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Understanding how quantum systems thermalize or localize remains a central
challenge in modern physics, particularly in the presence of disorder and en-
vironmental interactions. While the phenomena of thermalization, chaos, and
localization are comparatively well established in isolated Hermitian systems,
their counterparts in open and non-Hermitian settings are less developed. This
thesis addresses these issues by exploring the stability of localization phenomena
when quantum systems are coupled to external environments through dissipation
and driving. The central goal is to uncover how spectral and dynamical signatures
of localized and delocalized phases, and transitions between them, are modified
by environmental influence, and whether traces of localization can persist despite
decoherence, in both one-dimensional interacting and non-interacting systems.

The first part of the thesis focuses on interacting disordered systems, analyzed
through non-Hermitian Hamiltonians and Lindblad master equations. Using
spectral tools such as complex spacing ratios and the dissipative spectral form
factor, together with dynamical probes including imbalance and activity, we
study the influence of dissipation and quantum jumps, both in the ergodic and
many-body localized regimes. These studies reveal that although environmental
coupling can destabilize localized phases, controlled suppression of quantum
jumps can promote the emergence of localization, highlighting subtle mechanisms
through which localization may survive in open quantum systems.

The second part of the thesis examines non-interacting system-environment
setups through unitary dynamics, with the environment modeled microscopically
as a thermal reservoir that injects particles (bosons or fermions) into the system.
This setup enables a detailed study of particle injection, spreading, and equili-
bration in disorder-free and quasi-periodic lattices coupled to an environment.
By analyzing observables such as spatial density profiles, total occupation, and
entanglement entropy, we establish universal scaling features of ballistic transport
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in clean lattices. In quasi-periodic lattices, by contrast, the dynamics strongly
depend on the underlying phase, leading to distinct behavior across delocalized,
critical, and localized regimes. Comparisons with quantum master equations
further clarify the domains of validity and limitations of these approaches.

Together, these complementary approaches: dissipative system dynamics and
explicitly modeled system-environment unitary evolution, provide a broad and nu-
anced understanding of localization stability. This work bridges idealized isolated
models and realistic experimental conditions where environments are unavoid-
able, with direct implications for controlling and detecting localized quantum
phases in modern experimental platforms.
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1.1 (a) In conventional quantum statistical mechanics, a closed quantum
system can be partitioned into a subsystem (A) and its complement (B),
altogether undergoing unitary evolution. If the system thermalizes,
region (B) e!ectively acts as a bath for subsystem (A). (b) For an
open quantum system, the system of interest exchanges energy and
particles with an external reservoir (or bath), introducing dissipation
and decoherence in the system. The key di!erence between these setups
is that, in practical scenarios, the environment’s degrees of freedom
are often inaccessible or di#cult to manipulate and control. . . . . . . 5

3.1 Schematic diagram showing the three models for representative system
size. The diagram on the left illustrates model-I (Eq. (3.1)), where each
lattice site, shown as a circle, is assigned a random onsite potential.
The colored arrows indicate the non-reciprocal hopping amplitudes in
opposite directions. The diagram on the right represents both model-II
(Eq. (3.2)) and model-III (Eq. (3.3)). Here, the lattice sites alternate
between teal-blue and orange circles, corresponding to onsite terms
with imaginary contributions +i𝜒 and ↑i𝜒 respectively, in addition
to random real onsite potentials. In model-II, only nearest-neighbor
hoppings are present, so the dashed links are absent. In contrast,
model-III includes both solid and dashed connections, with hopping
amplitudes that decay with distance. . . . . . . . . . . . . . . . . . . . 21

3.2 Model I - Energy Spectrum for 𝑃 = 2 and 14 with 𝑄 = 18 . . . . . . . . 22

3.3 Model I - Energy Spectrum for 𝑃 = 2 and 14 with 𝑄 = 18 . . . . . . . . 23

3.4 Sketch of Nearest and Next-to Nearest eigenvalue corresponding to 𝑅𝑆

to define complex spacing ratios . . . . . . . . . . . . . . . . . . . . . . 26
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3.5 [Model-I, Eq. (3.1)] DSFF (Eq. (3.7)) for model-I as a function of rescaled
time variable | 𝜓̃| for di!erent values of 𝜔 ↓ [𝜕/20, 9𝜕/20] shown for
di!erent values of 𝜔 ↓ [𝜕/20, 9𝜕/20] in increments of 𝜕/20. Results
are presented for low disorder strength 𝑃 = 2 (green) and high dis-
order strength 𝑃 = 14 (orange), with lighter shades corresponding to
smaller 𝜔 values and darker shades to larger ones. The blue dashed
line represents the DSFF for the Ginibre Unitary Ensemble (𝑇GinUE

𝑈
),

while the black line corresponds to uncorrelated random energy levels
(𝑇1D P

𝑈
= 1). At weak disorder, the DSFF displays a non-linear ramp

consistent with Ginibre random matrix theory predictions. In contrast,
the absence of a ramp at strong disorder indicates uncorrelated energy
levels and localization in the non-Hermitian system. The inset shows
the DSFF at 𝜔 = 0 for 𝑃 = 2, which matches precisely with 2𝑇GinUE

𝑈
. . 30

3.6 [Model-II, Eq. (3.2)] DSFF for model-𝑉𝑉: Dissipative spectral form factor
for model 𝑉𝑉 as a function of rescaled time variable | 𝜓̃| for di!erent
values of 𝜔 ↓ [0, 9𝜕/20] in steps of 𝜕/20 for 𝑃 = 2 (Green), 14 (Orange).
The lowest value of 𝜔 in the given range corresponds to the lightest
shade, while the highest value of 𝜔 corresponds to the darkest shade
of the corresponding colors. The blue line shows DSFF for random
matrices belonging to the AI† symmetry class, while the black line
corresponds to the uncorrelated random complex energy levels. The
inset shows the DSFF for random matrices of size ↔ ↗ ↔ belonging
to the AI† symmetry class, where the DSFF for GinUE is plotted as
a red dashed line to highlight the di!erence between AI† and GinUE
symmetry classes. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

3.7 [Model-III, Eq. (3.3)] DSFF for model-III as a function of the time
variable |𝜓| for di!erent values of 𝜖 at 𝜔 = 0.3𝜕 and system size 𝑄 = 16.
The disorder strength is fixed at 𝑃 = 14. The DSFF for model-II, having
only nearest-neighbor hopping (𝜖 ↘ ≃), is also plotted in the same
figure for comparison. The DSFF changes from that of uncorrelated
complex levels (black dashed line) to that of AI† symmetry class (shown
in inset) as the value of 𝜖 is decreased. The inset shows agreement
of 𝑇

AI†
𝑈

with the 𝜖 = 0 case, where di!erent shades of green color
represent di!erent values of 𝜔 chosen from [0, 9𝜕/20] in steps of 𝜕/20. 33
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3.8 [Model-I,Eq. (3.1)] (a) Marginaldistribution of 𝑊 (left) fordi!erentvalues
of 𝑃 for 𝑄 = 18. For weak disorder strength (𝑃 = 2), the distribution
corresponds to that of GinOE (blue dashed line), while for large disorder
𝑃 = 14, we see agreement with 1D Poisson statistics (black dashed).
(b) The marginal distribution of 𝜗 (right) for 𝑃 = 2 shows agreement
with that of GinOE (blue dashed line) while the peaks at 0,𝜕 are due
to the completely real eigenvalues. The variable 𝜗 becomes ill-defined
at large disorder strength due to the completely real spectrum. . . . . 34

3.9 [Model-II, Eq. (3.2)] Marginal distributions of (left) 𝑊 and (right) 𝜗 for
di!erent values of 𝑃 for 𝑄 = 18. For weak disorder strength (𝑃 = 2),
both the marginal distributions correspond to that of AI† symmetry
class (blue dashed), while for strong disorder strength 𝑃 = 14, they
correspond to that of 2D Poisson statistics (black dashed). . . . . . . . 35

3.10 [Model III, Eq. (3.3)] Marginal distributions of (left) 𝑊 and (right) 𝜗 for
di!erent values of 𝜖 at 𝑃 = 14 for system size 𝑄 = 16. Both the marginal
distributions change from that of 2D Poisson statistics (black dashed)
to that of AI† symmetry class (blue dashed) as 𝜖 decreases. In addition,
we also plot the marginal distribution for model-II at 𝑃 = 14 (which
corresponds to 𝜖 ↘ ≃). . . . . . . . . . . . . . . . . . . . . . . . . . . 35

3.11 Distribution of complex spacing ratios in the complex plane for 𝑄 = 16,
evaluated at the middle of the spectrum, for di!erent values of 𝜖

[Model III, Eq. (3.3)] at 𝑃 = 14. As 𝜖 increases, the statistics transition
from random matrix behavior to Poisson-like behavior. . . . . . . . . 37

4.1 Sketch of the gain-loss model, see the Hamiltonian 𝑋 in Eq. (4.8)
and proposed protocol to implement the 𝜑-deformed Liouvillian →𝜑

in Eq. (4.6). Both gain and loss events are monitored by means of
realistic detectors with e#ciency 0 ⇐ 1↑ 𝜑 ⇐ 1. Here, the post-selection
interpretation consists of selecting those monitored trajectories with
no jump. See the Appendix C.1 for details and an alternative protocol. 40

4.2 Complex spacing ratios of the spectrum of →𝜑 in Eq. (4.6): (left) ⇒𝑊⇑
and (right) ↑⇒cos𝜗⇑ computed by exact diagonalization of a system of
𝑄 = 8 sites. The bottom strips correspond to results obtained from the
spectrum of the non-Hermitian Hamiltonian 𝑋̃ (half-filling sector) in
Eq. (4.10) for system size 𝑄 = 16 averaged over 160 disorder samples.
The nine black crosses in each panel correspond to the parameters at
which the densities of complex spacing ratios are presented in Fig. 4.3. 44

xiii



4.3 Distribution of complex spacing ratio [Eq. (3.4)] for representative
values of disorder strength 𝑃 and quantum-jump fugacity 𝜑 for a system
of 𝑄 = 8 sites. For weak disorder and large 𝜑, the distribution is
anisotropic and inhomogeneous, indicating chaotic statistics. Forstrong
disorder or small 𝜑, the distribution becomes isotropic within the unit
circle, signaling localization. . . . . . . . . . . . . . . . . . . . . . . . . 45

4.4 (Left panel) Steady-state imbalance, ⇓(𝑁 ↘ ≃) [Eq. (4.12)], (Right
panel) Steady-state rate of dynamical activity, ⇔↖(𝑁 ↘ ≃) [Eq. (4.13)] as
a function of disorder strength 𝑃 and quantum-jump-fugacity 𝜑. The
lower strip corresponds to 𝜑 = 0. The lower panels correspond to the
cuts at 𝜑 = 0.2 and 𝜑 = 1 indicated in the upper panels. The dynamics
are generated by Eq. (4.5). For imbalance (resp. dynamical activity), we
consider a system of 𝑄 = 10 (resp. 𝑄 = 8) sites averaged over 100 (resp.
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4.5 Dynamics of the imbalance ⇓(𝑁) [Eq. (4.12)] for representative values
of the quantum-jump fugacity 𝜑 and disorder strength 𝑃. The data is
produced by numerical integration of Eq. (4.5) for a system of 𝑄 = 10
sites and averaged over 100 disorder samples. . . . . . . . . . . . . . . 48

4.6 Dynamics of the imbalance ⇓(𝑁) for larger system, 𝑄 = 32, at strong
disorder 𝑃 = 20, and for di!erent values of quantum-jump fugacity
𝜑. These results are obtained using the time-dependent matrix prod-
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exact integration of Eq. (4.5) for a system of 𝑄 = 10 sites, shown for
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5.1 Schematic ofoursetup: an empty (blue) one-dimensional lattice [Eq. (5.1)]
of size 𝑄 is connected to a reservoir [Eq. (5.2)](red) at site 𝑌 (the cen-
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1.1 Background

A cup of hot co!ee gradually cools to room temperature, while a cold drink warms
up, illustrating a basic principle: thermalization. As energy is exchanged between
a system and its surroundings, both are driven toward thermal equilibrium. This
universal process, described by statistical physics [2–6], explains how macroscopic
properties emerge from microscopic dynamics, regardless of the system’s initial
state.

In isolated systems, this approach to equilibrium is called thermalization. Un-
derstanding how reversible microscopic laws give rise to irreversible macroscopic
phenomena lies at the heart of statistical physics. During thermalization, systems
lose memory of their initial conditions and display universal macroscopic behavior
consistent with the second law of thermodynamics. This process explains the typ-
ical, equilibrium properties observed in nature, making the study of equilibration
and thermalization a fundamental question in both classical and quantum physics.

In classical physics, thermalization (or lack thereof) is traditionally understood
through ergodicity, chaos, and integrability [7–9]. The Ergodic Hypothesis [10–13]
originally proposed by Boltzmann states that the time average of any observable
equals its ensemble average, provided the system is allowed to evolve for long
enough time. In other words, a single system will eventually visit all accessible
microstates, spending an amount of time in each microstate, proportional to
the probability of that state in the ensemble. This hypothesis has been rigorously
established only for a few models, including Sinai billiards [14, 15], the Bunimovich
stadium [16], and hard-sphere gases on a torus [17].

Ergodicity is often accompanied by chaos, and it arises due to the nonlinearity
in equations of motion. Chaotic systems are typically characterized by exponential
sensitivity to initial conditions, lack extensive conserved quantities, and they relax
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to thermal ensembles. In contrast, integrable systems possess an extensive set of
conserved quantities restricting their dynamics to regular, closed orbits in phase
space, preventing ergodicity. As a result, they do not thermalize in the conventional
sense but instead equilibrate to Generalized Gibbs Ensembles (GGE) [18–22], where
the conserved quantities explicitly enter the statistical description. Thus, while
chaotic systems forget their initial information, integrable systems may exhibit
long-lived memory of initial conditions.

Whether ergodicity is truly necessary and su#cient for thermalization in non-
integrable systems remains unclear despite large progress [23]. Rigorous proofs of
Ergodicity for general systems are a challenging problem, especially in the thermo-
dynamic limit, making classical equilibration a deep and subtle issue. This issue
was famously exposed in the Fermi-Pasta-Ulam-Tsingou (FPUT) problem [24–26],
where a numerical test on an anharmonic chain surprisingly revealed quasiperi-
odic motion rather than thermalization. This paradox showed that even simple
non-linear systems can resist ergodicity and preserve information about their
initial states. The FPUT discovery sparked decades of inquiry into the intricate
links between non-linearity, chaos, and integrability in many-body physics [27].

Following these classical considerations, one can turn to the phenomenon of
thermalization in quantum systems. Unlike classical dynamics, the notions of
ergodicity and chaos do not straightforwardly apply, due to the lack of a clear
analog of phase-space trajectories in quantum mechanics. Moreover, the unitary
and linear nature of isolated quantum systems preserves all information, making
it unclear at first whether the principles of statistical mechanics can sensibly be
applied to isolated quantum systems. The key question becomes: how can inter-
acting quantum many-body systems equilibrate despite their inherently reversible
dynamics?

In 1929, von Neumann [28, 29] addressed this issue by emphasizing that
thermalization should be understood at the level of macroscopic observables rather
than the quantum state. He argued that expectation values of such observables
relax to equilibrium values similar to those in classical systems. A key assumption
in his formulation was that individual energy eigenstates within a microcanonical
shell already encode thermal properties. This idea, later refined, evolved into
what is now known as the Eigenstate Thermalization Hypothesis (ETH).

In the 1950s, Wigner [30] proposed modeling complex Hamiltonians, such as
those of large nuclei, by random matrices. This crucial insight laid the groundwork
for random matrix theory (RMT) [31–33] in quantum physics. The universal
predictions of RMT, such as level repulsion, were found to match the spectral
correlations of these complex nuclei. Berry and Tabor [34, 35] later conjectured
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that the quantum systems whose corresponding classical dynamics are integrable,
their energy levels exhibit Poissonian statistics, behaving like independent random
variables without level repulsion. By contrast, Bohigas, Giannoni, and Schmit
(BGS) [36] in 1984 proposed that quantum systems with corresponding classically
chaotic dynamics display energy level statistics described by random matrix theory
(RMT). Together, the Berry-Tabor and BGS conjectures established RMT and
spectral statistics as defining tools for distinguishing between integrability and
chaos in quantum systems. These results have since been extended to a wide
range of many-body systems [21, 31, 32, 37–39], with spectral observables such as
level-spacing distributions [40], adjacent gap ratios [41, 42], and the spectral form
factor [43, 44] serving as key indicators of quantum chaos [21, 41, 42, 45–52].

Now, we understand the mechanism of thermalization in quantum systems,
where the quantum mechanical evolution is compatible with the macroscopic
irreversibility at the level of observables. A central paradigm here is the Eigenstate
Thermalization Hypothesis (ETH) [21, 22, 53–62]. ETH states that in quantum chaotic
systems, the expectation values of local observables in individual eigenstates
coincide with thermal ensemble predictions. Consider the time evolution of the
expectation value of an observable 𝑘̂ is given by

𝑘(𝑁) = ⇒𝜛(𝑁)|𝑘̂|𝜛(𝑁)⇑ =
∑
𝑌 ,𝐿

𝑙
′
𝑌
𝑙𝐿𝑔

𝑀(𝑐𝑌↑𝑐𝐿)𝑁
𝑘𝑌𝐿 (1.1)

where 𝑐𝑌 and |𝑌⇑ are the eigenvalue and eigenstates of the Hamiltonian, re-
spectively. 𝑘𝑌𝐿 = ⇒𝑌|𝑘̂|𝐿⇑ with |𝜛(0)⇑ =

∑
𝑌
𝑙𝑌 |𝑌⇑. Separating into diagonal

and o!-diagonal parts at long times, the average is determined by the diagonal
terms,

∑
𝑌
|𝑙𝑌 |

2
𝑘𝑌𝑌 . Thermalization occurs when this matches the ensemble

predictions. Deutsch [53] was the first to highlight the connection between such
behavior and RMT, explaining how quantum statistical mechanics emerges in
closed systems.

Srednicki [54] later formalized ETH by proposing the ansatz for local observ-
ables,

𝑘𝑌𝐿 = 𝑘(𝑐̄)𝑔𝑌𝐿 + 𝑔
↑𝑑(𝑐̄)/2

𝑚𝑘(𝑐̄, ↼)𝑛𝑌𝐿 (1.2)

where 𝑐̄ = (𝑐𝑌 + 𝑐𝐿)/2 is the mean energy, ↼ = 𝑐𝑌 ↑ 𝑐𝐿 is their energy di!erence,
𝑘(𝑐̄) is the expectation value of 𝑘 obtained from the microcanonical ensemble
at energy 𝑐̄. 𝑘(𝑐̄) and 𝑚𝑘(𝑐̄, ↼) are smooth and slowly varying function of their
arguments. 𝑑(𝑐̄) is the thermodynamic entropy, and𝑛𝑌𝐿 is a random variable with
zero mean and unit variance. This implies diagonal matrix elements of observables
vary smoothly with energy and are described by a thermal ensemble, while
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CHAPTER 1. INTRODUCTION

o!-diagonal elements are exponentially suppressed with system size, ensuring
thermalization.

This structure explains why observables in chaotic systems equilibrate: eigen-
states themselves look thermal, so time averaging is not required. ETH thus bridges
quantum chaos with statistical mechanics and has been verified in experiments in
various setups [63–68].

Another perspective comes from considering subsystems [69–71]. Consider
a quantum system with Hamiltonian 𝑋, partitioned into subsystem 𝑜 and its
environment 𝑎 (see Fig. 1.1a). The reduced density matrix of 𝑜 is ↽𝑜(𝑁) = Tr𝑎[↽(𝑁)],
where ↽(𝑁) is the state of the full system. If the reduced density matrix of A, ↽𝑜(𝑁)

converges at long times to,

↽
(eq)
𝑜

= Tr𝑎[↽(eq)
] where ↽(eq) =

𝑔
↑𝜘𝑋

𝑝

, (1.3)

for every subsystem 𝑜, then the system is said to thermalize. Here, 𝜘 is the inverse
temperature that comes from the average energy obtained from the microcanonical
ensemble. In this case, the system e!ectively acts as its own reservoir. The
underlying mechanism for this process lies in quantum entanglement. The unitary
evolution scrambles initially local information into highly nonlocal correlations
across the system. While all microscopic information is preserved globally, it
becomes inaccessible locally, producing the e!ective loss of memory, which gives
rise to the phenomenon of thermalization.

While ETH provides a powerful explanation for thermalization in isolated
quantum many-body systems, it does not hold universally. A prominent class
of exceptions is integrable systems. Rigol et al. [55] explicitly demonstrated this
breakdown in one-dimensional hard-core bosons, showing that ETH fails to hold
strictly, though a weaker form may apply, and they relax to a Generalized Gibbs
Ensemble (GGE). Thermalization of integrable systems predicted by GGE has been
experimentally confirmed [72, 73].

In non-interacting quantum systems, the concepts of eigenstate thermalization,
quantum chaos, and random matrix theory do not apply in the same way as they
do in generic interacting systems. This di!erence arises because non-interacting
models are quadratic, with many-body dynamics reducible entirely to the evolu-
tion of single-particle modes. Such systems possess an extensive set of conserved
quantities and do not develop the complexity and correlations typical of chaotic
systems.

Another important class of ETH-violating systems is disordered quantum
systems exhibiting localization. Anderson’s pioneering work in 1958 [74] revealed
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Subsystem B

Subsystem
A

Total System

(a) Isolated Quantum System

Environment

System

(b) Open Quantum System

Figure 1.1: (a) In conventional quantum statistical mechanics, a closed quantum
system can be partitioned into a subsystem (A) and its complement (B), altogether
undergoing unitary evolution. If the system thermalizes, region (B) e!ectively acts
as a bath for subsystem (A). (b) For an open quantum system, the system of interest
exchanges energy and particles with an external reservoir (or bath), introducing
dissipation and decoherence in the system. The key di!erence between these
setups is that, in practical scenarios, the environment’s degrees of freedom are
often inaccessible or di#cult to manipulate and control.

that random potentials in a lattice can localize quantum particles spatially, leading
to suppression of transport and breakdown of thermalization. This phenomenon,
known as Anderson localization, is characterized by exponentially localized single-
particle eigenstates and emerges prominently in one and two dimensions, while in
higher dimensions it undergoes a disorder-induced transition [74–77]. It has been
observed experimentally in ultracold atoms [78–83] and photonic experiments [84–
89].

A central question, first raised by Anderson, is whether localization persists
in the presence of interactions. This led to the concept of many-body localization
(MBL) [52, 71, 90–93], which prevents thermalization even in interacting systems.
In the MBL phase, long-time memory of the initial state is retained, in sharp
contrast to thermalizing dynamics.

MBL exhibits several hallmark features: logarithmic growth of entanglement
entropy [94, 95], area-law scaling of eigenstate entanglement even at finite energy
density [96–98], absence of transport [52, 99], and quasi-local conserved operators
known as local integrals of motion (LIOMs) [98, 100]. LIOMs naturally explain
ETH breakdown, as they constrain dynamics and preserve memory of initial
conditions [101]. Experimental realizations of MBL and localization transitions
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CHAPTER 1. INTRODUCTION

have been reported across multiple platforms, including cold atoms, trapped ions,
and superconducting qubits [102–110].

MBL phases are commonly probed using spectral statistics, which exhibit
Poissonian level spacing distributions, reflecting the absence of level repulsion [41,
111]. By contrast, the thermal (ETH-obeying) phase shows Wigner-Dyson statistics
characteristic of quantum chaos. The transition between these regimes is marked
by a crossover in spectral properties [37, 41–44, 112, 113]. Dynamical observables,
such as correlation functions, imbalance, magnetization, and return probabilities,
are also extensively used [97, 102, 105, 114–121].

Rigorous mathematical work by Imbrie [122] establishes MBL persistence in
strongly disordered, one-dimensional spin chains and proves the existence of a
complete set of LIOMs, confirming emergent integrability in these phases. More
recently, studies such as those by Roeck et al. [123] have demonstrated the absence
of di!usion in strongly disordered spin chains, reinforcing this picture.

In reality, however, no quantum system is perfectly isolated. The environmental
interaction, arising from optical cavities, engineered reservoirs, or measurements
used in experimental setups, inevitably introduces dissipation and decoherence,
resulting in non-unitary dynamics (see Fig. 1.1b). This motivates the use of
non-Hermitian and open quantum system frameworks [124–127].

The standard approach for modeling these e!ects is the Markovian Lind-
blad master equation, which generalizes quantum evolution to include the en-
vironment’s influence. This formalism rigorously captures both non-Hermitian
dissipation and quantum jumps [125, 128–133]. Physically, open systems can
often be described by a non-Hermitian e!ective Hamiltonian [134, 135], allow-
ing access to novel regimes beyond Hermitian quantum mechanics. Recently,
hybrid approaches combining Lindblad and non-Hermitian descriptions have
emerged [136–138]. They rely on suitable deformations of the standard Lindblad
equation and can be experimentally motivated [139–142].

Experimental progress in engineered controlled environments [143, 144] has
revealed rich phenomena in open quantum systems. Depending on context, these
are modeled either through Lindblad master equations or e!ective non-Hermitian
Hamiltonians [133, 145]. Ultracold atomic setups, for example, enable system-
atic studies of many-body dynamics under dissipation, including entanglement
generation [146, 147], dissipative quantum phase transitions [148], continuous
time crystals [149], and measurement-induced transitions [150, 151]. Such devel-
opments have led to the idea of dissipation engineering, where environmental
coupling is used to control and study quantum systems.

Non-Hermitian physics has since become a vibrant field. It plays a central role
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in describing dissipative quantum systems [152–154], non-Hermitian optics [155–
159], and the study of topological phases in open settings [160–171], highlighting
the relevance of non-Hermitian and dissipative e!ects across diverse physical
settings.

In this context, a central question concerns the fate of single-particle and
many-body localization under environmental dissipation. Does localization sur-
vive, or does the system relax to a steady state? Addressing this question is
crucial, as it probes the robustness of localization phenomena when coupled to
external baths. The interplay between interactions, disorder, and environment
has thus emerged as a rich research area at the intersection of quantum chaos
and non-Hermitian physics [172–182]. Recently, MBL has been investigated in
interacting non-Hermitian systems with disorder [183–186] and in quasiperiodic
potentials [187–189], generating interest in localization within driven-dissipative
settings. While localization and chaos in closed systems are comparatively well
understood, their open-system counterparts remain less explored, with the iden-
tification of experimental platforms and diagnostics still an open challenge. The
conjectures of quantum chaos were extended to dissipative systems by Grobe,
Haake, and Sommers (GHS) [190, 191]. In the periodically kicked top with
damping, they showed that if the underlying classical dynamics is integrable, the
eigenvalues of the non-Hermitian evolution operator behave like uncorrelated
complex levels, yielding two-dimensional Poisson statistics. Conversely, when the
corresponding classical dynamics is chaotic, the eigenvalue statistics is described
by non-Hermitian random matrix theory [192–194], showing universal cubic level
repulsion.

Building on this framework, several spectral diagnostics have been generalized
to non-Hermitian Hamiltonians [184, 195]. In particular, level-spacing statistics
and complex spacing ratios [196] have been analyzed in open systems [189, 197–
201], in non-Hermitian interacting disordered [184, 186, 202] and quasiperiodic
models [187], as well as in non-Hermitian Dirac operators [203], dissipative quan-
tum circuits [204], and higher-dimensional disordered systems [205, 206]. While
these quantities capture nearest-neighbor correlations, another recently proposed
diagnostic, the dissipative spectral form factor (which captures long-range corre-
lations), extends traditional chaos indicators to non-Hermitian ensembles and has
been studied for random matrices and various models [185, 207–212].

Recent research e!orts have been made in the direction of generalizing ETH
for open quantum systems to understand thermalization and ergodicity in driven-
dissipative systems [213–217]. These works analyze the spectral properties of
the Liouvillian superoperator, which governs the Markovian dynamics of open
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systems, with eigenstates obeying statistical properties analogous to ETH in closed
chaotic systems. Results indicate that local observables relax towards steady states
that resemble thermal ensembles, with suppressed coherent oscillations. This
emergent behavior provides a framework for identifying when the steady state
of an open chaotic system appears thermal for local observables, thus connecting
non-equilibrium steady states with traditional statistical mechanics.

There are also several unexplored avenues in non-interacting models coupled to
environments, even though they appear to o!er a more tractable framework. Most
investigations rely on e!ective open-system approaches such as the Lindblad
master equation. In this setting, the fate of localization under environmental
coupling remains unsettled and actively debated, both in disordered and quasi-
periodic lattices. Generally, coupling to a bath (damping/dephasing) or subjecting
the system to continuous measurements introduces decoherence that tends to
destroy localization [218–221].

Several works have studied dissipative extensions of the Anderson model.
While these setups often yield trivial steady states (e.g., the vacuum), the transient
dynamics remain highly nontrivial. Analyses of Liouvillian spectra, spectral
gaps, and related measures have revealed disorder-induced transitions between
localized and delocalized regimes [205, 218, 219, 222–230]. Yet, dynamical probes
sometimes give contrasting results: several studies report the absence of dynamical
localization, and instead find di!usion-like spreading [230–234]. This has led to
the notion of regimes where spectral localization persists but dynamics exhibit
delocalization [232–234], including experimental observations [235].

Interestingly, dissipation can also enhance localization when the setup is
engineered carefully. Non-local or aperiodic dissipators [232, 236–238] have been
shown to create exotic non-equilibrium steady states with controllable localization
properties. Stronger coupling may even induce Zeno-like dynamics, freezing
evolution and stabilizing localized phases [239, 240]. Thus, dissipation does
not necessarily destroy localization; under carefully designed conditions, it can
strengthen or reshape it.

Stochastic noise typically tends to destroy localization and induce slow dy-
namics [241, 242], while also producing logarithmic entanglement growth and
anomalous transport. Such behavior is typically associated with many-body local-
ized systems in closed settings, but arises here in non-interacting models subject to
noise and dissipation. These results show that even in the absence of interactions,
open disordered systems can host remarkably slow and unconventional dynam-
ical regimes, producing signatures once thought to be exclusive to many-body
localization.
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Overall, the existing literature paints a non-universal picture in non-interacting
regimes. In some cases, dephasing, noise, or continuous measurements restore
delocalization; in others, localization survives or is even stabilized by tailored
dissipation [243–245]. Experimental and numerical results further suggest that
spectral localization may coexist with the absence of dynamical localization, or that
transitions between localized and delocalized phases persist in open scenarios [232,
235, 246, 247] and in some cases, mobility edges appear due to environmental
e!ects [228]. The outcome depends strongly on the bath coupling (local vs
non-local), structure of dissipation (random, global, or quasi-periodic), and the
diagnostic employed (spectral statistics, transport, or entanglement). The stability
of single-particle localization in open non-interacting systems thus remains an
open and central problem in non-equilibrium quantum physics.

1.2 Thesis Overview

This thesis addresses the impact of environmental coupling on one-dimensional
quantum systems that exhibit localized and delocalized phases. A central focus
is placed on understanding how driving and dissipation, introduced through
interaction with an external environment, modify both the spectral and dynamical
properties of these systems. Key open questions motivating this work include:
Does environmental coupling destabilize, partially destroy, or entirely erase local-
ization? Are signatures or reminiscences of the localized phase retained even in
highly dissipative or driven regimes? By systematically probing these aspects, this
thesis aims to outline the robustness and boundaries of localization phenomena
under realistic open-system conditions, considering both non-interacting and in-
teracting systems. It is worth noting that the term Anderson localization, as used
in the following chapters, specifically refers to single-particle localization.

Chapter 2 explains the methodology and necessary background used to study
the dynamics of open quantum systems. We discuss the exact methods used, like
direct numerics for the correlation matrix and the quantum Langevin equation,
which are non-perturbative methods. Then, we will discuss the quantum master
equations, which rely on weak system-bath coupling, such as the Redfield and
Lindblad Master equations.

The following chapters discuss the results of the thesis, which are divided into
two main parts.

In the first part, we investigate open quantum systems with both disorder and
nearest-neighbor interactions, using spectral and dynamical diagnostics. Both
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CHAPTER 1. INTRODUCTION

the non-Hermitian Hamiltonian approach and the Lindblad master equation are
employed to capture the signatures of quantum chaos and localization in the
presence of dissipation or decoherence. In Chapter 3, we explore three non-
Hermitian models using complex spacing ratios and dissipative spectral form
factor to characterize their chaotic behaviour or lack of it. We find signatures of
non-Hermitian many-body localization in these models and establish the corre-
spondence with predictions from non-Hermitian random matrix theory (RMT).
Building on this, we address the precise mechanisms by which quantum jumps
may destabilize or destroy the many-body localized phase in chapter 4 by study-
ing complex spacing ratios alongside with dynamics of imbalance and activity
using a one-dimensional chain of hard-core bosons as a platform. We find that
reducing the number of quantum jumps can stabilize the localized phase and
promote its emergence. This part provides insight into both the spectral and
dynamical aspects that environment-induced processes bring about in paradigms
of many-body localization.

In the second part, we shift focus to the unitary dynamics of a composite
system-environment (non-interacting) setup. Here, the system is an initially
empty lattice, while the environment is modeled as a tight-binding chain at finite
temperature and chemical potential. This setup enables a systematic investigation
of particle injection and spreading within the lattice by analyzing observables
such as spatial density profiles, total particle occupation, and the von-Neumann
entropy. We consider a disorder-free tight-binding chain as my system in chapter 5,
and find that the initial growth of particles (for both bosons and fermions) in the
lattice is ballistic with time, and eventually the system relaxes to equilibrium. We
also demonstrate the validity or invalidity of quantum master equations with
exact dynamics in various regimes. In chapter 6, this approach is extended to
quasi-periodic lattices that exhibit localization-delocalization transitions. The rich
interplay between the system and environment, along with quasi-disorder, makes
the dynamics very interesting and yields non-trivial dynamical growth of total
occupation and Von Neumann entropy.

Together, in this thesis, these complementary approaches, dissipative system
dynamics, and explicitly modeled system-environment unitary evolution, provide
a broad and nuanced understanding of localization stability. This work bridges
idealized isolated models and realistic experimental conditions where environ-
ments are unavoidable. The results have direct implications for controlling and
detecting localized quantum phases in modern experimental platforms.
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In this chapter, we present the methods used to study the dynamics of the systems
considered in this thesis. Both non-perturbative and perturbative approaches are
employed. The perturbative techniques fall under the broad category of quantum
master equations [124–126], which are standard tools for describing the dynamics
of open quantum systems. These approaches are quite general and can be applied
in arbitrary geometries and dimensions, making them useful for a wide range of
problems.

Specifically, we use four complementary approaches: (i) direct exact numerics
for the correlation matrix, (ii) the exact quantum Langevin equation (QLE), (iii)
the Redfield equation (perturbative and Markovian), and (iv) the local Lindblad
equation (perturbative and Markovian). Each method has its own strengths and
limitations, and together they provide a balanced and comprehensive framework
for analyzing the dynamics of an open system.

2.1 Exact quantum dynamics for correlation matrix

We begin by describing the method of direct exact numerics, which is a non-
perturbative way to study the dynamics of our setups. This method is particularly
well-suited for systems governed by a quadratic Hamiltonian, i.e., non-interacting
models. The key feature of such a Hamiltonian is that the equations of motion
for the operators remain linear. As a direct consequence, the evolution of the
two-point correlation functions forms a closed set, making the problem amenable.
The Total Hamiltonian of the setup is given by,

𝑋 =
∑
𝑀 , 𝑞

∞𝑀 𝑞 𝑕̂
†

𝑀
𝑕̂𝑞 ∈ 𝑟

†
∞ 𝑟 (2.1)

11



CHAPTER 2. THEORY OF OPEN QUANTUM SYSTEMS

The dynamics are fully determined by the corresponding single-particle Hamilto-
nian matrix∞ . In the setups considered here, we model a system that is connected
to a bath. Both the system and the bath are described within the same quadratic
Hamiltonian framework, such that the single-particle Hamiltonian ∞ encodes
not only the system and bath individually, but also their couplings. Within this
approach, the goal is to evolve the joint dynamics of the system plus bath exactly.

The central object of interest is the two-point correlation function, defined over
all degrees of freedom of both the system and the bath. Owing to the quadratic
structure of the Hamiltonian, the equations of motion for this correlation matrix
form a closed set and can be propagated directly in time using the single-particle
Hamiltonian. Furthermore, Wick’s theorem guarantees that the dynamics of
the full density operator are completely determined by these two-point functions.
Thus, by evolving the correlation matrix, the full unitary dynamics of the combined
system-bath setup are captured exactly. Once the correlation matrix has been
evolved, the observables of interest, such as the spatial density, can be extracted
straightforwardly. Naturally, this procedure requires considering a large but finite
bath. This ensures that the essential influence of the bath on the system is faithfully
retained while keeping the numerical calculations tractable.

Let 𝑋𝑑 and 𝑋𝑎 denote the Hamiltonian of the system and the bath, respectively,
with𝑋𝑑𝑎 as the Hamiltonian describing their coupling. Let 𝑄 and 𝑄𝑎 be the number
of sites in the system and bath respectively, such that 𝑄𝑎 ∋ 𝑄. We can rewrite the
full Hamiltonian for the setup as

𝑋 = 𝑋𝑑 + 𝑋𝑎 + 𝑋𝑑𝑎 =
𝑄+𝑄𝑎∑
𝑀 , 𝑞=1

∞𝑀 𝑞 𝑕̂
†

𝑀
𝑕̂𝑞 ∈ 𝑟

†
∞ 𝑟 (2.2)

where 𝑟 = { 𝑕̂𝑀} is a column vector containing all the annihilation operators of the
system and the bath. Naturally, 𝑟† = { 𝑕̂†

𝑀
} is the row vector consisting of all the

creation operators of the system and the bath. ∞ is the single-particle Hamiltonian
of the full setup and has dimension (𝑄 + 𝑄𝑎) ↗ (𝑄 + 𝑄𝑎). The correlation matrix for
the whole setup is given by 𝑙(𝑁)

𝑙(𝑁) =
〈[
𝑟

†
(𝑁)

]
𝑠
[
𝑟

𝑠
(𝑁)

]〉
(2.3)

where the superscript 𝑠 stands for the transpose of a matrix. The matrix element
of the correlation matrix 𝑙 is given as

𝑙𝑀𝑞(𝑁) = ⇒𝑕̂
†

𝑀
(𝑁)𝑕̂𝑞(𝑁)⇑ (2.4)

⇒...⇑ denotes an average over the initial state of the setup.
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Following the Heisenberg equation of motion i d
d𝑁 𝑘 =

[
𝑘 ,𝑋

]
, where we set

ε = 1 throughout this thesis. For any operator 𝑘(𝑁), one can write

𝑕

𝑕𝑁

(
𝑕̂
†

𝑀
𝑕̂𝑞

)
= i

[
𝑋 , 𝑕̂

†

𝑀
𝑕̂𝑞

]
= i

𝑄+𝑄𝑎∑
𝑊 ,𝑡=1

∞𝑊𝑡

[
𝑕̂
†
𝑊
𝑕̂𝑡 , 𝑕̂

†

𝑀
𝑕̂𝑞

]
(2.5)

Using the commutation and anti-commutation relations for bosons and fermions,
respectively, Eq. (2.5) can be simplified to

𝑕

𝑕𝑁

(
𝑕̂
†

𝑀
𝑕̂𝑞

)
= i

𝑄+𝑄𝑎∑
𝑊=1

(
∞𝑊𝑀 𝑕̂

†
𝑊
𝑕̂𝑞 ↑∞𝑞𝑊 𝑕̂

†

𝑀
𝑕̂𝑊

)
(2.6)

Eq. (2.6) holds for both bosons and fermions. Using the fact that the single particle
Hamiltonian ∞ is symmetric (physical systems Hamiltonian is hermitian), we
obtain the equation of motion for the correlation matrix 𝑙(𝑁), which is given by
[248–250]

⇔𝑙𝑀𝑞(𝑁) = i
𝑄+𝑄𝑎∑
𝑊=1

(
∞𝑀𝑊 𝑙𝑊 𝑞(𝑁) ↑ 𝑙𝑀𝑊(𝑁)∞𝑊 𝑞

)
= i

[
∞ , 𝑙(𝑁)

]
𝑀 𝑞

(2.7)

The solution of which is given by,

𝑙(𝑁) = 𝑔
i∞ 𝑁

𝑙(0)𝑔↑i∞ 𝑁 (2.8)

where ∞ is the single particle Hamiltonian for the full setup and 𝑙(0) is the
correlation matrix at time 𝑁 = 0.

2.2 Quantum Langevin Equation

In this section, we discuss the Quantum Langevin Equation (QLE) approach [251–
259], which provides a non-perturbative method to evaluate the steady state
properties of non-interacting setups. Owing to the bilinear form of the system-
plus-bath Hamiltonian, this method enables exact calculations of transport and
steady-state observables.

The central idea is to first solve the Heisenberg equations of motion for the bath
degrees of freedom formally. Their solutions are then substituted back into the
equations of motion for the system’s degrees of freedom. As a result, the system
dynamics takes the form of a generalized Langevin equation, where the e!ect of
the bath appears as non-Markovian dissipation along with a stochastic noise term
that has temporal correlations. This method gives exact results for the steady state
whenever the system Hamiltonian is quadratic. The steady-state properties can be
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obtained by solving the resulting generalized Langevin equations through Fourier
transform techniques.

Let us begin by assuming a general non-interacting Hamiltonian for the en-
tire setup, as well as the notation introduced in the previous section, remains
unchanged.

𝑋 = 𝑋𝑑 + 𝑋𝑎 + 𝑋𝑑𝑎

𝑋𝑑 =
𝑄∑

𝑀 , 𝑞=1
∞

𝑑

𝑀𝑞
𝑒̂
†

𝑀
𝑒̂ 𝑞 , 𝑋𝑎 =

𝑄𝑎∑
𝑀 , 𝑞=1

∞
𝑎

𝑀𝑞
𝑓
†

𝑀
𝑓 𝑞

𝑋𝑑𝑎 =
𝑄∑
𝑀=1

𝑄𝑎∑
𝑞=1

∞
𝑑𝑎

𝑀𝑞
𝑒̂
†

𝑀
𝑓 𝑞 + 𝑃.𝑈. (2.9)

Here, 𝑒̂𝑀 and 𝑒̂
†

𝑀
are the annihilation and creation operators for the lattice, while

𝑓𝑀 and 𝑓
†

𝑀
correspond to the bath. Note that 𝑒̂𝑀 and 𝑓𝑀 operators satisfy either

commutation or anti-commutation algebra for bosons or fermions, respectively.
The setup is initially assumed to be in a direct product state,

↽̂(0) = ↽̂𝑑(0) △ ↽̂t𝑃
𝑎
(0) (2.10)

with the bath in the thermal state characterized by temperature 𝑠 = (𝑆𝑎𝜘)↑1

(where 𝑆𝑎 is the Boltzmann constant henceforth set to 1 throughout this thesis)
and chemical potential 𝜙,

↽𝑎(0) = ↽𝑁𝑃

𝑎
=

𝑔
↑𝜘(𝑋𝑎↑𝜙𝑂𝑎)

𝑝

(2.11)

where 𝑂𝑎 is the number operator for the bath and 𝑝 is the grand partition function
for the bath. For the bath Hamiltonian, a unitary transformation 𝑢 diagonalizes
the matrix ∞𝑎, yielding normal modes with eigenvalues 𝜚𝑎

𝑣
,

𝑋𝑎 =
𝑄𝑎∑
𝑣=1

𝜚𝑎

𝑣
𝑓
†
𝑣
𝑓𝑣 , 𝑓𝑀 =

𝑄𝑎∑
𝑣=1

𝑢𝑀𝑣 𝑓𝑣 (2.12)

with 𝑓𝑣 being the annihilation operator of 𝑣-th normal mode of the bath with
eigenvalues 𝜚𝑎

𝑣
. The thermal correlations in this basis are

⇒𝑓
†

𝑀
(0)𝑓𝑞(0)⇑th =

𝑄𝑎∑
𝑣=1

𝑢
′

𝑀𝑣
𝑢𝑞𝑣 𝐿̄(𝜚𝑎

𝑣
) (2.13)

where ⇒𝑓†
𝑣
𝑓𝑣▽⇑ = 𝐿̄(𝜚𝑎

𝑣
) 𝑔𝑣𝑣▽. Here 𝐿̄(↼) is Fermi-Bose function and is given by

𝐿̄(↼) =
1

𝑔
𝜘(𝑤↑𝜙) ± 1

(2.14)
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Let us denote 𝑜̂(𝑁) = { 𝑒̂𝑀(𝑁)} and 𝑎̂(𝑁) = {𝑓𝑀(𝑁)} as the column vectors consisting
of system and bath annihilation operators, respectively. The Heisenberg equation
of motion for operators is given as:

⇔̂
𝑜(𝑁) = ↑i∞𝑑

𝑜̂(𝑁) ↑ i∞𝑑𝑎
𝑎̂(𝑁) (2.15)

⇔̂
𝑎(𝑁) = ↑i∞𝑎

𝑎̂(𝑁) ↑ i∞𝑑𝑎†
𝑜̂(𝑁) (2.16)

We first solve the bath equations in Eq. (2.16) and then substitute the solution to
the system’s equation of motion in Eq. (2.15). The formal solution of Eq. (2.16) is
given by,

𝑓𝑀(𝑁) = i
𝑄𝑎∑
𝑊=1

[
𝑍
+
(𝑁 ↑ 𝑁0)

]
𝑀𝑊

𝑓𝑊(𝑁0) +

∫
≃

𝑁0

𝑕𝜓
𝑄𝑎∑
𝑊=1

𝑄∑
𝑡=1

[
𝑍
+
(𝑁 ↑ 𝜓)

]
𝑀𝑊

∞
𝑑𝑎†
𝑊𝑡

𝑒̂𝑡(𝜓) (2.17)

where 𝑀 = 1, 2, · · · 𝑄𝑎 denotes the indices for bath operators. The Green’s function

𝑍
+
(𝑁) = ↑i𝜗(𝑁) 𝑔↑i∞𝑎

𝑁 (2.18)

is the solution of the homogeneous part of the Eq. (2.16) and 𝜗(𝑁) is the Heaviside
step function. Substituting this solution in Eq. (2.15), we obtain the quantum
Langevin equation (QLE) for the system operators as,

⇔̂
𝑒𝑀(𝑁) = ↑i

𝑄∑
𝑡=1

∞
𝑑

𝑀𝑡
𝑒̂𝑡(𝑁) ↑ i ⇀̂𝑀(𝑁) ↑ i

∫
≃

𝑁0

𝑕𝜓
𝑄∑

𝑡=1
ϑ+

𝑀𝑡
(𝑁 ↑ 𝜓) 𝑒̂𝑡(𝜓) (2.19)

Note that, in Eq. (2.19), the e!ect of the bath appears as a self-energy and a noise
term, which are given respectively as

ϑ+
(𝑁 ↑ 𝜓) = ∞

𝑑𝑎

[
𝑍
+
(𝑁 ↑ 𝜓)

]
∞

𝑑𝑎† (2.20)

⇀̂(𝑁) = i∞𝑑𝑎

[
𝑍
+
(𝑁 ↑ 𝑁0)

]
𝑎(𝑁0) (2.21)

The statistical property of the noise operator gets determined by the initial condi-
tion of the bath density operator, which is chosen to be thermal [Eq. (2.11)]. As
a result, ⇒⇀̂𝑀(𝑁)⇑ = 0. The noise correlation at di!erent times can be expressed in
terms of the normal modes of the bath as
〈
⇀̂†
𝑀
(𝑁)⇀̂ 𝑞(𝑁

▽
)

〉
=

𝑄𝑎∑
𝑊 ,𝑊

▽=1
∞

𝑑𝑎′

𝑀𝑊

./


𝑄𝑎∑
𝑣=1

𝑢
′
𝑊𝑣
𝑢𝑊

▽
𝑣 𝐿̄(𝜚𝑎

𝑣
)𝑔

i𝜚𝑎

𝑣
(𝑁↑𝑁▽)


∞

𝑑𝑎
𝑠

𝑊
▽
𝑞
𝜗(𝑁↑𝑁0)𝜗(𝑁▽↑𝑁0) (2.22)

Since we are interested in the steady-state limit, we first take 𝑄𝑎 ↘ ≃ and then let
𝑁0 ↘ ↑≃. As a result, 𝜗(𝑁 ↑ 𝑁0) and 𝜗(𝑁▽ ↑ 𝑁0) in Eq. (2.22) are always equal to unity.
Let us now define Fourier transformation of ⇀̂𝑀(𝑁) as,

˜̂⇀𝑀(↼) =
∫

≃

↑≃

𝑕𝑁 𝑔
i↼𝑁 ⇀̂𝑀(𝑁) (2.23)
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and the corresponding inverse is given as

⇀̂𝑀(𝑁) =
∫

≃

↑≃

𝑕↼
2𝜕 𝑔

↑i↼𝑁 ˜̂⇀𝑀(↼) (2.24)

Using Eq. (2.22) and Eq. (2.23), we get
〈
˜̂⇀†
𝑀
(↼) ˜̂⇀ 𝑞(↼▽

)

〉
= 4𝜕2 ω𝑞𝑀(↼) 𝐿̄(↼) 𝑔(↼ ↑ ↼▽

) (2.25)

where,

ω𝑞𝑀(↼) =
≃∑

𝑊 ,𝑊
▽=1

∞
𝑑𝑎

𝑞𝑊
▽ ↽̂𝑊

▽
𝑊(↼)∞𝑑𝑎†

𝑊𝑀

↽̂𝑊
▽
𝑊(↼) =

≃∑
𝑣=1

𝑢
′
𝑊𝑣
𝑢𝑊

▽
𝑣𝑔(↼ ↑ 𝜚𝑎

𝑣
)

(2.26)

We obtain the solution of Eq. (2.19) in the Fourier space as

˜̂
𝑒𝑀(↼) =

𝑄∑
𝑡=1

𝑖
+

𝑀𝑡
(↼) ˜̂⇀𝑡(↼) (2.27)

where ˜̂
𝑒𝑀(↼) is the Fourier transformation of 𝑒̂𝑀(𝑁) with definition same as Eq. (2.23).

The retarded Green’s function 𝑖
+(↼) [260] that appears in Eq. (2.27) is given as

𝑖
+
(↼) =

[
↼𝑉 ↑∞

𝑑
↑ ϑ+

(↼)
]↑1

(2.28)

where 𝑉 is the 𝑄↑dimensional Identity matrix and ϑ+(↼) is now the self-energy
matrix in the Fourier space and is defined as,

ϑ+
(↼) = ∞

𝑑𝑎
𝑍̃
+
(↼)∞𝑑𝑎† (2.29)

Here, 𝑍̃+(↼) is the Fourier transform of 𝑍+(𝑁) [see Eq. (2.18)] and is given as

[
𝑍̃
+
(↼)

]
𝑊𝑊

▽
=

≃∑
𝑣=1

𝑢𝑊𝑣𝑢
′

𝑊
▽
𝑣

↼ ↑ 𝜚𝑎

𝑣
+ i0+

(2.30)

where the small imaginary component appears to preserve the causality of 𝑍+(𝑁).
Finally, using Eq. (2.27) and the noise-noise correlation in Eq. (2.25), one can obtain
the spatial local density 𝐿𝑀(𝑁) = ⇒𝑒†

𝑀
(𝑁)𝑒𝑀(𝑁)⇑ in the steady state as

𝐿𝑀(𝑁 ↘ ≃) =
∫

≃

↑≃

𝑕↼
[
𝑖

+
(↼)ω(↼)𝑖↑

(↼)
]
𝑀𝑀

𝐿̄(↼) (2.31)

The integral in Eq. (2.31) can be performed numerically, and the steady state
occupation at each site can be determined exactly. While the steady state can be
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2.3. REDFIELD QUANTUM MASTER EQUATION

obtained exactly and straightforwardly using the QLE approach, computing the
transient dynamics leading to the steady state is more challenging with QLE. This
di#culty arises because QLE requires performing a Laplace transform for the
time-dependent solution, whereas steady-state calculations rely on the simpler
Fourier transform.

This formalism can be generally extended to a setup with multiple baths
coupled to the system, given the quadratic Hamiltonian.

2.3 Redfield Quantum Master Equation

In this section, we will discuss the Redfield quantum master equation, a perturba-
tive method used to obtain the state of the system. We provide the key steps that
are involved in the derivation of this method. We start by writing the system-bath
interaction Hamiltonian, given in Eq. (2.9), in the interaction picture as,

𝑋
𝑉

𝑑𝑎
(𝑁) = 𝑔

i𝑋̂0𝑁
𝑋𝑑𝑎𝑔

↑i𝑋̂0𝑁 =
𝑄∑
𝑀=1

𝑄𝑎∑
𝑞=1

∞
𝑑𝑎

𝑀𝑞
𝑒
†

𝑀
(𝑁)𝑓𝑞(𝑁) + 𝑃.𝑈. (2.32)

where 𝑋̂0 = 𝑋̂𝑑 + 𝑋̂𝑎 and

𝑒𝑀(𝑁) = 𝑔
i𝑋𝑑𝑁

𝑒̂𝑀 𝑔
↑i𝑋𝑑𝑁 ; 𝑓𝑞(𝑁) = 𝑔

i𝑋𝑎𝑁
𝑓𝑞 𝑔

↑i𝑋𝑎𝑁 (2.33)

where superscript “𝑉" represents the interaction picture. Starting from the exact
von-Neumann equation, one can write an exact equation governing the dynamics
of the reduced density matrix for the system in the interaction picture as

𝑕

𝑕𝑁

↽̂𝑉

𝑑
(𝑁) = ↑

∫
𝑁

0
𝑕𝜓TrB

[
𝑋

𝑉

𝑑𝑎
(𝑁),

[
𝑋

𝑉

𝑑𝑎
(𝜓), ↽̂𝑉

(𝜓)
] ]

(2.34)

↽̂(𝜓) and ↽̂𝑑(𝜓) are the density operator of the whole setup and reduced density
matrix for the system, respectively. Now to arrive at the Redfield equation, one
assumes (i) weak system-bath coupling limit (Born approximation) and (ii) Marko-
vian limit [124, 125, 261]. The Born approximation involves expressing the total
density matrix in the interaction picture ↽̂𝑉(𝜓) as a direct product of the system
and bath states, that is, ↽̂𝑉(𝜓) = ↽̂𝑉

𝑑
(𝜓) △ ↽̂th

𝑎
where ↽̂th

𝑎
denotes the thermal state of

the bath. This approximation assumes that the system’s influence on the bath is
weak, so the bath density matrix remains essentially unchanged by the interaction
and the overall system state.

The Markov approximation involves changing ↽̂𝑉

𝑑
(𝜓) to ↽̂𝑉

𝑑
(𝑁) and further ex-

tending the upper limit of the integral 𝑁 to ≃, in Eq. (2.34). The Markovian
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CHAPTER 2. THEORY OF OPEN QUANTUM SYSTEMS

approximation used here can be justified under a separation of bath and sys-
tems time scales. In particular, the Markovian approximation is valid for system
time scales much larger than the decay time scale of the bath. In other words,
the system’s evolution depends only on its present state. After some algebraic
manipulations, we obtain the Redfield equation as [250, 262, 263]

𝑕

𝑕𝑁

↽̂𝑉

𝑑
(𝑁) = ↑

∫
≃

0
𝑕𝜓TrB

[
𝑋

𝑉

𝑑𝑎
(𝑁),

[
𝑋

𝑉

𝑑𝑎
(𝑁 ↑ 𝜓), ↽̂𝑉

𝑑
(𝜓) △ ↽̂th

𝑎

] ]
(2.35)

The Redfield equation does not always guarantee complete positivity of the
reduced density matrix [124], although it does preserve the trace. This lack of
positivity can lead to unphysical results, such as negative probabilities, especially
during transient dynamics or strong system-bath coupling. To address this issue,
it is common to rewrite Eq. (2.35) in the eigen-basis of the system. In this basis,
one can perform the secular approximation, which involves neglecting terms in
the equation that oscillate rapidly with time compared to the typical timescales
of the system’s evolution. By discarding these oscillatory terms, whose contribu-
tions average out to zero over long periods, the resulting master equation, often
called the Lindblad or Gorini Kossakowski Sudarshan Lindblad (GKSL) [264, 265]
form, ensures both complete positivity and trace preservation. This makes the
equation physically consistent for describing open system dynamics. Details of
this derivation and the conditions for the secular approximation are discussed in
Ref. [124].

2.4 Lindblad Quantum Master Equation

The Lindblad Quantum Master Equation is widely used to describe open quan-
tum systems because it ensures completely positive and trace-preserving (CPTP)
dynamics. Gorini, Kossakowski, Sudarshan [265], and Lindblad [264] proved that
when a Markovian, CPTP non-unitary term is added to the unitary evolution of
the density matrix, the resulting master equation must have a specific canonical
form. In this form, the system Hamiltonian 𝑋̂ generates the unitary part of the
evolution, and a set of Lindblad operators {𝑘̂𝑌} represent dissipative channels.
The master equation, commonly called the Lindblad quantum master equation
(QME), is written as

⇁↽𝑑

⇁𝑁
= 𝑀[↽𝑑 , 𝑋̂] +

∑
𝑌

𝜒𝑌


𝑘̂𝑌↽𝑘̂†

𝑌
↑

1
2{𝑘̂

†
𝑌
𝑘̂𝑌 , ↽}


(2.36)
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where the rates 𝜒𝑌 ∝ 0 guarantee complete positivity and preserve trace. The
specific forms of 𝑘̂𝑌 depend on the system and environment, often chosen phe-
nomenologically. In particular, Local Lindblad [250, 266, 267] and global Lindblad
equations [268–270] are accordingly employed, depending on the nature of dissi-
pation and environmental interactions. This master equation framework is very
versatile, e!ectively modeling a wide range of physical open quantum systems.

Note that although Redfield and Lindblad quantum master equations o!er
us the advantage of tracking both time dynamics and steady state, they involve
perturbative and Markovian approximations.

2.5 Summary

In this chapter, we presented the theoretical framework and computational tools
used to study open quantum systems, focusing on the dynamics that arise from
their interaction with the environment. Capturing such non-unitary, dissipa-
tive behavior requires a balance between accuracy and analytical tractability. By
combining exact numerical approaches with perturbative master equations, the
chapter sets the foundation for understanding the evolution of quantum dynamics
and aspects of thermalization under environmental influence. These tools col-
lectively enable e!ective modeling of realistic quantum systems beyond isolated
idealizations, framing the broader context for the thesis research on many-body
open quantum dynamics.
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3.1 Introduction

In this chapter, we study the spectral signatures of quantum chaos in disordered
interacting non-Hermitian model Hamiltonians. Our main focus is on two quanti-
ties that have emerged as powerful tools in this context: the dissipative spectral
form factor (DSFF) and the complex spacing ratio (CSR). Both measures allow us
to characterize correlations in the complex spectrum of non-Hermitian operators
and to distinguish between chaotic and integrable behavior. The models we study
are motivated by platforms of direct experimental relevance, including ultracold
atoms, trapped ions, and photonic systems [104, 145, 157, 158, 167]. These model
Hamiltonians have an inhomogeneous (non-uniform density of states) spectrum
in the complex plane with outliers at the edge of the spectrum, unlike the uniform
homogeneous spectrum of non-hermitian random matrices. Understanding how
these structural features impact spectral statistics and the manifestation of chaos
is a central theme of this chapter.

We specifically consider three di!erent model Hamiltonians (Fig. 3.1). Two
of these are short-range models with di!erent underlying symmetries, while the
third incorporates long-range hopping. While many-body localization (MBL) was
first proposed for closed systems having short-range hopping and interactions, the
e!ect of long-range couplings has since drawn significant attention, owing to their
relevance in experimental platforms such as ion traps and Rydberg arrays [103,
271–273]. In the Hermitian setting, it has been established that long-range inter-
actions can preserve localization, whereas long-range hopping typically induces
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3.2. MODELS

hiJe→ω

Jeω

hi + iε

hi → iε

J

Figure 3.1: Schematic diagram showing the three models for representative system
size. The diagram on the left illustrates model-I (Eq. (3.1)), where each lattice site,
shown as a circle, is assigned a random onsite potential. The colored arrows indi-
cate the non-reciprocal hopping amplitudes in opposite directions. The diagram
on the right represents both model-II (Eq. (3.2)) and model-III (Eq. (3.3)). Here,
the lattice sites alternate between teal-blue and orange circles, corresponding to
onsite terms with imaginary contributions +i𝜒 and ↑i𝜒 respectively, in addition
to random real onsite potentials. In model-II, only nearest-neighbor hoppings are
present, so the dashed links are absent. In contrast, model-III includes both solid
and dashed connections, with hopping amplitudes that decay with distance.

delocalization [274, 275]. Hence, it is natural to ask how long-range hopping
influences spectral statistics and the stability of localization when dissipation is
present. The third model serves as our platform to address this question.

The rest of this chapter is organized as follows. In Sec. 3.2, we introduce the non-
Hermitian Hamiltonians under consideration. Sec. 3.3 presents the discussion on
quantities of interest, namely the dissipative spectral form factor and the complex
spacing ratio. In Sec. 3.4, we describe our findings across di!erent parameter
regimes, comparing them with the benchmarks of non-Hermitian random matrix
theory in the weak disorder limit and Poisson statistics in the strong disorder
regime. Finally, in Sec. 3.5, we summarize the results and provide an outlook.
Certain details of the calculations and other relevant results are relegated to the
appendix B.

3.2 Models

In this chapter, we consider three di!erent non-hermitian models in one dimension
(see Fig. 3.1). These are interacting systems of hard-core Bosons with a random dis-
ordered potential. The non-hermitian feature arises either through non-reciprocal
hopping (model-I) or through complex onsite potentials (models II and III).
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CHAPTER 3. SPECTRAL PROPERTIES OF DISORDERED INTERACTING
NON-HERMITIAN SYSTEMS

3.2.1 Model-I: Hatano-Nelson Hamiltonian

In this model, the particles hop through the one-dimensional disordered lattice
with asymmetric nearest-neighbor hopping, where the degree of non-reciprocity is
controlled by the real parameter ↩ ↓ R. This is a generalization of the well-known
non-interacting Hatano-Nelson model [276–279]. Initially proposed to investigate
the depinning transition of flux lines in type-II superconductors with columnar de-
fects, it captures how tilted flux lines traverse a disordered medium and transition
from a pinned to a depinned state. A recent experiment mapped a one-dimensional
nonreciprocal acoustic system onto the Hatano-Nelson model [280].

The Hamiltonian is given by [see Fig. 3.1(left)]

𝑋 =
𝑄∑
𝑀=1


↑ 𝑥


𝑔
↩
𝑓
†

𝑀
𝑓𝑀+1 + 𝑔

↑↩
𝑓
†

𝑀+1 𝑓𝑀


+𝑢 𝐿̂𝑀 𝐿̂𝑀+1 + 𝑃𝑀 𝐿̂𝑀


(3.1)

Here, 𝑓†
𝑀

is the creation operator corresponding to the creation of hard-core bosons
at site 𝑀, and 𝐿̂𝑀 = 𝑓

†

𝑀
𝑓𝑀 counts the number of particles at site 𝑀. Hence, for

our system of hard-core bosons, 𝐿̂𝑀 can have any of the two possible values 1
and 0. The parameter 𝑥 ↓ R sets the (reciprocal) hopping amplitude, while
𝑢 ↓ R determines the strength of the nearest-neighbor interaction. The onsite
potentials are real and randomly drawn from a uniform distribution 𝑃𝑀 ↓ [↑𝑃 , 𝑃].
This Hamiltonian preserves time-reversal symmetry, leading to eigenvalues that
appear in complex conjugate pairs. As the disorder strength 𝑃 is varied, the
system exhibits both a transition between complex and real eigenvalue spectra
and a many-body localization (MBL) transition [183, 184]. A representative sample
plot of the spectrum at weak and strong disorder is plotted in Fig. 3.2.
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Figure 3.2: Model I - Energy Spectrum for 𝑃 = 2 and 14 with 𝑄 = 18
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The symmetries and spectral properties of the Hamiltonian in Eq. (3.1) corre-
spond to those of the Ginibre Orthogonal Ensemble (GinOE). Consequently, the
eigenvalue statistics of this model at weak disorder are compared with GinOE
predictions. In the strong disorder regime, the spectrum becomes real and uncor-
related, and hence, the level-spacing distribution will be compared with the 1D
Poisson distribution.

3.2.2 Model-II: Gain-Loss Hamiltonian

This model is motivated by scenarios frequently encountered in the field of reser-
voir engineering, where engineered gain-loss processes give rise to e!ective non-
Hermitian descriptions of quantum and classical systems. In such setups, local
gain and loss are actively introduced or controlled, making the system an ideal
platform to study non-Hermitian e!ects in a clean and tunable manner. These
considerations have made the model a paradigmatic example in the study of
non-Hermitian and parity-time (PT) symmetric physics [281, 282].
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Figure 3.3: Model I - Energy Spectrum for 𝑃 = 2 and 14 with 𝑄 = 18

This model we work with is a disordered gain-loss system in which the real
component of the onsite potential, 𝑃𝑀 , is randomly drawn from a uniform distri-
bution 𝑃𝑀 ↓ [↑𝑃 , 𝑃]. The imaginary component alternates in sign across the chain,
given by ±i𝜒, where 𝜒 denotes the gain-loss parameter. These alternating imagi-
nary onsite terms tend to increase (gain) or decrease (loss) the local occupation,
thereby introducing non-Hermiticity into the model. The Hamiltonian reads [see
Fig. 3.1 (right)]

𝑋 =
𝑄∑
𝑀=1


↑ 𝑥

(
𝑓
†

𝑀+1𝑓𝑀 + 𝑓
†

𝑀
𝑓𝑀+1

)
+𝑢𝐿̂𝑀 𝐿̂𝑀+1 +

(
𝑃𝑀 + i𝜒(↑1)𝑀

)
𝐿̂𝑀


(3.2)
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This Hamiltonian breaks time-reversal symmetry and, notably, does not exhibit
a complex-real eigenvalue transition. Nevertheless, it has been shown numerically
to support a many-body localization (MBL) transition [184, 196]. The model is also
characterized by a transposition symmetry (𝑋 = 𝑋

𝑠). A representative sample
plot of the spectrum at weak and strong disorder is plotted in Fig. 3.3.

The symmetries and spectral properties of this Hamiltonian correspond to the
AI† ensemble. Therefore, for weak disorder, the eigenvalue statistics of this model
are compared with those of the AI† ensemble, while in the strong disorder regime,
the statistics are expected to be 2D Poisson for the strong disorder.

The significance of this model lies not only in its theoretical richness but also in
its close connection with a wide array of experimental realizations. PT-symmetric
balanced gain-loss configurations provide one of the most direct ways to access
non-Hermitian phenomena and have been extensively realized across several
physical platforms. Prominent examples include coupled optical waveguides with
controlled gain and loss, and engineered optical meta-materials with engineered
gain-loss gratings, which have enabled the controlled study of wave propagation
and novel scattering properties. Lasers represent another quintessential applica-
tion: gain is introduced through optical pumping while loss arises naturally from
cavity leakage or unavoidable scattering. Such mechanisms not only provide fertile
ground for exploring non-Hermitian e!ects but have also led to enhanced lasing
functionalities, as seen in coupled laser oscillators and microcavity lasers [127, 157,
158, 281, 282]. Beyond optics, analogues of PT-symmetric and gain-loss systems
have also been explored in electronic circuits, acoustic setups, and even mechanical
systems.

3.2.3 Model-III: Long-Range Hamiltonian

While the first two models feature short-range nearest-neighbor hopping and
interactions, this model is a long-range generalization of Model-II. Here, every
lattice site is coupled to all other sites through hopping terms that decay with
distance, whereas the nearest-neighbor interaction remains unchanged. The
Hamiltonian is given by [see Fig. 3.1],

𝑋 =
𝑄∑

𝑀 , 𝑞=1

↑𝑥

| 𝑀 ↑ 𝑞|𝜖

(
𝑓
†

𝑀
𝑓
𝑞
+ 𝑓

†

𝑞
𝑓
𝑀

)
+

𝑄∑
𝑀=1

[(
𝑃𝑀 + i𝜒(↑1)𝑀

)
𝐿̂𝑀 +𝑢𝐿̂𝑀 𝐿̂𝑀+1

]
(3.3)

The range of hopping is controlled by the parameter 𝜖, where for positive 𝜖,
the hopping strength decreases as the distance between the sites increases. The
limiting cases include 𝜖 = 0, where each site couples to every other site with equal
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strength 𝑁, and 𝜖 ↘ ≃, which recovers the nearest-neighbor hopping limit. This
Hamiltonian preserves transposition symmetry and exhibits spectral statistics
similar to Model-II in both chaotic and integrable regimes.

As discussed earlier, gain-loss models are experimentally relevant, but in real-
istic settings, particle hopping beyond nearest neighbors is expected, highlighting
the importance of including long-range hopping as in Model-III. Experimental
realizations of such long-range coupled systems have been reported [157].

All three Hamiltonians commute with the total particle number operator

𝑂̂ =
𝑄∑
𝑀=1

𝐿̂𝑀 . Therefore, the Hamiltonians are block-diagonalizable in the parti-

cle number basis, where each block corresponds to a fixed particle number sector.
We restrict our analysis to the half-filled sector for even 𝑄, for which the Hilbert
space dimension is ↔ =

(
𝑄

𝑄/2
)
. We exactly diagonalize the Hamiltonian [283] and

look for spectral properties for system sizes up to 𝑄 = 18. For spectral statistics,
disorder averages are computed over 4000, 200, and 100 samples for 𝑄 = 14, 16,
and 18, respectively. The eigenvalue spectrum from each disorder realization is
recentered at the origin (0, 0) in the complex plane, and all eigenvalues are nor-
malized by the maximum absolute eigenvalue within that sample. This procedure
ensures that the spectra from di!erent disorder realizations occupy a common
spatial scale in the complex plane.

Our computations use parameters 𝑥 = 1.0, 𝑢 = 2.0, ↩ = 0.1, and 𝜒 = 0.1,
unless otherwise stated. The spectral statistics are compared with those of random
matrices of dimension 104.

3.3 Spectral Observables

Spectral observables are quantities derived from the eigenvalue spectrum of the
dynamical generator. They capture correlations among eigenvalues and thereby
serve as key indicators of the spectral signatures associated with quantum chaos.
In the following, we focus on spectral observables relevant for non-Hermitian
dynamical generators, which play a central role in characterizing quantum chaos
in driven-dissipative systems.

3.3.1 Complex spacing ratio (CSR)

For the hermitian systems, adjacent gap ratio is defined as 𝑊𝑀 = min{𝑡𝑀 , 𝑡𝑀+1}/max{𝑡𝑀
, 𝑡𝑀+1}, where 𝑡𝑀 = 𝑐𝑀+1 ↑ 𝑐𝑀 and 𝑐𝑀 is the eigenvalue. This has been introduced [31,
32, 41, 42] and has been studied for a wide variety of physical systems [21, 40–
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42, 45–52, 112, 284]. These diagnostics were soon generalized for non-Hermitian
systems having complex eigenvalues by Prosen [196] and are referred to as complex
spacing ratios. The complex spacing ratio for the 𝐿

th eigenvalue 𝑅𝐿 is defined as

Figure 3.4: Sketch of Nearest and Next-to Nearest eigenvalue corresponding to 𝑅𝑆

to define complex spacing ratios

the ratio of complex di!erences given by

↪𝐿 =
𝑅
𝑂𝑂

𝐿
↑ 𝑅𝐿

𝑅
𝑂𝑂𝑂

𝐿
↑ 𝑅𝐿

= 𝑊𝐿𝑔
i𝜗𝐿 (3.4)

where 𝑅
𝑂𝑂

𝐿
and 𝑅

𝑂𝑂𝑂

𝐿
are the nearest and next nearest neighbor of the eigenvalue

𝑅𝐿 [see Fig. 3.4] respectively [196]. Here, the notion of distance is the absolute
distance between eigenvalues in the complex plane. Note that 𝑊𝐿 and 𝜗𝐿 are
respectively the absolute value and the argument of the complex ratio ↪𝐿 . The
nearest-neighbor di!erence depends on the position of the eigenvalue in the
complex spectrum, hence on the local density of states. However, in the ratio
↪𝐿 , the e!ect of the local density of states is washed away, thereby making CSR
a highly preferable diagnostic, and it is insensitive to the unfolding procedures.
Note from the definition of CSR that 𝑊𝐿 ↓ [0, 1] and 𝜗𝐿 ↓ [↑𝜕,𝜕] ̸ 𝐿. Here,
the quantities of interest are the marginal distributions of 𝑊, denoted by ↽(𝑊), and
marginal distributions of 𝜗, denoted by ↽(𝜗), and the corresponding averages ⇒𝑊⇑
and ⇒cos𝜗⇑, where the distributions are obtained considering all eigenvalues and
disorder realizations.

We have briefly discussed the details of the relevant non-Hermitian random
matrix ensembles in the appendix A.1. Both the distributions ↽(𝑊) and ↽(𝜗) have
di!erent behavior for di!erent random matrix ensembles (see appendix A.2). The
distributions ↽(𝑊) and ↽(𝜗) of these matrices show the manifestation of level
repulsion for small 𝑊 and 𝜗. The average values ⇒𝑊⇑ and ⇒cos𝜗⇑ are di!erent for
di!erent matrix ensembles (tabulated in Table A.2). It is worth noting that, similar
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to level spacing distributions, all three Ginibre ensembles (GinOE, GinUE, GinSE)
have the same form for the marginal distributions of 𝑊 and 𝜗. On the other hand,
for complex uncorrelated levels, the CSR is uniform inside a unit circle with the
marginal distributions given by ↽(𝑊) = 2𝑊 and ↽(𝜗) = 1/(2𝜕) [196]. The analytical
expressions for the marginal distributions for the Ginibre random matrices are
not known. Recently, attempts have been made to derive approximate analytical
expressions for these distributions [285].

The statistics of ↪ are indicative of the chaotic or regular nature of complex-
valued spectra and can serve as diagnostics to locate the onset of chaos or lo-
calization [196]. For chaotic systems, the eigenvalues experience level repulsion
resulting in a vanishing complex spacing ratio distribution at small 𝑊, and the ratio
should spread all the neighbors of the reference level evenly around it, leading
to a suppression of the ratio density for small angles, due to the level-repulsion,
similar to Non-Hermitian Random Matrices with corresponding symmetry class.
While for integrable systems, the complex spacing ratio is uniformly distributed
inside a unit circle [196].

In principle, the CSR (↪𝐿) can also be computed for a real spectrum. In fact, for
real uncorrelated levels, the CSR turns out to be uniformly distributed between ↑1
and 1. Hence, the absolute values of the ratio given by 𝑊 are uniformly distributed
between 0 and 1. In other words, ↽(𝑊) = ϖ(1 ↑ 𝑊) [196]. Similar computation for
Gaussian Hermitian Ensembles is also done in Ref. [196].

3.3.2 Dissipative Spectral Form Factor

Spacing ratios only capture the repulsion between neighboring levels and thus
allow us to only probe local spectral correlations. To measure long-range spectral
correlations, one employs the spectral form factor [31, 32, 44]. It is another
diagnostic to determine the dynamic nature of the system. More importantly, this
is a non-trivial and analytically tractable diagnostic of quantum chaos.

For a generic Hermitian system (of dimension ↔ ↗↔) having spectrum {𝑐𝑀},
the density of states ⊲(𝑐), the Spectral Form Factor (SFF) for hermitian systems
is defined as the Fourier transform of the two-point density correlation function
⇒⊲(𝑐)⊲(𝑐 + ↼)⇑ and can be written in terms of eigenvalues conveniently as,

𝑇(𝑁) =

∑
𝐿 ,𝑌

𝑔
↑i(𝑐𝐿↑𝑐𝑌)𝑁


(3.5)

where 𝑐𝑌 is the m𝑁𝑃 eigenvalue and 𝑁 is the time.
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For systems with Poisson statistics, SFF decays (with oscillations) and then
saturates at long times, while for chaotic systems, it initially decays and then
grows linearly, and saturates. Qualitatively, this is referred to as the ‘dip-ramp-
plateau’ behavior. The initial decay is due to the density of states (non-universal
feature), while the linear ramp reflects the phenomenon of spectral rigidity and
is a universal feature of quantum chaos. SFF has been extensively studied for
random ensembles [32] and for various physical systems [21, 43, 50–52, 112, 119].

Recently, SFF was generalized for non-hermitian systems having complex
eigenvalues, known as the Dissipative Spectral Form Factor (DSFF) [207], and has
been calculated for non-hermitian random matrices and several toy models [207,
208]. For a generic non-hermitian system (of dimension ↔ ↗↔) having complex
eigenvalues given by 𝑅𝐿 = 𝑦𝐿 + i𝑧𝐿 , the density of states in the complex plane can
be defined as

⊲(𝑅) =
↔∑
𝐿=1

𝑔(2)(𝑅 ↑ 𝑅𝐿) =
↔∑
𝐿=1

𝑔(𝑦 ↑ 𝑦𝐿)𝑔(𝑧 ↑ 𝑧𝐿) (3.6)

Similarly, the two-point density correlation function for a complex spectrum can
be defined as ⇒⊲(𝑅1)⊲(𝑅2 +↼)⇑ where ↼ is a complex variable ↼ = ↼𝑦 + i↼𝑧 and ⇒.⇑

denotes average over di!erent ensembles. Hence, DSFF is defined as the 2D Fourier
transform of the two-point density correlation function having a generalized time
variable 𝜓 = 𝑁 + i𝑡, and it can be written in terms of eigenvalues as a function of
(𝑁 , 𝑡) or (𝜓, 𝜓′) as follows [207],

𝑇(𝜓, 𝜓′) =
1
↔


↔∑

𝐿 ,𝑌=1
𝑔
↑i↦𝑅𝑌𝐿 .↦𝜓


(3.7)

Here ↦𝑅𝑌𝐿 = (𝑦𝑌 ↑ 𝑦𝐿 , 𝑧𝑌 ↑ 𝑧𝐿) is the di!erence between the two eigenvalues 𝑅𝑌

and 𝑅𝐿 , and ↦𝜓 ∈ (𝑁 , 𝑡) = (|𝜓| cos 𝜔, |𝜓| sin 𝜔). The dot product in the parenthesis
represents the product ↦𝑅𝑌𝐿 .↦𝜓 = (𝑦𝑌 ↑ 𝑦𝐿)𝑁 + (𝑧𝑌 ↑ 𝑧𝐿)𝑡, which allows a natural
interpretation in the complex plane: At a fixed angle and as a function of |𝜓| , DSFF
is the SFF of the projection of {𝑅𝐿} onto the radial axis specified by angle 𝜔 = arg(𝜓).
It captures the long-range correlations among the real and the imaginary parts of
the eigenvalues for all energy scales. Often it is useful to define the connected part
of the DSFF, 𝑇𝑈(𝜓, 𝜓′) as,

𝑇𝑈(𝜓, 𝜓′) =
1
↔




↔∑

𝐿 ,𝑌=1
𝑔
↑i↦𝑅𝑌𝐿 .↦𝜓


↑




↔∑
𝑌=1

𝑔
↑i↦𝑅𝑌 .↦𝜓


2

(3.8)
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For numerically e#cient calculations, the expression of 𝑇(𝜓, 𝜓′) in Eq. (3.7) can be
rewritten as

𝑇(𝜓, 𝜓′) =


∑
𝐿

𝑔
i(𝑅𝐿𝜓′+𝑅′𝐿𝜓)/2


2

(3.9)

which involves a single summation over complex eigenvalues 𝑅𝐿 instead of a
double summation in Eq. (3.7) over eigenvalue di!erences 𝑅𝑌𝐿 .

We re-center and rescale the complex spectrum within a unit disc |𝑅| < 1. This
ensures that the spectrum of each random sample spreads over the same region in
the complex plane. The rationale behind doing that is to obtain a proper scaling
of mean level-spacing with system size ↔ . As the mean area per eigenvalue is
𝜕/↔ (when averaged over disorder samples) and hence, the mean spacing would
be 1/

∀
↔ . This rescaling doesn’t a!ect the CSR; however, this procedure is specifi-

cally important to the DSFF, and it helps us to map the universal features of the
spectrum with those of random matrices, irrespective of the system sizes.

DSFF is discussed in detail in the Appendix A.3 for Non-Hermitian Random
Ensembles. For GinUE, the DSFF has been calculated [207] and its analytical
results are mentioned in Appendix A.3. The qualitative behavior of ’dip-ramp-
plateau’, analogous to SFFs [44], where the ramp is quadratic. It signifies the
existence of level repulsion for Non-Hermitian random ensembles. The absence
of a ramp signifies the absence of level repulsion for uncorrelated levels. The
variation of DSFF for random ensembles is independent of 𝜔 = arg(𝜓) owing to
the homogenous and isotropic distribution of the eigenvalues 𝑅𝐿 , or more pre-
cisely, due to the rotational symmetry of the distribution of 𝑅𝑌𝐿 = 𝑅𝑌 ↑ 𝑅𝐿 [207] as
discussed in appendix A.3.

The feature of the Ramp in DSFF is universal, but the time-scales at which this
ramp appears depend on the system size. Furthermore, the slope of the ramp is
determined by the Heisenberg time-scale 𝜓𝑋 , which in turn is a function of matrix
size. Hence, first, we need to compute the Heisenberg time scale and then rescale
the time to see the universal ramp for all system sizes. For RMT, the Heisenberg
time-scale 𝜓𝑋 is proportional to the inverse of the mean level spacing (ϱ), and this
time-scale brings out the information about all the correlations among eigenvalues
(when |𝑅𝑌↑𝑅𝐿 | ∃O(ϱ)) and it scales as 𝜓𝑋 = 𝑘(

∀
↔)where↔ is the corresponding

matrix size.
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Figure 3.5: [Model-I, Eq. (3.1)] DSFF (Eq. (3.7)) for model-I as a function of
rescaled time variable | 𝜓̃| for di!erent values of 𝜔 ↓ [𝜕/20, 9𝜕/20] shown for
di!erent values of 𝜔 ↓ [𝜕/20, 9𝜕/20] in increments of 𝜕/20. Results are presented
for low disorder strength 𝑃 = 2 (green) and high disorder strength 𝑃 = 14 (orange),
with lighter shades corresponding to smaller 𝜔 values and darker shades to larger
ones. The blue dashed line represents the DSFF for the Ginibre Unitary Ensemble
(𝑇GinUE

𝑈
), while the black line corresponds to uncorrelated random energy levels

(𝑇1D P
𝑈

= 1). At weak disorder, the DSFF displays a non-linear ramp consistent
with Ginibre random matrix theory predictions. In contrast, the absence of a
ramp at strong disorder indicates uncorrelated energy levels and localization in
the non-Hermitian system. The inset shows the DSFF at 𝜔 = 0 for 𝑃 = 2, which
matches precisely with 2𝑇GinUE

𝑈
.

3.4 Results

In this section, we will discuss our findings based on spectral quantities of interest,
Dissipative Spectral Form Factor (DSFF), and Complex Spacing Ratios (CSR) on
the three models (Eqns. (3.1),(3.2),(3.3)) discussed above.

3.4.1 Dissipative Spectral Form Factor

Fig. 3.5 shows the DSFF [Eq. (3.7)] for model-I as a function of the rescaled time
variable | 𝜓̃| for both weak (𝑃 = 2) and strong (𝑃 = 14) disorder strengths. The
rescaled time variable is defined as 𝜓̃ = 𝜓/𝜓𝑋 , chosen to shift the time axis to
facilitate direct comparison with Random Matrix Theory predictions (see Ap-
pendix B.2 for details). For weak disoder (𝑃 = 2), at very small time scales | 𝜓̃| , the
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DSFF starts from a value ↔ . After initial oscillatory behavior, the DSFF exhibits a
non-linear ramp characteristic of the Ginibre random matrices, indicating chaotic
behavior. At long times, the DSFF saturates to 1. For some intermediate time 𝜓̃

before the onset of ramp, DSFF 𝑇(𝜓̃, 𝜓̃′) depends on both | 𝜓̃| and 𝜔, and this is an
artifact of the absence of rotational symmetry in the distribution of 𝑅𝑌𝐿 for disor-
dered system (see appendix B.1) unlike the rotationally symmetric distribution
for random matrix (see Fig. A.5). Nonetheless, it turns out that there exists a deep
connection between the models and random matrices, irrespective of the inhomo-
geneity and anisotropy of the underlying complex spectrum at intermediate and
late time scales. The universal non-linear ramp obtained in model-I agrees with
the analytical expression of DSFF for GinUE, given by [207],

𝑇
GinUE
𝑈

(𝜓̃, 𝜓̃′) = 1 ↑ exp
(
↑| 𝜓̃|2/4

)
(3.10)

The rescaled time variable is definedby 𝜓̃ = 𝜓/𝜓𝑋 where 𝜓𝑋 =
∀
↔ is the Heisenberg

time for GinUE random matrices and is inversely proportional to the mean level
spacing, which scales as ↙ 1/

∀
↔ . The estimation of Heisenberg time for these

model Hamiltonians is discussed in the appendix B.2.
Since the Hamiltonian of model-I is completely real and thus has complex

conjugation symmetry (𝑋 = 𝑋
′), its behavior in the quantum chaotic regime

shouldcorrespondto Ginibre orthogonal ensembles (GinOE) [164, 192, 286] instead
of GinUE. However, just like level spacing distribution, DSFF also has the same
form for all three Ginibre symmetry classes except for some special angles near
𝜔 = 0,𝜕/2 [207] for which the analytical expression is not known. A non-hermitian
matrix belonging to GinOE has an eigenvalue spectrum comprises of complex
conjugate pairs and a significant number of completely real eigenvalues. These
give rise to accidental degeneracies when projected onto 𝜔 = 0,𝜕/2 directions.
Because of these degeneracies at 𝜔 = 0, the DSFF for GinOE is exactly twice the
DSFF for GinUE (𝑇GinOE

𝑈
|𝜔=0 = 2𝑇GinUE

𝑈
) in the limit of large matrix size. Thus, for

generic values of 𝜔 away from 0 and 𝜕/2, it is justified to compare the DSFF of the
GinOE class with that of the GinUE. On the other hand, for large disorder strength
(𝑃 = 14), the DSFF saturates to 𝑇 = 1 after an initial dip, and the absence of a
ramp implies uncorrelated energy levels. We find that for intermediate values of 𝑃,
especially in the proximity of the critical point for the localization transition [184],
the data neither resembles RMT nor Poisson statistics. This is rooted in finite-size
e!ects, and details are discussed in appendix B.3.

Fig. 3.6 shows the variation of DSFF as a function of the rescaled time variable
| 𝜓̃| for model-II [Eq. (3.2)]. This has the same qualitative feature as in Model-I.
The ramp here does not match with the GinUE case, as the symmetry of the
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Figure 3.6: [Model-II, Eq. (3.2)] DSFF for model-𝑉𝑉: Dissipative spectral form
factor for model 𝑉𝑉 as a function of rescaled time variable | 𝜓̃| for di!erent values
of 𝜔 ↓ [0, 9𝜕/20] in steps of 𝜕/20 for 𝑃 = 2 (Green), 14 (Orange). The lowest value
of 𝜔 in the given range corresponds to the lightest shade, while the highest value
of 𝜔 corresponds to the darkest shade of the corresponding colors. The blue line
shows DSFF for random matrices belonging to the AI† symmetry class, while the
black line corresponds to the uncorrelated random complex energy levels. The
inset shows the DSFF for random matrices of size ↔ ↗ ↔ belonging to the AI†
symmetry class, where the DSFF for GinUE is plotted as a red dashed line to
highlight the di!erence between AI† and GinUE symmetry classes.

Hamiltonian does not conform with any of the Ginibre classes. The Hamiltonian
of this model has a transposition symmetry (𝑋 = 𝑋

𝑠) similar to the AI† symmetry
class of non-hermitian matrices [164, 286]. We, therefore, calculate the DSFF for
non-hermitian random matrices belonging to the AI† symmetry class (shown
in the inset of Fig. 3.6) and compare it with the DSFF obtained for model-II at
weak disorder. We find good agreement of the DSFF of model-II with that of AI†

symmetry class at weak disorder, while at large disorder strength, it matches with
that of uncorrelated complex energy levels.

Next, we discuss the e!ect of introducing long-range hopping in model-II
(called model-III [Eq. (3.3)]). In Fig. 3.7, we show the DSFF for model-III. We tune
the parameter 𝜖 that controls the range of the hopping. While doing that, we fix the
disorder strength at 𝑃 = 14 such that in the presence of only short-range hopping
(nearest-neighbor), the DSFF is similar to that obtained from uncorrelated random
complex levels. From Eq. (3.3), it is evident that 𝜖 ↘ ≃ corresponds to a system
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Figure 3.7: [Model-III, Eq. (3.3)] DSFF for model-III as a function of the time
variable |𝜓| for di!erent values of 𝜖 at 𝜔 = 0.3𝜕 and system size 𝑄 = 16. The
disorder strength is fixed at 𝑃 = 14. The DSFF for model-II, having only nearest-
neighbor hopping (𝜖 ↘ ≃), is also plotted in the same figure for comparison. The
DSFF changes from that of uncorrelated complex levels (black dashed line) to that
of AI† symmetry class (shown in inset) as the value of 𝜖 is decreased. The inset
shows agreement of 𝑇AI†

𝑈
with the 𝜖 = 0 case, where di!erent shades of green

color represent di!erent values of 𝜔 chosen from [0, 9𝜕/20] in steps of 𝜕/20.

comprising of only nearest-neighbor hopping. We see that as 𝜖 is decreased,
thereby increasing the range of hopping for the particles, the system becomes
more chaotic. There is good agreement of the DSFF with that of AI† symmetry
class when 𝜖 = 0 as shown in the inset of Fig. 3.7. This is because changing the
range of the hopping does not change the symmetry of the Hamiltonian, therefore,
implying that the Hamiltonian of model-III preserves the transposition symmetry
(𝑋 = 𝑋

𝑠). For intermediate values of 𝜖, the DSFF results neither fall into the
RMT regime nor correspond to the Poisson statistics. This is again rooted in the
finite-size e!ects. The enhancement of the chaotic signatures with the increasing
range of hopping (decreasing 𝜖) in this non-hermitian Hamiltonian complements
the understanding in the case of long-range Hermitian Hamiltonians, where the
delocalization increases with an increase in the range of hopping [274, 275, 287].

All the DSFF results presented above for the three models were for the case
when no unfolding procedure was involved. We find that one of the proposed
unfolding procedures for such a complex eigen-spectrum, namely the conformal
mapping [288], yields the same DSFF.
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3.4.2 Complex spacing ratio (CSR)

Fig. 3.8 (a) represents the marginal distributions of 𝑊 for model-I, as the disorder
strength 𝑃 is varied. Model-I has a complex-real spectral transition as a function
of disorder strength 𝑃 [184]. Despite this transition, we use the same definition of
CSR (Eq. (3.4)) even for real eigenvalues in the strong disorder limit to facilitate
the use of the same diagnostic for all disorder strengths. In the presence of strong
disorder, where we expect uncorrelated energy levels from DSFF results (Fig. 3.5),
the CSR (↪𝐿) is real due to the real energy spectrum. In fact, for real uncorrelated
energy levels, the CSR turns out to be uniformly distributed between ↑1 and 1.

Figure 3.8: [Model-I,Eq. (3.1)] (a) Marginal distribution of 𝑊 (left) for di!erent
values of 𝑃 for 𝑄 = 18. For weak disorder strength (𝑃 = 2), the distribution
corresponds to that of GinOE (blue dashed line), while for large disorder 𝑃 = 14,
we see agreement with 1D Poisson statistics (black dashed). (b) The marginal
distribution of 𝜗 (right) for 𝑃 = 2 shows agreement with that of GinOE (blue
dashed line) while the peaks at 0,𝜕 are due to the completely real eigenvalues.
The variable 𝜗 becomes ill-defined at large disorder strength due to the completely
real spectrum.

We find that in the presence of weak disorder(𝑃 = 2), the marginal distribution
of 𝑊 corresponds to that of GinOE. As the disorder strength 𝑃 is increased, the
marginal distribution of 𝑊 starts becoming more and more flat and eventually
corresponds to 1D Poisson statistics, i.e., ↽(𝑊) = 1, demonstrating the chaos to
localization transition. Since we consider the entire spectrum for our results, we
see some deviation from GinOE for larger values of 𝑊 for 𝑃 = 2 as shown in Fig. 3.8.
Upon suitably going to the middle of the spectrum, as is usually done [184], the
agreementbetween the distribution of 𝑊 and thatofGinOE becomes betteras shown
in appendix B.4 (Fig. B.3). Note that in Fig. B.3, there is still a discrepancy due to a
small fraction of completely real eigenvalues of model-I, which are comparatively
much less in GinOE random matrices. Since model-I undergoes a complex-real
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transition as the disorder strength is increased, the marginal distribution of the
angle 𝜗 is not particularly helpful. This is because 𝜗 can have only two values 0
and 𝜕. Nonetheless, for weak disorder strength (𝑃 = 2), the distribution of 𝜗 is
well defined and agrees with that of GinOE [Fig. 3.8(b)].

Figure 3.9: [Model-II, Eq. (3.2)] Marginal distributions of (left) 𝑊 and (right) 𝜗
for di!erent values of 𝑃 for 𝑄 = 18. For weak disorder strength (𝑃 = 2), both the
marginal distributions correspond to that of AI† symmetry class (blue dashed),
while for strong disorder strength 𝑃 = 14, they correspond to that of 2D Poisson
statistics (black dashed).

Figure 3.10: [Model III, Eq. (3.3)] Marginal distributions of (left) 𝑊 and (right) 𝜗
for di!erent values of 𝜖 at 𝑃 = 14 for system size 𝑄 = 16. Both the marginal
distributions change from that of 2D Poisson statistics (black dashed) to that of
AI† symmetry class (blue dashed) as 𝜖 decreases. In addition, we also plot the
marginal distribution for model-II at 𝑃 = 14 (which corresponds to 𝜖 ↘ ≃).

Fig. 3.9 shows the variation of the marginal distribution of 𝑊 and 𝜗 as the
disorder strength 𝑃 is increased for model-II. For small disorder strength (𝑃 = 2),
both the distributions correspond to that of the AI† symmetry class. As the
disorder strength 𝑃 is increased, both the marginal distributions tend to those
corresponding to 2D Poisson statistics. In this case too, if one restricts the analysis
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to the middle of the spectrum, the agreement with random matrix theory becomes
better as shown in appendix B.4 (Fig. B.4).

Fig. 3.10 shows the marginal distribution of 𝑊 and 𝜗 for model-III at disorder
strength 𝑃 = 14 as 𝜖 is varied. Here too, the agreement with random matrix theory
becomes better, taking just the middle of the spectrum (appendix B.4, Fig. B.5).
Similar to DSFF, we notice that the behaviors of both the distributions ↽(𝑊) and
↽(𝜗) change from the case of 2D Poisson statistics to that of AI† symmetry class as
the range of hopping is increased by decreasing 𝜖.

For intermediate values of 𝑃 (or 𝜖 for model-III), in all three models discussed
above, both the DSFF and the CSR show neither perfect agreement with RMT
nor Poisson statistics. This is owing to the finite-size e!ects in the vicinity of the
critical point for the localization transition, as elaborated in appendix B.3. The
marginal distributions ↽(𝑊) and ↽(𝜗) tend towards the expected RMT/ Poisson
statistics as one increases the system size. It is worth mentioning that in addition
to the marginal distributions, the average values of 𝑊 and cos 𝜗 can be computed
and are summarized in tables (Table B.1,B.2,B.3) and figures (Fig. B.6,B.7) in the
appendix B.4).

Another way to demonstrate the many-body localization transition when the
disorder strength 𝑃 or the 𝜖 is tuned, by plotting the distribution of CSR in the
complex plane for di!erent parameters. Fig. 3.11 shows the ↪ scatter distribution
at fixed disorder strength 𝑃 = 14 for model-III, demonstrating the transition as 𝜖

is varied. We notice the behavior of these distributions changes from 2D Poisson
statistics to that of AI† symmetry class as the range of hopping is increased.

3.5 Summary and Conclusions

In this chapter, we discuss spectral properties of three di!erent non-hermitian
Hamiltonians (Eqns. (3.1), (3.2), (3.3)), each of which is unique in its own way.
We discuss two quantities, namely the dissipative spectral form factor (DSFF)
and the complex spacing ratio (CSR), which serve as an excellent diagnostic to
classify phases. For the two models with short-ranged hopping, we show that
both the quantities DSFF (Figs. 3.5, 3.6) and CSR (Figs. 3.8, 3.9) capture the chaotic
(localization) behavior at the weak (strong) disorder limit. In the chaotic regime,
both quantities show agreement with that of the respective non-Hermitian random
matrix ensembles despite the inhomogeneous and anisotropic distribution of the
energy levels in the complex plane. In other words, both quantities show universal
features in the chaotic regime despite local non-universal properties of the density
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(a) 𝜖 = 0 (b) 𝜖 = 0.5

(c) 𝜖 = 1.5 (d) 𝜖 = 4

Figure 3.11: Distribution of complex spacing ratios in the complex plane for 𝑄 = 16,
evaluated at the middle of the spectrum, for di!erent values of 𝜖 [Model III,
Eq. (3.3)] at 𝑃 = 14. As 𝜖 increases, the statistics transition from random matrix
behavior to Poisson-like behavior.

of states. On the other hand, in the presence of strong disorder, we find that all
the energy levels are uncorrelated and follow Poisson statistics.

We show that, despite the non-uniform density (clustering of eigenvalues)
in the complex plane, the DSFF in these non-hermitian systems possesses the
universal dip-ramp-plateau feature of the non-hermitian random matrices in the
quantum chaotic regime. The ramp has a power-law variation with time, which is a
characteristic of the Ginibre random matrices. Similarly, the CSR for these models
shows agreement with RMT predictions in this regime. On the otherhand, for large
disorder strength, when the system possesses randomly distributed eigenvalues,
the DSFF loses the characteristic dip-ramp-plateau structure. Instead, after an
initial dip and fluctuation at small time scales |𝜓| , it saturates to 1, indicating the
lack of correlation among the eigenvalues in the large disorder regime. The CSR
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for such a disorder strength shows Poisson statistics.
We also discuss long-range generalization for one of the models. We show that

with the increasing range ofhopping, the chaotic signatures enhance (Figs. 3.7, 3.10, 3.11).
A disorder strength that is strong enough for generating uncorrelated energy levels
in the case of short-range models becomes insu#cient, and energy level corre-
lations arise in the presence of long-range connectivity. In fact, in the limit of
all-to-all coupling with the same hopping parameter strength, the DSFF and CSR
correspond to that of RMT despite the disorder strength being quite large.

Authors contributions: This chapter is part of the work that was done in Collab-
oration with Dr. Soumi Ghosh and Prof. Manas Kulkarni.
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4.1 Introduction

Building upon the chapter 3, where we explored spectral diagnostics of chaos in
non-Hermitian Hamiltonians, we now turn to the broader framework of driven-
dissipative quantum systems. Our central aim in this chapter is to connect the
non-Hermitian description to the standard Lindblad equation and to study how
quantum chaos can be characterized in the presence of Markovian reservoirs.

Non-Hermitian Hamiltonians have been widely employed, where the non-
Hermiticity mimics hybridization with reservoirs and can be interpreted in terms
of post-selection. In the Lindblad equation, part of the environmental e!ect is
absorbed into an e!ective non-Hermitian Hamiltonian, while the remaining part
manifests itself as quantum jumps. Recent work has introduced frameworks
that bridge these two perspectives, showing how deformations of the Lindblad
equation can interpolate between the non-Hermitian limit and full Lindblad
dynamics [136–138]. These approaches are not only of theoretical interest but can
also be experimentally realized in controlled settings [139–142].

In this chapter, we focus on the precise role of quantum jumps in shaping the
fate of localized phases in open quantum systems. To investigate this, we consider
a disordered one-dimensional chain of hard-core bosons subject to alternating
gain and loss processes, illustrated schematically in Fig. 4.1. We introduce a 𝜑-
deformation of the Lindblad master equation, where the quantum jump fugacity
𝜑 ↓ [0, 1] continuously tunes between a non-Hermitian description (𝜑 = 0) and
standard Lindblad dynamics (𝜑 = 1). This construction provides a controlled
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Figure 4.1: Sketch of the gain-loss model, see the Hamiltonian 𝑋 in Eq. (4.8) and
proposed protocol to implement the 𝜑-deformed Liouvillian →𝜑 in Eq. (4.6). Both
gain and loss events are monitored by means of realistic detectors with e#ciency
0 ⇐ 1 ↑ 𝜑 ⇐ 1. Here, the post-selection interpretation consists of selecting those
monitored trajectories with no jump. See the Appendix C.1 for details and an
alternative protocol.

way to probe how localization signatures evolve as the contribution of quantum
jumps is varied. By combining spectral and dynamical diagnostics across di!erent
values of 𝜑, this chapter aims to provide new insights into the stability of localized
regimes in realistic open-system settings.

The rest of the chapter is organized as follows. In Sec. 4.2, we introduce the
𝜑-deformed Lindblad equation. The disordered gain-loss model is presented in
Sec. 4.3. In Secs. 4.4.1 and 4.4.2, we analyze spectral and dynamical observables,
respectively, and examine their dependence on both disorder strength and the
jump fugacity 𝜑. Finally, in Sec. 4.5, we summarize the results, while additional
technical details are given in the appendix C.

4.2 𝜑-deformed theory

The dynamics of open quantum systems is generically described by the Lindblad
equation,

⇁𝑁↽(𝑁) = →↽(𝑁), (4.1)

with the Liouvillian

→⊳ := ↑i [𝑋 ,⊳] +
∑
𝜖

[
𝑘̂𝜖⊳𝑘̂

†
𝜖 ↑


𝑘̂

†
𝜖𝑘̂𝜖 ,⊳


/2
]

(4.2)
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where 𝑋 is the system’s Hamiltonian and the 𝑘𝜖’s are the jump operators. This
evolution can be unraveled into an ensemble of quantum-jump trajectories as,

↽(𝑁) =
≃∑
𝐿=0

↽𝐿(𝑁) (4.3)

where ↽𝐿(𝑁) is the density matrix of the system subjected to precisely 𝐿 quantum
jumps until time 𝑁 [128–133]. To interpolate between di!erent dynamical regimes,
we assign a weight 𝜑 ↓ [0, 1] to each quantum jump. In analogy to the familiar
terminology of the grand-canonical ensemble, it is referred to as the “quantum-
jump fugacity”. This defines a 𝜑-deformed ensemble of quantum trajectories
where the density matrix ↽𝜑(𝑁) is,

↽𝜑(𝑁) =
∑

≃

𝐿=0 𝜑
𝐿↽𝐿(𝑁)∑

≃

𝐿=0 𝜑𝐿Tr
[
↽𝐿(𝑁)

] (4.4)

It evolves according to the following 𝜑-deformed Lindblad master equation,

⇁𝑁↽𝜑(𝑁) =
(
→𝜑 ↑ Tr

[
→𝜑↽𝜑(𝑁)

] )
↽𝜑(𝑁) (4.5)

where the 𝜑-deformed Liouvillian is given by

→𝜑⊳ := ↑i [𝑋 ,⊳] +
𝑗∑
𝜖=1


𝜑𝑘𝜖 ⊳𝑘

†
𝜖 ↑

1
2

𝑘

†
𝜖𝑘𝜖 ,⊳


(4.6)

The systematic and consistent construction of the theory is detailed in the ap-
pendix C.1. The standardLindbladequation is recovered in the limit 𝜑 = 1, whereas
the limit 𝜑 = 0 corresponds to an evolution generated by the non-Hermitian Hamil-
tonian is given by,

𝑋̃ = 𝑋 ↑
i
2

𝑗∑
𝜖=1

𝑘
†
𝜖𝑘𝜖 (4.7)

The subscript 𝜑 in ↽𝜑(𝑁) emphasizes that it arises from the deformed dynamics. The
initial condition is ↽𝜑(0) = ↽(0), and Eq. (4.5) preserves positivity, Hermiticity, and
trace. Trace preservation is ensured by the non-linear correction in the equation.

The observables predicted from Eq. (4.5) can be experimentally measured by
post-selection protocols. In Fig. 4.1, we depict a possible protocol where both the
quantum jumps due to gain and loss processes are monitored by means of detectors
characterized by an e#ciency 1 ↑ 𝜑, i.e. the error rate of returning a no-click result
when a jump occurred is 𝜑. Here, the post-selection protocol consists of discarding
those trajectories where one or more jumps were monitored. Decreasing the
e#ciency of the detectors increases the average number of quantum jumps in the
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post-selected dynamics, thereby tuning the e!ective dynamics. We discuss these
post-selection protocols in detail in the Appendix C.2. We note that generalized
Lindblad equations of the type of Eq. (4.5) appear in the studies of full-counting
statistics, where they are referred to as tilted or twisted master equations [289–291].

4.3 Model

To understand the role of quantum jumps on the localized-delocalized transition in
driven-dissipative many-body systems, we consider a disordered gain-loss model
defined by the following Hamiltonian (see Fig. 4.1)

𝑋 =
𝑄∑
𝑀=1

𝑃𝑀 𝐿̂𝑀 ↑ 𝑥

𝑄↑1∑
𝑀=1

(
𝑓
†

𝑀
𝑓𝑀+1+H.c.

)
+𝑢

𝑄↑1∑
𝑀=1

𝐿̂𝑀 𝐿̂𝑀+1 (4.8)

with 𝐿̂𝑀 = 𝑓
†

𝑀
𝑓𝑀 , and by the onsite jump operators

𝑘𝑀 =


√

2𝜒 𝑓
†

𝑀
if 𝑀 is odd√

2𝜒 𝑓𝑀 if 𝑀 is even
(4.9)

Here, 𝑓†
𝑀

and 𝑓𝑀 are the hard-core boson creation and annihilation operators on a
one-dimensional lattice of length 𝑄, with open boundary conditions. The Hamil-
tonian in Eq. (4.8) is 𝑢(1)-symmetric, i.e. it conserves the total particle number
𝑂 =

∑
𝑄

𝑀=1 𝐿̂𝑀 . 𝑃𝑀 are independent random energy levels uniformly distributed in
the interval [↑𝑃 , 𝑃]. The parameters 𝑥 and 𝑢 denote the hopping and nearest-
neighbor interaction strengths. 𝜒 sets the rates of the incoherent gain and loss
occurring at alternating sites. Setting 𝑢 = 2𝑥 renders the model equivalent to the
disordered Heisenberg spin chain, extensively studied in the context of Hermitian
many-body localization (MBL) [41, 52, 99, 111]. Unless otherwise stated, we set
𝜒 = 0.1𝑥 and 𝑥 = 1.

The corresponding 𝜑-deformed Liouvillian →𝜑 [Eq. (4.6)] possesses a weak
𝑢(1) symmetry, associated with the conservation of the particle-number di!erence
between the bra and ket sides of the states upon acting with →𝜑, see details in the
Appendix C.4. Throughout this work, we focus on the zero-charge sector of this
symmetry for systems with 𝑄 = 8 and 𝑄 = 10 sites. In this sector, the Hilbert space
dimension is given by ↔ =

(2𝑄
𝑄

)
, and averages are taken over 160 (𝑄 = 8) and 100

(𝑄 = 10) disorder realizations.
From the perspective of random-matrix symmetries, the Liouvillian→𝜑 belongs

to the Ginibre unitary ensemble (GinUE). Accordingly, spectral statistics follow
GinUE behavior in chaotic regimes and cross over to two-dimensional Poisson
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statistics in localized regimes. In the special case 𝜑 = 0, the deformed Liouvillian
acquires an additional weak 𝑢(1) symmetry corresponding to the independent
conservation of particle numbers in the bra and ket sectors. In this limit, the
dynamics is generated by the e!ective non-Hermitian Hamiltonian

𝑋̃ = 𝑋 ↑ i𝜒
𝑄∑
𝑀=1

(↑1)𝑀𝑓†
𝑀
𝑓𝑀 , 𝜑 = 0 (4.10)

which has recently been investigated in Refs. [184, 185, 196]. The model considered
here, denoted as model-II [Eq. (3.2)] in chapter 3, but di!ers primarily in its
boundary conditions: we impose open boundary conditions here, whereas in
Chapter 3, we considered periodic boundaries. It is important to emphasize
that this choice of boundaries does not change the key physical properties of the
e!ective Hamiltonian 𝑋̃. It also conserves the total particle number and exhibits a
non-Hermitian MBL transition [184, 185] as demonstrated in the chapter 3.

Now, in the next section, we explore this physics both from spectral and
dynamical points of view in the general 𝜑-deformed theoretical framework that
captures the e!ect of quantum jumps in a controllable fashion.

4.4 Results

4.4.1 Spectral Signatures

To gain insight into the role of quantum jumps on localization, we first analyze
the spectral properties of the 𝜑-deformed Liouvillian →𝜑 introduced in Eq. (4.6)
and obtain the spectrum by means of exact diagonalization [283]. Specifically, we
characterize it using the complex spacing ratios [196] and compute the distribution
of the complex spacing ratio ↪ (Eq. (3.4)). Note that the non-linear trace term in
→𝜑 acts only as an overall shift of the spectrum. Consequently, this term does
not influence spacing-ratio statistics, and the level-statistics analysis remains well
defined.

In a chaotic regime, the eigenvalues are correlated and experience strong level
repulsion in the complex plane. Hence, the distributions of 𝑊 and 𝜗 are generically
dictated by the Ginibre Unitary Ensemble (GinUE), and their averages take the
value ⇒𝑊⇑ ∃ 0.738 and ↑⇒cos𝜗⇑ ∃ 0.244. On the other hand, in a localized or
integrable regime, the eigenvalues become uncorrelated, giving rise to a uniform
distribution of spacing ratios within the unit circle [196]. This corresponds to
two-dimensional Poisson statistics, for which ⇒𝑊⇑ = 2/3 and ↑⇒cos𝜗⇑ = 0.
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Figure 4.2: Complex spacing ratios of the spectrum of →𝜑 in Eq. (4.6): (left) ⇒𝑊⇑
and (right) ↑⇒cos𝜗⇑ computed by exact diagonalization of a system of 𝑄 = 8
sites. The bottom strips correspond to results obtained from the spectrum of the
non-Hermitian Hamiltonian 𝑋̃ (half-filling sector) in Eq. (4.10) for system size
𝑄 = 16 averaged over 160 disorder samples. The nine black crosses in each panel
correspond to the parameters at which the densities of complex spacing ratios are
presented in Fig. 4.3.

In Fig. 4.2, we present the average spacing-ratio observables ⇒𝑊⇑ and ↑⇒cos𝜗⇑
as a function of both the disorder strength 𝑃 and quantum-jump fugacity 𝜑. For the
standard Lindblad evolution at 𝜑 = 1, we find a clear crossover between random
matrix predictions at weak disorder, consistent with chaotic dynamics, and two-
dimensional Poisson predictions at strong disorder, characteristic of localized
behavior. Upon decreasing 𝜑, the location of this transition shifts to lower disorder
strengths. In other words, reducing the number of quantum jumps facilitates the
emergence of localization. In the 𝜑 = 0 case, the Liouvillian acquires an additional
weak 𝑢(1) symmetry, which implies that di!erent particle-number sectors are
conserved separately for bra and ket indices of the density matrix. This extra
symmetry leads to spurious statistics, which are known to produce deceitful level
attraction between eigenvalues of di!erent symmetry sectors. We attribute the
apparent loss of a delocalized phase in the vicinity of 𝜑 = 0 to a remnant of
this extra symmetry. To circumvent this situation at 𝜑 = 0, one should resort
to analyzing the spectrum of the non-Hermitian Hamiltonian [184, 185, 196] in
Eq. (4.10). The corresponding results are presented in the lower strips of Fig. 4.2,
where the non-Hermitian many-body localization transition is recovered.

In Fig. 4.3, we illustrate further these e!ects of disorder and quantum-jump
fugacity by presenting representative plots of the distribution of complex spacing
ratios ↪ in Eq. (3.4) for di!erent values of 𝑃 and 𝜑. At strong disorder and weak
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Figure 4.3: Distribution of complex spacing ratio [Eq. (3.4)] for representative
values of disorder strength 𝑃 and quantum-jump fugacity 𝜑 for a system of 𝑄 = 8
sites. For weak disorder and large 𝜑, the distribution is anisotropic and inhomoge-
neous, indicating chaotic statistics. For strong disorder or small 𝜑, the distribution
becomes isotropic within the unit circle, signaling localization.

fugacity, we find that this distribution is isotropic and homogeneous within the
unit circle, which is a hallmark of localized (integrable) systems. On the other hand,
for weak disorder and large fugacity, the distribution is found to be anisotropic
and inhomogeneous, which is expected for chaotic systems.

The intuitive physical picture behind these results can be phrased as follows.
When 𝜑 = 0, the system dynamics reduce to those under a non-Hermitian Hamilto-
nian which conserves the total particle number. As a result, the dynamics remain
confined within fixed-particle-number subspaces of the Hilbert space, and jump-
ing to other subspaces is not possible. This conservation significantly restricts
the accessible Hilbert space, thereby favoring localized behavior. However, when
quantum jumps are introduced, they open pathways for the system to access dif-
ferent particle-number subspaces. As the parameter 𝜑 increases, the likelihood of
such jumps becomes higher, enhancing the connectivity between these subspaces
and leading to stronger delocalization in the dynamics.
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Figure 4.4: (Left panel) Steady-state imbalance, ⇓(𝑁 ↘ ≃) [Eq. (4.12)], (Right
panel) Steady-state rate of dynamical activity, ⇔↖(𝑁 ↘ ≃) [Eq. (4.13)] as a function
of disorder strength 𝑃 and quantum-jump-fugacity 𝜑. The lower strip corresponds
to 𝜑 = 0. The lower panels correspond to the cuts at 𝜑 = 0.2 and 𝜑 = 1 indicated
in the upper panels. The dynamics are generated by Eq. (4.5). For imbalance
(resp. dynamical activity), we consider a system of 𝑄 = 10 (resp. 𝑄 = 8) sites
averaged over 100 (resp. 160) disorder samples. The four black dots in the left
panel correspond to the parameters at which the transient time-dynamics are
produced in Fig. 4.5.

In summary, the spacing-ratio statistics across di!erent (𝑃 , 𝜑) demonstrate a
clear and consistent picture: the presence of quantum jumps acts to destabilize
the localized phase by promoting ergodicity and chaotic behavior, while reducing
or suppressing jumps stabilizes localization and pushes the transition to lower
disorder strengths.

4.4.2 Dynamical signatures.

Having studied the spectral properties, we now turn to dynamical probes that
directly capture the fate of memory in the presence of disorder and quantum jumps.
Spectral statistics provide a global indicator of chaotic versus localized regimes,
but dynamical observables are often more closely connected to experimental
measurements. In this section, we investigate the time evolution of two key
quantities:
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1. Imbalance, defined in Eq. (4.12).

2. Rate of dynamical activity, defined in Eq. (4.13).

We choose to work with the charge density wave initial state,

↽(0) = |1, 0, 1, 0, . . . ⇑⇒1, 0, 1, 0, . . . | (4.11)

which is a product state and a steady-state of the 𝜑-deformed gain-loss dynamics
in the absence of particle hopping, 𝑥 = 0. We numerically integrate the subsequent
dynamics generated by Eq. (4.5) employing a standard fourth-order Runge-Kutta
algorithm (RK45). We quantify the fate of the staggered order present in the initial
state ↽(0) by computing the dynamics of the Imbalance [102, 120],

⇓(𝑁) =

∑
𝑄

𝑀=1(↑1)𝑀+1Tr
[
𝑓
†

𝑀
𝑓𝑀↽𝜑(𝑁)

]
∑

𝑄

𝑀=1 Tr
[
𝑓
†

𝑀
𝑓𝑀↽𝜑(𝑁)

] (4.12)

Physically, the Imbalance emphasizes the inhomogeneity in the occupation along
the lattice. This observable is directly measurable in cold-atom or superconducting
qubit experiments. By construction, it lies in the interval ↑1 ⇐ ⇓(𝑁) ⇐ 1, and
takes the value ⇓(0) = 1 for the chosen initial state. A non-vanishing saturation
value ⇓(𝑁 ↘ ≃) is evidence for localization, whereas thermalization leads to
⇓(𝑁 ↘ ≃) ↘ 0.

Additionally, we also exploited the formal analogy between full-counting
statistics (FCS) in grand-canonical ensembles [290] and the quantum trajectories
ensemble interpretation of Lindblad dynamics [292, 293]. We computed the rate
of dynamical activity [293, 294]

⇔↖(𝑁) =
1
𝜑
⇁𝑁⇒¬(𝑁)⇑𝜑 (4.13)

where ⇒¬(𝑁)⇑𝜑 is the number of quantum jumps occurring between time 𝑁 = 0
to 𝑁 averaged over the quantum trajectories generated by →𝜑. For the standard
Lindblad evolution (𝜑 = 1), the steady-state rate of dynamical activity is directly
related to the imbalance as ⇔↖(𝑁 ↘ ≃) = 𝜒 𝑄 [1 ↑ ⇓(𝑁 ↘ ≃)]. This implies, when
is dynamics are chaotic, the activity will be high, while the activity will be low for
localized dynamics.

For 𝜑 < 1, ⇔↖(𝑁 ↘ ≃) involves additional contributions from two-time jump
correlations. A detailed discussion of these properties of the activity, as well as their
formal connection to full-counting statistics (FCS), is provided in Appendix C.3.

In Fig. 4.4, we present the steady-state imbalance ⇓(𝑁 ↘ ≃) and rate of
dynamical activity ⇔↖(𝑁 ↘ ≃) as a function of the disorder strength 𝑃 and the
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Figure 4.5: Dynamics of the imbalance ⇓(𝑁) [Eq. (4.12)] for representative values
of the quantum-jump fugacity 𝜑 and disorder strength 𝑃. The data is produced by
numerical integration of Eq. (4.5) for a system of 𝑄 = 10 sites and averaged over
100 disorder samples.

quantum-jump fugacity 𝜑. The results are consistent with those obtained from
spectral statistics and obtained from numerical integration. For the standard
Lindblad evolution 𝜑 = 1, we find a clear transition between a weak-disorder
regime, characterized by a steady state with vanishing imbalance and finite rate of
dynamical activity, and a strong-disorder regime, characterized by a steady state
with imbalance close to unity and vanishing rate of activity. When 𝜑 is reduced,
the location of this transition shifts towards lower disorder strengths, indicating
that quantum jumps tend to destabilize the localized regime. To better illustrate
the influence of the disorder strength 𝑃 and the quantum-jump fugacity 𝜑, the
lower panels of Fig. 4.4 show the steady-state imbalance and rate of dynamical
activity as a function of 𝑃 for two representative values of 𝜑.

0 10 20 30 40 50
0

0.2

0.4

0.6

0.8

1

0 10 20 30 40 50

Figure 4.6: Dynamics of the imbalance ⇓(𝑁) for larger system, 𝑄 = 32, at strong
disorder 𝑃 = 20, and for di!erent values of quantum-jump fugacity 𝜑. These results
are obtained using the time-dependent matrix product state (MPS) technique and
averaged over 100 disorder samples. The dashed lines correspond to the results
obtained by numerically exact integration of Eq. (4.5) for a system of 𝑄 = 10 sites,
shown for comparison.
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Contrary to the results of the spectral statistics above, these dynamical indica-
tors are not prone to subtleties involving symmetry sectors. However, at finite but
very small 𝜑, the time it takes to reach the steady state diverges since the typical
timescale between two jumps can be roughly estimated to be 𝜓 ↙ 1/𝜒𝜑. Indeed,
the limits 𝑁 ↘ ≃ and 𝜑 ↘ 0 are generically not expected to commute. This results
in significant numerical challenges in capturing the steady state, and we do not
provide data in the regime 𝜑 ∅ 1.

In Fig. 4.5, we show the transient dynamics of imbalance from the initial state
till the steady state for representative values of the disorder strength 𝑃 and the
quantum-jump fugacity 𝜑. The steady-state values increase with 𝑃 and decrease
with 𝜑. The timescale of the approach to the steady state is dictated by the inverse
of the minimum Liouvillian gap 1. We have used this spectral information to
ensure the convergence of all steady-state results presented.

While the system sizes presented so far, up to 𝑄 = 10, are state-of-the-art when
it comes to exactly computing the dynamics of open quantum systems, they are
still relatively small owing to the challenges posed by numerical time integration.
To firmly assert the influence of quantum jumps on the localized regime, we
resort to a time-dependent matrix product state (MPS) technique that allows us
to reach much larger system sizes, up to 𝑄 = 32. In practice, we implemented
a time-evolving block decimation (TEBD) of a matrix product density operator
(MPDO) representation of the 𝜑-deformed Lindblad evolution in Eq. (4.5). The
results are averaged over 100 disorder samples. This technique produces reliable
results deep in the localized regime, and we work at 𝑃 = 20 where convergence
is achieved with a maximal bond dimension < = 27. In Fig. 4.6, we show the
transient dynamics of the imbalance from the initial state till the steady state for
representative values of the quantum-jump fugacity 𝜑. The MPS results entirely
validate the results obtained by numerically exact integration of systems of smaller
sizes.

The analysis of imbalance and dynamical activity paints a consistent picture
with spectral statistics. Reducing the quantum-jump fugacity 𝜑 strengthens local-
ization, as seen both in steady-state saturation and transient dynamics. Larger
values of 𝜑 inject stronger fluctuations, accelerating delocalization and erasing
memory of initial states. The complementary use of exact diagonalization and
tensor-network methods demonstrates that these features persist across system
sizes, consolidating the conclusion that quantum jumps destabilize localized
dynamics, while their suppression enhances localization even at weaker disorder.

1The Liouvillian gap is defined as minus the real part of the di!erence of eigenvalues with the
largest and next largest real parts.
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4.5 Summary and Conclusion

Our analysis of the influence of quantum jumps on the complex spectrum as well as
on the dynamics of the 𝜑-deformed Liouvillian demonstrates that fewer quantum
jumps can result in the emergence of localization at lower disorder strengths. In
other words, post-selection can promote localization. We emphasize that this
result is not merely a formal construction but is experimentally accessible using
realistic detectors with finite e#ciency.

Starting from a disordered many-body system that already hosts a localized
regime, we have shown that post-selection can e!ectively lower the threshold
disorder required for localization. This mechanism di!ers from measurement-
induced phase transitions (MIPT) studied in systems such as random unitary
circuits [295] or free fermions [296], where repeated measurements can localize
otherwise featureless systems [297–299]. Importantly, MIPT experiments face
significant challenges due to the need to generate and access a large number
of measurement trajectories, whereas the 𝜑-deformed Lindblad framework o!ers
both spectral and dynamical insights within a unified approach. This approach not
only harnesses standard methods of full counting statistics to the study of Lindblad
dynamics, but it is also physically realizable by means of realistic post-selection
protocols in quantum optical setups.

Authors contributions: This chapter is part of the work that was done in Col-
laboration with Dr. Hari Kumar Yadalam, Prof. Camille Aron, and Prof. Manas
Kulkarni. Dr. Hari Kumar Yadalam generated the TEBD and MPDO results.
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5.1 Introduction

In the chapters 3 and 4, we investigated interacting disordered open quantum sys-
tems to determine whether many-body localization persists in open settings. Hav-
ing explored these interacting systems, we now turn our focus to non-interacting
setups and study the thermalization and quantum dynamics of open systems in
Anderson-localized systems when they are coupled to a bath.

Unlike interacting models, whose Hilbert space grows exponentially with
system size, non-interacting models can be represented in a single-particle basis,
where the basis dimension increases only linearly. This makes it possible to analyze
dynamics with greater control and to perform numerical studies on much larger
lattices. Another key advantage is that the environment can be modeled explicitly
as a large but finite bath with its own Hamiltonian. By coupling the system to
such a bath and evolving the combined setup unitarily, one obtains an e!ectively
open system while maintaining a globally closed Hamiltonian description. When
the bath is thermodynamically large, it acts as a reservoir that exchanges particles
or energy with the system, providing a natural framework to study the interplay
between thermalization and localization in open settings.

Having these goals in mind, we first design a minimal setup to study the
quantum dynamics between a system and its bath. We then extend this framework
to systems that harbor localization physics in chapter 6. One natural starting
point is to investigate the dynamics and equilibration of an initially empty lattice
coupled to a reservoir. The resulting evolution involves a subtle interplay between
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Hermitian and e!ective non-Hermitian dynamics (arising from finite system-bath
coupling), together with thermalization processes governed by quantum statistics.
This can give rise to non-trivial transient behavior as well as intricate steady states.

In this direction, several works have examined the quantum dynamics of
open systems coupled to localized sinks [239, 240, 300–307]. Complementary
studies have analyzed the problem of localized injection into initially empty lat-
tices [308–311], providing insights into the spreading of particles and the approach
to equilibrium.

g

tB

(β, μ)

γ

Empty lattice

Reservoir

g1 Lm

Figure 5.1: Schematic of our setup: an empty (blue) one-dimensional lattice
[Eq. (5.1)] of size 𝑄 is connected to a reservoir [Eq. (5.2)](red) at site 𝑌 (the center of
the lattice). The inter-site hopping parameter within the lattice (reservoir) is 𝑍 (𝑁𝑎).
The coupling between the lattice and the reservoir is denoted by 𝜒. The reservoir
is maintained in equilibrium at inverse temperature 𝜘 and chemical potential 𝜙.

In this chapter, we consider a one-dimensional empty lattice (system) of size 𝑄

coupled to a bosonic or fermionic reservoir at a particular site 𝑌 (taken to be the
center of the lattice), as illustrated in Fig. 5.1. Several natural questions arise: How
many particles occupy the lattice at a given time? What does the space-resolved
density profile look like at di!erent time snapshots? How does this profile spread
in time? To address these questions, we study the quantum dynamics of (i) the
local density profile 𝐿𝑀(𝑁) on the lattice, and (ii) the total number of particles on
the lattice, 𝑂(𝑁) =

∑
𝑄

𝑀=1 𝐿𝑀(𝑁), and their subsequent approach to equilibration. To
analyze this setup, we employ four complementary approaches, each with distinct
advantages: (i) exact numerics for the correlation matrix [Sec. 2.1], (ii) the Redfield
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equation (perturbative and Markovian) [Sec. 2.3], (iii) the local Lindblad equation
(perturbative, Markovian, and valid in the weak hopping limit) [Sec. 2.4], and (iv)
the exact quantum Langevin equation [Sec. 2.2] introduced earlier in Chapter 2.

The structure of this chapter is as follows. In Sec. 5.2, we present the system-bath
setup and develop the relevant methods for this particular setup. Sec. 5.3 contains
our results for bosons using all approaches, while Sec. 5.4 briefly discusses the
corresponding fermionic case obtained from exact numerics. In Sec. 5.5, we place
our results in the context of existing works and provide a detailed comparison.
Finally, Sec. 5.6 summarizes our findings and outlines future directions. Some
calculations are deferred to the appendix D.

5.2 Setup and Methodology

In this section, we will discuss our microscopic model for the injection of identical
bosons/fermions in a one-dimensional lattice. The lattice initially is an empty
tight-binding chain of 𝑄 sites. The Hamiltonian of the lattice is given by,

𝑋𝑑 = 𝑍

𝑄↑1∑
𝑀=1

(
𝑒̂
†

𝑀
𝑒̂𝑀+1 + 𝑒̂

†

𝑀+1 𝑒̂𝑀

)
(5.1)

where 𝑒̂𝑀 (𝑒̂†
𝑀
) is the annihilation (creation) operator of the 𝑀-th site of the lattice.

The hopping parameter is denoted by 𝑍. We inject the particles at a particular site
(for example, near the middle) of the lattice by putting it in contact with a reservoir,
which is represented by a semi-infinite tight-binding chain whose Hamiltonian is
given by,

𝑋𝑎 = 𝑁𝑎

≃∑
𝑀=1

(
𝑓
†

𝑀
𝑓𝑀+1 + 𝑓

†

𝑀+1𝑓𝑀

)
(5.2)

Here 𝑓𝑀 (𝑓†
𝑀
) is the annihilation (creation) operator of the 𝑀-th site of the bath and

𝑁𝑎 is the nearest neighbour hopping between the bath sites. Note that 𝑒𝑀 and 𝑓𝑀

operators satisfy either commutation or anti-commutation algebra for bosons or
fermions, respectively. At 𝑁 = 0, we switch on the coupling between the lattice and
the bath, which can be described by the following Hamiltonian:

𝑋𝑑𝑎 = 𝜒
(
𝑒̂
†
𝑌
𝑓1 + 𝑓

†

1 𝑒̂𝑌

)
(5.3)

where 𝜒 is the coupling strength and the 𝑌-th site of the lattice is coupled to the
first site of the bath (or point of contact). In this work, we couple the lattice at
the middle site with the bath and hence, we choose 𝑌 = (𝑂 + 1)/2 for odd 𝑂 and
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𝑌 = 𝑂/2+ 1 for even 𝑂 . The initial density operator ↽̂(𝑁 = 0) for the setup is taken
as a product state

↽̂(0) = ↽̂𝑑(0) △ ↽̂t𝑃
𝑎
(0) (5.4)

with the lattice initially being empty i.e., ↽̂𝑑(𝑁=0)= |0⇑ ⇒0| where |0⇑ denotes a state
with all sites empty. In other words, the lattice is in vacuum. The bath density
operator is in equilibrium at temperature 𝑠 = (𝑆𝑎𝜘)↑1 and chemical potential 𝜙,

↽̂t𝑃
𝑎
=

𝑔
↑𝜘(𝑋𝑎↑𝜙𝑂𝑎)

𝑝

(5.5)

where 𝑂𝑎 is the number operator for the bath and 𝑝 is the grand partition function
for the bath. The superscript “th” in Eq. (5.4) and Eq. (5.5) stands for thermal
equilibrium.

With this generic setup in hand, our interest here is to study the quantum
dynamics of the spatial density profile of bosons/fermions

𝐿𝑀(𝑁) =
〈
𝑒̂
†

𝑀
(𝑁)𝑒̂𝑀(𝑁)

〉
(5.6)

where we use the Heisenberg representation for the operators and ⇒...⇑ denotes an
average over the initial density matrix ↽̂(0). We also look at the total number of
particles in the lattice

𝑂(𝑁) =
𝑄∑
𝑀=1

𝐿𝑀(𝑁) (5.7)

In order to have a detailed understanding of the quantities given in Eq. (5.6)
and Eq. (5.7), we use four di!erent approaches, which are elaborated in the next
section.

5.2.1 Exact quantum dynamics

In this subsection, we describe how the method of exact numerics is employed to
compute the observables of interest for the present setup. Using Eq. (2.8) along
with the details provided in Sec. 2.1, the time evolution of the correlation matrix can
be obtained. Initially, the initial correlation matrix 𝑙(0) must be constructed from
the initial density operator ↽̂(0). Since the lattice chain is initially in vacuum and
is decoupled from the bath, all the two-point correlations of the form ⇒ 𝑒̂†

𝑀
(0)𝑒̂ 𝑞(0)⇑,

⇒ 𝑒̂†
𝑀
(0)𝑓𝑞(0)⇑ and ⇒𝑓†

𝑀
(0)𝑒̂ 𝑞(0)⇑ will be zero. The non-zero entries in 𝑙(0) are the

two-point correlations of the bath degrees of freedom and of the form ⇒𝑓†
𝑀
(0)𝑓𝑞(0)⇑.

These entries can be obtained as follows. Recall that the bath Hamiltonian given
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in Eq. (5.2) can be expressed as,

𝑋𝑎 =
𝑄𝑎∑

𝑀 , 𝑞=1
∞

𝑎

𝑀𝑞
𝑓
†

𝑀
𝑓 𝑞 (5.8)

where ∞𝑎 is the single particle Hamiltonian of the bath. This Hamiltonian can
be easily diagonalized by a unitary transformation 𝑢 , i.e., ∞𝑎 = 𝑢ς𝑎𝑢

† with
ς𝑎 being a diagonal matrix with single particle eigenvalues as its entries. The
Hamiltonian in the diagonal form can be written as

𝑋𝑎 =
𝑄𝑎∑
𝑣=1

𝜚𝑎

𝑣
𝑓
†
𝑣
𝑓𝑣 , 𝑓𝑀 =

𝑄𝑎∑
𝑣=1

𝑢𝑀𝑣 𝑓𝑣 (5.9)

with 𝑓𝑣 being the annihilation operator of 𝑣-th normal mode of the bath with
eigenvalues 𝜚𝑎

𝑣
. One can then easily find that

⇒𝑓
†

𝑀
(0)𝑓𝑞(0)⇑t𝑃 =

𝑄𝑎∑
𝑣=1

𝑢
′

𝑀𝑣
𝑢𝑞𝑣 𝐿̄(𝜚𝑎

𝑣
) (5.10)

where we have used the fact that ⇒𝑓†
𝑣
𝑓𝑣▽⇑ = 𝐿̄(𝜚𝑎

𝑣
) 𝑔𝑣𝑣▽. Here 𝐿̄(↼) can either be a

Bose or a Fermi function and is given by

𝐿̄(↼) =
1

𝑔
𝜘(𝑤↑𝜙) ± 1

(5.11)

where ↑ and + stand for bosons and fermions, respectively. With 𝑙(0) constructed
from all these initial correlations, we can now propagate the correlation matrix
following Eq. (2.8) and suitably extract the required entries from 𝑙(𝑁) to compute
𝐿𝑀(𝑁) and thereby 𝑂(𝑁), as defined in Eq. (5.6) and Eq. (5.7), respectively. It should
be noted that if 𝑄𝑎 ∋ 𝑄, then the system dynamics is almost equivalent to that
when subjected to a true bath with infinite degrees of freedom.

Since this exact numerical recipe involves unitary evolution with respect to
the Hamiltonian of the entire setup, it can become computationally di#cult if the
total size 𝑄 + 𝑄𝑎 is large. Therefore, it is useful to study time dynamics for this
setup following complementary approaches, such as the Redfield and Lindblad
master equations, which are perturbative and Markovian in nature and can then
be used to study lattices with a large number of sites.

5.2.2 Redfield Master Equation

In this subsection, we will obtain the Redfield master equation for the present
setup and obtain the spatial density profile and total number of particles. We
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start by writing the system-bath interaction Hamiltonian, given in Eq. (5.3), in the
interaction picture as,

𝑋
𝑉

𝑑𝑎
(𝑁) = 𝑔

i𝑋̂0𝑁
𝑋𝑑𝑎𝑔

↑i𝑋̂0𝑁 = 𝜒
(
𝑒̂
†
𝑌
(𝑁)𝑓1(𝑁) + 𝑓

†

1(𝑁)𝑒̂𝑌(𝑁)
)

(5.12)

where 𝑋0 = 𝑋𝑑 + 𝑋𝑎 and

𝑒̂𝑌(𝑁) = 𝑔
i𝑋̂𝑑𝑁

𝑒̂𝑌𝑔
↑i𝑋̂𝑑𝑁 ; 𝑓1(𝑁) = 𝑔

i𝑋̂𝑎𝑁
𝑓1𝑔

↑i𝑋̂𝑎𝑁 (5.13)

The Redfield master equation for this setup can be written from Eq. (2.35) as,

𝑕

𝑕𝑁

↽̂𝑉

𝑑
(𝑁) = ↑𝜒2

∫
≃

0
𝑕𝜓

[ 〈
𝑓1(𝑁)𝑓

†

1(𝜓)
〉 [
𝑒̂
†
𝑌
(𝑁), 𝑒̂𝑌(𝜓)↽̂𝑉

𝑑
(𝑁)

]

+

〈
𝑓
†

1(𝜓)𝑓1(𝑁)
〉 [
↽̂𝑉

𝑑
(𝑁)𝑒̂𝑌(𝜓), 𝑒̂†𝑌(𝑁)

]
+ 𝑃.𝑈.

]
(5.14)

In the Schrödinger picture, one gets,

𝑕

𝑕𝑁

↽̂𝑑(𝑁) = i
[
↽̂𝑑(𝑁),𝑋𝑑

]
↑ 𝜒2

∫
≃

0
𝑕𝜓

[
⇒𝑓1(𝑁)𝑓

†

1(𝜓)⇑
[
𝑒̂
†
𝑌
, 𝑒̂𝑌(𝜓 ↑ 𝑁)↽̂𝑑(𝑁)

]

+ ⇒𝑓
†

1(𝜓)𝑓1(𝑁)⇑
[
↽̂𝑑(𝑁)𝑒̂𝑌(𝜓 ↑ 𝑁), 𝑒̂

†
𝑌

]
+ 𝑃.𝑈.

]
(5.15)

Since the bath operators are defined in the interaction picture, the correspond-
ing two-point correlation functions are known exactly, and using Eq. (5.10), one
can write them in terms of the normal modes of the bath as,

⇒𝑓
†

1(𝜓)𝑓1(𝑁)⇑ =
∑
𝑣

|𝑢1𝑣 |
2
𝑔
↑i𝜚𝑎

𝑣
(𝑁↑𝜓)

𝐿̄(𝜚𝑎

𝑣
),

⇒𝑓1(𝑁)𝑓
†

1(𝜓)⇑ =
∑
𝑣

|𝑢1𝑣 |
2
𝑔
↑i𝜚𝑎

𝑣
(𝑁↑𝜓) [1 ± 𝐿̄(𝜚𝑎

𝑣
)
] (5.16)

where recall that, 𝜚𝑎

𝑣
is the eigenvalue of the 𝑣-th mode of the bath and 𝐿̄(↼)

is defined in Eq. (5.11). In Eq. (5.16), the ± stands for bosons and fermions,
respectively. We now express the above Redfield equation in Eq. (5.15) in terms
of the eigenoperators of the system Hamiltonian. We first diagonalize the lattice
Hamiltonian 𝑋𝑑 and write,

𝑋𝑑 =
𝑄∑

𝑀 , 𝑞=1
∞

𝑑

𝑀𝑞
𝑒̂
†

𝑀
𝑒̂ 𝑞 =

𝑄∑
𝑆=1

𝜚𝑑

𝑆
𝑒̂
†

𝑆
𝑒̂𝑆 and ∞

𝑑 = Jς𝑑J
† (5.17)

and therefore the matrix J is responsible for diagonalizing the single-particle
system Hamiltonian 𝑋𝑑, and ς𝑑 is the diagonal matrix containing the single
particle eigenvalues of the system. Here

𝑒̂𝑀 =
𝑄∑

𝑆=1
J𝑀𝑆 𝑒̂𝑆 . (5.18)
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Following this diagonalization procedure and using Eq. (5.15) and Eq. (5.16), we
can rewrite the Redfield equation as,

⇔̂↽𝑑(𝑁)= i
[
↽̂𝑑(𝑁),𝑋𝑑

]
↑

𝑄∑
𝑆 ,𝑆

▽=1

∫
≃

↑≃

𝑕↼
2𝜕

[
𝑉(↼)ℜ (↽̂𝑑𝑑) + 𝑃.𝑈.

]
(5.19)

where
𝑉(↼) =

∫
≃

0
𝑕𝜓 𝑔↑i(↼↑𝜚𝑑

𝑆
▽)𝜓 (5.20)

and

ℜ (↽̂𝑑) =
[
𝑚𝑆𝑆▽(↼) ± K𝑆𝑆

▽(↼)
] [
𝑒̂
†

𝑆
, 𝑒̂𝑆▽↽̂𝑑(𝑁)

]
+ K𝑆𝑆

▽(↼)
[
↽̂𝑑(𝑁)𝑒̂𝑆▽ , 𝑒̂

†

𝑆

]
(5.21)

The functions 𝑚𝑆𝑆▽(↼) and K𝑆𝑆
▽(↼) in Eq. (5.21) are defined as,

𝑚𝑆𝑆▽(↼) = J
′

𝑌𝑆
J𝑌𝑆

▽ 𝑥(↼)

K𝑆𝑆
▽(↼) = J

′

𝑌𝑆
J𝑌𝑆

▽ 𝑥(↼) 𝐿̄(↼)
(5.22)

where recall that the index 𝑌 in J𝑌𝑆 refers to the 𝑌-th site of the lattice system
that is connected with the bath. Note that the ± sign in Eq. (5.21) again refers to
the boson/fermion case. Here, 𝑥(↼) is the spectral density of the bath, defined as,

𝑥(↼) ∈ 2𝜕 𝜒2
∑
𝑣

|𝑢1𝑣 |
2𝑔(↼ ↑ 𝜚𝑎

𝑣
) (5.23)

Note that the two-point correlation functions of the system are given as

𝑙𝑆 ,𝑆
▽(𝑁) = ⇒ 𝑒̂

†

𝑆
(𝑁)𝑒̂𝑆▽(𝑁)⇑ = T𝑊

[
𝑒̂
†

𝑆
(0)𝑒̂𝑆▽(0)↽̂𝑑(𝑁)

]
(5.24)

From Eq. (5.19), one can write down a di!erential equation for the two-point
correlation function defined in Eq. (5.24) as [312, 313],

𝑕𝑙𝑆 ,𝑆
▽(𝑁)

𝑕𝑁

= i𝜚𝑑

𝑆
𝑙𝑆 ,𝑆

▽(𝑁) +
1
2

[
K̃𝑆

▽
𝑆 ↑

𝑄∑
𝑆=1

𝑚
𝑆
▽
𝑆
𝑙
𝑆 ,𝑆

(𝑁)

]
+ (𝑆 ℑ⊤ 𝑆

▽
)
† (5.25)

where (𝑆 ℑ⊤ 𝑆
▽)† is a short form for the right-hand side of Eq. (5.25) when 𝑆 and

𝑆
▽ are interchanged and the terms are subjected to complex conjugation. The new

functions (denoted by the symbol tilde) in Eq. (5.25) are defined as,

𝑚
𝑆
▽
𝑆
= 𝑚

𝑆
▽
𝑆
(𝜚𝑑

𝑆

) ↑ iL
∫

≃

↑≃

𝑕↼
𝜕

𝑚
𝑆
▽
𝑆
(↼)

↼ ↑ 𝜚𝑑

𝑆

K̃𝑆
▽
𝑆 = K𝑆

▽
𝑆(𝜚𝑑

𝑆
) ↑ iL

∫
≃

↑≃

𝑕↼
𝜕

K𝑆
▽
𝑆(↼)

↼ ↑ 𝜚𝑑

𝑆

(5.26)
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Here L refers to the Cauchy principal value. This particular form in Eq. (5.26)
is obtained by writing 𝑉(↼) in Eq. (5.20) using the Sokhotski-Plemelj theorem.
Eq. (5.25) forms a closed set of di!erential equations for the two-point correlation
function, which can be solved numerically by grouping the equations in a matrix
equation form. We therefore write the components of 𝑙𝑆 ,𝑆

▽(𝑁) as a column vector
with elements C𝑊 , 𝑊 = 1, 2, . . . , 𝑄2 and denote it by ↦C(𝑁), and rewrite Eq. (5.25) as

𝑕 ↦C
𝑕𝑁

= 𝑗 ↦C + ↦Q (5.27)

where 𝑗 is the homogeneous part and is a 𝑄
2 ↗ 𝑄

2 matrix and ↦Q is a 𝑄
2 ↗ 1 column

vector. This is often known as the Lyapunov Equation in the literature [314]. Note
that the information about the quantum statistics is encoded only in the column
vector ↦Q, as a consequence of which the quantum dynamics of fermions and
bosons di!er. The formal solution to Eq. (5.27) with the initial condition ↦C(0) = 0
(note that the lattice is initially empty) is given by,

↦C(𝑁) =
∫

𝑁

0
𝑕𝜓 𝑔𝑗(𝑁↑𝜓) ↦Q (5.28)

We now rewrite the solution in Eq. (5.28) more explicitly. To do so, we first
diagonalise 𝑗 as 𝑗 = Mς𝑗M

↑1, with ς𝑗 as diagonal matrix with entries 𝜚𝑗

𝜖 and
obtain

C𝑊(𝑁) =
∫

𝑁

0
𝑕𝜓

𝑄
2∑

𝜖,𝑡=1
M𝑊𝜖𝑔

𝜚𝑗

𝜖 (𝑁↑𝜓)
M

↑1
𝜖𝑡 Q

𝑡
=

𝑄
2∑

𝜖,𝑡=1

(
𝑔
𝜚𝑗

𝜖 𝑁 ↑ 1
𝜚𝑗

𝜖

)
M𝑊𝜖M

↑1
𝜖𝑡 Q

𝑡
(5.29)

The eigenvalues {𝜚𝑗

𝜖 } of the matrix 𝑗 typically have negative real parts, ensuring
a well-defined steady state as 𝑁 ↘ ≃. However, this condition can be violated
for certain parameter regimes, such as strong system-bath coupling, rendering
the Redfield description unphysical. To analyze the dynamics, we consider the
short and long-time behavior of the correlation matrix C𝑊(𝑁). Let 𝜚𝑗

𝑄
denote the

eigenvalue with the largest real part magnitude and 𝜚𝑗

𝑑
the one with the smallest

of the matrix M. In the short-time limit, 𝑁 ∅ 1/|𝜚𝑗

𝑄
| , a Taylor expansion shows

that all two-point correlations grow linearly with time, i.e.,

C𝑊(𝑁 ∅ 1) = <𝑊 𝑁 + 𝑘(𝑁
2
) (5.30)

with a slope

<𝑊 =

(
𝑄

2∑
𝜖,𝑡=1

M𝑊𝜖M
↑1
𝜖𝑡 Q

𝑡

)
= Q

𝑊
(5.31)
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We now discuss the long-time limit, i.e., 𝑁 ↘ ≃. Note that Eq. (5.29) can be
recasted as,

C𝑊 = C𝑑𝑑

𝑊
+

𝑄
2∑

𝜖,𝑡=1
M𝑊𝜖M

↑1
𝜖𝑡 Q

𝑡

𝑔
𝜚𝑗

𝜖 𝑁

𝜚𝑗

𝜖
(5.32)

where the steady state correlation elements (𝑁 ↘ ≃) are given by,

C𝑑𝑑

𝑊
= ↑

𝑄
2∑

𝜖,𝑡=1

M𝑊𝜖M
↑1
𝜖𝑡 Q

𝑡

𝜚𝑗

𝜖
= ↑(𝑗

↑1 ↦Q)𝑊 (5.33)

and the second term in Eq. (5.32) indicates a long-time exponential approach to
the steady state. The eigenvalue, 𝜚𝑑, with the smallest magnitude for the real part
will determine the time scale, 1/|R𝑔[𝜚𝑗

𝑑
]| , for convergence to the steady state. As

the correlation functions are obtained in the diagonalized basis, to determine the
spatial density profile, the final step is to come back to the local site basis, which
gives,

𝐿𝑀(𝑁) = ⇒ 𝑒̂
†

𝑀
(𝑁)𝑒̂𝑀(𝑁)⇑ =

𝑄∑
𝑆 ,𝑆

▽=1
J𝑀𝑆

▽J
′

𝑀𝑆
𝑙𝑆 ,𝑆

▽(𝑁) (5.34)

where recall that 𝑙𝑆 ,𝑆
▽ is defined in Eq. (5.24). The total particle number [Eq. (5.7)]

at early times (𝑁 ∅ 1) is given by,

𝑂(𝑁) =
𝑄∑

𝑆=1
𝑙𝑆 ,𝑆(𝑁) ∃ 𝑁

𝑄∑
𝑆=1

K̃𝑆 ,𝑆 = 𝑁

𝑄∑
𝑆=1

|J𝑌𝑆 |
2
𝑥(𝜚𝑑

𝑆
) 𝐿̄(𝜚𝑑

𝑆
) (5.35)

where recall that the𝜚𝑑

𝑆
are eigenvalues of the system’s single-particle Hamiltonian

∞𝑑. Eq. (5.35) clearly demonstrates an early time linear growth with di!erent
slopes for fermions and bosons. In the limiting case with very small inter-site
hopping 𝑍, one can set 𝜚𝑑

𝑆
∃ 0 (the eigenvalues of uncoupled lattice sites), as a

result of which we get,

𝑂(𝑁) ∃ 𝑁 𝑥(0) 𝐿̄(0) (5.36)

We will later see that this is exactly what one receives from the local Lindblad
master equation. Note that in a suitable parameter regime, the Redfield approach
can be simplified to a local Lindblad equation. As we will show in the next
subsection, this allows for elegant analytical expressions for the local density 𝐿𝑀(𝑁)

and the total occupation 𝑂(𝑁).

5.2.3 Local Lindblad Equation

In this subsection, we outline the Local Lindblad masterequation approach applied
to the present setup and present my results for the local density 𝐿𝑀(𝑁) as defined
in Eq. (5.6) and the total particle number 𝑂(𝑁) from Eq. (5.7).

59



CHAPTER 5. FILLING AN EMPTY LATTICE BY LOCAL INJECTION OF
QUANTUM PARTICLES

For our setup, if we derive a local Lindblad equation starting from the fully
microscopic system-reservoir Hamiltonian [Eq.(5.1), Eq. (5.2), Eq. (5.3)], both
incoherent pump and loss terms naturally arise in the Lindblad Equation, as given
in Eq. (2.36). More explicitly, the systematically derived local Lindblad equation
[250, 264–267] is given as

⇔̂↽𝑑 = i
[
↽̂𝑑 ,𝑋𝑑

]
+ ω𝑖

[
2𝑒̂†

𝑌
↽̂𝑑 𝑒̂𝑌↑{ 𝑒̂𝑌 𝑒̂

†
𝑌
, ↽̂𝑑}

]
+ ω𝑄

[
2𝑒̂𝑌 ↽̂𝑑 𝑒̂

†
𝑌
↑ { 𝑒̂

†
𝑌
𝑒̂𝑌 , ↽̂𝑑}

]
(5.37)

where the gain ω𝑖 and the loss ω𝑄 coe#cients are given by

ω𝑖 =
𝑥(0)
2 𝐿̄(0), ω𝑄 =

𝑥(0)
2

(
1 ± 𝐿̄(0)

)
(5.38)

Recall that 𝑥(↼) is the spectral density of the bath, defined in Eq. (5.23). Note that
the zeros in the argument of 𝑥(0) and 𝐿̄(0) in Eq. (5.38), because there is no onsite
term in the system Hamiltonian given in Eq. (5.1). The ± sign in Eq. (5.38) stands
for bosons and fermions, respectively. It is important to highlight that the validity
of the local Lindblad equation in Eq. (5.37) relies on weak system-bath coupling 𝜒

as well as weak inter-site hopping parameter 𝑍 within the lattice system.
Following Eq. (5.37), one can write down the equations of motion for the

two-point correlation functions of the system 𝑙𝑀 , 𝑞 = ⇒ 𝑒̂†
𝑀
𝑒̂ 𝑞⇑,

𝑕𝑙𝑀 , 𝑞

𝑕𝑁

= i 𝑍 (𝑙𝑀↑1, 𝑞↑𝑙𝑀 , 𝑞+1+𝑙𝑀+1, 𝑞↑𝑙𝑀 , 𝑞↑1)↑(ω𝑄⊥ω𝑖)(𝑔𝑀𝑌+𝑔 𝑞𝑌)𝑙𝑀 , 𝑞+2ω𝑖𝑔𝑌𝑀𝑔𝑌𝑞 (5.39)

where ⊥ stands for bosons and fermions, respectively. It is crucial to note that
ω𝑖 and ω𝑄 [Eq. (5.38)] here are related by detailed balance, i.e., they are not
independent of each other.

We now solve for the correlation functions given in Eq. (5.39) and use them
to extract the local population 𝐿𝑀(𝑁) and total occupation 𝑂(𝑁). Without loss
of generality, we consider the bath to be coupled to the lattice at site 𝑌 = 0.
Furthermore, we take the lattice size 𝑄 to be infinite, extending from ↑≃ to +≃.
Since the system is symmetric about the contact point, we restrict the analysis to
the positive side of the lattice chain for simplicity. The spatial density profile 𝐿𝑀(𝑁)

is given by [see Appendix D.1 for details],

𝐿𝑀(𝑁) = 2ω𝑖
∫

𝑁

0
𝑕𝜓 | 𝑑̃𝑀(𝜓)|2 (5.40)

where for large 𝜓,

𝑑̃𝑀(𝜓) =
𝑀 𝑥𝑀(2 𝑍 𝜓)

𝑀 + 𝜓ω▽ (5.41)

Here 𝑥𝑀 is the Bessel function of the first kind and,

ω▽ = ω𝑄 ⊥ ω𝑖 =
𝑥(0)
2 (5.42)
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where ⊥ stands for bosons and fermions, respectively. Interestingly, the quantity
ω▽, introduced in Eq. (5.42), is independent of the particle statistics and remains
strictly positive. As a result, the quantum statistics of particles enter the expression
for the density profile as a multiplicative prefactor ω𝑖 [Eq. (5.38)].

In the limit where both the spatial site index 𝑀 ↘ ≃ and time 𝑁 ↘ ≃, while
keeping the ratio 𝑀/𝑁 fixed, the analytical forms in Eqs. (5.40) and (5.41) exhibit
an interesting scaling behavior. This scaling form captures how the density
profile evolves asymptotically with space and time [see Appendix D.1 for detailed
derivation].

𝐿𝑀(𝑁) = φ


𝑀

2𝑍𝑁


(5.43)

where the scaling function φ(/) is exactly given by

φ(/) =
4ω𝑖 𝑍

𝜕

∫ 1
/

1
𝑕𝑅

1
∀
𝑅

2 ↑ 1
1

(2 𝑍 + 𝑅 ω▽
)2

(5.44)

The integral representation in Eq. (5.44) is identical (after a suitable change of
variables) to Eq. (31) in Ref. [306] in which the dual problem of particle loss was
studied. The integral in Eq. (5.44) can be performed exactly to yield

φ(/) =
ω𝑖
ω▽

𝑍̃ (1 + / 𝑍̃) log
(

1+/ 𝑍̃

𝑍̃+/↑
√
(𝑍̃2↑1)(1↑/2)

)
↑

√(
𝑍̃

2 ↑ 1
)
(1 ↑ /2)

(
𝑍̃

2 ↑ 1
)3/2

(/ 𝑍̃ + 1)
, 0 < / < 1

(5.45)
where the dimensionless parameters 𝑍̃ is given by

𝑍̃ =
2𝑍
ω▽

=
4𝑍
𝑥(0) (5.46)

and recall that ω▽ is given by Eq. (5.42) and 𝑥(0) from Eq. (5.54) is given by

𝑥(0) =
2𝜒2

𝑁𝑎

(5.47)

Note that the scaling function φ(/) in Eq. (5.45) admits the following limiting
forms near / ↘ 0 and / ↘ 1 :

φ(/) =
1

1 ↑ 𝑍̃
2 ↑

𝑍̃ log
(
𝑍̃↑

√
𝑍̃

2 ↑ 1
)

(
𝑍̃

2 ↑ 1
)3/2 ↑

/2

2 + 𝑘(/3
) (5.48)

When / ∅ 1, the decay of φ(/) from its peak at / = 0 is parabolic. This limit, / = 0,
corresponds to the behavior of the density profile in the bulk region of the lattice.
The two constant terms in Eq. (5.48) represent the local density near the injection
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site. On the other hand, the limit / ↘ 1 describes the density profile close to the
edge of the lattice, yielding the expression

φ(/) =

√
2(1 ↑ /)

1 + 𝑍̃
2 + 𝑘

[
(1 ↑ /)3/2] as / ↘ 1 (5.49)

From Eq. (5.49), it is noteworthy that the scaled density φ(/) vanishes as a square
root near the edge / ↘ 1. This square-root behavior reflects a characteristic
decay of the density profile close to the boundary. Additionally, the analytical
scaling form given in Eq. (5.44) is independent of quantum statistics, except for
the prefactor (ω𝑖). The total particle number 𝑂(𝑁) is given by [see Appendix. (D.1)
for details]

𝑂(𝑁) =
4ω𝑖 𝑍̃

2
𝑁

𝜕

∫
≃

1

𝑕𝑅

𝑅

1
∀
𝑅

2 ↑ 1
1

(𝑍̃ + 𝑅)2

= ↑
2ω𝑖 𝑁

𝜕(1 ↑ 𝑍̃
2)

[
2𝑍̃ ↑ 𝜕(1 ↑ 𝑍̃

2
) + 2

(
1 ↑ 2𝑍̃2) cos↑1 (

𝑍̃

)
√

1 ↑ 𝑍̃
2

]
(5.50)

Note that using the relation,

cos↑1 (
𝑍̃

)
√

1 ↑ 𝑍̃
2

= ↑
log

(
𝑍̃ +

√
𝑍̃

2 ↑ 1
)

√
𝑍̃

2 ↑ 1
(5.51)

it is easy to see that Eq. (5.50) is always real for all values of 𝑍̃. From Eq. (5.50) it is
clear that 𝑂(𝑁) always exhibits a linear growth in time. One can further simplify
Eq. (5.50) in the limit of small and large 𝑍̃. We get,

𝑂(𝑁) = 𝑁 ω𝑖
[
𝑍̃

2
↑

16
3𝜕 𝑍̃

3
]
+ 𝑘(𝑍̃

4
) when 𝑍̃ ∅ 1 (5.52)

and

𝑂(𝑁) = 𝑁 ω𝑖
[
2 +

4
𝜕

1↑log(4)↑2 log
(
𝑍̃

) ]
𝑍̃

]
+ 𝑘

( 1
𝑍̃

3

)
when 𝑍̃ ∋ 1 (5.53)

5.3 Numerical Results for Bosons

In this section, we present the numerical results for a one-dimensional nearest
neighbour tight-binding lattice which is coupled to an equilibrium bath at a
particular site [recall Fig. (5.1)]. The quantities of interest are (i) local occupation
number 𝐿𝑀(𝑁) versus 𝑀 at fixed time snapshots and (ii) the total occupation 𝑂(𝑁)

versus 𝑁. We will mainly focus on presenting results for the bosonic case and
will briefly discuss the fermionic case and highlight interesting similarities and
di!erences between the two in Sec. (5.4).

62



5.3. NUMERICAL RESULTS FOR BOSONS
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(b) Total occupation 𝑂(𝑁) for varying 𝑄.

Figure 5.2: Behaviour of total occupation 𝑂(𝑁) [Eq. (5.7)] versus time 𝑁 for bosonic
systems using exact numerics as described in Sec. (5.2.1). (a) The plot shows
linear early-time growth and exponential late-time saturation. The red dashed line
indicates the steady state value 𝑂

𝑏𝑄𝑐

𝑑𝑑
from the exact quantum Langevin equation

approach (Sec. (2.2)). Early-time linear growth fitting parameters: 𝑒̄ = 0.058,
𝑓 = 1.082. Late-time exponential relaxation fit: 𝑂

𝑏𝑄𝑐

𝑑𝑑
↑ 𝑈 𝑔

↑𝑕𝑁 with 𝑈 = 1.359,
𝑕̄ = 4.95 ↗ 10↑4 and steady state 𝑂

𝑏𝑄𝑐

𝑑𝑑
= 9.731. The corresponding steady-state

time scale is 𝑁𝑑𝑑 ↙ 2000. The inset shows the plot of log
(
𝑂

𝑏𝑄𝑐

𝑑𝑑
↑ 𝑂(𝑁)

)
vs 𝑁 (green

dots), demonstrating the exponential relaxation at long times towards the steady
state. (b) Comparison of initial growth of 𝑂(𝑁) across di!erent system sizes with
parameters consistent with (a), demonstrating that deviation from linear growth
occurs at a characteristic time scaling with 𝑄. The parameters are 𝑍 = 0.5, 𝜒 = 1,
𝑁𝑎 = 1, 𝜘 = 1, and 𝜙 = ↑2.01.

Unless otherwise stated, we choose the following parameters for the simula-
tions. For the bath, we fix the parameters as inter-site hopping 𝑁𝑎 = 1, chemical
potential 𝜙 = ↑2.01, and inverse temperature 𝜘 = 1. For the direct numerics,
discussed in Sec. (5.2.1), we always choose 𝑄𝑎 = 4096. We connect the bath at
a particular site 𝑌 of the lattice, and the bath is considered to be a semi-infinite
one-dimensional tight-binding chain, and the corresponding form of the spectral
density 𝑥(↼) can be obtained exactly as discussed in Ref. [250]. For our case, it is
given as 𝑥(↼) ∈ 2𝜕 𝜒2 ∑

𝑣
|𝑢1𝑣 |2𝑔(↼ ↑ 𝜚𝑎

𝑣
), where 𝑢 is the unitary matrix which

diagonalizes Bath’s Hamiltonian.

Because of infinite degrees of freedom, the energy spectrum of the bath can
be considered continuous. For our case of the Hamiltonian in Eq. (5.2), bath
eigenenergies are 𝑐

(
𝑣

)
= ↑2𝑁𝑎 cos 𝑣 and 𝑢1𝑣 =

√
2
𝜕 sin 𝑣, with 0 ⊋ 𝑣 ⊋ 𝜕. We get
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Figure 5.3: Local density profile 𝐿𝑀(𝑁) [Eq. (5.6)] for bosons with 𝑄 = 20 lattice sites
with 𝑌 = 11 for various time snapshots, using direct numerics (empty circles), as
discussed in Sec. (5.2.1). The long-time limit of this density profile agrees perfectly
with that obtained from QLE (cross), as discussed in Sec. (2.2). The parameters
are 𝑁𝑎 = 1, 𝑍 = 0.5, 𝜘 = 1, 𝜙 = ↑2.01 and 𝜒 = 1.

the spectral density 𝑥(↼) as,

𝑥(↼) = 4𝜒2
∫ 𝜕

0
𝑕𝑣 sin2

𝑣 𝑔
(
↼ + 2𝑁𝑎 cos 𝑣

)
=

2𝜒2

𝑁𝑎

√
1 ↑

↼2

4 𝑁2
𝑎

(5.54)

Before proceeding further, note that depending on the method employed and
specific quantities of interest, the system size 𝑄, hopping parameter 𝑍, and the
system-bath coupling 𝜒 are chosen by taking into account computational feasibility
and better clarity of presentation.

5.3.1 Non-perturbative regime in system-bath coupling

In Fig.(5.2a), we show the total occupation 𝑂(𝑁) [Eq. (5.7)] as a function of time
𝑁, obtained using the exact numerics described in Sec.(5.2.1). At early times, the
growth of 𝑂(𝑁) exhibits linear behavior, while at longer times, we observe an
exponential relaxation towards a steady state. To benchmark this steady state,
we also present the steady state value obtained from the quantum Langevin
equation approach in Sec. (2.2). The long-time limit of 𝑂(𝑁) from exact numerics
approaches this steady state value. The inset of Fig.(5.2a) makes the exponential
relaxation more apparent and is consistent with the relaxation dynamics of finite-
size systems coupled to a generic bath. This exponential relaxation can, in fact, be
rigorously established following the Redfield approach [Sec. 5.2.2]. Importantly,
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Figure 5.4: Behaviour and propogation of local density profile 𝐿𝑀(𝑁) [Eq. (5.6)]
for bosons with 𝑄 = 100 sites and bath attached at site 𝑌 = 51, demonstrated
using exact numerics. Fig. (a) shows the density profile at relatively short times,
spreading at velocity 𝑈 = 2𝑍, representing ballistic propagation of the density
front. Fig (b) presents a scaled plot of log

(
𝐿𝑀(𝑁)

)
further illustrating the ballistic

scaling form of the spatial density profile. These results indicate the presence of
scaling (see also Fig. 5.4b). The parameters are 𝑁𝑎 = 1, 𝑍 = 0.25, 𝜘 = 1, 𝜙 = ↑2.01,
and 𝜒 = 1.

𝑂(𝑁) saturates eventually to a finite value is a direct consequence of the finite system
size. To ensure that the steady state is reached within a reasonable timescale, we
have chosen 𝜒 = 1, corresponding to the non-perturbative regime of the system-
bath interaction. It is natural, however, to expect that the relaxation time to reach
steady state, 𝑁𝑑𝑑, increases with system size 𝑄.

For an infinite lattice, one would expect the total occupation 𝑂(𝑁) to keep on
growing linearly. To demonstrate this, we use direct numerics Sec. (5.2.1) and
present in Fig.(5.2b) the behavior of 𝑂(𝑁) as a function of 𝑁 for di!erent system
sizes. The influence of finite-size e!ects becomes apparent beyond a characteristic
timescale that scales with the system size 𝑄, leading to deviation from the initial
linear growth.

In Fig. (5.3), we present the spatial density profile 𝐿𝑀(𝑁) [Eq.(5.6)] as a function
of the site index 𝑀 at di!erent time snapshots, obtained using direct numerics.
In the long-time limit, this spatial profile shows excellent agreement with the
result obtained from the quantum Langevin equation approach [Sec.(2.2)]. Note
that here we choose the lattice size 𝑄 = 20 and the bath attached at site 𝑌 = 11.
Therefore, this particular site shows maximum average local occupation and
eventually thermalizes with the bath, saturating to a finite steady value. The
nearby sites gradually develop local occupation and finally settle down to a finite
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Figure 5.5: Local density profile 𝐿𝑀(𝑁) [Eq. (5.6)] for bosons with 𝑌 = 11 for
various time snapshots (𝑁 = 400, 𝑁 = 4000) using exact numerics (cross). There is
good agreement of these results with those obtained using the Redfield equation
approach (squares), discussed in Sec. (5.2.2). The inset shows total occupation 𝑂(𝑁)

[Eq. (5.7)] for 𝑁 = 1000, 2000, 3000, 4000 obtained from these two approaches. The
parameters are 𝑁𝑎 = 1, 𝑍 = 0.5, 𝜒 = 0.01, 𝜘 = 1, and 𝜙 = ↑2.01.As a consequence
of weak system-bath coupling 𝜒 = 0.01, the time to reach steady state is very long
and much higher than the times presented here, and the steady value of local
density is far from the values presented here.

value, owing to indirect thermalization with the bath. In Fig. (5.4a), we present
a zoomed-in view of the spread of spatial density profiles 𝐿𝑀(𝑁) for a system size
𝑄 = 100, with the bath attached at site 𝑌 = 51, shown at di!erent time snapshots.
The ballistic spread of the density profile is clearly visible, with a characteristic
velocity of 2𝑍, where 𝑍 denotes the inter-site hopping strength in the lattice. This
indicates an underlying scaling form of the profile, which is demonstrated in
Fig. (5.4b).

It should be emphasized that the parameters used in Fig. (5.2a), Fig. (5.2b),
Fig. (5.3), Fig. (5.4a), and Fig. (5.4b) are identical, except for the hopping parameter
𝑍 and the system size 𝑄, which are varied as required.

5.3.2 Perturbative regime in system-bath coupling

Now, we will discuss the regime of weak system-bath coupling, which further
allows us to employ the Redfield [Sec. 5.2.2] and Local Lindblad [Sec. 5.2.3]
approaches. In contrast to Fig. (5.2) and Fig. (5.3), where strong system-bath
coupling was used, we set 𝜒 = 0.01 to ensure the system remains in the weak
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Figure 5.6: Behaviour of total occupation 𝑂(𝑁) [Eq. (5.7)] versus 𝑁 for bosonic
systems of di!erent sizes and parameters with 𝑁𝑎 = 1, 𝜘 = 1, and 𝜙 = ↑2.01.
Each panel compares exact numerics, Redfield, and local Lindblad approaches.
For (a), the Redfield approach agrees well with exact numerics, whereas the
Lindblad method deviates. For (b), neither perturbative approach matches the
exact numerics, indicating their invalidity for this regime. For (c), both perturbative
methods agree well with exact numerics, demonstrating their validity under these
parameters. See text for detailed discussion.

(perturbative) system–bath coupling regime in Fig. (5.5). We retain the value of
𝑍 = 0.5 as before, which therefore does not fall in the validity of the local Lindblad
equation approach, as was also mentioned in Sec. (5.2.3).

In Fig. 5.5, we first compare the spatial density profile 𝐿𝑀(𝑁) obtained from exact
numerics with that obtained using the Redfield approach, discussed in Sec. (5.2.2).
We observe perfect agreement at various time snapshots. Moreover, the inset
in Fig. 5.5 also shows excellent agreement between the two approaches for the
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Figure 5.7: Spatial density profiles 𝐿𝑀(𝑁) [Eq. (5.6)] for bosons with system size
𝑄 = 41 with𝑌 = 21, for two di!erent time snapshots 𝑁 = 90 and 𝑁 = 180. Fig
(a) compares results from exact numerics and the analytical results from the
Local Lindblad approach [Eqs. (5.40) and (5.41) in Sec. (5.2.3)], showing excellent
agreement except at the bath site where the analytical expression is not valid. The
inset displays the total occupation 𝑂(𝑁) versus 𝑁, with a slope matching 2ω𝑖 as
predicted by Eq. (5.53). Fig. (b) shows the corresponding scaled density profiles
based on the analytical solution and the scaling form [Eq. (5.44)]. The weak inter-
site hopping (𝑍 = 0.05) supports the validity of the Lindblad approximation. The
Parameters are 𝑁𝑎 = 1, 𝑍 = 0.05, 𝜘 = 1, 𝜙 = ↑2.01, and 𝜒 = 0.01.

total occupation 𝑂(𝑁) [Eq. (5.7)]. The slope obtained from this inset plot perfectly
matches the slope extracted following the short-time (relative to the time to reach
the steady state) dynamics described by Eq. (5.35). It is important to emphasize
that, as a consequence of a lower value of the system-bath coupling 𝜒, the time
required to reach the steady state is very long and much larger than the time
snapshots presented in Fig. 5.5. This further implies that the steady value of the
local density is far from the values shown in Fig. 5.5.

For the same parameter values as in Fig 5.5, we show the results for total
occupation 𝑂(𝑁) in Fig. 5.6a following the exact numerics, Redfield, and Lindblad
approach. We find an excellent agreement between the exact numerics and the
Redfield approach, whereas the result obtained from the Lindblad approach dif-
fers significantly due to the chosen relatively large 𝑍 value. It is also worth noting
that, for su#ciently large 𝑍 and 𝜒, the Redfield shows an exponential growth in
the total occupation number, as shown in Fig. 5.6b, further indicating a complete
breakdown of the perturbative approach as discussed earlier in section 5.2.2. In
Fig. 5.6c, we show the results for 𝑂(𝑁) by reducing both the 𝑍 value and the 𝜒 value,
and see an almost perfect agreement between all three complementary methods.
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Figure 5.8: Comparison between fermions and bosons for total occupation 𝑂(𝑁)

for 𝑄 = 40 sites with bath attached at 𝑌 = 21, following exact numerics. It is clear
from the plot that the eventual saturation value for fermions is smaller than that of
bosons. The inset denotes the zoomed version of the dynamics at relatively short
times and clearly shows that the rate of growth for the fermionic case is smaller
than that of the bosonic case. The parameters chosen are 𝑁𝑎 = 1, 𝑍 = 0.5, 𝜘 = 1,
𝜙 = ↑2.01 and 𝜒 = 1. Note that although we have presented the results only from
exact numerics, similar trends can be obtained following other methods.

This detailed comparison thus provides clear guiding principles for identifying
the appropriate parameter regimes in which exact numerics, the Redfield, and the
Lindblad methods remain valid and reliable.

In Fig. 5.7a, we plot the spatial density 𝐿𝑀(𝑁) for two di!erent time snapshots
and demonstrate excellent agreement between the analytical results given by Eqs.
(5.40) and (5.41) with exact numerics [Sec. (5.2.1)]. The inset in Fig. 5.7a shows a
plot for 𝑂(𝑁) vs 𝑁 from exact numerics in the same parameter regime, which shows
a perfect linear growth with slope 2ω𝑖 and therefore matches with the prediction
in Eq. (5.53) from the Lindblad equation [Sec. 5.2.3]. In Fig. 5.7b, we demonstrate
excellent agreement between the scaled version of data in Fig. 5.7a, analytical
scaling form [Sec. (5.2.3)] given in Eq. (5.44). The parameters used in Fig. 5.7 are
the same as the parameters used for Fig. 5.6c.

5.4 Numerical Results for Fermions

So far, we have presented results for bosonic systems. We now briefly turn to the
case of fermions, highlighting the similarities and di!erences. We find that owing
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Figure 5.9: (a) Behaviour of 𝑂(𝑁) versus time 𝑁 for fermionic systems using exact
numerics. The plot shows linear early-time growth and exponential late-time
saturation. The red dashed line indicates the steady state value 𝑂
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from

the exact quantum Langevin equation approach. Early-time linear growth fitting
parameters: 𝑒̄ = 0.038, 𝑓 = 0.223. Late-time exponential relaxation fit: 𝑂𝑏𝑄𝑐
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vs 𝑁 (green dots). (b) Local density profile 𝐿𝑀(𝑁) [Eq. (5.6)]

for fermions for various time snapshots, using exact numerics (empty circles). The
long-time limit of this density profile agrees perfectly with that obtained from
QLE (cross). The parameters are 𝑁𝑎 = 1, 𝑍 = 0.5, 𝜘 = 1, 𝜙 = ↑2.01 and 𝜒 = 1. Note
that the parameters chosen here are the same as in Fig. 5.3.

to the Pauli exclusion principle, fermions experience occupation blockade, which
makes their quantum dynamics di!erent from that of bosons.

The rate of growth of 𝑂(𝑁) at small times is higher for bosons as they are not
limited by the Pauli exclusion principle obeyed by fermions. As a result, fermions
exhibit slower growth of 𝑂(𝑁) and, in the long-time limit overall total occupation
within the lattice is significantly lower in comparison with bosons. Nevertheless,
similar to bosons, the fermions also exhibit overall early-time linear growth and
exponential relaxation at long times. In Fig. 5.8 and Fig. 5.9a, we demonstrate
these trends following the exact numerics for fermions. In Fig. 5.9b, we plot the
spatial density profile for fermions at di!erent time snapshots following exact
numerics, and a relatively lower value in population compared to bosons is clearly
observed, owing to the Pauli exclusion principle. In Fig. 5.10a, we show the
ballistic growth of the density profile for fermions, similar to the bosonic case, and
the corresponding scaling behavior is illustrated in Fig. 5.10b using exact numerics.
In suitable parameter regimes, one can employ the other methods [Sec. (5.2.2),
Sec. (5.2.3), Sec. (2.2)] for fermions and notice similar trends.
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Figure 5.10: Behaviour and propagation of the local density profile 𝐿𝑀(𝑁) [Eq. (5.6)]
for fermions in a lattice (𝑄 = 100) with bath attached at 𝑌 = 51, showing ballistic
spread. Fig.(a) presents the density profile growth at short times, with the density
front propagating at velocity 𝑈 = 2𝑍 representing ballistic growth. Fig.(b) shows
a scaled plot of log(𝐿𝑀(𝑁)), further illustrating the ballistic scaling form. The
parameters are 𝑁𝑎 = 1, 𝑍 = 0.25, 𝜘 = 1, 𝜙 = ↑2.01, and 𝜒 = 1.

5.5 Discussions and Comparisons with Previous
Works

As mentioned earlier, local gain or loss experienced by a system due to its connec-
tion to a reservoir is an actively investigated area of research. We therefore place
our work in the context of certain recent contributions. In our setup, the bath
is responsible for the simultaneous injection and removal of bosons or fermions,
with rates that obey a detailed balance condition. In other words, injection and
removal are not independent processes but are related by equilibrium constraints.
All the methods employed in this work [Sec. 5.2] respect this condition.

If one instead considers a pure injection process, thus violating detailed balance,
the resulting short- and long-time dynamics can change drastically [308, 309]. For
bosons, it has been shown that an incoherent pump without loss channels can
lead to dynamical transitions [309]. The total particle number 𝑂(𝑁) [Eq. (5.7)] can
then display either exponential or power-law growth depending on the pump
strength. In contrast, the corresponding fermionic setup [308] does not exhibit
such transitions, and𝑂(𝑁) grows linearly in time. This striking di!erence illustrates
how the presence or absence of Pauli exclusion can dramatically alter many-body
dynamics.

Formally, incorporating only incoherent pumping at a local site corresponds to
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artificially setting the loss coe#cient ω𝑄 = 0 in the Lindblad equation [Eq. (5.37)],
thereby breaking detailed balance. In that case, one obtains the equation of motion
for the correlation function directly from Eq. (5.39). Indeed, this limit reproduces
the known results: linear growth of 𝑂(𝑁) for fermions [308], and exponential or
power-law growth for bosons [309].

It is important to stress, however, that when detailed balance is respected,
setting ω𝑄 = 0 is not physically allowed. From Eq. (5.38), one finds that for bosons,
ω𝑄 > ω𝑖 always holds. As a result, the term ↑(ω𝑄 ⊥ ω𝑖)(𝑔𝑀𝑌 + 𝑔 𝑞𝑌) in Eq. (5.39) is
always negative for bosons. An analogous statement holds for fermions. Thus,
in both cases, Eq. (5.39) has a strong structural resemblance to the fermionic
lattice model with only incoherent pumping (ω𝑄 = 0), discussed in Ref. [308].
This structural similarity explains why, across all methods employed here, we
consistently observe linear growth of 𝑂(𝑁) for both bosons and fermions.

5.6 Summary and Conclusions

In this chapter, we have demonstrated how a complex interplay between unitary
and non-unitary dynamics, together with quantum statistics, gives rise to rich
quantum dynamics and non-trivial steady states. Specifically, we considered the
setup where an empty lattice is locally connected to a reservoir [Fig. 5.1]. The
main observables of interest were the local spatial density profile, 𝐿𝑀(𝑁) [Eq. (5.6)],
and the total occupation, 𝑂(𝑁) [Eq. (5.7)], both of which were analyzed using four
complementary methods.

Our results show that for both bosons and fermions, the initial growth of the
total occupation 𝑂(𝑁) is linear in time, followed by exponential saturation to a
constant value when the lattice is finite [Fig. 5.2a]. In the limit of an infinite lattice,
𝑂(𝑁) continues to grow linearly without saturation [Fig. 5.2b]. The local spatial
density profile 𝐿𝑀(𝑁) exhibits ballistic spreading for both bosonic [Fig. 5.4a and
Fig. 5.4b] and fermionic [Fig. (5.10a) and (5.10b)] cases. At any fixed lattice coordi-
nate, 𝐿𝑀(𝑁) initially grows in time and eventually saturates owing to equilibration
with the bath [Fig. 5.3 and 5.9b]. Our analysis reveals both universal features
and key di!erences between bosons and fermions, the cause of which is rooted in
quantum statistics [Fig. 5.8].

Unlike previous phenomenological approaches [308, 309], our framework is
based on a microscopic description and, crucially, enforces the detailed balance
condition. We show that this condition fundamentally shapes the quantum
dynamics. Furthermore, we find that, in suitable regimes, the spatial density

72



5.6. SUMMARY AND CONCLUSIONS

profiles admit simple analytical forms [Fig. 5.7a and 5.7b].
A challenging and interesting direction for future work is to extend this anal-

ysis to situations where the lattice hosts interacting bosons or fermions, thereby
exploring how interactions alter quantum dynamics and thermalization in locally
coupled open systems.

Authors contributions: This chapter is part of the work that was done in Collab-
oration with Akash Trivedi, Prof. B"ay Kumar Agarwalla, Prof. Abhishek Dhar,
Prof. Manas Kulkarni, Prof. Anupam Kundu, and Prof. Sanjib Sabhapandit.
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6.1 Introduction

Building on the chapter 5, here we address the problem of a tight-binding bath cou-
pled to an incommensurate non-interacting lattice that undergoes a localization-
delocalization transition. The goal is to investigate the dynamical behavior of the
system across di!erent regimes and analyze the scaling of the initial growth of
observables of interest.

The model of interest is the Aubry-André-Harper (AAH) lattice, a paradigmatic
one-dimensional quasi-periodic system that exhibits a localization-delocalization
transition as the strength of the quasi-periodic potential is tuned [315]. The AAH
model has been widely studied theoretically and experimentally, most notably in
cold atoms using bi-chromatic optical lattices [79, 316–318], where this transition
can be directly observed.

The interplay between localization andenvironmental coupling in non-interacting
settings has been extensively explored in the framework of open quantum sys-
tems. Many approaches rely on e!ective descriptions using the Lindblad master
equation in disordered and quasi-periodic lattices, focusing on both spectral prop-
erties [205, 218, 219, 222–229, 236] and dynamical features [231–235]. These studies
have revealed a variety of phenomena: dissipation can, in some cases, enhance
localization through carefully engineered jump operators [243–245], while in other
cases, such as global dephasing or continuous monitoring, it can destroy local-
ization altogether [247]. Despite this progress, most works remain restricted to
e!ective dissipation models. By contrast, there are very few works where both
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the bath and system are treated as a composite setup, with their exact dynamics
studied microscopically [230, 243].

In this chapter, we address this gap by investigating the exact time evolution
of an initially empty AAH lattice coupled to a bath that injects particles into the
system. This setup o!ers a direct approach to studying how quasiperiodicity and
environmental coupling together a!ect the system’s dynamics, beyond e!ective
Lindblad treatments. For reference, we also comment on comparisons with local
Lindblad dynamics. The focus is to understand how the system responds in the
delocalized, localized, andcritical regimes, and in particular, whetherreminiscence
of localization remains once the system exchanges particles and correlations with
the bath.

To explore these questions, we analyze the time evolution of two key observ-
ables: the total occupation number and the von Neumann entropy between the
system and bath. These observables allow us to probe several fundamental issues:
How does the lattice fill over time in di!erent phases? How does the Von-neumann
entropy growth reflect the filling dynamics, and what distinct features appear
across the three regimes? What are the long-time equilibration properties in this
non-unitary evolution?.

The chapter is organized as follows. Section 6.2 introduces the system-bath
setup, followed by Section 6.3, which outlines the methods relevant to this frame-
work. In Section 6.4, we describe the calculation of entanglement entropy. The
results of the dynamics across di!erent regimes of the quasi-periodic lattice are
presented in Section 6.5. In Section 6.6, we discuss certain physical aspects of
this chapter. Finally, in Sec. 6.7, we summarize the main findings along with an
outlook.

6.2 Setup

In this section, we will describe the setup for the injection of spinless quantum
particles into a one-dimensional Aubry-André-Harper (AAH) lattice [315] of size
𝑄. The AAH lattice is a tight-binding chain with on-site quasiperiodic modulation,
governed by the Hamiltonian

𝑋𝑑 =
𝑄↑1∑
𝑀=1

𝑍

(
𝑒̂
†

𝑀+1 𝑒̂𝑀 + 𝑒̂
†

𝑀
𝑒̂𝑀+1

)
+

𝑄∑
𝑀=1

𝑃𝑀 𝑒̂
†

𝑀
𝑒̂𝑀 (6.1)

with the on-site potential given by

𝑃𝑀 = 2𝜚 cos
(
2𝜕𝜖𝑀 + >

)
(6.2)
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Here, 𝑒̂
†

𝑀
(𝑒̂𝑀) denotes the creation (annihilation) operator corresponding to the

𝑀
𝑁𝑃 lattice site, and obeys the canonical anti-commutation (commutation) algebra

for fermions (bosons), respectively. The parameters 𝑍 and 𝜚 denote the nearest-
neighbor hopping and on-site potential strengths, respectively. The parameter
𝜖 = (

∀
5 ↑ 1)/2 is an irrational number chosen to introduce quasi-periodic (in-

commensurate) modulation into the lattice, making the onsite terms 𝑃𝑀 act like
quasi-disorder or correlated disorder. Here, 𝜔 is an arbitrary phase, and the results
are obtained by averaging over > ↓ [0, 2𝜕] with 100 evenly distributed realizations.
More details on the model can be found in Refs. [319, 320]

When 𝜚 = 0, the lattice reduces to the clean tight-binding case with no disorder.
The isolated AAH model is well known for its self-duality under Fourier transform,
which leads to a sharp phase transition at 𝜚 = 𝑍. Specifically,

• For 𝜚 < 𝑍, all single-particle eigenstates are extended (delocalized regime)
in real space.

• For 𝜚 = 𝑍, the eigenstates are multifractal (critical regime).

• For 𝜚 > 𝑍, all eigenstates are exponentially localized in real space.

In the localized phase, the eigenstate localized at site 𝑀 has the form

𝜛𝑀(𝑦) = ↔ 𝑔
↑| 𝑀↑𝑦|/★ (6.3)

where ★ is the localization length and is given by,

★ =
1

log
(
𝜚
𝑍

) (6.4)

The transport properties in the three regimes are distinct: ballistic in the
delocalized phase, sub-di!usive in the critical regime, and completely suppressed
in the localized regime [321–325].

We model the reservoir (bath) as a semi-infinite tight-binding chain with
hopping amplitude 𝑁𝑎, as done in the chapter 5.

𝑋𝑎 = 𝑁𝑎

≃∑
𝑀=1

(
𝑓
†

𝑀
𝑓𝑀+1 + 𝑓

†

𝑀+1𝑓𝑀

)
(6.5)

where 𝑓𝑀 (𝑓†
𝑀
) represent annihilation (creation) operators for bath sites and satisfy

the anti-commutation (commutation) algebra for fermions (bosons), respectively.
The AAH lattice is coupled with a bath at one edge of the lattice. The coupling

between the bath and lattice is given by the following Hamiltonian,

𝑋𝑑𝑎 = 𝜒
(
𝑓
†

0 𝑒̂1 + 𝑒̂
†

1𝑓0

)
(6.6)
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g

tB γ Empty AAH lattice

Filled Bath 10 L

Figure 6.1: Schematic representation of the setup: The Aubry-Andre-Harper
(AAH) lattice [Eq. (6.1)] of length 𝑄 is coupled at one edge to a semi-infinite
reservoir modeled as a tight-binding bath [Eq. (6.5)].

where 𝜒 is the system-bath coupling strength. The full Hamiltonian for the setup
is therefore

𝑋 = 𝑋𝑑 + 𝑋𝑎 + 𝑋𝑑𝑎 (6.7)

We now discuss the initial state considered in this chapter. At 𝑁 = 0, the
composite setup is prepared in the product state,

↽̂(𝑁 = 0) = ↽̂𝑑(0) △ ↽̂𝑎(0) (6.8)

with the AAH lattice initially empty, ↽̂𝑑(𝑁 = 0) = |0⇑ ⇒0| . Henceforth, we will
consider the fermionic problem and the bath is initially in a filled configuration,
i.e., ↽̂𝑎(𝑁 = 0) = |1⇑ ⇒1| . As will be discussed later, this configuration is particularly
well-suited for studying entanglement dynamics between the AAH lattice and the
bath.

Albeit we discuss the fermionic case, it is worth noting that, owing to the
quadratic form of the total Hamiltonian, the above framework is equally applicable
to the bosonic case as well. However, for bosonic baths, the analog of the fully filled
initial configuration is not physical. Nonetheless, one can consider the thermal
initial state as defined in Eq. (5.5) and work with bosons for this setup.

Finally, the main observables throughout our study include the total number
of particles in the AAH lattice,

𝑂(𝑁) =
𝑄∑
𝑀=1

𝐿𝑀(𝑁) (6.9)

and the von Neumann entropy of the reduced system state (6.20), which will be
discussed in detail in Sec. (6.4)

A schematic illustration of the setup is shown in Fig. 6.1, where the AAH lattice
is coupled at one end to a semi-infinite reservoir. Throughout this chapter, unless
otherwise stated, we use the parameters listed in Table 6.1.
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Parameter Value
System’s hopping 𝑍 1
Bath’s hopping 𝑁𝑎 2
System-Bath coupling 𝜒 1

Table 6.1: Table of Parameters

6.3 Methods

6.3.1 Exact Numerics for Correlation Matrix

We employ exact numerical methods to evolve the correlation matrix, as outlined
in Sec. 2.1, to compute the observables of interest for the present setup. Using
Eq. (2.8), the correlation matrix can be evolved in time. For the case of a filled bath,
the initial correlation matrix 𝑙(0) is diagonal and takes the form

𝑙(0) = diag(0, 0, . . . , 0︸⨌⨌⨌⨌⨌︷︷⨌⨌⨌⨌⨌︸
𝑄

, 1, 1, . . . , 1︸⨌⨌⨌⨌⨌︷︷⨌⨌⨌⨌⨌︸
𝑄𝑎

) (6.10)

where the zeros correspond to the initially empty AAH lattice sites, and the ones
correspond to the fully occupied bath sites.

6.3.2 Local Lindblad Equation

For this setup, the Lindblad Equation, having both incoherent pump and loss
terms at the first site of the lattice, is given as,

⇔̂↽𝑑(𝑁) = i
[
↽̂𝑑(𝑁),𝑋𝑑

]
+ω𝑖

[
2𝑒̂†1↽̂𝑑(𝑁)𝑒̂1↑{ 𝑒̂1 𝑒̂

†

1 , ↽̂𝑑(𝑁)}

]
+ω𝑄

[
2𝑒̂1↽̂𝑑(𝑁)𝑒̂

†

1↑{ 𝑒̂
†

1 𝑒̂1, ↽̂𝑑(𝑁)}

]
(6.11)

where the gain ω𝑖 and the loss ω𝑄 coe#cients are given by,

ω𝑖 =
𝑥(𝑃1)

2 𝐿̄(𝑃1), ω𝑄 =
𝑥(𝑃1)

2
(
1 ↑ 𝐿̄(𝑃1)

)
(6.12)

𝑃1 [see Eq. (6.2)] is the onsite potential at the first site of the lattice, and 𝐿̄(↼) is the
Fermi function and is equal to 1, since the bath is fully-filled. 𝑥(↼) is the spectral
density of the bath. For the bath we considered, the corresponding form of the
spectral density 𝑥(↼) can be obtained exactly, given as [250]

𝑥(↼) =
2𝜒2

𝑁𝑎

√
1 ↑

↼2

4 𝑁2
𝑎

(6.13)

The correlation matrix is given by,

𝑙𝑀𝑞(𝑁) = Tr
[
𝑒̂
†

𝑀
𝑒̂ 𝑞 ↽̂𝑑(𝑁)

]
(6.14)
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Using Eqn. (6.11), one can write the evolution equation of the correlation matrix,

𝑕𝑙𝑀 , 𝑞

𝑕𝑁

= i𝑍
(
𝑙𝑀↑1, 𝑞 ↑ 𝑙𝑀 , 𝑞+1 + 𝑙𝑀+1, 𝑞 ↑ 𝑙𝑀 , 𝑞↑1

)
+ 𝑀(𝑃𝑀 ↑ 𝑃𝑞)𝑙𝑀 , 𝑞

↑ (ω𝑄 + ω𝑖)
(
𝑔𝑀1 + 𝑔 𝑞1

)
𝑙𝑀 , 𝑞 + 2ω𝑖𝑔𝑀1𝑔 𝑞1 (6.15)

Eq. (6.15) can be further recast as,

𝑕𝑙(𝑁)

𝑕𝑁

= N𝑙(𝑁) + 𝑙(𝑁)N
†
+ 2𝑗𝑖 (6.16)

where N is referred to as the damping matrix in the literature.

N = i∞𝑑
↑ (𝑗𝑄 + 𝑗𝑖) (6.17)

where ∞𝑑 is the single-particle Hamiltonian of the lattice. 𝑗𝑄 and 𝑗𝑖 are
Hermitian matrices, coming from the gain and loss term of the Lindblad equation,
and are given by,

(𝑗𝑄)𝑀 𝑞 = ω𝑄𝑔𝑀1𝑔 𝑞1, (𝑗𝑖)𝑀 𝑞 = ω𝑖𝑔𝑀1𝑔 𝑞1 (6.18)

The form of the Eq. (6.16) is commonly referred to as the Lyapunov equation and
is well-suited to perform numerical computations.

6.4 Entanglement Entropy

For the filled bath with fermions, it is natural to investigate the entanglement
dynamics between the system and the bath. To characterize the dynamics across
di!erent regimes, we analyze the scaling behavior of the entanglement entropy
growth.

When the initial state of the entire setup is pure, the bipartite entanglement
entropy between subsystems 𝑜 and 𝑎 reduces to the von Neumann entropy of the
reduced density matrix. Formally,

↽ = |ν⇑⇒ν| , ↽𝑜 = Tr𝑎
[
↽
]
, 𝑑 = ↑Tr

[
↽𝑜 ln ↽𝑜

]
(6.19)

For my setup, this corresponds to

𝑑 = ↑Tr
[
↽̂𝑑 ln ↽̂𝑑

]
(6.20)

Where ↽̂𝑑 is the reduced density matrix of the system obtained by tracing out the
bath degrees of freedom. Next, we provide the derivation of the computation of
the entanglement entropy [Eq. (6.20)] in terms of the eigenvalues of the system’s
correlation matrix.
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Since the full Hamiltonian is quadratic and we start from a Gaussian initial
state, the total state remains Gaussian at all times, fully characterized by its two-
point correlation functions due to Wick’s theorem. Consequently, the reduced
density matrix ↽̂𝑑(𝑁) is also Gaussian and can be expressed as

↽̂𝑑(𝑁) =
exp

[
↑
∑

𝑀 , 𝑞
𝑒̂
†

𝑀
𝑜𝑀𝑞(𝑁)𝑒̂ 𝑞

]
𝑝(𝑁)

(6.21)

where 𝑜(𝑁) is a Covariance matrix, and 𝑝(𝑁) is the partition function. Let’s denote
the system’s correlation matrix 𝑙 as,

𝑙𝑌𝐿(𝑁) = Tr
[
𝑒̂
†
𝑌
𝑒̂𝐿 ↽̂𝑑(𝑁)

]
(6.22)

This correlation matrix is diagonalized by a unitary transformation 𝑢 , such that

𝑢
†
𝑙𝑢 = 𝑙̃ = diag (𝑈1, 𝑈2, . . . , 𝑈𝑂↑1, 𝑈𝑂 ) (6.23)

where the matrix 𝑙̃ is the diagonal matrix with eigenvalues 𝑈𝑌 . Defining new
fermionic operators as,

𝑒̂
▽
𝑌
=
∑
O

𝑢O ,𝑌𝑒̂O , 𝑌 = 1, . . . ,𝑂 (6.24)

which preserve the canonical anti-commutation relations,

𝑒̂
▽
𝑌
, 𝑒̂

▽†
𝐿


= 𝑔𝑌 ,𝐿 and the

reduced density matrix is diagonal in this new basis. The two-point correlations
of these new modes satisfy 〈

𝑒̂
▽†
𝑌
𝑒̂
▽
𝐿

〉
= 𝑔𝑌 ,𝐿𝑈𝑌(𝑁) (6.25)

Hence, the system decomposes e!ectively into independent fermionic modes with
occupations 𝑈𝑌(𝑁). From this, the corresponding Fermi-Dirac distribution for each
fermion can be found. Consequently, the density matrix ↽𝑑(𝑁) is formally given by,

↽̂𝑑(𝑁) =
𝑂∏

𝑌=1

exp
[
↑ 𝑚𝑌(𝑁)𝑒̂

▽†
𝑌
𝑒̂
▽
𝑌

]
1 + exp

[
↑ 𝑚𝑌(𝑁)

] , 𝑚𝑌(𝑁) = ln


1
𝑈𝑌(𝑁)

↑ 1


(6.26)

The partition function factorizes as

𝑝(𝑁) =
𝑂∏

𝑌=1

[
1 + exp

(
↑ 𝑚𝑌(𝑁)

) ]
(6.27)

From this form, the von Neumann entropy becomes

𝑑(𝑁) = ↑ Tr
[
↽𝑑(𝑁) ln ↽𝑑(𝑁)

]

= ↑ Tr

[
↽𝑑(𝑁)

(
ln


1

𝑝(𝑁)


↑

𝑄∑
𝑌=1

𝑚𝑌(𝑁)𝑒̂
▽†
𝑌
𝑒̂
▽
𝑌

)]

=Tr

[
↽𝑑(𝑁)

𝑄∑
𝑌=1

ln
[
1 + exp

(
↑ 𝑚𝑌(𝑁)

) ] ]
+

𝑄∑
𝑌=1

Tr
[
↽𝑑 𝑚𝑌(𝑁)𝑒̂

▽†
𝑌
𝑒̂
▽
𝑌

]
(6.28)
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Using ⇒ 𝑒̂▽†
𝑌
𝑒̂
▽
𝑌
⇑ to write second term to get,

𝑑(𝑁) =
𝑄∑

𝑌=1


ln

[
1 + exp

(
↑ 𝑚𝑌(𝑁)

) ]
+

𝑚𝑌(𝑁)

1 + exp
(
𝑚𝑌(𝑁)

)


(6.29)

Re-expressing in terms of the eigenvalues 𝑈𝑌(𝑁), the entanglement entropy simpli-
fies to the well-known fermionic form:

𝑑(𝑁) = ↑

𝑂∑
𝑌=1

[(1 ↑ 𝑈𝑌(𝑁)) ln(1 ↑ 𝑈𝑌(𝑁)) + 𝑈𝑌(𝑁) ln 𝑈𝑌(𝑁)] (6.30)

This formula in Eq. (6.30) provides an e#cient way to compute the entanglement
entropy from the eigenvalues of the correlation matrix at any time 𝑁.

6.5 Results

In this section, we present numerical results for a quasi-periodic lattice coupled
at one end to a tight-binding bath (See Fig. 6.1). The analysis focuses on two
quantities using exact numerics [Sec. 6.3.1]:

1. The total occupation 𝑂(𝑁), as defined in Eq. (6.9)

2. The Von Neumann entropy 𝑑(𝑁), as defined by Eq. (6.20).

The time evolution of 𝑂(𝑁) reveals the filling process of the lattice in various
phases, while 𝑑(𝑁) is calculated using Eq. (6.30), based on the eigenvalues of
the correlation matrix. We will also corroborate the results obtained from exact
numerics with the Local Lindblad Equation discussed in Sec. 6.3.2. This combined
approach provides a comprehensive understanding of the dynamics and statistical
properties of the system. It is important to point out that the three regimes,
delocalized (𝜚 < 1), critical (𝜚 = 1.0), and localized (𝜚 > 1), indicate the value of
𝜚 but do not represent the phase of the full setup, as this is no longer an isolated
AAH lattice.

In Fig. 6.2, we present the time evolution of the total occupation 𝑂(𝑁) [Eq. (6.9)]
obtained from exact numerics for the delocalized (𝜚 = 0.2), critical (𝜚 = 1.0), and
localized (𝜚 = 1.2) regimes, for various system sizes.

In the delocalized phase (𝜚 = 0.2), shown in Fig. 6.2a, 𝑂(𝑁) grows linearly at
short times, followed by an exponential relaxation towards a steady state at long
times. For increasing system sizes, the 𝑂(𝑁) curves collapse onto each other up to a
characteristic timescale (which depends on system size 𝑄), demonstrating ballistic
growth. Beyond this timescale, finite-size e!ects become apparent, leading to
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Figure 6.2: Behaviour of total occupation 𝑂(𝑁) [Eq. (6.9)] versus time obtained from
exact numerics for three distinct regimes, for various system sizes. (a) Delocalized
regime (𝜚 = 0.2): The plot displays initial linear growth followed by exponential
relaxation to the steady state. The black dashed line corresponds to a linear fit of
the initial growth. The inset shows 𝑄↑𝑂(𝑁) versus 𝑁 on a semi-log scale, illustrating
the exponential relaxation at long times towards saturation. (b) Critical regime
(𝜚 = 1.0): The plot illustrates nearly di!usive growth at early times, with the
black dashed line providing the fit. The inset compares the initial growth of 𝑂(𝑁)

with the 𝑁
1/2 scaling on a log-log scale, highlighting the subtle di!erence with

conventional di!usive behavior in this regime. (c) Localized regime (𝜚 = 1.2): The
plot reveals polylogarithmic growth initially, with a corresponding fit shown as a
black dashed line. The inset presents the same data on a semi-log scale to clearly
display the polylogarithmic dynamics. A key observation in all plots is that the
initial growth overlaps for all system sizes for each of the phases, which suggests
that the dynamical scaling persists in the thermodynamic limit.

deviations from linear behaviour and the eventual onset of equilibration. The
steady state corresponds to the lattice being fully-filled, i.e. 𝑂(𝑁 ↘ ≃) ↘ 𝑄. The
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inset of Fig. 6.2a illustrates the exponential approach to equilibrium by plotting
𝑄↑𝑂(𝑁) versus time for system size 𝑄 = 40, consistent with the relaxation dynamics
of finite-size systems coupled to a generic bath. The ballistic growth and the
subsequent exponential relaxation of 𝑂(𝑁) observed in the delocalized phase
(𝜚 < 1) are similar to those reported for the clean lattice case (Fig. 5.2), discussed
in chapter 5.

In the critical regime (𝜚 = 1.0), shown in Fig. 6.2b, 𝑂(𝑁) exhibits close to
di!usive growth (𝑁P ,with P ↙ 0.5). For increasing system sizes, the curves overlap
up to characteristic timescales (which depend on system size 𝑄), after which
finite-size e!ects lead to deviations as the system approaches equilibration. The
steady state again corresponds to a fully-filled lattice, but the relaxation process is
considerably slower compared to the delocalized case (𝜚 < 1), with characteristic
timescales increasing as the quasi-disorder strength 𝜚 is tuned towards 1 from
below. The inset of Fig. 6.2b shows a comparison of 𝑂(𝑁) for system size 𝑄 = 120
with the conventional di!usive scaling, eluciating the slight departure from 𝑁

1/2

in the critical regime. It is worth noting that these results are consistent with both
isolated and open system properties of the AAH lattice, where close to di!usive
behavior has been reported [321, 322, 324].

In the localized regime (𝜚 = 1.2), shown in Fig. 6.2c, 𝑂(𝑁) exhibits a polyloga-
rithmic growth with time. Although the system is ultimately expected to saturate
to a fully-filled state, the growth is extremely slow. The inset of Fig. 6.2c presents
𝑂(𝑁) in comparison with standard logarithmic scaling on a semi-log scale, making
the polylogarithmic behavior evident.

Overall, the fact that our numerical observation of the initial growth of 𝑂(𝑁)

for di!erent system sizes coincides for each regime in Fig. 6.2 indicates that the
dynamical scaling in every regime should persist in the thermodynamic limit.

In Fig. 6.3, we present the time evolution of the Von Neumann entropy 𝑑(𝑁)

[Eq. (6.30)] obtained from exact numerics for the delocalized (𝜚 = 0.2), critical
(𝜚 = 1.0), and localized (𝜚 = 1.2) regimes, for various system sizes.

In the delocalized phase (𝜚 = 0.2), depicted in Fig. 6.3a, 𝑑(𝑁) exhibits a charac-
teristic Page curve [326, 327]: an initial linear growth followed by an exponential
decay towards zero after reaching its maximum at the Page time. For increasing
system sizes, these curves coincide up to this Page time (which depends on sys-
tem size 𝑄). Beyond this point, finite-size e!ects become significant; the lattice
eventually fills and becomes spatially homogeneous (and equilibrates), leading
to the entanglement entropy decay to zero. The inset of Fig. 6.3a illustrates this
exponential decay towards zero for system size 𝑄 = 40.

In the critical regime (𝜚 = 1.0), shown in Fig. 6.3b, 𝑑(𝑁) also follows a Page
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Figure 6.3: Behaviour of the Von Neumann entropy 𝑑(𝑁) [Eq. (6.30)] versus time,
obtained from exact numerics for three regimes for various system sizes. (a)
Delocalized regime (𝜚 = 0.2): 𝑑(𝑁) exhibits initial linear growth followed by
exponential decay towards zero after the Page time. The black dashed line is
a linear fit to the initial growth. The inset presents 𝑑(𝑁) on a semi-log scale,
illustrating the exponential decay at long times. (b) Critical regime (𝜚 = 1.0):
𝑑(𝑁) shows nearly di!usive growth, with the black dashed line being the fit,
followed by decay towards zero after the Page time, as visible for system size
𝑄 = 16 dynamics. The inset compares the growth with the 𝑁

1/2 scaling on a log-
log scale, highlighting the subtle di!erence with standard di!usive scaling. (c)
Localized regime (𝜚 = 1.2): 𝑑(𝑁) demonstrates initial polylogarithmic growth, with
a corresponding fit indicated by the black dashed line, followed by decay towards
zero after the Page time, which can be seen from system size 𝑄 = 8 dynamics.
The inset displays the growth of 𝑑(𝑁) in comparison with standard logarithmic
scaling on a semi-log scale to clearly reveal the polylogarithmic behavior. An
important observation is that for each of the regimes, the initial growth of entropy
overlaps across system sizes, indicating that dynamical scaling persists in the
thermodynamic limit.
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curve profile, characterized by slower, nearly di!usive growth (𝑁P ,with P ↙ 0.5) at
early times. For increasing system sizes, these curves overlap up to the Page time,
beyond which finite-size e!ects dominate and the entropy gradually decreases
from its peak value towards zero. Due to the slow dynamics of this regime, the
subsequent decay of entropy is likewise slow. The inset compares 𝑑(𝑁) for system
size 𝑄 = 120 with 𝑁

1/2 scaling on a log-log scale, emphasizing the departure from
the standard di!usive behavior during the initial growth.

In the localized regime (𝜚 = 1.2), illustrated in Fig. 6.3c, the Page curve
dynamics feature an even slower, polylogarithmic increase of 𝑑(𝑁) at early times.
Curves for di!erent system sizes again overlap up to the Page time, after which
finite-size e!ects induce the entropy decay from its maximum towards zero. Even
for small system sizes, the extremely slow dynamical nature results in a very
gradual entropy decay. The inset of Fig. 6.3c displays 𝑑(𝑁) in comparison with
standard logarithmic scaling on a semi-log scale, highlighting the polylogarithmic
growth behavior.

Overall, these results illustrate how the Page curve dynamics evolve distinc-
tively for each phase, with the initial growth overlapping across system sizes,
thereby confirming the persistence of dynamical scaling in the thermodynamic
limit.

So far, the results discussed were obtained from the exact numerics [Sec. 6.3.1].
Next, we discuss the numerical findings obtained via the Local Lindblad Equation
[Sec. 6.3.2]. We recall that the Lindblad equation was employed in chapter 4 as
a phenomenological approach to model arbitrary system-bath couplings, while
in chapter 5, the focus shifted to the weak system-bath coupling regime. In this
weak coupling regime, the dynamics can become extremely slow due to strong
quasi-disorder and a low rate of particle injection. To overcome this limitation, we
explore parameter regimes corresponding to strong coupling. Because the Lind-
blad equation is completely positive and trace-preserving (CPTP), the qualitative
features of the dynamics remain physically meaningful, and the dynamical scaling
is expected to be consistent with that obtained from exact numerics. However, a
thorough quantitative agreement between the Lindblad approach and exact dy-
namics is not expected, especially beyond weak coupling limits [250, 328]. In the
localized regime (𝜚 > 1), characterized by logarithmically slow dynamics, direct
exact numerics is impractical for long-time studies. Here, especially the Lindblad
formalism provides a practical alternative that captures similar dynamical scaling
for key observables.

Figure 6.4 shows the time evolution of the total occupation 𝑂(𝑁) [Eq. (6.9)]
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Figure 6.4: Behaviour of total occupation 𝑂(𝑁) versus time obtained from Local
Lindblad Equation [Sec. 6.3.2] for (a) delocalized, (b) critical, and (c) localized
regimes for a representative system size. In these plots, the same characteristic
scaling exponent of occupation growth is observed as in Fig. 6.2, obtained using
exact numerics across each of the three regimes. The black dashed lines are the
curves whose functional form is given in the legends.

obtained from the local Lindblad equation [Sec. 6.3.2] in the delocalized (𝜚 = 0.2),
critical (𝜚 = 1.0), and localized (𝜚 = 1.2) regimes. The characteristic scaling of
occupation growth observed here matches that obtained from exact numerics
(Fig. 6.2). The chosen parameters correspond to strong system-bath coupling (See
Table 6.1). The qualitative agreement-particularly the preservation of characteristic
dynamical scaling for each of the three regimes, holds. This reinforces and
strengthens the claims we made based on exact numerics.

In this section on numerical results, to illustrate the dynamics across di!erent
regimes, system sizes were chosen to best highlight characteristic behaviors. It
should be noted that identical system sizes are not always required to demonstrate
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the key growth patterns and main observations. Instead, selecting appropriate
sizes for each regime enables a clearer representation of the underlying dynamics.

6.6 Discussions

In the isolated Aubry-André-Harper (AAH) model, particle spreading occurs
ballistically in the delocalized regime and is nearly di!usive at the critical point.
When a single bath is attached to one end of the one-dimensional lattice, the
extensive properties of the system’s eigenstates are expected to remain largely
unchanged, as the number of baths is non-extensive. Consequently, the scaling
behavior of transport and particle spreading is anticipated to resemble that in the
isolated lattice for the delocalized and critical regimes. However, in the localized
regime, where transport is absent in the isolated system, the presence of the bath
facilitates particle injection and subsequent spreading (albeit extremely slow in
nature) within the lattice.

This injection mechanism leads to non-trivial dynamical scaling in the time
evolution of the total occupation. In the Localized regime, the overlap between
the system’s eigenstates and the bath contact point decays exponentially with the
distance of the localization center from the contact site [226]. As a result, eigenstates
localized far from the contact remain essentially una!ected and contribute only
weak, logarithmic transport from the bath to the system. In contrast, dissipation
broadens eigenstates localized near the contact point, which likely accounts for
the enhanced transport and the observed scaling behavior beyond logarithmic
growth.

We expect that particle transport from the bath into the system will continue
until the lattice becomes fully occupied. Because the bath is chosen to be infinite,
particle spreading will continue logarithmically at long times in the localized
phase, occurring over extremely long timescales. The coupling strength between
the system and the bath governs the extent to which eigenstates broaden.

6.7 Summary and Outlook

In this chapter, we have explored the rich quantum dynamics emerging from
the interplay of unitary and non-unitary processes in a quasiperiodic system.
Specifically, we considered an initially empty Aubry-André-Harper (AAH) lattice
locally coupled to a reservoir, as depicted in Fig. 6.1. The primary observables
were the total occupation, 𝑂(𝑁) [Eq. (6.9)], and the Von Neumann entropy, 𝑑(𝑁)
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[Eq. (6.20)], both analyzed using exact numerics [Sec. 6.3.1]. To further support
the findings, we also studied the evolution of total occupation using the local
Lindblad equation [Sec. 6.3.2].

The results demonstrate that the initial growth of the total occupation 𝑂(𝑁)

exhibits distinct dynamical behaviors depending on the regime: linear growth in
the delocalized phase, nearly di!usive growth at the critical point, and polyloga-
rithmic growth in the localized phase. This initial growth is followed by relaxation
towards a fully-filled steady state, as shown in Fig. 6.2. However, the timescales
for reaching this steady state increase with both the strength of quasi-disorder 𝜚
and system size 𝑄. Similarly, the Von Neumann entropy shows corresponding
initial growth patterns - linear, nearly di!usive, and polylogarithmic - followed
by decay towards zero at long times, as illustrated in Fig. 6.3. Moreover, employ-
ing the local Lindblad equation to model the system’s evolution under arbitrary
system-bath coupling confirms the same value (as obtained from exact numerics)
of the characteristic dynamical exponent of total occupation 𝑂(𝑁) in each of the
three regimes.

One promising future direction is motivated by recent work by Mallick and
Krapivsky [308, 309], studying particle injection in open quantum systems. In
particular, exploring particle injection using the local Lindblad equation with
arbitrary gain and loss coe#cients in the Aubry-André-Harper lattice for bosons
and fermions presents an exciting opportunity. While fermionic systems are
expected to show similar dynamical scaling, bosonic systems may exhibit richer
behavior. Previous work [309] has demonstrated that an incoherent pump without
loss channels can induce dynamical phase transitions in bosons, where the total
particle number 𝑂(𝑁) grows either exponentially or as a power law depending on
the pump strength.

The interplay between incoherent gain and loss processes and quasiperiodicity
in the lattice could give rise to a diverse range of dynamical scaling behaviors
for 𝑂(𝑁), alongside non-trivial scaling of particle spreading within the lattice.
These e!ects are expected to be strongly influenced by the strength of the quasi-
disorder. Investigating this problem is an ongoing research project I’m pursuing
that promises deeper insight into open quantum systems with quasiperiodic
structure.

An important open question concerns the characteristics of long-time dynamics,
particularly the scaling of relaxation times toward steady states as a function of
system size in the various phases of the AAH lattice. While the total occupation,
being linear in the density matrix, is expected to exhibit one type of scaling, the
von Neumann entropy, as a non-linear function, may show di!erent behavior.
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Additionally, applying hydrodynamic approaches to the setup introduced in
Chapter 5 could provide analytical expressions for spatial density profiles and
entropy evolution over time, o!ering a pathway to compute relaxation timescales
analytically.

Authors contributions: This chapter is part of the ongoing work in Collaboration
with Prof. B"ay Kumar Agarwalla, Prof. Abhishek Dhar, Prof. Manas Kulkarni,
Prof. Anupam Kundu, and Prof. Sanjib Sabhapandit.
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A major challenge in modern physics is to understand whether quantum systems
thermalize when subject to disorder and environmental interactions. This thesis
examines the impact of dissipation and external driving influence localization-
delocalization transitions, focusing on the spectral and dynamical properties of
both interacting systems that exhibit many-body localization and non-interacting
systems that exhibit Anderson localization. The central objective is to examine
whether coupling to the environment destroys localization entirely or whether
signatures of the localized phase can still endure in open quantum systems/non-
Hermitian systems.

In Chapter 2, we outline the theoretical framework and methods used to study
the dynamics of open quantum systems. The discussion combines exact numerical
techniques with perturbative approaches to capture both non-perturbative and
weak-coupling regimes. Exact methods provide accurate descriptions in specific
settings, while quantum master equations o!er versatile tools for exploring dis-
sipative dynamics in broader contexts. Together, these approaches establish a
comprehensive foundation for analyzing the quantum dynamics in the presence
of the environment and are quite useful for a wide range of problems in many-body
systems.

In Chapter 3, we study three non-Hermitian disordered interacting quantum
systems, focusing on spectral signatures to identify the presence/absence of quan-
tum chaos. Spectral diagnostics such as the dissipative spectral form factor and
complex spacing ratios are discussed, which reveal clear signatures of chaotic
behavior at weak disorder, consistent with predictions from non-Hermitian ran-
dom matrix theory. On the other hand, strong disorder leads to uncorrelated
spectra, which is characteristic of localization. These tools capture universal fea-
tures that are signatures of chaos and random matrix theory. DSFF possesses the
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universal dip-ramp-plateau in the chaotic regime; it loses the characteristic dip-
ramp-plateau structure in the absence of chaos. Similarly, CSR has an anisotropic
distribution (RMT) in the presence of chaos, while a homogeneous distribution
(Poisson) in its absence. Extending one of the models to include long-range hop-
ping further demonstrates how increasing connectivity enhances chaotic features,
with correlations persisting even at strong disorder.

In chapter 4, we study a one-dimensional chain of disordered interacting
systems using deformed Lindblad dynamics to probe how quantum jumps in-
fluence the ergodic to many-body localization transition. By analyzing spectral
observables such as complex spacing ratios together with dynamical measures like
imbalance and activity, we find that controlling the quantum jumps can stabilize
the localized phase and promote its emergence. In other words, post-selection
can promote localization. We emphasize that this result is not merely a formal
construction but is experimentally accessible using realistic detectors with finite
e#ciency. This result highlights a mechanism distinct from measurement-induced
phase transitions and demonstrates that post-selection can be used to preserve
localization in open many-body systems, o!ering both theoretical insight and
experimental feasibility.

In the second part of this thesis, we investigate the unitary dynamics of a non-
interacting lattice coupled to a reservoir modeled as a tight-binding chain at finite
temperature and chemical potential. In Chapter 5, we focus on a disorder-free
lattice, which is initially empty, and show how the interplay between unitary evolu-
tion and non-unitary e!ects gives rise to rich quantum dynamics in simple setups.
By analyzing observables such as spatial density profiles and total occupation, we
show that particle spreading is ballistic at early times, with finite systems even-
tually relaxing to equilibrium while infinite lattices exhibit unbounded growth.
The results reveal both universal features and distinct di!erences between bosons
and fermions arising from quantum statistics. Furthermore, by comparing exact
results with quantum master equations, we also demonstrate their validity or inva-
lidity in various regimes. Unlike phenomenological descriptions, the framework
employed here enforces detailed balance, providing a consistent foundation for
understanding spreading, equilibration, and steady states in open non-interacting
quantum systems.

Continuing from chapter 5, we extend the analysis to non-interacting quasiperi-
odic systems in chapter 6. We study the dynamics of an empty Aubry-André-
Harper (AAH) lattice, which exhibits a localization-delocalization transition cou-
pled to a reservoir. This setup allows a direct investigation of how quasi-periodicity
and environmental coupling influence the system’s dynamics. By examining the
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time evolution of key observables such as the total occupation and the von Neu-
mann entropy, we show that the system exhibits very rich quantum dynamics
and distinct dynamical scaling across di!erent regimes: linear growth in the delo-
calized phase, nearly di!usive behavior at the critical point, and polylogarithmic
growth in the localized phase. While finite systems eventually relax to steady
states, the timescales strongly depend on both quasi-disorder and system size.
Comparisons with Lindblad dynamics confirm the robustness of these results.
Overall, the study highlights how the interplay between quasiperiodicity and bath
coupling leads to rich transport phenomena, revealing that localization signatures
(e.g., polylogarithmic growth) can persist even under continuous particle exchange
with an environment.

In this thesis, we have investigated the stability and robustness of localization
phenomena - both single-particle and many-body localization - in the presence
of environmental interactions. The motivation is rooted in a broader e!ort to
understand how dissipation and decoherence influence localization in quantum
systems. The primary focus has been on damping-type dissipators, though the role
of dephasing, with its rich and distinctive physical implications, is a compelling
direction for future exploration. Using several paradigmatic models, including
both non-interacting and interacting systems with disorder in non-Hermitian
and open-system frameworks, we have examined how environmental coupling
modifies spectral and dynamical properties.

The results presented in this thesis demonstrate the existence ofa delocalization-
localization transition in dissipative dynamics. We also show that controlled
environmental setups (e.g., tuning the quantum jumps) can both stabilize and
enhance the localized phase under suitable conditions. Through detailed analysis
of dynamical observables, this work further characterizes the signatures of these
phases, drawing connections between theoretical models and realistic experimen-
tal implementations. Thus, the findings contribute to a deeper understanding of
how localized quantum phases may be controlled and detected in current and
future experiments.
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In this appendix, we briefly discuss the relevant non-Hermitian random matrix
ensembles and present the results for complex spacing ratios and the dissipative
spectral form factor.

A.1 Random Matrix Ensembles

Random Matrix Theory (RMT) provides a natural framework to describe universal
spectral statistics in both Hermitian and non-Hermitian systems. For Hermi-
tian ensembles, the Gaussian ensembles are the Gaussian Orthogonal Ensemble
(GOE), Gaussian Unitary Ensemble (GUE), and Gaussian Symplectic Ensemble
(GSE), characterized by Dyson index 𝜘 = 1, 2, 4 respectively. Their level-spacing
distributions reveal short-range correlations between eigenvalues.

The non-Hermitian counterparts are the Ginibre ensembles: Ginibre Orthogo-
nalEnsemble (GinOE), Ginibre Unitary Ensemble (GinUE), andGinibre Symplectic
Ensemble (GinSE). A remarkable feature of these ensembles is that they exhibit
cubic level repulsion, a form of universality unique to non-Hermitian RMT [286].
In addition to the Gaussian and Ginibre classes, the AI† ensemble plays a central
role for models with transposition symmetry, defined by the constraint 𝑋 = 𝑋

𝑠

for non-Hermitian matrices.
The construction of such ensembles follows simple prescriptions: depending

on whether the ensemble is real or complex, the entries of a random matrix
N are chosen as real or complex independent and identically distributed (i.i.d.)
Gaussian variables. Symmetries of the Ensembles put additional constraints on
this construction (see Table A.1).

The eigenvalue spectrum of a non-Hermitian random matrix of dimension
↔ ↗ ↔ typically fills a uniform disk of radius 𝑛 =

∀
↔ . Upon normalization,

𝑋
▽ = 𝑋/

∀
↔ , this spectrum reduces to a disk of unit radius [33] (see Fig. A.1).
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Hermiticity Class Reality Symmetry Constraint Construction

Hermitian
GOE Real Time-reversal 𝑋 = 𝑋

𝑠
𝑋 = (N + N

𝑠)/2

GUE Complex None 𝑋 = 𝑋
†

𝑋 = (N + N
†)/2

Non-Hermitian

GinOE Real Time-reversal 𝑋 = 𝑋
⊳

𝑋 = N

GinUE Complex None None 𝑋 = N

AI† Complex Transposition 𝑋 = 𝑋
𝑠

𝑋 = (N + N
𝑠)/2

Table A.1: Summary of Hermitian and Non-Hermitian RMT Ensembles.

For reference, the main symmetries of the commonly used ensembles are
summarized in Table A.1. Alongside these ensembles, the case of uncorrelated
spectra is also considered, where eigenvalues are drawn as i.i.d. random numbers
from uniform distributions (real forHermitian, complex fornon-Hermitian). These
uncorrelated levels will have corresponding Poisson distributions.

To numerically examine these universality classes, we generated ensembles of
size 104, averaged over 100 realizations, for GinUE, GinOE, AI†, and uncorrelated
complex spectra. The Ginibre ensembles display a nearly uniform eigenvalue
density across the disk, while deviations appear only at the edges (see Fig. A.1).
Importantly, these edge fluctuations are statistically insignificant compared to
the bulk eigenvalues, and thus the bulk captures the universal features of the
spectrum. From here on, we focus exclusively on the non-Hermitian ensembles
most relevant to the models discussed in this thesis.

Note: The eigenvalues of a Ginibre Orthogonal Ensemble (GinOE) matrix can
be either real or occur in complex-conjugate pairs. This originates from the fact
that GinOE matrices have real entries but are non-Hermitian.

A.2 Spacing-Ratios Distributions

In this section, we present the results of complex spacing ratios (CSR) for the non-
Hermitian random matrix ensembles. The CSR is defined in the equation (3.3.1).
This definition is applied to the non-Hermitian RMT ensembles, and the spacing
ratios distributions are studied. Figure A.2 shows the marginal distributions of
the radial part 𝑊 and the angular component 𝜗 for GinOE, GinUE, AI†, and 2D
Poisson ensembles. GinOE and GinUE exhibit identical distributions, while the
AI† ensemble demonstrates distinct statistical behavior.

The distributions of the complex spacing ratios ↪ are illustrated in Fig. A.3. For
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(a) GinUE (b) GinOE

(c) AI† (d) Complex Uncorrelated

Figure A.1: Representative eigenvalue spectra for GinUE, GinOE, AI†, and complex
uncorrelated ensembles for a single realization.

the random matrix ensembles, the scatter plot reveals an anisotropic distribution,
while the uncorrelated levels yield a uniform distribution over the unit disk. These
plots clearly demonstrate the manifestation of level repulsion: for random matrix
spectra, the ratio density is suppressed near 𝑊 = 0, and eigenvalues tend to dis-
tribute evenly around the reference level, leading to suppression at small angular
separations. In contrast, the uncorrelated spectrum shows no such suppression,
producing a homogeneous distribution across the unit circle.

To quantitatively compare these ensembles, Table A.2 reports the averaged
observables obtained from spacing-ratio distributions. The values of ⇒𝑊⇑ and
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Figure A.2: Complex spacing ratios: Marginal distributions of (left) 𝑊 and (right)
𝜗 for GinOE (blue), AI† (orange), GinUE (cyan) and 2D Poisson (black dashed)
RMT Classes. It is clear from these plots that GinOE and GinUE have identical
distributions, while GinOE and AI† have di!erent distributions.

↑⇒cos𝜗⇑ clearly distinguish between Ginibre, AI†, and Poisson ensembles, con-
firming that the ratio statistics serve as good indicators of spectral correlations in
non-Hermitian random matrices.

Class ↑⇒cos𝜗⇑ ⇒𝑊⇑

Complex Levels -0.00472 0.66628
GinUE 0.24696 0.73857
GinOE 0.24440 0.73849
AI† 0.19290 0.72187

Table A.2: Average quantities from spacing-ratio distributions for non-Hermitian
ensembles.

A.3 Dissipative Spectral Form Factor

In this section, we present the results of the Dissipative Spectral Form Factor
(DSFF) for non-Hermitian random matrices. The DSFF was introduced in Sec. 3.3.2
[Eq. (3.7)] and is now applied to the non-Hermitian RMT ensembles. This diag-
nostic provides a way to probe long-range spectral correlations in the complex
plane.

Before discussing results, it is useful to recall that the spectra of non-Hermitian
random matrices are rescaled to lie within the unit disk |𝑅| < 1, ensuring that the
mean level spacing scales appropriately with system size. The eigenvalue density
of these ensembles is rotationally invariant, as shown earlier in Fig. A.1. For the
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Figure A.3: Distribution of complex spacing ratios in the complex plane for non-
Hermitian random ensembles. Ginibre ensemble scatter plot has some quantitative
contrasting features than the AI† plot, and the uncorrelated levels spacing ratios
are distributed uniformly in the unit circle.

GinUE, the DSFF has an analytic form [207],

𝑇GinUE (𝜓, 𝜓′) = 1 +↔ 1K1


↔ + 1; 2;↑ |𝜓|2

4↔

2

↑

↔↑1∑
𝐿 ,𝑌=0

(max(𝑌 , 𝐿)!)2

↔𝐿!𝑌!(|𝑌 ↑ 𝐿|!)2 1K1


max(𝑌 , 𝐿) + 1; |𝑌 ↑ 𝐿| + 1;↑ |𝜓|2

4↔

2
(A.1)

where 1K1(𝑒 , 𝑓; 𝑅) =
∑

≃

𝐿=0 𝑒
(𝐿)

𝑅
𝐿/𝑓(𝐿)𝐿! is the confluent Kummer hypergeometric

function. In the large-↔ limit, retaining the leading terms gives [207],

𝑇GinUE (𝜓, 𝜓′) = 1 +↔
4𝑥1(|𝜓|)2

|𝜓|2
↑ exp


↑
|𝜓|2

4↔


(A.2)

136



A.3. DISSIPATIVE SPECTRAL FORM FACTOR

10�1 100 101

|�̃|

10�1

100

K
(�̃
,�̃
� )

KGinUE
c

1

(a) GinUE

10�1 100 101

|�̃|

10�1

100

K
(�̃
,�̃
� )

KGinUE
c

1

10�1 100 101

10�1

100

2

� = 0
2KGinUE

c

2

(b) GinOE

10�1 100 101

|�̃|

10�1

100

K
(�̃
,�̃
� )

KGinUE
c

1

(c) AI†

10�1 100 101

|�̃|

100

101

102

103
K

(�̃
,�̃
� )

1

(d) Complex Uncorrelated levels

Figure A.4: DSFF vs. |𝜓| for non-Hermitian ensembles as a function of rescaled time
variable | 𝜓̃| for di!erent values of 𝜔 ↓ [𝜕/20, 9𝜕/20] shown for di!erent values
of 𝜔 ↓ [𝜕/20, 9𝜕/20] in increments of 𝜕/20, with lighter shades corresponding to
smaller 𝜔 values and darker shades to larger ones. All results are for 𝑂 = 104. The
DSFF has been normalized such that GinUE and Poisson classes saturate to one at
long times. The blue dashed line represents the analytical form of DSFF for GinUE
(𝑇GinUE

𝑈
), while the black line corresponds to a horizontal line representing unity.

The inset in plot (b) shows the DSFF for GinOE at 𝜔 = 0, whose ramp matches
precisely with 2𝑇GinUE

𝑈
.

where 𝑥𝜙(𝑦) is the Bessel function of the first kind.

For the complex uncorrelated levels, the DSFF is given by,

𝑇Poi (𝜓, 𝜓′) = 1 + (↔ ↑ 1)𝑔↑|𝜓|2 (A.3)

Here, 𝑇Poi starts from ↔ at small times but decays rapidly since eigenvalues are
completely uncorrelated. Asymptotically, it reaches 1, coming from the diagonal
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contributions (𝑌 = 𝐿 terms in Eq. (3.7)).

(a) GinUE

(b) GinOE

Figure A.5: Distributions of pairwise eigenvalue di!erences 𝑅𝑌𝐿 = 𝑅𝑌 ↑ 𝑅𝐿 for (a)
GinUE and (b) GinOE ensembles. Both ensembles exhibit approximate rotational
symmetry in the complex plane, consistent with the isotropic nature of their
eigenvalue distributions.

Now, we discuss some exceptional cases within RMT. For GinOE, the spectrum
consists of both real eigenvalues and complex-conjugate pairs. The fraction of
real eigenvalues decreases with increasing matrix size, but their presence has a
significant e!ect on spectral diagnostics. In particular, the complex-conjugate
pairs give rise to e!ective two-fold accidental degeneracies when the di!erences
{𝑅𝑌𝐿} are projected onto the 𝜔 = 0 direction, while the real eigenvalues produce
accidental degeneracies along the radial axis when projected at 𝜔 = 𝜕/2 for which
the analytical expression is not known. Consequently, DSFF for 𝜔 = 0 exactly
twice the DSFF for GinUE (𝑇GinOE

𝑈
|𝜔=0 = 2𝑇GinUE

𝑈
) in the limit of large matrix

size. For generic projection angles 𝜔 away from 0 and 𝜕/2, the GinOE ensemble
reproduces the results of the GinUE. Similar degeneracies appear in the GinSE
class, although for di!erent reasons [207], which is beyond the scope of this work.
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In Fig. A.4, the DSFF obtained from Eq. (3.7) is shown as a function of rescaled
time variable | 𝜓̃| for di!erent non-Hermitian ensembles. The rescaled time variable
is defined as 𝜓̃ = 𝜓/𝜓𝑋 , where 𝜓𝑋 is equal to

∀
↔ for non-Hermitian ensembles. The

DSFF captures universal spectral correlations and exhibits the characteristic “dip-
ramp-plateau” structure, analogous to the spectral form factor (SFF) in Hermitian
ensembles [44]. For GinUE, the numerical DSFF agrees well with the analytical
ramp from Eq. (A.2). GinOE shows angle-dependent behavior due to the presence
of real and conjugate-pair eigenvalues, but for general projection angles, its DSFF
follows that of GinUE up to an overall multiplicative factor. For the AI† ensemble,
the DSFF shows systematic deviations from Ginibre statistics, consistent with its
di!erent symmetry class, while the Poisson ensemble displays exponential decay
in the absence of correlations.

Figure A.5 illustrates the distribution of pairwise eigenvalue di!erences 𝑅𝑌𝐿 =
𝑅𝑌 ↑ 𝑅𝐿 for GinUE and GinOE ensembles. Both ensembles display the expected
rotational symmetry in the complex plane, reflecting the isotropy of their spectra.

Overall, for large ↔ , the DSFF for Ginibre ensembles grows quadratically
at intermediate times, 𝑇GinUE ℬ |𝜓|2/4, before saturating to a constant value in
the long-time limit. This “quadratic ramp” is the hallmark of chaotic spectral
correlations in non-Hermitian matrices.
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B.1 Distribution of complex energy di!erences

In this appendix, we discuss the distribution of the di!erence in complex energies
𝑅𝑌𝐿 = 𝑅𝑌↑𝑅𝐿 . This analysis is ofpivotal importance since it is the main ingredient in
dissipative spectral form factor (DSFF), which captures all long-range correlations
of complex eigenvalues [Eq. (3.7)]. In Fig. B.1, the distribution of 𝑅𝑌𝐿 for two distinct
representative samples in the complex plane for all three models in the chaotic
regime is shown. The color map shows the density of these energy di!erences.

The energy spectra for the disordered systems in the complex plane are inhomo-
geneous and anisotropic. This is also reflected in the complex energy di!erences
as seen in Fig. B.1. As a consequence, the DSFF as a function of |𝜓| depends on
the choice of the angle 𝜔 = arg(𝜓). This is reflected in the early time behavior of
the DSFF after the initial dip. At intermediate times, the DSFF is robust to this 𝜔

variation, thereby leading to a universal ramp feature. The late time behavior is
manifested as a plateau, which is 𝜔 independent as expected. Such 𝜔 dependency
in DSFF, which stems from the lack of rotational symmetry in the energy spectrum
and energy di!erences, is absent in non-hermitian random matrix ensembles and
certain non-hermitian models [207].
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Figure B.1: Distribution of complex energy di!erence considering two separate
disorder samples each for Model-I [(a),(b)] (𝑃 = 2), Model-II [(c),(d)] (𝑃 = 2) and
Model-III (𝑃 = 14, 𝜖 = 0) [(e),(f)] at system size 𝑄 = 16. The color map shows the
density of the energy di!erences 𝑅𝑌𝐿 in the complex plane. This clearly shows the
lack of rotational symmetry, unlike non-hermitian random matrix ensembles.

B.2 Estimation of Heisenberg time

Here, we discuss the calculation of the Heisenberg time for the models. For the
DSFF of model-I to agree with the analytical form of the DSFF for GinOE random
matrices given by Eq. (3.10), we define the Heisenberg time scale 𝜓𝑋 which scales
the bare time 𝜓 as 𝜓̃ = 𝜓/𝜓𝑋 . To estimate 𝜓𝑋 , one first locates the time scale 𝜓′ after
which the DSFF shows universal behavior (non-linear ramp) and fits the curve

𝑚𝑇(𝜓,𝑌) = 1 ↑ exp
[
↑𝑌|𝜓|2

]
(B.1)
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Figure B.2: [Model-II, Eq. (3.2)] Marginal distributions for (left) 𝑊 and (right) 𝜗 for
𝑃 = 4 for di!erent system sizes 𝑄 for entire spectrum statistics. We find evidence of
deviations from the expected RMT behavior due to the finite-size e!ect. In other
words, upon increasing system size, we notice that our results approach those of
marginal distributions for AI† symmetry class.

with the numerical data of the DSFF where 𝑌 is the fitting parameter and 𝜓𝑋 is
extracted as 𝜓𝑋 = 1

2
∀
𝑌

. For better accuracy, we calculate 𝜓𝑋 for di!erent choices of
𝜔 and take the average over 𝜔 to calculate the Heisenberg time used for rescaling
the time axis in Fig. 3.5. In the case of model-II and model-III, we compare the
numerical data with the DSFF of AI† symmetry class for which the analytical
expression is not known yet. However, we use the same fitting function Eq. (B.1)
to get an estimate of 𝜓𝑋 (just like model-I) and use that to shift the numerical result
for AI† symmetry class to show agreement between model-II/model-III with that
of AI† symmetry class. This procedure of estimating 𝜓𝑋 works well because the
DSFF for GinOE and AI† symmetry class have common basic features despite
having di!erent functional variations as depicted in the inset of Fig. 3.6.

B.3 Finite-size e!ects in complex spacing ratio

Now we discuss the deviation of the complex spacing ratios (CSR) from the RMT
predictions for the models at the intermediate disorder strengths between the
chaotic and the localized regimes. In the main text, the DSFF and the CSR for
di!erent models are shown deep in the chaotic and the localized regime, where
there is good agreement with the corresponding RMT/ Poisson statistics at the
system size 𝑄 = 18. However, this does not hold for intermediate disorder strengths
near the critical point for the localization transition, where both the DSFF and CSR
are prone to finite-size e!ects.

Fig. B.2 shows the variation of both the marginal distributions of 𝑊 and 𝜗 for
di!erent system sizes at 𝑃 = 4 for model-II, which corresponds to the intermediate
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Figure B.3: [Model-I, Eq. (3.1)] Marginal distributions of (left) 𝑊 and (right) 𝜗 at
𝑃 = 2 for system size 𝑄 = 18 considering only middle of spectrum. Both the
distributions agree with that of GinOE (blue Dashed).

Figure B.4: [Model-II, Eq. (3.2)] Marginal distributions of (left) 𝑊 and (right) 𝜗 at
𝑃 = 2 (blue) and 𝑃 = 14 (orange) for system size 𝑄 = 18 considering only middle
of the spectrum. The distributions agree perfectly with that of AI† symmetry
class (blue dashed) and 2D Poisson statistics (black dashed) at 𝑃 = 2 and 𝑃 = 14
respectively.

Figure B.5: [Model-III, Eq. (3.3)] Marginal distributions of (left) 𝑊 and (right) 𝜗 at
𝑃 = 14, 𝜖 = 0 for system size 𝑄 = 16 considering only middle of the spectrum. The
distributions agree well with that of the AI† class.

disorder strength for this model. For system size, 𝑄 = 14, both the marginal
distributions show similarity with the 2D Poisson statistics, implying uncorrelated
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GinOE h 1D P2 4 6 8 10 12 14
↑⇒cos𝜗⇑ 0.244 0.196 0.018 0.023 ↗ ↗ ↗ ↗ ↗
⇒𝑊⇑ 0.738 0.736 0.703 0.553 0.508 0.502 0.501 0.5 1/2
↑⇒cos𝜗⇑𝑗 0.244 0.228 0.039 0.019 ↗ ↗ ↗ ↗ ↗
⇒𝑊⇑𝑗 0.738 0.737 0.723 0.564 0.509 0.502 0.501 0.5 1/2

Table B.1: [Model-I] Average of 𝑊 and cos𝜗 for di!erent disorder strength 𝑃 using
entire spectrum and the middle of the spectrum. The subscript 𝑗 in the first
column represents the average extracted for the middle of the spectrum. Since
model-I goes through a complex-real transition as the disorder is increased, the 𝜗
variable is ill-suited for 𝑃 ∝ 6. These parameter regimes are therefore represented
by ↗ in the row of ↑⇒cos𝜗⇑𝑗 .

AI† h 2D P2 4 6 8 10 12 14
↑⇒cos𝜗⇑ 0.193 0.16 0.039 ↑0.005 ↑0.011 ↑0.015 ↑0.021 ↑0.028 0
⇒𝑊⇑ 0.722 0.722 0.686 0.669 0.668 0.667 0.667 0.666 2/3
↑⇒cos𝜗⇑𝑗 0.193 0.186 0.071 0.007 ↑0.001 ↑0.003 ↑0.007 ↑0.014 0
⇒𝑊⇑𝑗 0.722 0.722 0.692 0.669 0.667 0.667 0.667 0.667 2/3

Table B.2: [Model-II] Average of 𝑊 and cos𝜗 for di!erent disorder strength using
entire spectrum and middle of the spectrum (denoted by subscript 𝑗) at system
size 𝑄 = 18.

random complex energy levels. This, in fact, turns out to be a finite-size e!ect,
and as the system size increases, both the quantities deviate from the Poisson
statistics and tend to approach the statistics of the AI† symmetry class. However,
it never reaches the statistics of this symmetry class for the choice of system sizes,
making the analysis inconclusive for intermediate disorder strengths. Similarly,
for other intermediate values of disorder strength 𝑃 for all the models, finite-size
e!ects can be visible both in the marginal distribution and DSFF, which makes
the identification of the critical parameter for the chaotic-localization transition
di#cult.

B.4 Complex level spacing ratio for middle of the
spectrum

In section 3.4.2, the marginal distributions of 𝑊 and 𝜗 for the complex spacing
ratio (CSR) were computed using the entire spectrum. These distributions in
Figs. 3.8, 3.9, 3.10 show good agreement with the marginal distributions for the
random matrices and Poisson statistics in both the chaotic and the localized
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AI† 𝜖 2D P0.0 0.5 1.5 4.0
↑⇒cos𝜗⇑ 0.193 0.069 ↑0.041 ↑0.032 ↑0.047 0
⇒𝑊⇑ 0.722 0.715 0.7 0.667 0.664 2/3
↑⇒cos𝜗⇑𝑗 0.193 0.147 0.104 ↑0.004 ↑0.021 0
⇒𝑊⇑𝑗 0.722 0.72 0.705 0.67 0.666 2/3

Table B.3: [Model-III] Average of 𝑊 and cos𝜗 for di!erent 𝜖 at disorder strength
𝑃 = 14 using the entire spectrum and the middle of the spectrum (denoted by
subscript 𝑗) at system size 𝑄 = 16.

regimes, respectively. However, there are minor discrepancies that are rooted in
contributions coming from complex eigenvalues close to the edges. A common
practice is to consider the middle of the spectrum. The prescription we employ
when we refer to the middle of the spectrum is as follows. We consider ±10% span
of the complex spectrum from its centre/middle.

Figure B.6: [Model-I, Eq. (3.1)] Average of ⇒𝑊⇑ and ⇒𝑊⇑𝑗 as a function of disorder
strength 𝑃 for system size 𝑄 = 18. Here ⇒𝑊⇑𝑗 is defined by taking only the middle
of the spectrum.

Figure B.7: [Model-II, Eq. (3.2)] (left) Average of ⇒𝑊⇑ and ⇒𝑊⇑𝑗 , and (right) average
of ↑⇒cos𝜗⇑ and ↑⇒cos𝜗⇑𝑗 as a function of disorder strength 𝑃 for system size
𝑄 = 18. Here again, ⇒.⇑𝑗 is defined by taking only the middle of the spectrum.

In Fig. B.3, we show the marginal distributions of 𝑊 and 𝜗 in the chaotic regime
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(𝑃 = 2) for model-I (Eq. (3.1)). Both these distributions agree very well with GinOE,
and the comparison is much better than Fig. 3.8, where the entire spectrum was
considered. Fig. B.4 shows the spacing ratio distributions for 𝑃 = 2 and 𝑃 = 14
with 𝑄 = 18 for model-II (Eq. (3.2)). One can see that the marginal distributions
are in perfect agreement with those of AI† and 2D Poisson statistics at 𝑃 = 2 and
𝑃 = 14, respectively. The agreement is better than the one shown in Fig. 3.9, which
was made considering the entire spectrum. In Fig. B.5, we show similar agreement
for the middle of the spectrum for model-III (Eq. (3.3)).

In addition to the marginal distributions, we also compute the average value
of 𝑊 and cos𝜗 for all three models. These are tabulated in Tables B.1, B.2 and
B.3. The quantitative di!erences between the full spectrum and the middle of the
spectrum are also highlighted in the three tables. In Fig. B.6, we show ⇒𝑊⇑ versus
disorder strength for model-I using both the entire spectrum and the middle of the
spectrum. Similarly, Fig. B.7 shows ⇒𝑊⇑ and ↑⇒cos𝜗⇑ as a function of the disorder
strength for model-II.
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C.1 Construction of the 𝜑-deformed theory

In this Section, we first briefly review the quantum jump trajectory interpretation
of standard Lindblad master equations. Later, we discuss the deformation of the
Lindblad equation introduced in the main manuscript in the language of quantum
jump trajectories. Finally, we connect this deformation to physical post-selection
protocols and non-Hermitian Hamiltonians.

C.1.1 Quantum jump trajectory interpretation of standard
Lindblad dynamics

Let us consider a generic open quantum many-body system described by the
following standard Lindblad master equation [124, 125, 133]

⇁𝑁↽(𝑁) = →↽(𝑁) (C.1)

with the Liouvillian

→⊳ = ↑i [𝑋 , ⊳] +
𝑗∑
𝜖=1

𝒞[𝑘𝜖]⊳ (C.2)

where 𝑋 is the (Hermitian) Hamiltonian, 𝒞[𝑘]⊳ := 𝑘 ⊳ 𝑘
† ↑

1
2

𝑘

†
𝑘 , ⊳


is

the standard Lindblad dissipator, and the 𝑘𝜖’s are the jump operators where
𝜖 = 1, 2, . . .𝑗 labels the dissipation channels. Let us start from a generic initial
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state, described by a statistical mixture of pure states,

↽(0) =
∑
𝑌

P𝑌 |𝜛𝑌(0)⇑⇒𝜛𝑌(0)| , with ⇒𝜛𝑌(0)|𝜛𝑌(0)⇑ = 1 , P𝑌 > 0 , and
∑
𝑌

P𝑌 = 1

(C.3)
At time 𝑁, the state of the system is given by

↽(𝑁) = e→𝑁↽(0) (C.4)

The standard quantum-trajectory interpretation of the Lindblad dynamics [128–
133] involves separating the term responsible for the quantum jumps as

→ = →0 +→J (C.5)

with the quantum-jump contribution reading

→J⊳ :=
𝑗∑
𝜖=1

𝑘𝜖 ⊳𝑘
†
𝜖 (C.6)

and →0 containing both the unitary dynamics generated by 𝑋 and the non-
Hermitian contribution from the dissipators,

→0⊳ := ↑i𝑋̃ ⊳+⊳ i𝑋̃† (C.7)

Here, the e!ective non-Hermitian Hamiltonian 𝑋̃ is defined as

𝑋̃ := 𝑋 ↑
i
2

𝑗∑
𝜖=1

𝑘
†
𝜖𝑘𝜖 (C.8)

The time evolution of the density matrix given in Eq. (C.4) can now be formally
re-expressed as a

↽(𝑁) =
≃∑
𝐿=0

∫
𝑁

0
d𝜓𝐿 · · ·

∫ 𝜓2

0
d𝜓1e→0(𝑁↑𝜓𝐿)→Je→0(𝜓𝐿↑𝜓𝐿↑1) · · · e→0(𝜓2↑𝜓1)→Je→0𝜓1↽(0)

(C.9)
where

e→0𝜚 ⊳ = e↑i𝑋̃𝜚 ⊳ ei𝑋̃†𝜚 (C.10)

for any parameter 𝜚. The expression in Eq. (C.9) can be interpreted as a Dyson
series that sums over all the possible quantum jumps interrupting the dynamics
generated by →0. The 𝐿 = 0 term corresponds to the non-Hermitian (no-jump)
evolution. Equation (C.9), along with Eq. (C.3), can be further rewritten as,

↽(𝑁) =
≃∑
𝐿=0

↽𝐿(𝑁) (C.11)
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where the operator ↽𝐿(𝑁) is the contribution to the density matrix corresponding
to evolution with a fixed number 𝐿 of quantum jumps occurring between time
𝑁 = 0 and 𝑁, and that reads

↽0(𝑁) = e→0𝑁↽(0) (C.12)

↽𝐿(𝑁) =
∑
𝑌

P𝑌

𝑗∑
𝜖1=1

· · ·

𝑗∑
𝜖𝐿=1

∫
𝑁

0
d𝜓𝐿 · · ·

∫ 𝜓2

0
d𝜓1

︸⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌︷︷⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌︸
sum over all trajectories with 𝐿 jumps

L
𝜴𝐿 , 𝜶𝐿
𝑌

(𝑁)
𝜛 𝜴𝐿 , 𝜶𝐿

𝑌
(𝑁)

〉 〈
𝜛 𝜴𝐿 , 𝜶𝐿
𝑌

(𝑁)

, 𝐿 ∝ 1

(C.13)

The symbols𝜴𝐿 and𝜶𝐿 stand for the sequence of jump channels (𝜖1, 𝜖2, . . . , 𝜖𝐿) and
jump times (𝜓1, 𝜓2, . . . , 𝜓𝐿), respectively, and used Eq. (C.10) in writing Eq. (C.13).
Along with the initial state index 𝑌, these two sequences define a single quantum
trajectory between time 𝑁 = 0 and 𝑁 with a total of 𝐿 quantum jumps.

𝜛 𝜴𝐿 , 𝜶𝐿
𝑌

(𝑁)
〉

is the normalized conditional wave function of the system at time 𝑁 which started
in state |𝜛𝑌(0)⇑ and underwent an evolution with the precise sequence of jump
channels 𝜴𝐿 and jump times 𝜶𝐿 . It reads

𝜛 𝜴𝐿 , 𝜶𝐿
𝑌

(𝑁)
〉
=

𝜛̃ 𝜴𝐿 , 𝜶𝐿
𝑌

(𝑁)
〉

√
L

𝜴𝐿 , 𝜶𝐿
𝑌

(𝑁)

(C.14)

where
𝜛̃ 𝜴𝐿 , 𝜶𝐿

𝑌
(𝑁)

〉
:= e↑i𝑋̃(𝑁↑𝜓𝐿)

𝑘𝜖𝐿
e↑i𝑋̃(𝜓𝐿↑𝜓𝐿↑1)

𝑘𝜖𝐿↑1 · · · e↑i𝑋̃(𝜓2↑𝜓1)
𝑘𝜖1e↑i𝑋̃𝜓1 |𝜛𝑌(0)⇑

(C.15)

and L
𝜴𝐿 , 𝜶𝐿
𝑌

(𝑁) is the probability of a quantum trajectory introduced above, given
by

L
𝜴𝐿 , 𝜶𝐿
𝑌

(𝑁) =
〈
𝜛̃ 𝜴𝐿 , 𝜶𝐿
𝑌

(𝑁)
𝜛̃ 𝜴𝐿 , 𝜶𝐿

𝑌
(𝑁)

〉
. (C.16)

Importantly, the fact that ↽𝐿(𝑁) can be written in the form of
∑

𝜙 L𝜙|𝜛𝜙⇑⇒𝜛𝜙| with
L𝜙 ∝ 0 ensures its positive semi-definiteness. Tr ↽𝐿(𝑁) is precisely the probability
of having experienced 𝐿 quantum jumps from time 𝑁 = 0 to 𝑁. This gives a
probabilistic meaning to the quantum trajectories. The special case of trajectories
with no jump (𝐿 = 0) corresponds to the evolution generated by the non-hermitian
Hamiltonian 𝑋̃ in Eq. (C.8) [136, 184]:

|𝜛(𝑁)⇑ =
e↑i𝑋̃𝑁 |𝜛(0)⇑√
⇒𝜛(𝑁)|𝜛(𝑁)⇑

(C.17)
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Notably, taking the time-derivative of Eq. (C.13), one may check that the dynamics
of the operators ↽𝐿(𝑁) follow

⇁𝑁↽𝐿(𝑁) = →0↽𝐿(𝑁) +→J↽𝐿↑1(𝑁) for 𝐿 ∝ 1 (C.18)
⇁𝑁↽0(𝑁) = →0↽0(𝑁) (C.19)

This expresses the fact that a quantum state at time 𝑁 that is the result of 𝐿 ↑ 1
jumps may either evolve linearly to time 𝑁 + d𝑁 under the action of 𝑋̃ or be subject
to an 𝐿

t𝑃 jump.

C.1.2 𝜑-deformed Lindblad dynamics

Starting from Eq. (C.11), and its quantum trajectory interpretation, we now gen-
eralize the trajectory ensemble to a grand canonical ensemble by introducing a
quantum jump fugacity 𝜑, with 0 ⇐ 𝜑 ⇐ 1, which weights the trajectories with dif-
ferent numbers of jumps 𝐿. From this perspective, the number of quantum jumps
𝐿 is analogous to the number of particles in the standard construction of statistical
mechanics. The corresponding grand-canonical density matrix is constructed as

↽𝜑(𝑁) := 1
𝑝𝜑(𝑁)

≃∑
𝐿=0

𝜑𝐿↽𝐿(𝑁) , where 𝑝𝜑(𝑁) :=
≃∑
𝐿=0

𝜑𝐿Tr[↽𝐿(𝑁)] (C.20)

is the grand-canonical partition function, ensuring Tr[↽𝜑(𝑁)] = 1 at all times and
where ↽𝐿(𝑁) is given in Eq. (C.13). The original density matrix ↽(𝑁) in Eq. (C.11) is
recovered by setting 𝜑 = 1 in Eq. (C.20). The no-jump case is recovered by setting
𝜑 = 0.

The time evolution of the grand-canonical density matrix ↽𝜑(𝑁) introduced in
Eq. (C.20) can be computed by using the conditional evolution Eq. (C.18). One
obtains the following 𝜑-deformed Lindblad master equation

⇁𝑁↽𝜑(𝑁) =
(
→𝜑 ↑ Tr

[
→𝜑↽𝜑(𝑁)

] )
↽𝜑(𝑁), (C.21)

where the 𝜑-deformed Liouvillian

→𝜑 := →0 + 𝜑→J = ↑i [𝑋 ,⊳] +
∑
𝜖


𝜑𝑘𝜖 ⊳𝑘

†
𝜖 ↑

1
2

𝑘

†
𝜖𝑘𝜖 ,⊳


. (C.22)

The evolution in Eq. (C.21) interpolates between the no-jump evolution at 𝜑 = 0
and the original Lindblad master equation in Eq. (C.1) at 𝜑 = 1. Note that the
trace term in Eq. (C.21) stems from the factor 𝑝𝜑(𝑁) in Eq. (C.20) and ⇁𝑁𝑝𝜑(𝑁) =
𝑝𝜑(𝑁)Tr[→𝜑↽𝜑(𝑁)]. This trace term ensures the trace-preserving property of the
dynamics of ↽𝜑(𝑁) and makes the 𝜑-deformed Lindblad master equation non-linear.
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However, the density matrix in the 𝜑-deformed theory can be linearly related to
the initial density matrix of the non-deformed theory via

↽𝜑(𝑁) =
1

𝑝𝜑(𝑁)
e→𝜑𝑁↽(0) (C.23)

Equation (C.23) may be checked by direct substitution into Eq. (C.21) and implies
a re-expression of the 𝜑-deformed partition function as

𝑝𝜑(𝑁) = Tr[e→𝜑𝑁↽(0)] (C.24)

Moreover, Eq. (C.23) shows that the operator ↽𝜑(𝑁) inherits its Hermiticity property
from ↽(0). The positive semi-definite property of ↽𝜑(𝑁) is ensured by the probabilis-
tic interpretation of ↽𝐿(𝑁) in terms of quantum trajectories discussed in Eq. (C.13).
Alternatively, this can be seen by recasting the infinitesimal evolution operator
1 ↑→𝑔𝑁 in a Kraus form and using the Kraus theorem. Therefore, ↽𝜑(𝑁) has all the
expected properties of a well-defined density matrix. Importantly, when evolving
with the 𝜑-deformed Liouvillian, the non-negative quantity 𝜑𝐿 Tr ↽𝐿(𝑁) is precisely
the probability of having experienced 𝐿 quantum jumps from time 𝑁 = 0 to 𝑁. This
interpretation is equivalent to the imperfect detection scheme that was discussed
in Ref. [138].

C.2 Possible Implementation Schemes

C.2.1 Post-selection interpretation at 𝜑 < 1

Having established the mathematical consistency of the 𝜑-deformed theory, we
now provide a physical interpretation of this deformation. A natural motivation
arises from considering post-selection protocols based on imperfect detectors. The
idea is to model the dynamics through quantum trajectories while accounting
for the finite e#ciency of realistic measurement devices. Figure 4.1 schematically
illustrates this setting.

The scheme can be summarized as follows. Gain and loss events are monitored
by realistic detectors with e#ciency 1↑ 𝜑. Post-selection is performed by retaining
only those trajectories where the monitoring fails to register certain jump events.
As a consequence, depending on the detection e#ciency, some trajectories are
conditionally included or discarded, leading to the e!ective dynamics described
by the 𝜑-deformed Liouvillian.

To illustrate this concretely, it is useful to consider three cases, corresponding
to perfect, completely faulty, and realistic detectors.
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Post-selection Rule on Trajectories Resulting Dynam-
ics

Perfect detector
𝜑 = 0

{0, 0, 0, 0, 0, 0, 0, 0, 0, 0} ↘ keep
{0, 0, 1, 0, 0, 1, 0, 0, 0, 0} ↘ discard

Only trajectories with no detected jumps
are retained.

Non-Hermitian
Hamiltonian evolu-
tion

Completely
faulty detector
𝜑 = 1 {0, 0, 0, 0, 0, 0, 0, 0, 0, 0} ↘ keep

{0, 0, 1, 0, 0, 1, 0, 0, 0, 0} ↘ keep

All trajectories are retained regardless of
detected jumps.

Standard Lindblad
dynamics

Realistic detector
0 < 𝜑 < 1

{0, 0, 0, 0, 0, 0, 0, 0, 0, 0} ↘ keep
{0, 0, 1, 0, 0, 1, 0, 0, 0, 0} ↘ keep with

probability 𝜑2

Trajectories containing jumps are kept
probabilistically according to detector
imperfection.

𝜑-Deformed Liou-
villian dynamics

Table C.1: Summary of the post-selection protocols corresponding to di!erent
detector e#ciencies 𝜑. The symbols {0, 1} represent the occurrence of no jump or
a quantum jump, respectively, at discrete times along a trajectory.

This interpretation highlights how the 𝜑-deformation can be physically real-
ized through controlled detector ine#ciency and appropriate post-selection. It
provides not only a consistent theoretical construction but also a potential route
for experimental implementation using realistic measurement protocols.

C.2.2 Another Scheme

Here, we provide another possible implementation that was recently proposed
in Ref. [138]. Let us consider the original system, evolving with the original
Liouvillian →. Each dissipation channel can always be thought of as coupling
the system to baths. Consider each channel coupled to two identical baths with
coupling strengths

∀
𝜑 and

∀
1 ↑ 𝜑, respectively. This amounts to formally rewriting
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the original Liouvillian as

→⊳ = ↑i[𝑋 , ⊳] + 𝜑
𝑗∑
𝜖=1

𝒞[𝑘𝜖]⊳

︸⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌︷︷⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌︸
non-monitored

+ (1 ↑ 𝜑)
𝑗∑
𝜖=1

𝒞[𝑘𝜖]⊳

︸⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌︷︷⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌︸
monitored

(C.25)

Instead of system-bath couplings, such a decomposition can also be seen as
coupling each of the dissipation channels to a beam splitter which sends the
particle into two detectors with probability 𝜑 and 1 ↑ 𝜑, respectively. The post-
selection protocol consists of constantly monitoring the latter bath/detector only.
The results of this monitoring are used to post-select the quantum trajectories with
no-jump with respect to the monitored bath/detector. The resulting dynamics is
equivalent to erasing the jump term from the second Lindblad term in Eq. (C.25).
It is now described by

→𝜑 = ↑i [𝑋 ,⊳] +
∑
𝜖


𝜑𝑘𝜖 ⊳𝑘

†
𝜖 ↑

1
2

𝑘

†
𝜖𝑘𝜖 ,⊳


(C.26)

After normalizing observables with respect to the number of post-selected tra-
jectories, in the limit of a large number of these, the results will match the ones
computed from the dynamics governed by the trace-preserving Eq. (C.21).

C.3 Connection to full counting statistics

In this Section, we exploit the connection of the 𝜑-deformed theory to full counting
statistics to relate the imbalance to an analog of a thermodynamic quantity, namely
the activity.

In the limit 𝜑 = 1, the partition function introduced in Eq. (C.20) can be seen as
a moment generating function for the number of quantum jumps, or the activity
in the language of full counting statistics, with 𝜑 serving as the counting field. The
time-dependent free energy, or the cumulant generating function, is defined as

K𝜑(𝑁) := ln𝑝𝜑(𝑁) = ln

(
≃∑
𝐿=0

𝜑𝐿 Tr[↽𝐿(𝑁)]

)
(C.27)

Consequently, one gets
⇁

⇁ ln 𝜑
K𝜑(𝑁) = ⇒¬(𝑁)⇑𝜑 =: 𝜑↖(𝑁) (C.28)

where ⇒¬(𝑁)⇑𝜑 is the average number of quantum jumps in the 𝜑-deformed theory,

⇒¬(𝑁)⇑𝜑 =
≃∑
𝐿=0

𝐿 𝜑𝐿 Tr[↽𝐿(𝑁)] ∝ 0 (C.29)
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and ↖(𝑁) is the so-called dynamical activity. Taking another derivative with
respect to ln 𝜑 yields

⇁
⇁ ln 𝜑

⇒¬(𝑁)⇑𝜑 = ⇒¬(𝑁)
2
⇑𝜑 ↑ ⇒¬(𝑁)⇑

2
𝜑 ∝ 0 (C.30)

implying that the average number of quantum jumps between time 𝑁 = 0 and 𝑁 is
a non-decreasing function of 𝜑. Naturally, the number of quantum jumps is also
a non-decreasing function of 𝑁. The associated rate of quantum jumps is directly
related to the rate of dynamical activity, given by

⇔↖(𝑁) =
1
𝜑
⇁𝑁⇒¬(𝑁)⇑𝜑 ∝ 0 (C.31)

⇔↖(𝑁) can be computed by first taking the derivative of K𝜑(𝑁) with respect to 𝜑 and
subsequently taking another derivative with respect to 𝑁

⇔↖(𝑁) =
⇁2

⇁𝑁 ⇁𝜑
K𝜑(𝑁) (C.32)

The former yields

⇁
⇁𝜑

K𝜑(𝑁) =
1

𝑝𝜑(𝑁)

𝑁∫
0

d𝜓 T𝑊
[
e→𝜑(𝑁↑𝜓)→Je→𝜑𝜓↽(0)

]
(C.33)

and the latter yields

⇔↖(𝑁) = T𝑊
[
→J↽𝜑(𝑁)

]

↑
1 ↑ 𝜑
𝑝𝜑(𝑁)

𝑁∫
0

d𝜓 T𝑊
[ (
→J ↑ T𝑊

[
→J↽𝜑(𝑁)

] )
e→𝜑(𝑁↑𝜓)

(
→J ↑ T𝑊

[
→J↽𝜑(𝜓)

] )
e→𝜑𝜓↽(0)

]

(C.34)

This equation can finally be rewritten as,

⇔↖(𝑁) =
〈
→J(𝑁)

〉
↑ (1 ↑ 𝜑)

𝑁∫
0

d𝜓
〈 [

→J(𝑁) ↑ ⇒→J(𝑁)⇑
] [

→J(𝜓) ↑ ⇒→J(𝜓)⇑
] 〉

(C.35)

where in Eq. (C.35) we introduced the notation

⇒· · · ⇑ := 1
𝑝𝜑(𝑁)

Tr
[
𝒜 e

∫
𝑁

0 d𝜓→𝜑 · · · ↽(0)
]

(C.36)

with the time-ordering operator 𝒜 and 𝑝𝜑(𝑁) is given in Eq. (C.24). The Eq. (C.35)
shows that for the standard Lindblad evolutions (𝜑 = 1), the rate of dynamical
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activity can be simply expressed in terms of a single-time observable. In the generic
case 𝜑 < 1, the rate of dynamical activity is reduced by additional contributions
which can be expressed as a two-time connected correlation function of the jump
operators.

In our specific model, the term ⇒→J(𝑁)⇑ is related to imbalance via

⇒→J(𝑁)⇑ =
𝑄∑
𝑀=1

⇒𝑘
†

𝑀
(𝑁)𝑘𝑀(𝑁)⇑ = 2𝜒

[
𝑄

2 ↑

𝑄∑
𝑀=1

(↑1)𝑀+1
⇒𝑓

†

𝑀
(𝑁)𝑓𝑀(𝑁)⇑

]
= 2𝜒


𝑄

2 ↑ ⇒𝑉(𝑁)⇑



(C.37)

where we used the hard-core boson anti-commutation relations {𝑓𝐿 , 𝑓†𝐿} = 1 and
⇒𝑉(𝑁)⇑ is the numerator of the imbalance introduced in the main manuscript,

⇓(𝑁) := ⇒𝑉(𝑁)⇑

⇒𝑂(𝑁)⇑
(C.38)

with

⇒𝑉(𝑁)⇑ :=
𝑄∑
𝑀=1

(↑1)𝑀+1Tr
[
𝑓
†

𝑀
𝑓𝑀↽𝜑(𝑁)

]
and the total number ⇒𝑂(𝑁)⇑ :=

𝑄∑
𝑀=1

Tr
[
𝑓
†

𝑀
𝑓𝑀↽𝜑(𝑁)

]
(C.39)

At 𝜑 = 1, the two-time quantum jump correlator does not participate, and one
obtains ⇔↖(𝑁) = 2𝜒 (𝑄/2 ↑ ⇒𝑉(𝑁)⇑). In the limit 𝑁 ↘ ≃, we have ⇒𝑂(𝑁 ↘ ≃)⇑ = 𝑄/2
(see Sect. C.5), and the rate of dynamical activity is directly related to the imbalance
as

⇔↖(𝑁 ↘ ≃) = 𝜒 𝑄 (1 ↑ ⇓(𝑁 ↘ ≃)) , 𝜑 = 1 (C.40)

If we further assume that the disorder is strong enough to be in the localized
regime, ⇓(𝑁 ↘ ≃) ↘ 1 (see Sect. C.5) and ⇔↖(𝑁 ↘ ≃) ↘ 0. The numerical results
presented in Fig. 4 of the main manuscript are in perfect agreement with the
identity in Eq. (C.40).

C.4 Symmetries of →𝜑 in the gain-loss model

In this Secion, we discuss the symmetries of the 𝜑-deformed Liouvillian→𝜑 defined
in Eq. (C.22) with the Hamiltonian introduced in the main manuscript that reads

𝑋 =
𝑄∑
𝑀=1

𝑃𝑀𝑓
†

𝑀
𝑓𝑀 ↑ 𝑥

𝑄↑1∑
𝑀=1

[
𝑓
†

𝑀
𝑓𝑀+1 + 𝑓

†

𝑀+1𝑓𝑀
]
+𝑢

𝑄↑1∑
𝑀=1

𝑓
†

𝑀
𝑓𝑀𝑓

†

𝑀+1𝑓𝑀+1 (C.41)
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where the 𝑓𝑀’s are hard-core bosons and the jump operators

𝑘𝑀 =


√

2𝜒 𝑓
†

𝑀
if 𝑀 is odd√

2𝜒 𝑓𝑀 if 𝑀 is even
(C.42)

The isolated Hamiltonian given in Eq. (C.41) is 𝑢(1)-symmetric, corresponding to

a conservation of the total particle number 𝑂 =
𝑄∑
𝑀=1

𝑓
†

𝑀
𝑓𝑀 , that is [𝑋 , 𝑂] = 0. On the

other hand, the 𝜑-deformed Liouvillian in Eq. (C.22) has a weak-𝑢(1) symmetry,

[→𝜑 , ↔↑] = 0 , where ↔↑⊳ := [𝑂 , ⊳] (C.43)

The operator ↔↑, when acting on a state |𝐿 , 𝜖⇑⇒𝑌 , 𝜘| where 𝐿, 𝑌 are the quantum
numbers associated to the 𝑢(1) symmetry and 𝜖, 𝜘 account for all other quantum
numbers defining the state, counts the number di!erence on the ket and bra side
of the state, i.e. 𝐿 ↑𝑌. The weak symmetry translates into conserving this number
di!erence upon acting with →𝜑, and therefore along the dynamics generated by
→𝜑.

Let us now explicitly show the weak symmetry in Eq. (C.43) using a generic state
↽. For the sake of simplicity, let’s only consider a single dissipative channel with
jump operator 𝑘 =

√
2𝜒 𝑓

†, and the general case follows immediately. Expanding
the commutators gives,

[→𝜑 , ↔↑]↽ = →𝜑(𝑂↽ ↑ ↽𝑂) ↑
[
𝑂→𝜑(↽) ↑ →𝜑(↽)𝑂

]
(C.44)

= →0(𝑂↽ ↑ ↽𝑂) ↑
[
𝑂→0(↽) ↑ →0(↽)𝑂

]
+ 𝜑


→J(𝑂↽ ↑ ↽𝑂) ↑

[
𝑂→J(↽) ↑ →J(↽)𝑂

]
= ↑

1
2

𝑘

†
𝑘(𝑂↽ ↑ ↽𝑂) + 𝑘

†
𝑘(𝑂↽ ↑ ↽𝑂)


+ 𝜑


→J(𝑂↽ ↑ ↽𝑂) ↑

[
𝑂→J(↽) ↑ →J(↽)𝑂

]
= 𝜑


→J(𝑂↽ ↑ ↽𝑂) ↑

[
𝑂→J(↽) ↑ →J(↽)𝑂

]
= 𝜑


𝑘(𝑂↽ ↑ ↽𝑂)𝑘

†
↑
[
𝑂𝑘↽𝑘

†
↑ 𝑘↽𝑘

†
𝑂

]
= 0

where we used [𝑋 ,𝑂] = 0 in the third line, and in the fourth line we used the fact
that our choice of jump operators obeys [𝑘†

𝑘 ,𝑂]. In the sixth line, we used the
commutation relations [𝑘 ,𝑂] = ↑𝑘 and [𝑘†

,𝑂] = 𝑘
†.

For the special case 𝜑 = 0, →𝜑=0 = →0 has an additional weak 𝑢(1) symmetry

[→0, ↔+] = 0 , where ↔+⊳ := {𝑂 , ⊳} (C.45)
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Indeed,

[→0, ↔+]↽ = →0(𝑂↽ + ↽𝑂) ↑
[
𝑂→0(↽) +→0(↽)𝑂

]
(C.46)

= ↑
1
2

𝑘

†
𝑘(𝑂↽ + ↽𝑂) + (𝑂↽ + ↽𝑂)𝑘

†
𝑘


(C.47)

+
1
2

𝑂(𝑘

†
𝑘↽ + ↽𝑘†

𝑘) + (𝑘
†
𝑘↽ + ↽𝑘†

𝑘)𝑂


= 0

where we also used [𝑋 ,𝑂] = [𝑘†
𝑘 ,𝑂] = 0. For this 𝜑 = 0 case, one can form

linear combinations of the two weak𝑢(1) symmetry generators as↔ket/bra = ↔+±↔↑

2 ,
which count particle number on the ket and bra sides, respectively.

C.5 Equation of motion for population and
imbalance

In this Section, we present the equations of motion under the evolution generated
by Eq. (C.21) for the average total number of particles

⇒𝑂(𝑁)⇑ := Tr

[
𝑂∑
𝑀=1

𝑓
†

𝑀
𝑓𝑀 ↽(𝑁)

]
(C.48)

and

⇒𝑉(𝑁)⇑ := Tr

[
𝑂∑
𝑀=1

(↑1)𝑀+1
𝑓
†

𝑀
𝑓𝑀 ↽(𝑁)

]
(C.49)

that are, respectively, the numerator and the denominator of the imbalance ⇓(𝑁)

introduced in Eq. (C.38). Defining the average bond current between sites 𝑀 and
𝑀 + 1 as

𝒟𝑀(𝑁) := ↑i𝑥 Tr
[
(𝑓

†

𝑀
𝑓𝑀+1 ↑ 𝑓

†

𝑀+1𝑓𝑀)↽(𝑁)
]

(C.50)

We obtain the set of equations

⇒ ⇔𝑉⇑

2𝜒 = (1 ↑ 𝜑)
(
⇒𝑉

2
⇑ ↑ ⇒𝑉⇑

2)
+ 𝜑


𝑄

2 ↑ ⇒𝑉⇑


↑

1
𝜒

𝑄↑1∑
𝑀=1

(↑1)𝑀+1
𝒟𝑀 (C.51)

⇒ ⇔𝑂⇑

2𝜒 = (1 ↑ 𝜑) (⇒𝑂𝑉⇑ ↑ ⇒𝑂⇑⇒𝑉⇑) + 𝜑


𝑄

2 ↑ ⇒𝑂⇑


(C.52)

Once the steady state is reached, the left-hand sides of these equations vanish.
This implies, notably, that in the standard Lindblad evolution (𝜑 = 1), the steady
state is half-filled, i.e. ⇒𝑂(𝑁 ↘ ≃)⇑ = 𝑄/2 and its imbalance ⇓(𝑁 ↘ ≃) ↘ 1 deep
in the localized regime where one expects the staggered current in the right-hand
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side of Eq. (C.51) to vanish. Since our initial state |1, 0, . . . , 1, 0⇑ is maximally
imbalanced (with charge 𝑄/2) we have ⇓(𝑁) = 1 for all 𝑁 ∝ 0 deep in the localized
regime. On the other hand, in the non-Hermitian limit (𝜑 = 0), Eq. (C.52) implies
that the steady state is a pure Fock state of the form, e.g., |1, 1, . . . , 0, 1⇑. Deep
in the localized regime where the staggered current is expected to vanish, the
dynamics of ⇒𝑉⇑ is completely arrested, i.e. ⇒ ⇔𝑉⇑ = 0 for all 𝑁 ∝ 0, since the initial state
|1, 0, . . . , 1, 0⇑ is an eigenstate of imbalance and of the non-Hermitian Hamiltonian.
This implies that the imbalance ⇓(𝑁) = 1 for all 𝑁 ∝ 0 deep in the localized regime
in both the 𝜑 = 1 and 𝜑 = 1 regimes.
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D.1 Analytical forms for local density profile 𝐿𝑀(𝑁)

and total occupation 𝑂(𝑁)

In this appendix, we present the details of the derivation of the analytical forms
for local density profile 𝐿𝑀(𝑁) given in Eq. (5.40) and total occupation 𝑂(𝑁) given in
Eq. (5.50). We start with the equations of motion for the correlation function,

𝑕𝑙𝑀 , 𝑞

𝑕𝑁

= i 𝑍 (𝑙𝑀↑1, 𝑞↑𝑙𝑀 , 𝑞+1+𝑙𝑀+1, 𝑞↑𝑙𝑀 , 𝑞↑1)↑(ω𝑄⊥ω𝑖)(𝑔𝑀𝑌+𝑔 𝑞𝑌)𝑙𝑀 , 𝑞+2ω𝑖𝑔𝑌𝑀𝑔𝑌𝑞 (D.1)

where ⊥ stands for bosons and fermions, respectively. Note that ω𝑖 and ω𝑄 are
defined in Eq. (5.38). We will closely follow Refs. [308, 309] to derive the analytical
form for the density profile. For the sake of brevity, we define

ω▽ = ω𝑄 ⊥ ω𝑖 (D.2)

where ⊥ stands for bosons and fermions, respectively. It is easy to see from
Eq. (5.38) that the following inequality holds for both bosons and fermions, ω▽ > 0.
Therefore, Eq. (D.1) can be rewritten as, Note that Eq. (D.1) is an inhomogeneous
equation. Given that the lattice is initially in a vacuum, the following initial
condition is satisfied

𝑙𝑀 , 𝑞(𝑁=0) = 0 (D.3)

To solve Eq. (D.1) along with the initial condition in Eq. (D.3), we consider the fol-
lowing auxiliary problem. We will first solve Eq. (D.1) without the inhomogeneous
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piece 2ω𝑖𝑔𝑌𝑀𝑔𝑌𝑞 . Let us write down the homogeneous equation as,

𝑕𝑙̃𝑀 , 𝑞

𝑕𝜓
= i 𝑍 (𝑙̃𝑀↑1, 𝑞↑𝑙̃𝑀 , 𝑞+1+𝑙̃𝑀+1, 𝑞↑𝑙̃𝑀 , 𝑞↑1) ↑ ω▽(𝑔𝑀𝑌 + 𝑔 𝑞𝑌) 𝑙̃𝑀 , 𝑞 (D.4)

where the symbol tilde indicates an auxiliary function satisfying the homogeneous
equation, and we have used the symbol 𝜓 to di!erentiate the time variable from that
of the actual problem. Closely following Refs. [308, 309], we make the following
ansatz,

𝑙̃𝑀 , 𝑞(𝜓) = 𝑑̃𝑀(𝜓)𝑑̃′

𝑞
(𝜓) (D.5)

Plugging the ansatz given in Eq. (D.5) into Eq. (D.4), we can show that 𝑑̃𝑀(𝑁) satisfies
the following di!erential equation,

𝑕𝑑̃𝑀

𝑕𝜓
= i𝑍

[
𝑑̃𝑀+1 + 𝑑̃𝑀↑1

]
↑ ω▽ 𝑔𝑀𝑌𝑑̃𝑀 (D.6)

where the time dependence on 𝑑̃𝑀(𝜓) in Eq. (D.6) has been dropped for the sake
of brevity. One can show that solving the original inhomogeneous di!erential
equation in Eq. (D.1) along with the initial condition in Eq. (D.3) can be achieved by
solving the auxiliary homogeneous equation in Eq. (D.4) with the initial condition

𝑙̃𝑀 , 𝑞(𝜓 = 0) = 𝑔𝑀𝑌𝑔 𝑞𝑌 (D.7)

This auxiliary initial condition [Eq. (D.7)] translates into

𝑑̃𝑀(𝜓 = 0) = 𝑔𝑀𝑌 (D.8)

Without loss of generality, we henceforth consider the point of contact to be at
𝑌 = 0. Furthermore, we take the lattice size 𝑄 to be infinity, i.e., the lattice is now
extended from ↑≃ to +≃. Since the system is expected to be symmetric about
the point of contact, we consider only the positive side of the lattice chain in the
analysis presented below. Now our goal is to analyze Eq. (D.6) along with the
initial condition given by Eq. (D.8). One can solve Eq. (D.6) along with the initial
condition Eq. (D.8) using a combination of Laplace and Fourier transformations
[308] and the solution is given as

𝑑̃𝑀(𝜓) = 𝑥𝑀(2 𝑍 𝜓) ↑ ω
▽

∫ 𝜓

0
𝑕𝑁 𝑔

↑ω
▽
𝑁

(𝜓 ↑ 𝑁

𝜓 + 𝑁

)
𝑀/2

𝑥𝑀

[
2 𝑍

∀

𝜓2 ↑ 𝑁
2
]

(D.9)

where 𝑥𝑀(𝑅) denotes the Bessel function of the first kind. Note that the local density
at a particular site 𝑀 at time 𝑁 is given as,

𝐿𝑀(𝑁) = 2ω𝑖
∫

𝑁

0
𝑕𝜓 | 𝑑̃𝑀(𝜓)|2 (D.10)
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Notice that simplifying Eq. (D.10) requires using Eq. (D.9), which itself involves an
integral, making direct simplification of 𝐿𝑀(𝑁) in Eq. (D.10) complicated. However,
𝐿𝑀(𝑁) can admit an interesting scaling form. To do so, let us take the following
limits,

𝑀 ↘ ≃, 𝑁 ↘ ≃, / =
𝑀

2 𝑍 𝑁

↙ 𝑘(1) (D.11)

where / ↙ 𝑘(1) is the scaled variable that will be used later. Owing to the
scaling limit described in Eq. (D.11), the upper limit of the integral can be set to ≃.
Moreover, the contribution of the integral in Eq. (D.10) largely comes when the
integrand is evaluated at large 𝜓. This can be checked numerically, although it is
not entirely obvious from Eq. (D.9). Therefore, it is justified to simplify Eq. (D.9)
in the large 𝜓 limit. To do so, we use the following relation that holds for large 𝜓.

(𝜓 ↑ 𝑁

𝜓 + 𝑁

)
𝑀/2

∃ 𝑔
↑

𝑀 𝑁

𝜓 (D.12)

Using Eq. (D.12) in Eq. (D.9), we obtain

𝑑̃𝑀(𝜓) =
𝑀 𝑥𝑀(2 𝑍 𝜓)

𝑀 + 𝜓ω▽ (D.13)

Using the simplified form of 𝑑̃𝑀(𝜓) and substituting in Eq. (D.10), the local density
at a particular site is given as

𝐿𝑀(𝑁) = 2ω𝑖
∫

𝑁

0
𝑕𝜓

𝑀
2 [
𝑥𝑀(2 𝑍 𝜓)

]2

(𝑀 + 𝜓 ω▽
)2

(D.14)

where we recall that ω𝑖 is defined in Eq. (5.38) and 𝑑̃𝑀(𝜓) is given in Eq. (D.13).
Note that 𝑀 in Eq. (D.14) stands for lattice index. Eq. (D.14) is a compact analytical
expression for the local density profile under the condition given in Eq. (D.11).
We now proceed to analytically derive the scaling form. To do so, we need to
use the appropriate asymptotic expansion for the Bessel function that appears in
Eq. (D.14). Now making a change of variable 𝜓 = 𝑁 𝑡 and recalling 𝑀 = 2 𝑍 / 𝑁, we
rewrite Eq. (D.14) as

𝐿𝑀(𝑁) = 8ω𝑖 𝑍
2 /2

𝑁

∫ 1

0
𝑕𝑡

[
𝑥2𝑍/𝑁(2 𝑍 𝑁 𝑡)

]2

(2 𝑍 / + 𝑡 ω▽
)2

(D.15)

To facilitate the implementation of the asymptotic form of the Bessel function, it is
convenient to introduce

𝜙 = 2 𝑍 / 𝑁 , a𝐿𝑕 𝑅 =
𝑡

/
(D.16)
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which simplifies Eq. (D.15) as,

𝐿𝑀(𝑁) = 8ω𝑖 𝑍
2 / 𝑁

∫ 1
/

0
𝑕𝑅

[
𝑥𝜙(𝜙 𝑅)

]2

(2 𝑍 + 𝑅 ω▽
)2

(D.17)

In the large 𝜙 limit (for a fixed 𝑅) the asymptotic expansion of 𝑥𝜙(𝜙𝑅) is given by
[329, 330]

𝑥𝜙(𝜙 𝑅) ↙


4 𝜑(𝑅)
1 ↑ 𝑅

2

 1
4 1

2∀𝜙𝜕
1

|𝜑(𝑅)|
1
4
𝒜𝜙(𝜙 𝑅) (D.18)

where 𝒜𝜙(𝜙 𝑅) is given by,

𝒜𝜙(𝜙 𝑅) =



exp
[
↑

2
3𝜙 𝜑(𝑅)

3
2

]
for 0 < 𝑅 ⇐ 1

2 cos
[

2
3𝜙 (↑𝜑(𝑅))

3
2 ↑

𝜕
4

]
for 1 < 𝑅 ⇐ ≃

(D.19)

with

𝜑(𝑅) =




( 3
2
)2/3

(
log

(∀
𝑅

2+1+1
𝑅

)
↑
∀

1 ↑ 𝑅
2
)2/3

for 0 < 𝑅 ⇐ 1

↑
( 3

2
)2/3

(∀
𝑅

2 ↑ 1 ↑ sec↑1(𝑅)
)2/3

for 1 < 𝑅 ⇐ ≃

(D.20)

We split Eq. (D.17) as follows

𝐿𝑀(𝑁) = 8ω𝑖 𝑍
2 / 𝑁

[ ∫ 1

0
𝑕𝑅

[
𝑥𝜙(𝜙 𝑅)

]2

(2 𝑍 + 𝑅 ω▽
)2

+

∫ 1
/

1
𝑕𝑅

[
𝑥𝜙(𝜙 𝑅)

]2

(2 𝑍 + 𝑅 ω▽
)2

]
(D.21)

To evaluate Eq. (D.21), we use the appropriate forms in Eqs.(D.18)-(D.20) depend-
ing on the range of integration over 𝑅. It is easy to notice that the first integral in
Eq. (D.21) is exponentially suppressed in 𝜙. Hence, keeping only the second term
in Eq. (D.21) and performing some manipulations, we get

𝐿𝑀(𝑁) =
2ω𝑖 𝑍

𝜕

∫ 1
/

1
𝑕𝑅

1
∀
𝑅

2 ↑ 1

𝒜 2
𝜙 (𝜙 𝑅)

(2 𝑍 + 𝑅 ω▽
)2

(D.22)

We now use the expression for 𝑠𝜙(𝜙𝑅) from Eq. (D.19) and get

𝐿𝑀(𝑁) =
8ω𝑖 𝑍

𝜕

∫ 1
/

1
𝑕𝑅

cos2
[

2
3𝜙 (↑𝜑(𝑅))

3
2 ↑

𝜕
4

]
(2 𝑍 + 𝑅 ω▽

)2
∀
𝑅

2 ↑ 1
(D.23)

For large 𝜙, the cosine-squared term in the numerator is highly oscillatory and
therefore can be approximated by 1/2. We finally obtain the following scaling
form for the local density profile 𝐿𝑀(𝑁),

𝐿𝑀(𝑁) = φ


𝑀

2𝑍𝑁


, (D.24)

φ(/) =
4ω𝑖 𝑍

𝜕

∫ 1
/

1
𝑕𝑅

1
∀
𝑅

2 ↑ 1
1

(2 𝑍 + 𝑅 ω▽
)2

(D.25)
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as also given in the Eq. (5.43) and Eq. (5.44). Upon performing the integral in
Eq. (D.25) we obtain,

φ(/) =
𝑍̃ (1 + / 𝑍̃)

[
log

(
1 + / 𝑍̃

)
↑ log


𝑍̃ + / ↑

√(
𝑍̃

2 ↑ 1
)
(1 ↑ /2)

 ]
↑

√(
𝑍̃

2 ↑ 1
)
(1 ↑ /2)

(
𝑍̃

2 ↑ 1
)3/2

(/ 𝑍̃ + 1)
,

for 0 < / < 1 (D.26)

which is given in Eq. (5.45). Here we introduced the dimensionless variable 𝑍̃ as

𝑍̃ =
2𝑍
ω▽

=
4𝑍
𝑥(0) (D.27)

Our result in Eq. (D.25) exactly coincides with the one obtained in Ref. [308], where
a di!erent approach was used. In a similar fashion, the total occupation number
𝑂(𝑁) is given by

𝑂(𝑁) =
≃∑

𝑀=↑≃

𝐿𝑀(𝑁) = 4 𝑍 𝑁

∫ 1

0
𝑕/φ(/)

=
16ω𝑖 𝑍

2
𝑁

𝜕

∫ 1

0
𝑕/

∫ 1
/

1
𝑕𝑅

1
∀
𝑅

2 ↑ 1
1

(2 𝑍 + 𝑅 ω▽
)2

(D.28)

We next perform an integral by parts in Eq. (D.28) which further simplifies 𝑂(𝑁)

as,

𝑂(𝑁) =
4ω𝑖 𝑍̃

2
𝑁

𝜕

∫
≃

1

𝑕𝑅

𝑅

1
∀
𝑅

2 ↑ 1
1

(𝑍̃ + 𝑅)2

= ↑
2ω𝑖 𝑁

𝜕(1 ↑ 𝑍̃
2)

[
2𝑍̃ ↑ 𝜕(1 ↑ 𝑍̃

2
) + 2

(
1 ↑ 2𝑍̃2) cos↑1 (

𝑍̃

)
√

1 ↑ 𝑍̃
2

]
(D.29)

which is given by the expression in Eq. (5.50).
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