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Abstract

Traditional framework based on spontaneous symmetry breaking is insufficient to de-
scribe novel phases such as quantum spin liquids, topological states, and non-Fermi
liquids, which require understanding many-body entanglement and the non-trivial
implementation of microscopic symmetries at low energies. This thesis addresses
three particular examples of the above interplay. First, we study superconductivity
of ] = 3/2 electrons on honeycomb lattice in context of transition metal tri-halides in
presence of strong spin-orbit coupling. We identify a host of novel superconductors
that includes gapped, nodal, and pair-density-wave states. Second, we study Z, frac-
tionalized fermionic systems, where the projective action of symmetries is crucial to
identifying phases arising from frustration among fractionalized degrees of freedom.
The interplay of frustration and emergent gauge structures leads to dimer models ex-
hibiting both topologically ordered phases and dimer crystals, resulting in a rich phase
diagram. Third, we develop a wavefunctional approach for correlated metallic phases
that captures quantum fluctuations of the Fermi surface and describes both Fermi lig-
uid and non-Fermi liquid phenomenology. Together, these studies demonstrate the

interplay of symmetries and entanglement in correlated quantum matter.
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Chapter 1 "Discovery consists of seeing what everybody
has seen, and thinking what nobody has thought.”
- Albert Szent-Gyorgyi

Introduction

From observations in everyday life, such as metals conducting electricity while
insulators! do not, or sticking of a refrigerator magnet, to more exotic phases like su-
perconductivity, all of these can arise from the interactions of electrons and ions. Over
the years, the number of known phases has continued to increase, ranging from Kondo
insulators [4] to quantum spin liquids [5] and recently discovered altermagnetism [6]°.
This leads to the question: How can we understand these phases that arise from the interac-
tions of such constituents at the macroscopic scale?

Addressing this question is a central goal of many-body physics [7, 8], with well-
known examples including superconductivity [9, 10], magnetism [11], the fractional
quantum Hall effect [12,13], and Bose—-Einstein condensation [14]. Conventional ex-
amples include phases explained within the framework of spontaneous symmetry
breaking (SSB) [15], such as charge-density waves [16] and BCS superconductivity [9,
17]. Beyond these lie topological phases [18], such as topological insulators [19] and
the fractional quantum Hall effect [13], whose characterization crucially depends on
many-body entanglement. More exotic phases, including strange metals [20], feature
gapless bulk behavior, and their understanding continues to pose challenges in many-
body physics.

To understand these phases, it is essential to identify the emergent degrees of free-
dom that arise from interactions among macroscopic numbers of electrons and ions.
These lead to the realization of phases that are qualitatively distinct from the behavior
of the individual constituents, as emphasized by Anderson: “the whole is not only more
than, but very different from, the sum of its parts” [21]. Therefore, organizing principles
are needed to explain such emergent phases. One of the organizing principles under

which a large class of phases can be successfully described is the Landau-Ginzburg

Leaving aside topological insulators.
2This list is not complete.



paradigm of symmetry breaking [15,22]. However, other phases require a broader
theoretical framework involving topology, gauge theory, fractionalization, and anoma-
lies [23]. A natural starting point to derive these organizing principles is the identifi-
cation of fundamental ingredients: the relevant degrees of freedom, the symmetries
they respect, and the interactions among them, as encoded in the Hamiltonian. For

illustration, let us consider a generic form of the Hamiltonian? [1]

H= Y (tjupcicjp+hc)+AY_Li-Si+UY nignig+p Y i (1.1)
ij,,B i i i
Here, c;, annihilates an electron at site i in orbital &, with the first term representing
the electron hopping on a lattice. The electrons interact via an on-site Hubbard in-
teraction of strength U, and there is also atomic spin-orbit coupling with strength A,
which entangles the spin S and the angular momentum L of the electron. A chemical
potential term with coefficient u fixes the filling. This defines the degrees of freedom
and how they interact. Transformations that leave the Hamiltonian invariant consti-

tute the symmetries of the system. The nature of the emergent phases depends on how

A spin - liquid quadrupolar
Mott spin — orbit coupled
+li Mott ins.
~~
-
axion
Weyl

semi — metal

simple top. Mott
metal or ) ins.
band ins. top. ins.
or semi — metal
>
A/t

Figure 1.1: Redrawn from the paper ” Correlated quantum phenomena in the strong spin-
orbit regime, " [1]. Schematic Phase diagram as function of Spin-orbit coupling strength
(A) and Interaction strength (U) in Eq. 1.1.

the degrees of freedom interact. In this context, the relative strengths of these parame-
ters determine the dominant interactions and, consequently, the realized phases. This

is illustrated schematically in Fig. 1.1. Depending on the chemical potential, metallic,

3For simplification, we will focus only on the electron-electron interaction. Note that even for elec-
trons, there can be other terms, such as Hund’s coupling [24], but for this thesis, they are not relevant
to the discussion.



semimetallic, or band insulating phases can emerge when hopping t dominates. Mott
insulating phases arise when strong interactions localize electrons at appropriate fill-
ings. Topological phases appear in the strong spin-orbit coupling limit. A rich variety
of phases, such as axion insulators [25], topological insulators [19], Weyl semimet-
als [26-28], and quantum spin liquids [1,29], can emerge in the regime where both
interactions and spin-orbit coupling are significant and competing. These correspond

to the blue region in the Fig. 1.1, covering the various mentioned phases.

This naturally raises the question of how to systematically understand such phases.
One way is to broadly classify them according to the nature of their low energy exci-
tations. Gapped phases lack propagating low energy degrees of freedom in the bulk,
whereas gapless phases possess them [30]. Gapless phases can be further subdivided:
semimetals exhibit a vanishing density of states (DoS) at low energies, while metals
possess a finite DoS characterized by a Fermi surface. Further classification requires
understanding the detailed nature of these low energy excitations. A more systematic
and powerful approach is provided by field theory [8], which offers essential frame-
works for capturing the low energy physics of different phases: Landau-Ginzburg
theory for spontaneous symmetry broken phases [15,22,31], Chern-Simons theory for
topological phases [32,33], Fermi-liquid theory for metallic phases* [34-36], Bosoniza-
tion for Tomonaga-Luttinger liquid phase in one dimension [2,37] and relativistic the-

ory of Dirac fermions for semimetallic phases [38—41].

However, identifying the field theory consists of two parts: first, deriving the field
theory appropriate to the relevant energy scale; and second, characterizing the low-
energy degrees of freedom, which are fields, by their transformation properties under
the microscopic symmetries. This can be illustrated through the example of the trans-

verse field Ising model on a D-dimensional cubic lattice,

H=—-]) %t +T) 1, (1.2)
(ij) i

where T¥ and 77 are Pauli matrices acting on the spin-1 degree of freedom at the ith
site. This model exhibits ordered and disordered phases depending on the competi-
tion between the interaction strength | and the transverse field I'. When the transverse
tield I' dominates, the Ising spins are disordered, whereas for weak transverse fields,
the Ising spins are in an ordered phase in which the Z; symmetry (77 — €17 Viand e = +1)

is spontaneously broken [42]. The low-energy transition between these phases is de-

4more specifically, weakly interacting short-range repulsive fermions at fractional filling with a

Fermi surface



scribed by the scalar field theory [22]:

SIg) = [ aP*1x ((0u9) + mPg? + 19t (1.3)

The field ¢ captures order parameter fluctuations. While this theory successfully en-
codes the spontaneous breaking of Z, symmetry, it does not distinguish whether the
ordered phase corresponds to ferromagnetic or antiferromagnetic order. Resolving
this requires examining how the field ¢ transforms under lattice translations: for fer-
romagnetic order, the field maps onto itself (¢ — ¢), whereas for antiferromagnetic
order, it maps onto its negative (¢ — —¢). This example highlights the importance
of understanding the implementation of microscopic symmetries in the low energy

theory for the characterization of a phase.

The microscopic symmetries are embedded in the symmetries of the low energy
theory. As the microscopic theory flows to the low energy scale under the renormal-
ization group (RG), additional low energy symmetries (or IR symmetries with group
Gr) can emerge because operators that break them become irrelevant [43]. This in-
duces an embedding of the microscopic symmetries (or UV symmetries with group
Guy) into the IR symmetry group Gr via a group homomorphism from Gy to Grg,
which need not be one-to-one or onto [44]. This can be understood from the exam-
ple of the transverse field Ising model discussed earlier, where the low energy theory
(Eqg. 1.3) has continuous translation and rotation symmetry, whereas Eq. 1.2 has only
the discrete rotation and translation symmetries of the underlying lattice. Other ex-
amples include graphene, where the low-energy description is given by a relativistic
theory of Dirac fermions exhibiting emergent Lorentz symmetry. Additionally, the
microscopic internal SU(2) spin rotation symmetry enlarges to an internal SU(4) sym-
metry [38]. This enhanced symmetry arises due to an emergent chiral SU(2) symmetry
in the valley-subband sector. The covering group of this chiral SU(2) and the spin
SU(2) symmetry forms the SU(4) group. Here also, lattice symmetries are embedded
in the IR symmetries of the low energy theory (see [38,40] for details).

Understanding the implementation of microscopic symmetries in the low energy
theory becomes more important for strongly correlated systems, where the interplay
of interactions, symmetries, and entanglement significantly alters the scope of electronic
phases, including the nature of emergent degrees of freedom that characterize the low
energy properties of such phases. This includes composite fermions in the fractional
quantum Hall effect [12], spinons in quantum spin liquids [5], and Bogoliubov quasi-

particles in superconductors [9,31].

A central issue in such systems is understanding how microscopic symmetries are
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realized at low energies, particularly when the quantum numbers of emergent degrees
of freedom differ markedly from those of the underlying microscopic constituents.
Two prominent platforms where such situations arise are systems with strong spin-
orbit coupling (SOC) and those exhibiting fractionalization. SOC intertwines the real
and spin spaces, leading to a nontrivial implementation of microscopic symmetries.
On the other hand, fractionalization gives rise to emergent gauge structures in the
theory, which allow for a projective implementation of microscopic symmetries, i.e.,
symmetry transformations accompanied by a gauge transformation [5,8,45]. Explor-
ing these cases forms the focus of the first two parts of this thesis.

A further challenge arises in understanding strongly correlated phases with Fermi
surfaces that cannot be recast in terms of weakly interacting quasiparticles, such as
non-Fermi liquid (NFL) phases [46,47], where Landau quasiparticles [35] do not exist.
Even the fate of the IR fixed point for NFLs remains unsettled because the standard
perturbative methods used to analyze interacting systems break down due to strong
correlations and singular interactions near the Fermi surface [47,48]. Addressing these
challenges requires new ideas for understanding such phases. In the third part of the
thesis, we address this question using trial wavefunctions.

This thesis will address these three key themes, which are discussed in detail in the

following sections.

1.1 Superconductivity in Spin-Orbit Coupled System

As discussed before, Spin-Orbit coupling leads to the realization of a plethora of un-
conventional phases as shown in Fig. 1.1. It arises as a relativistic correction to the
Schrodinger equation for an electron in an atom. It can be understood as the coupling
between the electron’s spin and the effective magnetic field it experiences in its rest
frame due to its orbital motion around the nucleus [29]. It corresponds to the follow-

ing term in the Hamiltonian [29],
Hsoc = Y AL; - S; (1.4)
i

where A corresponds to the spin-orbit coupling amplitude for the ith electron with or-
bital momentum L; and spin S;. For a many-electron system, along with SOC, there
is also interaction between electrons (as discussed in Eq. 1.1). The interplay of these
two leads to the realization of exotic phases, as shown in Fig. 1.1. From a material
perspective, SOC strength dominates for heavier elements, whereas electron-electron

interaction dominates for lighter elements of the periodic table [1,49]. In the first
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part of this thesis, we focus on transition metal trihalides MX3 (M = Zr, Hf and X
= C1,Br) [40,50]. Here, M atoms in their d' configuration form a honeycomb lattice
in the edge-sharing octahedral environment of halide ions. These systems provide a
platform for Spin-Orbit coupling discussed in detail in [40]. The effective degree of
freedom at every site corresponds to j = 3/2 orbitals arising because of SOC. The low
energy theory for these systems is Dirac theory with internal SU(8) symmetry [40].
The multi-orbital setting with j = 3/2 orbitals at each lattice site, along with a large
emergent symmetry group, provides avenues for realizing unconventional multiband
superconductors in the presence of interactions. This can give rise to a variety of su-
perconducting phases, such as multigapped [17], pair-density-wave (PDW) [51, 52],
and nodal superconductors [53]. A distinctive feature of these multiband supercon-
ductors is that they provide a platform to study Leggett modes, which correspond to
fluctuations of the relative phase between superconducting order parameters [54]. In
the first part of the thesis, we will examine the superconducting phases that can be
realized in these systems”. The nature of these phases can be understood by analyzing
the transformation properties of superconducting order parameters6 under the action
of microscopic symmetries [38,55]. In our investigation, we find twelve distinct super-
conducting phases, which divide into four singlets, two doublets, and six triplets under
the action of microscopic symmetries [55]. Eleven of these superconductors are non-
unitary (having multiple superconducting gaps) [17], including five that are gapless
(nodal) superconductors, where the nodes are protected by lattice symmetries. The
triplet superconductors result from finite-momentum pairing and form examples of

pair-density wave superconductivity [56].

1.2 Z, Fractionalized Phases

Other platforms for realizing non-trivial implementations of microscopic symmetries
arise through fractionalization [5,57,58]. In fractionalization, a physical degree of free-
dom is decomposed into more elementary objects, called partons [5]. A classic ex-
ample is the one-dimensional Mott insulating phase of the Hubbard model, which
can be described in terms of partons-spinons (carrying spin) and holons (carrying
charge) [59]. Other examples include quantum spin liquid phases [5,45, 60], the frac-
tional quantum Hall effect [12], and orthogonal metals [61,62]. Fractionalization natu-
rally introduces a redundant transformation known as a gauge transformation. Under

this transformation, the partons transform, while the original physical degree of free-

>Insulating phases are discussed in details in [40]
6We will be using the term superconducting bilinears in the later part of the thesis
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dom remains invariant. As a consequence, microscopic symmetries are implemented
projectively [5,8,45], that is, each symmetry operation is accompanied by an associated

gauge transformation that preserves the Hamiltonian.

In the second part of the thesis, we focus on the case of Z; fractionalization of a
spinless fermion c; on the square lattice [61-63]. Here, the fermion fractionalizes into

an Ising spin 7* and a fermion f; at the ith site [61], such that

In this representation, f; carries the charge quantum number of c¢;, whereas 7 tracks
the parity of fermionic occupancy at site i. Such fractionalization can give rise to ex-
otic phases, such as orthogonal metals. These are non-Fermi liquid states in which
the gauge-invariant fermion is gapped, yet transport persists via the fractionalized
fermions [61, 62]. Both 7 and f; carry a Z, gauge charge. This corresponds to the
local Z; gauge transformation f; — €;f; and 7 — €7, with ¢; = 1 and leaves the
gauge-invariant fermion c¢; unchanged. This leads to an emergent Z, gauge structure

in the theory, with the Z, gauge field o7; residing on the lattice links.

The low energy effective theory for the fractionalized degrees of freedom, mini-
mally coupled to Z, gauge fields ((7 ) on the links, is governed by the following Hamil-
tonian (terms in red and blue) [61, 64].

W=y T e n SR D TT - h e 09

O (ij)e (i)

with the Gauss’s law given by

1-1%
[Toj=(-1=" ik (16)

Here, (7%, T7) are the Pauli matrices acting on the spin-1/2 degree of freedom at the ith
site and ((7 o; ) are the Pauli matrices acting on the spin-1/2 degree of freedom on the
bonds of the lattlce. In Eq. 1.5, the terms in black correspond to the Z; gauge theory
describing the dynamics of the gauge field [65,66], where [] represents an elementary
plaquette of the square lattice, and in Eq. 1.6, the product runs over all sites j that are

nearest neighbors of site i.

We studied this model where the Ising spins and fermions are frustrated due to a
background 7r-flux from the emergent Z, gauge field on the links. This corresponds

to the limit x — —oo and I = 0. For the Ising spins, the model reduces to a frustrated
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transverse field Ising model, which exhibits an order-to-disorder transition described
by the 3D XY* universality class [67].

For the fermions, this corresponds to fermions hopping on a square lattice with
rt-flux per plaquette. The low energy theory at half-filling is described by a relativis-
tic theory of Dirac fermions. Using a projective implementation of microscopic sym-
metries on the Dirac fermions and Ising soft modes, we investigated the fate of the
fermions as the Ising spins transition from the ordered to the disordered phase. This
forms the discussion of the second part of the thesis. Our analysis indicates that the
fermions remain gapless throughout the transition from disorder to order. In the or-
dered phase of the Ising spins, the fermions form a semimetallic phase that breaks lat-
tice symmetry, whereas in the disordered phase they realize an orthogonal semimetal
phase [64].

The model can also be written in terms of gauge-invariant operators using the map-

ping Z;; = 737" and Xj; = 0y, together with Gauss’s law [68,69]:

1

Z—IZZz]—FZ

i

[ 1] (

jei

”l th*ZUc] ch:-rci
i

(i)
—KZ IT zij—h)_ X (1.7)
(ij)e0O (if)

In the absence of fermions (at filling v = 0), the limit x« — —ooc and & = 0 cor-
responds to the odd toric code model in a Zeeman field [70]. At = 0, the ground
state configurations correspond to a dimer covering on the dual lattice, where each
site of the dual lattice is connected to exactly one dimer [3]. The I' term generates
perturbatively the resonating term of the quantum dimer model [71], which stabilizes
the columnar dimer ordering of dimers on the dual lattice. This ordering is also the
ordered phase of the frustrated transverse field Ising model [3].

Adding the following potential term for the dimers,
+— Z Zi 5i)(1=Ziyz)) + (1= Zigi) (1= Zi1g,)) (1.8)

yields the quantum dimer model in the limit /] < 1 and I'/] < 1, known as the
Rokhsar-Kivelson Hamiltonian [71]. Varying I' and () can drive transitions out of the
dimer regime. For large I', a topologically ordered phase emerges [70], while for large
(), a staggered phase appears [72,73].

We analyzed the Hamiltonian in Eq. 1.7 in the absence of fermions, combined with
the term in Eq. 1.8, which yields a rich phase diagram with three ordered phases:

columnar, staggered, and topological ordered. These phases are separated by three
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phase boundaries that possibly meet at a multicritical point. We will complete our

discussion in the second part of the thesis by exploring this phase diagram.

1.3 Correlated Metals

As mentioned before, phases are broadly classified based on their spectra into gapped
and gapless phases. Gapless phases, characterized by a finite DoS and a Fermi surface,
continue to pose conceptual challenges for theorists. These phases possess extensive
gapless modes, making them susceptible to external perturbations, yet they can still
form stable phases of matter [48]. One well-understood example is that of weakly
interacting, short-range repulsive fermions at fractional filling with a Fermi surface,
commonly referred to as Fermi liquids. These phases are ubiquitous in nature, often
persisting down to low temperatures, and are effectively described within Landau’s
quasiparticle framework [35]. In the Fermi liquid phase, low energy excitations near
the Fermi surface can be adiabatically mapped onto those of non-interacting fermions
with renormalized parameters, known as Landau quasiparticles [35]. Moreover, the
renormalization group (RG) approach developed in Ref. [36, 74] demonstrates that
forward-scattering interactions remain marginal at both tree and one-loop levels, con-
sistent with Landau Fermi liquid theory. However, among all interaction channels,
only the BCS interaction which is marginal at tree level, becomes relevant at one-loop
when attractive, resulting in superconducting instability [30,36], which was not cap-
tured within the original Landau Fermi liquid framework.

This RG framework provides a solid understanding of Fermi liquids; however, ex-
periments (see reviews [47,75]) have revealed gapless phases with a Fermi surface
but no Landau quasiparticles. In addition, phases exhibiting seemingly disconnected
Fermi arcs instead of closed Fermi surfaces have been observed in cuprates [76, 77].
Such phases lie beyond the Fermi liquid paradigm and are referred to as non-Fermi
liquids (NFL). These can arise when Fermi surfaces are coupled to critical bosons cor-
responding to fluctuations of an order parameter or emergent gauge fields [47, 48].
Due to strong quantum fluctuations, a comprehensive understanding of NFL phases
remains a significant challenge. NFL phases can exhibit scaling behavior distinct from
Fermi liquids, due to which terms irrelevant in Fermi liquid theory may have non-
trivial consequences for NFLs [30].

Understand them requires new approaches. We study trial ground-state wavefunc-
tions capable of capturing the phenomenology of both Fermi liquid and non-Fermi
liquid phases. Our method employs superposition of Fock space wavefunctions to an-

alyze the ground-state properties of such correlated metals [78]. Through this super-
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position, we describe fluctuations in the shape of the Fermi surface, which correspond
to fluctuations in the single-particle occupancy ny, since ny does not commute with
the interacting Hamiltonian. Such fluctuations are key signatures of renormalization,
or even vanishing, of the quasiparticle residue [34], thereby distinguishing Fermi lig-
uids from non-Fermi liquids. The final part of this thesis aims to provide insights into
trial ground states for such correlated metallic phases, capturing the phenomenology
of both Fermi liquid and non-Fermi liquid regimes by incorporating quantum fluctu-

ations in the shape of the Fermi surface.

1.4 Thesis Structure

This thesis is broadly divided into three parts. The first part, comprising Chapters 2
to 5, focuses on superconductivity in spin-orbit coupled systems. The second part,
consisting of Chapter 6, addresses Z; fractionalized phases. The third part, Chapter 7,
discusses the trial wavefunction approach for correlated metals. We will conclude our
discussion in Chapter 8. A brief summary of the contents of each chapter is provided

below.

Chapter 2 This chapter introduces the spin-orbit coupled system and the low energy
theory developed in [40]. We begin with the SU(8) Dirac theory [40] and then cover
the Nambu representation used to incorporate superconducting terms into the Hamil-
tonian. The chapter concludes with a brief review of the various superconducting

phases.

Chapter 3 This chapter examines the implementation of microscopic symmetries in
the low energy theory. We then explore the effects of short-range interactions. While
the semimetal phase is perturbatively stable against weak interactions, strong inter-
actions spontaneously break the symmetry, leading to the condensation of bilinears.
We focus on bilinears that spontaneously break the U(1) symmetry and gap out the
Dirac fermions. This analysis requires identifying all the mass terms in the Nambu
basis. After determining these mass terms, we present a classification of the various
superconducting phases based on their transformation properties under microscopic

symmetries.

Chapter 4 This chapter provides a detailed discussion of lattice singlet and doublet
superconductors. In total, we examine four singlet and two doublet superconducting

phases. We analyze their spectra, time-reversal properties, and order-parameter man-
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ifolds, along with their realizations on the lattice. These superconductors do not break

translation symmetries.

Chapter5 This chapter focuses in detail on lattice triplet superconductors. The triplet
states considered not only break rotational symmetry but also break translational sym-
metry, corresponding to pair-density-wave (PDW) superconductors. All the supercon-
ductors studied in this chapter correspond to pair-density-wave superconductivity.
We discuss similar details as in the previous chapter for singlet and doublet super-
conductors. Then, we conclude our discussion of the various superconducting phases
(singlets, doublets and triplets) realized for spin—orbit coupled SU(8) Dirac fermions

by summarizing our results in the summary section of this chapter.

Chapter 6 This chapter discusses the Z, fractionalization of spinless fermions where
it fractionalizes into an Ising spin and a fermion. We examined the projective action
of symmetries to identify the phases arising from frustration among the fractionalized
degrees of freedom. After understanding these phases, we considered the same model
at a different fermion filling, v = 0. This limit leaves a frustrated transverse-field Ising
model of Ising spins, which, when supplemented with an additional term, provides
an interpolation between the RK Hamiltonian and the Toric code. The second part of

this chapter presents a detailed analysis of the phase diagram of this Hamiltonian.

Chapter 7 This chapter addresses the problem of strongly correlated metals with a
Fermi surface, but from a different perspective. We focus on trial wavefunctions that
can capture the known phenomenology of these phases. These trial wavefunctions
are constructed as superpositions of states in the Fock space. To verify this approach,
the chapter first discusses the exact diagonalization of interacting spinless fermions in
one dimension in two different ways. Then, it presents a toy model where the ground
state corresponds to a superposition of all states in the Fock space. Finally, in two
dimensions, different trial wavefunctions are examined, and various correlators are

computed in those states.

Chapter 8 We conclude our discussion of the three parts by summarizing the main

findings of this thesis and providing perspectives for future directions.
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Chapter 2

Superconductivity in Spin-orbit

coupled SU(8) Dirac Semimetal

Chapters 2-5 are based on our work published in Ref. [55], carried out in collaboration with
Basudeb Mondal, Vijay Shenoy, and Subhro Bhattacharjee. I am grateful to them for their
guidance and support. The results presented in Appendix A.8 were produced by Vijay Shenoy.

2.1 Introduction

Superconductivity in Dirac systems (DSC) [39,41,79-83] is different from their conven-
tional weak-coupling BCS counterparts (those arising from the instability of a Fermi
surface [9]). Starting with the fact that the superconductivity in Dirac semi-metals
occur at finite interaction strength [39,79-84] as opposed to the conventional super-
conductors, the Dirac nature of the underlying fermions clearly distinguishes, among
other things, the properties of superconducting junctions involving a DSC [85-88],
from their BCS counterparts. Further, superconductors realized on the surface of the
DSMs of topological insulators harbour a plethora of unconventional properties [88—
91]. The nature of the superconductors realized in such Dirac systems is intricately
related to the underlying symmetries [38]. Therefore, the possibility of realizing un-
conventional superconductivity in Dirac systems due to non-trivial implementation of
microscopic symmetries arising from strong spin-orbit coupling offers an interesting

direction of exploration apropos candidate materials [88,90,91].

The study of these materials, particularly the metallic halides (MX3 with M=Zr,
Hf and X=Cl, Br) indicates [40, 50] that strong spin-orbit coupling (SOC) can lead to
a SU(8) Dirac semi-metal (DSM) in these layered honeycomb lattice materials with

active j = 3/2 electrons at 1/4th filling. The low-energy description of such a DSM is
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captured by the free Dirac Hamiltonian [40]

Hp = —ior [ d x"(x) &+ 3] x(x) 2.1)

where v is the Fermi-velocity, x(x) is a 16-component Dirac spinor and & = (&1, &)
are two (16 x 16) anti-commuting Dirac matrices.

The above effective low-energy (IR) free theory has an enlarged global SU(8) sym-
metry, and the microscopic (UV) symmetries, including time reversal (TR), are em-
bedded non-trivially on the low-energy fields due to the underlying SOC. A related
outcome of the strong SOC is the position of the Dirac points in the Brillouin zone
(BZ) — unlike monolayer graphene, where there are two in-equivalent Dirac cones at
the BZ corners (the so-called K’ and K points) [92] - here, there are four Dirac points:
one at the BZ center (I') and three at the middle of BZ boundary (M) (see Fig. 2.1(b)).
Under UV symmetries, these four Dirac valleys break up as a singlet (I') and a triplet
(M1, My, M3) along with locking of the real and spin spaces. This results in a plethora
of phases proximate to the DSM obtained by breaking the SU(8) and/or TR symmetry
by partially/fully gaping out the Dirac fermions due to condensation of fermion bilin-
ears of the form (x™(---)x) # 0 (where (---) is a 16 x 16 matrix that anti-commute
with Dirac matrices #; and &, in Eq. 2.1). In particular, Ref. [40] analyzed 64 such
bilinears comprised of the SU(8) singlet and the adjoint multiplet to obtain 24 distinct
phases describing various charge/spin density waves as well as symmetry protected

topological phases— all of which conserve the global U(1) symmetry
x— e, (22)

related to the electron charge conservation. Due to the distinction in the position
(and number) of the Dirac valleys, the larger IR symmetry and the implementation
of the UV symmetries, the resultant phases are quite different compared to monolayer
graphene [38].

In this chapter, we explore the consequences of the above symmetry implementa-
tion in the SU(8) DSM to understand the nature of various superconducting instabili-
ties that are naturally proximate to the SU(8) DSM and can be obtained at finite interac-
tion strengths [39,79-83]. Such superconductors (SCs) spontaneously break the above
U(1) symmetry via condensation of charge 2e Cooper pairs, i.e., (x'(---)x") # 0,
where (---) denote an appropriate matrix that decides the pairing symmetry. On
generic grounds [93], there are 16 different pairing channels for the j = 3/2 elec-
trons with total angular momentum of each Cooper pair ranging from |7 = 0 (singlet)

to Jr = 3 (septet) with the even (odd) J1 corresponding to spatial parity even (odd)
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pairing (see Eq. 4.9). We show that the presence of many bands [10,94-100] (result-
ing in different flavours of Dirac fermions) and spin-orbitally locked higher (j = 3/2)
representation opens up the possibility to realize a new set of unconventional SCs
via specific symmetry allowed combination of the larger number of available pairing
channels for j = 3/2 electrons [93,101] and characterize them systematically using
space-group representations [10,38,99,100,102,103]. The present work, along with the
study of the normal phases discussed in Ref. [40], provides a comprehensive catalog
of phases proximate to SOC induced SU(8) DSM.

Due to the intertwining of the spin and real spaces by SOC, the irreducible repre-
sentations of the superconducting order parameters have a mixed structure that gener-
ically results in the direction dependence of the angular momentum of the Cooper
pairs. This locking of angular momentum with direction naturally gives rise to non-
unitary SCs [95] with possible finite momentum pairing in the absence of magnetic or-
der or external magnetic field. Indeed, the non-trivial interplay of the higher-dimensional
spin representation and the superconducting pairing symmetry is central to the rich

variety of SCs that can be realized in this system.

Our classification shows that there are 72 superconducting fermion bilinears that
form real and imaginary components of 36 pairing amplitudes. This gives rise to 12
spin-orbit coupled SCs that are distinct from each other under microscopic symmetries
— four singlets, two doublets and six triplets. Most of the SCs — including several singlet
ones— are non-unitary and hence show a multi-gap structure. Five of these are nodal
SCs (the smallest gap is zero), which are protected by some subgroup of the SU(8).
For the other seven, we generically obtain gapped superconductivity except in some
cases (such as the odd parity doublets, &,, in Sec. 4.2.1 and 7, and 7, triplets in Sec.
5.1), where the smaller of the two gaps collapses on sub-space of the superconducting
order-parameter manifold, giving rise to nodal SCs. The SOC-mediated interlocking of
the spin and real spaces is manifest in the structure of the Cooper-pair wave functions
of the respective SCs, which also results in multi-gap structures and possible Leggett
modes [104] — even for the singlets due to the higher j = 3/2 representation and
SOC. Another reflection of the spin-orbital interlocking is seen in the variation of the
multiple gaps as a function of the SC order-parameter space, including the collapse of
the gap at isolated points or on extended order-parameter subspaces (only for triplets).
Further, while the singlet and the doublet SCs result from zero momentum pairing,
this is not the case for the triplets, which then give rise to pair density-wave (PDW)
SCs.

In this chapter, we will review the theoretical framework of SU(8) Dirac fermions

as discussed in [40]. We begin by outlining the construction and symmetry proper-
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ties of the SU(8) Dirac semimetal. Following this, we explore the superconducting
phases emergent in these Dirac fermions, introducing the Nambu representation that
provides a comprehensive framework to encompass all possible superconducting in-
stabilities. The chapter concludes with an overview summarizing the classification
and characteristic features of the various superconducting instabilities that arise in the
SU(8) Dirac semimetal.

2.2 SU(8) Dirac fermions on Honeycomb lattice.

kA
1
M,
{ r|¥ +Q My
A\ R, /B I ?x
Q
M;
@) (b) ©
Figure 2.1: (a) Honeycomb lattice with a particular realization 7, = +(—1) on

black(red) bonds that implements 7r-flux through each honeycomb plaquette. There
are two choice of unit cell —(1) the global basis that uses the primitive 2-site unit cell of
the honeycomb lattice consisting of (A, B) (Eq. 2.3), or (2) the local basis that has a 4-site
unit cell (Eq. 2.5 with lattice vectors (Ry, R2)). (b) Band structure for the microscopic
Hamiltonian Eq. 2.3 in local basis for the magnetic unit cell consisting of four sites.
Each band is four-fold degenerate. For d; system, the lowest four bands are occupied
with the chemical potential crossing the two Dirac points. (c) The primitive honey-
comb BZ (Brown) with Dirac cones at I', My, My, M3 points. For the local basis with a
4-site unit cell as shown in (a), we have a rectangular BZ (green) with Dirac cones as
+Q = +[-7/6,71/2/3] points as shown in (b) [40].

We start by summarizing the essential microscopic details from Ref. [40] (using the
same notations) leading to the low-energy Dirac theory of Eq. 2.1, which is realized
in j = 3/2 SOC coupled honeycomb systems with d! electronic configuration in the
nearest neighbor in-direct hopping model given by [40, 49, 50]

H= Y ¥ ous e (r) + hee, (2.3)

t
\/§ & rr/
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where
Y(r) = [¥1/2, Y-1/2 Y372, ¥_3/2)", (2.4)

is the four-component electron annihilation operator corresponding to the j = 3/2
orbitals at the lattice site at r and Z/{frl,()bal are 4 x 4 hopping matrices. Various lattice
symmetries are indicated in Fig. 2.2. These, along with the time reversal (TR), T (with

T? = —1), generate the microscopic (UV) symmetry group of the system.

The directed product of the hopping matrices on the honeycomb plaquette, i.e.,
[Tirreoy Z/llil,oml = —2X (with Xy being the 4 x 4 identity matrix). This implies that the
electrons have a SU(4) symmetry, which can be made manifest via a site-dependent

unitary transformation on the atomic orbitals via

¢'(r) = g(r)"¥(r), (2.5)

where ¢*(r) L{frl,Obal ¢(t') = nwXo, with g(r) being a 4 x 4 unitary matrix at the lattice
site r, ¢/ (r) being fermion orbitals (flavours) in the local basis, and 1,y = %1 being an
Ising gauge field. In this local basis, the problem reduces to four decoupled flavours
(from the underlying SU(4) symmetry) of fermions hopping on the honeycomb lattice
in 7t-flux, whence, choosing a suitable magnetic unit-cell (Fig. 2.1(a)), the band Hamil-
tonian is diagonalized to obtain two 4-fold (flavour) degenerate Dirac nodes/valleys
at momenta +Q, as shown in Fig. 2.1((b) and (c)). Expanding about the two valleys

(&), we get the continuum Dirac Hamiltonian given by
4
Hp = —ivp ), /dzx XF (%) [1191 + a292] x5 (x), (2.6)
f=1

where there are four flavours (for f = 1, 2,3, 4) of 4-component Dirac spinor, x £ ie.,

Xf= (Xf1+/Xf2+rXf1—/Xf2—)T/ (2.7)

with the subscript 1(2) denoting the two bands that touch at each of the two Dirac
valleys (%), in the local basis, and

K1 = T307, ny = Tpo?, (2.8)

are the two anti-commuting Dirac matrices with 7;, 0; (for i = 0,1,2,3) being 2 x 2

Identity and the Pauli matrices that act on the valley and band spaces, respectively.
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This can be written in a more compact notation given in Eq. 2.1 with
& =Xo; (i=1,2), (2.9)

and

X = (Xl/ X2, X3/ X4)T/ (210)

being the 16-component spinor obtained by stacking the different flavours with %
acting in the flavour space.

The flavour SU(4) symmetry is manifest in the local basis and is generated by the
tifteen X; matrices (see Ref. [40] for their explicit form). In addition, the above free

Dirac theory has an emergent SU(2) symmetry generated by
{1300/2,1102/2,7202/2} = {01,02,03}/2, (2.11)

such that it (Eq. 2.1) is invariant under the covering group of SU(4)®SU(2), i.e., SU(8)
generated by [40]

Py = 5. (2.12)

It is useful to note that as discussed in Ref. [40], the above low-energy theory can also
be derived in the global basis of ¥ (Eq. 2.3), using the 2-point honeycomb unit cell (Fig.
2.1). In this basis, the SU(4) symmetry is not manifest, and we get four bands (each
two-fold Kramers degenerate) and have 4 Dirac points at 1/4th filling. The location
of the four Dirac points in the global basis is also shown in Fig. 2.1, with one being
located at the primitive BZ center (I' point) while the other three being located at the
three inequivalent mid-points of the BZ boundary- the so-called M points. The details
are briefly discussed in Appendix A.1 for completeness, while further details are given
in Ref. [40]. Throughout the chapter, we shall mostly work in the local basis unless ex-
plicitly stated. However, occasionally we shall refer to the global basis when it proves

more insightful.

2.3 Superconductivity in Dirac fermions

The above free Dirac theory needs to be supplemented with short-range four-fermion

interactions amongst the electrons of the generic form

Hiny = [ dxd Viga i} )} () 00072 (X): (213)

18



The Dirac semi-metal is perturbatively stable to such short-range four-fermion inter-
action [39,79-83], but strong interaction generically leads to condensation of fermion
bilinears, i.e.,

(Xbeo o) 0, 0f (Xprox o) 7 0. (2.14)

While condensation of both these sets of bilinears spontaneously break the symmetries
of the free theory as well as possibly other microscopic symmetries with concomitant
gaping out of all/fraction of the Dirac fermions, a major classifying difference between
them is — the first set is electronic charge neutral and the second set carry charge 2e.
The mean field Hamiltonian for both the normal and the superconductors is ob-
tained by decoupling the four-fermion interactions in the different particle-hole and

particle-particle channels, respectively, to obtain
Hyre =Hp + A/dzx x" m x] +A/d2x (x"m (x")T] +he, (2.15)
with Hp is given by Eq. 2.1 or Eq. 2.6 and
A= (x"my), A= {(x"m"x), (2.16)

where 77 is a 16-dimensional Hermitian matrix and m is a 16-dimensional anti-symmetric
matrix (see below). Further details for diagonalizing Eq. 2.15 are given in Appendix
A2.

2.3.1 Hamiltonian in Nambu basis

To study these orders, it is useful to use the Nambu spinor representation [38]. We

define the 32-component Nambu spinor as

() = [x(0, 1" (9], 217)
or equivalently in momentum space
w(@) = (@) x" (~q)l 218)

Note that this is slightly different from the conventional Nambu spinor (Eq. A.5),
where the TR partners are stacked [85,87], as discussed in Appendix A.2. However,
we find the representation in Eq. 2.17 more convenient to implement the symmetries
in the present case. The transformation between the two bases is straightforward as

discussed in Appendix A.2. The free Dirac Hamiltonian in Eq. 2.1 can then be written,
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in momentum space, as

v ~ ~
Hp =% /dzq xn(@) <”‘1 9x + &2 qy)XN(q), (2.19)

where, for the rest of the calculations, we set vr = 1 and
By = poiy, By = 3. (2.20)

Here, g is 2 x 2 the identity matrix, and y; for i = 1,2, 3 are the Pauli matrices that act
on the Nambu sector.

The mean-field Hamiltonian in Eq. 2.15 in the Nambu basis has the following form,

Hmr = Hp + /dzx [X}-\I Mgeneral XN} : (2.21)

Here, Hp is given by Eq. 2.19 and Mgperq is 32-dimensional Hermitian matrix which

has the following generic form

M,, M
M = |7 "’P] (2.22)
general [ + T |~

where M, (= M;h) and M, (= —Mgp) are 16 x 16 matrices respectively in the particle-
hole (normal) and particle-particle (superconducting) sectors. Note that the anti-symmetry
of My, is due to fermionic statistics and ensuing Pauli exclusion principle [10] such
that the mass matrix obeys

Mgeneml = —(]/11 Mgeneml ,ul)T- (2.23)

Thus, to obtain the different masses, we consider all possible independent matrices
Mgeneras Which anti-commute with the matrices &; and &, and follow the above con-

straint (Eq. 2.23). To this end, we write
Menerat = MapysXapyss (2.24)
where M is the amplitude and
Xupys = HaXpTy05, (2.25)

forms the set of linearly independent 32-dimensional matrices formed from the matri-
ces acting in the different spaces mentioned above. There are possible 1024 such X, 4.5

matrices, of which 256 anticommute with &7 and o (Eq. 2.20), and only 136 of them
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are allowed by the antisymmetry constraint of Eq. 2.23. Out of these 136, 64 are normal

masses of the form

Xi (Xogys)xn, and XN (Xspy6) XN, (2.26)

which correspond to the SU(8) singlet and the adjoint multiplet, whose properties

were analyzed in Ref. [40].

The rest of the 72 matrices have a generic form of

XN (Xigys)xn, and XN (Xopys) XN, (2.27)

and correspond to U(1) breaking superconducting masses. In the rest of the work,
we study the properties of these superconducting masses. Upon expanding the two

expressions above, we have, in terms of the 16-component Dirac spinor (Eq. 2.10)

X;\](Xlﬁ'yé)XN = X+ (251’7(75) (X+)T + h.c,,
X;F\I(XZﬁ’yé)XN = -1 <X+ (ZpTy05) ()(+)T> +h.c,
(2.28)

where the constraint in Eq. 2.23 now demands that
(ZIB’C),U'(;)T = —ZlgTaYO'(;, (2.29)

i.e., they are anti-symmetric. Eq. 2.28 for the masses has a simple interpretation. In
terms of Dirac spinor y, there are 36 independent bilinears of the form x” (ZIgT,YO'g) X,
which, when expressed in terms of the Nambu spinors, give the real and imaginary
parts of the superconducting amplitude resulting in 72 superconducting masses with

pairing amplitudes

Dpys = (x" (ZpTy05) X)- (2.30)

Thus, in analogy with graphene [38,105], the 136 bilinears break up as Irreps of SU(8)

as
1663636 36" (2.31)

where the 1 and 63 are the normal orders corresponding to SU(8) singlet and adjoint
multiplet, respectively, while the 36 and 36" correspond to real and imaginary com-

ponents of the superconducting orders. The global symmetry of the free Dirac theory
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and the constraints on the mass matrix (Ref. 2.23) become manifest in the Majorana
representation of the x fermions, as shown in Appendix A.3, which has a manifest
SO(16) symmetry. The 136 masses then are given by the SO(16) singlet and the 135-
dimensional symmetric rank-2 tensors (see Appendix A.3) [105]. Therefore, the Majo-

rana representation naturally unifies the normal and the superconducting masses.

2.4 Overview of results

The SU(8) DSM described by Eq. 2.6 (or Eq. 2.1) is obtained in indirect hopping model
of j = 3/2 electrons on honeycomb lattice at 1/4th filling due to the two valleys lead-
ing to the 16-component Dirac fermions, x (Eq. 2.10), in local basis or equivalently
four 4-component Dirac fermions, x¢ (Eq. A.2), in global basis, as shown in Fig. 2.1.
To analyze all the phases — both normal and superconducting — on equal footing, it is
useful to describe the theory in terms of the Majorana representation whence the free
Dirac theory has a manifest SO(16) symmetry (Appendix A.3), such that there are 136
fermion bilinears corresponding to masses for the fermions. These correspond to one
SO(16) singlet and 135 symmetric rank-2 tensors. Out of the 136 bilinears, 64 corre-
spond to normal (non-superconducting) masses that correspond to 24 phases studied
recently in Ref. [40]. These break various microscopic symmetries and correspond to
different symmetry broken as well as SPT phases. While the remaining 72 bilinears,
the topic of the present work, correspond to various superconducting phases proxi-
mate to the SU(8) DSM.

These 72 bilinears correspond to the real and imaginary components of 36 super-
conducting pairing amplitudes, which, under microscopic symmetries, divide up to
give 12 distinct SCs comprising up of four singlets (A), four doublets (£), and eight
triplets (7)), and cataloged in Tables 2.1, 2.2 and 2.3. The details of the symmetry trans-
formations for the superconducting bilinears are given in Appendix A.4. The further
subdivision of the different Irreps is given by

o 4-singlets: Al P Aﬁ,, Ay, Aoy

* 2-doublets : (3)&,, &,

o 6-triplets : T}, 71, 714", (2) Tuw, Tog, (2) Tou-
where, similar to Ref. [40], we use the subscripts 1(2) and g(u) to denote even (odd)
under 7t-rotation (C,’) and inversion, I, respectively (see Fig. 2.2). Note that the num-
ber within () indicates the multiplicity of the Irreps. Particularly for doublet and triplet

SCs, some of the Irreps with higher multiplicities (namely, &,, 71, and 7Ty,) do not give
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Figure 2.2: Lattice transformation: Here, the honeycomb lattice lies in a plane per-
pendicular to [111] planes in Cartesian coordinates (also discussed in Ref. [40, 106]).
Transformation C) is the rotation by 7w amount about the axis shown in cyan. Tq, T
are translations by honeycomb lattice vectors. Cg(C3) corresponds to rotation by
27t/6(27/3) about the center of Honeycomb. o7y, is the reflection about the Honey-
comb plane so that the combined transformation S¢ = Cgoy, is the symmetry of the
lattice.

rise to distinct SCs. Out of the 12 different SCs listed above, 7(denoted in black colour)
are gapped and 5 (in red) are gapless (nodal). Further, while the singlets are gener-
ically time-reversal (TR) invariant, the doublets and the triplets generically break it
spontaneously. The above list of SCs realized in the j = 3/2 system, as described be-
low, is much richer than their j = 1/2 counterparts — briefly summarized in Appendix
A.8. Indeed, the j = 1/2 system realizes only five superconducting phases that have
analogues in the j = 3/2 system.

The real and imaginary components of the j = 3/2 superconducting bilinears have

a generic form

(X’L(Z/;Tfra(s)()(Jr)T) +h.c., —i()(Jr(ZﬁT,ya(g)()(Jr)T) +h.c. (2.32)

(as discussed in Eq. 2.28) where X5 are 4 x 4 matrices that act in the SU(4) flavour
space and are of the same form as the matrices discussed in appendix C of [40], while,
as mentioned before, T, and s are Pauli matrices that act in the Dirac valley and band
spaces, respectively.

Out of the four singlet SCs listed in Table 2.1, two belong to Ajg, and the other
two respectively to A1, and Ay, comprising four different SCs. Notably, the first two
even-parity pairings lead to distinct gapped SCs, even though they correspond to the
same Irrep, Ajq, and both are j = 3/2 singlets. They respectively correspond to on-site
s-wave and next nearest neighbour (NNN) s-wave SCs, with the former being unitary

and the latter being a rather rare example of a non-unitary singlet SC with a double
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] Irrep \ Microscopic Symmetries Broken \ A-AT \ Brief Description

|

Al p None U | Gapped. j = 3/2 singlet. On-site
s-wave pairing. Possible inversion-
odd Leggett mode. (Sec. 4.1.1)

.A{(Ig None N.U. | Double gap. j = 3/2 singlet. Ex-
tended s-wave (NNN pairing). (Sec.
4.1.1)

Aty None N.U. | Both gapped and gapless (nodal)

branches of excitations with nodes
at I'-point protected by SO(4) sym-
metry. NNN pairing.  Cooper
pair wave function symmetric (anti-
symmetric) in space (spin). (Sec.

4.1.2)
Aoy, None N.U. | Similar to Aj, but distinct irrep.
(Sec. 4.1.2)

Table 2.1: Summary of the singlet SCs discussed in Sec. 4.1. NNN refers to next nearest
neighbor. g(u) denotes the Irrep is even (odd) under parity. U (N.U.) stands for unitary
(non-unitary) pairing.

gap excitation spectrum (Fig. 4.1). The distinction arises due to the SU(4) flavour space
structure. Interestingly, the unitary 4;, SC can be viewed as coexisting two s-wave
condensates— one made up of pairing between |, = +3/2 orbitals and the other the
same between the |, = £1/2 orbitals (Eq. 4.7) with a relative (inversion) symmetry
enforced 7r-phase difference between the two condensates. This leads to a possibility
of a gapped Leggett mode [104] that is odd under inversion. The two odd parity SCs,
on the other hand, are both non-unitary with the smaller of the two gaps being zero,
leading to nodal Bogoliubov excitations (Fig. 4.3) that are protected by an SO(4) sub-
group. The mean field lattice Hamiltonians for the unitary (non-unitary) SCs have on-
site (next nearest neighbour) pairings. Finally, even though none of the singlets break
any microscopic symmetries, a linear superposition of any two of them generically
breaks one or more symmetries. There are four doublets corresponding to two distinct
non-unitary SCs summarized in Table 2.2— all with spin anti-symmetric pairing. The
three odd parity doublet SCs (denoted as £!, Il and £/ in Table 2.2) obtained from a
combination of Jt = 2 (m7 = 0, £2) angular momentum states, are adiabatically con-
nected without breaking any microscopic symmetries (appendix A.6). Together, they
give rise to a single non-unitary SC with two pairing gaps. On the TRI sub-manifold,
the two gaps may coincide for some combination of pairings. At other combinations
of pairing, generally breaking TR, the lower of the two gaps may vanish at isolated

points on the order-parameter manifold giving rise to nodal SCs (Eq. 4.37) making
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Irrep

Microscopic Symmetries Broken

Brief Description

gl €1l and €11

(CIZI C3/ SG/ (Td)

Staggered on-site pairing (Fig. 4.5)
for £ and NNN pairing for &£}
and &M Double gap. & re-
duces to a single gap in the TRI
sub-manifold. For all doublets on
isolated points in the TRB mani-
fold, the lower of the two gaps be-
comes zero (Eq. 4.37), giving rise
to a nodal SC. Order parameter
manifold is (S' x S?)/Z,, which
reduces to (S! x S!)/Z, in the TRI
sub-manifold. (Sec. 4.2.1)

(CIZI C3/ S6/ U'd)

Anisotropic NNN pairing
(Fig. 4.7). Three gapped branches
and one gapless branch of ex-
citation, each 4-fold degenerate
(Fig. 4.6(a)). The nodes are at
the I'-point and their degeneracy

changes (Fig. 4.6(b)). (Sec. 4.2.2)

Table 2.2: Summary of the doublet SCs discussed in Sec. 4.2. TRI (TRB) stands for TR
invariance (TR breaking). Note that doublets are generically non-unitary and break
TR.

them rather unconventional where the direction of the superconducting order param-
eter can be changed in the order parameter manifold to obtain a gapped or a nodal SC.
The truly gapless (nodal) SC is obtained from the pairing of the (J;r = 0) spin singlet;
on the other hand, in the parity even &, doublet, where the superconductivity origi-
nates from anisotropic NNN pairing as shown in Fig. 4.7. The excitation spectrum in
this case (Fig. 4.6(a)) generically contains three four-fold degenerate gapped branches
and one gapless nodal branch. The origin of the nodal branch can be traced to the
Dirac node at the center of the BZ in the global basis (Appendix A.5) that is protected
by a SO(4) subgroup. The order parameters for all the doublets generically span a
(S' x S?)/Z, manifold, which reduces to (S! x S')/Z, within the TRI sub-manifold.
Lattice symmetries do allow (see for example Eqgs. 4.39 and 4.40) energetic distinction
between the TRB and TRI sub-manifolds leading to the possibility of obtaining uncon-
ventional vortices in the TRI manifold since 711 <51sz51> = Z x 2[17,107,108]. Finally,

there are eight triplets giving rise to six distinct SCs summarized in Table 2.3. These

SCs generically correspond to finite momentum pairing and hence break translation
symmetry in addition to other point group symmetries, as well as TR. Hence, they

generically correspond to pair-density-wave (PDW) SCs [56,109,110] with the order-
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| Microscopic Symmetries Broken

|

Brief Description

(T1,T2,C5,C3,S6,04)

Two gaps which become equal in the
TRI sub-manifold. On sections of TR
breaking sub-manifold, the smallest
gap goes to zero, leading to a nodal SC.
Onsite finite momentum pairing with
stripy pattern (Fig. 5.1). (Sec. 5.1.1).

IT
Tig

(Tll TZ/ Clzl C3I S6/ U-d)

Very similar to the triplet above, but
arises from flavour symmetric pairing
and is a distinct SC. The stripy pairing
is NNN (Fig. 5.2). (Sec. 5.1.1).

ITT
i

(T1,T2,C5,C3,S6,04)

Nodal SC with NNN finite momentum
pairing (Fig. 5.5(b)). Dirac nodes at
the I'-point. Node degeneracy changes
with the direction of the order param-
eter (Fig. 5.4). (Sec. 5.1.1).

Tog

(Tll TZ/ Clzl C3/ S6I (Td)

Multiply gapped (Fig. 5.6) with gap-
less nodes at M-points (Eq. 5.18), lead-
ing to a PDW SC obtained from NNN
pairing (Fig. 5.7). (Sec. 5.1.2).

T 11
Toy and Ty,

(Tll TZ/ C/2/ C3I S6/ O-d)

Multiple gaps, with the lowest gap re-
duced to zero on a sub-manifold of the
order parameter space, giving rise to
a nodal SC. Zero modes correspond to
linear combinations of Dirac modes at
different valleys. NNN finite momen-
tum pairing (Fig. 5.10). (Sec. 5.1.3).The
two triplets can be adiabatically con-
nected without breaking further mi-
croscopic symmetries, so they are not
distinct SCs.

7'11u and 7'11 I

u

(T1,T2,C5,Cs,S6,04)

Spectrum is similar to 7,} and T)I
triplet discussed above; two triplets
represent the same SC. NNN finite mo-
mentum pairing (Fig. 5.10). (Sec. 5.1.4).

Table 2.3: Summary of the triplet SCs. Like the doublets, all the triplet SCs are gener-
ically non-unitary and break TR. Generically, the triplets have finite momentum pair-
ing resulting in breaking of translation symmetries in the resultant pair density wave

(PDW) SCs.
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parameter manifold being (S' x CP?)/Z, [111,112] which reduces to (S! x S?)/Z, in
the TR invariant sub-space. The associated Cooper-pair wave functions are formed by
a mixture of JT = 1,2, and 3 sectors that are intricately interlocked with the real space
directions. Although the three 7Ty triplets (denoted by 7‘1;, Tlg and ’Tl{gl !'in Table 2.3)
belong to the same Irrep, they have somewhat different properties. Further, the TR
invariant sub-manifolds of these three SCs cannot be adiabatically connected with-
out breaking further lattice symmetries and /or TR. Finally, while the two of them are
gapped, the third one is a nodal SC. Among the other three, the 7, triplet is a nodal
SC, while the other two (71, and 73,) are generically gapped, except at sub-parts of

the order-parameter manifold when the smallest of the multiple gaps closes.
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Chapter 3

Implementation of microscopic
symmetries and classification of

superconducting pairing

In this chapter, we will examine the classification of the 72 superconducting masses.
We begin with a discussion of the microscopic symmetries. Then, we classify the
masses under the action of the U(4) symmetry in the flavor sector, and conclude the
chapter with a discussion on the transformation properties of bilinears under micro-

scopic symmetry.

3.1 Microscopic Symmetries

To classify the different SCs, it is useful to understand the transformations of the su-
perconducting bilinears (Eq. 2.30) under the microscopic symmetries— lattice trans-
formations and TR. This, of course, is related to the symmetry transformation of the
Dirac fermions [40]. Due to the underlying SOC, the microscopic transformation leads
to mixing of the SU(4) flavours. Here we summarize these transformations for com-

pleteness and refer the reader to Ref. [40] for further details.

The symmetry group of lattice transformations, S, is generated by
{Tll T2/ C3/ C60-h/ C/2/ 04, I}

where {T1, T2} correspond to the lattice translations of honeycomb lattice, {C5, C3, C¢ }
are two, three and six-fold lattice rotations and {cy,, 04,1} are reflections and inver-

sions as explained in Ref. [40] (also shown in fig. 2.2). Under the action of S, the Dirac

29



spinors transform as
S _
x(x) > Qg x(S7'x), (3.1)

where Q)g is a 16 X 16 dimensional matrix representation of S whose explicit forms are

given in Ref. [40]. This, for Nambu spinors, xn(x), leads to

T
g . _ T
(S [ a5 s ), (x50 at)’ |
1 « « -
= > [10® Qs +08) + 15 @ (Qs — OF) [ (7). (32)
In addition, under the microscopic TR symmetry, the Dirac fermions transform

such that TR?> = —1 with the detailed form of the transformation matrix also given in

Ref. [40]. Finally, the microscopic charge conservation is described by Eq. 2.2.

3.2 Classification of Superconducting masses

Given the microscopic symmetries, we now turn to the classification of the supercon-
ducting masses. The resultant structure of the mass matrix is obtained by setting the

normal masses to zero, whence Eq. 2.22 reduces to

MSe — O16x16 Apys(EpT,05)
Ag s (EpTy05) O16x16
p .
0 A;M;
_ Z 1i>><~16 1+Yl , (3.3)
i=1 [AMi D116

where 06416 is the 16 x 16 zero matrix. The second expression concretely applies
for an irreducible representation (Irrep) of dimension d, with pairing amplitude A =
(A1, Ay, - -+, Ag), with A; being complex numbers and M; denoting corresponding ma-
trices which are given by particular combination of X57,0; specific for the Irrep. For
our case, d € {1,2,3}, which corresponds to singlet, doublet and triplet representa-

tions, respectively.

At the outset, we would like to point out the broad classification of such masses

under the microscopic TR symmetry. Under TR,
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Now we can define

T = (1 +ip2) @ My and Ty = (g — ipa) @ M (3.5)
such that,
d d . N
M = Y (ATF + AT ) = YA (€T 4+ e7T)). (3.6)
i=1 i=1

Under charge U(1) (Eq. 2.2),
Xi —€x;, TS — e TH, T — 20T, (3.7)

Thus, if all the phases §; (in Eq. 3.6) for all the components in a particular Irrep
are the same, then a uniform U(1) rotation can get rid of it. This is always possible
for singlets (d = 1), but is generically not possible for doublets and triplets (d = 2, 3).
Hence, while the former are TR symmetric, the latter generically break it. However, a

linear combination of different singlets can break TR.

With this, we now turn to the complete classification of the SCs under the micro-
scopic symmetries. To this end, we provide a two-step classification by first consid-
ering only the internal U(4) symmetry of the Dirac bilinears defined in Eq. 2.30 (the
Nambu bilinears can be then obtained via Eq. 2.27) before taking on the full classifica-

tion under the microscopic lattice symmetries.

3.2.1 Classification under U(4)

As mentioned before, the Hamiltonian in Eq. 2.1 has U(4) invariance, under which the

Dirac bilinears in Eq. 2.30 that transform as

u(4 T
xT YpTy05 X L> xT (Qg)) 2505{) ® Ty05 X-
(3.8)

Here, Qg Jisad x4 unitary matrix in flavour space as is evident from the superscript
f. The Dirac bilinear in Eq. 3.8 transforms as a 4 ® 4 representation of U(4) which is
reduced to

44 =610, (3.9)

where 6 and 10 correspond to 6-dimensional anti-symmetric and 10-dimensional sym-
metric Irreps of U(4). The above U(4) transformations do not mix the two classes — the

symmetric and anti-symmetric flavour matrices, X B- Hence, we can classify the above
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Irreps Set of masses Flavour Sector | Dimension
1 (ylz 70y, PoX! 71(70> Y € Zagy (6,6)
2 (ylZl 00 , o T0(72> %, € Tgy (10, 10)
3 (ylZ ™0y, yzZ 0 ) ¥ € Xy (10, 10)
4 (;4121-7302, 1530 ) ¥, € T, (10, 10)

Table 3.1: Classification under U(4) transformation

superconducting masses into two groups

Y€ Taqy de,Tp =X

YpETy e, T =g (3.10)
Eq. 2.29 now demands that the first class of flavour matrices in Eq. 3.10 can only occur
in combination with 7,05 such that this combination of valley-band space matrices is

symmetric (in addition to the constraints discussed above) and there is precisely one

such combination, given by
T10p. (3.11)

Similarly, for the second class of matrices in Eq. 3.10, 7,05 needs to be anti-symmetric,

and there are three such combinations, given by
T302, 1200, iT()O'z. (312)

These are summarized in Table 3.2. Putting this back in the general form of the
masses for the Nambu spinor consistent with Eq. 2.23, the 72 superconducting bilin-

ears (Eq. 2.27) can then be classified into four groups as shown in Table 3.1.

3.2.2 Classification under lattice symmetries

The lattice symmetries, however, mix the flavour and the chiral spaces due to the SOC
as realized in Ref. [40], such that the structure of the Irreps and hence the resultant
symmetry breaking becomes more involved. In particular, under lattice symmetry S,

the Dirac bilinears transform as
s T T
X Zpmosx X7 [(ng )> x,0Y )} ® [(Qg)) ng@] X, (3.13)
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| Valley-Subband Sector | Irrep | Transposition

{top} Aig Symmetric
{1302, T0y, 1Ty0n} Tae | Anti-symmetric

Table 3.2: Decomposition of chiral (valley and sub-band) sector under lattice symme-
tries.

where the superscripts f and c represent respectively the flavour and the valley-subband
(chiral) spaces on which Qéf ) and Qéc) act such that the transformation of the Dirac

spinor under symmetry S is given by
x— 0o el y. (3.14)

This tensor product structure of the transformation matrices arises naturally from
working in the local basis and is explicitly demonstrated in Ref. [40].
The four matrices (Egs. 3.11 and 3.12) in the valley-band space break up into 1 @ 3,

as discussed above, to give
4 = Alg @ 7§g. (3.15)

Here, we use the same notation for the Irreps as introduced in Ref. [40] and summa-
rized in Appendix A.4. The singlet is the symmetric matrix, and the triplet is com-
posed of three anti-symmetric matrices and is summarized in Table 3.2 for easy refer-
ence.

For the 16 flavour matrices (Eq. 3.9), the six antisymmetric ones (Eq. 3.10), under
lattice symmetries, break up into 1 © 2 @ 3 with

6= A1, ©E D Tig, (3.16)

as summarized in the first three rows of Table 3.3, while the 10 symmetric ones (Eq.
3.10) break upas 1 &3 H3 D 3, i.e.,

as denoted by the lower four rows of Table 3.3.

The full classification of the 36 superconducting bilinears for the Dirac fermions,
X'z pTy0sX, can now be obtained by combining the representations of the flavour and
the chiral sectors, similar to Ref. [40], but noting, as above, that only combinations of
symmetric (anti-symmetric) flavour matrices are allowed with anti-symmetric (sym-

metric) chiral matrices.
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Flavour Sector | Irrep | Transpose |

{213} A1z | AntiSym
{224, 225} 5u AntiSym
{Z1, 55,0545} T | AntiSym
{2} Aog Sym
{Z32,i %0, L1} Tag Sym
{Z15, i(\/7525 —1%y), @ZM — 1% | T Sym
{Z1g, i(@& + 155), —\/75235 — 1% | Tou Sym

Table 3.3: Decomposition of flavour space matrices under lattice symmetries. Anti-
Sym(Sym) specifies if matrix is anti-symmetric(symmetric) under transposition (see
Eq. 3.10 and Table 3.1).

Flavour anti-symmetric masses : There are six anti-symmetric g matrices (Table 3.3

and Eq. 3.16) which can only combine with the symmetric singlet of the chiral space

to give
Eu® Arg = &, (3.19)
ﬂg ® -Alg = ,Tlg- (3.20)

Flavour symmetric masses : Similarly, the 10 flavour symmetric matrices can only
combine with the anti-symmetric chiral triplet to give a total of 30 flavour symmetric
direct product matrices that are divided into three singlets, three doublets, and seven

triplets, as shown below

Aze ® Tog = Tig, (3.21)
Tog @ Tog = Tig @ Tog ® Eg & Arg, (3.22)
Tiu ® Tog = Tiu ® Tou ® Eu © Ay, (3.23)
Tou @ Tag = Tiu @ Tou © Eu © Auy. (3.24)

Finally, turning to the Nambu bilinears (Eq. 2.27), it is clear that we have 72 super-
conducting masses that are formed out of the real and imaginary components of the
above 36 bilinears as denoted in the Table. 3.1. This leads to the classification of the

superconducting masses under microscopic symmetries and leads to
* 4-singlets : (2).A1q, A1, A2
* 4-doublets: (3)&,, &
o Setriplets : (3)Tig, (2)Tiu, Tog, (2)Tau.
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each of which can be TR even or odd, corresponding to the real and imaginary com-
ponents of the pairing amplitude.

As remarked above, the two components of the singlet pairing can be combined
along with charge U(1) to give rise to four distinct TR even SCs. Further, while the
Ay, and the Ay, singlets go to their negative under some point group transformation,
this can be rectified via the U(1) phase and hence they do not break any microscopic
symmetries. However, a linear combination of two singlets may break lattice and/or
TR symmetries. The doublets and the triplets, on the other hand, generically break
TR symmetry. While there are 12 of them, we find that some of the doublets and
triplets can be adiabatically deformed into each other without breaking any further
symmetries, thus leading to only 8 distinct SCs, as we shall discuss below. The above
superconducting masses give rise to both gapped and gapless SCs, which we now
discuss in detail. To this end, we divide the discussion into the singlet, doublet and
triplet Irreps in the next two chapters.

It is useful to note the classification of SCs for a two-orbital per site, i.e., an effective
j = 1/2 system, instead of four (Eq. 2.4), on the honeycomb lattice with 7r-flux at 1/4th
filling. The resultant low-energy theory corresponds to a different representation of
the microscopic symmetries, now acting on the j = 1/2 electrons. This is discussed in
Appendix A.8 and leads to five SCs — two singlets, one doublet and two triplets. As
is evident from the discussion presented in the section, the j = 3/2 system discussed
in the main text realizes a myriad of new phases that are not realized by the j = 1/2

system.
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Chapter 4
Singlet and Doublet Superconductors

After understanding the classification of superconducting phases, we now discuss
each of these phases in detail. In this chapter, we first focus on the four singlet su-

perconductors, followed by a discussion of the two doublet superconductors.

4.1 Singlet superconductors

As discussed below Eq. 3.3, for singlets we can always perform a U(1) transforma-
tion on the masses to make them TR symmetric, resulting in 4 different TR symmetric

singlet SCs— two Aj,, and one each of A;, and Ay,.

4.1.1 The two gapped A;, singlets

The two A; singlets (we denote them as A, and Aj,) arise respectively from Egs. 3.18
and 3.22. These two singlets correspond to two different superconducting phases as
they cannot be deformed into each other without closing the spectral gap for the Bo-
goliubov quasi-particles (see below) or breaking further symmetries.

The low-energy Hamiltonian in the presence of the two Aj o (x=Tor II) masses is
given by Eq. 2.21, with the form of the mass matrix given by Eq. 3.3 withd = 1. The
Al g singlet is particularly simple and arises from the direct product of the singlets in

flavour and valley-subband sectors (see Eq. 3.18) such that

AI
m=8 = 231100,

4.1
A = (T M), (4.1)

Singlet — 1 :

The A{é singlet, on the other hand, arises from the direct product of triplets in the
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flavour and valley-subband sectors as mentioned in Eq. 3.22 and this results in

Al (Z01000+ 121302 — 031200
mE = 7
Singlet —1I : 4.2)

e = (T e )

Note that while both the masses are A;, singlets, they are composed of different com-
binations of the flavour and chiral sectors, which lead to different consequences, with

the first being unitary, while the second one a rather rare example of a non-unitary

singlet SC, i.e.,
o] [AA{gmA{gr = |a" PEymon, 4.3)
and
[AA{QWALIZ} : [AA{émAg} . |AA{§|2 {ZOCO + %(21251 + X132 — Zo33) |, (44)

where (o = 1900 and {;(i = 1,2,3) are given in Eq. 2.11.

Al o Singlet

Diagonalizing the mean field Hamiltonian (Eq. 2.21) for singlet-I (Eq. 4.1) provides
two bands with gapped dispersion for the Bogoliubov quasi-particles of the form

I 1
E*(qx, Gy, AAlg) = i\/‘ﬁc +q5 + |AA1g‘2/ (4.5)

where, as usual, ZIAA{KI is the gap in the spectrum. Each band is 16-fold degenerate.
This single gap is a direct outcome of the unitary pairing (Eq. 4.3). Indeed, the SO(16)
symmetry group (Eq. A.28) is broken down to SO(8) ® SO(8) by the unitary pair-
ing. The resultant SC vortex is featureless and is characterised by the usual homotopy
classification 7r1(S!) = Z.

The above form of the pairing can be traced back to the lattice BCS Hamiltonian (in
the global basis) of the form

ALNT
HE —H+ T (o) ¥ 0¥ +he @6)
r

where H is given by Eq. 2.3 and ¥(r) corresponds to the j = 3/2 orbitals. Note that
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the pairing is on-site, i.e.,

(85a) = (P @z )T, @7)

similar to the s-wave pairing. In particular, given the explicit form of

0 —i 0
7 4 i 0 0 O
Yia = —— B ) 4.
13 3 (]y 7]y> 00 o il (4.8)
0 —1 0

it is clear that the form is reminiscent of a spin singlet type pairing within the +1/2 and
+3/2 orbitals, respectively, with a relative r-phase. Indeed, the relative 7-phase can
be understood as a pairing in the spin-3/2 SU(2)-singlet sector. Note that in the local
basis (Eq. 2.5), all the pairings transform as 3/2 ® 3/2 representation [93] of the SU(2)
generated by (], ]y, J.) [40] that is a subgroup of the flavour SU(4). Under spin SU(2),

the decomposition has the well-known form

N W

R==08192¢3. (4.9)

N W

Thus, the total spin angular momentum of the Cooper pair can be |7 = 0,1, 2,3, with
the magnetic quantum number, mr = —J1,- - -, J7. The black (red) colour corresponds
to symmetric (anti-symmetric) representations, such that only anti-symmetric (sym-
metric) representations are allowed by the Pauli exclusion principle when the real-

space part of the wave function is symmetric (anti-symmetric) under spatial inversion.

For the above on-site pairing, the spin part of the Cooper-pair wave function is

given by the SU(2) singlet anti-symmetric wave-function [93]

Jr = 0,my = 0) == (|3/2,—3/2) — | —3/2,3/2)) — % (11/2,—1/2) — | —1/2,1/2))

(4.10)

N[~

while its on-site spatial part is symmetric. The SU(2) singlet then demands the rela-
tive 77 phase for the above on-site s-wave SC. The statement becomes manifest in the
local basis, whence, on using Eq. 2.5, the hopping term becomes diagonal while the
pairing term remains unchanged, such that in the local basis there is pairing between
the flavours (1,2) and (3,4), respectively, with a relative 7r-phase between the two sets
of pairing terms. Due to the inter-twinning of real and spin spaces, the change of the

relative phase from 7 leads to the mixing of the above singlet with the onsite &£, dou-
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blet (corresponding to a part of the antisymmetric representation 2 in Eq. 4.9) studied
in Section 4.2.1 resulting in breaking of inversion symmetry. This relative rr-phase
is therefore a direct outcome of the symmetry implementation. One can therefore
conceive of fluctuations in relative phase that would correspond to an inversion-odd
Leggett mode ! [104]. Symmetry analysis shows that the gap of this Leggett mode ap-
pears to be driven by a quartic coupling with the &, pairing field, raising the possibility
of an undamped Leggett mode investigated in superconducting Dirac materials [113].

Clearly, such a Leggett mode is absent in the j = 1/2 counterpart (Appendix A.8).

I'OV\/—
05 ]
PR
S oo
&
—0.5 ]
_1.0»/\_
~1.0 ~05 0.0 05 1.0

[e]

Figure 4.1: Spectrum for the non-unitary A{é singlet (with Az = 0.35) around

the Dirac points. Each of the uppermost and the lowermost bands is 4-fold de-
generate, while each of the rest two is 12-fold degenerate. This degeneracy struc-
ture implies that the SO(16) symmetry of the free Hamiltonian breaks down into
SO(2)®S0O(2)®@SO(6)2S0O(6). Here, |q| is measured from the position of Dirac cones.

Aﬁ, Singlet

The A{é singlet originates from the direct product of 7, lattice triplets in both the
flavour and valley-subband sectors, as outlined in Eq. 3.22 and the corresponding
pairing matrix is given in Eq. 4.2. Due to the non-unitary pairing (Eq. 4.4), the spec-
trum (Fig. 4.1) has a double gap structure, which can be checked by diagonalizing the
mean-field Hamiltonian.

Similar to the first singlet discussed above, the low-energy Hamiltonian in the pres-

ence of this superconducting mass can be interpreted as the low-energy limit of a lat-

IThe term “Leggett mode” refers to a collective excitation of a multicomponent superconducting
order parameter, specifically an oscillation of the relative phase between different condensates (e.g.,
different bands, orbitals, or pairing channels).
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Figure 4.2: Schematic of the pairing in global basis for the .Aﬁ, singlet on the lattice
(Eq. 4.2). The blue bonds represent SC pairing amplitudes on the NNN bonds with
the pairing matrix being X13.

tice BCS Hamiltonian (in the global basis) of the form

11 *
HOM =H+ Y (Aiig) ¥T(r) 245 ¥(r') + hec. 4.11)
((re)

rr’

where H is the free fermion Hamiltonian (Eq. 2.3) and the pairing matrix is given by
Y13. However, unlike in the previous case (Eq. 4.11), the pairing is NNN, as pictori-
ally shown in Fig. 4.2. Thus, while the spin part of the Cooper pair wave function is
still given by Eq. 4.10, the spatial part is symmetric, with weights on the NNN sites,

resulting in an extended s-wave SC.

Are the two A;, superconductors distinct ?

Given that both the A;, SCs discussed above belong to the same Irrep, it is useful
to understand the sense in which they represent distinct SCs, if at all. Comparing the
lattice Hamiltonians in Eqs. 4.6 and 4.11, it is clear that they respectively correspond to
on-site s—wave and extended (NNN) s-wave SCs for the j = 3/2 electrons. However,
while Al ¢ 1s unitary, Aﬁ, is non-unitary as is evident from one and two gap spectra,
respectively. This is because, in the global basis, the hopping Hamiltonian, H (Eq.
2.3), does not have the spin-rotation symmetry. Therefore, a simple one-parameter
adiabatic interpolation between them fails and is interrupted by a gapless point, which
is in accordance with the fact that there is an intermediate phase transition, since they
break different flavour symmetries (Eq. 4.1 vs 4.2). Analyzing the pairing matrix in

the local basis(Eq. 2.5) provides, A} p singlet belongs to SU(2) singlet sector (0 in Eq.
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4.9), while that of Afg belongs to the symmetric representation of the SU(2) (1 and 3
Eq. 4.9). Based on this, we conclude that the two A;, represent distinct SCs.

4.1.2 The Gapless Singlets : .43, and A,

The A;, and the A;, singlets arise from the decomposition in Eq. 3.23 and 3.24, respec-
tively, and represent two distinct gapless SCs. Indeed, unlike the Aj¢s, both the Ay,
and the Ay, exhibit gapless Bogoliubov spectrum (see Fig 4.3). For both the singlets,
the SO(16) symmetry of the free Hamiltonian is broken down to SO(4)®@SO(6)®SO(6).
In the following, we first discuss the low-energy Hamiltonian along with a lattice real-
ization for these masses and then provide an understanding of these gapless modes by

analyzing these masses in the global basis. The low-energy Hamiltonian in the pres-

1.0¢

~1.0 ~05 0.0 05 1.0
[e]

Figure 4.3: Dispersion for the Aj,, and Ay, irreps (for A4 = 0.30) around the Dirac
points. The gapped bands are 12-fold degenerate, originating from Dirac nodes at M-
points in the global basis, while the gapless 4-fold degenerate bands originate from
the I'-point (Eq. 4.18)

ence of these masses is given by Eq. 2.21. The corresponding mass matrix is given by
Eq. 3.3 with d = 1 for the Ay, singlet with

V3 1 1 V3

1 1 1
A — Yo L 2 — (XZy,+ ¥ S 4.12
m ﬁ( 5Lt 5 34)T3(72+\/§( 5 T4t 5)T0f72+\/§ 1400,  (4.12)

and

A = (T e ), (4.13)
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such that the pairing is non-unitary, i.e.,

T 1
[AA“’ mAl”} ' [AA“‘ mA“‘} = [Ade]? {ZOCO +3 (Z2als — Zioln —Xisl2) |- (414)

For the Ay, singlet, we similarly have an analogous mass matrix with

1 3 1 1, V3 1 1
A = = (Vv ¥ (- ¥YIy 4oy N 5 41
m \/5( 7 S 35)T302 + \/§( 75+ 5 4)T002 7 15200, (4.15)
and
Ao = (xT A2 ), (4.16)

Thus, the pairing in this case too is non-unitary, i.e., [A42 mA2] - [AA2 Ao " has
a form similar to Eq. 4.14. Thus, both the SCs have a double gap structure, with one of
the gaps being exactly zero corresponding to four zero eigenvalues of the matrix on the
right-hand-side of Eq. 4.14 (the other twelve eigenvalues are non-zero equal and hence
give rise to 12 fold degenerate gapped excitations) and is evident from Fig. 4.3. This
gapless structure becomes most transparent when the low-energy theory is written
in the global basis (using the X, spinors defined in Eq. A.1). Note that in the global
basis [40], there are four valleys (see Fig. 2.1)- one at I' point and three at the three
inequivalent M = (Mj, M, M3) points— and each valley contributes a 4-component
Dirac spinor as expressed in Eq. A.2. The corresponding Nambu spinor (in the global
basis) is then given by

- - - - - - - - T
Xy = (Xor, Rirs Rgy Rantys gy Rantys KgMss Rants) - (4.17)

In this basis the mass matrices (Eq. 3.3), M

global” corresponding to the Aj, and the

Ay, singlets have the generic form of

O4x4 Osxa | O4xs Osxa | Ogxs Osxsa | Ogxs Ozxs
Ogx4 Osxsa | Ogxa Osxs | Ogxa Osxsa | Ogxsa Ozxs

Ogx4a Ogxa [Osxa Wi | Osxsa Ogxs | Ogxs Ogxs
Osxa Osxa | W Ossa | Ogxa Osxa | Oges Ogxs

, (4.18)
Ogx4 Ogxa [Ogxa Ogxs | Ogxa Wo | Osxa Ogxs

Ogxa Osxq | Ogsca Ogseq | WE Oga | Ogses Ogs

Osxs Osxa | Osxa Osxs | Ogxa Ozxsq | Ogxa W3

Osxca Ossca | Ossca Ossca | Ossea Ossa | W Oaxa
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where W; are 4 X 4 matrices which are essentially the pairing matrices for the x
spinor (for i = 1,2,3). From the structure of the matrices, it is clear that the pairing is
absent for the Dirac fermions x,r, which then remains massless due to lattice symme-
tries as well as an emergent SO(4), similar to the protection of the I''DSM in Ref. [40],
and is discussed in Appendix A.5. The SO(4) can either be broken via inducing spin-
octupole Hall order [40] or admixing the above SC with the gapped A;, singlet SC

discussed above in Section 4.1.1.

Figure 4.4: Schematic of the pairing for for .4y, and Ay, singlets the lattice BCS Model
in global basis (Eq. 4.19). The connecting lines indicate NNN pairing amplitudes with
their colours representing the pairing matrix. Solid(dashed) lines indicate the sign of
the pairing term is positive(negative) with the matrices (X,, %), X.) described in Egs.
4.20 and 4.21 respectively for the two singlets.

The above low-energy forms of the two gapless SCs stem from a mean-field lattice
Hamiltonian with NNN pairing, which, in the global basis (similar to Eq. 4.11), is
given by

l b l 'A u(zZu *
Hiy = H+ ((X/ﬁ» {(AM; @ )) 97 (1) Xy ¥(r') + he), (4.19)
Ir

where X, is the pairing matrix between the NNN sites at r and r’ that are pictorially
shown in Fig. 4.4, where ¥,;, %, and X are the pairing matrices on the different NNN

bonds. For the A;, singlet, these paring matrices respectively are

1 1
—5(224 +/3%5), Lo, E(\@Zzs — Xo4), (4.20)

while, for the Ay, singlet, they are

1 1
5(225 —V3%y), —Zos, 5(\/5224 + Xp5). (4.21)
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Each of the Cooper pair wave functions is symmetric in real space with weights at
NNN sites, while the spin wave functions for the three bonds with ¥;, 2, % (Fig. 4.4)

are anti-symmetric and given by

|Pa) :%UT =2,mr =0) + \/glh =2,mr =2) — \/§|]T =2,mr=-2), (422
|@y) =|]r = 2,m7 =0), (4.23)

|Pc) = — %UT =2,mr =0)+ \/g\h =2,mp =2) — \/g\h =2,mr = —2), (4.24)

for Ay, and

| >=—|IT—2mT—0 \/7|]T_2mT—2 \/7|]T—2mT— —2)  (4.25)

|Dp) = (UT =2,mr =2) — |Jr = 2,mr = =2)), (4.26)

S

ol sl

"I’c>——UT—2mT—0 \/>UT—2mT—2 \/>UT—2mT——2> (4.27)

for Ay,,.

Noticeably, while the spatial part of the wave-function is symmetric and as a result
the spin-part is anti-symmetric, the structure of the latter depends on the actual direc-
tion of the bonds in the former (Fig. 4.4) in both the superconductors, due to the SOC,

resulting in inversion odd SCs.

4.2 Doublet Superconductors

There are four doublet bilinears, one with the irrep Sg and three with &, given in
Eq.3.19, 3.22,3.23 and 3.24 respectively. The three £, masses represent a single gapped
SC, while the &£, doublet represents a nodal SC. In the following, we first discuss the
three £, doublets and then the &, doublet.

42,1 The 3 &, Doublets

The three &£, doublets, denoted as &,, I SH and & I”, arise in Eq. 3.19, 3.23 and 3.24
respectively. The low-energy Hamiltonian in the presence of &;; (for x = I,11,1II)

doublet is given by Eq. 2.21 with the mass matrices, M of the form given by Eq. 3.3
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X X
with the mass matrices m‘lg” and mg” given by

& _y
mt = T10(
gr. g M m Ao (4.28)

&
m2 = 225’(10()

gl
el mt = Lf( 5235 — £Z34)T30'2 — \/72151'20'() + \[(\égzg — %24)’['00'2 (4.29)
" mgil - %_[2347302 \1/\[ V3% a1 ’
ng
il my = \/( 7234 + \f235 )30 + \[214”5200 f(fzrl- 325) 002
u gl
myt = %—ZSﬁ[‘S% T30y — \%_\535@5 To0s.
(4.30)
The corresponding pairing amplitudes,
AT = (XTmfix)  (i=1,2), (431)
can be parametrised as
(Afg‘c, Agz‘() — A%iei?(cos 6, sin 6e'T), (4.32)

where Afi = \/ ]Agl‘ 2+ |AS2, §,¢ + 7 € (0,271] are the phases of the superconduct-
ing amplitudes and § = tan~! <|A2 |/ |A1” ) For a general phase difference (7 # 0),

the SC breaks the microscopic time-reversal symmetry as explained in Sec. 3.2.

All three doublets give rise to non-unitary SCs, and the details of the Bogoliubov
spectrum depend on the values of the various parameters in the superconducting am-
plitude (Eq. 4.32). As mentioned earlier, these three &£, doublets represent a single
superconducting phase. This can be demonstrated through a similar analysis as done
in Sec. 4.1.1. We can find an adiabatic path between any two of them without closing
the quasi-particle energy gap and without breaking further microscopic symmetries.
Thus, we will discuss the £! doublet in detail below, while the Irreps £I and £ are

discussed in Appendix A.6.
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El'Doublet

We rewrite the mass matrix (Eq. 3.3) as
méh(d) = A% (d5imie + d5mst) = A% d - mEL, (4.33)
where
d= ¢ (cos 6, sin6 eﬁ) (4.34)

is a two-component complex vector and |A5tlt | is the magnitude of the pairing. Check-

ing for unitarity, we have

T ] 1 1
[A&I, .mgﬁ} : [Agi .mgtlx] = |AG2 (ZOTOUO + ésin(29) sin(%¥) [mf”,mi”]) , (4.35)
1 1 1
where Z[mf”, mg”] = Y45Tp0p.

The two distinct eigenvalues (represented by A‘ig‘) of the matrix in eq. 4.35 are given
by
A% = (ASHY2 (1 sin(F) sin(26)), (4.36)

(with each being 8-fold degenerate) such that for the TR invariant (breaking) manifold,
¥ = 0(60,% # 0), and we get a unitary (non-unitary) SC and consequently a single
(double) gap structure. Interestingly, on the isolated points within the TR breaking
manifold of SCs, when 0 = £71/4,£37t/4 and 4 = +7/2, corresponding to

sin() sin(26) = +1, (4.37)

when one of the eigenvalues vanishes, leading to the collapse of the smaller of the two

pairing gaps, we have 8-fold gapless (nodal) Bogoliubov excitations.

The above low-energy theory is obtained from a mean field lattice Hamiltonian in
the global basis of the form similar to Eq. 4.6 with onsite pairing between the j = 3/2

electrons given by
Y £(x) ((Aﬁm)*‘I’T(r) Sou ¥(r) + (Ai’l‘m)*‘I’T(r) s ‘P(r)) . (438)

Here, f(r) (= £1) is a function defined on the lattice sites r (see Fig. 4.5). This modu-

lation f(r) breaks the point group symmetry while preserving the translational sym-
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Figure 4.5: Schematic figure for the pairing amplitude of the &£} on the lattice in
the global basis (Eq. 4.38). Black dots represents onsite pairing with pairing matrix
Y; € (Xp4,X25) and Red dots represents onsite pairing with pairing matrix —%; with
{¥24, %25} being the two members of the doublet. The relative negative sign of the
pairings on the two sublattices ensures that the SC is odd under inversion.

metry of the honeycomb lattice, and corresponds to staggered on-site pairing.

The corresponding anti-symmetric spin wave function of the Cooper pair is given
by Egs. 4.23 and 4.26 respectively for the two components. Thus, the Cooper pairs
for this doublet are made up of a linear combination of a subset of anti-symmetric
Jr =2 (mr = 0,£2) spin multiplet states.

Further insights about the staggered on-site pairing become apparent by going

back to the continuum limit, whence using Eq. 4.34 we get

A = (n1,ny,n3) = d76d = (cos 4 sin 26, sin 4 sin 26, cos 26 (4.39)
such that (11, n3) transforms as 55,, and n, transforms as .Agg under lattice symmetries
and ¢ = (0*,0Y,0%) are 2 x 2 Pauli matrices. The TRI sub-manifold is then spanned
by ny = 0, while the pure TR breaking manifold is given by n; = n3 = 0, with the
latter being an isolated point corresponding to 6 = £m/4,¥ = £m/2. Note that at
these isolated points, the smaller of the two gaps vanishes, and we get a gapless TR
breaking SC (Eq. 4.37). The underlying microscopic symmetries allow for the leading

order anisotropic term
M2+ Ay <n§ n ng) (4.40)

in the Landau free energy, which dictates details of whether the TR invariant/breaking

manifold is chosen, depending on the signs of the coupling constants Ay, A;.
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Vortex structure: It is interesting to look at the possible topological defects in the
presence of this doublet mass. Apart from the usual U(1) vortex in the Nambu sector
(texture in the real and imaginary part of superconducting amplitude), we find that
there is also another stable vortex defect possible, which we discuss now. This is clear
by noting that the order parameter (Eq. 4.34) lives in (S x $?)/Z, manifold, similar to
the spinor bosons [17,107,108] which is broken down to (S! x S')/Z, [107,108] in the
TRI subspace. Thus, the vortices generically are characterized by 711 ((S! x §?)/Z,) =
Z and reduces to 711 ((S! x S')/Z,) = Z x Z [17,107,108] in the TRI manifold.

4.2.2 The Gapless Doublet Mass (&)

The & doublet masses arise from direct product of the 7, lattice Irrep in flavour and
the 7, Irrep in valley-subband sector (see Eq. 3.22). The low-energy Hamiltonian in
the presence of this doublet mass is given by Eq. 2.21, with the mass matrix, M,

given by a form similar to Eq. 3.3 with

1
m.° = —(XoTp0r — 2121307 ), 441
1 \/E( 0T00?2 12T302) (4.41)
& 1
ng = —(ZoTo(Tz + X1pT300 + 22231’20’0), (4.42)
V6
and
& E E E
Alg = (XT mlg X) , Azg = <)(T ng X), (4.43)

which can be parametrised in a way similar to Eq. 4.32 and gives rise to a non-unitary
SC which is TR invariant only for v = 0, 7t and breaks it otherwise. Notably, however

the eigenvalues of the matrix m%(d).(m%(d))* is
(O, g(A‘c"fi’)2 sin?(9), %(A‘Sg)2 <4 +2c0s(20) + 2v/3 cos(F) sin(29)) ,
%(ASX)Z (4 + 2c0s(260) — 2v/3 cos() sin(29)) ), (4.44)

with each being 4-fold degenerate. Thus, the spectrum of the Bogoliubov quasi-particles
is generically gapless, with the degeneracy of the number of gapless nodes varying
over the order parameter manifold. The resultant low-energy Bogoliubov spectrum is
shown in Fig. 4.6(a) whose origin can be traced back to the Dirac nodes at the I'-point

in the global basis — similar to the case of Aj, and Ay, singlets discussed in Sec. 4.1.2
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Figure 4.6: Gapless Doublet Spectrum (for |A%| = 0.30) (a) For general values of 6
(here it is shown for 6 = 71/4), there are 8 bands each of them is 8-fold degenerate.
Out of these 8 bands, two bands touch linearly at q = 0, providing 8-gapless modes.
(b) For 0 € {+m/3,£27t/3,0} (here it is shown for 6 = 71/3), Apart from the usual
two bands, extra bands are touching each other at q = 0, providing 16-gapless modes.

above (also Appendix A.5). Extra isolated gapless modes can appear on the TRI sub-
space (¥ = 0,7) for 0 = 0,7, £7m/3,£27/3 as shown in Fig. 4.6(b). On the lattice,
these doublet masses correspond to NNN pairing. The equivalent lattice Hamiltonian
in this case is similar to that given in Eq. 4.19 with the pairing amplitudes on the NNN
bonds (in the global basis) being given by

er/ = f(l‘, 1‘/)213 = —f(l‘, r')g <]y — ;]S) (445)

Here, f(r,1')(= +1) is depends on the particular NNN bond. For Aig =0, f(r, 1)

B A

Figure 4.7: Schematics of the pairing for the two components (mgg , mfg ) of the &
doublet on the lattice in the global basis (Eq. 4.45). The pairing amplitudes are on
NNN bonds, and the solid (dashed) lines are related to each other by the change in
sign of the pairing matrix as indicated.
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is pictorially shown in Fig. 4.7(a). Similarly, Fig. 4.7(b) shows the pairing pattern for
Afg = 0. The resultant Cooper-pair wave-function is an anti-symmetric spin singlet
and is given by Eq. 4.10, while the spatial part is symmetric with modulation on the
NNN bonds, as shown in the figures. Thus, these too correspond to nodal SCs with
anisotropic NNN pairing.

With this, our study of singlet and doublet superconductors concludes. The next

chapter will focus on triplet superconductors
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Chapter 5
Triplet Superconductors

In this chapter, we will complete our discussion of the superconducting phases by

discussing the triplet superconductors.

5.1 Triplet Superconductors

Finally, we turn to the triplet SCs. There are eight triplet Irreps (Eqns 3.21 - 3.24)
0 3T, )T, (2)Tou, and Tog. These irreps result in six distinct superconducting
phases since the two 77, give rise to a single SC, and so does the two 7y,. Specifically,
two of the Ty, the 7y, and the 7, are gapped SCs, while the remaining 71, and the
24 are SCs with gapless Dirac nodes. All these SCs correspond to non-unitary pairing

generically as we describe below.

5.1.1 The 7y, Triplet superconductors

There are three Ty, triplets corresponding to Eqgs. 3.20, 3.21 and 3.22. All three triplets
generically break TR, but have extended TRI sub-space. While the first one is a flavour
anti-symmetric, the other two are flavour symmetric. However, in the TRI sub-manifold,
we find that the three triplets cannot be adiabatically connected without breaking fur-
ther microscopic lattice symmetries or time reversal. Particularly once TR is broken,
the three SCs can be adiabatically connected. Further, while two of them are generi-
cally gapped, the third one is a nodal SC. Due to this, we consider them as separate SCs
which we denote by 1’; with x = 1,11, I111. We discuss each of them now separately

below.

The low-energy Hamiltonian for these SCs is given in Eqns. 2.21 and 3.3 for l’é (for
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x = I, 11, I1]) with mass matrices of the form

Tig
my° = 21T10'0,
T

I .
,Tlg : mzlg = 23’['10'0, (51)
L
ms ° = 1245’[10'0.
7—111
my . ZszO'(),
1I . U
’Tlg : mzlg = 22T30'2, (52)

g _ =
my = = iXpTp0s.
and

T
m; " = (Zo1302 — L12T002) / V2
7111[ m;lg = (—223’1’00’2 — ZoTzUo)/\/z (5-3)

T .
my" = i(Z12100 — T3 1302) / V2.

The corresponding pairing amplitudes are given by

A = (T Sy (1=1,2,3). (5.4)

As discussed in Sec. 3.2, that triplet breaks the microscopic time-reversal symmetry
for a general value of the superconducting amplitudes, which, for each triplet, can be

generically parametrized as
ATie = |ATis| @~ (5.5)

where d* = (df,d3},d}) is a 3-component complex vector that spans the order param-
eter manifold (S' x CP?)/Z, [111,112] via

(d%,d%, d%) = e (cos 6, e sin 6 cos ¢, /72 sin 0 sin ¢). (5.6)

where, ¢ is the superconducting phase and 6, 4; and ¥, specify the direction in the
triplet space. Note that the TRI sub-manifold is given by 41 = 92 = 0or 0 = 0,7
whence the order parameter manifold reduces to (S! x $?)/Z; and corresponding vor-
tices are characterized by 711 ((S! x S?)/Z,) = Z.
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Ty, Triplet

A general mass term for this triplet is written as,

1 1 7L 71 7! I 1
m"is(d) = |AT1s| (d{mllg +dim,' + d§m3lg> = ATs . m7s, (5.7)

such that the unitarity condition leads to

T 1 % t
[Aﬂ;’ : mTl{%'} . [Aﬂ{g . mﬁ{‘a’] = ‘A7?g|2 X <20T00'0 + E <d1 X dI > : (mTl{? X mTllg ) ),

(5.8)

which implies it is unitary provided d! x d" = 0, ie., on the TRI manifold. On the
other hand, on the TRB manifold, there are two gaps (as can be obtained by diagonal-
izing Eq. 5.8) generically except at when |d x d!"| = 41 whence the smaller of the
two gaps collapse leading to a nodal SC. However, unlike the doublets (e.g., Eq. 4.37),
the above condition of obtaining a node can be satisfied on extended sub-spaces of the

order-parameter manifold.

TI
Figure 5.1: Schematics of the pairing for mllg (Eq. 5.1) bilinear belonging to the 7‘1;,

triplet in global basis (Eq. 5.9). Here, Black (Red) dots represent on-site pairing in the
flavour sector with pairing matrix X1 (—%1). Pairing amplitudes oscillates at momenta
corresponding to M, point in the BZ(Fig. 2.1). Lattice model for the other two compo-
nents of the triplets can be generated by acting with S¢ (Table. A.3).

TI
The corresponding lattice Hamiltonian (for mass matrix m; *¥) has a form similar to
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Eq. 4.6 with on-site pairing term ();) at the lattice site r is given by

ve= (ah) (0¥ @), (59)

where f(r)(= +£1) is a function that creates a vertical stripy pattern of pairing on the
honeycomb lattice, as illustrated in Fig. 5.1. As is evident from the figure, the pairing
breaks translation symmetry in addition to point group symmetries. The pairing am-
plitude is at a finite momentum corresponding to the M, point in the BZ(Fig. 2.1). The

spin-wave function of the Cooper pair is anti-symmetric and is given by

1

V2

which should be contrasted with Eq. 4.26.

|D1) =—= (|Jr =2,mr =2) + |Jr =2, mr = —2)) (5.10)

The lattice Hamiltonian for the other two masses in this triplet can be obtained
by applying C3 rotations and correspond to the other two stripy patterns on the hon-
eycomb lattice, with (¥7Z3%) and (¥7245Y) pairings, with the corresponding spin-

wave function for the Cooper pair being

@3) = %(lh —2,mp=1) — |Jr = 2,mp = 1)), G11)
and
| Py5) = L(UT22,771T=1>+UT=2,T71T= -1)). (5.12)

V2

Therefore, these correspond to pair density wave (PDW) SCs [56,109,110] (with or
without TR) where the pairing amplitude oscillates at finite momentum. The nature
of these PDWs and the splitting of their degeneracies can be studied using methods
similar to Eq. 4.39, albeit using SU(3) matrices (see Appendix A.7).

11 ¢
T, g triplet

The analysis of this triplet (spectrum and unitarity condition) is very similar to 7'1;
discussed above, leading to a PDW SC with a two-gap structure on the TRB manifold,

which reduces to a single gap on the TRI subspace, as before.
TH
The lattice Hamiltonian is similar to that given in Eq. 4.19. For the m, ¢ mass of

this triplet, the pairing amplitude on the NNN bond connecting the lattice sites at r
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TII
Figure 5.2: Schematic of NNN pairing for the bilinear m,"¢ (Eq. 5.2) component of
(7'1{; ) in global basis (Eq. 5.13). Here dotted (Solid) line represents pairing in the

flavour sector with Pairing matrix X;(—2). Pairing amplitudes oscillate at momenta
corresponding to the M, point in the BZ(Fig. 2.1).Pairings for the two other compo-
nents of the triplet can be obtained by acting with S on the present one (Table. A.3).

and r’ is given by
X = f(r,¥)Z. (5.13)

Here, f(r,r')(= +£1) is such that it forms a vertical stripy pattern on the honeycomb
lattice (see Fig. 5.2). The lattice model for other masses of the triplet can be obtained
by action of Sg, which leads to NNN pairing with stripy pattern along M; and M3
momenta (Fig. 2.1). Thus, this is a NNN version of the Tllg triplet.

111 g
71g triplet

Finally, we turn to the 71;1 I triplet that arises from the direct product of the flavour
and valley sub-band triplets (Eq. 3.22). This results in a nodal PDW SC with excitation
spectrum given in Fig. 5.3.

The structure of the Bogoliubov spectrum is best understood by writing the generic
mass matrix (using Egs. 5.4 and 5.3) in the global basis (see Eq. 4.17), whence its struc-
ture reduces to a form similar to Eq. 4.18. Therefore, like the A, singlets discussed
above and the I'-DSM of Ref. [40], the mass matrix here too has a zero block corre-
sponding to the Dirac fermions at the BZ center, leading to the nodal PDW SC.

Interestingly, on the TRI manifold (d x d* = 0), there are extra gapless modes
in the spectrum for some special linear combinations of the masses. We find that in
the parameter space of TRI points, on the great circles (Fig. 5.4), two of the gapped
bands in Fig. 5.5(a) touch each other at q = 0 and the degeneracy of the gapless bands
becomes 16 (also see the related discussion in Ref. [40]). The masses in this triplet

correspond to the lattice Hamiltonian of the form given in Eq. 4.19. For the first mass
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E(q)
()
(]

lal

Figure 5.3: Spectrum for gapless triplet 71, on TRI manifold, for general (6, ¢) and (for
|ATis| = 0.31). There are two bands which touch each other linearly at q = 0; each is
four-fold degenerate. For values of (6, ¢) on the Great circle (Fig. 5.4), the number of
bands touching each other at q = 0 increases and the two bands touching linearly at
q = 0, each one is 8-fold degenerate.

Figure 5.4: Schematic diagram for parameter space of Triplets on TRI manifold rep-
resented by Sphere. Circles obtained from the intersection of sphere with the blue-,
green- and red-plane (representing d; = 0 ,d, = 0 and d3 = 0 planes respectively)
correspond to the Great circle discussed for 7y, triplet.

in this triplet, the pairing matrix X, (in the global basis) on the NNN bonds is shown
pictorially in Fig. 5.5 with

. 7 4
Yg =123 = 15 (]x - ;]2), (5.14)
X = —i2p3. (5.15)
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This leads to a symmetric spin wave function for the Cooper pairs

Figure 5.5: Lattice model for mass mzvlg of the same triplet with NNN pairing indicated
by connecting lines with the colors of lines red (black) representing the pairing matri-
ces X,;(Xp) whose forms are mentioned in Eq. 5.14. Momenta at which the pairing
amplitudes oscillates corresponds to M, point in the BZ(Fig. 2.1).

®2) = —= (2lJr = 3,mr = 0) + |Jr = Lmy = 0)), (5.16)

V5

with an antisymmetric real-space part. The other two masses can be obtained by acting

with S, and the resultant mass matrices are X1, and X respectively.

5.1.2 The 7, triplet superconductor

The single 7>, SC arises from the direct product of triplets in both the flavour and the
valley sub-band sectors (Eq. 3.22) and correspond to nodal SC.

The pairing amplitude is similar to Eq. 5.4, which can be parametrized using Eq.

5.5, and the mass matrices are given by

T 1
mlzg = E(ZOTBU—Z + ZlZTOUZ)’
T 1
m22g = E(—Zzg’fooé + Z07——20-0)'
T i
m32g = —(ZlZTZUO + 223T302)’ (517)

V2

such that the mass matrix (Eq. 3.3 in the global basis (Eq. 4.17), MBg

global” has the generic
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form
Ogxa Osxs |Ogxs Ra |Osxs Rp |Osxsa Rc

Osxca Oaxa | RY Osxa| REY Ossa | RE Ouxa

Osxa Ra | Osxsa Osxs [ Osxs Ogxs | Ogxa Osxs

RY  Osxa | Osxa Osxca | Osxa Osxa | Osxa Osxa

(5.18)
Ogxs RpB | Osxa Osxa | Osxa Osxs | Ogxa Ozxs

R-{; 04><4 04><4 04><4 O4><4 O4><4 04><4 04><4

Osxa Rc | Osxa Osxa | Osxa Osxa | Ogxa Ozxs

RY Oswa|Osxs Ossa | Osxs Osxa | Osss Ogxa
such that in the global basis it corresponds to inter-valley pairing between the three

M-valleys with the I'-valley. The structure of the mass matrix is similar to the M-
DSM phase of Ref [40] and yields 8-fold degenerate gapless nodes as can be seen from
the eigenvalues of [Ang : mﬁg] : [AT% -m7 } +. The resultant spectrum is shown in
Fig. 5.6. The gapless manifold has an effective SU(4) symmetry at low energy. It would
be interesting to understand the nature of phases that can be obtained by breaking this
emergent SU(4) [10].

E(q)
()

-2
-1.0 -0.5 0.0 0.5 1.0
lql

Figure 5.6: Spectrum for gapless triplet 7, on the TRI manifold for all (6,¢) with

|A72¢| = 1. There are four bands, each 8-fold degenerate. Two bands touch at q = 0,
and the number of gapless modes remains the same for all TRI parameters.

On the lattice, in the global basis, the first mass of this triplet corresponds to NNN
pairing of the form given in Eq. 4.19, where the NNN pairing matrices (X,) given
by Eq. 5.14, albeit with a different hopping structure as shown in Fig. 5.7, and corre-
sponds to a finite momentum ordering with the spin wave function of the Cooper pair

given by Eq. 5.16. Thus, this corresponds to a non-unitary nodal PDW SC.
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Figure 5.7: Lattice model for mass m?g of the same triplet with NNN pairing shown
by connecting lines: red (black) for X, (¥;) as in Eq. 5.14. Pairing oscillates at momenta
corresponding to M, in the BZ (Fig. 2.1).

5.1.3 The 7, Triplet superconductors

These two (75}, and T,!}) SCs arise from flavour symmetric spaces (Eqs. 3.23 and 3.24).
An analysis similar to that performed in Sec. 4.1.1 for the A, singlets demonstrate that
these two irreducible representations give rise to the same superconducting phase as
both Irreps can be adiabatically connected via one-parameter interpolation without

closing spectrum gap and also not breaking any further microscopic symmetries.

The mass matrices for the 7, (for x = I, II) triplets are given by Eq. 3.3 withd = 3,
with

Tx TX .
A = <)(Tmi 2“)(> , (1=1,2,3) (5.19)
where
7L 1 | V3% T Ty V3Z5
m,’ :E ( 5 —T)T()O’z—(j— > )T302 | ,
11 V3 1
= (2T — 0% ) 5
) \/5(2 475 5)T200 + /A 157002,
L i /3 1 i
my* = —(— — —235)TH0) — —=215T307, 5.20
3 \/5(2 34 235)20 N Rk (5.20)
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for T, and
11 1 ) Y p 2
e -2 (@)Wﬁ(%m)rm ,
T 11 \/§ 1
ma2 = 25+ —24) oy + —=214Tp02,
) \/_(2 5 4)T200 3T
11 1 ]
m = ——\%(\/75235 + 5 Ta0) 100 + —=TuTa0y, (5.21)

V2

for TII. Using the parametrization similar to Eq. 5.6, it is straightforward to show that
both the triplets (75}, ,x € (I,1I)) correspond to non-unitary PDW SCs that break
TR, provided d* x d** # 0. However, unlike the triplets discussed above, the present
ones are non-unitary even within the TRI subspace and exhibit a multi-gap structure,

with the gap magnitudes dependent on d*. In fact, at isolated points on the TRI

1.5
1.0 \//
0.5 \d/
0.0
-0.5 /\
L0
-15

-1.0 ~0.5 0.0 0.5 1.0
1ql

Eq)

Figure 5.8: Spectrum for 77, and Ty, Irreps on TRI manifold (for (|A7w| = 1 or
|AT2| = 1) for general d on the TRI manifold, the spectrum is gapped. Shown for

d= (1/\/6, 1/v6,2/ \/6) Eigenvalues depend on d.

sub-space d* = (ﬂ: \1f’ + \1/, + \[> the smaller of the two gaps go to zero to yield a
nodal SC (Fig. 5.8 and 5.9) with the gapless nodes arising from the mixing of the I' and
the M valleys allowed by finite momentum pairing. On moving away from the TRI
sub-space, the above isolated gapless points appear to bifurcate, but the full analysis
of the fate of these isolated nodal SCs needs to be explored further.

The mean field lattice Hamiltonian has the form similar to Eq. 4.19, with NNN
pairing as shown in Fig. 5.10, where the pairing matrices, Xy, corresponding to mF"

11
and mlT“ are given by (with reference to Fig. 5.10)

. 3 1 . 3 1
Yy =1 (%ZM — 5215> , Lg =1 (gzm + 5215) , (5.22)
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-1.0 -05 0.0 0.5 1.0
lql
Figure 5.9: Spectrum for 77, and 7, Irreps on TRI manifold (for (|A7i| = 1 or |[AT2| =
1) where Gapless modes appear at special points (d = (:I: \/Lg, :i:%, :l:\%) ) on the TRI

E(q)

manifold (S? in this case).

1 11
Figure 5.10: (a) Schematic for the NNN pairing for mZ—Z” (m;rz“ ) bilinears of the Triplets
Tl (Tl in global basis. The black (red) colour of connecting lines represents the
pairing matrix %, (X;) mentioned in Eq. 5.22 (Eq. 5.23) while dashed lines correspond

to -ve of the matrices. (b) Schematic for the NNN pairing for mlTlI” (mF”I ) bilinears of
the Triplets 7;., (7;l]) in global basis with the notation and form of matrices (24, %)
being same as used in (a) subfigure. For both lattice models, momenta at which the
pairing amplitudes oscillate corresponding to M, point in the BZ(Fig. 2.1).
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and

(V3 1 (V3 1
Yy =1 (7215 + 5214 , Lo = —i 7215 X4 |, (5.23)
respectively. The corresponding spin-wave function for the Cooper pair is symmetric
and given by
3 3
|Dp) :\/jUT =1,mr =0) —/ %UT =3,mp =0)
3,mr =2)+ =3,mr = -2)), 5.24
2\/— ([Jr=3,mr=2)+|Jr T ) (5.24)
/3
|D,) :\/jUT =1,mr=0) — %UT = 3,mp =0)
3,mr=2)+|]r=3mr=-2)), 5.25
2\/— (IJr =3 mr =2)+|]r T ) (5.25)
for 7£u, and
2 V2
@) =22y = Ly = 0) Y2 {Jr = 3,mr — 0)
_\/j(‘]T:3rmT:2>+|]T:3,mT:—2>), (5.26)
2\/— V2
|@y) ===—|J7 = 1,mp = 0) — —Ih 3,mr = 0)
+\[g(|IT=3,mT=2>+IIT:3,mT:—2>), (5.27)

for T,II. The other two components are obtained by symmetry transformations given
in Table A.3.

5.1.4 The 7y, triplet superconductors

There are two 71, (7, and T{!!) triplets that arise in Eq. 3.23 and 3.24, which can be
adiabatically connected without breaking further symmetries, and hence represent the

same SC. The pairing amplitudes are given by expressions similar to Eq. 5.4 with mass
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matrices

szlI” = %(%24 - 7325)’(2(70 - %leToffz,
m;ll” = é(\?zﬁ — %235)@(70 + ézw’(go’z.
(5.28)
for 711u, and
m1T11"1 = Lz (\/32235 + %)Toaz - (% + \/3224)?302 ,
leIuI — %(%Z‘G + 7324)@(70 — %214”(00'2,
m3T11"I = —%(?235 + %234)T2(70 - %214@72,
(5.29)

for T;II. The spectrum (on TRI manifold) for this triplet is the same as that of the Ty,
triplets in the sense that the number of bands and the gap structure is the same. It
should be noticed that for general points in the parameter space, each of the 7, SC has
8 bands, each band is 4-fold degenerate. Out of them, 8 of the bands become gapless
on the special points (d = (j: \%, i%, i\%)) on TRI manifold. This similarity in
the spectrum is also extended to the TRB manifold. The resultant PDW SCs are very
similar to the 7, ones just discussed, albeit with a different lattice symmetry-breaking
pattern as indicated by the Irrep. It is evident from the lattice model for mF‘ (mz-ll”l)
shown in Fig. 5.10(b).

5.2 Summary

In the first part of this thesis, we have presented the superconducting phases (Tables
2.1, 2.2 and 2.3) that are naturally proximate the SU(8) DSM that may be realized in
honeycomb lattice materials with strong SOC at 1/4th filling. The resultant uncon-
ventional SCs differ from the usually studied ones in two aspects— (1) the larger spin
representation stemming from the j = 3/2 orbitals, and (2) non-trivial implementation
of the microscopic symmetries due to the SOC-induced mixing of spin and real spaces.
As aresult, the different SC phases proximate to the SU(8) DSM are very different from
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that of graphene [114] even though the microscopic symmetries and the lattice struc-
tures are the same. Indeed, the larger spin representation facilitates substantially gen-
eralizes (compared to S = 1/2 [10,115], and the discussion of j = 1/2 spin-orbit cou-
pled fermions presented in Appendix. A.8) the scope of the interplay between the spin
and superconducting pairing channels to realize various unconventional SCs. While
superconductivity in higher spin-representations, arising due to strong SOC, is well
known in several rare earth and actinide compounds [10, 96-99, 116], the SOC con-
comitantly is responsible for lowering the symmetry in such materials distinguishing

them from the present study.

66



Chapter 6
Z» Fractionalized Phases

This chapter is based on our work that is to be submitted for publication. This was done in

collaboration with Subhro Bhattacharjee and Sergej Moroz.

6.1 Introduction

After examining the symmetry implementation for spin-orbit coupled systems, we
now turn to a setting in which electrons are fractionalized. Fractionalization offers
a framework for describing long-range entangled phases such as quantum spin lig-
uids [5], the fractional quantum Hall effect [12], and orthogonal metals [61]. Among
the various ways electrons can fractionalize, a particularly insightful and tractable sce-
nario occurs when the electron fractionalizes into a fermion and an Ising spin degree
of freedom [61-64,117]. This fractionalization scheme provides a useful framework
to explore the interplay between fermionic statistics and discrete gauge structures in
long-range entangled phases. A central example of such fractionalized phases is the
orthogonal metal [61] phase, a paradigmatic fractionalized metallic phase in which
the electron decomposes into a fermion and an Ising spin [61,118]. In this phase,
the gauge-invariant fermion is gapped, yet transport persists via the fractionalized
fermions [61, 62].

This fractionalization leads to a Z; gauge structure in the theory, resulting in the
projective implementation of microscopic symmetries. In the first part of this chap-
ter, we will look at the projective realization of microscopic symmetries for such Z,
fractionalized metal. Specifically, we consider a model of Ising spins and fermions
minimally coupled to a Z, gauge field on the square lattice, which arises from the
fractionalization of the electron. We focus on the regime corresponding to the decon-
fined phase of the gauge field. In this regime, the Ising sector corresponds to the frus-

trated transverse-field Ising model on the square lattice, which undergoes an order-
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to-disorder transition described by the 3D XY™ universality class. Meanwhile, the
fermionic sector reduces to fermions hopping on a square lattice with a background 7-
flux. At half-filling of fermions, the resulting low-energy description is given by Dirac
theory. We analyze this low-energy theory to identify the leading gauge-invariant,
symmetry-allowed couplings between the fermionic and Ising fields, which determine
the fate of the fermions once the Ising spins condense in the ordered phase. This re-
quires understanding how the low-energy degrees of freedom transform under the

microscopic symmetries of the square lattice.

6.2 Model

We begin with the following fractionalization,

Cin = Tixfitx (6.1)

where the fermions, i‘; create both electronic charge and spin, the Ising field, 77 counts
the parity of electron occupancy at the ith site such that it detects the presence of spin

moments [119]. This role of the Ising field is clear from the constraint given by

1+

(1’11‘ — 1)2 = > ’

(6.2)

where 7; is the electron occupancy at the ith site. Therefore, 7" changes the fermion

parity. Under the global electronic charge U(1) and spin SU(2) transformations, we get
fia — % and  fix — Uypfip where U € SU(2) (6.3)

while,
TZ.g — Tf, e (xy,z2) (6.4)

under both. The above parton representation is invariant under Z, gauge transforma-

tion :
T — T fin = €ifia with ¢ ==+1 (6.5)

Therefore, both T and f,, carry a Z, gauge charge and hence minimally couple to the
Z, gauge field, (TZ.Z]. = +1 defined on the links of the lattice. For this thesis, we will be
considering the fractionalization of spinless fermions (c;) on the square lattice, so we

will not be keeping the spin index on the fermions. The low energy effective theory of
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the fractionalized degree of freedom minimally coupled !

to Z, gauge field is given by [61, 64],

where
= —IZTXO’ZTX — FZT (6.7)

This term corresponds to Ising spin minimally coupled to Z, gauge field with a trans-

verse field.
- —th AN (68)

This term corresponds to fermions hopping on square lattice and minimally coupled
to Z, gauge fields.

Ho=—x) [] oii—h) of (6.9)

This term represents the Z, gauge theory which captures the dynamics of the gauge
fields (c*) [65]. The first term is the product of ¢* operators around a plaquette of the
square lattice (Fig. 6.1), and 0';; corresponds to the electric field. The Gauss’s law is

given by

[l S (6.10)

JEI

where the product is over the bonds connected to ith site (Fig. 6.1). Above Hamilto-
nian can also be written using gauge invariant degree of freedom. Introduce the gauge
invariant degrees of freedom: :

Zij= TZXO’ZZ]T]x Xij = (71.’; (6.11)

IMinimal coupling of a Z, gauge field refers to the lowest-order gauge-invariant term that introduces
a discrete Z, gauge coupling to matter. For a matter field ¢; on lattice sites i and a Z, gauge field
0ij = £1 on links (ij), this typically replaces a hopping term t(/);rlp]- with tgb;raijlpj, ensuring invariance
under the local gauge transformation ¢; — 1;y;, 03; — 1;0317; with n; = 1.
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Figure 6.1: Schematic diagram representing the plaquette term [];yycn (7 and Star

term 1_[]6 i

on the bonds along with the electrons in Eq. 6.1 to re-write Eq. 6.6 as :

[ 1] ( e

JEL

He=—J) Zj-T),
)

i

where we have used the Gauss’s law (Eq. 6.10) and

= —t Echijc]- —u chci
(i) f

(6.12)

(6.13)

(6.14)

Now that we have defined the model, we focus on a particular limit corresponding to

the deconfined phase of the Z; gauge theory, which will be discussed in the following

section.

6.3 Deconfined Phase

We are interested in the regime that corresponds to the deconfined phase of the Z,

gauge theory (Eq. 6.9). This phase is accessed by setting & = 0 in Eq. 6.9, which leads

to the following Hamiltonian,

:_]ZTX T FZT —tz quffz—KZ [1 7

U (ijyeO

70

(6.15)



along with the Gauss’s law given by Eq. 6.10. It’s gauge invariant form is

W= Iz 1Y

i

1] (

jei

CC' th Zijcj — ch CZ—KZ H Zij

(ijyed
(6.16)

In this case, the product of Z;;, around a plaquette, By = [1;jen, Zij = [1j)en, (71:7}-, is

conserved and is static, i.e.,
[H, Bp] =0 VB,. (6.17)

Phrased in the modern language, the model enjoys magnetic 1-form symmetry gener-
ated by closed Wilson loops W = []- Z. For ] = 0 and t = 0, all states that comprise

the same {B,} sector are degenerate. In this case, the ground state lies in

Vo If k>0
B,,:{Jrl p K> (6.18)

-1 Vp If k<0

The former corresponds to O-flux while the latter corresponds to 7r-flux. For x > 0 and

J = 0, this is exactly solvable [61] with the ground state being given by [64,117],

1—|—A

Yes) =11

i

*[0) ® |FS,v) (6.19)

where |0) denotes all bond spins pointing up, Z;; = +1 V(ij) and |FS,v) is the
free fermi surface state for the c-fermions corresponding to the all up state at filling
v. The above construction can be extended to arbitrary flux sectors as indicated in
Ref. [117]. Also, A; = [Hjei Xi]} (—1)4“ is the modified projection operator for the
zero e—charge sector 2. For the above wave function, (¥¢s|7*[¥cs) = 0 Vi whereas
one can create a set of gapless fermionic excitations. This state therefore represents the
orthogonal metal [61,64]. As one tunes ], there is transition from orthogonal metal
phase to metal phase which are studied a lot in recent years [61-64]. We are inter-
ested in the limit x — —oo, in which B, = —1. In Eq. 6.15, this leads to a frustrated
transverse-field Ising model for the Ising spins and a background 7-flux for fermions
hopping on the square lattice. In this case, the disordered phase of the frustrated
transverse-field Ising model corresponds to the orthogonal semi-metal phase [64,117].

We investigate what happens to fermions as we tune the Ising model from the disor-

2at v=0, it reduces to the ground state of Toric code, where zero electric charge sector is defined as
[Tjei Xij|¥es) = [¥Ygs) V i[5
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dered to the ordered phase. For that, we examine the corresponding low-energy field

theory of the model, which we discuss below.

6.4 Field Theory Analysis

In this section, we perform a field-theoretic analysis of the model given in Eq. 6.15 in
the limit x — —oo and /1 = 0, which fixes the 7r-flux background for the fermions (f)

and Ising spin (7).

6.4.1 Fermionic Field Theory

Let us start with the fermionic hopping term at half filling (x = 0),
Hy = —t) " floif; (6.20)
(i)
To incorporate the 7-flux constraint, we will work with the following gauge choice

Giis=1 , Oy = (=D (6.21)

X

Hamiltonian in Eq. 6.20 becomes,
i

Working with a particular gauge choice results in a projective implementation of mi-
croscopic symmetries, that is, microscopic symmetries accompanied by a gauge trans-
formation keep the Hamiltonian invariant. In momentum space, Hamiltonian has the

form,

2cos(ky) 2cos(k
Hf:_tg“[ff‘r f;‘u"f] [2cos§ky; —2C0£(Iii)] [fkﬁ(me] (6:29)

Here, ky € (—7/2,7/2) and k, € (—m, )% and band dispersion is given by,

Ef(k)+ = iZt\/cosz(kx) + cos?(ky) (6.24)

3we are taking lattice spacing, a=1
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The two band touches linearly at the two Dirac points in the brillouin zone at,
kr = (n/2,7/2) , krp=(1/2,—7/2) (6.25)

At half filling, the low energy theory derived in the vicinity of Dirac cones takes the

following form,
Hjjmrize = 2t / d*x Pt (x) (ax(—idx) + ay(—idy)) P(x) (6.26)
where, the Dirac spinor has the following form,

T
¥(x) = [lPkL,1 P2 Prgi l/JkR,Z} (6.27)

here, ki, and kg are the valley indices whereas (1, 2) are the subband indices. The form

of Dirac matrices (ay, ay) is given by
Ay = Tp03 , &y = T301 (6.28)

here, T and ¢ are 2-dimensional Identity and Pauli matrices which acts on valley and

subband sector respectively.

6.4.2 Ising Field Theory

Now we consider the Ising part of the Hamiltonian,
Hy=—] <Z>; Tt +T Z 7. (6.29)
1 1

For this, we choose the same gauge fixing as mentioned in Eq. 6.21. We are working
with a 2-site unit cell as shown in Fig. 6.2, such that in momentum space, the interac-

tion part of the Hamiltonian has the following form,

—2 cos(ky) —(1+e2ikx)] [TA(—k)

S e ) 2cos(ly) TB<—k>]’ (620

He =T Y [ta(k) (k)]

where ky, € (—m/2,m/2) and k, € (—m, 7).

The eigenvalues of the above Hamiltonian are given by,

Er(k)y = iZ]\/cosz(kx) + cos?(ky). (6.31)

Extremal eigenvalues occur at (ky, k) = (0,0) and (0, 7).
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Figure 6.2: Schematic diagram for the choice of gauge to implement the 7-flux condi-
tion (Eq. 6.45). The dashed (solid) red (black) bonds correspond to (71-2]- = —1(+1).

The soft mode expansion about these momenta provides us with two soft mode

tields (¢1,¢2) (see [120,121]) and the soft mode expansion is given by,

3]
)

TB(X, Y

1++/2
1

e L +1\/§] _ (6.32)

The low-energy effective field theory governing the order-to-disorder transition is cap-
tured by the 3D XY model [67]:

H, = / @2 | (2u)" (09) + 12T p + (9T $)* + ua(p7 )
Fus(9T) + A (@B (@7 Br0R] . (633)

Here, ¢ = (¢1,¢2)T, the A term is dangerously irrelevant [122] and f,-;3 are two-
dimensional Pauli matrices. Section. 6.7.1 discusses the order-to-disorder transition

using the Gauge-Invariant form of the Hamiltonian (Eq. 6.16).

6.4.3 Coupling term

The leading order gauge-invariant coupling between the Ising modes and Dirac fermions

is given by

= [ (¢70u0) (v1014) ). 31
&,y

where , are the two-dimensional Pauli matrices (for our case, 1 and B3) and M" are

4 x 4 matrices. If M7 anticommutes with the Dirac matrices (Eq. 6.28), condensation

of ¢ would gap out the Dirac fermions in the presence of the quartic interactions de-

scribed above. To analyze this, we examined the symmetry transformations of Dirac

bilinears of the form " M7, where M7 is a mass matrix. We also considered the same

74



for the Ising soft modes, whose quadratic terms take non-zero expectation values in
the ordered phase when the Ising field condenses; these are ¢*B1¢ and ¢T B3¢.

-
A
S
=

Ref ) T,

Figure 6.3: Lattice transformation: Transformation R/, is the rotation by 77/2 amount
about the origin. Ty (and T) are translations by unit lattice distance in x-(and y-)
direction respectively. Ref, corresponds to reflection about y=0 axis.

The symmetry group considered in this analysis consists of translations on the
square lattice (T, T), the point-group symmetries of the square lattice (Fig. 6.3), and
time-reversal symmetry. Due to gauge fixing, these symmetries act projectively on the
Dirac spinors. Knowing the transformation properties of the spinors, discussed in de-
tail in Appendix B.1, we then determine the corresponding transformation properties

of the Dirac bilinears. Table 6.1 shows the symmetry analysis of the mass terms.

yTMy Ty Ty, | Ry/o | Ref, | Time Reversal
M [T () | -My | My | -My | My M
M> l[)+ (TzO’l) Y| My | -Mp | M -M> M>
M | 9" (mon) 9 | M3 [ M3 | M | -M;3 -Mj3
M4 1P+ (7.'1(71) 170 -M4 -M4 M4 M4 M4

Table 6.1: Classification of Mass: This table presents the classification of four mass
terms. There is one two-dimensional representation, (M, My), which corresponds
to stripy ordering of fermions on the lattice. There are also two singlets: M3, which
describes a Chern insulator, and My, which corresponds to a staggered charge density
wave on the lattice.

For the Ising case, we examined the transformation properties of the following
quadratic operators, which correspond to order parameters that acquire non-zero val-

ues in the ordered phase of the frustrated Ising model:

(01,0%) = (9" Brg, 9" Bagp) - (6.35)

These operators correspond to the columnar/plaquette ordering of dimers on the lat-

tice, as discussed in Sec. 6.7.1. Knowing the symmetry transformations of the soft
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modes (¢1,¢2), as listed in Table B.1, we derived the corresponding symmetry trans-
formations of these order parameters, which are summarized in the following ta-

ble 6.2. There does not exist any gauge-invariant, symmetry-allowed quartic cou-

O | Tx | Ty | Ry | Ref, | Time Reversal
Of | Of |-Of | OF O7 O7
07 |-07 | Oy | Of O3 O3

Table 6.2: Table of symmetry transformations of the order parameters for the frustrated
transverse field Ising model, which corresponds to columnar ordering of dimers on the
dual lattice [3].

pling that generates a mass term for the Dirac fermions as the Ising field condenses.
This implies that the fermions remain gapless in the ordered phase of the frustrated
Ising model, resulting in a semi-metallic phase that breaks lattice symmetries [64].
One way to understand this is through the gauge-invariant form of the Hamiltonian
(Eq. 6.16): in the limit where the Ising spins are ordered, the fermions hop on the lat-
tice in the background of a dimer configuration. The hopping amplitude is provided
by Zij,

background, the fermions also break lattice symmetry. To characterize the symme-

which depends on the underlying configuration. Due to this symmetry-broken

try breaking of the fermions, we construct order parameters for the gauge-invariant
fermions, which acquire non-zero expectation values in the ordered phase of the Ising

model. For this purpose, we define the following operators:

O°(n,q) =) _ <eir'qcIcr+n + h.c.) (6.36)

i

In momentum space, the operator takes the form

Oc(n, q) _ Z <ein-(Q+k) cltckJrq + h.C.) . (6.37)

k
These operators are constructed analogously to the order parameters for the or-
dered phase of the frustrated transverse-field Ising model [123]. We now examine the
order parameters that characterize the symmetry breaking of the fermions in the or-
dered phases of the Ising model. These operators transform under the microscopic

symmetries in the same way as the Ising order parameters and are defined as:

Of =0°(n=(0,1),q=(7,0)) =}, (eikycf(ckwﬁ + h.c.) (6.38)
k

05=0(n=(1,0,q9=(0,7) =Y (eikxcltck+n§, + h.c.) . (6.39)
k
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Examining the symmetry table for Of and Oj (see Appendix B.3 for details), their

transformation properties are summarized as

o | Ty T, | Ry | Refy | Time Reversal
Of | -0y | Of O3 05 Of (6.40)
O3] 05 | -05] Of | 05 O3

Both order parameters transform identically to the Ising order parameters and de-

velop non-zero expectation values in the ordered phase, as illustrated in Fig. 6.4 4. An-

0.175

0.150

0.125

~ 0.100
]
0.075}

0.050

0.025f

0.000

1 1 1 1

0.0 0.5 1.0 1.5 2.0
Jir

Figure 6.4: Plot of the expectation value of the order parameter Of, obtained from
iDMRG simulations on a cylinder of circumference four sites with bond dimension
X =410,k = —4, T = 050, and t = 0.20. This order parameter takes a non-zero
value in the ordered phase of the Ising model, which corresponds to large J/T". For
a detailed discussion of the order-disorder transition in the frustrated transverse field
Ising model, see Section 6.7.1.

other way to understand why this semimetal breaks lattice symmetries in this phase
is via the Luttinger theorem. Tuning I' such that I'/] > 1 drives a transition to a
semi-metallic phase with topological order, known as an orthogonal semimetal [64].
According to the theorem, the phase with I'/] < 1 can remain semimetallic only if
it breaks translational symmetry by doubling the unit cell [64]. This provides insight
into the phase and completes our discussion of the implementation of microscopic
symmetries in the case of fractionalized metals.

However, if we consider the gauge-invariant form of the model in Eq. 6.16, the
model provides an avenue to realize both the physics of dimers and that of topolog-
ically ordered phases. We analyzed the model in the absence of fermions and sup-
plemented it with a term that yields the phase diagram shown in Fig. 6.7. Before

presenting those results, we start with a general introduction to dimer physics and

4This plot was generated by Sergej Moroz.
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topologically ordered phases, and then show how Eq. 6.16 forms an ultimate platform

to realize these phases.

6.5 Dimer Model and Toric Code

Quantum Dimer Models (QDMs) on lattices provide paradigmatic examples of uncon-
ventional phases and phase transitions, including long-range entangled liquid phases [124—
127]. They are expected to arise in frustrated spin-1/2 antiferromagnets, where the
spins locally minimize energy by forming spin singlets (dimers) such that the low-
energy physics is dominated by the quantum dynamics of these dimers [5,128]. Cen-
tral to the richness of QDMs is the fact that the dimer Hilbert space does not have a
tensor product structure, arising from the constraint that each spin can be part of only
one dimer at a time, i.e., if n;(= 0,1) denotes the dimer number on a bond connecting

sites [ and | on a lattice, then we must have

Y onyp=1, VI, (6.41)
Jel

where | € [ refers to the summation over all sites | connected to I on the lattice un-
der consideration. The typical dimer dynamics maintaining these constraints are en-
capsulated in the intensely studied paradigmatic Rokhsar-Kivelson (RK) type QDM

Hamiltonians [71]

Homer = —rz(n D+ 1 4 u) mz(u D1+ <:<). 642

Here, the first (second) term provides kinetic (potential) energy to the dimers. The
phase diagram of RK Hamiltonians has been intensely studied on various lattices; in
two dimensions, they typically feature an extended Z, topological liquid phase on
non-bipartite lattices along with dimer crystal phases (valence bond solids) [124]. On
bipartite lattices, the liquid phase is fine-tuned to the special RK point, I' = (), where
the ground state is given by an equal superposition of all dimer coverings [124]. In-
deed, the constraint in Eq. 6.41 is akin to Gauss’s law of electrodynamics, albeit for
Ising variables, and forms the starting point for mapping the RK Hamiltonian to an
odd Ising gauge theory [129], where the liquid phase corresponds to the deconfined
(Coulomb) phase of the gauge theory, while the dimer crystals correspond to confined
(magnetic-Higgs) phases.

A somewhat different microscopic setting that realizes the Z; topological liquid in

two dimensions is the Toric code Hamiltonian [1], which, unlike the dimer model, is
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Figure 6.5: Schematic diagram of direct square lattice (lattice represented by dotted
red bonds) and dual square lattice (lattice represented by solid black bonds). The
black curly (solid) bonds represents value of Ising variable Z = —1(Z = +1) on that
bond of dual lattice. The red bonds with curly(or dotted) lines represents presence(or
absence) of dimer that bond of direct square lattice. The relation between the dimer
occupancy(ny) and value of Z are related, considering the (ij) (and (I])) bonds as
shown in figure on dual (or direct) square lattice, the dimer occupancy (nj) is related
to value of Ising variable Z;; on dual lattice by the relation, nj; = 5(1 — Zj).

described in terms of spin-1/2s living on the bonds of the square lattice and described

by the Hamiltonian

Hre =Y [1 2-TY

O (ij)ed i

[1x;

jEi

, (6.43)

where Z;;, X;;, and Yj; are bond spins obeying the Pauli algebra. While the system no
longer has spin-rotation symmetry, the ground state can be obtained exactly since the
two sets of terms (stabilizers) in the above Hamiltonian commute. The two kinds of
gapped bosonic excitations—magnetic and electric—are obtained by violating the first
and second stabilizers respectively [5]. These excitations see each other as sources of

t-flux.

6.6 The generalized Hamiltonian

We obtain the generalized model starting from the Quantum Dimer Model (QDM) in
Eq. 6.42 on a square lattice — in particular, considering the dimer model on the square
lattice drawn with red dotted lines in Fig. 6.5. To each bond (where the dimer resides)

we assign an Ising spin Z;; = +1, where ij refers to the uniquely associated bond of
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the dual square lattice (in black) with sites i and j, such that

1- 27

nip = > (644)
The single dimer constraint (Eq. 6.41), in terms of the Ising fields, becomes
Y Zj=2 (6.45)

(ijyed

where the sum is over each dual square plaquette enclosing one site of the direct lattice.

The QDM Hamiltonian (Eq. 6.42), expressed in terms of the Ising spins with the
constraint Eq. 6.45, reads (see appendix B.4 )

Hpimer = FZ

i

[1%

jEi

+ - Z Zi3i)(1 = Zipgi) + (1= Zigi)(1 = Zigg)]

(6.46)

where X;; (as defined below Eq. 6.43) anticommutes with Z;; and causes spin flips.

The constraint in Eq. 6.45 is implemented by adding an energy-cost term to the

Hamiltonian:

H constraint = _KZ H Zij - ]Zzijr (6.47)
0 (ijyeO (i)
where the first term, in the limit xk — —oo, enforces
IT zij=-1, (6.48)
(ij)ed

per plaquette of the dual lattice, which, via Eq. 6.44, corresponds to having one or three
dimers per site of the direct lattice. The second term, with | > 0, lifts the degeneracy
in favor of one dimer per site. Note that it is important to keep the ratio /] — —oo,

and thus the order of limits matters.

This leads to the generic spin-1/2 Hamiltonian

M = Hpimer + Heonstraint = —X Z 1—[ Zz] r Z - ]ZZij
(ijyed i (if)

+ — 2 Zi3i)(1 = Zivgi) + (1= Zigi)(1 = Ziygi)]

(6.49)

[1x

jEi
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Figure 6.6: Schematic diagram of possible columnar and plaquette configurations: The
black solid (red dotted) lattice denotes the dual (direct) lattice, while red (black) curly
bonds indicates that the expectation value of dimer occupancy, (ny;) (and (Z;;) on
associate bond of dual lattice) is different from that on other bonds, and results in (a)
Vertical columnar ordering of dimer order. (b) Horizontal columnar ordering of dimer
order. (c) Plaquette ordering of dimers.

which interpolates between the dimer limit discussed above and the Toric code, with
the latter obtained in the limit | = () = 0. Here, we emphasize that for () = 0, this
Hamiltonian reduces to that given in Eq. 6.16 at zero fermion filling. Notably, in the
dimer limit (] — o0,k — —o0), the point I' = () = 0 corresponds to the classical dimer
model with a macroscopically degenerate ground state manifold.

The Toric code, however, unlike the normally discussed case, is described by the
ground state conditions

IT zj=-1 vO, (6.50)
(ijyed

and
[1Xxi=+1 Vi (6.51)

jei

where for the remainder of this chapter, we take I' > 0. We call this the odd Toric
code [64], since each electric charge experiences a 7t-flux when traversing a closed
contour enclosing an odd number of plaquettes.

We shall study the above Hamiltonian in the limit x — —oo, while relaxing the
constraint of large J, keeping it positive along with () and I'. In this limit, the general
topology of the phase diagram, schematically plotted in Fig. 6.7 as a function of I'/]
and )/], becomes clear. The (3/],I'/] < 1 region reflects the dimer physics. In this
regime, for I'/() > 1, the kinetic term of the dimer model dominates, resulting in the
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Figure 6.7: Schematic Phase diagram: There are three phases: Topological Ordered
(TO), Columnar/Plaquette ordered and Staggered ordered phases, separated by three
phase boundary chracterized by 3D XY™ criticality, RK criticality and first order tran-
sition and all these boundary meets at a multicritical point.

columnar/plaquette dimer crystal (Fig. 6.6), while for the potential-dominated case
I'/Q) < 1, a staggered dimer crystal (Fig. 6.12) is obtained. Finally, the QO =T # 0
line corresponds to the extension of the RK point emanating from the classical dimer
pointI' = Q) = 0. In fact, the entire I' = 0 line is classical, where () # 0 selects locally
staggered configurations. Notably, the entire RK line corresponds to a fine-tuned U(1)
liquid that describes a deconfined quantum phase transition between the two distinct

dimer crystals.

On the other hand, along the () = 0 line, we obtain the odd Toric code Hamilto-
nian in a longitudinal Zeeman field, where the magnetic charges are infinitely costly
(k — —o0), while the electric charges have a finite energy cost (~ I'). The Zeeman
term renders the electric charges dynamic, resulting in a dispersion with a band-
width ~ ], such that for I' ~ ], the electric charges condense. Due to the back-
ground 7t-flux experienced by the electric charges, two finite-momentum soft modes
develop, leading to a translation-symmetry-broken phase—the columnar/plaquette
dimer crystal—upon condensation. The critical theory (see below), obtained follow-
ing Blanckstein et al. [67], belongs to the 3D XY universality class and describes, once
again, a Landau-forbidden continuous phase transition between a topologically or-

dered Z; liquid phase and a translation-symmetry-broken plaquette/columnar phase.

The gapped topological phase is, of course, stable to the inclusion of small (/].
However, deep within the topological ordered (or Z; liquid phase), increasing )/ ]
eventually leads to a potential-energy-dominated staggered phase through a first-
order phase transition. The remarkable stability of the staggered crystal at large (3/]

for all values of I'/ ], as well as its eventual first-order transition to the topological or-
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Figure 6.8: Schematic illustration of mapping a two-dimensional cylinder to a one-
dimensional infinite lattice by snaking. The sites on the cylinder are ordered sequen-
tially in a snake-like pattern around the circumference, thereby converting the 2D ge-
ometry into a 1D chain suitable for iDMRG simulations.

dered, can be traced to the absence of perturbation-induced (by I'/]) local dynamics
within the staggered phase. The two Landau-forbidden phase transition lines and the
tirst-order line possibly meet at a multicritical point.

Having established the limiting regimes and the general topology of the phase di-
agram, we now turn to numerical calculations to obtain quantitative confirmation of

the phases and the associated phase transition lines.

6.7 Numerical Calculations

We performed iDMRG calculations on the infinite-cylinder geometry using the ten-
sor network Python (TeNPy) library [130]. We used it to obtain the ground state of the
Hamiltonian in the form of matrix product states (MPS), employing an efficient trunca-
tion scheme based on a parameter ), known as the bond dimension °. In this approach,
the two-dimensional lattice on a cylinder is mapped onto a one-dimensional infinite
chain by wrapping the cylinder around its circumference, as illustrated in Fig. 6.8.
This mapping allows us to exploit the efficiency of the density matrix renormalization
group (DMRG) in one dimension, while still capturing the essential two-dimensional
physics of a cylinder with finite circumference. The infinite DMRG (iDMRG) algo-
rithm is a variant of DMRG designed for systems in the thermodynamic limit. The
method iteratively grows the unit cell of the matrix product state (MPS) until conver-
gence is reached, thereby providing access to ground states of infinite cylinders with
fixed circumference [130].

A key advantage of iDMRG is the ability to extract quantities directly from the
MPS representation. One such quantity is the correlation length ¢, which can be ob-
tained from the eigenvalue spectrum of the MPS transfer matrix [130]. The MPS is
normalized such that the largest eigenvalue of the transfer matrix is A; = 1. In this

normalization, the correlation length is determined from the ratio of the largest and

>The amount of maximum entanglement that can be captured by the MPS approximation of the
quantum state is determined by the bond dimension .
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Figure 6.9: Contour plot of (a) correlation length, (b) columnar order parameter (O,),
and (c) staggered order parameter (Ostyq) in the 3/ ]-I'/] plane, where L, = 4, x =
—10, ] = 1, and bond dimension x = 300. The red dots indicate points where the
columnar order parameter vanishes, while yellow dots denote discontinuities in the
staggered order parameter. (d) Contour plot of entanglement entropy for L, = 4,
k = —10, ] = 1, and x = 300. The red dots indicate where the columnar order
parameter vanishes, and yellow dots denote discontinuities in the staggered order
parameter.

next-largest eigenvalues as
&= —1/In(Ay), (6.52)

where A, denotes the second-largest eigenvalue of the transfer matrix [130]. The cor-
relation length diverges with increasing bond dimension (x) [130] at gapless points
such as phase transitions, whereas it saturates in gapped phases, thereby serving as a

useful probe to detect phase transitions.

For our simulations, we considered an infinite cylinder with a circumference of
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four sites (L, = 4). We set k = —10 as the largest coupling constant in order to impose
a rt-flux per square plaquette [see Eq. 6.48]. The interaction strength was fixed at ] =1,
while the parameters I’ € (0,5) and Q) € (0,5) were varied. To construct the numerical

phase diagram, we scanned along straight lines in the (I', Q)-plane, defined by

Qmax
5

Q= (5-T), (6.53)

where Omax, is the value of () where this line intersects I' = 0 axis. Along each such
line, we computed several observables of the ground state, including the correlation
length, entanglement entropy, columnar order parameter, staggered order parameter,

and the mean value of the star operator.

For the columnar/plaquette and staggered order parameters, we defined the fol-

lowing operator
1 q-
O(q, n) = ﬁ Zelq r<Zr,r—&—n> (6.54)
T

For staggered order parameter, we computed,

O, =0(q= (m,m), n=x)
O =0(q=(m,7m), n=y)

Ostag =1/ 0% + O3. (6.55)

For columnar/plaquette order parameter, we computed,

O3=0(q=(0,7r), n=x)
O34 =0(q=(1,0), n=y)

Ocot/plag =1/ O% + OF. (6.56)

Note that for columnar order we have O3 # 0 and O4 = 0 or the other way while for

plaquette order Oz = O4 # 0.

For the star operator, we computed,

Ostar = %Z(H Xii). (6.57)

i j€i

The summation is carried out over a 4 x 4 unit cell, with N denoting the number of
sites in the unit cell, which is 16 in our case. The entanglement entropy obtained from

iDMRG represents the half-cylinder entropy, i.e., the entanglement between the two
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halves of a cylinder.

The results of this analysis are summarized in Fig. 6.9. Figure 6.9(a) shows a con-
tour plot of the correlation length in the (2 / J-I'/ ] plane, revealing three distinct phases
separated by phase boundaries. In the regime I'/] < 1 and }/] < 1, the system
corresponds to the Rokhsar—Kivelson limit, where tuning ()/] at small I'/] drives a
transition from the columnar to the staggered phase. These two phases are charac-
terized by the order parameters Ostag and Ol /plag, cOrresponding respectively to the
staggered and columnar orders. As shown in Figs. 6.9(b) and 6.9(c), these order pa-
rameters take nonzero expectation values in their respective phases and vanish in the
topological ordered phase. Figure 6.9(d) presents the entanglement entropy, which
further distinguishes the three phases. Its value saturates to (L,-1)log 2 [131] in large
I'/ ] limit further confirming the presence of toplogical ordered phase.

Having summarized the numerically obtained phase diagram, we now delve into
the details of various parts of the phase diagram in the subsections below in further
detail.
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Figure 6.10: Plots along the () = 0 line for an infinite cylinder with circumference
Ly=4,x=-10,] =1, and bond dimension x = 250: (a) columnar, staggered, and
star order parameters; (b) entanglement entropy; (c) correlation length.

We start with the () = 0 line, whence the Hamiltonian reduces to the odd Toric
code in the presence of a longitudinal Zeeman field. This corresponds to the frus-
trated transverse field Ising model discussed in Section 6.4.2, which, when expressed
in terms of gauge-invariant degrees of freedom and in the absence of fermions (i.e.,
filling v = 0), corresponds to the () = 0 line. Figure 6.10(a) shows the behavior
of the columnar/plaquette (Eq. 6.56) and staggered (Eq. 6.55) order parameters: the
columnar order parameter takes a non-zero value in the small I'/] regime, signaling

the columnar phase, and vanishes at larger I'/], indicating a phase transition. The
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staggered order parameter, on the other hand, remains zero throughout the parameter

range.

To gain insight into the large I'/] phase, we also plot the expectation value of
the vertex operator, Ostar (Eq. 6.57), where, deep inside the topological ordered phase
(I'/] > 1), the expectation saturates to 1, indicating the absence of electric charges. As
I'/ ] decreases, the expectation value decreases, indicating the proliferation of electric
charges; however, since Eq. 6.57 counts the uniform density of such charges, it does

not go to zero.

The non-trivial many-body entangled nature of the topological ordered ground
state is further evident in Fig. 6.10(b), where we plot the bipartite von Neumann en-
tanglement entropy as a function of I'/ J, with the peak marking the transition and the
saturation at large I' approaching the topological entanglement entropy, (L, — 1) log 2
[131,132].

Finally, in Fig. 6.10(c), we plot the correlation length, ¢ (Eq. 6.52), as a function of
I'/]. The peak signals a phase transition from the columnar/plaquette dimer crystal
to the topological ordered state, where the peak value increases with bond dimension,

indicating the divergence of the correlation length.

The transition between the Z, topological ordered and the columnar/plaquette
dimer crystal can be understood in terms of the condensation of the electric charges.
Indeed, the Zeeman term gives dynamics to the electric charges, eventually leading
to their condensation. To obtain the critical field theory, it is useful to introduce the
Z, electric charge field manifestly; this can be achieved by casting the Hamiltonian
(Eq. 6.16) in terms of an Ising gauge theory with dynamic electric matter, as discussed
in Section 6.4.2.

The resultant fully frustrated transverse field nearest-neighbor Ising model, upon

coarse-graining, leads to a 3D-XY field critical theory where the O(2) field is composed
of the two soft electric matter modes [67] (Eq. 6.32):

(91, ¢2) (6.58)

Thus, the transition from the topological ordered to the columnar/plaquette ordered
phase lies in the 3D XY* universality class (Eq. 6.33), where the asterisk denotes that
the O(2) field is not an observable but a fractionalized degree of freedom — the Ising
electric charge. On the other hand, the columnar/plaquette order parameter (Eq. 6.56)

is given by
(03,04) ~ 2162, ¢7 — ¢3) (6.59)
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Figure 6.11: Plot of configuration of (Z;;) for a 4 x 4 unit cell with periodic boundary
conditions along the y-direction and repeating in the x-direction with a periodicity
of four sites shown for () = 0, J=1 and bond dimension x = 300 at (a) ' = 2.6, (b)
I'=0.88 and (c) I' = 0.36. Thickness of the bond is proportional to the value of (Z;;).

The emergent O(2) symmetry is broken by an 8th-order term
~ —Acos(80) (6.60)

where ¢ + i¢p = |®|e?? and 0 is the phase of the O(2) field. This term is irrelevant
at the critical point but selects the exact dimer pattern between columnar (A > 0) and
plaquette (A < 0) ordering. Within our finite-size calculation, we tentatively conclude
that columnar order is chosen (which is only twofold degenerate on the cylinder), as
evident from the plot of (Z;;) in Fig. 6.11 for different I'/].

6.7.2 The classically frustrated system on I' = 0 line.

Turning to the other limit, I' = 0, of the Hamiltonian (Eq. 6.49), the (/] = 0 line
selects the classical dimer manifold in the limit k = —oco. Upon turning on a finite
/], the extensively degenerate classical dimer manifold splits energetically, favoring
the staggered configurations (Fig. 6.12), locally characterized by

I] zi=-1 v 0§, (6.61)
(ijyeD
and
(1 - Zi,i—n)(l - Zi,i+n) =0, ne¢ {X, Y}r Vo, (6-62)

However, in this classical limit, the domain walls of such staggered arrangements are

free of energy cost, leading to a sub-extensively degenerate staggered manifold char-
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Figure 6.12: Schematic diagram of possible staggered configurations on open bound-
ary, satisfying the condition in Eq. 6.62. The black solid (red dotted) lattice denotes
the dual (direct) lattice, while red (black) curly bonds indicates that the expectation
value of dimer occupancy, (n1;) (and (Z;;) on associate bond of dual lattice) is differ-
ent from that on other bonds, and results in (a) Staggered dimer order without vortices
or domain walls. (b) Staggered order with a vortex. (c) Staggered order with a domain
wall.

acterized by uniform staggered dimer order (Fig. 6.12(a)) as well as by configurations
with domain walls (Fig. 6.12(c)).

On the bipartite lattice, the dimer model is a U (1) gauge theory; hence, quantum
fluctuations are expected to lead to a confining state via the order-by-disorder mecha-

nism, resulting in the staggered state, as seen in our numerical calculations.

6.7.3 The RKlimit: Q/] < 1,T/] < 1

As discussed above, this corresponds to the dimer limit of the phase diagram. Sitting
on the classical line (I'/] = 0) and turning on a small I'/ ] selects the staggered dimer
order. Conversely, the columnar dimer crystal, obtained along the (3/] = 0 line (see
above), remains stable upon turning on a small ()/]. This behavior aligns with ex-
pectations from Rokhsar-Kivelson (RK) physics on the square lattice, which suggests
the existence of an intermediate RK transition line separating these two phases (see
Fig. 6.7). Our numerical results support this scenario, as demonstrated in Figs. 6.9(b,c).
Performing a perturbative calculation in the limits I'/] < 1 and QQ/] < 1 yields
the Rokhsar-Kivelson (RK) Hamiltonian of Eq. 6.42, discussed in detail in Appendix B.4.
Consequently, there is a transition in this limit from the columnar/plaquette phase to
the staggered phase, as shown in Fig. 6.9. The correlation length data in Fig. 6.9(a),
along with cuts in the QO/] — I'/] plane (Figs. 6.13(a) and 6.13(b)), reveal two peaks.
The peak at small I' marks the transition from the columnar/plaquette order to the

staggered phase. Furthermore, Fig. 6.14 illustrates that moving away from this limit
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Figure 6.13: Correlation length obtained from iDMRG performed on an infinite cylin-
der of circumference of 4-sites for different bond dimensions(x), along different di-
rections in the Q3/J-T'/] plane with ] = 1 and (a) Q = 0.04(5—-T) and (b) QO =
0.06(5—T).

reduces the extent of the columnar phase, ultimately leading to a transition from a
topologically ordered phase to a staggered ordered phase. The entanglement entropy
shown in Fig. 6.9(d) also displays a sudden drop at the RK transition, reflecting the
change from a columnar/plaquette ordered state to a staggered phase, which is a
product state.
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Figure 6.14: (a) Contour plot of the correlation length in the )/ J-I'/ ] plane, for L, = 4,
x =10, ] = 1, and bond dimension x = 300. (b) Plot of Columnar and staggered order
parameters along the red line Q) = 0.02(5 —I') in (a). (c) The same order parameters
along the white line Q) = 0.06(5 —I') in (a). (d) The order parameters along the black
line ) =0.1(5—T) in (a).

674 Q/]>1,T/]>1

The staggered phase, stabilized at large ()/], is particularly robust against turning on
I'/ ] due to the absence of local dynamics. Eventually, however, the staggered phase
at large (/] becomes energetically unstable as I'/] is increased and directly gives
way to the topological ordered via a phase transition, which appears to be first order
as evidenced by the discontinuity of the staggered order parameter. The analysis for
this limit is shown in Fig. 6.15 and Fig. 6.16, where scans along the lines (3 =5 — T (in
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Fig.6.15) and ) = 1.25(5 —T') (in Fig. 6.16) for ] = 1 are presented. It can be concluded
that the columnar/plaquette order parameter Ol /plaq Vanishes throughout, whereas
the staggered order parameter shown in Fig. 6.15(a) and Fig. 6.16(a) takes non-zero
values in the staggered ordered phase and vanishes in the topological ordered, with a
discontinuity at the transition. Furthermore, the peak in the correlation length shown
in Fig. 6.15(b) and Fig. 6.16(b) marks the transition, accompanied by a sharp increase
in the entanglement entropy at the transition point as I' is tuned from the staggered

ordered limit to the topological ordered limit.
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Figure 6.15: Analysis along the line 3 = 5—T for ] = 1 and L, = 4. (a) Plot of
staggered order parameter Ostag and columnar/plaquette order parameter Ol /plag/
computed for bond dimension x = 400. (b) Correlation length ¢ for various bond
dimensions x. (c) Entanglement entropy S for the same set of parameters (shown for
values of I in the vicinity of transition point).
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Figure 6.16: Analysis along the line ) = 1.25(5 —T') for ] = 1 and L, = 4. (a) Plot of
staggered order parameter Ostag and columnar/plaquette order parameter Ocol/plaqs
computed for bond dimension x = 400. (b) Correlation length ¢ for various bond
dimensions x. (c) Entanglement entropy S for the same set of parameters (shown for
values of I in the vicinity of transition point).

6.7.5 Interpolating the two limits

The RK line corresponding to the transition from the plaquette/columnar and the stag-

gered dimer crystals via the fine-tuned critical U(1) liquid evolves continuously in the
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(T/],Q2/]) plane. On the other hand, the line corresponding to the transition between
the topological ordered and the columnar/dimer order bends towards smaller I'/] at
tinite )/ ] to approach the RK line. This is evident in Fig. 6.9(a), scanning along the line
Q= %(5 —T'), where Qmax corresponds to the value of () at which this line inter-
sects the (-axis at I' = 0. This structure is further revealed in the line cuts presented in
Fig. 6.17(a) (for Omax = 0.2), which exhibit two peaks: the peak at decreasing I' corre-
sponds to the transitions from the toplogical ordered phase to the columnar phase, and
then from the columnar to the staggered phase—consistent with the behaviors of the
columnar and staggered order parameters shown in Fig. 6.9(b) and 6.9(c). Increasing
Omax causes the two peaks to move closer together, as illustrated in Figs. 6.17(b) (for
Omax = 0.3) and 6.17(c) (for Omax = 0.75). Finally, for even larger Qmax = 1.75, there is
a direct transition between the Z liquid and the staggered crystal with a single peak in
the correlation length, as shown in Fig. 6.17(d) (for Qmax = 1.75)- consistent with the
onset of the staggered order parameter in that limit as shown in Fig. 6.15(a)(2max = 5)
and Fig. 6.16(a)(Qmax = 6.25). This analysis suggests the possibility of a multicritical
point where the two Landau-forbidden transition lines meet the first-order transition
line.

This compeletes our study of the phase diagram. Our present numerical calcula-
tions, while too limited by system sizes to detect the nature of the phase transitions, do
not reveal any other phases other than the two crystals and the Z, liquid (toplogical
ordered). This is strongly indicative of the possible interesting structure of the phase
diagram as sketched schematically in Fig. 6.7 — the RK, the 3D-XY* transition and the
tirst order lines meeting at a multi-critical point. Notably, since both the RK and the
XY™ lines correspond to Landau forbidden deconfined quantum phase transitions, the

nature of such multi-critical point could be rather interesting.

6.8 Summary

In this chapter, we examined the case of Z, fractionalization of spinless fermions,
wherein the implementation of microscopic symmetries becomes projective. Our anal-
ysis focused on the limit corresponding to the deconfined phase of the emergent Z,
gauge field. In this regime, the model reduces to gauge-invariant fermions hopping
on a dimer background defined by Ising variables residing on the lattice links. The
symmetry analysis presented in this chapter reveals that, in this phase, the fermions
realize a semimetallic state that breaks lattice symmetries. Furthermore, by employing
iDMRG computations, we identified order parameters that characterize the symmetry

breaking exhibited by the fermions in this phase.
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Figure 6.17: Correlation length obtained from iDMRG performed on an infinite cylin-
der of circumference of 4-sites for different bond dimensions(), along different direc-
tions in the O/ J-T'/] plane with ] = 1 and (a) Q = 0.04(5—T), (b) QO = 0.06(5 - T),
(©0Q=015(5-T),(d) Q2 =035(5-T).

In the absence of fermions, the model—when supplemented with a potential term
for dimers [71]—provides a framework for interpolating between the dimer and topo-
logical ordered limits within the same phase diagram. Through iDMRG analysis,
we identified three distinct phases: the columnar (or plaquette) phase, the staggered
phase, and the topological ordered phase. Our present analysis indicates the possibil-
ity that these three phase boundaries meet at a multicritical point. It is intriguing to
investigate the nature of this multicritical point, where two Landau-forbidden transi-
tions—the 3D XY™ transition and the RK transition—converge and possibly intersect

a first-order line.
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Chapter 7

Trial Wave functions for Correlated
Metals

This chapter is based on our paper (Ref. [78]), which was done in collbaoration with Harsh
Nigam, Subhro Bhattacharjee and Krishnendu Sengupta. The numerics of exact diagonaliza-

tion results discussed in Section 7.2 were performed by Harsh Nigam.

Our understanding of metallic phases squarely rest on the idea of Fermi-surface (FS)
and long-lived fermionic quasi-particles (the so called Landau quasi-particles) about
it at low energies [36,133,134] . For non-interacting fermions, these are easily deter-
mined by the single particle eigenstates in momentum space, 1y, which in turn de-
pends on the single-particle energy ey — u where u is the chemical potential, and ey
is the single-particle dispersion. The shape and volume of the FS are determined by
the underlying symmetry and filling respectively [135]. The corresponding ground
state (GS) wave-function has a product structure in momentum space corresponding

to non-trivial entanglement in real space [136].

In the presence of a moderate short-ranged four fermion interaction, the above de-
scription survives and forms the backbone of Landau-Fermi liquid (FL) theory [36,133,
134] in spatial dimensions d > 1. Indeed the single particle residue, Zy, obtained from
the jump in (ny) at the FS, and the associated Luttinger theorem [137,138] provides a
definition for the long-lived gapless electron-like Landau quasi-particles near the FS
in such a FL which then can be described via an effectively weakly interacting frame-
work. Ina FL, 0 < Zj, < 1, such that the FS remains sharply defined via the position
of the jump in occupation inspite of fluctuations in ny near the FS. One then expects
that the corresponding GS is very well approximated via short-range entangled states
in the momentum space across the non-interacting FS such that the real-space entan-

glement signatures are similar to that of the non-interacting case [139].
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In this chapter, we show that quantum fluctuations arising from the coherent super-
position of wave-functions with different momenta occupation {#y } can result in loss
of Landau quasi-particle while the FS remains defined. We explicitly construct wave-
functions for such quantum fluctuating FS, which, we note, is different from the dy-
namical fluctuation of a classical membrane. Instead, in the former, the location of the
membrane (the FS) has a uncertainty in the momentum space. This superposition is
then closely related to the dimer coverings in Rokhsar-Kivelson (RK) models [71], but
applied to momentum space for the FS. These wave-functions form a starting point for
understanding the loss of the Landau quasi-particle leading to a so-called non-Fermi
liquid (NFL) phase. Such phases are generically known to arise in one dimensional
(1D) interacting fermion systems and are collectively known as Tomonaga Luttinger
liquids (TLL) [2,140]. The quasi-particle residue, for these TLLs, vanish at the FS and
is replaced by a point of inflection with (ny) ~ |k — kg|P near the FSwith0 < p < 1
being related to the Luttinger parameter [2] (also see below). Thus while the Landau
quasi-particle is lost, the FS is still well defined in accordance with the Luttinger theo-
rem [141]. In higher dimensions (d > 1) similar phenomena, i.e., loss of quasi-particles
can occur with a well defined critical FS [142-144] which arises at fermionic quantum
critical point [142, 145-147] between the large and small FSs in heavy fermion sys-
tems [147-151] or Mott transition in correlated metals [152, 153] where the entire FS
disappears on approaching from the metallic side [142,143].

Ford > 1, effective field theory calculations [48] of fermions (at finite density) inter-
acting with gapless boson near a metallic quantum critical point or in a gapless phase
(such as in the U(1) quantum spin liquid with a spinon-FS [154,155]) indicate that due
to the presence of the tangential scattering with the bosons, even at ultra-low energies,
the Landau quasi-particle is killed possibly leading to a NFL [75,147,156—-158] partic-
ularly in 2D [48, 155,159-165]. However, the fate of the infra-red (IR) fixed point of
such theories is not quite settled due to lack of control over re-summation procedures;
this is the case even in large-Ny limit with Ny being the flavour of fermions. This calls
for new ideas in understanding such a NFL state which is parent to a large number
of diverse strongly correlated phenomena; this is the central motivation for the trial

wave-function approach that we study here.

The wave-functions that we propose here explicitly capture the partial or com-
plete loss of the single-fermion residue signalling the loss of the Landau quasi-particle
at low energies. In 1D, we show that we can re-interpret the existing numerical and
tield-theoretic understanding for the 1D TLL [2] for spinless fermions within the above
trial wave-functions (Figs. 7.1 and 7.2). This can be achieved by re-writing such wave-

functions in the basis of fluctuating {1y } and comparing the average occupation, (ny)
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with predictions from bosonization. In addition, the entanglement signatures can also
be shown to match with those computed from TLL. Interestingly, following RK con-
struction of dimer models, we can construct minimal projector Hamiltonians, albeit in
momentum space, where the GS allows large fluctuations, both in 1D and 2D, in the
occupation {ny }. These wave-functions, at partial filling, do not break any symmetry
and are devoid of sharp FS like signatures in momentum space. Therefore, in accor-
dance with Lieb-Schultz-Mattis (LSM) [141,166] theorem in 1D or their higher dimen-
sional extensions [138,167], they possibly correspond to GSs of gapless phases of cor-
related metals (in higher dimensions, in principle, gapped topological order is also al-
lowed). We study the generic properties of such wave-functions in 2D that correspond
to smooth deformation of the FS as an example of fixed-point wave-functions for cor-
related metals with and without Landau quasi-particles and isotropically or anisotrop-
ically blurred FS. In particular, the anisotropic loss of the single-particle residue leads
to Fermi-arc like features, albeit at zero temperature, similar to underdoped cuprates

and direction dependent Friedel oscillations.

In the rest of this chapter, we provide the details of the construction of the trial
wave-functions starting with the single particle distribution in momentum space and
use it to provide initial insights into their nature via selected examples in 1D and 2D.
In section 7.1 we provide the details of construction of the trial wave-function which is
a straightforward extension of superposing single-particle Slater determinants. Such
superposition generically leads to fluctuations in momentum space occupation {ny }
and this forms the right basis (Eq. 7.1) to capture the quantum fluctuation of the FS
(Eq. 7.3) as is evident from the generic interacting fermionic Hamiltonian, when writ-
ten (Eq. 7.7) in this basis. In Sec. 7.2 we show that the new basis provides a useful
momentum-space truncation scheme to understand the physics of TLL in a system of
spinless Fermions in 1D. In particular, we characterize the relation between the fluctu-
ations of the FS and the loss of the fermionic quasi-particle residue by quantitatively
comparing with bosonization for larger system sizes for a momentum space Hamilto-
nian (Figs. 7.2,7.3 and 7.4). Having obtained a description of the TLLind = 1, we turn
to the general properties of the wave-functions of the type in Eq. 7.3. We mainly re-
strict ourselves to description of a class of effective projector models in Sec. 7.3 whose
GSs allow equal superposition of various {ny} distributions; we note that these wave-
functions are qualitatively different from those describing a free Fermi gas GS. This
naturally leads to possible fixed-point fermion wave-functions in Sec. 7.4 that are GSs
similar to that of suitable RK-type projector Hamiltonians that describe strongly cor-
related NFLs; such NFL may be obtained near a metallic phase transition due to the

Yukawa interactions with gapless bosons as discused above. Our study in Secs. 7.3
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and 7.4 may be relevant for some of these systems. We discuss various properties
of a selected class of such wave-functions emphasising their NFL features. Various

technical details and supporting plots are given in the different appendices.

7.1 The trial wave-function

In order to define the wave-function, we consider a finite lattice of linear size N with
periodic boundary conditions. In d-dimensions, the Brillouin zone (BZ) is d-tori with
a grid of spacing 27t/ N along each direction. For concreteness we restrict ourselves
to d = 1,2 while extension to higher dimensions are straightforward. With such a
discretized momentum grid, we can now re-write the Nj-particle occupation states
in the momentum-space occupation basis (equivalent to Slater determinants [168]) by

defining an Ising variable 8 = £1 and using them to obtain
|FF[9]> _ (Cig)(1+ﬁk3)/2_ __(Cil)(1+ﬁk1)/2|0>’ (7.1)

where the momenta are arranged from smallest to largest by assigning a particular or-
dering in which k; < - - - < kp over the entire BZ. Here ¢{ are spinless fermion creation
operators following usual fermion algebra {cy, clt,} = Ok and {c, cr} = 0. In the
above wave-function modes where 0 = +1 are occupied while 6 = —1 are empty.
The above set of wave-functions form an orthonormal basis, i.e. (¥[0][¥[6']) = djg] o1]-
The Slater-determinant form of the corresponding real-space representation and ma-
trix elements of various many-body operator is easily represented in this basis and are
shown in Appendix C.1 for completeness. In particular, the total particle number and

the net momenta are given by

140 140
Ny= ¥ % and o= Y koo 7.2)
keBzZ keBZ

Note that the second relation in Eq. 7.2 automatically implies that the momentum of
a empty/filled band is zero. Generically, for a given filling (v = N,/ N%), the num-
ber of above basis states increases as dCNp with N and is therefore of little value for
numerical calculations. However, it provides an alternate way to visualize the Nj-
particle Fock space basis states. In terms of the new variables 6y, a single FS stands
for a closed volume in BZ separed by the domain-wall of the Ising variable separating
the 6 = +1 (occupied) and 0 = —1 (unoccupied) regions such that we recover the

familiar FS wave function.

Using the N-particle basis states in Eq. 7.1, we can write down the the most generic
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state for Np-fermions as

p) = Y. pleIYeD), (7.3)

[0]] T O/ N?=v

where [0] is the amplitude for the state with the occupancy distribution [6] and each
basis state obeys Eq. 7.2. In this sense, Eq. 7.3 is a momentum space wave-functional
which is equivalent to superposing Slater determinants. The above wave-functional
(Eq. 7.3) is very generic and can captures all fermionic phases in presence and absence
translation symmetries. In this work, we however, consider a particular subset of
such wave-functionals that are candidate ground states of correlated metals, which,
we discuss below, captures the physics of quantum fluctuation of the FS. In particular
we show that such fluctuations consisting of smooth (in 2D) deformations of the FS
capture the low energy properties of strongly correlated metals — the so-called non-
fermi liquids without Landau quasi-particles. Our present construction therefore does
not capture correlated or disorder driven insulators which are more readily accessed
starting from basis localized in real-space and hence require drastic superpositions in

momentum space and hence the FS ceases to be well defined.

To this end, we consider an interacting four (spinless) fermion Hamiltonian
H = Hy + Hj (7.4)
where

HO = EEkcltCk (7.5)
k

is the free fermion Hamiltonian with Ey = (e — y) being the single-particle dispersion

and
t ot
H; = Z Vq Ck,Cle, Cko—qCky +q/ (7.6)
klrerq#O
represents four-fermion interactions with strength V4. Note that the q = 0 term

is removed from the summation because of the neutralizing background due to the
ions [168]. In the basis of Eq. 7.1, the above Hamiltonian can be written in the N-

particle sector as

H = g{zr‘m[ o1 + En([0L, [0') (1 = &g 197) | (10,
0} {0
E[o] = (YO]HI¥[o]) , Ei([6),[6]) = (¥[6]|Hi|¥[6)), 77)
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where the first term on the right hand side denotes the diagonal element of H in the
momentum space occupation basis. The details of the form of E[f] is given by Eq. C.13
in Appendix C.2. The diagonal contribution of Hy in Eq. 7.7 is a direct consequence
of the structure of the the free particle Hamiltonian such that the ground state is given
by the [6] configuration which yields minimum energy (within the constraint of Eq.
7.2),ie., Min (E[0]). The corresponding distribution [0] gives rise to the FS of the free
electron gas whose shape is dictated by the microscopic symmetries and energetics via
the form of E. The second term in Eq. 7.7 corresponds to the four-fermion interaction
which has both diagonal and off-diagonal contributions. It’s explicit form is given by
Eq. C.12 and Eq. C.14. Thus interactions lead to generic superposition of distributions
of [0] having the same filling and total momentum (Eq. 7.2). It is easy to see that
in the case of the four fermion interactions, the off-diagonal matrix elements of Hj
are non-zero only between two distributions of [#] that differ by occupation at four
momenta (up to overall momentum conservation); this has been shown explicitly in
Appendix C.2. The NV ‘c N, X N N, matrix, in this basis, corresponding to Hj therefore

generically sparse.

Other possible alternative forms of the interaction stem from the electrons interact-
ing with a gapless bosonic mode, ¢4, (phonon/gauge field/ collective modes) via typi-
cally a Yukawa type interaction ~ } 7y g V(q)pqct +qCk these interacting Hamiltonians
also have a sparse off-diagonal structure once the bosons are integrated out. Such
Yukawa interactions are renormalization group (RG) relevant and can lead to NFLs in
d=2 [48,155,159-165]. The central distinguishing feature of such Yukawa interactions
in comparison to the short range four-fermion interactions is the presence of tangential
scatterings; their RG relevance indicates the collective effect of such scattering which
would necessarily change the fermion distribution about the non-interacting FS. This

leads to the quantum fluctuation of the FS as suggested by the form of Eq. 7.7.

Below, we explore different forms of (¥[0]|H;|¥[0']) and understand the nature of
the resultant GSs. We note that the simplest case where the four-fermion interactions
can already lead to a TLL [2,140] in d = 1. Indeed, in this case we show that in
the TLL, the GS wave-function can be very efficiently described using the form of
Eq. 7.3 with non-zero amplitudes, [0], only for configurations that allow for [6]-
configurations corresponding to low energy particle-hole excitations. Note however,
in d = 1, fluctuations in the occupancy necessarily leads to disconnected segments of

{ny} which is not the generic case in higher dimensions (see Sec. 7.4).
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Figure 7.1: The contribution of the different basis states, |¥[0]) (Eq. 7.1) to the
ground states of the TLL : (a) The weights, |¢[0]|*> (Eq. 7.3), of different basis states,
|'¥[6]) (horizontal axis), for the GS wave-function obtained from (real-space) ED for
spinless fermions at the half filling with nearest neighbour density-density interac-
tions (Eq. C.24) for N = 14,t = 1 and Vp = 0.3 whence the system is in a TLL phase
(see main text and Appendix C.3 for details). The relevant momenta in the first BZ
are denoted by k = —m +amw/7 witha = 0,1,---,13. In this labelling scheme, the
six states with leading contributions are shown as [0] = [00001111111000] being the
non-interacting GS and the rest corresponding to the particle-hole excitations above it.
These are [1] = [00010111110100], [2] = [00011011110010], [3] = [00100111101100],
[4] = [00011101110001] and [5] = [01000111011100]. The states are arranged in
terms of the increasing number of particle-hole excitations which can also be quan-
tified via their root mean square momenta deviation from the FS as defined in Ta-
ble C.1 in Appendix C.3. Note that the vertical scale has been truncated for im-
proved visibility of the contributing basis states. The normalised weights are given
in Table C.1. (b) The same plot as in (a) for ED in momentum space for Hamilto-
nian in Eq. 7.4 with V(q) given by Eq. 7.9 done using the momentum space cut-off
(ne=3(qc = ZW”nc) ,my =15(q0 = ZW”nO) (see main text for details) for (N = 14,t = 1
and % = 0.3. (c) The cumulative weights of the different basis states corresponding
to the plot (a). (d) The inverse participation ratio (IPR), defined as |([6][*/|¢[6]|fax,
for the different basis states corresponding to (a). The IPR has been normalized with

respect to the maximum contribution (vertical axis truncated for better visibility) from

0].
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7.2 Interacting fermions in 1D: The TLL

To understand the physics of the TLL, we start from Eq. 7.4 and note that the system,
for moderate short ranged (in real space) four-fermion interactions, Vg, is expected
to support a TLL. In particular, Ey, = —2tcosk and Vg4 = %e’qz/ (245) corresponds to
spinless fermions with nearest neighbour hopping (with amplitude t) and short-range
density density interactions at half-filling with the Hamiltonian in real space of the

form

H=-t)" <c:-rci+1 + h.c.) + ) Vi jnin, (7.8)
i ij
where i, j denotes the real-space lattice sites for a one dimensional system with N sites
and n; = cl¢; are the corresponding on-site densities of spinless fermions created by
cI. As shown in Appendix C.3, the resultant form for the interaction in real space is
given by V(x) = Vpexp[—x2/(2x3)] where xo ~ 1/go controls the spatial extent of the
interaction in real space and Vj = Voqo /2.

For xg ~ a (lattice spacing), the nearest-neighbor interactions predominate. In that
case, truncating to nearest neighbor interactions, reduces it to the Hamiltonian (Eq.
C.24) of spinless fermions at half filling (N,/N = v = 1/2) with nearest-neighbor
(NN) density-density interactions. We use exact diagonalization (ED) technique to
study the GS properties of such fermions interacting with NN density-density inter-
actions (Vp ) ; n;n;;1) at half filling (for details, see Appendix C.3). The numerically
obtained GS for a finite chain of N sites can indeed be written as a superposition of
slater determinants and hence the fermionic wave-functions as envisaged in Eq. 7.3.
This is shown in Fig. 7.1 for N = 14 and v = 1/2 where we plot the overlap probabili-
ties and inverse participation ratios (IPRs) of various basis states (slater determinants),
|'¥[0]) contributing to the GS wave-function obtained using ED.

Fig. 7.1(a) shows the the six leading order contributions, |¥(8)|? to the GS. These
states, as expected, consist of the non-interacting GS and particle-hole excitations above
it. Further details of the weight of these overlaps and the nature of the particle-hole
excitation are shown in Table C.1 in Appendix C.3 which include up to 25 basis states
ordered in terms of their increasing root-mean square (RMS) momenta and indicat-
ing number of particle-hole excitations about the FS. The cumulative weights of these
states and their inverse participation ratios are shown in Fig. 7.1(c) and (d) respectively.

It is clear from Fig. 7.1(a,c,d) that, in accordance with expectations [36], only the
basis states |¥[0]) whose distribution in [6] differs from that of the non-interacting FS

(denoted by [0] in Fig. 7.1) only near its FS has appreciable overlap with the interacting
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Figure 7.2: Comparison of the correlation functions in TLL obtained from the real-
space and momentum space models : (a) (ny) calculated from real space ED and
k-space ED (N = 14) and (b) the two-point connected correlator ( (1)) in real space
(N = 22). The other parameters are t=1.0, for real space ED V = 0.3 (Eq. C.27) and for

k-space ED % = 0.3 (Eq.7.9), nc =3 (4c = 2Wﬂnc) , g =15(g0 = ZW”nO).

GS wave-function. In fact Figs. 7.1(c) and (d) show that the weight of the GS wave-
function is saturated appreciably solely by basis states with particle-hole excitations
near the non-interacting FS. Taking cue from this, we consider an effective low energy
model in momentum space which accounts for the interactions between the fermions

(at half filling) within a window of kr £ q,. This is obtained by choosing

. P
2
V(g ={ we* Vgl < lqcl, (7.9)
0 otherwise.

in Eq. 7.6. We performed the ED in momentum space on this Hamiltonian directly
in the occupation basis (Eq. 7.1) in momentum space (for details, see Appendix C.3).
This is analogous to momentum-space ED adapted to the FS with a soft (qo) as well as
a hard cutoff (q.) for H (Eq. 7.4). We expect this momentum space model to reproduce
the low energy features of the real space nearest neighbor model in the TLL regime as

it contains similar low energy physics — scattering of the fermions near the FS.

The contributions of the basis states to the numerically obtained GS of the momen-
tum space model is shown in Fig. 7.1(b). This indicates that the momentum space
model indeed correctly captures the dominant basis states contributing to the TLL GS
as obtained via the real-space diagonalisation of the nearest neighbor model. This
serves as a benchmark of the momentum space ED in terms of the weights of different
configurations since they can be compared with their real-space counterparts. We can
further benchmark the momentum space ED by comparing different correlators with
those obtained from the real space ED for TLL phase of the related models. In this
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Figure 7.3: A plot of the Fermi distribution function (ny) as a function of k from
momentum space ED. The inset shows the curve fitting of (ny) (near the Fermi
point) with known bosonization result : (nyx) = d sign(kf — k) |k — k¢|[F +1/2 with
p = (K+ K71)/2 — 1 [2] where K is the Luttinger parameter and d is a constant). For
this plot, t = 1.0, 0 = 0.6 (Eq. 7.9), no = 1.5, n. = 5 (gc = %n.) and N = 50.

work we calculate the average momentum occupation, (1y), the two-point connected

correlator,

((neng)) = (n(r)n(0)) — (n(r))(n(0)), (7.10)

and the bipartite von-Neumann entanglement entropy, S,n.

The plot of (ny), shown in Fig. 7.2 (a), provides a comparison between the two
models and methods of doing ED. The results are in agreement with each other with
Fig. 7.2(b) indicating the presence of the FS in both the cases. For the two-point corre-
lator (Eq. 7.10) plotted in Fig. 7.2(b), there is qualitative agreement and the oscillations
are dominated by the same length-scale, 2ky = /1. However, the amplitudes of the os-
cillations are different due to difference in the microscopic details of the two models.
Notably, in a TLL the FS does not have a sharp jump, but a point of inflection [2] in the
thermodynamic (N — co) limit which is cut-off by finite momentum grid in Fig. 7.2(a).
While extending the real-space ED to larger systems is numerically quite expensive,
the momentum space calculations with the cut-off, q, about the FS can be more easily
extended to larger system sizes to reveal the form of (1) as expected from low energy
theory of TLL. This is shown in Fig. 7.3 for N = 50 and g, = 27t/10.

This, therefore, can be compared with the standard bosonization results for (ny)
which is devoid of a jump and has a form (1) ~ |k — kg|? withp = (K+1/K)/2 -1
with K being the Luttinger parameter [2]. An estimation of the point of inflection, ob-

tained from such a comparison, is in accordance with the Luttinger theorem. Thus the
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basis in Eq. 7.1 effectively captures the TLL GS which has a sharp FS denoted by the
point of inflection, but no Landau quasi-particle. This further confirms some advan-
tage in using the basis in Eq. 7.1 and validates the fact that the low energy physics is
dominated by FS fluctuations. Finally, we calculate the bi-partite von-Neumann en-
tanglement for both the models and this is shown in Fig. 7.4 as a function of subsystem
size. For both the models the entanglement entropy fits well to the Cardy-Calabrese
formula (Eq. C.34) [169] for (1 4 1) D conformal field theory with central charge, c = 1
indicating that for the respective parameter values, both the systems are in the TLL
phase. However, in this case (also in case of the two-point correlator in real space
(Fig. 7.2(b))), the advantage of the momentum space calculations are less evident at
this point. This is due to the fact that we are still restricted to smaller sizes due to
calculational costs for entanglement entropy. In addition, the estimation of the central
charge (Fig. 7.4(b)) is somewhat crude due to the presence of the finite cut-off. On the
other hand, while the two-point correlator can be calculated for larger system sizes, it
suffers from spurious oscillations arising due to the cut-off, q,, for parameters similar
to Fig. 7.3. Therefore, while promising, our momentum-space ED scheme with cut-off

around the FS requires more systematic investigation in future.

i L ogo [+ real space ED: m=0819, c1=1.014 /
’ & k- space ED /.
1.2} 1.075}
E O 1.070
1.0}
(a) 1.065
(b)
0.8} o k-space ED: c=1.065 + 0.000 1060
® real space ED: c=1.05 + 0.006
real space C 1.055 : ‘ . ‘
0.0 02 0.4 0.6 0.8 1.0 0.05 0.06 0.07 0.08
n / N 1/N

Figure 7.4: Comparsion of the entanglement entropy for the TLL of the real space
and momentum space models : (a) entanglement entropy from k-space ED and real-
space ED, with both datasets (red and blue points) fitted (red and blue lines) to the
Cardy-Calabrese formula (b) central charge variation with 1/N (we have done linear
curve fit (¢ = m(1/N) + ¢1) for real space data) for the two ED methods. The system
parameters are + = 1.0, V(=0.3 (Eq. C.27), % = 0.3 (Eq.7.9),n. =3 (qc = ZW”nc) , Ny =
1.5 (q0 = 3Fnp) and N = 22.
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7.3 Exactly solvable toy model for GS with FS superpo-
sition

Having shown that the basis in Eq. 7.1 may be useful to capture the physics of TLL
in 1D, in this section, we study another particularly useful question— are there parent
Hamiltonians which allows massive FS fluctuation in the GS ? The positive answer is
provided in a simple limit of the Hamiltonian in Eq. 7.7. This is obtained when, for a

particular filling v(= Np/N¥%),

E[G] . '] B
GGG (N Cw, 1), (7.11)

where E[0] and E[([0'], [0]) are respectively the diagonal and off-diagonal matrix el-
ements (Eq. 7.7). In this limit, the Hamiltonian then can be re-written as a sum of

projectors h([6], [0']) as

Hrx =C Y. h([6],10']), (7.12)
[6],[6"],16]#(6"]

where C > 0 is a filling dependent positive constant and

n(j6], [0']) = ((I‘Y[9]>\—F2|‘Y[9’]>)> (((‘Y[G]I\;ECY[@’]I)) , (7.13)

with 1% ([6],[0']) = h([0],[0']) a projector. We note that the condition in Eq. 7.11 may

be obtained in systems with all-to-all-interactions.

The Hamiltonian in Eq. 7.12 can be solved in the same spirit as the projector dimer
model Hamiltonians by Rokhsar and Kivelson (RK) [71]. The difference between the
two models comes from the fact that in the present case the [6] basis is orthonormal un-
like the hardcore dimer-covering basis of the quantum dimer models with the dimers
being spin singlets. The GS wave-function is then easily read off; it is given by the
state which are annihilated by h([0],[0’]) for all pairs of ([6],[6']) and constitutes an

equal and completely symmetric superposition

1
[PrRK) = NI % Y16]),

(7.14)

with Nrk being the number of states in the superposition. Notably (¢rk|fk|Prx) = v
for all k € BZ. Thus, an equal superposition of all [(#)) in momentum space leads to

loss of any sharp structure and hence the FS. In fact, this is not very surprising because
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Figure 7.5: Plot of (ny) as a function of k for the constrained RK type projector GSs

(|1,b1R(.TK>), here we have taken 20 sites for different kt for periodic boundary conditions
(PBC). Note that 1,;(=0) is not shown as in the plot.

the condition in Eq. 7.11 mixes distributions of [f] belonging to different momentum

sectors and hence the resultant Hamiltonian does not have translation symmetry.

Hence, while it is interesting to study the properties of the generic projector Hamil-
tonian in Eq. 7.12 (e.g., we plot (ny) = (Prx|fie|¢Pri) in Fig. C.5 in Appendix C.4 along
with few other details), we shall consider a sub-class of Hamiltonian in Eq. 7.12 which

conserves total momentum, kr, at a constant filling, v (Eq. 7.2) having the form

Ark = Y HRE (7.15)
kr
where
Hgk =Co Y, h([0)[0]) (7.16)
[0],[6') ke, [6]£[6")

with Cy, > 0 is now dependent on the momentum sector and the sum over [6] is

restricted to the single kr sector.

The lowest energy wave-function in each kr sector, |1/J11§TK>, is now an equal super-
position, similar to Eq. 7.14, but with basis states within the kt sector. It is fairly easy
to show that (¢1I§TK|nr|1/J1§IT<> = v, i.e., constant (Eq. C.37); moreover, such a constrained
RK wavefunctions are translation invariant unlike Eq. 7.14. The average momentum-
space occupation, (ny), for such such states in different kt sectors are plotted as a
function of k in Fig. 7.5 for a 1D fermion system with N = 20 and N, = 10, ie.,
v = 1/2 for different k1 (we also put in an extra constraint that 6x_, = —1, i.e., the
k = 7 mode is always empty for convenience — see discussion in Appendix C.4). The

slope of (ny) is proportional to kr; in particular it is flat for the zero momentum sector
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with a value tending to v for large N. For finite systems (1) shows oscillations (see
Appendix C.4), but the amplitude of these oscillations vanishes with increasing sys-
tem size. This indicates absence of sharp FS-like signature for |1p11{IT<> for large N even
in presence of translation symmetry. This is due to the large number of basis states,
|'¥[6]), with very different [6] distribution contributing to ]l/JETK) at least for small k7.
The lowest energy sector of Hyy is macroscopically degenerate. This degeneracy
is easily lifted on adding the centre of mass momentum kinetic energy which chooses
the kt = 0 sector. Notably such symmetric wave-function with zero net momentum is
not expected to be unique at fractional filling due to Lieb-Schultz-Mattis (LSM) theo-
rem [166] and hence the above RK wavefunctions most likely corresponds to the GS of
a gapless phase. It would be interesting to explore the nature of such possible gapless

phase without a sharp FS.

7.4 Fixed-point wave-functions: fermi surface superpo-

sition in two dimensions

The RK construction of the superposition of FS provides important clues to generating
the trial wave-functions in higher dimensions. It shows that a generic superposition
completely destroys the central feature of the metallic GS — the FS. This raises an inter-
esting question — can we superpose FS but still partially retain properties of metals—
both weakly and strongly correlated ones? In this section we investigate this question
by constructing a series of trial wave-functions in 2D which interpolates between non-
fluctuating FS in the free Fermi-gas limit and the systematically superposing |¥[6])
corresponding to smooth distortions of the FS (subset of Eq. 7.3). We expect it to
capture the phenomenology of correlated metals. We note here that it is possible to
write appropriate RK-like parent projector Hamiltonians for which some of the wave-
functions (those with equal superposition) that we discuss below are exact GSs. Such
wave-functions can be thought as a IR fixed-point wave-functions describing the GS
of correlated metals.

One way to obtain such wave-functions is by choosing 1[6] such that various mi-
croscopic symmetries beyond translation are implemented manifestly via [fy]. For
example, under time reversal 0, — 0_j while for a generic spatial symmetry R, we
get 0 — Ogpq. To incorporate the symmetries we then need to choose [6] in Eq.
7.3 such that the distribution of [#] and [¢’] that are connected by symmetry transfor-
mation are weighted equally, i.e. [0] = ¢*[0'] for TR and P[0] = [0’] with spatial

symmetries. We shall focus on the case of TR symmetric systems which is achieved by

108



Figure 7.6: Schematic Figure of an elliptical FS (Eq. C.38) with major axis along k| and
eccentricity €.
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Figure 7.7: (a) (ny) (in the vicinity of FS) vs. k for Eq. 7.20 with €y = 0, €max = 0.7, and
Z, , = 0.8 (black), 0.5 (red), 0.2 (blue). Inset: (ny) for k € (0, 7). The jump in (ny)
equals Z_  .(b) ni vs. k for the isotropic NFL (Eq. 7.21) near the FS (kp = V271).
considering [0] to be symmetric about k = 0 and ¢[6] to be real. Other symmetries are
implemented in a similar manner. We focus on two situations—- (1) isotropic, and, (2)

square lattice which have different spatial symmetries.

Finally, Eq. 7.1 contains arbitrary distributions of {ny } over the entire BZ subject to
the constraints given by Eq. 7.2. We note that at low energies, various interaction terms
can only cause scattering near the FS [36] similar to the case of TLL in the previous sec-
tion. In contrast, in higher dimensional systems with Yukawa interactions that hosts
NFLs, the RG relevant tangential scatterings [155] around the FS lead to a large number
of fermion-hole excitations. These excitations ultimately lead to the breakdown of the
Landau quasi-particle. However, the proliferation of the such fermion-hole excitation,
particularly on integrating out the boson, would lead to change in the distribution of
{ny} via low energy processes. For the rest of this chapter, we assume that these low

energy processes lead to smooth deformation of the FS and basis states of the form in
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Eq. 7.1 which represents such smooth deformation have non-zero amplitude in the GS

wave-function that we focus on.

Noting this, we consider the basic fluctuations of an elliptic distribution of [6]
which describes an elliptic FS centered around origin (kr = 0 in Eq. 7.2), at filling,
v, with eccentricity € and major axis along k in the 2D momentum space. An example
is shown in Fig. 7.6. We denote such a sub-set of these basis state wave-function (Eq.
7.1) as |e,v, k) (see Appendix C.5 for details). The generic wave-function for superpo-

sition of such elliptical FS is given by

€max T ~ ~
¥,) = / de / dk ¥(e, k)le, v, k), (7.17)
0 0

where the first integral is over the eccentricity between [0, emax(< 1)] for the elliptical
distribution with major axis along k and the second integral denotes the sum over all
possible directions of the major axis. To impose the filling constraint, all the participat-
ing ellipses for which the amplitude (e, k) is non-zero, have same area and for the

rest of this work we setv = 1/2.

It is fairly easy to show that such wave-functions have uniform fermion density
in real space, i.e., (¥.|n:|¥.) = v, unlike the generic RK wave-functions (Eq. 7.14) (see
Appendix C.5). However, not surprisingly, depending on the form of 1 (e, k), its single
particle signatures can be rather different from that of a FL. This is seen by calculating
the single particle residue, Z_y, defined via the single particle correlator [170] for an
elliptical FS, i.e., a basis state |[e,v = 1/2, 1A<> = e, R) (details in Appendix C.5),

(52

2 2 ’
ey H) O

(7.18)

where  fixes the filling, v, for the elliptic FS of eccentricity € and area A = 7rua?y/1 — €2
and k (k1) are momentum components resolved along (perpendicular to) the major
axis along k as shown in Fig. 7.6. For a single elliptic FS, the residue shows a jump
at the perimeter of the ellipse as expected (Fig. C.8), signaling the presence of the FS
which can then be used to define long-lived low energy quasi-particles. For the super-

posed elliptical FS (Eq. 7.17) then, the averaged residue is given by

€max 7T, N
7 = / de / dk|p(e, k)2Z, ;. (7.19)
0 0 !
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Importantly, Eq. 7.19 recovers the FL form for

. R 1-7 ;¢
ple,k) =\/Z, 1 (e —e) d(k — ko) + 1| ——2, (7.20)

7T€max
for Z, ¢, € [0,1]. The resultant momentum space occupancy of the fermions (ny) is
shown in Fig. 7.7 where we chose €y = 0 (i.e., circular FS) for convenience. The quasi-
particle residue, by construction, is Z_ { and represents the non-interacting limit for

Ze &k, = 1 Further details are given in Appendix C.5.2.

601

The above form of the wave-function (Eq. 7.20) naturally leads us to investigate the

case where the weight of the §-function goes to zero such that

A

(e, k) = \/%IT# (7.21)

The resultant plot of (ny) is shown in Fig. 7.7 for different extent of superposition
of eccentricities obtained by changing emax (further details in Appendix C.5.2). No-
tably for finite emax, the jump in the occupancy is systematically smeared out as is
evident by comparing the two panels of Fig. 7.7. This is further confirmed by calcu-
lating the residue using Eqs. 7.18 and 7.19 as shown in C.10(b) for various €max 7# 0
which shows that Z = 0. However, instead the residue is replaced by a point of in-
flection (see Fig. C.9d in Appendix C.5.2) somewhat similar to the TLL in 1D. The
position of the point of inflection as well as the finite resolution jump of (ny) is shown
in Fig. 7.8. Notably the contour of the inflection point encloses an area in accordance
with the Luttinger theorem in spite of the single particle residue being zero. Thus the
presence of the inflection point sharply defines the position of the FS, while Z = 0 indi-
cates the absence of Landau quasi-particles similar to the critical FS [142] or marginal
FLs [171,172]. Similar to the TLL, the average momentum mode occupancy is a power-
law, i.e., (ny) ~ |kg —k|? with p > 0 (see Fig. C.11) and p increases monotonically with
€max- This power-law form is consistent with the scaling form suggested in Ref. [142].
Fig. 7.9 shows the two-point connected correlator W(r,0) = ((n,n9)) as a function
of r = |r|(see Appendix C.5.3 for detailed expressions) for the wave-functions given
by Eq. 7.20 for émax = 0.75 and different Z_ ¢ (including Z_ ; == 0 whence we get
Eq. 7.21). The only difference between the non-interacting limit (Z_  ~— 1) and the
completely superposed limit (Z_  — 0) seems to be in the amplitude of oscillations
while other features survive the loss of single-fermion quasi-particle as signalled by
the vanishing residue. Notably the similarity of the forms and the decaying oscilla-
tions shows that even for the fully superposed case, the density correlations decay,

albeit as a power-law, to zero such that the superposed wave-function obeys cluster
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Figure 7.8: Plot of the single particle residue Z as a function of ky and k, for the super-
posed FS corresponding to the wave-function in Eq. 7.21 for €max = 0.2 and § = 0.12.
Note that the residue is uniform and is < 1; it — 0 as 6 — 0 for €max # 0. The
maximum value of Z (for finite ¢) is at the perimeter of circle of radius=v/27 (dashed
contour) that also marks the position of the point of inflection of ny. See text for de-
tails.

3 4 5 6 7 8
\V2nm |r|

Figure 7.9: Plot of the density-density correlation W(r,0) = ((n:n9)) as a function
of r = |r| corresponding to state Eq. 7.20 for emax = 0.75 and different values of
Z ko = 0.95 (black), 0.80(red) and 0.00 (blue).

€0

decomposition principle as is expected from a physical state [44].

Finally, we move to the case of the square lattice where we only have a four-fold
rotational symmetry. This should be reflected in the choice of the amplitudes in Eq.
7.17 via constraining them for different ellipses related by a four-fold rotation as dis-
cussed above. For illustrative purposes, in this case, we choose the major axis of the

ellipses to lie along the Cartesian directions X and y such that we now have

ple,kl = Y yple)o(k—a), (7.22)

a=Xy
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Figure 7.10: Plot of (ny) as a function of k, where k = (kcosy , ksiny) for the super-
posed state mentioned in Eq. 7.23 for different v and emax = 0.7. The inset shows (ny)
as a function of k in the vicinity of the FS.
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Figure 7.11: Plot of Z as a function of k, and k, for the superposed states (Eq. 7.23) with
6 = 0.01. Panels show results for (a) emax = 0.10, (b) €max = 0.50, and (¢) €max = 0.75.
Variations of Z with § are shown in Fig. C.12.

where 1 (€) is a smooth real (to ensure TR) function of € such that Eq. 7.17 reduces to

_[em (le, %)+ e, ¥))
¥,) = /0 de () T, (7.23)

This is nothing but equally superposing ellipses of eccentricity up to €max, but with ma-

jor axis only restricted to horizontal and vertical directions with equal amplitude for
any given €. We note that dynamic lattice nematic fluctuations of the type discussed
in context of cuprate superconductors [173] can possibly lead to such superpositions
of the FS. Choosing different functions 1(€) result in superposing the above set of el-

lipses with varying amplitudes and leads to different wave-functions with manifest

1
v/ €max
equal superposition of all such ellipses (see Appendix C.5.2 for further details).

TR and lattice symmetries. Consider, for example, ¥(€) = that correspond to an

The momentum space occupation is shown in Fig. 7.10 for different directions 7y

(the angle with respect to ky). As can be seen from the figure (see inset), in contrast
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to Fig. 7.7, both the position of the rapid change of (ny) and its form depends on y
(being sharpest for v = +71/4). This is reflected in the finite resolution quasi-particle
residue (Eq. 7.19) plotted in Fig. 7.11 for different extent of superposition of eccen-
tricities, emax and finite resolution, 6 (Eq. 7.18). Notably, on taking § — 0 (see Fig.
C.10(c) in Appendix C.5.2) the residue goes to zero for all momentum points. How-
ever, unlike the isotropic case, it goes to zero anisotropically with the contrast of the
anisotropy increasing with emax; this is revealed by comparing the finite resolution left-
most (emax = 0.1) and the rightmost (emax = 0.75) plots of Fig. 7.11. In other words,
now we get (1) ~ |kg — k|P(7) such that for a given emax, the exponent p(7) depends
on the angle; this is in accordance with the scaling form expected in Ref. [142]. How-
ever, we note that the above simple power-law breaks down very close to the y = /4

(and equivalent points).

__ —0.001
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Figure 7.12: Plot of ({(nyny_q)) (W(r,0)) as a function of r = |r| for the superposition
of elliptical FSs (Eq. 7.23) in different directions (tanvy = %): (@) €max = 0.5 and (b)
emax = 0-75.

Concentrating on Fig. 7.11(c), we find that the largest residue at finite resolution,
Zmax (), always occur along the k, = +k; lines with the maximum at (/7t, \/7) (Fig.
C.15) for all emax (Figs. 7.11 and C.13) and goes to zero parametrically more slowly
compared to the other directions such that at finite resolution we get a smeared residue
around these directions as shown in Fig. 7.11.

One can ascribe a length to such segments of finite resolution residue as a function
of both § and emax as mentioned in Fig. C.16 of Appendix C.5.2. Finally turning to the
density-density-correlator, ((n,n,)), the Friedel oscillations now become highly direc-
tion dependent as shown in Fig. 7.12, but still decays with a power-law in accordance
with the expectation from the cluster decomposition principle [44]. This completes the
phenomenology of the one and two particle static correlations of the many-fermion

wave-function obtained by superposition of ellipses.
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Figure 7.13: Plot of Z as a function of k, and ky for superposed states (Eq. 7.23) for a
hole FS centered around k = (7, 7).

7.5 Summary and outlook

Having described the construction of many-fermion trial wave-functions via super-
position of FS that can possibly describe correlated metals including NFLs, we now
summarize our main results.

The trial wave-function of the form in Eq. 7.3 provide interesting insights into the
two basic phenomenology of NFL metals— (1) the lack of Landau quasi-particles, and
(2) the well defined FS- that are obtained from quantum superposition of momen-
tum space occupation. In view of the anisotropic loss of Landau quasi-particles on
square lattice, it is interesting to re-plot Fig. 7.11 for the hole FS centered around
k = (m, ). This is shown in Fig. 7.13 where the similarity with Fermi-arcs in un-
derdoped cuprates [174] is apparent. However in cuprates such phenomena is ob-
served at finite temperature while the present construction is strictly for the GS, i.e.,
T = 0; in underdoped cuprates, a superconductor is obtained at lower temperatures.
It has been suggested [142] that Fermi arcs can arise as a finite temperature effect of
critical FS with angle-dependent scaling exponents. It would indeed be promising to
investigate if similar low energy phenomenology can be obtained starting from the
wave-function presented here.

Turning back to structure of the basis (Eq. 7.1), consider a distribution [0] repre-
senting a fully filled FS, |'¥[0]), at filling v. Now consider a related state, |'¥[0']), at
the same filling obtained from [f] by taking a particle at k; from inside the FS and
putting it at an empty mode at ky. Then, superposing the above two results in a EPR
(Einstein Podolsky Rosen) pair in momentum space for a particle and hole at the two
specified momenta in the background of the rest of the fermions. At low energies,

both k; and k; lie within an annulus around the FS— hence local in momentum space.

115



Thus, the GSs obtained by superposing the FS may be roughly thought as made up of
local (in momentum space) particle-hole EPR pairs across the FS. It would be interest-
ing to explore if this point provides advantage in understanding metallic phases using
density-matrix-renormalization-group (DMRG) methods in momentum space [175].

At low energies, both k; and k; lie within an annulus around the FS- hence local
in momentum space. Thus, the GSs obtained by superposing the FS may be roughly
thought as made up of local (in momentum space) particle-hole EPR pairs across the
FS. It would be interesting to explore if this point provides advantage in understand-
ing metallic phases using density-matrix-renormalization-group (DMRG) methods in
momentum space [175].

Extending the present formulation to spinful fermions can be obtained by defining
a augmented momentum-space grid {k, o} with ¢ =1. Finally, the present ground-
states immediately lead to questions pertaining to the low energy spectrum both within
and beyond the RK type Hamiltonians. At this point we note that the trial wave-
functions (Eq. 7.3 or 7.17), after implementing the symmetries, represent symmetric
wave-functions at fractional filling, v. Application of LSM theorem [141, 166] would
suggest that this corresponds to the GS of a gapless phase as is indeed the case of
the half filled spinless fermions with nearest neighbour interactions as our calcula-
tions explicitly show. In higher dimensions, application of flux threading arguments
of Ref. [138] indicate that it is possible to generate orthogonal states with momentum
difference 27tvN“~!. For Hamiltonians which are short ranged (in real space) two di-
mensional generalization of LSM theorem [138,167] would lead to a similar conclusion
as in 1D about the fate of the present wave-functions in regards to them being valid
GSs of gapless phases. Addressing these issues would decide the feasibility of the

present approach to understand the physics of correlated metals.
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"Every new beginning comes from some other
Chapter 8 beginning’s end.”

- Lucius Annaeus Seneca

Summary and Outlook

This thesis investigates the interplay between microscopic symmetries and many-
body entanglement in the low-energy theory for two cases: spin-orbit-coupled SU(8)

Dirac fermions on the honeycomb lattice and Z, fractionalized phases.

For the spin—orbit—coupled system, we investigated the possible superconducting
phases that can be realized for spin—orbit—coupled SU(8) Dirac fermions on the honey-
comb lattice. Our analysis identifies 12 distinct superconducting phases, broadly clas-
sified into four lattice singlets, two lattice doublets, and six lattice triplets. All of these
are multiband superconductors, encompassing non-unitary (multi-gapped) supercon-
ductors, nodal superconductors, and pair-density-wave superconductors. We provide
a detailed characterization of these phases, including their spectra, vortex structures,

and possible lattice realizations.

One of the central outcomes of this study is the identification of multiple-gap su-
perconductors whose gap magnitudes can be tuned via the direction of the supercon-
ducting order parameter, thereby enabling a transition from a gapped superconduc-
tor to a nodal one. This tuning gives rise to a variety of unconventional supercon-
ductors, including a particularly notable case: an unconventional even-parity non-
unitary superconductor. Moreover, the ability to control pairing gaps and the associ-
ated relative phases motivates interesting questions about the corresponding Leggett
modes [104, 113] for future investigation. The catalogue of unconventional supercon-
ductors presented in this thesis raises several open questions. Given the diversity
of unconventional phases discussed here, an important avenue for future study is
the classification of their topological properties [93,176-180] and the implications for
various tunnel junctions [181] involving these superconductors [182]. Another ques-
tion concerns the nature of unconventional quantum phase transitions [183] between
these superconducting phases and the corresponding normal phases, which are in-

timately connected at low energies via an emergent SO(16) symmetry. We hope that
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these results will stimulate experimental efforts on candidate materials [49], providing
concrete platforms to explore such phenomena. Finally, a similar analysis applies to
systems with an even number of surface Dirac cones in weak topological insulators,
which are also stabilized by strong spin-orbit coupling, although the symmetry of the
corresponding low-energy Dirac theory differs from SU(8).

For the case of Z; fractionalization of spinless fermions, we considered a partic-
ular regime of the model in which the fractionalized degrees of freedom are frus-
trated. Understanding this regime through the projective implementation of micro-
scopic symmetries proves to be a powerful approach for exploring the behavior of
fermions as the Ising spins undergo a transition from the ordered to the disordered
phase. The symmetry analysis forbids any quartic coupling between the Ising field
and Dirac fermions that could generate a mass term for the fermions, thereby ensur-
ing that they remain gapless. Although our results indicate that such terms are not
allowed by symmetry, a systematic understanding of the underlying reason for this
prohibition remains an open question. In the absence of fermions, when the model is
supplemented with a potential term for dimers [71], it provides a pathway to inter-
polate between the physics of dimers and topologically ordered phases, leading to a
rich phase diagram. Using iDMRG, we investigated this phase diagram—our finite-
size numerics indicate the presence of three distinct phases: the columnar/plaquette-
ordered phase, the staggered-ordered phase, and the topological liquid phase. These
are separated by three phase boundaries corresponding respectively to the RK transi-
tion between the staggered and columnar/plaquette-ordered phases, the 3D XY™ tran-
sition between the topological liquid and the columnar/plaquette-ordered phase, and
a first-order transition between the topological liquid and staggered-ordered states.
Our numerical results suggest the possibility that these three phase boundaries meet
at a multicritical point. Exploring the nature of this multicritical point—where two
Landau-forbidden transitions intersect a first-order line—poses an intriguing ques-
tion. Another interesting direction concerns the reintroduction of fermions: how do
they influence or modify the nature of these transitions?

In the third part of this thesis, we introduce a trial wavefunction approach that
captures the phenomenology of both Fermi-liquid and non-Fermi-liquid phases. We
examined various observables in these ground states; however, an interesting direc-
tion for future study is to compute the bipartite entanglement of these states. In ad-
dition, the present ground states naturally motivate questions concerning the low-
energy spectrum, both within and beyond Rokhsar—Kivelson (RK)-type Hamiltoni-

ans. .
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Appendix A

Appendix for Superconductivity in

Spin-Orbit coupled system

A.1 Summary of the low-energy Dirac theory in the global

basis

The low-energy Hamiltonian in the global basis (Fig. 2.1) is obtained by performing a

unitary transformation on the Dirac spinors in the local basis, x (Eq. 2.10),

Xg = Ugiobal X- (A1)

where Uglobar 1s @ 16 X 16 unitary matrix whose explicit form is given in Ref. [40] and

X is the spinor in the global basis, i.c.,

Xo = (XgTs XgMys Xghys XgMy) (A.2)

where each x ¢y corresponds to a 4-component spinor corresponding to the Dirac fermions
at the four valleys v = (T, M1, My, M3) in the global basis (Fig. 2.1). The low-energy
Hamiltonian (Eq. 2.1) in the global basis is then given by

Hp = ivp/d2x X; [(20223) 01 + (—20224) 82] Xg (A.3)

Here, ¥ represents the four Dirac valleys in the global basis. The £; are 4 x 4 Hermi-
tian matrices which are of the same form as the X; matrices (appendix C of Ref. [40]),

but, unlike the X; matrices, they do not exclusively act on the flavour space.
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A.2 The BAdG Hamiltonian and the pairing amplitudes

for the Dirac superconductors

The BdG Hamiltonian for the SU(8) Dirac fermions is given by [85,87]

Hypr = /dzq X8 (a) Hpac(q) In(q) (A.4)

where

in(q) = x(a), (Tx(a)]" (A.5)

is the Nambu spinor with x given by Eq. 2.10 and 7 is the TR symmetry operator such
that [40]

Tx(q) = iZ131100Kx(—q) = iZ13K[tx1, Tixe, Tixs tixal” (A.6)

with IC being the complex conjugation operator and

Txs = (Xf1—r Xf2—r Xfi4s X f2+) (A7)

where x is given by Eq. 2.7. Putting everything together, Eq. A.5 becomes

) It 0 x(q) )
in(q) = | A =Y xn (A8)
( 0 ZZ13T1670/C> (X (—q)
where xy is defined in Eq. 2.18. Finally,
5 .
Hpac(q) = ( g ) (A9)

with 8q = FXo(x19x + a2gy,) being the free Dirac Hamiltonian and Aq being the pair-
ing matrix.
The relation between the form of Hysr in Eq. A.4 and that of Eq. 2.21 is obtained

via the transformation
_ Of , . -
V7 Mpag Y = = (814 + Bagy) + M (A.10)

where the two terms in the RHS are given by Eqgs. 2.19 and 3.3 respectively. Note that

under the above transformation, A - AT remains invariant.
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Eq. A4 is diagonalized [10] via Bogoliubov transformations

An(q) = Wel'(q) (A.11)

where I'(q) is the 32-component Bogoliubov fermions while W is a 32 x 32 unitary
matrix (i.e. Wy - W:; = 1) of the form

Wq:< Yo T > (A12)

U_q u_q

with each of u and v being 16 x 16 matrix. The energy spectrum is then obtained from
Eq =W -Hpic- Wq = Wq-Eq="Hpic Wy (A.13)

where Eg is the diagonalized form having the structure

(& O
Eq = ( ; _gq> (A.14)

with Eq being a 16 x 16 diagonal matrix with entries Sq,a (a=1,2,---,16). The second
form of Eq. A.13 is expanded to get

UuqEq = Eqiiq + Aqv’ g (A.15)
v g€q = A;uq —8quig (A.16)

2

For Dirac dispersion, since &g

o I, generalizing the methods outlined in Ref. [10], we

get

g (A.17)

The solution then depends on whether the pairing is unitary (A - AT = |A]2T15,16)
or non-unitary (A-At = Yapy AapyLaTp0y)-

Note that a similar analysis is applicable in principle to the lattice theory. This
may be slightly easier in the local basis where the SU(4) flavour symmetry is mani-
fest, however, the actual solutions of the eigenvectors are substantially complicated in

practice.

Knowing the transformation from the basis in Eq. 2.17 to that in Eq. A.5, the general
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pairing matrix M5¢ (Eq. 3.3) transforms as

M5¢ — yMmSeYt (A.18)

A.3 The Majorana representation

As a first step to obtain the Majorana representation, we perform a unitary transfor-

mation on the spinors, x as
x=Ux. (A.19)

Here, U = U, is a product of 16-dimensional unitary matrices which are given by

- 1
u, = 5 (ZQ(TO -+ T3)0'() + Z()(To — T3)0'2> . (A.20)
and
Uy = Isxg ® exp [imr{nu]/él} (A.21)

where Ulmaj (fori =0, ---,3) are the Pauli matrices acting in the mixed valley-subband

sector. The free Hamiltonian in ) basis has the following form,

Hp = —ivg / x xt (x) (2} + ahd,) & (x) (A.22)

with
W) = Uy U = Igyg ® (T{mlj, (A.23)
04/2 = CI.DCy.l:I+ = Igxg ® 0_:;1111]'. (A.24)

Performing the basis rotation mentioned in Eq. A.19 mixes the valley and subband

sectors. Now we define the Majorana fermions, , as
T 1 1 !
= (’h' ”I) - (§<X +x1),5; (X~ X*)) : (A.25)

The Hamiltonian in Eq. A.22 has the following form in the Majorana basis,
Hp = —i%F / dxnT (a9, + a'dy) 1, (A.26)
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od
M
M
-M
M

Table A.1: Table for one-dimensional Irreps of microscopic symmetries

where

!/

a0 i

1 ma
“71”:< >:I16x16®01 /,

0 «f
al 0 ~

0631 — ( 2 /) = Il6><16 X O'?tnu] (A27)
0 a5

The form of the Hamiltonian in Eq. A.26 has manifest SO(16) symmetry, where gener-
ators of the SO(16) are of the form

8majorana @ O—SMJ (A.28)

where gyqjorans are 16-dimensional real anti-symmetric matrices, i.e., g% ajorana = —Smajoranas
and are formed out of the 4 flavours, 2 Majorana and 2 mixed valley-subband compo-
nents.

As shown in Eq. A.26, the matrices {a}’, a7'}, when written in the notation intro-
duced in Eq. 2.25, are of the form {Xgo1, Xooo3}. Thus, the matrices that anticommute
with {af", a5’} has the form X, 4,5, for which there are 256 possibilities. Furthermore, in
the Majorana basis, the particle-hole constraint (Eq. 2.23) is equivalent to the condition

that X, g, is anti-symmetric. This requires that
(1aZpTy) T = paZp . (A.29)

i.e., all 16 x 16 symmetric matrices which are 136 in number. Note that 136 = 1 @ 135,
where 1 is the SO(16) singlet and 135 is the irreducible representation of SO(16) made
up of the rank-2 traceless symmetric SO(16) tensor.

A.4 Transformation of Irreps under lattice.

The symmetry transformations of the different Irreps [40] are summarized in the fol-

lowing tables A.1, A.2 and A.3 for completeness.
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Irrep | mass | T1 | T2 | G, Cs Se I o4
o | My | Mp M| M |3 <—M1 — \/§M2> 2 (M —V3M, -M; | —-M;
M, | My My | —M, | 3 (\/§M1 - Mz) 2 (V3M; + M, —M; | M

&g M | Mp | M| -M; | 2 <\/§M2—M1) %<_M1_\/§M2> M; | —M;
My, | My | My | My %<—\/§M1—M2> %(\/ng—Mz) M, | My

N

Table A.2: Table for two-dimensional Irreps of microscopic symmetries

Irrep [mass| Ty | To | G’ [ C5 | Se I )
Tig | Mp | -Mp | -My | My [ M3 | My | My | My

Tog | My | -Mp | -My | -My [M3 | My | M | -M;

Tiw | My | -Mp | -My | My [ M3 | -My | -M; | -M;

Tow | My | -My | -M; | -M; | M3 |[-M, | -M; | My
My | My |-My | -Ms | My | -Ms | -M, | Ms

Table A.3: Table for three-dimensional Irreps of microscopic symmetries

A.5 Gapless Protection: Symmetry Analysis for I'-DSM

The Bogoliubov spectrum for the two gapless non-unitary singlet SCsin Sec. 4.1.2 has a
two-gap structure with one gap exactly zero, as explained in the main text. The gapless
sector in both cases is four-fold degenerate with the Hamiltonian for the gapless sector

(in the local basis) given by

HGapless = /dzq (XZ} (gl q1 + 52 ‘]Z)XG) (A.30)

where (not to be confused with Eq. 2.11)
f = Bsm 94>i4 s —Bo72 (34>i4 (A31)
O4a B3 Osxa  PoT2

with .Bi and ¥; are the 2-dimensional Identity and the Pauli matrices and ¢ is a 8-

component Nambu spinor obtained from an unitary transformation of Eq. 2.18 and is
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given by

xc = (16, [172;] Y (A.32)

where 7 is a 4-component Dirac spinor capturing the gapless sector of Fig. 4.3 that is

given by
X( @31 4 X(q)42+
V2 V2
X((\l}é1+ _ X(‘\]}Qg,
_ 2 2
e = ?C(q)QQ, . X(q)11+ (A33)
V2 V2
X( @1 4 X @104
V2 V2

The Hamiltonian in Eq. A.30 has a SO(4) symmetry which becomes manifest in terms
of a Majorana representation.

Notably, these gapless fermions can be gapped out via a mass term similar to that
discussed in the main text (Eq. 2.15), albeit with an 8-dimensional mass-matrix of the

form
ﬁubc - ,uﬁllgb,?c ﬂ, blc — O/ 1/ 2/3 (A34)

where y still acts in the Nambu space. The lattice symmetry transformations of 10 dif-
ferent allowed mass terms are given in Table A.4, and it shows that most of them are
not allowed without further lattice symmetry breaking. However, the three masses
given by the matrices {{o21, §202, 102} which does not break any lattice symmetries,
but are forbidden by the emergent SO(4) symmetry of Eq. A.30. The mass term
1~I021 is the projection of bilinear x 2451303 ¢ which is quantum Spin-octupole Hall
insulator(Af7,). while the two components of superconducting mass (D202, T102) are
respectively the projections of the singlet (A1,) SC xTZ13m100x discussed in the main
text (Sec. 4.1.1).

A.6 Summary of the two other gapped doublets &,

While, £ is discussed in detail in the main text (Sec. 4.2.1), here we summarize the

other two (£} and £}!T) which are adiabatically connected to the first one. Using the
X X X X t

parametrization in Eq. 4.32, spectrum of [Agu -mgu} - [Agu -mgu] for x € (I,1I), has

the form,

A2 (1 + Sin(z) sin(26) , % (5 £ 3sin(¥) sin(20) — 4 cos(26)) ) (A.35)
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Mass | Ty T» C, Cz; TR
Jo21 | Yes Yes Yes Yes Yes
ﬁloz Yes Yes Yes Yes No
ﬁuo Yes Yes No No No
ﬁ:132 Yes Yes Yes No No
ﬁzoz Yes Yes Yes Yes Yes
ﬁzzo Yes Yes No No Yes
f}zg,z Yes Yes Yes No Yes
ﬁ303 Yes Yes No No No
f}gn Yes Yes Yes No No
ﬁggg Yes Yes No Yes No

Table A.4: Table of mass terms. The notation used is mentioned in Eq. A.34. Yes(No)
implies corresponding symmetry is not broken(broken) by mass term.

such that there are 4 distinct eigenvalues and each one is 4-fold degenerate. As it
can be concluded from the spectrum even on TRI (¥ = 0 or ), these SC are always
gapped but not unitary. However, they develop nodes at isolated points on the TRB
manifold.

As mentioned in the main text, these two doublets correspond to the same phase as
&l discussed before. It can be shown by considering the following deformation from

&l to £ doublets, carried through parameter p

~ &l gn gn
Mi(p) = pm @my" + (1 =p)m @ (my" +my") (A.36)
and further deformation to £/!! in the following way,
~ gn gl
Ma(p) = pm @my* + (1 —p)um @my" . (A.37)

Spectrum of M; and M, shows that none of the eigenvalues go to zero during defor-
mation, and also no extra microscopic symmetries were broken.
11 111
The lattice model for mf“ and m‘f“ have NNN pairing as shown in Fig. A.1, with

the corresponding pairing matrices,
I1

For mlg“ ,
Y,= Xy, Xy = % , e = % (A.38)
and for mf‘l‘u,
So =304, Ty = —\@ZZZ_ = - —\@ZZZ“L = (A.39)
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Figure A.1: Schematics of the pairing for the two components m% and mf}‘l with the

corresponding pairing matrices mentioned in Eq. A.38 and A.39 respectively. The
pairing amplitudes are on NNN bonds, and the solid (dashed) lines are related to each
other by the change in sign of the pairing matrix as indicated.

A.7 The analysis of Triplet PDW

To understand the symmetry-breaking pattern for the triplets 71, here we will be
looking at the secondary order parameter in the same spirit as done in Eq. 4.39, but
using SU(3) Gell-Mann matrices [84]. There are 8 possible independent secondary

order parameters defined as,
A; = d"A;d where i € (1,..,8) (A .40)

where A; are 3-dimensional Gell-Mann matrices [84]. In terms of parameters (6, ¢, 71, 72),
A has the following form:

Aq cos (91) sin(20) cos(¢)
Ar sin (91) sin(20) cos(¢)
A3 1 (1 —2sin?(0) cos(2¢) + 3 cos(20))
A Ag| _ cos (2) sin(20) sin(¢) (A1)
As sin (9,) sin(20) sin(¢)
Ag cos (91 — 92) sin?(0) sin(2¢)
Ay — sin (91 — 42) sin?(#) sin(2¢)
As 1 (6sin?(0) cos(2¢) + 3 cos(26) + 1)

These 8 breaks into 3 & 3 @ 2 under lattice symmetries, such that (A1, A4, Ag) and
(A2, As, A7) corresponds to ng and 7;‘2, respectively and (A3, Ag) corresponds to Sg.

As mentioned before, |[d x d*| = 0 is the condition for TRI, which implies 20g should
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be zero. The leading order anisotropic term in the free energy, which is allowed by

lattice symmetries, is of the form,
AM(A1” + A + Ae?)+A2(A2” + As® + A7%) + As (Asz + A82> (A.42)

where signs of Ay, A; and A3 dictates symmetry breaking pattern of the SC. Also, this

analysis is the same for other triplets discussed in the main text.

A.8 Superconductivity in system with j = 1/2 orbitals

In this appendix, we present our results for the same problem as studied in the main
text, but for two orbitals i.e., a j = 1/2 doublet per site (in contrast with four orbitals

per site for j = 3/2 (Eq. 2.4) discussed in the main text) of the honeycomb lattice
uglobal

rr’

2 Pauli matrices acting on the j = 1/2 orbitals whose directed product around the

(fig. 2.2).The Hamiltonian of the system is the same as Eq. 2.3 with are 2 X
hexagon is equal to —I.7, as in the main text, indicating the 7-flux. The system has
(tig. 2.2) lattice translations Ty and T, C3 rotations, o4 dihedral reflection and time

reversal (TR) T, with, as in the main text, T> = —1.

Working in the global basis (see main text), this system has four non-degenerate
bands. At quarter filling, two bands touch “linearly” at four points I', M1, M, M3 in
the BZ leading to a low-energy description in terms of 2-component Dirac spinors x
where v € {I', My, My, M3} at the four valleys. The low-energy theory, analogous to
Eq. 2.1, for this case is

H= —ivp/dzxx*(x)(leal + a072) x(x), (A.43)

a Dirac theory where x/(x) is now an 8-component Dirac spinor made up by stacking
two-component Dirac spinors, X, from the four valleys. The 8 x 8 matrices «; can be
chosen as

K = 00000;

Where os are Pauli matrices, and vr is a microscopic velocity scale (Note that for this
appendix, we use ¢ to denote the spin, valley and the band spaces, unlike in the main
text). To prepare for the analysis of the superconducting masses, we recast this Hamil-

tonian in Nambu formulation (analogous to Eq. 2.19) as

.0 - -
Hy = =i [ &y (x) (@91 + 8202) ou (x) (A44)
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where x%,(x) = (xT(x) xT(x)). Here,
&1 = Mooo1, &2 = Maon2
Where we have introduced a convenient notation
Mypys = 00005

For the set of all 256 16 x 16 matrices obtained by Kronecker products of Pauli matrices
which act on the Nambu, spin, valley and band spaces.

Matrices of the type M, 4., that anticommute with &; and &, and satisfy the conju-
gacy condition (analogous to Eq. 2.23)

Mugrs + Mio0oM,p,sM1000 = 0

are the allowed masses. Among these, masses of the from Mg, s and M3z, are normal
(non-superconducting) masses, while those of the type M1 g,s and Mg,s are supercon-
ducting masses describing pairing fields between the fermions. There are 16 matrices
of the normal type, which result in seven distinct phases as shown in [40]. Here we
focus on the superconducting masses of which 20 matrices, 10 each of the type Migs
and Mg,s which can be interpreted and the matrices that couple respectively to real
and imaginary parts of the pairing amplitudes.

The superconducting masses form an adjoint representation of the group gener-
ated by the symmetry elements of the system discussed above. This representation is
broken down into irreducible components. We find that there are five superconduct-
ing phases, two of which are singlets, one doublet, and two triplets. We will only show

the Mg, terms in the discussion below.

A.8.1 A; Unitary Singlet Superconductor

This phase breaks the g symmetry, with a mass term

Af
1 | (1) Maoo2

This fully gapped superconductor has 8-fold-degenerate Bogoliubov quasi-particle

bands and corresponds to the regular s-wave SC for j = 1/2 electrons. While this
phase is analogous to the A} g phase in the system with j = 3/2 discussed in the main
text (see sec. 4.1.1), the crucial difference is the absence of the extra pairing in the

j = 3/2 sector with a 7r-phase. This state is characterized by a uniform pairing (same
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at all sites) between the time-reversed j = 1/2 fermions.

A.8.2 Al Non-unitary Double-Gapped Singlet Superconductor

This double gapped superconductor breaks the oy symmetry with a mass term
Al

1| () Mooz + () Moo + (5 ) Moo

The pairing matrix is non-unitary. The Bogoliubov bands break up into 2-fold de-

generate bands around the I' point and 6-fold degenerate bands around the M points.
The pairing is an extended s-wave type similar to the Al! phase found in the system

discussed in the main text (see sec. 4.1.1).

A.8.3 & Non-unitary Gapless Doublet Superconductor

This superconducting phase breaks C3 and o4 symmetries. The doublet mass compo-

nents are

<\/%) Mpoz2 + (—%) Mp33,
2 (\%) Mooz + ( \[) Moz2 + ( ) Ma332

This nodal superconductor has a quasi-particle band (doubly degenerate) at the I

point and three sets of doubly degenerate gapped quasi-particle bands. The gapped
bands undergo crossings depending on the values of the components of the pairing
amplitudes, multiplying the two masses. The pairing pattern includes anisotropic
next-neighbour pairing (thus breaking the C3 symmetry), similar to the & doublet

mass of sec. 4.2.2. The order parameter manifold is also (S! x S?)/Z,.

A.8.4 7, Non-unitary Gapless Triplet Superconductor

This non-unitary superconductor breaks all the lattice symmetries, with mass compo-

T2
| 1 <\%> Mpi12 + ( %f) Mo
nents: 2 ( %) Mo + ( \%) Mp13
3 ( \%) Mo + ( %) Ma31

There is a four-fold degenerate Dirac cone quasi-particle band at the I' point, and

a four-fold degenerate gapped quasi-particle band. Each of the mass components
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represents a pairing between the I'-point states and M; point states, denoting a fi-
nite momentum pairing corresponding to the Kj;, wave-vectors of the BZ. This phase
is analogous to the 75, phase found in sec. 5.1.2. The order parameter manifold is
(S! x CP?%)/Z,. The quasi-particle dispersion does not change its structure when the
order parameter is varied on this manifold. Note, however, that the wavefunctions of
the Dirac quasi-particles do change upon changing the order parameter on the said

manifold.

A.8.5 71 Non-unitary Gapless Triplet Superconductor

All lattice symmetries are broken in this superconducting phase, which carries a dis-
tinct three-dimensional representation (compared to the triplet discussed in the previ-

ous section) of the symmetry group of the system. The mass components are:

T1
1 <i2 Mp112 + ( 2) Moo

2 (-\%) M1 + <—2> Mp13;

3 <—%> Mpo12 + <%) Mps1z

For a generic set of pairing amplitudes, there is always a two-fold degenerate Dirac

)
2

Q'._\

code quasi-particle band and three other gapped quasi-particle bands that are each
two-fold degenerate. Here the pairing occurs between the states near the M points
in the BZ, i.e., the triplet corresponds to pairing between M;-M,, M,-M3 and M3-M3,
which gives the same vectors for the pair density as in the triplet phase discussed in
the previous section. This phase is similar to the ﬂIgH phase discussed in sec. 5.1.1.
The order parameter manifold is again (S x CP?)/Z,, and just as in sec. 5.1.1, there
are points on the order parameter manifold where there are additional gapless modes.
Interestingly, the states in the proximity of I' points are always gapless. Thus, the
nature of gapless states at two generic points on the order parameter manifold remains
unchanged; this is to be contrasted with the physics seen in the triplet superconducting

phase discussed in the previous section.
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Appendix B

Appendix for Z, Fractionalization

B.1 Symmetry Transformation of Fermionic spinors

We considered the following symmetry transformations, which are also discussed in
Fig. 6.3.

T,: Translation by one unit along y-direction

T: Translation by one unit along x-direction

Ry /»: Rotation by 7 about origin

Ref.: Reflection about x-axis

TR: Time reversal

The choice of the Z; gauge field (Tfj on the lattice in Eq. 6.21 makes it appear that
translation by one unit along the x-direction and rotation by 7 are no longer sym-
metries. Under these operations, the Hamiltonian transforms into a gauge-equivalent
configuration. By combining the lattice transformations U with an appropriate gauge

transformation G (Fig. B.1 and B.2), we can recover a symmetry operation.

(GHAGO) ' =A. (B.1)
In terms of the fermion operators,

a ¢
=l el (B.2)

Due to Z; gauge structure, at every site € _/ can take value +1. Now we will discuss

the symmetry transformation of Dirac spinors.
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Translation by one unit along y-direction Under this operation, the lattice comes

back to itself and no additional gauge transformation is required.

afat = £l (B.3)

URa— = eyl (B.4)

Evaluating this for the soft mode momenta gives:

A

Uypx) U ! = (3®0)p(x) (B.5)

Translation by one unit along x-direction Under this operation, a gauge transfor-
mation is required following the operation of lattice transformation by one unit along
x. The process is depicted in Fig.B.1. The sites highlighted by light blue have ez, = —1
and all others have +1. The gauge choice is —1 at all sites with odd y-coordinate can

be written as €5, = el () 7,

G = enyafiig (B.6)
GUA(GU) ™ = e ™AL, (B.7)

Evaluating this for the soft mode momenta gives:

GUp(x)(GU) ™ = (1 ® 73)9(x) (B.8)

(a) () © (d)

Figure B.1: Schematic figure representing the translation by one unit along the x-
direction. (a) shows the gauge choice mentioned in Eq. 6.21, where the red curly bonds
correspond to 0;; = —1 and the black solid bonds correspond to ¢; = +1. Under the
action of Ty, the original configuration of ch.Z]. shown in (a) transforms to the configu-
ration shown in (b). However, by performing a gauge transformation €; = —1 on the
fermions at the sites highlighted by brown dots, we can recover the original configu-
ration, as illustrated in (d).
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Rotation by 7 about origin Under this operation, a gauge transformation is required
following the operation of rotating the lattice by 7 in clockwise direction keeping the
site at the origin fixed. The process is depicted in Fig.B.2. The sites highlighted by
light blue have ez, = —1 and all others have +1. The gauge choice has to be —1 at

sites which have both the coordinates odd. It can be written as €z, = %(1 + €l (T0) 7 4

el(ﬂy’\)?‘l _ ei(m?—&-rrﬁ).?,- ) .

GUS(GU)™" = e, f], (B.9)
Ay b A 1

t -1 _ t t t +
CURLCU) ™ = SO+ A e T g = i eing) (B.10)

wherer' = nyX —nyj and k = kyX — k7.

haaaOnanaanasaOnans
R GRzp
® 2 ® r ® —_ L
O ~ o
(a) (b) (0 (@)

Figure B.2: Schematic figure representing the translation by one unit along the x-
direction. (a) shows the gauge choice mentioned in Eq. 6.21, where the red curly bonds
correspond to O’Z-Z]- = —1 and the black solid bonds correspond to O’Z-Z]- = +1. Under the
action of R/, about the origin (shown by black dot), the original configuration of O’IfZ]-
shown in (a) transforms to the configuration shown in (b). However, by performing a
gauge transformation €; = —1 on the fermions at the sites highlighted by brown dots,
we can recover the original configuration, as illustrated in (d).

Evaluating this for the soft mode momenta gives:

Ga¢(x)(éa)—1 — ((T() (%9 Uo) + i(Tz X 0’3) — i(T3 ® 0-2) + (Tl ® 0'1))1#(R;}2X)

(B.11)

N —

Reflection about x axis Under this operation, a gauge transformation is not required.

afat = f, (B.12)
afgat = fh, (B.13)
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where ri/ = ny¥ —nyyand k "=kt — ky§. Evaluating this for the soft mode momenta
gives:

A,

Up(x)U ! = (1) @ o) p(Ref; x) (B.14)

Time reversal Under time reversal k goes to —k and there is complex conjugation(K)

of the matrix element.

A

OYp(x)0! = (11 ® 71)Kpp(x) . (B.15)

B.2 Symmetry Transformation for Ising Soft modes

As done for the fermionic case, the symmetries for the Ising spins are also supple-
mented with gauge transformations. However, in this case, the gauge transformations
act on the Ising spins. The required gauge transformations are the same as those re-
quired for the fermions. The soft mode in Eq. 6.32, together with the gauge transfor-

mations, yields the following symmetry table for the Ising soft modes.

¢ | T | Ty R/ R | Refy | Time Reversal
P12 | 1 | (pr1+¢2)/V2]| ¢1 | ¢ P
P2 | 1|02 | (p1—¢2)/ V2| ¢ | ¢ 2

Table B.1: The transformation of the two soft modes under square lattice symmetries.
T, (Ty) is unit lattice translation along the x(y) direction; R; represents a rotation by 7t
about site, and Ref, corresponds to a reflection about the y axis.

B.3 Transformation of order parameter under lattice sym-

metries

In this section, we examine the transformation properties of O¢(n, q), introduced in
Eq. 6.37, under microscopic symmetries. Since we are considering correlators of phys-
ical electrons, the symmetry implementation is not projective, unlike the case for the

gauge fermions f.

1. Translation in x-direction (Ty): x — x +a:

Under Translation,

e — e'€7Te

O°(n,q) — €'970%(n, q) = €**0°(n, q) (B.16)

ks
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2. Translation in y-direction (Ty): y = y +a:
O°(n,q) — €'970%(n,q) = €%*0°(n, q) (B.17)
3. Reflection about x-axis (Refy) :

C=(kxky) " CW'=(ky,~ky)
O°(n,q) =) _ (ei“'(q“)cf(ckﬂ + h.c.) -y (ei“'(‘ﬁk)cﬁ,ck/ﬂ/ + h.c.)

k Kk
Y. <ei“'(q+k)cf(,ck/+q/ + h.c.) =) (ei“/'(qurk,)cf(,ckurq/ + h.c.) = 0(n’,q’)
Kk K
where, n’ = (ny, —ny), q' = (4x, —qy)
(B.18)
4. Rotation by 7 about origin (R /»):
Ch=(kxky) " CK'=(ky,~ky)
O‘(n,q) — O°(n’,q’)
where,n’ = (—ny,ny), q = (—qy, 4x) (B.19)
5. Time Reversal (TR) :
cx — Ke_x, K: Complex Conjugation
O°(n,q) — O*(n,q) = O°(n, —q) (B.20)

B.4 Perturbative Calculation for RK Hamiltonian

Consider the Hamiltonian in Eq. 6.16. In the dimer limit, we impose the constraints
k — —ooand | — oo, while keeping x /] — co. For I' = 0 and () = 0, the ground state
corresponds to configurations of dimers on the dual lattice with a local constraint on

the number of dimers attached to a given site:

Y np=1, (B.21)
Jel

which, on the direct lattice, translates into Eq. 6.45 for Ising spins on links of the direct
lattice. We now perturb the system by turning on I' and () and examine their action on

the dimer configuration. Since these terms act locally, their effect can be understood by
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@) ®) © @

Figure B.3: Possible configurations of Z;; (and dimer occupancy ;) in the dimer limit
around a single site, on both direct and dual lattices. Black curly (solid) bonds indicate
Ising variable values Z = —1 (Z = +1) on bonds of the direct lattice. Red curly (or
dotted) bonds represent the presence (or absence) of a dimer on the corresponding
bond of the dual square lattice, as in Fig. 6.5. The dimer occupancy 7 is related to the

Ising variable Z;; by nj; = 11— Zij)-

considering the possible dimer configurations around a single site shown in Fig. B.3.

To first order in perturbation theory, let us examine the action of the I' term:
YRS
JEI

-TT]X

jei

For other configurations, this operator scatters the state into ones not belonging to the
ground-state sector.

Now, consider the action of the () term:
Q : .
T L =Zig) (1= Zigi) + (1= Zig i) (1 = Zing,)] $ =0 35 :

% (1= Zi—ei)(A = Ziszi) + (1= Zi—pi) (1 = Zigyg,i)] '?‘H‘> =0 ’ ’H’{‘> :

For all other cases, the matrix element vanishes. To leading (first) order in perturbation
theory, the effective Hamiltonian is the Rokhsar-Kivelson Hamiltonian discussed in
Eq. 6.42.
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Appendix C

Appendix for Trial wavefunction for

correlated metals

C.1 The details of the [0] basis

In this section, we chart out several properties of the |¥[0]) (Eq. 7.1) basis. The real-
space representation of the many-body state in Eq. 7.1, ¥[0] ({r}) = ({r}|¥[0]), can be

obtained from the determinant of the matrix

Sl P (1) S1Pi, (1) o+ o S P, (1)
Sk1¢k1 (1‘2) Skz(sz(rZ) ot Sk3¢k3 (1'2)

) (C.1)
Sk Pk (IN,)  SioPio (TN,) -+ S (Tn,)

where s = (14 0y)/2, {r} = (r1,12,- - -, 1n,) is the position basis for particles corre-
sponding to filling v, and ¢y (r) are the corresponding single-particle wave-functions.
Note that the above matrix is in general a rectangular one (for v # 1) and in that case,
for a given v, only N, columns have non-zero entries with the rest of (N — N,) be-
ing identically zero. Determinant of such type of matrices, A, can be defined via the
Gramian determinant calculated as y/Det [A - AT] where AT is the transpose of A. This
is equivalent to removing all the columns of zeros whence we get a N, x N;, square
matrix and taking its determinant. The above procedure can be checked to give the
right antisymmetric Slater-determinant wave-function.

Turning to the various many-body operators, consider the action of c:; on this state,

1+9

ce|Y16]) = CqH |0 = 0pq,—1 (H d6, 9k,> O0q,~0, (—1)kea 2" [¥[R]).

K'#q
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Similarly

1+9k

“al¥lh = o <1;[ 591(/,9{(/> Soq 0y, X (—1)Ha 72 [¥[0]). (C2)
k'#q

Therefore the matrix elements are given by

1-6 , 1+6
ct = ( Oq. , o ) Og. _gr X ( q) exp [m K, (C.3)
( ‘1)[9},[9’] kl,;[q WP | TP 2 kgq >
and
1+0 . 1+ 0k
(ca) gy 10 = (H %ku%) O0q, 0y ( 5 q) exp [mZ . (C4)
K'#q k>q

These results are easily extended to matrix elements of multiple creation and anni-
hilation operators. For two particles, represented by corresponding fermion creation

operators,

2 1—6g
t .t _ . qi
(qucq2> [0],10'] N ( H (591(,,6{(,) 59011'_%1 59‘[2’_9‘/12 x SIgn(qll qZ) (H 2 )

k' #q1,92 i=1
2
1+06
X Hexp [i?‘( Z + %% , (C.5)
i=1 k>q; 2
where in the same ordering as used in Eq. 7.1, sign(q1, q2) reads
+1 Vq1>q
sign(qr,q2) =9 0 Vai=q (C.6)
-1V q1 < q2.

This shows that the matrix elements encode the sign structure associated with the

anticommutation of fermion operators. Continuing for N-particle, we have

N
+ | ot t +
<chi) = €q,6q2+Cqn_1Cqn~ (C.7)



AR N N AN N
(H%) :< IT 591(/,6{(,) (HfSeqi,e;h) x [T sign(q;, q:) (H > )
: [6],[¢'] 1 i=1

K/ #q;Vi iji>]

(C.8)

We note that the above matrix elements are valid provided both [6] and [6] obey the
constraint relation of Eq. 7.2 with 0 < v < 1. For particle-hole bilinears in momentum

space the matrix elements are given by

1-6 146
, B . k+q k
(ckqex) o] ( I1 ‘591(//9{(') Ocsa o Ok~ > Sign(k + g, k) ( 2 ) ( 2 )

K#£ktqk
1+6
+ 9q,0 (H 591(,,9{(,) 5 K, (C.9)
k/

. 14 6y
xexp |im ) 5
k+q>k/>k

where the last term gives the diagonal contribution for the momentum space occupa-

tion . = cf cx.

C.2 Hamiltonian in the [0] basis

Having constructed the wave-function in the [6] basis, we now consider the action of
interacting fermionic Hamiltonian H (Eq. 7.4) on these wave-functions. The matrix

elements of the non-interacting part, Hy, in this basis is given by

(F[0')| o [¥[0]) = (;a (ﬂek)) (¥ [0')E[6]). (C.10)

Thus H is diagonal in the [#] basis, as discussed in the main text. For interacting part
Hj of Eq. 7.4, putting k; = k, — q, we get

Hi(ki =12 —q) =) ) Vaol 1tk Clatq
ki q#0

= Z Z Vq (CLCkl) <C1Jr<1+qck1+CI>

k1 q;éO

=—Y ) Vonghigiq (C.11)
ki q7#0
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where 11 = cf ¢y is the density operator. In the [6] basis, it follows that

(P[0']|Hi(k1 = k2 — q)[¥[0]) = - ; ; Va (¥ (0] iy +q ¥ [0)
1 970
146 146
=-). )V ( ! k1> < - 2k1+q) Oy (C.12)
k1 q#0

and is also a diagonal term. This implies E[6] (in Eq. 7.7) has the form,

g (a(59) g (5 () e

k q#0

Next, we consider the non-diagonal matrix elements for interacting part Hj, given by

the second term of Eq. 7.4. These matrix elements can be written as

516 6]) = E1((e') 6)
YT Y vie) ( B aek%)
q

ki ky q#0 k#kq ko ki +q,ky—

X <59k1/79/k1 591(2/79/1(2 591(1 +q/79/k1+q59k27q,79{(27q)

o 1 -6, 1— 06y, 1+ 6k,+q 146k, q
2 2 2 2

x sign(ky, ky) sign(ky — q,kq + q) X exp [i7 (Xi, + X + Xia—q + Xiy+q) ]

(C.14)
TEC v (T )
ki ky q7#0 k#ky ko ki+qky—q
x (591‘1'_6/1% (Sekz'_elkz 59k1+‘1’_9/k1+q59k2 q/ %2 q)
y 1 — 0y, 1— 6y, 1+ 9k1+q 1+ sz,q
2 2 2 2
X exp [irt (Fuy + Kiy + Kia—q + Kiy )] » (C.15)
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where, x1; = Y-k, % for k; € {kq, k2, ko —q, k1 + q} and

5 14060, 1+6 (1-—sign((ka—q), (ki+q)))
Xig+q = Z r Xka—q = Z - &

k;>ki+q 2 ki>ko—q 2 2 ’
o 146  (1—sign(ky, (k2 —q))) (1 —sign(ky, (k1+q)))
Xip = Z 2 2 B 2 ’
ki>ko
o 146, (1-sign(ky ko)) (1—sign(ky, (ke —q))) (1 —sign (ky, (ki +q)))
Xy = ka 5 2 - 2 - 2 ‘
i>Kq

(C.16)

In Eq. C.16, all the sign factors neutralize the effects of each other in the contribution.

So we have,

ifki _ i?(ki _ (1 —sign ((ka - q),(ki+q)) (1- sign2(k1,kz)))(c.17)
i=1 i=1

which implies

(—1)E17% —sign ((ka — q), (k1 + q))
x sign (ky, ka)) (—1)51 X (C.18)

Eq. C.14 thus provides matrix elements for H;. The full Hamiltonian can now be writ-

ten as in Eq. 7.7 which can be put into a more concise form as

H= 3 M (10 ¥ ¥, (€19)
01,16

M([6], [0') = E[6] &gy 0 + Ex([6], [0')) (1~ bje)01) -

C.3 Details of the Exact diagonalization in one spatial di-

mension.

As explained in the main text, consider, in Eq. 7.6, using

~ q2

e 2% (C.20)



where gg is the momentum scale at which the interactions decay in momentum space.

Then the (four fermion) interacting part of the Hamiltonian is given by

Hil = ) V(@)ef, 0,0l -qCk+q (C.21)
klrkZ/q
v _a
— 20 Ze Zﬂ%ei(q-(rl—rz)) <C11CI2CI'2CI‘1> (C22)
N r1,12 q

The Fourier transform over q can now be done (most conveniently by transforming

the sum to an integral, i.e., % Yq % | dg) to obtain the real-space form

5 [ g0 gg|11 — r2|? t .t
Hiny = Z Vo E exp| =75 | | nCrlralr (C.23)

r1,12
which is similar to the density-density interaction (up to a chemical potential which is
tuned to a value to ensure half filling) in Eq. 7.8.

On truncating the interactions in Eq. 7.8 to nearest neighbour, the Hamiltonian

becomes

H = —tz (C?Ci_ﬂ + h.C.> +W Zniniﬂ. (C.24)
j i

1

Alternatively we can obtain Eq. C.24 from Eqgs. 7.4 and 7.6 for V(q) = %eiq“.

For our real space ED calculations we use Eq. C.24. In fact using the well-known

transformation to the XXZ spin Hamiltonian [184] via Jordan-Wigner transformation :

1

1 R
SF = 5~ cle;, S = EK,'CZ', S” = ch](,-, (C.25)
where S¢ (« = x, Y, z) are spin-1/2 operators and
. =
K; =exp |im 21 ciei| (C.26)
]:
we get the corresponding XXZ spin Hamiltonian given by
H=-2t) (S Sii+ S/ Sl1) + Vo) Si Siiy. (C.27)
1 1

We use this spin Hamiltonian for our real-space diagonalisation. For our ED we use
numerical linear algebra libraries like NumPy in Python (we use sparse matrix tech-

niques).
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Figure C.1: (a) The probabilities of the GS wave-function obtained from ED of the
half filled spinless fermions (Eq. C.24) (N = 10,t = 1, for real space ED Vj = 0.3

(Eq. C.27) and for k-space ED % = 0.3 (Eq. 7.9)) for spinless fermions in the basis
given by Eq. 7.1 (horizontal axis). The relevant momenta in the first BZ are denoted
by k = —m+am/5witha = 0,1,---,9. In this labelling the four states with leading
contributions are shown with [0] = [0001111100] being the non-interacting GS and the
rest corresponding to the excitations above the non-interacting GS. These are [1] =
[0010111010], [2] = [0011011001], [3] = [0100110110], [4] = [0011010110] and [5] =
[0100111001]. The states are arranged in terms of the increasing number of particle-
hole excitations which can also be quantified via their root mean square momenta
deviation from the FS. Note that the vertical scale has been truncated for improved
visibility of the contributing basis states. (b) The exact diagonalization done using the
momentum space cut-off qc (1, = 2 (gc = zwﬂnc) , g =15 (g0 = zwnno), see main text
for details). (c) The cumulative weights of the different basis states. (4) The IPR for
the different basis states. The IPR has been normalised with respect to the maximum
contribution (vertical axis truncated for better visibility) from [0].
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Figure C.2: (a) The probabilities of the GS wave-function obtained from ED of the
half filled spinless fermions (Eq.~ C24) (N = 14,t = 1, for real space ED V) = 0.2

(Eq. C.27) and for k-space ED % = 0.2 (Eq. 7.9)) for spinless fermions in the ba-
sis given by Eq. 7.1 (horizontal axis). The relevant momenta in the first BZ are de-
noted by k = —m 4+ amr/7 with « = 0,1,---,13. In this labelling the four states
with leading contributions are shown with [0] = [00001111111000] being the non-
interacting GS and the rest corresponding to the excitations above the non-interacting
GS. These are [1] = [00010111110100], [2] = [00011011110010], [3] = [00100111101100],
[4] = [00011101110001] and [5] = [01000111011100]. The states are arranged in terms
of the increasing number of particle-hole excitations which can also be quantified via
their root mean square momenta deviation from the FS. Note that the vertical scale has
been truncated for improved visibility of the contributing basis states. (b) The exact

diagonalization done using the momentum space cut-off q. (1, = 3 (qc = 2W”nc) , Ny =

1.5 (qo = 2W”no) , see main text for details). (c) The cumulative weights of the different
basis states. (4) The IPR for the different basis states. The IPR has been normalised

with respect to the maximum contribution (vertical axis truncated for better visibility)
from [0].
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State krms [¥o|5%x7 (real space \‘Pg\gc ( k-space ED)
ED)
|0) = [00001111111000] 0.00 0.93336 0.97935
1) = [00010111110100] | 0.54 | 0.02284 0.01575
|2) = [00011011110010] 0.99 0.00669 0.00124
[3) = [00100111101100] | 0.99 | 0.00669 0.00124
4) = [00011101110001] | 1.38 | 0.00296 0.00008
|5) = [01000111011100] | 1.38 | 0.00296 0.00008

Table C.1: The probability density corresponding to different basis states representing
particle-hole excitations over the FS as obtained through real space (XXZ) (Column
3) and the momentum-space with a fixed g, (Column 4) ED methods for the system
discussed in Fig. 7.1 of the main text. The red numbers in column 1 indicate position
of the FS in |0) and chart out the position of the particle-hole excitations near the FS
for other states. Column 2 indicates the RMS momenta with respect to FS defined

as krms = V/(k2) — \/(k2) s, where (\/ (k%) = /Yxk2(1+ 6;)/2), which measures

deviation from |0) for the corresponding states.

C.3.1 Exact Diagonalization in Real space

For our real space ED results, we used the spin-model in Eq. C.27 for numerical diag-
onalisation and re-convert our results to the fermion representation using the Jordon-
Wigner transformations (Eq. C.25). The ground state (GS) in real space basis is then
transformed to the momentum space via Fourier transform of the Slater determinants
(for the fermions). This momentum-space GS so obtained can be understood in the
6]- basis (Eq. 7.1) and can be used to compute the connected correlator and the entan-
glement entropy; these serve as a benchmark and are shown in Fig. 7.2.

Since we are interested in understanding the role of interaction in the configuration
space spanned by |¥[6]) basis mentioned in Eq. 7.1. We computed the amplitude of
various basis states contributing to the GS as shown in Fig. 7.1. The largest peak, as
expected, corresponds to the state with non-interacting FS at a given v. However, due
to interaction between fermions, there are other states with non-zero amplitudes. The
details of the weights of different [¥[6]) states with non-zero amplitude in the GS for
the system parameters discussed in Fig. 7.1 is given in Table C.1. Results similar to
Fig. 7.1 for N = 10 is shown in Fig. C.1 and for N = 14 and V;, = 0.2 in Fig. C.2.

C.3.2 Exact Diagonalization in momentum space

For the momentum space ED, we use Eq. 7.4 and interactions given by Eq. 7.6 with
V(q) given by Eq. C.20. We choose gqg = 27mng/N where ny the different choices of
ngo are mentioned in captions of respective figures. Taking cue from the TLL ground

state wave-function for the nearest neighbour model, as studied in or real space ED,
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we expect that at low energy the major contributions arise from mixing of particle-hole
excitations near the FS. While keeping intact this low energy physics, we introduce a
ultraviolet cut-off in the spirit of renormalisation group approaches for fermions [36],
qc = 2mn./ N such that for Eq. 7.6 we have the interactions given by Eq. 7.9 in the
main text. This reduces the sum over q in Eq. 7.6 over the window —|q.| < q < |qc|

around the FS as elaborated in the main text (also see below).

The above form is then used in the Hamiltonian (Eq. 7.4) for our momentum space
diagonalization. This starts by writing it in the matrix form in the [¥[6]) basis using
the matrix elements mentioned in Eq. 7.7. For a given n. (q. = 27tn:/N), the number
of states that are kept is given by Ny = (> Cnc)2 in 2D; this yields a N5 x Ns; matrix
form of the Hamiltonian which is diagonalized using ED.

In 1D, at v = 1/2, there are two Fermi-points kg; = — 7% and kg, = 7X. Then
to calculate the different elements in Eq. C.14, we note that the three momenta are

restricted to the following domain with the possible values of ki, kz, q being;:

27T
ki € (k2 + 5% kiz+c), (C.28)
27T
ky € <kF1 —qc, k1 — Wx>’ (C.29)
27T
qc <WX' qc>, (C.30)
and
27
k; € (sz + ~ % kgp + qc>, (C.31)
27,
ki € (kFl —qe, k1 — WX>, (C.32)
27
qe (% a). (C.33)

The results for weights of different [¥[6]) states in the momentum-space diagonal-

ization are shown in Fig. 7.1(b), C.1(b) and C.2(b) for comparison.

Details of calculation of entanglement entropy

The TLL is captured by a (1 + 1) D conformal field theory [2,184] whose bipartite von-

Neumann entanglement entropy is captured by the Cardy-Calabrese [169] formula

c L . 1
SoN = 3 log (% sin 7TZ> + constant. (C.34)
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L

Figure C.3: Schematic diagram for 1D chain : Colored part (of length | = na) cor-
respond to subsystem containing n sites integrated out for a system of total length
L = Na.
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Figure C.4: Difference of S,y calculated from real space ED and k-space ED (for N=22,
V=0.3 (Eq. C.27), Y003 (Eq. 7.9), ng = 1.5). As we increase n,, it approaches zero,

which means S’ starts to be in more agreement with S¥3Z.

where c is the central charge of the CFT, L(= Na) is the length of the entire system and
(= na) is that of the sub-system as shown in Fig. C.3.

We numerically calculate bipartite Von-Neumann Entropy
Son = —Trloalnpal, (C.35)

where p4 is the reduced density matrix of subsystem A obtained by tracing out the
rest of the system (A). We employed standard singular value decomposition methods
(SVD) to calculate the entanglement entropy, S,n, and have used Eq. C.34 to obtain
the central charge c as shown in Fig. 7.4.

For comparison, we show, in Fig. C.4, the difference of the entanglement entropy
calculated via real space ED and k-space ED for different n.. As n. is increased, the
entanglement calculated by both methods agrees well showing the efficacy of the

momentum-space method.
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Figure C.5: Plot of (n,) as a function of r = rX for the RK ground states, where we have
taken 16 sites for different fillings v and used periodic boundary conditions (PBC).

C.4 Different Correlations for the RK state

For Eq. 7.14, we computed the average real space occupation (¥r|7i|¥rk) in 1D for
finite systems. This is plotted in Fig. C.5. Useful insights are obtained by considering
the single-particle (corresponding to v = 1/16) RK state (Eq. 7.14) ~ Y |k) ~ |[r = 0).
The expectation value of 1, to be sharply peaked at r = 0 for this state (see Fig. C.5)
exhibiting breaking of translation. However, this provides a way to generate Wannier
functions centered at other lattice sites by applying the lattice translation operator to
the |[r = 0) state. The fully filled (v = 1) band, on the other hand has a flat average
with the intermediate fillings interpolating between the two limits via a distribution
of (Yri|fir|¥r) centered around r = 0. This distribution can be shifted to any lattice
site via translation operator as mentioned above. The half-width of the distribution
(not shown) increases monotonically with filling. It would be interesting to ask for the

spectral properties of Hrx which is an interesting future direction.

For the constrained RK state |1p1R(.TK>, we always choose the momentum k = 7 to be
empty for convenience in the main text. This is because on including this mode, the
real space density shows oscillations with wave-vector 7 irrespective of the filling, v.

We think that this is an artifact of this wave-function. Turning back to |1p11§TK>, we find

1

(YR 9RR) = 5 L Rk lek, ci Rk 7). (C36)

k11k2
Since all states in the superposition carries same kr, this implies k; = kp such that the
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Figure C.6: Plot of (ny) as a function of k for the constrained RK ground states (|1/JII§TK)),
where we have taken 16 sites for different kT and used periodic boundary conditions
(PBC).
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Figure C.7: Plot of (ny) as a function of k for the constrained RK ground states (|¢11§TK>),
where we have taken 18 sites for different k1 and used periodic boundary conditions
(PBC).
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above equation gives

1
(rilnel¥ric) = 1 L (Wrklckexlvri) = v- (C.37)
k

The average momentum occupancy is shown in Fig. 7.5 in the main text. Similar
plots for N = 16 and 18 are shown in Fig. C.6 and C.7. As mentioned in the main text,
it is concluded that the oscillation in (ny) fades with increasing system size (N) and

in the large N limit there is no sharp signature in the momentum space occupation.

C.5 Superposition of Elliptical FS

C.5.1 The Elliptical FS

The area of BZ is 4712 and for filling v, the area of FS therefore is 47t%v. For elliptical
FS (Fig. 7.6) with eccentricity € and major axis along k, the equal energy contours are

given by

2
L i

Bl =t aq—a ¥

(C.38)
where k| (k| ) are momentum components resolved along (perpendicular) to the major
axis along k. The equation for the FS (with corresponding state |e, v,k)) is Ec(k) = 0

as shown in Fig. 7.6.

For every ellipse (Fig. 7.6) the relation between the major axis (of length 24), minor
axis (of length 2av/1 — e?)for given eccentricity €, such that the relation between the
area of the ellipse and the filling is given by

wa*\/1—e2 = 4m, (C.39)

where a < 7 for closed FS. For given eccentricity at half filling (v = 1/2), we have

taken

a2 \V*
=1 = . 4
=1 a (1 — e2) (C.40)

Considering the states mentioned in Eq. 7.20, 7.21 and 7.23, we would like to em-

phasize that each individual states in the superposition carries same total momenta
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(kT = 0 in Eq. 7.2). The average real-space density, (1), is given by

1 .
(Yv|nelpy) = <¢V|CICr|’PV> - N Z <’~/JV|C1+<1Ck2|¢V>el(k1_k2)'r- (C41)

k1/k2

Since all states carries same total momentum (kr), this implies k; = k; in eq. C.41.

Expanding |¢,) using Eq. 7.17, we finally obtain

1 7T, €max ~ ~ N
Wlmdp) = X [ dk [ delple, k)P le, v Klnle, v, )
/0 0

T, €max N
:/ dk/ delp(e, )2 x v =1. (C.42)
0 0

C.5.2 quasi-particle Residue

The quasi-particle residue for an elliptical FS (that can be extended to generic cases),

with eccentricity e and major axis k, is defined as [170]
Zexy = n(Kg — 07, ¢€) —n(Kg + 07, ¢), (C.43)

where kg is the Fermi vector obtained from Eq. C.38 such that Z. ,(€) captures the

unit discontinuity across the FS for such a state.

Noting that for the above state, n(k,e) = @ [—E¢(k)], where E. (k) is given by Eq.
C.38 and ©®[x] is the Heaviside-step function, we can extend above definition of the

residue away from the FS as

Zex = lim [n(k—q,e) —n(k+q,€)] (C.44)
N (s
so that the unit discontinuity only appears when the two momenta are on opposite

side of the FS. For small J, the above equation can be written as

k—q on
Z.1. = lim o
ek lq|—0 Jk+q 1 aq’

k—q JdEc(q') on
= lim dq - —=
a0 fkrq (1T 0q) ()

(C.45)

The derivative of the Heaviside-step function can be calculated by its integral repre-
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Figure C.8: (a) Elliptical FS with eccentricity, ¢ = 0.75, aligned along k = ky + Ry and
Area = 2712 (b) Plot of quasiparticle residue, Z e,l%(Eq' 7.18) along ky = k, and ky = —k
corresponding to Red and Blue line in Fig. 21a respectively for different values of 4.
() Z, ;alongky =0, ky = — V/3ky and k, = v/3ky corresponding to Purple, Brown and
Orange line in Fig. 21a for different values of §. Solid, Dashed and Dotted in the Fig
21b and 21c corresponds to plot with solid line, Dashed line and Dotted line for each
color.

sentation 8[x] = 5= lim,_,o [~ dpe’P*/(p — iT) to obtain

ke, OEe(q')
Zer = 1 dq - —— 6 [Ee(q’
H M g o O )
. Ee(k+q) , ,
= lim dE' & [Ec(q')] (C.46)

|q|—0 JEc(k—q)

where 0[x]| is the Dirac-Delta function. Now using the Lorentzian regulator of Dirac-
delta function, é[x] = lim;_, %xzi—ﬂ’ we get
Ec(k+q) 1

1
Z.1. = lim dE’ lim —
ek |q|—0 JEc(k—q) =0 77 (Ee(q'))? + 72

(C.47)

Note that the above integral gets contributions only near the FS as expected, i.e., Ec(k) =
0. Then an approximate form of the integral can be obtained by setting Ec(q') = E¢(k)
and 710 = Ec(k + q) — Ec(k — q) which leads to Eq. 7.18 for the residue. Note that Eq.
7.18 has the right limits, i.e., it is equal to unity across the FS and zero otherwise. We
tind this form easier to use for our numerical calculation. The efficacy of this approxi-

mation is shown in Figs. C.8.

Finally, for superposed ellipses, each basis state |e, k) then produces its own jump
with a strength of |i(e, k)|? such that the net average residue is given by Eq. 7.19.
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Figure C.9: (a)Plot of the residue for FL state (Eq. 7.20) as a function of k, where ¢y =
0.0, €max = 0.7, and Z ok = 0.8, (b) Plot of Zy as a function of k for the isotropic
NFL case, with different enax and 6=0.001, (c) Plot of Z) as a function of k for the
isotropic NFL case with the same em,x = 0.2 and different ¢, (d) Plot of d?(ny) /dk?
corresponding to Fig. 7.7 as a function of k where €max = 0.3.
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Figure C.10: Plot of Zy as a function of ¢ for (a) the FL state (Eq. 7.20) at k = /27,
€0 = 0.0 and emax = 0.7, (b) for the Isotropic NFL (c) for the anisotropic NFL (Eq. 7.23))
for different v and €yax = 0.75.

The residue for the FL

The residue for the FL (Eq. 7.20) is obtained using Eq. 7.18 numerically for different
resolution, ¢ and taking the limit 6 — 0. This is shown in Fig. C.9a while the varia-
tion of the residue at the FS with J is shown in Fig. C.10(a). Note that the residue is

completely isotropic in momentum space.

Isotropic superposition of elliptic FS : Vanishing Residue

For the amplitudes in Eq. 7.21, the quantum state (Eq. 7.17) is given by

1 /Tf A €max A
)= e dk/ de |e,v = 1/2,Kk), C.48

such that the expectation value of the occupancy of the momentum modes is given
by Fig. 7.7. The corresponding residue calculated using Eq. 7.19 is then shown in Fig.
C.9b for a fixed resolution, 6 = 0.001 for different emax and Fig. C.9c for a fixed €max
and different resolutions.

The residue, shown in Fig C.9b and C.9¢c, has its peak (at finite resolution (¢)) at
k = /27 in all directions. This implies that the area of this circle is 27r> which is
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Figure C.12: Plot of Z as a function of k, and k, for the superposed state mentioned in
Eq.7.23 for emax = 0.75and (a) 6 =0.005 (b) 6 =0.01 (c) ¢ =0.02.

consistent with Luttinger theorem. As shown in Fig. C.10(b), Zy, — 0 as § — 0. This
is also concluded from the (ny) (in Fig 7.7) as the discontinuity at the FS is replaced by
the point of inflection. This is shown in Fig. C.9d, where the second derivative of (ny)
is showing a jump at the FS(k = v/27) is plotted a s a function of k.

Finally in Fig. C.11 we plot the fitting of the average momentum mode occupation
to the power-law form in agreement with the scaling theory of Ref. [142] as discussed

in the main text.

Superposition of ellipses on a Square Lattice : Anisotropic residue

For the state in Eq. 7.23, Fig. 7.11 shows that the superposition of FSs led to anisotropy
in the quasi-particle residue (at finite resolution J). Here we present further details of
the same as a function of the two parameters emax and é.

From the plot of (1) as a function of k, shown in Fig. 7.10, we note that for v = 7,
(ny) vanishes sharply, but smoothly. This is because in 77/4 direction, radius of circle

is max distance from origin. For € # 0, it lies inside circle where it is smeared; such a
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Figure C.14: Plot of Z,(,) for superposed state mentioned in Eq. 7.23, where kg () =
(V27 cos(7y), V2 sin(7))) as a function of emay for different y and 6 = 104
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Figure C.15: Plot of Zy (k = (1/71, /7)) corresponding to Eq. 7.23 as a function of €max
for different 4.

157



16}

12} o Zmin=0.1
=
%D . Zmin:()'S
% 8 . Zmin=0-5
=
<

4}

0. 0.2 0.4 0.6 0.8 1.
Emax

Figure C.16: Plot of the arc length corresponding to Eq. 7.23 as a function of €max with
0 = 0.001 and for different Zin.

smearing does not occur outside the circle.

The finite resolution residue (calculated using Eq. 7.19) is plotted in Fig. 7.11 for
different emax with a given resolution ¢ and as a function of ¢ in Fig. C.12. Fig. C.13
shows a plot of Z(6 = 0.001) as a function of 7 for different emax indicating the
direction dependence of Zy. As we move away from 7y = 7 direction, the value of
the residue decreases rapidly. This is also seen by plotting Zj as a function of €max
for given ¢ (Fig. C.14). At the momentum of highest smeared jump, we also plot the
variation of the magnitude of jump as a function of emax for different resolution in
Fig. C.15. The plot shows that for any appreciable superposition, the residue indeed
goes to zero. However, it goes to zero much more slowly compared to other angles as
shown in Fig. C.10(c).

The length of each of the segment of finite resolution residue has been computed
as follows. We first normalize Znorm = Zk/Zmax- Then, while computing the length,
we put a lower cut off, Zyin on Znorm and discard all Zyorm below that cutoff. Fig.
C.16 shows the width of segment, or the arc length, as a function of emax for same ¢
but with different lower cutoffs Z,;,. We find that the maximum arc length is that of
the perimeter of circle 27\ 27).

C.5.3 Density-density Correlation in real space

The connected density-density correlator in real space, ((1y,1r,)) = W(r1,12) is given

by
(v |1ey ey [P0) — (Po[ney [0) (P |12, Py, (C49)
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for a many-fermion state |, ) at filling v. For an elliptical FS given by |e, v, k) in the

main text, we have

W(I‘l, 1'2) = 1/52(1'1 — I'z) — |F(€, r,v, R)|2, (CSO)
where,
N rte VA
F(e,r,v,k) =2v N{rtg Vi) , (C.51)
(rtgV4mv)
and
\/1 —€e2sin?(u — )
tg = A= (C.52)
with
tanu:&, r=|rp—ra, tan'y:yz_yl. (C.53)
Kk X2 — X1

Next, turning to superposed FS wave-functions (Eq. 7.17) the density-density cor-

relator is given by

W =v6%(r1 — 1)

€max 7T, N A
+/ de/ dk (e, )21 E (e, r, v, K) 2. (C.54)
0 0

This completes our discussion of computation of these correlators.
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