open interval ¹� 1–1º. This point is useful

in projecting out the only eigenfunction with eigenvalue � 1, as we shall see

shortly.
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2.9.4 The Range of the Double-Layer Operator

Consider

¹L 3 Ï 1º»@¼= " (2.122)

We ask, what is the condition on " for the solution @to exist? From our previous

discussion, we saw that " cannot be a constant function. SinceL 3 Ï 1 is a Fredholm

operator, the existence of a solution requires h" – � Ï
= i = 0, where L 3y»� Ï

=¼=

� � Ï
= , and � Ï

= represents the normal component of the electric �eld outside a

perfect conductor with surface denoted by ( ?. We apply the reciprocal theorem

(equation (2.46)) on two potentials ) ¹1º = " and ) ¹2º = 20 (constant), both satisfying

homogeneous Laplace equation in D . The corresponding normal components

of the electric �eld are denoted by � "
= and � Ï

= , respectively. Using the reciprocal

theorem, we have,

h" – � Ï
= i = h20– � "

= i –

Therefore, the existence of a solution to equation (2.122), requires h20– � "
= i = 0,

where � "
= = �  n � r "

�
�
�
�
( Ï

?

and ( Ï
? denotes the outer limit of the normal derivative to

the surface. This is equivalent to the requirement that
¼

( ?

� "
= 3( = 0–

which says that the net charge enclosed inside the surface must be zero. There-

fore, the double-layer operator can only represent potentials due to charge-free

conductors.

2.9.5 Representation of Solution by Double-Layer Potential

Consider the Dirichlet problem of a perfect conductor carrying total charge & ,

placed in an unbounded domain D in the presence of a background potential

�eld ) 1 ¹xº, as given by:

r 2) ¹xº = 0– x 2 D ; ) ¹xBº = +– xB 2 ( ?; ) ¹xº ! ) 1 ¹xº as jxj ! 1 –

(2.123)

where we have constant potential + on the surface of the conductor ( ?. Rep-

resenting the solution in terms of double-layer potential in the domain D , we

have

&0) ¹x0º = �
1

2�

¼

( ?

@¹xº  n¹xº�r G¹x–x0º 3( ¹xºÏ
&
4�

G¹x–x2º
|        {z        }

supplementary part

Ï &0) 1 ¹x0º– x0 2 D –

(2.124)

61



CHAPTER 2. MATHEMATICAL BACKGROUND

where &0 is the permittivity of free space and x2 is a point that lies inside the

conductor. Here, the supplementary part is needed because the double-layer

potential cannot represent the potential outside a charged body. Taking the target

point x0 to the surface ( ? from within the domain D , using the constant potential

boundary condition and equation (2.111), we have

¹L 3 Ï 1º»@¼¹x0º = � &0+ Ï
&
4�

G¹x–x2º Ï &0) 1 ¹x0º– x0 2 ( ? (2.125)

Now, the existence of a solution @requires the right-hand side of equation (2.125)

to represent a charge-free potential �eld. Note that & is a free parameter up to

now, and hence we can choose& so that a solution exists. However, we do not

have a unique solution because if @is a solution to equation (2.125), so is @Ï 20

for any constant 20 2 R. This non-uniqueness comes from the fact that L 3 has an

eigenvalue equal to � 1. We can project out this eigenvalue from the left-hand side

of the equation (2.125) using the projection operator P 2, de�ned as

P 2»@¼ �
1

j( ?j

¼

( ?

@ 3(=
1

j( ?j
h1– @i • (2.126)

Here j( ?j is the surface area of the conductor. Note that the projection operator

maps functions to constants over ( ?. Using this projection operator, we have

¹L 3 Ï P 2 Ï 1º»@¼¹x0º = � &0+ Ï
&
4�

G¹x–x2º Ï &0) 1 ¹x0º Ï P 2»@¼– x0 2 ( ?

Since the constant eigenfunction with eigenvalue � 1 has been projected out, the

spectrum of the operator L 3 Ï P 2 Ï 1 lies in ¹� 1–1º, and hence the operator can

be inverted using the Neumann series. We choose the unique solution which

corresponds to P 2»@¼= � &0+ . This additional constraint requires us to solve the

equation

¹L 3 Ï P 2 Ï 1º»@¼¹x0º =
&
4�

G¹x–x2º Ï &0) 1 ¹x0º– x0 2 ( ?– (2.127)

which has a unique solution that can be obtained by inverting the operator on the

left-hand side using the Neumann series. Therefore, for problems where the total

charge on the conductor is given to be & , one can solve equation (2.127), which

gives the unique solution @. This solution can then be used to obtain the constant

potential on the surface of the conductor using P 2»@¼= &0+ .

2.9.6 Electrostatic Potential in the Presence of Multiple

Conductors

The previous formulation generalizes easily in the presence of multiple conductors.

The external Dirichlet problem of # charged conductors in the presence of a
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background potential �eld ) 1 ¹xº in an unbounded domain D in electrostatics is

r 2) ¹xº = 0– x 2 D ; (2.128a)

) ¹xBº = + 
 – for xB 2 ( 
 ; (2.128b)

) ¹xº ! ) 1 ¹xº as jxj ! 1 – (2.128c)

where ( 
 denotes surface of conductor 
 and 
 2 f 1–2– •••#g. In our cases of

interest, the constant potentials + 
 are to be determined in terms of the known

total charges & 
 on each conductor. The potential �eld ) ¹x0º can be represented

in terms of a double layer potential as

� 0) ¹x0º = �
1

2�

#Õ


 =1

¼

( 


@
 ¹xº  n
 ¹xº � r xG¹x–x0º 3( 
 ¹xº

Ï
#Õ


 =1

& 


4�
G¹x0–x
 º Ï &0) 1 ¹x0º– x0 2 D • (2.129)

Recall that G¹x–x0º is the Green's function of the Laplace equation, given by

G¹x–x0º =
1

jx � x0j
•

In the equation (2.129), the �rst term denotes the double layer potential, @
 is an

unknown double layer density,  n
 is outward normal to the surface ( 
 , & 
 is the

total charge on ( 
 and x
 is a point lying inside the conductor ( 
 . The unknown

double-layer densities @
 are determined using the boundary conditions

lim
x0! ( Ï




) ¹x0º = + 
 – 
 2 f 1–2– •••#g– (2.130)

where x0 ! ( Ï

 denotes the approach to the surface( 
 is from the outside of the

surface, i.e., along  n
 . Applying the boundary condition in equation (2.129), we

obtain a second-kind integral equation given by

#Õ

� =1

¹L 3

� Ï � 
� º »@� ¼¹xBº =

#Õ

� =1

& �

4�
G¹xB–x
 º � � 0+ 
 Ï &0) 1 ¹xBº– xB 2 ( 
 – (2.131)

where 
 2 f 1–2– •••#g and L 3

� is the double layer operator given by

L 3

� »@� ¼¹xBº �

1
2�

¼

( �

@� ¹xº  n� � r xG¹x–xBº 3( � ¹xº– xB 2 ( 
 • (2.132)

Given total charges & 
 's on each conductor, we are required to obtain the potentials

+ 
 's on the surface of each conductor. Using L 3

� »2¼= � 2� 
� where 2 is a constant
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function de�ned on the surface of ( � , we see that(2.131)has no unique solution.

Since+ 
 's are unknown, one chooses the solutions @
 's such that the projection

of @
 onto the subspace of constant functions (which are eigenfunctions of L 3

� ) is

exactly + 
 . The corresponding projection operator is given by

P 2

� »@� ¼ �

1
j( 
 j

� 
�

¼

( �

@� ¹xº 3( � ¹xº– (2.133)

where j( 
 j is the surface area of conductor ( 
 . Therefore, choosing
Í #

� =1 P 2

� »@� ¼=

+ 
 not only �xes the non-uniqueness problem but also determines + 
 's once

the solutions @
 's are known. This leads to a well-de�ned second-kind integral

equation given by

#Õ

� =1

¹L 3

� Ï P 2


� Ï � 
� º »@� ¼¹xBº =
#Õ

� =1

& �

4�
G¹xB–x
 º Ï &0) 1 ¹x0º– (2.134)


 2 f 1–2– •••#g–with the potential �elds given by

� 0+ 
 =
1

j( 
 j

¼

( 


@
 ¹xº 3( 
 ¹xº– 
 2 f 1–2– •••#g• (2.135)

Using the same arguments as discussed for a single conductor, it can be shown

that the spectrum of the grand operator

2
6
6
6
6
6
6
6
4

L 3
11 Ï P 2

11 L 3
12 ••• L 3

1#

L 3
21 L 3

22 Ï P 2
22 ••• L 3

2#

••• ••• ••• •••

L 3
# 1 L 3

# 2 ••• L 3
## Ï P 2

##

3
7
7
7
7
7
7
7
5

lies in the interval ¹� 1–1º and hence the equation (2.134)admits a unique so-

lution which can be obtained using the Neumann series [102]. To accurately

evaluate the double-layer operator, which becomes singular when the evaluation

point coincides with the quadrature point, we employ singularity subtraction as

L 3»@¼¹x0º = L 3»@� @0¼¹x0º Ï L 3»@0¼¹x0º = L 3»@� @0¼¹x0º � @0, where @0 = @¹x0º

and we have used the fact that L 3»@0¼= � @0.

2.10 Boundary Integral Formulation for Rigid Bodies

in Stokes Flow

The boundary integral formulation presented in detail has been borrowed from its

counterpart in microhydrodynamics, presented in detail in the works of Pozrikidis
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[16] andKim & Karilla [10]. Having understood the formulation for the electrostatic

case, we shall brie�y present the formalism for Stokes �ow, and refer the reader

to [10, 16] for a detailed in-depth discussion.

The external Dirichlet problem of # rigid bodies in an unbounded medium in

Stokes �ow is

� r ?¹xº Ï � r 2u¹xº = 0; r � u¹xº = 0; (2.136a)

u¹xBº = \ 
 Ï 
 
 � ¹ xB � x
 º– for xB 2 ( 
 ; u¹xº ! u1 ¹xº as jxj ! 1 (2.136b)

where ( 
 denotes surface of rigid body 
 , x
 is location of the centre of mass of

body ( 
 and 
 2 f 1–2– •••#g. The velocity �eld at a point x0 in the exterior domain

D can be represented in terms of a double layer potential as [10, 16]

u¹x0º = u1 ¹x0º�
1

4�

#Õ


 =1

¼

( 


q
 ¹xº�T ¹x–x0º�  n
 3( 
 ¹xºÏ V B¹x0º– x0 2 D – (2.137)

where

T ¹x–x0º � �
6rrr
jr j5

– r � ¹ x � x0º– (2.138)

G¹x–x0º �
%
jr j

Ï
r r
jr j3

– R¹x–x0º �
1
2

r � G¹x–x0º– (2.139)

V B¹x0º =
#Õ


 =1

»� L �

 � G¹x0–x8=


 º Ï Z �

 � R ¹x0–x8=


 º¼• (2.140)

The �rst term in equation (2.137)denotes the double-layer potential, q
 is an

unknown double-layer density, and  n
 is an outward normal to the surface ( 
 .

The second term V B¹x0–x8=º is the sum of supplementary �ows produced by a

point force of magnitude L �

 and a point torque of magnitude Z �


 located at a point

x
 , inside the rigid body ( 
 . For a body ( 
 with its centre of mass located within

it, x8=

 is chosen to be the position of the centre of massx
 . The unknown double

layer densities q
 are determined using the boundary conditions

lim
x0! ( Ï




u¹x0º = \ 
 Ï 
 
 � ¹ x0 � x
 º– 
 2 f 1–2– •••#g– (2.141)

where x0 ! ( Ï

 denotes the approach to the surface( 
 from outside of the surface,

i.e., along  n

3.

In the mobility problem, the external forces and torques are known for each

body, which for overdamped systems are negative of the hydrodynamic forces

3The direction of approach matters because the double layer potential has a jump discontinuity
across the surface.
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L �

 and hydrodynamic torques Z �


 . Thus, the supplementary �ow V B is known

and we are required to �nd velocities \ 
 and 
 
 . Using boundary conditions and

projecting out the marginal eigenvalues � 1 [10, 16], we get a second kind integral

equation for q
 as

#Õ

� =1

 

L 3

� Ï P A1


� �
� 
�

j( 
 j
 n
  n
 Ï %
�

!

»q� ¼¹xBº = u1 ¹xBº Ï V B¹xBº– xB 2 ( 
 – (2.142)

where j( 
 j is the surface area of the body ( 
 , L d

� is the double layer operator

given by

L 3

� »q� ¼¹xBº �

1
4�

¼

( �

q� ¹xº � T ¹x–xBº �  n� ¹xº 3( � ¹xº– xB 2 ( 
 – (2.143)

and P A1is a projection operator given by

P A1

� »q� ¼ � � 
�

n 1
j( 
 j

¼

( 


q
 ¹xº 3( ¹xº Ï
�
O� 1


 �
¼

( 


¹x � x
 º � q
 ¹xº 3( ¹xº
�

� ¹ x � x
 º
o
–

(2.144)

and O
 is the inertia tensor of ( 
 , given by [93]

O
 �
¼

( 


»%¹^ 
 � ^ 
 º � ^ 
 ^ 
 ¼3( ¹xº– ^ 
 � x � x
 • (2.145)

Equation (2.142)has a unique solution q
 , 
 2 f 1– ••#g. This solution is then used

to determine the unknown velocities as

\ 
 =
1

j( 
 j

¼

( 


q
 ¹xº 3( ¹xº– 
 
 = O� 1

 �

¼

( 


¹x � x
 º � q
 ¹xº 3( ¹xº• (2.146)

It can be shown that the spectrum of the grand operator

2
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6
6
6
6
6
6
4
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11 Ï P A1

11 � j ( 1j � 1  n1  n1 L d
12 ••• L d

1#

L d
21 L d

22 Ï P A1
22 � j ( 2j � 1  n2  n2 ••• L d

2#

••• ••• ••• •••

L d
# 1 L d

# 2 ••• L d
## Ï P A1

## � j ( # j � 1  n#  n#

3
7
7
7
7
7
7
7
5

lies in the interval ¹� 1–1º and hence equation (2.142)admits a unique solution

which can be obtained using the Neumann series [102]. To accurately evaluate

the double-layer operator, which becomes singular when the evaluation point

coincides with the quadrature point, we employ singularity subtraction, similar

to the approach used in electrostatics, asL d

� »q¼¹x0º = L d


� »q � q0¼ � q0, where

q0 � q¹x0º and we have used the fact that the L d

� »q0¼= � q0.
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2.11 Numerical Solution of Boundary Integral

Equations

For the surfaces with known parametric equations, the boundary integral equa-

tions (2.134)and (2.142)can be solved numerically with spectral accuracy. Let

x¹� –) º be a point lying on the surface ( ? of a body, with ¹� –) º denoting polar and

azimuthal angle, respectively. The surface ( ? can be discretized using # = =� =)

grid points, with =� Gauss-Legendre nodes in the interval »0–� ¼and =) uniformly

spaced nodes in the periodic azimuthal direction ) 2 »0–2� º. Integrating smooth

periodic functions using the trapezoidal rule over a periodic grid provides spectral

accuracy [103, 104]. Similarly, Gauss-Legendre points ensure spectral accuracy

for smooth functions in the domain »0–� ¼[104, 105]. Let¹� 8–) 9º denote the grid

points in the parametric space, with 82 f 1–2– ••– =� g and 92 f 1–2– •••– =) g. Then

we have [104]

� 8 =
�
2

¹B8 Ï 1º– ) 9 =
2�
=)

¹9� 1º; 82 f 1–2– ••– =� g– 92 f 1–2– •••– =) g• (2.147)

Here B8are the roots =� roots of the Legendre polynomial %=� ¹Bº of degree =� . The

surface integrals of the form

� �
¼

( ?

f ¹xº �  n¹xº 3( ¹xº =
¹ �

0
3�

¹ 2�

0
3) f ¹x¹� –) ºº �  n¹� –) º � ¹� –) º–

can be evaluated numerically as

� �
=�Õ

8=1

=)Õ

9=1

f ¹x¹� 8–) 9ºº �  n¹� 8–) 9º� ¹� 8–) 9ºF �
8 F

)
9 • (2.148)

Here � ¹� –) º is the Jacobian,F �
8 and F

)
9 are the quadrature weights, given by:

 n¹� –) º , ¹� –) º =

�
%x
%�

�
%x
%)

�
– F�

8 =
�

¹1 � B2
8º»%0

=�
¹B8º¼2

– F
)
9 =

2�
=)

• (2.149)

We use the Nyström method [106] in which the collocation points, where the

boundary integral equations are imposed, are taken to be the same as the quadra-

ture points. The generalised minimal residual method (GMRES) [104, 107] is used

to converge on the solutions of equations (2.134) and (2.142).

To solve the integral equations for surfaces where parametric equations are

not known, one can triangulate the surface and evaluate the integrals either over

3-node �at triangles or 6-node curved triangles, as described by Pozrikidis [98].
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3

Flut ter ing Without Wind:

Stokesian Quasi-per iodic

Sett l ing

�The junior Bat asked the senior Bat

A question most profound:

`How do the humans down below

Hang by their feet from the ground?'�

� Alphabet Zoop (1992), Dick Smithells and Ian Pillinger

This chapter is adapted from our article published in Physical Review Letters

titled "Sedimentation Dynamics of Bodies with Two Planes of Symmetry" [108]. I

gratefully acknowledge my advisor, Professor Rama Govindarajan, for her contri-

butions to this work. I also acknowledge Saumav Kapoor for his help in designing

the shape of �utterers.

3.1 Introduction

The complex and poetic dance of falling autumn leaves is a high Reynolds number

phenomenon, which depends crucially on vortex shedding [109�111], a feature

absent in Stokes �ow. One would therefore expect settling at zero Reynolds

number to be uneventful, especially for a body shape of high symmetry. In fact, in

steady Stokes �ow, the linear and angular motion of bodies with three planes of

symmetry, like ellipsoids, are completely decoupled, and without external torque

can only display linear motion [10, 12, 14, 38, 112]. But particles can have complex

shapes with fewer symmetries, and understanding their sedimentation is crucial

in diverse contexts, from marine snow sequestering atmospheric carbon to ice
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crystals in clouds and industrial powder production, like milk powder. Unlike

ellipsoids, bodies with fewer symmetries can couple translation and rotation,

opening up richer possibilities, e.g., chiral sedimenting trajectories of chiral objects

like helices and Kelvin's isotropic helicoid [37, 40, 41]. The pioneering work of

Brenner [44] examined the di�erent possible terminal sedimentation behaviours

allowed for various body symmetries. However, there are bodies that do not

attain a steady terminal state. Recent work on sedimentation of a U-shaped disk

[42] shows that achiral bodies can display quasi-periodic dynamics with chiral

trajectories, and provides theory for the pitch and roll dynamics. This study also

argues that the most complicated motion an arbitrary body can perform is quasi-

periodic, and not chaotic. We present a general theory for the sedimentation of

any body with two planes of symmetry, henceforth called di-bilaterals, and �nd

three kinds of dynamics, the most interesting being quasi-periodic. The body

shape allows for a priori classi�cation in sedimentation behaviour. Our choice

of dynamical variables brings out a new conserved quantity which restricts the

dynamics of di-bilaterals. We explain the quasi-periodicity using Floquet theory.

Non-spherical particles are often modelled as ellipsoids to account for their

orientation degrees of freedom. But ellipsoids sediment with persistent horizontal

drift. We show that only a very narrow class of di-bilaterals, which includes

ellipsoids, can show persistent drift. Moreover, we prove that generic bodies

displaying quasi-periodic motion cannot show persistent drift. Our study is a

strong indication that di-bilaterals, which can exhibit settling, drifting, helical,

and quasi-periodic motion, are a far better model of achiral bodies than ellipsoids,

capable of explaining a range of sedimentation behaviour. Elastic �bers provide a

natural setting for observing di-bilateral sedimentation [113].

Our interest is in the sedimentation of a single achiralbody in zero background

�ow . We opt for di-bilaterals, which support simple translation-rotation coupling

(TRC), unlike ellipsoids. We show that all such bodies fall into one of three classes:

settlers, drifters, and �utterers. Settlers asymptotically align one of their principal

axes along gravity and fall vertically, while drifters fall obliquely at constant

speed. Flutterers are the most interesting, showing quasi-periodic or periodic,

but never chaotic, motion. We show that their motion is completely described

by an overlaying of Floquet dynamics in the horizontal direction, onto periodic

dynamics in the vertical direction. We design a set of di-bilaterals (see Figure 3.1)

and obtain their resistance matrices, which relate the external forces to particle

motion, numerically by the boundary integral method.
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3.2 Reduction of mobility matrix through geometric

symmetries

As we discussed in Chapter 1 and Chapter 2 of this thesis, the mobility matrix, M ,

of a body only depends on its size and geometry. For a generic-shaped body, the

mobility matrix relates the linear velocity \ and angular velocity 
 of the body

to the hydrodynamic force L � and torque Z � acting on it. This relationship is

expressed as "
\




#

= � � � 1

"
a b)

b c

#

|    {z    }
M

"
L �

Z �

#

• (3.1)

The symmetry property, M ) = M , is guaranteed by the Lorentz reciprocal

theorem [10, 12, 14, 112]. Each sub-matricesa–b–c which compose M are 3 � 3

matrices. Under a linear transformation, [ , the elements of the mobility matrix

transforms as [14]

a ! [ a[ ) – b ! ¹ det [ º[b[ ) – c ! [ c[ ) •

Note that since b couples a vector and a pseudo-vector, one needs to take into

account for transformations that map right-handed coordinates to left-handed

coordinates via the determinant det [ . For bodies with two planes of symmetry,

as indicated by Figure 3.1, there are two re�ection transformations [ 1 and [ 2,

written in the body's coordinate axes ( f p1–p2–p2g) as

[ 1 =

2
6
6
6
6
6
4

� 1 0 0

0 1 0

0 0 1

3
7
7
7
7
7
5

– [ 2 =

2
6
6
6
6
6
4

1 0 0

0 1 0

0 0 � 1

3
7
7
7
7
7
5

• (3.2)

Note that p2 ! � p2 is not a plane of symmetry. Since [ 1 and [ 2 are the symmetry

transformations, they do not change the geometry of the body. Thus, the mobility

matrix is identical after the transformation. This implies

a = [ 1a[ )
1 = [ 2a[ )

2 – (3.3a)

b = � [ 1b[ )
1 = � [ 2b[ )

2 – (3.3b)

c = [ 1c[ )
1 = [ 2c[ )

2 • (3.3c)

Using equation (3.3), each sub-matrix of the mobility matrix gets reduced to the

following structure

a = ! � 1

2
6
6
6
6
6
4

� 1 0 0

0 � 2 0

0 0 � 3

3
7
7
7
7
7
5

– b = � ! � 2

2
6
6
6
6
6
4

0 0 
 ?

0 0 0


 A 0 0

3
7
7
7
7
7
5

– c = ! � 3

2
6
6
6
6
6
4

21 0 0

0 22 0

0 0 23

3
7
7
7
7
7
5

• (3.4)
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3.3. DYNAMICS OF VERTICAL PROJECTIONS OF THE PRINCIPAL AXES

Here ! is the typical size of the body, which has been scaled out to make the rest

of the parameters non-dimensional. The parameters of interest will be 
 ? and 
 A,

which couple the translation and rotation degrees of freedom.

3.3 Dynamics of vertical projections of the principal

axes

In the overdamped limit where we work, gravity is balanced by viscous drag. The

Stokesian dynamics is conveniently written in the body-�xed coordinate system

of unit vectors f p1–p2–p3g (see Figure 3.1), as [14, 15, 42]:
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– (3.5)

where L = � 1p1 Ï � 2p2 Ï � 3p3 is the external force due to gravity, and \ = E1p1 Ï

E2p2 Ï E3p3 and 
 = 
 1p1 Ï 
 2p2 Ï 
 3p3 the translational and angular velocities

respectively. Equation 3.5 has been non-dimensionalized by characteristic length

and time scales ! and � = � ! 2•¹ <6 Aº, � being the �uid's dynamic viscosity, and

<6 A the body's buoyancy-corrected weight. Note that we have assumed that the

body's geometric centre coincides with its center of mass, and hence no external

torque acts on the body. The non-dimensional mobility matrix M depends only

on the body shape. The geometry allows for TRC of a particularly simple form,

with two independent entries 
 ? and 
 A. The lab-�xed and body-�xed coordinate

axes are related by p8 = X 98e9, 8– 92 f 1–2–3g with e1 =  x–e2 =  y anti-parallel to

gravity, and e3 =  z. So, in the lab frame

X =
©
­
­
«

?1G ?2G ?3G

?1H ?2H ?3H

?1I ?2I ?3I

ª
®
®
¬

– X) X = XX ) = I• (3.6)

Rotational invariance in the body frame about the gravity axis provides, for any

arbitrary-shaped body, a decoupling of the dynamics of the vertical projections of

the body's coordinate axes from that of their horizontal projections [38, 42, 45, 114].
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CHAPTER 3. FLUTTERING WITHOUT WIND: STOKESIAN
QUASI-PERIODIC SETTLING

Figure 3.1: (a) A body with two mutually perpendicular planes of symmetry, and
the coordinate systems. (b) Showing that p1 � p3 is not a plane of symmetry.

For the vertical projections, using equations (3.5), (3.6)and ¤p8 = 
 � p8– 82 f 1–2–3g,

we get

¤?1H = 
 A?1H?2H– (3.7a)

¤?2H = 
 ??2
3H � 
 A?2

1H– (3.7b)

¤?3H = � 
 ??3H?2H– (3.7c)

with the constraint jpHj2 = 1, where pH � ¹ ?1H– ?2H– ?3Hº, as required by equation

(3.6). Equation (3.7) admits a conserved quantity

� = j?1Hj 
 ? j?3Hj 
 A• (3.8)

The relationship between � and the continuous symmetries of (3.7) is discussed

in Section 3.6. Since?1H = 0 and ?3H = 0 are invariant solutions of (3.7), the signs

of ?1H and ?3H are preserved. We have exploited this to de�ne � to be a positive

real number. The conserved quantities � and jpHj2 = 1 render the system (3.7),

integrable, and restrict the solutions to go towards a �xed point or be periodic.

Solutions lie on the intersection of the unit sphere S2 with surfaces of constant

� . � is a generalisation to arbitrary di-bilaterals, of a conserved quantity shown

by [38, 45] for any body whose mobility centre coincides with the centre of mass,

which for di-bilaterals is those with 
 ? = 
 A.

Earlier studies [38, 45, 114] on the possible sedimentation dynamics of bodies

of arbitrary shapes focused on the part of the dynamics described by the gravity

vector viewed in the body frame. This dynamical quantity is equivalent to our pH.
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3.4. CLASSIFICATION OF DI-BILATERALS BASED ON THEIR ROTATIONAL
DYNAMICS

They showed that the pH dynamics of a generic body can have stable, unstable,

saddle, and centre �xed points along with limit cycles. Our conserved quantity

� removes the possibility of a limit cycle in the pH dynamics of di-bilaterals, but

retains all other possible �xed points, as shown in �gure 3.2.

Figure 3.2: Phase portraits of the pH dynamical system. Red, green, and black
dots denote unstable, stable, and centre �xed points, respectively, and blue lines
with arrows are sample trajectories. (a) Settlers and (b) drifters ultimately align
their p2 axis along and obliquely to gravity, respectively. The beige plane in (b)
represents a particular � . (c) Flutterers rotate forever.

3.4 Classi�cation of di-bilaterals based on their

rotational dynamics

Equation (3.7) supports the �xed points

p�
H = f 0–� 1–0g [

(

�

s

 ?


 ? Ï 
 A
–0–�

r

 A


 ? Ï 
 A

)

– (3.9)

and presents three di�erent dynamics for bodies whose 
 ?
 A Ñ 0, as seen in

their phase portraits in �gure 3.2. This provides a systematic classi�cation of

di-bilaterals based on their settling behaviours.
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