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ABSTRACT

Cell division is a fundamental biological process that ensures the
segregation of genetic material and also involves dramatic changes
in the cellular geometry, leading to cytokinesis: the cleavage of a
cell giving rise to two daughter cells. In metazoans, cytokinesis is
orchestrated by flows resulting from active stress gradients in the
actomyosin cortex — a thin film comprising myosin motors, actin
filaments, and other associated macromolecules. In this thesis, we
develop a theory for the geometrodynamics of the cortex treated as an
active surface.

First, we establish the necessary mathematical tools for the geometry
of surfaces in ambient coordinates. To deal with dynamical geometries,
we also derive the necessary equations for the kinematics of moving
surfaces. Relying on this formulation, we solve the relevant equations
using a flexible computational finite-element method using on the
FeniCS library.

Next, we explore the interplay between the active patterns with
fixed curved geometry. We show that the steady state patterns pre-
dicted on simple geometries localise on regions of different curvatures
dependent on the parameters. This seems to arise from the Gaus-
sian curvature acting as an effective friction on curved surfaces. We
also observe that qualitatively new patterns emerge purely due to
the change in geometry when the surfaces have regions of negative
Gaussian curvature, naturally giving rise to cytokinesis-like patterns
of myosin distribution and flows.

Finally, we turn to the full problem of the interplay of active pat-
terns and dynamical geometry. At high contractility, we observe
self-organised dynamics of the cytokinetic furrow and concomitant
myosin patterns, which agree well with experimental measurements
on the dynamics of cytokinetic ring, surface curvature, and rate of
myosin accumulation during the first division in the C. elegans embryo.
We then propose an approximate theory assuming only the feedback
from concentration changes due to geometric effects, and the resulting
changes in the dynamics of geometry due to altered active stresses. We
find a linear relationship between myosin accumulation rates and the
speed of ring contraction in the theory, and observe this relation across
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several RNAi perturbations in the embryo. Through the same RNAi
perturbations, we further test our prediction that higher contractility
generically leads to asymmetric ingression. This work suggests that
active, self-organised dynamics could underlie the widely observed

kinematic features and asymmetries in cytokinesis.
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INTRODUCTION: CELLS AND CYTOKINESIS

. something unfailingly upsets our physical intuition
as we watch this phenomenon, whose strangeness is even
more appreciable than before the experiment. Why?
Because we see very clearly that this process is bent or
oriented in one exclusive direction: the multiplication of
cells. These to be sure do not violate the laws of
thermodynamics, quite the contrary.

They not only obey them; they utilize them as a good
engineer would, with maximum efficiency, to carry out
the project and bring about (as Frangois Jacob has put it)
the “dream” of every cell: to become two cells.

Jacques Monod
Chance and Necessity (1970)

The ability to replicate is a universal feature of all cellular life forms.
It is unclear what the earliest cells looked like, but we imagine them to
be a compartment capable of both chemical replication (of the primor-
dial genetic constituents) and physical separation (of the primordial
membrane enclosing these genetic constituents) [Szostak et al., 2001].
There is a strong possibility that our view of the earliest cells is biased
by their descendants roughly 3 billion years later. However, noticing
the common phenomena in cells operating at remarkably different
length-, and time-scales, with some liberty, one can postulate the exis-
tence of an ancestral cell which, while primitive, showed both of these
features as far as its replication was concerned. We could ask: How
did an ancestral eukaryotic cell develop robust mechanisms for divi-
sion such that these processes have been inherited across generations?
Clearly, evolutionary processes have built on this robust mechanism,
leading to the current stunning diversity of multicellular life. What
simple requlatory constraints can allow for the robustness of this replica-
tion mechanism? Can self-organised patterns emerging from physical
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processes allow for such minimal cells to execute their “function”? If
yes, what kind of physical principles underlie this self-organisation?

In this introductory chapter, we discuss physical principles and rele-
vant experimental findings based on which one can build a theoretical
framework for understanding cytokinesis. We focus on cytokinesis in
eukaryotes; metazoans, to be more specific. We begin with examples
of self-organised dynamics in bacterial cell division.

There are two main questions that appear persistently while dis-
cussing cytokinesis. First, what decides the site of the cell cleavage?
Second, how are the forces necessary for the cleavage generated?

1.1 CYTOKINESIS IN BACTERIA

(a) E. coli (b) B. subtilis

pole-to-pole oscillations of minD steady polar distribution of minD

Figure 1.1: In bacteria, two clear examples of reaction-diffusion driven mech-
anisms for cytokinesis site specification exist. (a) In E. coli, pole-
to-pole oscillations of the protein minD suppress the localisation
of cytokinetic proteins at the poles, leading to an effective lo-
calisation in the middle. (b) On the other hand, minD forms a
stable pattern in the cell with two maxima at the poles, leading
to specification of the cytokinetic ring in the middle of the cell.

The mechanisms behind cytokinesis site specification can be differ-
ent for different bacterial species; however, an underlying theme is that
spatiotemporal gradients of specific proteins can activate or inhibit the
formation of filamentous structures that drive cytokinesis, primarily
the FtsZ proteins, to localise at the division site. It is not obvious
how the FtsZ filaments generate the forces necessary to deform the
membrane. The current view on this matter is the following: once
assembled and linked to the membrane, the FtsZ filaments undergo
continuous polymerisation and depolymerisation from two extreme
ends. An effective reduction in the length constricts the diameter of
the filamentous helix, pulling the membrane inwards [Haeusser and



1.2 ENERGETIC AND TRANSPORT CONSTRAINTS IN EUKARYOTIC CELLS

Margolin, 2016]. Note that this mechanism of force generation on the
cell surface to divide contrasts with eukaryotes, an issue to which we
shall return later in the chapter. Turning our attention back to site
specification in bacterial cytokinesis; prominent examples are that of E.
coli and B. subtilis where the distribution of the Min family proteins on
the cell poles causes local inhibition of FtsZ formation and therefore
localises it towards the centre of the cell [Raskin and De Boer, 1999;
Levin et al., 1999]. In E. coli, the effective attachment-detachment
dynamics of the MinD and MinE proteins to the membrane and the
differences in their diffusion rates in the cytoplasm give rise to an
effective Turing like instability [Turing, 1952], which can self organ-
ise to give rise to the pole-to-oscillations [Howard et al., 2001; Kruse,
2002]. These pole-to-pole oscillations (See Figure 1.1 (a)) give rise to an
effective time-averaged profile of the Min proteins with is maximum at
the poles and minimum at the centre of the cell. In contrast, as shown
in Figure 1.1 (b), the spatial profile of these inhibitory proteins seems
to be non-oscillatory in B. subtilis. However, recent work suggests that
the molecular interactions of these proteins is similar to that in E. coli,
and their dynamics can be modelled as a dynamic steady-state arising
from a reaction-diffusion system [Feddersen et al., 2021], which is
then read-out by the FtsZ proteins to localise a cytokinetic ring that
physically separates the two cells. Note that at the length scales of
~ 1um, as in the case of both the examples above, it is possible to
organise intracellular structures on the timescales of 10! — 102 s relying
solely on diffusive transport. However, as much larger eukaryotic cells
emerged in the course of evolution, their ability to change shape, to
divide (and, to migrate), posed novel challenges that cannot be solved
by diffusive transport alone.

1.2 ENERGETIC AND TRANSPORT CONSTRAINTS IN EUKARYOTIC
CELLS

Energy production in bacterial cells is restricted to the membrane,
which naturally leads to the energy budget of the cell to scale with
its surface area. On the other hand, the energetic requirements of
the cell (for maintenance and growth), are typically understood to
scale with its volume [Lane and Martin, 2010]. For simplicity, if we
consider a spherical cell, this demand-to-budget ratio is expected to
scale as R3/R?, where R is the cell radius. This specific physiology is,
therefore, restricted by its surface area to volume ratio, since beyond

Energetic
considerations
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a threshold size, the energetic demands will always overwhelm the
energy production apparatus. The emergence of chloroplast and mito-
chondrial symbiosis allowed eukaryotic cells to circumnavigate this
problem by a drastic change in the cell physiology, thereby allowing
the “storage” of the energy producing apparatus more compactly,
allowing the much bigger eukaryotic cells to emerge and is therefore
considered one of the most important transitions in evolution [Smith
and Szathmary, 1997]. However, circumventing the energetic bottle-
neck is not enough, as a size increase in cells during evolution lead to
another fundamentally different challenge: transport.

The size of the region which can be accessed by diffusion in a
timescale t scales sublinearly with time, as ~ V1, to be precise. For
a typical protein, the diffusion constant turns out to be D ~ 1 ym?/s
[Milo et al., 2010]. The typical timescale for cytokinesis of a eurkaryotic
cells is ~ 10%s. If cytokinetic patterns were to arise from diffusive
transport mechanisms, this would be possible only for cells of sizes less
than ~ 10 yum. On the other hand, active transport driven molecular
motor proteins have typical translocation speeds of v ~ 1 um/s. As
such, beyond length scales of order D /v ~ 5um, active transport will
always dominate diffusive transport [Howard et al., 2011]. Notably,
the sizes of eukaryotic cells range from 10! — 10% ym. It is therefore not
a surprise that eukaryotic cells arose not only with their physiological
novelty of endosymbiotic energy production, but also with a diverse
array of motor proteins [Koonin, 2010]. These motor proteins actuate
on filamentous structures using energy from adenosine triphosphate
(ATP) hydrolysis, and thereby generate active movement [Howard,
2001]. In plant cells, for example, the construction of a new cell
wall following mitosis is achieved through kinesin mediated active
transport [Strompen et al., 2002; Smith, 2002].

1.3 CYTOKINESIS IN METAZOANS

We now turn to cytokinesis in animal cells. Lacking a cell wall, they
show remarkable changes in their geometry as they deform and cleave
to give rise to daughter cells. A fundamental question thus arises:
how do these cells harness active forces to divide into two? What are
the general features that characterise this method of cell division? Is
the highly dynamical geometry merely an outcome of these active
forces, or does it feed back and affect the very forces that caused it to
change?
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(a) Oil droplet

\ /I\LaOH applied on

poles through pipettes

(b)
J
N s ~
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Figure 1.2: The other oil-droplet experiment. (a) Stimulated Marangoni flows
from surface tension gradients using NaOH at the opposing
poles leads to destabilisation of an oil droplet. (b) The resultant
convergent flows eventually drive shape changes in the droplet,
resulting in its division. (c) Strikingly similar convergent flows
were also observed by Josef Spek during cell division in Rhabditis
dolichura embryos. The panel here shows the mitotic spindle,
cytokinetic furrow, and convergent flows. Panel (c¢) reproduced
with permission, from J. Spek, Archiv fiir Entwicklungsmechanik der
Organismen (1918) [Spek, 1918] ©Springer Nature BV.

Animal cells are soft. Experimental measurements report stiffness
values in the range of ~ 10~! — 10! kPa [Wu et al., 2018]. As such,
initial ideas about animal cells considered them as fluid droplets.
Therefore, one could anticipate surface tension differences to possibly
destabilise the initial cell geometry and cause it to divide. Support
for this hypothesis first emerged in the form of experiments on oil
droplets, shown in Figure 1.2 (a-b), where an induced surface tension
gradient using NaOH on opposing poles of the droplet caused con-
vergent flows. These flows, directed away from the poles, deformed
the droplet to form a furrow-like shape, and eventually cleave into
two droplets [McClendon, 1912]. Notably, similar convergent flows
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INTRODUCTION: CELLS AND CYTOKINESIS

were also reported in a host of different embryos undergoing cytoki-
nesis, including the nematode Rhabditis dolichura embryos shown in
Figure 1.2 (¢) [Spek, 1918].

() (b) () gl (d)

QWA
4/\%‘\\§
N/,

Figure 1.3: Schematic showing the experiment on sea urchin embryos by Y.
Hiramoto.

The segregation of the duplicated genetic material occurs concomi-
tant with these geometric shape changes. This segration is primarily
achieved by the mitotic spindle, visible in Figure 1.2 (c) as the two-
lobed structure inside the cell. The cytoskeletal filaments crucial for
the formation and stability of the mitotic spindle are microtubules.
These are polymeric filaments made of tubulin subunits [Alberts et al.,
2022], and are highly stiff at the length scale of a eukaryotic cell
[Howard, 2001]. These filaments, emanating from the microtubule
organising centre (MTOC) are broadly classified into polar filaments
(responsible for the segregation of chromosomes) and astral filaments
which radiate outwards towards the cell membrane. An alternate
hypothesis to surface tension gradients driving shape changes in cy-
tokinesis was that astral microtubules generate the necessary forces
to pull the furrow inward as the MTOCs move apart to segregate
the chromosomes. This hypothesis was first tested using colchicine
to perturb the microtubules in sea urchin embryos. Treatment with
colchicine at the appropriate time (mid-anaphase, when the chro-
mosomes have separated), showed that the cell continued to divide
normally despite the complete disappearance of the spindle [Swann
and Mitchison, 1953]. A more direct, physical evidence was to follow
from an experiment where the spindle was pulled out of a dividing
sea urchin (Clypeaster japonicus) embryo using a micropipette. As seen
in the time sequence in Figure 1.3, the embryo is able to divide nor-
mally despite the strong perturbation of its position and the eventual
removal of the spindle [Hiramoto, 1956]. Note that in both of these
experiments, timing is of extreme importance. The disruption of the



1.3 CYTOKINESIS IN METAZOANS

spindle using colchicine, or its direct removal using a micropipette,
both result in failure of cytokinesis. We now know that the astral
microtubules are actually responsible for localising myosin around
the cytokinetic furrow [Pollard and O’Shaughnessy, 2019]. This really
points to the idea that the spindle (and astral microtubules originat-
ing therein) act as a spatiotemporal trigger for cytokinesis. Once the
appropriate initial conditions are met, mechanical forces arising from
the cell surface are sufficient to deform the furrow, resulting in the

cleavage of the mother cell.

(@) (b)

~05um

Lipid bilayer
Actin
- Apeo—
Myosin

wev—

Cross-linkers

Membrane
associated proteins

Figure 1.4: (a) The actomyosin cortex is a thin layer setting near the cell
surface. Roughly ~ 0.5 ym in thickness, but can be up to 1 ym. (b)
The main constituents are actin filaments, myosin motor proteins,
and cross linkers and other membrane associated proteins. Due
to its small thickness compared to the cell size, for studying
patterns at the scale of cells, the cortex can be assumed to be a
two-dimensional material.

Given the above experimental findings, the hypothesis that spatial
gradients in cell surface tension can drive shape changes during cytoki-
nesis becomes quite plausible. However, at the time of these findings,
it was not clear how surface tension gradients necessary for cell divi-
sion are generated [Mabuchi, 1986]. Subsequent research revealed the
molecular constituents that generate active forces on the cell surface.
It soon became clear that there exists organised filamentous structures
on the cell surface at the onset of cytokinesis [Schroeder, 1968; Arnold,
1969]. The discovery that these filaments were polymers of the protein
actin also followed soon after [Perry et al., 1971; Schroeder, 1973].
These actin filaments, with the associated myosin motor proteins
proved to be necessary for the completion of cytokinesis [Schroeder,
1970, 1973; Mabuchi and Okuno, 1977; Maupin and Pollard, 1986;
Mabuchi, 1986]. According to our current understanding, the cortex
associated with the cell membrane, is a network of actin filaments,
myosin motor proteins and cross linkers [Pollard and O’Shaughnessy,
2019; Alberts et al., 2022], driven out of thermodynamic equilibrium
owing to the chemical fluxes converted into mechanical forces [Jiilicher
et al., 1997]. This actomyosin cortex is the cytoskeletal meshwork re-

9
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sponsible for force generation on the cell surface. The cortex is at
least an order of magnitude thinner than the size of a typical cell
[Salbreux et al., 2012], and is under constant material exchange with
the cytoplasm on the timescales of ~ 10s [Mayer et al., 2010; Saha
et al., 2016]. These facts, summarised in Figure 1.4, allow us to treat
the actomyosin cortex as a two-dimensional material.

Actomyosin cortex

Convergent flows Contractile forces

Figure 1.5: At the onset of cytokinesis, cortical flows generate a ring of in-
creased concentration of myosin and other cytoskeletal molecules,
generating localised contractile forces which subsequently lead to
formation of the cytokinetic furrow

Our current understanding of the emergent dynamics of cytokinesis,
(Figure 1.5), is the following: at the early stages, gradients in the
concentration of myosin motor proteins are set up due to signals from
the mitotic spindle. The positive ends of the astral microtubules orient
towards the furrow region, causing a localised activation of the Rho
pathway leading to higher concentration of myosin motor proteins
on the cell surface [Pollard and O’Shaughnessy, 2019]. Due to the
active nature of motors, these concentration gradients then generate
gradients in stress (or tension, if treated as a two-dimensional surface),
giving rise to convergent flows. The same forces concomitantly change
the shape of the cell, generating a furrow which constricts to give
rise to two daughter cells. Owing to the location of the furrow and
the dynamics of advective flows preceding cytokinesis, there can be
additional asymmetries can arise during cell division, giving rise to

differences in the sizes and/or the distribution of certain proteins.

1.4 EMBRYONIC CELL DIVISIONS: THE INHERITANCE OF BROKEN
SYMMETRIES

During embryonic development, a single cell must proliferate to give
rise to an immense diversity of cells, which then specialise and collec-
tivise to become specific organs and tissues [Wolpert et al., 2015]. In
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addition, there must be continuous supply of new cells for the main-
tenance and homeostasis of adult organisms. This diversification is
primarily driven through asymmetric cell divisions, where the two cells
inherit distinct morphological and chemical properties upon division
[Knoblich, 2001].

A prominent example of such an asymmetry is the first embryonic
division in C. elegans. An initially homogenous distribution of the
PAR-2 and PAR-6 proteins on the cell surface is perturbed by sperm
entry in the oocyte, and segregates into distinct spatial domains (Fig-
ure 1.6) [Munro and Bowerman, 2009]. This asymmetry not only
defines the germline cell and somitic cell lineages in the successive cell
divisions, but also establish the anterior-posterior axis of the organism.
A primary requirement for cell polarity is the existence of multiple
locally stable (patterned) states [Trong et al., 2014]. An external signal
can then trigger the system to transition from one of these stable
(unpolarised) states to another stable (polarised) state. In the C. elegans
zygote, this signal is delivered by the MTOC associated with male
pro-nucleus which triggers large-scale cortical flows that segregate the
PAR proteins [Goehring et al., 2011; Gross et al., 2019]. This general
principle, known as guided self-organisation, could possibly also un-
derlie cytokinesis, as evident by the observation of the spindle acting
as trigger for the initiation of surface flows and being completely
dispensable at later stages. We will not discuss this asymmetry further
in this thesis. Interestingly, there exist other aspects of asymmetry in
cytokinetic ingression that we address next.

(a) (b) PAR-2 PAR-6

Advective triggering
from sperm entry

Figure 1.6: The PAR system in the C. elegans embryo establishes the anterior-
posterior axis before the first cell division

1.5 ASYMMETRIES DURING CYTOKINETIC INGRESSION

As the cell surface deforms and the cytokinetic furrow deepens to
separate the prospective daughter cells, this deformation itself can be

asymmetric; i.e., the furrow ingression can be in a delayed manner, or

11
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at different speeds in different regions of the cytokinetic ring. This
asymmetry is especially pronounced in large embryos, as seen in the
comb jelly B. ovata shown in Figure 1.7 (a) where the ingression seems
almost unilateral [Rappaport, 1996].

B. ovata C. elegans
(@) (b) ©
QWAL
YN
64.
\5“‘/ \\l// ~ 25um *
~ lmm ANV
771N -
2 3
G o
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Figure 1.7: Asymmetric cytokinesis can occur across species, and do not
require the localisation of a smaller spindle. (a) Asymmetric in-
gression in the comb jelly B. ovata embryo, note the difference in
relative sizes of cell and spindle in both the embryos.(b) shows
the asymmetric ingression of cytokinetic furrow in C. elegans.
(c) The spindle size in mitotic cells scales up to a threshold of
~ 200 ym, beyond which the cells have a much smaller spindle,
which is located very close to the cell surface as in (a). The approx-
imate average morphology for these two embryos is labelled with
black symbols; % corresponds to B. ovata and M corresponds to
C. elegans. Panel (c) is adapted with permission from Crowder et
al., Curr. Biol (2015) [Crowder et al., 2015] ©Elsevier.

Early studies on cytokinesis were performed on embryos of marine
animals, chosen for their large size and ease of experimentation. These
cells commonly have a proportionately smaller spindle, which is
localised towards the embryo surface. One would then expect a
smaller region of high Rho activity on the surface, which could then
lead to asymmetric flows and ingression. As such, we might expect
asymmetric ingression to be restricted to cells which have a mismatch
in the spindle size compared to the cell size. However, in C. elegans
embryos, cytokinesis proceeds in a similar, highly asymmetric manner,
while cell and spindle sizes are comparable, and the spindle seems to
be positioned symmetrically [Maddox et al., 2007].

Spindle morphologies scale with cell sizes across the animal king-
dom, but only up to a threshold of ~ 200 ym. In Figure 1.7 (c), we
show results from quantitative morphological measurements of spin-
dle and cell sizes [Crowder et al., 2015], where a saturation of the
spindle sizes can clearly be observed. The two examples we have

1024




1.6 OVERVIEW OF THE THESIS

discussed in this section, while showing asymmetric ingression, lie on
either extremes of this threshold. This suggests that a localised signal
is possibly not a necessary requirement for driving this asymmetry in

ingression.

With this background on asymmetric ingression, we ask two related
questions. First, what physical principles drive this asymmetry? Sec-
ond, since this asymmetry is also an aspect of the geometry of the cell
as it deforms to divide, could the physical principles that drive cytoki-
nesis itself also give naturally rise to this asymmetry? If the answer to
the second question is in the positive, asymmetric cytokinesis must
be very prevalent. This indeed seems to be the case, as it is observed
in diverse cells well below the ~ 200 ym threshold [Bourdages et al.,
2014]. Thus, our aim in this thesis is to understand the correlation
between the physical mechanisms that underlie cytokinesis, and ask if

same mechanisms underlie asymmetric ingression during cytokinesis.

1.6 OVERVIEW OF THE THESIS

To summarise the discussion above, we view cytokinesis as an in-
terplay between mechanical stresses on the cell surface, the flows
resulting from their gradients, the spatial patterns of force-generating
molecules, and the geometry changes that occur simultaneously (Fig-
ure 1.8).

-~ <

Mechanics

QAW
4 \%\\<

Figure 1.8: Animal cell cytokinesis arises from feedback between signalling,
mechanics, and dynamical geometry.
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INTRODUCTION: CELLS AND CYTOKINESIS

Formally, we will develop coarse-grained active hydrodynamic equa-
tions of the actomyosin cortex, and couple them to dynamical geome-
try. These hydrodynamic equations for the cortex and the kinematic
equations for evolving surfaces, are highly non-linear. Exact analytical
solutions are, therefore, highly unlikely. As such, we will have to de-
velop appropriate numerical techniques to solve them. Mathematically,
this involves solving partial differential equations for concentrations
and flow-fields on arbitrary and dynamical geometries. The problem
is non-trivial since the deformation of the geometry is specified by
quantities which are themselves evolving on that geometry. In other
words, we view the dynamical cell shape during cytokinesis as the
geometrodynamics of active surfaces. Moreover, though these equations
can be formulated using intrinsic coordinates, they can seldom be
solved due to the presence of coordinate singularities.

In Chapter 2, we develop the geometry of curved surfaces em-
bedded in the three-dimensional ambient space. We also formulate
methods to perform differential calculus of fields defined on this
evolving geometry using only ambient coordinates. Finally, we de-
rive kinematic equations that describe the evolution of geometrical
quantities associated with the surface.

In Chapter 3, we set up a theory for the actomyosin cortex, treating
it as an active fluid. We then study the dynamics of aemergent ctive
mechanochemical patterns on curved static surfaces. We find that
active patterns are highly sensitive to the underlying geometry, and
localise on regions on different curvatures depending on the physical
parameters. On surfaces shaped like a peanut (which has regions
of negative Gaussian curvature), the active fluid self-organises to
generate convergent flows, and a ring of myosin pattern in the furrow-
like region.

In Chapter 4, we study spontaneous patterns that emerge from
the geometrodynamics of active surfaces. Surprisingly, we find like
cytokinesis-like dynamics of geometry, flows, and concentration fields
can emerge spontaneously. We then quantitatively compare this dy-
namics with cytokinesis in the embryo of the nematode worm C. ele-
gans. We find that our theory naturally predicts universal quantitative
features of cytokinesis that have been observed across multiple species.
We then write an approximate theory relying solely on the feedback
between dynamical geometry and the concentration changes seen
during the contraction of the cytokinetic ring. We find the predictions
of this approximate theory agree with both the numerical solutions
of the full theoretical problem, and experimental measurements in
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the embryo. Finally, we show that asymmetric cytokinesis also arises
naturally in our theory. Furthermore, our theory predicts that the
dynamics of asymmetric ingression correlated with the ingression
rate of the cytokinetic furrow. This is also quantitatively seen in the
experiments.

In Chapter 5, we conclude by discussing some drawbacks and open
questions that remain. We then attempt to frame our results in the
broader context of cellular and embryonic physiology, and end with

an evolutionary outlook.
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KINEMATICS OF EMBEDDED SURFACES

The discussions in the previous chapter emphasized the importance
of dynamical geometry in eukaryotic cell division. In this chapter,
we develop the extrinsic differential geometry of time-evolving two-
dimensional surfaces embedded in the ambient three-dimensional
space. The equations governing the spatiotemporal evolution of the
geometrical quantities, such as the surface normal and curvature, as
well as physical fields defined on the surface are highly nonlinear in
nature. With an aim to solve these equations numerically, we recast
these dynamical equations in a manner suited to an implementation

using the finite element method.

2.1 THE INTRINSIC AND AMBIENT VIEW OF THE SURFACE

Consider a two-dimensional surface M embedded in IR3. We describe
M C R® by specifying a smooth map ¢ : U — M where U C R2.
Parametrising U with coordinates s*, the map ¢ gives the Cartesian
coordinates x' € R3 of the point corresponding to {s!, s*} € U
as shown in Figure 2.1. Thus ¢(s',s?) = ¢i(s!,s?) &;, where &; are
the Cartesian basis unit-vectors in R?, 4)1' are the components of the
map ¢, and repeated indices are summed over following the Einstein
summation convention. We will use Greek letters «,,... to index
coordinates and vector components in U, and Latin indices i, j,... to
refer to coordinates and vector components in the ambient space R>.
We will assume that map ¢ is locally invertible.

At a point p on the surface, the tangent vectors t, are obtained by:

_ 9P _ g

t, = et = Sy €. (2.1)

The shift tensor s with components si, = d¢' /9s* in the above equation

is the Jacobian of the map ¢ [Waxman, 1984; Kreyszig, 1991; Grinfeld
et al., 2013]. It is easy to see why the term shift is used. Let v be a
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tangent vector to the surface M at a point p. We can write v either in
terms of the tangent vectors t, or in terms of &; as:

v=0"t, =0v"s, & =0v'¢,

where we have used (2.1) and defined the Cartesian components
v = siv"‘. Thus, the shift tensor s, represented by a 3 x 2 matrix,
allows us to lift a 2 x 1 vector, with components v, into a 3 x 1
vector, with components v'. This lifting process will work for arbitrary

tensors.

The t, form a basis for the tangent vector space T, M at the point p.
The corresponding dual vector space T; M has t* as the basis vectors
with t*(tg) = dg, where 0 represents the Kronecker-delta. Further,
just like the & form a basis for the tangent vector space T,R® at the
point p, the dual vectors & form a basis for the cotangent vector space
T;]RS. The shift tensor s with components s, defined above is an
element of Ty M ® TpIR?, where ® is the tensor product. It is thus
natural to define another shift tensor s* with component s* = 9s*/9¢’
which is an element of T;:]R3 ® TpM. It should be noted that, by
definition, Sf‘slﬁ = 5%. Analogous to (2.1), we have &; = s t,, and for
the dual vectors t* = s & and & = s, t*. However, this only works
for vectors that are tangent to the surface M since the tangent vector
space Tp M is a subspace of T,R? at every point p.

The metric tensor g for the surface M is
g=gupt" ®th, (2.2)

where the components g, are given by g,5 = t, - tg where - is the
scalar product of vectors in R3.

The identity operator in the tangent space T, M is |, = t, ® t* while
the corresponding quantity in the tangent space T,R®is | = & ® & in
R3. To find a relationship between these two operators, we consider
the unit-normal vector fi at every point on the surface.

At each point p on the surface M, we construct the unit-normal
vector f given by:

t1 Xty

n= ’t1 th’,

(2.3)

where x represents the cross product in R3. The subspace of T,R?
spanned by fi is one-dimensional, and hence the dual of /i can be iden-
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tified with itself. Note also that the direct sum of this one-dimensional
subspace and T, M is the full tangent space TpIR®.

Consider an arbitrary vector v, not necessarily tangential to M,
defined at the point p. This vector can be split into its normal and

tangential components as v = v, A + v, where v, = fi-v, and
vi=v—oi=(1-Aa®f)-v=P-vy,
where we identify the tangential projection operator
P=l-n®Ai. (2.4)

It is easy to show that P-i = 0 = Aa-P and P-v| = v|. The last
relation implies P - P = I.
Now

vi=hov = (0t v = (5,578 ©@) v

This implies
P:ta®t“:sf;(s§‘éi®éf:s-s*, (2-5)
where the projection operator has the components

% = 5%, P; = s,’;cs;?‘. (2.6)
Notice that we can also write P = s-s*, which leadstofi-s = 0 = s* - fi.
From the above, and noting that I, = g, t* ® tP, we realize that the
projection operator P and the metric tensor g are related to each other
via the shift tensors. In other words, the projection operator is the
metric tensor of the surface, lifted in the ambient space. Both of these
mathematical objects, therefore, are equivalent and contain the same
information about the embedded surface [Delfour and Zolésio, 2011].

2.2 TANGENTIAL CALCULUS

Recall that we would like to compute the derivatives of on fields
defined on the surface, but using the ambient basis. A natural question,
therefore, is how to extend fields in the direction normal to the surface,
despite them being restricted on the surface. A mathematically well-
posed way is to define the constant normal extension of surface fields.
Consider any field f : M — RR. Let d be the signed distance function
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Figure 2.3: A scalar field (represented by the colourmap) on the surface
M, with a unit normal vector field . This scalar field can be
extended from M into the ambient space R® via a constant normal
extension. We show this schematically by two surfaces separated
by displacements +dfi, above and below M.

from the surface such that V,d = i where V; is the Cartesian gradient
operator. Now, let f. : (2 — IR be an extension of the function to the
ambient space, such that Q C IR® contains all possible deformations
of the surface. For a constant normal extension, at any point p € €2,
we define the function f, as:

fe(p) = f(c(M,p)),

where c(M, p) refers to the closest point on the surface M corre-
sponding to p. Now, since f. is defined in (), the ambient gradient
V; is a perfectly well-defined operation. However, by definition, f. is
a constant normal extension of the function f, which implies there is
no change in this extended field in the normal direction. This clearly
implies

(Vs fe) - =0.

From the definition of the extended function, it is clear that on the
surface both the function and its extension coincide: fo(p) = f(p) iff
p € M. Clearly, this construction can be extended in a straightforward
manner to all tensor fields on the surface. Note that we need this
mathematical construction of constant normal extension to justify the
existence of fields locally in R® around the surface M.

For scalar fields f extended into the ambient space via the constant
normal extension, the surface derivative coincides with the Cartesian
derivative, i.e.,

Vf=V,fe. (2.7)



2.3 SURFACE CURVATURE AND AMBIENT SHAPE OPERATOR

However, the definition of such derivatives for more general tensor
tields requires some care which we address in the next section. We
remark that the definition and existence of tangential derivatives do
not depend on the specific manner in which we extend the surface
tields into the ambient space [Delfour and Zolésio, 2011].

We now formulate the tangential differential calculus of fields de-
fined on the surface M but expressed in ambient coordinates. This
allows us to compute all derivatives in terms of Cartesian coordinates,
without any coordinate singularities, and obtain the appropriate sur-
face derivatives with the applications of enough number of projection
operators.

Consider a scalar field c(x) defined on the surface M. We extend
¢(x) locally into the ambient space R® in any suitable manner. There-
fore, at each point p € M, the Cartesian derivative V;c is well defined.
The surface derivative is then defined by

Ve=P- -V, (2.8)
For a vector field v(x), the surface derivative is defined by
Vv=P. -V,v-P. (2.9)

It can be shown that this definition coincides with the usual covariant
derivative of a vector field defined in intrinsic coordinates using a
Levi-Civita connection [Delfour and Zolésio, 2011; Renteln, 2014].

2.3 SURFACE CURVATURE AND AMBIENT SHAPE OPERATOR

Given a surface M C R® which is specified by a smooth map ¢ :
U — M where U C R2, we can construct the tangent vectors t, and
the unit-normal vector f to the surface as discussed in the previous
sections. The curvature of a surface is measured by the variation of i
as move on it. Specifically, the extrinsic curvature tensor B

B=B;pt'® th, (2.10)
with the components B,g given by

Byg = tq - g, (2.11)
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where d, = d/ds" is a coordinate derivative. B, is a symmetric tensor
and has two eigenvalues, ki, k, which are the principal curvatures.
The two invariants of the curvature tensor, the trace and determinant

H = Tr(Baﬁ) =k1 +ky, (2.12)
K= Det(B,,qg) = k1 kg, (2.13)

are the summed curvature H and the Gaussian curvature K respec-

tively. Note that H is an extrinsic quantity while K is intrinsically

defined without reference to any ambient embedding of the surface.
We want to obtain the lift of B to the ambient space. To do so, we

note d, = s}0; and rewrite

Bacﬁ = Siaﬁi’li = sis]ﬁ(ajni).
Using this and t* = s% & in (2.10), we get

B=s¢

15y (Omi) sisf e e = PLP] (9m) & @,

where in the last equality we have used P; = sfxs;?‘. Clearly d;n; are the
components of V. Thus P} P{ (djn;) are the components of a tensor
which forms the lift of B to the ambient space R®. This motivates us
to define the ambient shape operator or the Weingarten map [Walker,
2015] as

S

Vi =P (V;h)-P. (2.14)

We can thus compute S by first computing the Cartesian gradient Vi
and then using the projection operators appropriately.

The shape operator S has a non-trivial null vector: i, i.e.,, S- i = 0.
The three eigenvalues of S are then ki, ky, k3, where the first are the
principal curvatures of the surface mentioned earlier and k3 = 0. In
terms of S, the summed and Gaussian curvatures of the surface as

H="Te(S) =k + ko, (2.15)
K = [Tr(S)])* — Tr(S?) = ki ko + ko ks + ky k3 = ky ky. (2.16)

It is clear that the third invariant, Det(S) = kikoks = 0. Furthermore,
from the definition of S, it is clear thatP-S =S =S -P.

A surface is completely specified, up to global translations and
rotations, if the unit-normal i (or equivalently the projector P) and
the shape operator S are specified. This, therefore, completes the
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ambient space definitions of the various geometrical quantities needed
to specify the surface M. We are now in a position to define the
geometry of the surface and also to construct the tangential derivatives
of fields defined on it. We now turn our attention to deriving the
dynamical equations for these geometrical quantities when the surface
M is deforming in time.

2.4 KINEMATICS OF MOVING SURFACES

Our motivation for considering deformable surfaces in this thesis is to
study the deformation of the cell surface during cytokinesis. These
shape changes are predominantly governed by the dynamics of the
effective two-dimensional surface composed of the actomyosin cortex
and the lipid bilayer membrane. The bilayer membrane behaves as
fluid membrane since the lipids contained in it can diffuse freely
in the local tangent plane. The membrane resists bending shape
changes for out of plane deformations. Similarly, the cortex flows
like a viscous fluid on timescales longer compared to its viscoelastic
relaxation timescale. We will discuss the physics of the cortex in the
next chapter. For now, it suffices to underscore the idea that we should
consider fluid surfaces that do not resist in-plane shear deformations

and change shape only by movements along the local normal direction.

Consider a velocity field v defined on a fluid surface M. Only the
normal component of the velocity v, = (v-f)f contributes to the
deformation of the surface. A material point on M specified by the
position vector ¢ (s!,s?) on M moves according to

i _

dt VL' (2'17)

When constructing the constant normal extension of surface fields, we
considered the signed distance function d(x, t) where x € Q C R® is
around the surface. The position vector p(x, t) of the point closest to
x on the surface is p(x,t) = x — d(x,t) . This implies that the rate at
which the signed distance function d changes is

od ’
o

To get an equation for the unit-vector i, we note that (i) V,d = A, (ii)
the partial derivatives of 4 with respect to time and the ambient-space

coordinates commute, i.e., 9;Vid = V,0:d, and (iii) since v, is a scalar
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field, we have (V;v,) - i = 0 which implies Vi = Vi. Taking the
spatial derivative of the above equation for d leads us to

of

5 —Vou,. (2.18)

In words, this equation reveals that the unit normal field on a de-
formable surface changes only when there is a surface variation of the
deformation velocity. Equation (2.18) is also known as Thomas equa-
tion [Thomas, 1961]. It is now straightforward to derive the equation

of motion for the projection operator P = | — i ® A. We get
oP
a5 =V, @A+1A® Vo,. (2.19)

Before deriving the equation for the ambient curvature tensor S, we
need to obtain a few more relations. The evolution for shift tensor is
given by [Salbreux and Jiilicher, 2017]:

0s!

a—:‘ = n'd,0, + 0, Bf sfg . (2.20)

To obtain the time derivative of the shift tensor s§, we write s} =
8*Pspd;j. Therefore,

Jsi Bg 8B 5
5 =% | S T8y

= —vLsiﬁB“ﬂ +n;0"0,

where we have used atg“ﬁ = —2v, B*f [Waxman, 1984]. This gives
us the evolution equations of the two shift tensors. Next, we derive
another relation that will be useful for further calculations. Consider

the definition of the ambient shape operator: (S); = s, Bg sf , we would

now like to write the quantity siBi';B”st purely in terms of ambient
quantities. To obtain this, we write:
s,BIBs = sl BiohBTsf,
= si B* gVVgW BY sﬁ

= B"‘smsmvsvls B7s ﬁ
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Using the definitions of the geometric quantities, we have s, B Sh =
()., s™sy = sp,8"™ = (P)1, and 517 B S? = (S)j. Therefore,

(siBﬁ‘YB”st) & & =(S),(P)'(S); & & =S-(P-S) =S-S. (2.21)
We now turn to the kinematic equation for the ambient curvature

tensor (shape operator). Using the definition of the ambient shape
operator we can write its time evolution as

ais;' — % B :B + S aigsﬁ + Si B(Xai
ot or B “ ot i «TB ot
H(_/ ——— —

@} CID;. E;

We will derive the three terms on the right hand side of the equation
one at a time. Starting with o, using atsfx = n'd,v, +v, BY sfy we
have

©! = (n'd,0, +v, B] s) Bys".

From the first term inside the bracket, we get,
‘ B_ i H B
n'0,v, Bg 5 = n'0,v. 5y Bg 5;
=1n'9,0, " gua Bg s
= n'o u0LS Mglv SumSh Bg ]5
The second term inside the bracket, from (2.21), is v,S S in the
coordinate free notation. Notice that d,v, s? = (Vov,); due the action
of the shift tensor on the tangential gradient. From the definition of
projection operator, s/s,,;, = sy,s"" = (P)},. From the definition of the
ambient shape operator, s}’ Bg f = (S);11 Combining these facts we
can write @; in index free notation

®=9S5-S+(AiwVoy,)-S. (2.22)

The second term, <I>§, needs the partial time derivative of the (2 x 2)
curvature tensor By, whose kinematic evolution is given by [Waxman,
1984; Salbreux and Jiilicher, 2017]:

0B%

aTﬁ = —V"dgv, — BvBﬁ (2.23)
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We therefore have

q>;ﬂ = sfx (—V"‘ dpv, — ULBﬂ‘YBg) Sf.

From the first term on the right, we recognise the double derivative of
the deformation speed,

SAVL aﬁmsf = (VVUL);. (2.24)

For on the second term, using (2.21) again we get v,S - S. Combining
this with (2.24), we can write CID;- in a coordinate free form as

®=-VVo, —v,S-S. (2.25)

Finally, the last term E;-,

Il
0
A
=
™R
2|
Il

;- siBg(—vszn,BﬁV + njaﬂm).

Relying on (2.21) once again, from the first term inside the bracket,
we get —v,S - S. From the second term inside the bracket, we get:
st Bgaﬁvin] =5 Bg 558“@71]'
=sh Bg P quu v, n;
= sg Bg sfsl"svms;’fa}’mnj.

We recognize, s, Bgsf = (S)i, s"sym = (P)!,, and soto nj = (Vo®

i L);” In index free notation

[

=S-(Vu,®A)—0,S-8S. (2.26)
Combining (2.22), (2.25), and (2.26), we get

O+P+E=0S-S+(A®Vo,)-S
_VVUL_ULS'S
+S-(Vo,®fh)—v,S-S (2.27)

The first and the last terms on the right hand of this equation cancel
each other, leading to the evolution equation of the ambient shape
operator:

s

g—(ﬁ®VUL)-S—VVUL—ULS-S—{—S-(VUL@ﬁ). (2.28)



2.5 SUMMARY

Note that the second and the third terms are analogous to the evolution
of the 2 x 2 curvature tensor in terms of the intrinsic coordinates
(2.23). The first and the last terms arise purely because we wished
to find the evolution equation of the curvature tensor lifted in the
ambient coordinates. Combined with (2.18) and (2.19), it gives us
the complete description of the time evolution of relevant ambient
geometric quantities given a deformation velocity field v, f.

2.5 SUMMARY

In this chapter, we have formulated the extrinsic differential geometry
of surfaces embedded in IR®. Our formulation emphasises a coordinate
independent perspective and also focuses on suitability for a numerical
implementation. Further, we have developed the tangential differential
calculus of fields defined on the surface using their Cartesian derivates
and appropriate projection operators. Finally, we consider dynamical
fluid surfaces and derive the equations for the geometrical descriptors
of the surface. In the forthcoming chapters, we employ the geometry
of embedded surfaces and their kinematics developed here to first
study active patterns on static surfaces and then explore aspects of
cell division and the role of geometry therein.
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ACTIVE PATTERNS ON STATIC CURVED SURFACES

In animal cells, mechanical deformations and structural stability are
coordinated by a host of subcellular structures collectively known
as the cytoskeleton. The actomyosin cortex, a part of the cellular
cytoskeleton, is a thin (~ 0.2 ym [Clark et al., 2013]) meshwork of
actin filaments, interspersed with motor proteins and cross-linkers
(see Figure 3.1). The actuation of motor proteins by the hydrolysis
of ATP manifest, at the coarse-grained level, as an active mechanical
stresses generated within this layer. The cortex is in constant turnover
— exchange of the surface bound proteins with the cytoplasm and the
polymerisation depolymerisation of actin filaments. On timescale
longer than this turnover timescale, the actomyosin cortex cannot

sustain elastic stresses.

Lipid bilayer

Actin

]

Myosin

Turnover s

Cross-linkers

Membrane
associated proteins

Figure 3.1: The actomyosin cortex is a highly dynamical structure
with turnover, or cytoplasmic exchange, due to attachment-
detachment of the myosin motor proteins and the polymerisation-
depolymerisation of the actin filaments.

In this chapter, we first study a minimal model for the actomyosin
cortex that incorporates mechanochemical stresses. We are interested
in the dynamics of emergent self-organised patterns in the actomyosin
cortex and their interplay with a fixed geometry of the surface. Cells
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often exist in environments with complex geometric confinement due
to constraints of development (embryos in eggshells) or of organismal
physiology (cells surrounded by the other cells, or by secreted material
like the extracellular matrix). With this in mind, we ask how patterns
interact with the underlying fixed geometry, and what role does
this geometric sensing play for the functioning of cells and embryos.
Finally, we discuss how the interplay of a furrow-like geometry, active
stresses, and cytoplasmic exchange can drive patterns of myosin and
flow that mimic those observed during cytokinesis.

3.1 THE CORTEX AS AN ACTIVE FLUID

Towards the end of the first chapter, we discussed experimental studies
that provided strong evidence that the forces necessary for cytokine-
sis do not originate from the spindle [Swann and Mitchison, 1953;
Hiramoto, 1956]. However, the suggestion that the dynamics of cell
surface could lead to cytokinesis predates these studies by several
decades. Otto Biitchli was possibly the first to describe cytokinesis as a
process driven by the mechanical forces generated on the “cell surface”
[Biitschli, 1876]. Decades later, experimental studies on cytokinesis of
ctenophore embryos by Naohide Yatsu also noted the rearrangements
in the fluid-like outer surface during cytokinesis [Yatsu, 1912]. The
early attempts at developing a theoretical understanding of cytokine-
sis, therefore, were already treating the cell surface as a fluid layer
and phenomenologically studied the problem of cytokinesis patterns
on this fluid layer by assuming gradients of surface tension driving
Marangoni flows, in turn driving the shape changes [Greenspan, 1977;
White and Borisy, 1983].

More recently, techniques like cortical laser ablation and co-moving
mass-balance imaging have allowed a more quantitative probe into
the mechanical parameters such as the viscoelastic relaxation time
™, length scales over which the velocity field is correlated, and the
turnover rate [Mayer et al., 2010; Saha et al., 2016; Nishikawa et al.,
2017]. From such studies, we understand that the actomyosin behaves
as active viscoelastic gel that shows elastic response at short timescales
and flows like a viscous fluid at long timescales. As such, the con-
stitutive relation for the actomyosin cortex is well-approximated by
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a linear Maxwell-Jeffrey viscoelastic model. In other words, the total
hydrodynamic stress ¥ satisfies

<1 + TM;) (Z . zorientation _ zactive) — Zﬂuid, (3.1)
where Torientation jg the stress due to the orientational degrees of free-
dom, ¥Uid jg the fluidic stress, and ¥2tVe ig the active stress.

Hydrodynamic flows in the actomyosin cortex occur are such that
they are dominated by viscous effects, i.e., the Reynolds number is
very low. In this scenario, momentum conservation is essentially
captured by a balance of forces acting on the material:

V -L+Foy =0, (3.2)

where Fey: represents the external forces.

The active stress ¥V arises from the ATP consuming activity of
molecular motors. For three-dimensional active gels, the simplest form
of such an active stress is given by 3¢ = 7 Ay f(c) Q, where ( is
an activity coefficient, Ay represents the chemical potential difference
of ATP hydrolysis, Q is a symmetric traceless tensor representing
the local orientational order in the actomyosin cortex, and f(c) is
a monotonically increasing function of the concentration c of active
stress regulating molecules (such as myosin). Note that the active
stress cannot be isotropic for an three-dimensional incompressible
material. However, on a surface, the active stress can be isotropic in
the tangent plane to the surface.

As noted earlier, the actomyosin cortex is a thin fluid film located
just beneath the plasma membrane and also interacts with the cyto-
plasm. In principle, one should consider the coupling between cortical
flows and cytoplasm flows and the external force F¢y arises from
traction effects [Mietke et al., 2019a]. However, we can approximate
this effects by a frictional drag force, i.e., Fext = —yv, where 7 is a
friction coefficient.

Cortical laser ablation studies in the actomyosin ring of gastrulating
zebrafish (D. rerio) embryos and in the actomyosin cortex of the zygote
of the nematode worm C. elegans [Mayer et al., 2010; Saha et al., 2016]
show that the Maxwell relaxation timescale 1) is of the order of a
fee seconds . Comparing this number to the typical timescales of
cytokinesis in these embryos (~ 102 — 10%s), it is clear the cortex can
be approximated as a fluid at the timescale of cytokinesis. In other
words, we can set Ty ~ 0.
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The dynamics of orientational degrees of freedom is important at
the timescales of cytokinesis [Spira et al., 2017]. In fact, the timescale
for the relaxation of the orientational order to an isotropic state is of
the order of a few minutes [Reymann et al., 2016]. However, studying
the dynamics of patterns in anisotropic degrees of freedom on curved
non-trivial (and dynamical) geometries is significantly involved [Sal-
breux and Jiilicher, 2017; Al-Izzi and Morris, 2023]. In this thesis,
we approximate the actomyosin cortex as an isotropic fluid (in the
tangent plane) and hence neglect the effects of orientational degrees of
freedom, i.e., we work with the assumption Yorientation — ( gand yactive

is isotropic in the plane of the cortex.

The turnover of the actomyosin cortex maintains its material density
at a constant value. As such, tangential flows in the actomyosin cortex
are not incompressible. The material exchange between the surface
and the cytoplasm occurs predominantly in regions with non-zero
divergence of the velocity. Furthermore, the hydrodynamic pressure in
a surface material with constant turnover just leads to a modification
its bulk viscosity [Jiilicher et al., 2018]. As such, using a Newtonian

constitutive relation, the fluid stress can be written as
yuid — 24 E 4 (17, — 1) Tr(E) I, (3.3)

where 7 and 7, are, respectively, the shear and bulk viscosities, | is
the identity tensor in the plane of the cortex, Tr(- - - ) denotes the trace
operation, and the surface strain-rate tensor E = [Vv + (Vv)T]/2 with
(--+)T denoting the transpose. For a thin film of an incompressible
three-dimensional Newtonian fluid, the shear and bulk viscosities
are related to each other [Jenkins and Dysthe, 1997]. Note that on
curved surfaces, the identity tensor | will be replaced by the tangential
projector P introduced in the previous chapter.

To summarize, given an active stress X3¢ = ¢ Ay f(c) | (isotropic
in the tangent place of the surface), combining the force-balance
condition, the constitutive relation for a viscous fluid, and the frictional
approximation for the external force, we obtain the equation governing
active cortical flows on a two-dimensional flat surface

NV V(Y v) —yv = —CAuVf(c). (34)

Thus gradients in active stress, i.e., myosin contractility, are the source
for cortical flows. These flows are correlated over a hydrodynamic
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length-scale ¢ = \/1/+. A higher value of ¢ implies that the flows are
long-ranged and vice versa.

(@) (b)
NMY-2-GFP

Anterior
Posterior
Flow velocity, v (um min-1)

0.125 0.375 0.625 0.875
A Relative position x along the AP axis P

Figure 3.2: (a) The green glyphs depict the measured flows from particle
imaging velocimetry (PIV), the dark punctae signifying regions
of clustered NMY-2. (b) The black curve shows average NMY-2
intensity, and the green points show the measured flow. Error
bars represent the standard error, N=75. The green lines are fits
from the theory, the solid line representing the fit corresponding
to the assumption f(c) = ¢, and the dashed line corresponds to
f(c) =c¢/(c+cs). Both panels reproduced with permission, from
Mayer et al., Nature (2010) [Mayer et al., 2010] © Springer Nature
Limited.

The above picture of contractility gradients driving actomyosin flows
has been quantitatively established in the C. elegans zygote [Mayer
et al.,, 2010]. Here, a large-scale gradient of myosin concentration
in the cortex drives cortical flows that lead to the establishment of
cell polarity. This polarity pattern sets the anteroposterior axis of the
organism. The large-scale cortical flows persist for several minutes,
and therefore are well into the regime of fluid behaviour of the cortex
. Video microscopy analysis of fluorescently tagged myosin motors al-
lows one to extract their concentration field (see Figures.2(a)). Particle
image velocimetry techniques provides a quantitative handle on esti-
mating the cortical flows. Assuming azimuthal symmetry, the profile
of myosin concentration and cortical flows are shown in Figure 3.2(b).
We can now use the one-dimensional version of (3.4) to check the
prediction contractility gradients driving cortical flows. Figure 3.2(b)
shows fits of the theory to the experimental data using the myosin
concentration field as an input. The excellent match between theoreti-
cal predictions and the experimental data confirms the validity of the
active gel picture as applied to the actomyosin cortex.

Quantitative comparison of the flows with the active gel theory
provides a route to extract material parameters of the cortex. From the
tits shown in Figure 3.2(b), the extracted hydrodynamic length-scale
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¢ ~ 15 ym. Comparing this to the size of the C. elegans embryo (long
axis ~ 50 ym and short axis ~ 30 um), we find that the associated
length-scale of these flows seem to be a significant fraction of the

embryo size.

3.2 MECHANOCHEMICAL PATTERNS IN ACTIVE FLUIDS

We concluded from (3.4) that gradients in the active stress regulated
by the function f(c) are the source for cortical flows, and Figure 3.2
showed that this picture hold quantitatively in the cell. However,
what maintains the profile the of the active stress? In other words,
how is a spatial pattern of the concentration field ¢ sustained? Can
such active mechanochemical patterns arise spontaneously? We note
that the cortical flow that arises from (3.4) will advect the very same
concentration field whose gradients gave rise to the flow. In other
words, the dynamics of the concentration profile gets an advective
teedback from the cortical flows.

First, consider (3.4) in one-dimension:

1030 — 70 = —C Apdxf(c). (3-5)
Without loss of generality, we take the active stress regulation form

Cc
p— ,
C+ C«

flc) (3.6)

where c, is a saturation concentration. The transport equation for

myosin concentration c is
dic = —0x(ve) + D + R(c), (5:7)

where D is an effective diffusion constant and R(c) represents the
chemical reactions that can change the surface concentration. For
simplicity, we consider a linear reaction

R(c) = —x(c—co), (3.8)

where « is the turnover rate and ¢y is a set-point concentration. Equa-
tions (3.5) and (3.7) provide a complete system of equations for the
concentration ¢ and the flow v, when supplemented with appropriate
boundary conditions and the initial concentration c(x,0).

The homogeneous state ¢(x) = ¢p and v(x) = 0 is a trivial fixed
point of the system of equations (3.5) and (3.7). However, at high
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sufficiently high activity, this state can become linearly unstable to
small perturbations and the ensuing nonlinear dynamics can lead
to the emergence of spontaneous patterns [Bois et al., 2011]. On a
finite domain of size L with periodic boundary conditions, the allowed
wavenumbers in such a domain are are g = +2n7/L where n € Z.
Considering perturbations of the form c(x) = ¢y + dcel*+@(@t, 3
linear stability analysis leads to the wavenumber dependent growth

rate w(q) of the form [Bois et al., 2011]

2

w(q) = —k—Dg*+ T Apco af g (3.9)
dc

=y NPT

From the above dispersion relation, we note that w(gq) can become

positive at sufficiently large values of { Au. It is interesting to note

that homogeneous state can become unstable via this mechanism even
in the absence of the chemical reactions R(c).

(a) (b)

0 clco 10 0 clco 10 -6 vI/D 6

e R — ]

50 50

tIt
tT

- 0 n -n 0 n
X/t X/t X/t X/t

Figure 3.3: Mechanochemical patterns in one-dimension resulting from the
numerical simulation of (3.5) and (3.7). Stationary patterns with
(a) k =0and (b) x # 0.

Numerical simulations of equations (3.5) and (3.7) show that the
instability of the homogeneous pattern at high activity leads to the
emergence of active mechanochemical as displayed in Figure 3.3. Sta-
tionary patterns emerge when there is a balance between advective
and diffusive transport, along with the turnover reaction if it is present.
Note that patterns of the velocity v along with the patterns of concen-
tration c.

The above formalism for active mechanochemical patterns can be
generalized to two-dimensions and also to include multiple species
[Bois et al., 2011] that can show spontaneous pulsatory patterns at the
linear stability level. Recent studies have also shown leads to novel
pulsatory patterns and travelling waves even with a single chemical
regulator of active stress. However, these time-dependent patterns
do not occur the level of the linear instability of the homogeneous
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state, but are secondary bifurcations in the highly nonlinear regime
arising from non-reciprocal interaction between the spatial modes of
the concentration field [Picardo et al., 2025].

In this section, we considered novel mechanochemical patterns that
arise from the essential coupling between cortical flows arising from
active stress gradients and the advective transport of the chemical reg-
ulators of the mechanical stress. The ensuing patterns of concentration
are accompanied by the concomitant patterns of flow and mechanical
stress. These are very unlike reaction-diffusion systems involving
only scalar fields of concentrations. Since these active mechanochemi-
cal patterns essentially involve the velocity vector field, it is natural
that the geometry of the underlying domain will have a significant
influence on these patterns. With this motivation, we consider active
patterns on static two-dimensional curved surfaces embedded in the
ambient three-dimensional space.

3.3 GEOMETRIC LOCALISATION OF ACTIVE PATTERNS

How do active mechanochemical patterns react to the underlying to
the geometry of the underlying domain? Can inhomogeneities in
surface curvature localize such patterns? Are there transitions when

material parameters are varied?

We shall consider a closed two-dimensional orientable surface ()
embedded in the ambient three-dimensional space. To setup the
equations for active patterns, we first need to develop the calculus of
scalar, vector, and tensor fields defined on these surfaces. This was
the subject of chapter 2. Recall that for an orientable surface with unit
normal vector #, the projection operator P = | — i ® fi defines the local
tangent plane and also provides a way to compute surface derivatives.
Specifically, the covariant derivative of the concentration field is V¢ =
P - V;c where V; is the Cartesian derivative in the ambient space. For
a vector field v, the covariant derivative is Vv = P - (V,v) - P. The
projection operator P also plays the role of the surface metric tensor.

As before, we assume that the active stresses are isotropic in the tan-
gent plane to the cortical surface. In this case, the total hydrodynamic
stress is given by

X =2nE+ (5p— 1) Te(E) P+ T Au f(c)P, (3.10)
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where P now replaces | for the isotropic parts, and the surface strain-
rate tensor is E = [Vc + (Vv)T]/2. The force-balance condition V -
Y = v would lead to a flow equation analogous to (3.4).

Analytical solutions to these problems are only possible for simple
geometries, such as a sphere, where the vector spherical harmonics
provide a natural spectral representation for tangential vector fields
[Picardo et al., 2025]. However, on arbitrary curved two-dimensional
surfaces, no such spectral representations are known for tangential
vector fields. In such a case, one has to resort to numerical methods. A
naive way to implement numerical methods would be to use surface
fitted coordinates and develop the covariant calculus of the scalar and
tangential vector fields. However, such an approach is fraught with
coordinate singularities and is numerically unstable most of the time.

An alternate numerical approach, building on the tangential calculus
that we developed in Chapter 2, is to consider a vector field v in the
ambient space with support only the surface O C R3. As before,
we extend this vector field via a constant normal extension into small
neighbourhoods “above” and “below” (). With this approach, we can
now compute surface derivatives using the projector operator P. We
implement the tangential nature of the vector field v by imposing the
constraint

n-v=20 (3.11)

at all points on () [Jankuhn et al., 2018]. Further, we incorporate a
Lagrange multiplier field A(x) to remove any normal components in
the force-balance condition. Thus

V- X =qv—A(x)f. (3.12)

The above two equations, along with the (3.10), provide a complete
description to obtain the surface flows given a concentration field
c(x). As alluded to above, we can analytically solve for the flow for
a spherical surface for a given c(x using vector spherical harmonics.
We have benchmarked the numerical solution obtained from solving
(3.12) and (3.11) via the finite-element method using the FEniCS library
[Alnzes et al., 2015]. Comparing with the analytical solutions, we find
that our numerical approach provides a convergent method to obtain
the flow field.

To obtain the flow equation analogous to (3.4), we need to use
the constitutive relation (3.10) in the force-balance condition (3.12).
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This brings in some subtleties of the differential geometry of curved
surfaces. First, we note that V - (Vv) = V?v gives the covariant
Laplacian of the vector field v(x). However, computing V - (Vv) is not
straightforward, as covariant derivatives of tangential vector fields do
not commute [Thomas, 1961; Kreyszig, 1991; Walker, 2015]. However,
for two-dimenesional surfaces, it can be shown that V - (Vv) = V(V -
v) + K v where K is the Gaussian curvature of the surface [Grinfeld
et al., 2013; Walker, 2015; Jankuhn et al., 2018]. Furthermore, noting
that V- [f(c)P] = Vf(c) leads to the flow equation on a curved
surface:

VAN + 1 V(Vv) + (K —9)v==0AuVf(c) = A(x) A (3.13)

It should be remarked that we do not directly solve the above flow
equation in our finite-element formulation. Rather, we solve (3.12)
along with the tangentiality constraint (3.11). As in the case of flat
domains, the concentration c of the active stress regulator satisfies the
following advection-diffision-reaction equation on the surface:

orc ==V - (vc) + DV?c — x(c—co), (3.14)

where V is the surface covariant derivative. To summarize, equa-
tions (3.12), (3.11), and (3.14) complete our description for active
mechanochemical surfaces on arbitrary closed two-dimensional curved
surfaces. Given an initial condition c(x,0), these equations permit us
to numerically explore the interplay of active patterns with surface
geometry.

We highlight that the term #/Cv acts as a competitive friction in (3.13).
Identifying v — #K as an effective friction 7y.¢, we see that on a surface
where the Gaussian curvature is not constant, this would lead to
spatially dependent frictional drag force on the velocity, Furthermore,
on surface where K < 0, the effective friction coefficient can even

change sign.

On a spherical surface, the above equations governing active pat-
terns can be analysed via scalar and vector spherical harmonics, to
obtain the growth rate of perturbations near the homogeneous state
¢ = cg and v = 0 via linear stability analysis [Mietke et al., 2019b,a;
Picardo et al., 2025]. We have checked that our numerical method
reproduces the various phases seen in previous studies on the sphere.

We now study active mechanochemical patterns on generic curved
surfaces with a spherical topology. We emphasize here that neither
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our model equations nor our numerical code need to be changed for
this case. Since we have formulated the problem with reference to
Cartesian coordinates in the ambient three-dimensional space, this
applied equally well to non-spherical surfaces () provided we are
given a well-defined normal vector field fi(x). Furthermore, our finite-
element method is developed in such a manner that changing the
geometry only requires us to change the input mesh. The rest of
the numerical method is agnostic to the particular geometry being

considered.

We restrict ourselves to radial surfaces whose shape can be parametrised

by scalar spherical harmonics deviations away from a sphere of radius

Ro. We thus choose the parametrisation:

x(6,¢) = Ro

1+ ) am Ylm<91¢)] 70, ¢9), (3.15)
Im

where 0 and ¢ are the usual angles in the spherical coordinate system,
&y is the amplitude for the mode with spherical harmonic Y} (6, ¢),
and #(6, ¢) is the radial unit vector. Furthermore, we shall consider
only azimuthally symmetric surfaces m = 0 and focus on the [ = 2
mode, and define & = ayy. For small values of «, the surface has IC > 0
everywhere for small while for large values of «, the surface develops

regions with I < 0.

The dynamics of the active patterns on arbitrary fixed geometries is
characterised by the following parameters:

2

Pe = iAg, A= Ifo' Da %?0, (3.16)
where the Péclet number Pe compares the strength of the active advec-
tive flows with diffusive transport, A is the ratio of the hydrodynamic
length ¢ = \/m to the radius Ry, and Da is the Damkohler number
comparing the turnover rate with the diffusive timescale R3/D. We
choose the active stress regulation function defined in (3.6) and set
1y = 517/4. Concentrations and times are reported in units of ¢, and
T=1(?/D.

We first consider surfaces corresponding to &« = 0.2, i.e., with a min-
imal from the sphere. Our first observation is that close to the pattern
formation threshold (where the homogeneous state loses stability), the
emergent spots of concentration patterns localise to the poles of the
surface (and have an azimuthally symmetric profile). It is important
to note that these are also the regions of highest Gaussian curvature,
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as seen in Figure 3.4. On systematically increasing Pe while keep-
ing other parameters fixed, we find that while the initial pattern still
forms around the ‘polar regions’ of the surface (see Figure 3.5), this
configuration eventually destabilises and localises on the equatorial
region of the surface, where the curvature is the lowest.

tlt=0 t/T =130 t/T =200

Figure 3.4: The patterns spontaneously localise in regions of high curvature.
The colours represent local myosin concentration and the arrows
represent the velocity profile on the surface. Here A = 0.45
Da = 0, and Pe = 10.

tt=0 t/7 = 30

cles
41.2

t/T =350

0.0

Figure 3.5: Keeping the geometry and other parameters constant, at higher
contractility (Pe = 40), one can observe an initial breakage of
symmetry at the high curvature region. This pattern, however,
quickly destabilises and moves to a region of lower curvature. It
is important to highlight that the stable profile of concentration
and flow breaks the azimuthal symmetry of the surface geometry.

A most interesting aspect of these patterns is that at low Pe they
retain the azimuthal symmetry of the surface. However, in going to
the equator at higher Pe, the pattern breaks azimuthal symmetry. Note
that any assumption of an azimuthal symmetry while formulating the
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problem (rendering the problem one-dimensional, mathematically)
would have precluded the emergence of such patterns. Therefore, at
low values of contractility the patterns are stable in regions of high
curvature. As the contractility increases, the patterns that initially form
in these regions destabilise and localise to regions of increasing ..
As such, these active patterns are therefore sensitive to the underlying

geometry.

tIt=0 t/lt =120

cley
21.8

10.9 tlt =125 tlt = 10

0.0

Figure 3.6: In regimes of high contractility and turnover (cytoplasmic ex-
change), we also observe the spontaneous emergence of waves.
As before, the colours depict the myosin concentrations and white
arrows denote the velocity field. The red arrow shows the direc-
tion of movement of the wave, as seen in the lower panels. Note
that, at these parameters, the wave also remains localised along a
specific geometry, i.e., the equator.

Such geometric canalisation of patterns has been implicated in the
division axis alignment of C. elegans AB cells [Middelkoop et al., 2024].
These cells have a non-trivial geometry due to confinement within an
eggshell. Strikingly, the polarisation of the C. elegans embryo discussed
in the first chapter also shows a similar self-organised alignment of
polar patterns with the geometric axis of the embryo. The PAR-
2/PAR-6 polarity system triggered by the sperm entry is sometimes
observed to start at non-polar locations on the embryo leading to
a misalignment of the polarity pattern with the geometric axis of
the embryo. However, this misalignment is rapidly rectified by the
curvature-dependent active flows on the cortex and the ensuing flows
in the cytoplasm [Bhatnagar et al., 2023]. Without invoking nematic
order parameters, our results show that such geometrisation of active
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mechanochemical patterns can occur naturally due to an effective
friction-coefficient dependent on the Gaussian curvature. A clear
prediction from our results here is that changes in global contractilities
should have a drastic impact on the ability of the embryo to correct for
the geometric misalignments. Similar geometric effects due to flows
arising from active stresses, could also underlie polarised dynamics
at much bigger scales, for example, at the early stages of Drosophila
development [Gehrels et al., 2023].

High curvature [ | [ | [ | [ | [ | Low curvature
50 1
401 ¢ 0
301
£ 20
H BN
N N
1018
8 3
0 2 4
Da
Waves
Homogeneous ‘ Pulsatory

Figure 3.7: Phase diagram depicting the emergent patterns on a fixed geom-
etry with « = 0.2. The dark and light coloured squared denote
time-independent spot-like patterns on high and low curvature
regions, respectively. The pulsatory patterns are not discussed in
this chapter, but analogous to those observed on a sphere [Picardo
et al., 2025].

Next, we study the effect of cytoplasmic exchange rate Da on the
dynamics of active patterns. Varying Da, we observe the appearance
of active waves in Figure 3.6 reported earlier on simpler geometries.
From the figure, it is also clear that at these values of the parameters,
the waves seem to localise along the equator, a fact that will be of
crucial importance in the next section. A summary of the different
patterns discussed here can be seen in the phase-diagram shown in
Figure 3.7. We observe the transitions of spot localising in regions
of high curvature at low Pe, and lower curvatures at high Pe. The



3.4 NOVEL PATTERNS ON NEGATIVELY CURVED SURFACES

variation in the turnover strength can be observed along the x-axis,
where we first see the emergence of active waves discussed above, and
then see the emergence of pulsatory patterns at even higher turnover
[Picardo et al., 2025].

3.4 NOVEL PATTERNS ON NEGATIVELY CURVED SURFACES

We now consider surface with larger deformation amplitudes. A sur-
face with & = 0.8 has a furrow-like region at the equator of the surface.
Note that this region of the surface is saddle-like, and therefore has
K < 0. This implies that ¢ can change sign.

(a)
e, tr=0 /7 =100

2.0

0.0

(b) ©

High curvature [l M Low curvature
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Low Gaussian
curvature
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_— ‘Waves
10{m |
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® Rings

Figure 3.8: As the parameter « is increased, qualitatively novel patterns are
observed once regions of negative Gaussian curvature emerge on
the surface geometry. (a) The emergence of cytokinetic patterns,
with convergent flows and myosin localisation at the furrow. The
physical parameters here are identical to Figure 3.6, only the
surface geometry parameter is set to « = 0.8. b The phase dia-
gram depicting the various patterns that emerge spontaneously.
¢ Schematic depicting the localisation of myosin in regions of low
Gaussian curvature, and therefore a higher effective friction 7.

At Da = 0, we observe spot like patterns that move from regions
of high curvature to regions of low curvature with increase in Pe.
However, as the turnover strength is increased, qualitatively novel
patterns are observed. In the regime where one could observe dy-
namical waves for the geometry « = 0.2, we now observe patterns
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that are steady and resemble the cytokinetic ring during cell division.
Note that the flow profile also seems similar to the convergent flows
observed in cells as shown in Figure 1.2 (c). The observation of ring
patterns at high turnover should also be viewed in the light of recent
experiments, which showed an inhibition of myosin turnover in the
contractile ring naturally leads to its destabilisation and breakup into
multiple punctae [Thiyagarajan et al., 2022]. As such, this result not
only points to the high sensitivity of active patterns to underlying
geometry and turnover, but more broadly, it possibly also suggests
the self-organised nature of cytokinetic patterns in the cortex.

3.5 SUMMARY

To summarise, after developing an active hydrodynamic descrip-
tion of the actomyosin cortex that agrees with experimental mea-
surements, we formulated a minimalistic description to study active
mechanochemical patterns on curved two-dimensional surfaces. We
discussed how Gaussian curvature can act as an effective friction,
giving rise to complex dynamics that is very different from that ob-
served on a simple geometries like flat planes or spheres. Further, we
observed how a change in geometry, without any change in physical
parameters, can give rise to qualitatively different patterns. We saw
that on surface geometries that mimic the dividing cell, myosin distri-
butions and flow patterns naturally self organise to a steady state that
is reminiscent of cytokinesis. In this chapter, we have only focused
on fixed geometries while the full problem of cytokinesis is that of a
coupling between the dynamics of surface concentrations, the flows
generated due to gradients in active stresses, and the dynamics of
geometry due to differential forces generated from the concentration
gradients. This forms the subject of the next chapter.



GEOMETRODYNAMICS OF CYTOKINESIS

... for geometry, you know, is the gate of science, and
the gate is so low and small that one can only enter it as
a little child.

William K. Clifford

This chapter is about the self-organised dynamics of active sur-
faces, focusing mainly on the cytokinesis like patterns that emerge
therein. We observe a spontaneous emergence of ring-like patterns.
We then compare these emergent patterns of myosin and shape to
the cytokinesis with the first embryonic division of the nematode C.
elegans, and then study relationships between the emergent parameters
that characterise cytokinesis, and the underlying geometrodynamic
feedback.

4.1 DYNAMICS OF PASSIVE SURFACES

On timescales longer than the relaxation time for the elastic stresses,
the actomyosin cortex flows like a viscous fluid [Saha et al., 2016]. Mo-
tivated by this long-time dynamics, we consider fluid surfaces wherein
the surface deforms only along the local normal direction. Therefore,
given a velocity field v = v, + v, on the surface, the motion of a
material point with position vector x is

d
d%f =v,. (4.1)

As the surface deforms, its geometry changes. The unit normal vector
field, the projection operator and the shape operator on the surface sat-
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isfy the equations (2.18), (2.19), and (2.28). We rewrite these equations

here:
Geometry ?;; = —Vo,, (4.2a)
evolution
JP A
¥:VUL®n+n®VZJL, (4.2b)
dS . "
5= -VVov, —v,S-S+(A®Vv,)-S+S-(Vu, ®a). (4.20)

Here v, = v - i is the magnitude of the normal velocity. Note that
i and P changes only when Vv, # 0, i.e., uniform translation does
not change the surface normal and the tangent plane. Furthermore,
These equations govern the surface dynamics for a given velocity v.
This velocity is obtained from other physical considerations.

The internal forces arising from interactions between the fluid-
elements on the surface are captured by a stress tensor ¥. On cellular
scales, inertial forces are negligible. As such, the velocity field v is
obtained from force- and torque-balance conditions encapsulated by

V . Z — _Fext, (43)

where Fey is the total external force on the surface. We neglect hydro-
dynamic flows in the cytoplasm, approximate its dissipative effects by
a frictional force —< v [Salbreux et al., 2009], and incorporate its incom-
pressibility by including a constraint force Ap fi, where the Lagrange
multiplier Ap is the spatially uniform pressure difference across the

surface obtained by implementing the volume constraint | v, =0.

urface
We therefore get the total external force as Fext = —y v+ Ap fi. To hold
the centre-of-mass fixed, we include an additional force F¢y - (A ® ),
where Fy is a time-dependent Lagrange multiplier implementing the

constraint v, i) =0.

surface(

The hydrodynamic stress ¥ has contributions from the viscous
stresses arising from in-plane velocity gradients Vv, the forces arising
from the bending elasticity of the surface, and finally the nonequi-
librium active stresses arising from the ATP consuming activity of
molecular motors. Assuming the surface behaves as a Newtonian

fluid, the viscous stress is

2 viscous = 21 E -+ (77b - 77) TT(E) P, (4.4)



4.1 DYNAMICS OF PASSIVE SURFACES

where 77 and 7, are, respectively, the shear and bulk viscosities, and the
surface strain-rate tensor E = [Vv + (Vv)T]/2 with (---)T denoting
the transpose. Note that we have assumed that cytoplasmic exchange
maintains the material density of the surface at a constant value,
and have also neglected the two-dimensional pressure [Jiilicher et al.,
2018]. The Canham-Helfrich energy Ecn = B f surface H?, where B is
an elastic modulus, governs the bending elasticity of a symmetric
bilayer without any spontaneous curvature [Canham, 1970; Helfrich,
1973]. The equilibrium shapes of such fluid-surfaces, corresponding
to the minima of £cyy, can be obtained by considering the bending
stress [Capovilla and Guven, 2002; Capovilla et al., 2005; Salbreux and

Jilicher, 2017],
Yhending = B H[(HP —2S) + 2VH ®A] . (4.5)

Note that the first term within [. .. ] is completely symmetric, owing to
the symmetric nature of P and S. The second term, which is asymmet-
ric, arises due to implicitly taking into account the torque balance on
the surface [Salbreux and Jiilicher, 2017]. Thus, the geometrodynamics
of a passive fluid-surface is governed by equations (4.1) and (4.2),
where the velocity is obtained by solving V - ():Viscous + ):bending) =
—Fext. From the equation for surface evolution (4.1), for the evolution
of the surface geometry (4.2) and the force-balance, we obtain the
equilibrium shapes of passive surfaces as the long-time limit of the
dynamics. To probe this equilibrium dynamics, we start the simu-
lations with a triangulated surface with a non-spherical geometry
with a spherical harmonic perturbation such that any given point on
the surface is given by x(6,¢) = Ro(1 + aY% (0, ¢))d, where Ry is the
radius of the unperturbed spherical mesh. The force balance equation
at any instant of time gives us the total velocity v which renders the
tangential velocity v, responsible for the passive dissipation due to
fluid flows and the v, responsible for the deformation.

In Figure 4.1(a) we show the time course of shape evolution for
a perturbed shape corresponding to an ¢ = 3 spherical harmonic
deformation. The surface relaxes to a sphere after ~ T where 7 is an
intrinsic timescale for the passive surface dynamics, defined as 7 =
1/ B. We then calculate the dynamics of the deviation of £y from &
(Ecu corresponding to a perfect sphere). We notice from Figure 4.1 (b)
that this deviation also approaches zero as the surface relaxes, further
confirming that the stable shape for a passive surface is a sphere, which
has a constant mean curvature H(x) = Ho = 1/R(. Here, we have

47

Relaxation
dynamics of a
passive surface



48

Figure 4.2: Dynamics
of active
surfaces

GEOMETRODYNAMICS OF CYTOKINESIS

(a) tlt=0 t/t=0.6 (b)

0.201 2 —— (=3

1
]
i
i

0151 1
i

\

\

\

Eon — &)/yD

~—0.05

0.00 e

0.0 0.2 0.4 0.6

Figure 4.1: (a) Shape evolution of a passive surface with ¢ = 3 perturbation.
(b) Evolution of the deviation of Canham-Helfrich free energy
of the surface sphere &. The two lines correspond to an initial
perturbation in the shape corresponding to ¢ = 2 (dotted-blue)
and ¢ = 3 mode (dashed-orange).

only enforced the constraint of enclosed volume preservation. Even
though we do not explicitly solve for the dynamics of the enclosed
fluid (for a cell, the cytoplasm), we consider its incompressible nature
through this constraint. With an additional constraint on surface area,
a host of equilibrium shapes can be observed, even at equilibrium
[Deuling and Helfrich, 1976; Seifert et al., 1991; Seifert, 1997; Martinez-
Balbuena et al., 2021]. However, we do not add such a constraint, as it
is experimentally observed that the surface area of a cell undergoes
considerable increase during cytokinesis [Dan and Dan, 1947; White
and Borisy, 1983; Gauthier et al., 2009; Khaliullin et al., 2018].

4.2 ACTIVE SURFACES

From the previous section, we note that the only stable shape of the
passive surface with the equilibrium stresses described therein is a
sphere. From Fig 4.1, it is also clear that this is the shape that minimises
the total Canham-Helfrich free energy of the surface £cy is a sphere.
To introduce activity in this system, as in the previous chapter, we
consider a scalar field representing the myosin concentration on the
surface

0

ET§ =~V - (vc)+DV? —k(c—cp), (4.6)
where, the first second and third terms on the right represent the
advection, diffusion, and turnover (cytoplasmic exchange) of myosin
respectively. Note that unlike the previous chapter, the velocity field

now has has a non-zero component in the normal direction v - fi #
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0. Using the directional split of velocity field v = v, + v, f in the
advection term we get

V-((vy+vi)e)=c(V-v)+Vec-vy+c(V-v,)+Vc-v,.

The final term is zero due to the tangential (surface) derivative having
a zero normal component Vc-v, = V¢ (v, ) = 0. The third term
on the right V-v, = V. (v.d) = v,V -fi+ Vo, -i. Where the
second term is again zero due to the tangential property of the surface
derivative. Realising V-f = Tr(VA) = Tr(S) = H and ¢(V - v) +
Vc-v; =V - (cvy), we can rewrite the surface transport equation as:

% =~V (cv)) — Ho, ¢+ DV?c + k(co —c) (4.7)
This directional split makes brings out the multiple effects that can
change the concentration of myosin at a given point on the active
surface. The final two terms on the right remain unchanged when
compared to the case with fixed geometry. The first term on the
right represents the advection of the concentration field due to fluid
transport in the surface, represented by the tangential divergence of the
current due to the tangential velocity field v. The second term on the
right arises purely due to geometric changes of the cell surface. This
term represents the local dilatation of the surface, where a negative
sign of the dilatation would represent an effective “compression” of
the surface. This can be seen from the evolution equation for the area
element /g = \/m of the surface [Waxman, 1984; Powers, 2010] :

)
f =Hv, /3. (4.8)

The total stress in the thin film ¥ = ¥yiscous + Lbending T Xactive
comprises a passive viscous component ¥ yiscous, @ passive bending
component Y pending, and an active part X cive. We assume Xactive 1S
isotropic in the tangent plane of the surface I' and is regulated by the

concentration c of the actomyosin

3 ctive = gAV f(C(X)) P, (49)

where, without loss of generality, we take the stress-regulation function
f(c) to be of the form

fle) = (4.10)
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with c, being a saturation concentration. With all the stresses defined,
we can now perform the directional split of the force-balance equation
as well. Ignoring the centre-of-mass constraint, we now have:

V - (Eviscous T Lbending T Zactive) = TV + Api.

To find the contribution from viscous stresses, we use the definition of
the strain rate tensor E and the directional split of velocity:

V(v +v.0) + V(v +0,d)

E= > ,

= EH + Uls,

where we identify E; = (Vv + VTv;)/2, and have used the symmetric
property of the curvature tensor S = VA = V'hA = ST and the
tangentiality of the surface derivative Vo, - i = 0. We therefore get
the contribution of viscous stresses to force balance as:

V - Lyiscous = 1] (VZVH + Z(VZ)L S+ ULV/H))
+ 1 V(V v) + 0K + (i, — 1)V (Ho,)
—(y—n)[HV -7y +o, H: 40, (H?> — K)] . (4.11)

To obtain this expression, we have used H = Tr(S), V-S = VH —
Tr(S-S)f, and V - P = —H# Further, from (2.16) we also know that
Tr(S-S) = H? — K. From the bending stresses, we get [Capovilla and

Guven, 2002]:
V - Thending = B (2[HP — S| - VH + 2V*H + H* — 2KH] A) . (4.12)
Finally, the active stress gives us:
V- Tactive = (AR (Vf(c) — Hf(c)h) . (4.13)
Therefore, the force balance condition in the tangential direction is:

i (VZV” + Z(VUL -S + ULVH))
+mV(V v) + v+ (1, — 1)V (Ho,)
+ B (2VH[HP —S]) + {AuV f(c) = yvy. (4.14)
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Collecting the terms with fi, we get the force-balance in the normal
direction:

— (=) [HV -0y + 0. H? + 0. (H? = K)]

- i[zvzﬂ +H? —2KH] — {Auf(c) = A”;m : (4.15)
We now look at the limit § — 0 and consider the absence of concentra-
tion gradients which, as can be seen from the tangential force-balance,
leads to v = 0 and Vv, = 0 leading to v, = constant. The constraint
on volume further guarantees that v, = 0. This renders a force-balance
condition where the pressure across the surface is balanced by a con-
stant and isotropic tension on the surface; i.e., the Young-Laplace law
for a soap bubble. Thus, in the absence of any patterns, we expect
to see no shape changes on the active surface, and the steady state is
perfectly spherical.

In all the results that follow, we start with a spherical geometry; the
concentration of the stress regulator is homogeneous, with noise of a
small relative amplitude. The following non-dimensional quantities
emerge from the relevant parameters in the equations:

A _ B KR
Pe_'yD' A= 'yR%' B_’yD' Da = D (4.16)

The Péclet number Pe compares the strength of the active advective
flows with diffusive transport, L is the ratio of the hydrodynamic
length /77/7 to the radius Ry of the initial spherical shape, B is a non-
dimensional bending rigidity, finally, Da is the Damkdhler number
comparing the turnover rate with the diffusive timescale R3/D. In our
theoretical results, we report concentration and time in units of ¢, and
T =1/ (v D). For this chapter, we fix cyp/c, =1 and 1,/ = 5/4, and
start with a spherical surface of radius Ry, and a uniform concentration
of ¢ with small random fluctuations. Increasing the Pe, we observe
the emergence of spot like patterns (Figure 4.3). It is important to
note that a linear perturbation analysis reveals that the £ = 1 spherical
harmonic is the fastest growing mode at this instability threshold
[Mietke et al., 2019b], and numerical results are in agreement with
this analytical prediction. To analyse the full nonlinear dynamics of
our active geometrodynamic theory defined by the equations (4.1)
- (4.3) and (4.6), we use the finite-element method. We triangulate
the surface and use the FEniCS library Alnzes et al. [2015] to solve
the resulting discrete system of equations. Time-marching was done
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Figure 4.3: Spontaneous spot-like patterns on active surfaces. The top and
bottom panels show the dynamics of myosin concentration and
the velocity fields on the surface. With the heat map denoting
the deformation velocity in the bottom panel v, and the vector
field showing the tangential velocity field v. For this simulation,
Pe =15, A = 0.5, and Da = 0.2.
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using an implicit-explicit scheme. Near the critical Péclet Pe*, we see
very minimal deformations in the surface, this is also in line with the
prediction that the pattern forming instability threshold is independent
of the strength of bending rigidity B [Mietke et al., 2019a].

4.3 SELF-ORGANISED CYTOKINETIC PATTERNS IN ACTIVE SUR-

FACES

At larger values of Pe, we see the spontaneous emergence of cytokinesis-
like patterns in both the surface geometry and the myosin concen-
tration field c(x). As shown in the top row of Figure 4.4, an initially
uniform concentration field with small random perturbations starting
from spherical shape spontaneously develops a ring-like pattern of
myosin in time. Concomitantly, the geometry of the surface deforms
to a shape resembling a cytokinetic furrow. The bottom row of Figure
4.4 shows the spatiotemporal evolution of the active flow v(x) on the
deforming surface: the glyphs represent the tangential velocity v,
while the heat-map represent the normal velocity v, . It is known that
at large Pe, inhomogeneities in myosin concentration can accumulate
to destabilise the homogeneous state on fixed domains [Bois et al.,
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Figure 4.4: Geometrodynamics of an active surface, resulting in cytokinesis.
The top panels show the dynamics of myosin concentration on
the surface. The bottom panels show the evolution of velocity
fields on the surface. With the heat map and glyphs denoting
the deformation speed and tangential velocity as before. For this
simulation, Pe = 55, A = 0.5, and Da = 0.2.

2011]. However, in our case, the surface also deforms in response
to the velocity field associated with these concentration patterns. In
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Figure 4.5: Phase diagram with the variations in non-dimensional parameters

Figure 4.5 a, we show a phase-diagram of the patterns obtained from
our theoretical model as we vary the strength of the active stresses
(Pe) and the turnover-rate (Da). At low Pe, the state with a homo-
geneous concentration and a spherical shape is the stable solution.
Upon increasing Pe, we find a spot-like pattern of the concentration
and a concomitant deformed shape as the stable solution. At larger
Pe, this state undergoes an instability wherein the concentration field
self-organizes in the form of a ring-like pattern and the shape in-
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gresses continuously. Note that this latter state is not a steady-state
solution. Eventually, the surface ingresses to a large extent leading
to self-intersections in our numerical implementation, at which point
our theory is no longer valid. However, we can follow the kinetics of
this ingression process starting from a spherical shape. We observe
that during this process, the ring remains planar and is approximately
circular. Varying the hydrodynamic length A and the bending rigidity
B in Figure 4.5 (b) and (c), we find that a broad range of parameters
can lead to the emergence of ring-like patterns of concentration and
the concomitant furrow-like shapes of the surface

CYTOKINESIS IN C. elegans ZYGOTES

(@) Division plane reconstructed from confocal stacks

5 -

L 4

Q Microscope objective

t=60 [s] €=110 [s]

(b)

©

Transverse Plane Division Plane

(@

Figure 4.6: Cross-sections of cytokinesis showing the division and transverse
planes in experiments (b) and theory (d).

To compare the predictions of our theoretical model with experi-
mental data, we consider the first embryonic division in C. elegans.
We imaged GFP-labelled non-muscle myosin NMY-2 using confocal
microscopy (Figure 4.6 (a)). Combining several Z-stacks, we obtain
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Figure 4.7: Kymographs showing the dynamics of myosin and deformation
velocity from theory (b) and experiment (c).

the three-dimensional spatiotemporal dynamics of NMY-2::GFP. In
Figure 4.6 (b), we plot the cell shape and myosin intensity in the
transverse and division planes, at two different time points, as seen in
C. elegans zygotes. Notice the remarkable similarity in Figure 4.6 (b)
and Figure 4.6 (d) of both the concentration and shape patterns. We
immediately notice that the surface ingresses asymmetrically: we will
return to this point later. In Figure 4.7 (b), we show the kymograph of
the concentration pattern and the ingression rate (v, ) in the division
plane from our numerical calculations. We compare this with the
kymographs of the NMY-2::GFP and normal velocity of the contractile
ring seen in Figure 4.7 (c).

4.4 SURFACE DYNAMICS IN CYTOKINESIS

Next, we try to look at this self-organised dynamics more quantita-
tively. To measure the dynamics of the cytokinetic ring, we define the
initial ring radius Ry, the ring radius at a particular time t as R(t). Plot-
ting the dynamics of radius with respect to the non-dimensionalised
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Figure 4.8: (a) Kinetics of radius decrease in self-organised cytokinesis pat-
terns on active surfaces at different values of Pe. (b) Comparison
with experimental results from C. elegans embryonic cell division
under different experimental conditions. (c) Shows the dynam-
ics of ingression during cell division in 4 different sea urchin
species. The symbols represent different species as: triangles
(empty) representing A. crassispina, circles (empty) representing
C. japonicus, triangles (filled) representing S. nudus, and circles
(filled) representing H. pulcherrimus. Panel (d) is reproduced with
permission, from I. Mabuchi, J. Cell Sci. (1994) [Mabuchi, 1994]
(© The Company of Biologists).

time t/7T where T = 17/(yD), we have two important observations.
First, we see that after an initial slow period, the ring constricts at a
relatively constant rate, which allows us to identify the constriction
rate u,, shown in Figure 4.8 (b). This linear decrease in the furrow
radius as a function of time seems to be a universally observed fea-
ture across several eukaryotes [Mabuchi, 1994; Pelham Jr and Chang,
2002; Biron et al., 2005; Zumdieck et al., 2007; Carvalho et al., 2009;
Khaliullin et al., 2018] (see Figure 4.8 (¢)). Second, we observe that
increasing the contractility, i.e., increasing Pe, increases the rate of
ingression. This observation is in line with our understanding that a
higher contractility implies a faster tangential flow, and also leads to
faster deformations of the fluid surface. To test this, we performed
RNAIi perturbations on the embryo (see Appendix B) to modulate
the contractility of the cortex, which affects the strength of the cor-
tical flows [Naganathan et al., 2018]. We perform particle-imaging
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Figure 4.9: (a) Convergent flows in the C. elegans embryo. (b) Average flow
velocity measured using Particle Imaging Velocimetry (PIV). Note
that flow speed in the anterior to posterior direction is positive,
and flow speed in the opposite direction is negative. The flows
change sign at the division plane. We identify the maximum
convergent flow as the peak-to-peak velocity vﬁeak. (c) Ingression
kinetics is linear across multiple RNAi conditions. (d) The ingres-
sion speed u, is correlated with v]ﬁ)eak, indicating higher cortical
flows lead to higher ingression speed. Dashed line represents a
linear fit to the mean values. The error bars in (¢) and (d) are
standard error of the mean with N = 11 (WT), N = 5 (spd-1),
N =7 (mel-11), N = 5 (atn-1), N = 11 (gsp-1), N = 6 (ani-1),
N =7 (unc-60).

velocimetry on the experimental data (see Appendix B) to extract the
average flows along the anterior-posterior axis of the embryo, shown
in Figure 4.9 (a). We notice that the flows intensify as the cytokinesis
proceeds, and then diminish towards late stages. We therefore identify
the maximum peak-to-peak velocity of the flows as shown in Figure
4.9 (b) with vﬁ’eak.
z-stacks, we confirm that cytokinetic ingression proceeds at a constant

Extracting the radius dynamics from projected

rate in experiments as well (4.9 (c)). Identifying the ingression speed,
u, as we did in the theory, and comparing it against vl‘feak, we see in
Figure 4.9 (d) that both of these observables correlate strongly. As
such, in the experimental results that are to follow, we will use vﬁ)eak

as a measure of contractility.
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4.5 APPROXIMATE THEORY FOR RING KINETICS

In this section, we derive an approximate theory for the kinetics of
the ring radius and the (average) concentration of myosin in the ring.
Around the time-point t = tx where the (average) Gaussian curvature
vanishes and the surface starts developing a neck-like region, we
derive approximate equations for the ring radius R and the (averaged)
myosin concentration c. Note that at t = ti, the summed curvature

H=1/R.

We assume that (i) both the surface shape and the concentration
of myosin are azimuthally symmetric in the ring, (ii) the surface
variation of the myosin concentration peaks at the location of the ring,
(iii) the tangential fluxes of myosin (from advection and diffusion)
into the ring balance each other, and (iv) the shape deformations
are volume preserving so that Ap ~ 0. Assumption (i) implies that
the myosin concentration is uniform along the ring, assumption (iii)
implies vic — DVc = 0, i.e., the concentration in the ring changes
only due to the evolution of geometry, while assumptions (ii) and (iv)
imply that vy = 0 on the ring. Since we observe ring-like patterns

even when x = 0, we neglect myosin turnover.

Dynamics of the ring radius

The force- and torque-balance condition in the normal direction takes
the form

[V : ZViSCOUS]L + [v : zbending] 1 YO = CAV H f(C) (417)

We neglect the forces arising from viscous stresses, and for small
deviations of the surface around t = ty, we retain terms to lowest order
in curvatures while neglecting curvature gradients in the bending
stresses (see (4.15)). We then get

TR H o)+ pH
Y

0y

(4.18)

The equation governing the shape evolution leads to

Cﬁ:m%—(éAﬂf(C)—Rz) R’ (4.19)
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Dynamics of the myosin concentration in the ring

The concentration field evolves only due to the changing geometry
(see (1.8)):

Jdic~ —Huo, ¢, (4.20)

which using the above expression for v, leads to

d
= (CAV f(e) - 1@) . (4:21)

Taken together, the above equations for R and c is our approximate
theory for the ingression kinetics. We emphasize that these equations
are valid only for short times around t = tx.

Rates of ingression and myosin accumulation

If ¢ > c. (which is the case seen in Figure 4.4a), then f(c) ~ 1. In this
case,

dR _ [Ap—B/R* dc _ [Ap—B/R* ¢

ar YR dt 7R R (422)
We clearly see that for a weakly active surface, i.e.,, Au/p < R72, the
radius R will increase whereas the concentration ¢ will decrease. This
represents the relaxation of the deformed surface to a sphere (Figure
4.1). On the other hand, when the activity is large, i.e., JAu/B > R7Z,
the radius R decreases while the concentration c increases. The above
equations imply that the surface constriction is governed only by the
competition between activity dominates bending elasticity. However,
note that we have ignored the effects of viscous dissipation and have
implicitly assumed that the activity is high enough to have overcome
these homogenizing effects.

In the regime where the activity dominates, i.e., {Au/B > R72, we
neglect the effects of bending elasticity and get

dR w de  wc
E — _E, E - ﬁ/ (4‘23)

where w = { Au/y. Solving for R(t) gives

R(H) = \/RE — 2w (t — tg), (4.24)
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where R is the radius of the cytokinetic ring at t = tx. We emphasize
that this is not the radius of the initial spherical surface, i.e., Rx # Ro.
For short times around fx, a Taylor expansion leads to

R(t) ~ Ry (1 - “’(H’C)) | (4:25)

Using R?(t) ~ R% in the concentration equation, we get
w(t—tx
c(t) = c(tx) exp ((Rz)) . (4.26)
K

These solutions allows us to identify the constant ingression rate u,
and the exponential rate k;;, of myosin accumulation:

Y VR
m ~Y

u ~<—- ~ a5 7
" YRk YR%:  Rg

(4-27)

and predict a linear relationship between k,, and u, .

Therefore, we have three important predictions from the approxi-
mate theory. First, we predict that the rate of ingression should be
linear around the time t = tx. Second, we predict that the increase in
average myosin in the ring should be exponential. Third, we expect
to see a linear relationship between the time constant of exponential
increase in myosin k,, and the rate of decrease of the cytokinetic ring
radius u
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To test the quantitative predictions from our approximate theory, in
Figure 4.10 (b), we plot the average Gaussian curvature in the ring
Kave(t) = ( /. ing /C) /(27tR(t)) from our theory. We notice that C?¥¢
decreases from an initial positive value to negative values (indicating
the development of a furrow-like shape) at later times. Further, we
see that the rate at which K?¢ decreases is an increasing function
of the activity, i.e., Pe. To obtain the corresponding data for the
C. elegans embryo, we performed fluorescence imaging of a GFP-fused
PH domain bound to the membrane. This allows us to digitally
reconstruct the cell surface as a triangulated mesh, and extract the
Gaussian curvature [Cohen-Steiner and Morvan, 2003] (see Appendix
B). In Figure 4.10 (c), we see the temporal evolution of the average
Gaussian curvature K¢ in the wild-type (WT) embryo. We notice
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that K%¥¢ is almost zero at initial times, and decreases towards large
negative values at later times, indicating the development of the furrow.

Note that the negative values of K¢ at the onset of ingression are due Dyanamics of
to low signal-to-noise ratio. To test the theoretical prediction about Gaussian
the rate of decrease of K¢, we performed RNAi to modulate the curvature

contractility of the cortex, which affects the strength of the cortical
flows [Naganathan et al., 2018]. We see in Figure 4.10 (c¢) that gsp-1
RNAi embryos (which display enhanced cortical flows) show a faster
rate of decrease of K®¢ while this rate decreases in nmy-2 RNAi
embryos (which have reduced cortical flows) compared to WT.

Next, Figure 4.10 (d) shows the evolution of the furrow radius
R(t) as a function of time from our theory. We notice that after an
initial slow phase, the dynamics of R(t) transitions around t = f¢
to a linear decrease with time, thus confirming the first prediction
of our approximate theory. This rate is related to the ring-averaged
normal velocity of the surface [ ing

evolution of R(t) for three different RNAi conditions in the C. elegans

v, (t). Figure 4.10 (e) compares the

embryo and shows that R(t) decreases linearly with time, as seen
before, consistent with the theory.

We then follow the dynamics of the ring-averaged concentration
m(t) = <fringc(t)> /(2mR(t)) in Figure 4.10 (f), and notice that it

increases exponentially with time m(t) ~ e*f, thus defining the

rate ky,. In Figure 4.10 (g), we plot the NMY-2::GFP intensity across Dynamics of
different RNAi conditions in the C. elegans embryo and notice that it ring-averaged
shows an exponential increase as predicted by our theory. myosin

We notice from Figure 4.10 (b) and (f) that the rates u, and k, in-
crease with Pe. We ask if there is a linear relationship between them as
predicted by the approximate theory. To answer this, we numerically
solved our model equations (4.1) - (4.6) for a range of Pe values, at
different values of the turnover rate Da, and the hydrodynamic length-
scale A, and averaged over random initial conditions. In Figure 4.10
(a), we plot k;, against u,, where the colour of the symbol maps to
different values of Pe, and observe a linear relation as predicted by
the above approximate calculation.

We next ask if k;,, and u, are correlated during cytokinesis in the Linear relation
C. elegans zygote. We notice from Figure 4.10 (c) and (e) that the rates between u, and
u, and k;, vary across RNAi conditions in the embryo. In Figure 4.11 ki

(b), we plot k,, against u, extracted from the data in the embryo
for different RNAi conditions, where the colour of the symbol now

maps to the strength of Uﬁ’eak. As in the previous section, we use

peak

v, as a measure of the contractility. As predicted by our theory, we
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Figure 4.10:

a. In the division plane, R(t) denotes the radius of curvature of
the furrow. The Gaussian curvature of the surface is K = ky kp,
where ki and k; = 1/R are the principal curvatures of the
surface. b. The ring-averaged Gaussian curvature X®¢ starts
from positive values and crosses zero at t = tx when the surface
starts developing a furrow-like region. The rate of decrease of
K¢ increases with Pe. c¢. Compared to the wild-type (WT)
C. elegans embryo, the strength of cortical flows is higher in
gsp-1 RNAi embryos and lower in nmy-2 RNAi embryos. We
observe a similar decrease in K?¥¢. d. The radius R(t) of the
furrow decreases linearly around t = tx and the rate of decrease
u, = —dR/dt increases with Pe. e. These features are also
observed in C. elegans embryos f. The ring-averaged myosin
concentration m(t) ~ ! shows an exponential increase around
t = tx. g. We observe this exponential increase across RNAi
conditions. The error bars in (e) and (g) are standard error of
the mean with N = 11 (WT), N = 11 (gsp-1), N = 11 (nmy-2).
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Figure 4.11: (a) We plot k,, versus u, over a range of Pe and A, and observe
a linear relation between them as predicted by the approximate
theory in (4.27). Here, the error bars denote standard error over
random initial conditions. (b) We extract u, and k;, from the fits
(dashed-lines) in Figure 4.10(e) and Figure 4.10(g) respectively
and observe that k;, is linear in u,. In (a), Da = 1/10, and
B = 1/50. The error bars in (b) are standard error of the mean
with N =11 (WT), N =5 (spd-1), N = 7 (mel-11), N = 5 (atn-1),
N =11 (gsp-1), N = 6 (ani-1), N = 11 (nmy-2), N = 7 (unc-60).

see a positive linear correlation between k,, and u,. Since we have
employed NMY2::GFP imaging for the embryos, it is difficult to obtain
the flows from PIV for the nmy-2 RNAi condition due to low intensity
values. However, since it involves the direct depletion of myosin,
we anticipate the flows to be much lower than in WT embryo. To
conclude, the predictions of our theoretical model incorporating the
active geometrodynamics of the surface for the self-organized kinetics
of ingression agree with experimental measurements. In other words,
these results imply that the shape changes during cytokinesis, while
initiated by signals, is possibly a self-organized process driven by
actomyosin contractility.

4.7 DYNAMICS OF ASYMMETRY IN CYTOKINESIS

We next turn to the asymmetric ingression of the surface that we
alluded to earlier [Maddox et al., 2007; Hsu et al., 2023]. Both the
concentration pattern of the active stress regulator and the surface
geometry seen in Figure 4.6 (d), as well as the spatial maps of NMY-
2::GFP and the cross-section of the cell seen in 4.6 (b), show that there
are asymmetries during ingression. This is also clearly seen in the
kymographs in Figure 4.7.

As shown in Figure 4.12 (a), the deviation A of the center of the

cytokinetic ring from its initial position, is a quantitative measure of
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Figure 4.12: (a) During cytokinesis, the centre of the cytokinetic ring does not
remain fixed. The displacement A of the centre of the ring from
its location at t = 0 is a measure of the asymmetry of ingression.
The asymmetry A reduces upon decreasing contractility. b. From
our numerical simulations, we predict an exponential increase
A ~ ékat of the asymmetry with the rate k. Furthermore, we
predict k increases with Pe. The error bars are as in Figure 4.10.

this asymmetry [Menon et al., 2017]. In Figure 4.12(b), we plot the
temporal evolution of A and notice that it increases exponentially, i.e.,
A ~ kst which defines the rate-constant k. Figure 4.12 (c) shows the
variation of A with time extracted from the embryo for several RNAi
conditions. As predicted by our theory, A increases exponentially with
time. We further note that k, increases with Pe in the theory and with
the strength of the cortical flows in the cell. We now ask if there is
a correlation between the rate ks at which the asymmetry increases
and the ingression rate u, of the furrow. In Figure 4.13 (a), we plot
ka versus u, from our theory, where the colour of the symbols map
to the value of Pe. Correspondingly, we plot in In Figure 4.13 (b) ka
versus u, extracted from the embryo across different RNAi conditions,
where the colour of the symbols now represent vﬁ’ K as defined ear-
lier. We clearly see both from theory and experiment that the rate
at which the cytokinetic furrow ingresses asymmetrically is linearly
correlated with the ingression rate of the furrow. We expect that small
inhomogeneities in the myosin distribution can exist due to inherent
noise in a small system such as the cell [Milo et al., 2010]. These initial
inhomogeneities can either be amplified due to the geometrodynamic
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Figure 4.13: (a) In our numerical simulations, we find k, increase linearly
with the ingression rate u,. (b) We find that this feature is also
observed during the first division of the C. elegans embryo across
RNAI conditions. Taken together, a and b imply that embryos

with higher contractility (higher vﬁeak) show higher asymmetry
during ingression. The parameter values and the calculation of
error bars are as in Figure 4.11.

teedback arising from active flows, or be suppressed due to relaxation
processes such as diffusion or turnover. The amplification will be
higher if the cortical contractility is higher, giving rise to a correlation
between the rate of asymmetry increase and ingression speed. To
summarise, a faster ingression seems to lead to a more asymmetric in-
gression. We note that changes in the ingression rate, even within our
theory, can be brought out by parameters apart from the contractility
Pe. We therefore also show in the plots (different markers) an in-
crease/decrease in other parameters, for example, the hydrodynamic
length L and the Damkohler number that can lead to increased or
decreased flows through different mechanisms, but display the same
emergent correlations. The perturbations we have employed affect
diverse physical parameters of the cortex [Naganathan et al., 2018].
However, a close match of varied experimental perturbations with our
theoretical results strongly suggests that changes in different emer-
gent parameters can lead to similar changes in the geometrodynamic
patterns in cytokinesis. Our theoretical model for the self-organized
geometrodynamics of the surface not only predicts the ingression of
the cytokinetic furrow, but also predicts the concomitant asymmetric
ingression, in good comparison with experimental data.

65

[ /s

peak

V)
I



66

GEOMETRODYNAMICS OF CYTOKINESIS

()

Without cytoplasmic exchange

4_"v.lu <0 ulRo
i 0.5 0.5
| .
\ —— (=2, Da=0
1071 --= (=3, Da=0
u>0 — ¢—2 Da-1 o
. ---= (=3 Da=1 4
With cytoplasmic exchange “ YV
—_— ::}\ 4 /,
< 1077
=
A
107° 27
2277 ty
0.5 1.0 1.5

Figure 4.14: In the regime where we observe ring-like constriction patterns
of the surface, the positioning of the ingression ring, and hence
the geometry of the surface, is controlled by the turnover rate
(Da) of myosin with the cytoplasm. When Da = 0, we find that
the ingression ring is positioned asymmetrically, as shown in
the top row. An increase in turnover symmetrizes the position
of this ingression ring resulting in equal sized lobes, as shown
in the bottom row for Da = 1. A quantification of the shape
deformation is the radial displacement u, with the visualization
of its contours on the base spherical surface. (b) Expanding u
in spherical harmonics Yj,,, we can obtain the spectral density
P(4,t) = X, |ugm(t)|? of the deformation field. A plot of P(Z,t)
at a timepoint t, shows that while ¢ = 2 is the dominant mode at
Da = 0, 1, there is a significant contribution of the = 3 mode for
Da = 0. (¢) The time evolution of P(¢,t) shows an exponential
rise at earlier times. We also notice that P(¢ = 3, t) is enhanced
for t 2 7 for Da = 0. Noticing the shapes corresponding to
¢ = 2,3 deformations shown in the inset to (b), this clearly
indicates as asymmetric positioning of the ring. The errorbars in
(b) and the shaded regions in (c) represent the standard error of
the mean computed over N = 20 random initial conditions.

48 CONTROL OF ASYMMETRIC CELL DIVISION THROUGH CYTO-
PLASMIC EXCHANGE

Interestingly, we also observe in our theory that the putative “daughter
cells” can be different in size (Fig. 4.12 (a)). Clearly, this asymmetry
is controlled by the positioning of the ingression ring. While the
orientation of the division plane emerges spontaneously in our theory,
we find that the position of the ingression ring on the active surface
can be controlled by cytoplasmic exchange (turnover) rate x of c.
Without cytoplasmic exchange (Da = 0), we find that the positioning
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of the ingression ring is such the resulting shape of the surface is
reminiscent of asymmetric cell division [Knoblich, 2001; Cowan and
Hyman, 2004]. With cytoplasmic exchange, however, we find that
this asymmetric positioning of the ingression ring is suppressed, i.e.,
the sizes of the resulting daughter cells are similar. To quantify this
asymmetry, we measure the radial displacement u of the deformed
surface relative to the initial spherical shape, and visualize it on this
reference sphere (Fig. 4.14 (a)). We observe that the magnitude of
this displacement is similar with and without cytoplasmic exchange.
However, the region with maximum ingression is asymmetrically
positioned when Da = 0, and this asymmetry is reduced when Da # 0.
Further, expanding the displacement field u = Y, ttp,, () Yy, (?) in
terms of the spherical harmonics Yy, (Where ¥ is the unit normal on
the reference sphere), we compute the rotationally invariant spectral
density P({,t) = ¥, |uem(t)|? to quantify these asymmetries. Fig. 4.14
(b) shows P(/,t.) corresponding to the timepoint ¢, indicated in
Fig. 4.14 (c). We observe that the dominant mode is ¢ = 2 for both
Da = 0,1. However, for Da = 0, there is a significant weight in the
¢ = 3 mode as well. Fig. 4.14 (c) shows the time evolution of P(/, t)
for ¢ = 2,3. We notice that P(¢ = 3,t) gets enhanced for t > T at
Da = 0. This clearly indicates asymmetric positioning of the ring. To
conclude, in addition to the asymmetric ingression discussed in the
previous section, these theoretical results also indicate the possibility
of controlling the positioning and stability of the cytokinetic ring using
through cytoplasmic exchange.

Cortical flows
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Figure 4.15: A qualitative summary of geometrodynamic feedback underly-
ing cytokinesis in animal cells

This thesis has quantitatively uncovered the coupling between the
spatiotemporal dynamics of myosin patterns, the concomitant cortical
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flows arising from the spatial gradients of contractility, and the result-
ing geometrodynamics of the active surface. At high activity strengths
(Pe > 1), non-trivial patterns of concentration, flows, and shapes
emerge spontaneously from the active surface model. Furthermore,
asymmetries in concentration patterns enhanced by cortical flows, lead
to the emergence of patterns that show asymmetric ingression of the
cytokinetic ring and also those that resemble asymmetric cell division.
The quantitative comparison with experiments of cytokinesis-like pat-
terns from the theory indicates that active geometrodynamic feedback
underlies cytokinesis.

4.9 SUMMARY

We can summarize this chapter’s findings by noting the following

points.

First, in the theoretical model, we hypothesized that the active
stresses responsible for tangential flows on the surface are also the
sources for the normal flows that deform the surface. The dynamical
geometry of the surface, in turn, has a strong feedback on the pat-
terns of the active stress regulators. We have shown that this tight
coupling between active patterns and dynamical shapes — active ge-
ometrodynamics — leads to spontaneous formation of cytokinesis like

patterns.

Second, the agreement between the theoretical model and exper-
imental data from the C. elegans embryo for the ingression kinetics
strongly suggests that the underlying physics of cytokinesis is gov-
erned by the large-scale self-organized nature of the chemical and
shape patterns. In particular, the predictions of the linear decrease in
the furrow radius, the exponential increase in the concentration of the
active-stress regulator in the ring, and the exponential increase in the
asymmetry of the ring that emerge naturally in the theoretical model
are confirmed by the data. Moreover, the relationship between the
kinetic rates (u,, k;;, and k) predicted by the theory across various
parameter values are borne out in the experiment across different
RNAIi conditions.

Third, consistent with the predictions of a linear stability analysis
of the homogeneous state, neglecting cytoplasmic flows [Mietke et al.,
2019b; Picardo et al., 2025], the initial patterns of concentration are
localized spots, even in the regime where we find rings. However, the
non-linearities in the active geometrodynamics of the surface lead to
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the merger of these spot-like patterns, resulting in the emergence of a
ring-like pattern.

Fourth, though these localized spots merge to form a ring-like pat-
tern, the concentration is not uniform in the ring. Moreover, the
positive geometrodynamic feedback between concentration patterns
and the surface shape amplifies the inhomogeneities of the concentra-
tion in the ring, leading to asymmetries in ingression. In the theory, we
find that the enhancement of these inhomogeneities can occur when
the active flows are sufficiently strong. In other words, the timescale
for the growth of inhomogeneous patterns resulting from active flows
should be smaller than the timescales for the homogenization of the
concentration by isotropic process such as diffusion and turnover
[Thiyagarajan et al., 2022].

Fifth, in the cell, the initiation of cytokinesis is under tight control of
the cell-division cycle. The signals for this initiation can be localized
in space and time (for instance, through positioning of the spindle)
or lead to global changes in material properties (such as contractility)
of the cortex at appropriate temporal checkpoints [Fischer-Friedrich
et al.,, 2016]. However, these results suggest that once cytokinesis is
initiated, the subsequent spatiotemporal patterns of the active-stress
regulators and the geometry of the cell surface could result from a
self-organized dynamics.
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CONCLUSION

5.1 SIGNALLING, CONTROL, SELF-ORGANISATION

In this thesis, we have tried to understand the universal features of
cytokinesis resulting from the interplay between active mechanochem-
ical patterns and the dynamical geometry of the cell surface. In animal
cells, cytokinesis is under tight control in both time and space [Bement
et al., 2005; Clark and Paluch, 2011]. With this in mind, we repeat
the question asked in the first chapter: could self-organised active
dynamics underlie general features observed in cytokinesis? Our
theoretical results strongly suggest this possibility. We know from
early experiments that signals emanating from the spindle initiate
cytokinesis. However, the continued presence of these signals is per-
haps dispensable once the cell surface deforms beyond a threshold
[Swann and Mitchison, 1953; Hiramoto, 1956]. Strikingly, there are
experiments demonstrating the emergence of a cytokinetic ring-like
structure in unfertilised sea urchin embryos upon treatment with Ca-
lyculin A (which presumably increases the activity of myosin in the
cell) [Tosuji et al., 1992]. In our theory, an increase in the actomyosin
contractility leads to the spontaneous emergence of rings. Further,
we note that asymmetries in cytokinesis arise naturally in our theory
when the contractility is high. However, in big (radius > 200 ym) cells,
this asymmetry could be controlled by the asymmetric localisation of a
comparatively smaller spindle which activates the surface [Rappaport,

1996].

5.2 CONFINEMENT, ACTIN ALIGNMENT, AND CYTOPLASMIC FLOWS
The minimal theoretical model for the geometrodynamics of the sur-
face considered in this study neglects several realistic features of the

cell. We first notice that the cytokinetic furrow has a high curvature in
the C. elegans embryo compared to the theoretically predicted shape.
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This contrast possibly arises because the embryo is confined in an
eggshell, which prevents the daughter cells from moving apart. A few
studies indicate that removing this eggshell leads to a lower curvature

in the ingression furrow [Koyama et al., 2012].

Second, in our theory, we have neglected the nematic alignment of
actin filaments in the cytokinetic ring [Reymann et al., 2016; Spira et al.,
2017] and have considered an isotropic active stress in the tangent
plane of the surface. Our experiments in the embryo show that the
tangential component of the cortical flows towards the ring decreases
after the onset of cytokinesis (Figure 4.9). However, our theory predicts
a monotonic increase in the magnitude of the tangential flows v, well
beyond the onset of furrow ingression. It is possible that including the
dynamics of the orientational degrees of freedom of the actomyosin
cortex, and the associated anisotropic active stresses, might reduce the
tangential flows from the poles towards the ring. During asymmetric
(unilateral) ingression, the actin filaments are also reported to align
close the furrow [Schroeder, 1968]. Using agent-based models, theo-
retical studies have proposed that there exists a feedback mechanism
between the surface curvature and actin alignment that can give rise
to asymmetric ingression [Dorn et al., 2016], since the actin filaments
are expected to have a preferential alignment along the divison plane
of the cell. This feedback is missing in our theory, and studying
the impact of anisotropic stresses on active geometrodynamics could

possibly lead to very interesting avenues.

Third, previous theoretical studies have shown that including cyto-
plasmic flows can lead to the emergence of ring-like patterns of the
concentration field [Greenspan, 1977; Mietke et al., 2019a]. However,
this mechanism requires a strong coupling between the cortical and cy-
toplasmic flows, with ring-like patterns emerging when /(1 Ro) < 1,
where p is the cytoplasmic shear viscosity. Using values of the cortical
shear viscosity obtained in other cells [Turlier et al., 2014] and consider-
ing appropriate values for the shear viscosity of the cytoplasmic fluid
[Charras et al., 2009], we estimate #/(u Rg) ~ 10 for the C. elegans
embryo. This indicates that ring-like patterns are unlikely to emerge
from a strong coupling between cortical and cytoplasmic flows. How-
ever, the ratio /(¢ Rp) can be smaller for cells much larger than C.
elegans embryo. This suggests a stronger coupling between cytoplasm
and cortex. From recent experimental and theoretical results [Wu
et al., 2024; Liao and Lauga, 2024], it is also clear that the cytoplasmic
flows play a central role in spindle positioning during cytokinesis. In
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large cells, therefore, coupling between cytoplasmic and cortical flows
could also have a major impact on the asymmetry of ingression.

Fourth, this work demonstrates that the active geometrodynamic
framework developed here also leads to the emergence of asymmetric
division spontaneously. Asymmetric cell division is typically preceded
by the establishment of cell-polarity involving complex chemical in-
teractions between the species involved [Gross et al., 2019]. On the
other hand, we have considered a simple linear turnover reaction with
a rate constant x. When coupled with active deformations, we observe
that the absence of cytoplasmic exchange (x = 0) leads to an emergent
asymmetry in the sizes of the putative daughter cells. In the presence
of cytoplasmic exchange (x # 0), this asymmetry is reduced. This
result is in line with experimental evidence suggesting that myosin
turnover stabilizes cytokinetic rings [Thiyagarajan et al., 2022].

5.3 CYTOKINESIS IN RECONSTITUTED SYSTEMS?

The self-organised nature of cytokinetic ingression that we have
demonstrated in this thesis indicates that cytokinesis-like patterns
could arise in synthetic systems as well [Baldauf et al., 2022]. In
studies on reconstituted systems, spontaneous patterns of localised
myosin and travelling waves have been reported [Vogel et al., 2020;
Abu Shah and Keren, 2014]. These reconstituted cortices also display
a spontaneous emergence of motility [Sakamoto et al., 2022], and even
the emergence of actomyosin rings [Miyazaki et al., 2015]. However,
these actomyosin rings do not show any ingression of the surface or
subsequent division, possibly due to the lack of a strong coupling be-
tween the enclosing membrane and the reconstituted meshwork. The
results from this thesis indicate that active patterns on static peanut-
shaped geometries, and self-organised active geometrodynamics could
be relevant to observe cytokinesis of these synthetic “cells”.

5.4 AN EVOLUTIONARY OUTLOOK

This thesis focused on the physics of cytokinesis. As we have demon-
strated, cytokinesis-like patterns can occur spontaneously due to an
instability of the state with homogeneous myosin and isotropic shape.
Clearly, the cell controls the initiation of cytokinesis by coupling to
genetic regulatory mechanisms. During the course of evolution, the

addition of mechanisms to control this initiation was a slow, and
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step-wise process [Krylov et al., 2003]. Studying cellular mechanisms
in embryos is therefore of special interest, since they are expected to
be transcriptionally silent. Embryonic cell divisions, therefore, offer a
great deal of insight about cellular self-organisation. The vast range
of sizes in embryos allows for the exploration of different physical
principles operating at larger length-scales.

Our work demonstrates that the physics of active deformable sur-
faces underlies cellular morphogenesis. We expect similar principles
to underlie shape dynamics at the scale of tissues, wherein gradients
of myosin activity can drive tissue morphogenesis [Streichan et al.,
2018; Gehrels et al., 2023]. One can hope that the dynamical feedback
between geometry and active forces will help reveal more general
principles that underlie the origin of shape and form in the living

world around us [Thompson, 1917].
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MATHEMATICAL NOTATION

In R?, given a scalar field ¢(x), vector fields u(x) = Y, u;(x) & and

v(x) = Y; vi(x) & with & being the orthonormal Cartesian basis vec-

tors, and second-rank tensor fields A(x) = )Y;; Aj(x)& ® & and

B(x) = X Bij(x) & ® & with ® being the tensor product, we use

the following notations

u-v= Zuivi,
i
u'AEZuiAijéi/ A'UEZAijujéi/
i,j i,j

A'BEEAikBkjéi®éjr AZBEZAI']'BZ']'.
ijk i,j

Then the derivatives in R? are
Vip =) 0i¢ &,
i
Viu = Zaiu]‘ & ® éj, (V3U)T = Za]‘ui &® éj
i ij
VA = ZaiAjk € R RE,
ij,k
which lead to the advective terms
v-Vip = Zvi (9i9),
i
V- <V3U) = Zl)i aiu]' é] = ZU] a]'ul' él' = <V3U)T *V,
ij ij

V- (V3A) = ZUZ' aiA]'k éj ® €.
i,jk

(A1)

(A.2)

(A.3)

(A4)
(A.5)

(A.6)

(A7)

(A.8)

(A.9)
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NUMERICAL FORMULATION

The membrane-cortex composite is treated as a fluid surface I'. The
geometry of this surface is changed by the local normal velocity
v, =0, = v —v|. Thus a material point x on I' evolves according to:

d
di)t( =7, 0. (B.1)

As the surface deforms, its geometry changes. The evolution equation
for the unit normal vector field is given by

o
a—rt' + Vo, =0. (B.2)

The surface velocity field v arises from force and torque balance
conditions:

V-Z—qyw—Aphi—Fo (A®A) =0, (B.3)

where the Lagrange multipliers Ap and Fy ensure, respectively, that
the volume enclosed by the surface does not change and the centre-of-

mass does not move. The volume constraint is implemented by

/rvL =0, (B.4)

while the constraint to hold the centre-of-mass fixed is implemented

by
/ (0. /) = 0. (B.5)
r

The hydrodynamic stress has viscous, bending and active contribu-
tions. The viscous stress is

2 viscous = 21 E -+ (7717 - 77) TI'(E) P, (B.6)
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where 1 and 7, are, respectively, the shear and bulk viscosities, and
the surface strain-rate E = (Vv + (Vv)") /2. The bending stress

zbending - ﬁ H [(H P-— 25) + 2VH ® ﬁ] . (B7)

where B is the bending rigidity and H is the mean curvature. The
active stress is regulated by the concentration field ¢ of myosin motors
and is given by

c
C+ Cy

Zactive = CAF P/ (BS)

where (A is an activity coefficient and c, is a saturation concentration.
The myosin concentration itself evolves according to
dc

FT V- (vc) = DV?c+x(c—co) =0, (B.9)

where D is the diffusion constant, x is the turnover rate, and ¢y is a
set-point concentration.

Equations (B.1), (B.2), (B.3), (B.4), (B.5), and (B.9) completely specify
our theory for active deformable surfaces, given an initial shape and
an initial concentration field. However, we find solving the above
equations along with (2.19) and (2.28) for the geometrical quantities P
and S leads to better numerical stability.

To numerically solve our model, we first discretize the surface I' by
a triangulated mesh. We then reformulate the dynamical equations
into a weak-form suitable for an implementation via the finite-element
method. We use the FEniCS library [Alnzes et al., 2015] to carry out
the actual implementation of the FEM. For time-evolution, we used a
first-order implicit-explicit method.

To check the evolution of geometrical quantities, we consider a
specified time-dependent deformation of the surface I' parametrized

by
x(8,¢) = [RO + o sinwt Y,ﬁ(e,@} A,

where Ry is the radius of the base sphere, « and w are, respectively,
the amplitude and rate of the deformation, and Y/, (6, ¢) is a real
spherical harmonic. This allows us to exactly compute A(x, ), P(x,t),
and S(x,f). We then numerically solve the time-evolution of the
geometrical quantities via (B.2), (2.19) and (2.28), and compare with
the analytical solutions to find appropriate convergence of the errors,
defined to be L%/ Sar, Where L% represents the maxima of L2 norm
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Figure B.1: Numerical convergence of errors for time evolution of i, P, and S

of the error and S, is the surface area of the surface mesh. This is
necessary as the spherical harmonic deformations which the mesh is
subjected to do not preserve the surface area. We then find the maxima
of this error, referred to as Err, and plot against with refinement in
time-step At in Fig. B.1. The convergence trends that follow are as
expected from a first-order scheme.
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EXPERIMENTAL METHODS AND ANALYSIS

EXPERIMENTAL METHODS

The experiments in chapter 4 of this thesis were performed by Prof.
Masatoshi Nishikawa at the Hosei University, Tokyo. In this section is a
summary of the culture assays for worms and the imaging techniques
involved. The analysis of the data resulting from these experiments
and the comparison with theory is part of the work reported in this
thesis.

Worm strains and culture

C. elegans strains were maintained at 20°C and shifted to 25°C for 24
hr under nonRNAi condition. RNAi was performed via feeding, as
described in [Naganathan et al., 2018]. Feeding durations were 9-10
hr for unc-6o, 16-18 hr for nmy-2, and 277-29 hr for ani-1. For atn-1,
gsp-1, mel-11, and spd-1, feeding was conducted for 29-31 hr at 25°C.
The following transgenic strains were used: LP162 for NMY-2::GFP
imaging, and LP306 for imaging GFP-tagged PH domain for plasma

membrane imaging.

Time-lapse imaging

Z-stack confocal images were acquired using a Nikon Ti2-E microscope
with a Yokogawa CSU-W1 spinning disk unit, a NIDAQ-triggered
Piezo Z-stage (MCL Nano-Z-100-N2), and a Nikon PlanApo 60ox water-
immersion objective (N.A. 1.2). Images were captured by an sCMOS
camera (Hamamatsu ORCA-Fusion) at 256 X 256 pixels, using 2 x 2
binning from an original 512 X 512 pixel region. GFP-tagged proteins
in zygotes were excited with a 488 nm diode laser. For NMY-2::GFP
imaging, the laser power was 15 mW (30 mW for nmy-2 RNAI), with a
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40 ms exposure. Z-stacks of 20 slices at 1.5 ym intervals were acquired
every 5s (15s for nmy-2 RNAi). For GFP-PH domain imaging, a
4mW laser with a 20 ms exposure was used; 10-slice Z-stacks at 1 ym
spacing were acquired every 5s.

One-cell embryos were dissected from young adults in Mg buffer
and mounted between a coverslip and slide using 25 ym spacer beads
(for NMY-2 imaging) or 10 ym beads (for PH domain imaging), sealed
with VALAP. Smaller beads were used to bias ingression initiation
from the lateral side; larger beads were used to suppress embryo
rotation before cytokinesis onset.

ANALYSIS OF EXPERIMENTAL DATA
Analysis of ring structure and myosin dynamics

The Z-stacks obtained from confocal microscopy were projected, ro-
tated by 90°, and interpolated in space using the 3D projection plugin
of the open-source software Fiji [Schindelin et al., 2012]. The image
was then binarised and segmented using the multi-otsu thresholding
algorithm through the scikit-image library in Python[Liao et al., 2001;
Van der Walt et al., 2014]. The segmented pixels identified to belong to
the ring were then fitted to obtain a circle using a total least squares es-
timator implemented in scikit image [Jekel, 2016], rendering the radius
and position of the center of the cytokinetic ring which, when multi-
plied with the pixel length p; render the structural parameters R(t)
and A(t), representing the ring radius and asymmetry respectively.

To measure the myosin intensity, a 10 pixel wide region around
the fitted circle representing the cytokinetic ring was masked. The
total intensity in this masked region was then calculated by adding
the individual pixel intensity and multiplying the pixel area p?. To
estimate the ring myosin intensity per unit length m(t), the total
intensity was ten divided by the estimate of the ring perimeter given
by 27tR(t).

Surface reconstruction and estimation of Gaussian curvature

For each time point and z-slice, Otsu thresholding was applied to
create a binary mask of the GFP-PH signal using the scikit-image
library. The resulting mask was processed with a Canny edge detector
(o = 2) to obtain high-contrast outlines of the membrane. These binary
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edge images were then analysed using OpenCV to identify external
contours [Bradski, 2000], and the largest connected contour in each
slice was rendered at a thickness of one pixel.

To reconstruct the three-dimensional embryo surface, each contour
pixel was converted into a 3D coordinate by scaling the x and y pixel
indices using the known pixel size and assigning the z-coordinate
according to the slice index. All contour points from a given time
point were aggregated into a 3D point cloud. Surface meshes were
reconstructed from these point clouds using the vedo library [Musy
et al., 2021]. Gaussian curvature was computed for each reconstructed
mesh using the angle-deficit formulation implemented in the trimesh
library[Cohen-Steiner and Morvan, 2003; Dawson-Haggerty et al.,
2019]. For each vertex, the discrete Gaussian curvature was calculated
as the angular deficit and then normalized by the corresponding
barycentric vertex area (defined as Ay, = Y¢(As/3) where f represents
a face connected to the vertex and Ay is the area corresponding to the
face). The final expression for the Gaussian curvature K at a vertex v

is given by:

U_T’

where 0, is the angle between of edges connecting the face f with the
vertex v. The axes of symmetry of the reconstructed mesh were de-
termined using principal component analysis (PCA) as implemented
in the scikit-learn library [Pedregosa et al., 2011]. Roughly 10 percent
of the total vertices that that were closest to the axis of symmetry ap-
proximately aligning with the long axis of the embryo were chosen. A
further subsampling of about half of these vertices, closest to the mid-
dle of the z-stack, were chosen to represent the average ring Gaussian
curvature. This further reduction was to ensure the curvature values
do not get dominated by vertices close to the mesh edge. Therefore,
the average Gaussian curvature in the ring is £?¢ = (C;) where (...)
represents the average over all the preidentified vertices.

Particle Imaging Velocimetry

Particle Image Velocimetry was performed on the bottom-planes of the
z-stacks using PIVlab in MATLAB with the FFT window-deformation
algorithm [MathWorks, 2024; Thielicke and Sonntag, 2021]. Image
pairs were processed using contrast-limited adaptive histogram equal-
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ization (CLAHE, 64-px tiles). Vector fields were computed using a
two-pass interrogation scheme: an initial 32 x 32 pixel interrogation
window with a 16 pixel step, followed by a refined pass using 24 x 24
px windows with a 12 pixel step. The Gaussian 2 x 3-point estimator
was used for subpixel peak detection, and the standard correlation-
robustness setting was enabled. The resulting 2D vector fields were
averaged along the y-axis (with the x-axis aligned with the Anterior-
Posterior axis of the embryo) to obtain cortical flows towards the
cytokinetic ring.
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