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ABSTRACT

Chapter 1 provides a comprehensive introduction to the physical, mathematical, and compu-
tational ideas underlying the work presented throughout this thesis, and outlines the broader
context connecting turbulence, nonequilibrium statistical physics, and hydrodynamic modeling.
Chapter 2 investigates dissipation statistics from both Eulerian and Lagrangian viewpoints
using high-resolution direct numerical simulations and elucidates the sharp distinction between
spatial and temporal statistics of dissipation. Chapter 3 studies chaos and predictability in tur-
bulence through decorrelation dynamics. In particular, it uncovers the scaling of the Lyapunov
exponent with the Reynolds number and the role of intermittency in determining the scaling
exponent. In Chapter 4, we revisit velocity increment statistics using a geometric decomposition
of the increment field. Furthermore, we make connections with synthetic turbulence and un-
cover geometric properties common to both. Chapter 5 shifts to two-dimensional Navier-Stokes
turbulence and derives strict upper bounds for the energy and enstrophy dissipation rates as
functions of the Reynolds number, without relying on phenomenological modeling assump-
tions, for different forcing regularities. The final part of the thesis focuses on hydrodynamic
descriptions of nonequilibrium many-body systems. In Chapter 6, we study the expansion and
relaxation dynamics of quantum gases using Euler hydrodynamics in one and two dimensions
whereas Chapter 7 develops a fluctuating hydrodynamic theory for an active lattice gas with
excluded-volume interactions exhibiting motility-induced phase separation. Taken together, the
results of this thesis provide new perspectives on intermittency, chaos, and scaling in turbulence,
while also developing hydrodynamic frameworks for complex nonequilibrium systems ranging
from active matter to expanding quantum gases. Chapter 8 summarises the work in this Thesis
and provides a brief perspective and further directions which could emanate from this Thesis.

Xvii






INTRODUCTION

Nonlinear partial differential equations form the backbone of our theoretical understanding of
coarse-grained dynamics in a wide range of physical systems. Among them, hydrodynamic
equations occupy a central place: they describe fluid motion across a wide range of scales,
from geophysical flows to active systems at microscopic scales. Their inherently nonlinear and
multiscale structure often gives rise to complex emergent behavior and, in particular, robust
scaling laws. By scaling laws, we mean power-law relationships of the form y ~ x* between
variables or parameters of the system. Despite their apparent simplicity, such laws encode deep
connections to scale invariance, symmetry, and self-similarity.

The simplest route to scaling laws is through dimensional analysis. Even when the governing
equations are not amenable to exact solutions, symmetry arguments and dimensional reasoning
can often determine the scaling exponents without solving the equations themselves. This
approach is remarkably powerful when it applies. There are, however, important exceptions.
When self-similarity is only partial — when a dimensionless parameter formally tends to zero
or infinity in some limit yet cannot be neglected because the limit is singular — dimensional
analysis alone becomes insufficient. The scaling exponents remain well defined, but they carry
information about the internal structure of the problem that dimensional reasoning cannot access.
Such scaling laws are known as anomalous scaling, and are often described in the literature as
incomplete self-similarity [1]. Indeed, this is the generic situation in many problems of physical
interest. Understanding the mechanisms behind such scaling laws, and deriving them from first
principles rather than merely measuring them, remains a major challenge in hydrodynamics,
particularly for systems governed by the Navier-Stokes equations.

Turbulence is one of the most prominent examples of anomalous scaling [2, 3]. Although gov-
erned by the deterministic Navier—Stokes equations, turbulent flows exhibit complex, chaotic,
and seemingly random motion across a vast range of spatial and temporal scales [2, 4]. The sta-
tistical physics approach has been one of the most successful frameworks for understanding this
complexity. Kolmogorov’s 1941 theory [5, 6] provided the first quantitative statistical description
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of turbulence and remains the natural starting point for modern theories. Real turbulent flows,
however, deviate systematically from Kolmogorov’s predictions, and understanding the origin,
structure, and consequences of these deviations remains an open problem.

A complementary approach to hydrodynamic equations comes from mathematical analysis.
Rather than describing typical behavior statistically, one asks what the equations rigorously
imply: what bounds on quantities such as kinetic energy and energy dissipation can be derived
directly from the Navier-Stokes equations, and how these bounds scale with parameters such
as the Reynolds number. Such methods provide rigorous constraints on scaling laws, both in
situations where statistical theories are successful [7, 8] and in regimes where phenomenological
predictions are unavailable [9].

A third perspective approaches hydrodynamic equations through their mathematical struc-
ture and microscopic foundations, particularly in one-dimensional systems. Such models have
long served as testing grounds for ideas that are difficult to access in three dimensions. The
Burgers equation, for instance, shares the essential nonlinearity of Navier-Stokes while remain-
ing analytically tractable [10]. These systems can be studied either from the top down, through
Hamiltonian formulations, or from the bottom up by deriving continuum hydrodynamics from
microscopic lattice models [11, 12]. Both approaches provide insight that is often inaccessible in
the full three-dimensional problem.

This thesis studies hydrodynamic equations through all three of these perspectives. These
approaches are not competing; rather, they address different questions and illuminate different
aspects of nonlinear dynamics. The common thread throughout this thesis is the attempt to
understand how nonlinear hydrodynamic equations generate complex multiscale behavior and
scaling laws.

The Chapter is organized as follows. In Sec. 1.1, we review the statistical physics approach
to fully developed turbulence, with particular emphasis on intermittency, multifractality, and
anomalous scaling. In Sec. 1.2, we discuss chaos and predictability in turbulent flows and
introduce the Lyapunov framework used later in the thesis. Section 1.3 outlines the mathematical-
analysis approach to the Navier-Stokes equations, focusing on rigorous bounds and scaling
estimates. Section 1.4 discusses one-dimensional hydrodynamic systems, including quantum
gases and lattice-gas models, which form the basis for the final part of this thesis. Finally, in
Sec. 1.5, we give a brief overview of the specific studies and chapters which form a part of this
thesis.

1.1 STATISTICAL PHYSICS OF FULLY DEVELOPED TURBULENCE

The three-dimensional incompressible Navier—Stokes equations for a single component, unit
density, Newtonian viscous fluid with velocity u(x, t) and pressure field p(x, t) are given by

du+ (u-V)u=—Vp+vViu+f, (1.1)
V-u=0; (1.2)
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where, v is kinematic viscosity and f is an external forcing. The Navier—Stokes equations are
solved with initial condition uy and appropriate boundary conditions, which we assume to be
periodic throughout this thesis. So, u(x, t) € T® = [0, L]?. For simplicity, we take L = 27t unless
specified otherwise. Equation (1.1) can be recast in the dimensionless form by defining Reynolds
number Re as UL
Re=—=, (1.3)

where, typically L is taken as the large-length scale or the integral scale and the characteristic
velocity U is typically defined as L>-norm of the velocity U? = (|u/?). We study the Navier—
Stokes equations in its non-equilibrium steady state where, energy is continuously injected at the
large scales and balanced by the dissipation at the small scales. To make this precise, we derive
the energy balance equation. The kinetic energy per unit mass is

B() = 5 (uP) = 575 [ Jubon)Pdx (1.4

2 203 Ji

where angular brackets denote a spatial average over the periodic domain. To derive the energy
equation, we take the inner product of Eq. (1.1) with u and average over the domain. The
pressure term vanishes by incompressibility,

(u-Vp) = (V- (pu)) =0, (1.5)

where the last equality follows from periodicity. The nonlinear term likewise contributes nothing
to the energy budget, provided the solutions are smooth enough [13],

(u-[(w-V)ul) = 3 (u- V]uP) = (V- (ufu)) =0, (1.6

consistent with the notion that advection merely redistributes energy in space without creating
or destroying it. The viscous term, integrated by parts, yields

v{u-V?u) = —v(|Vu?) = —¢, (1.7)
where we define the energy dissipation rate [2, 14]
e(t) = v(|Vul?) = 2v(S;;S;;), (1.8)

with S;; = 1/2(9;u; + dju;), known as the strain rate tensor. Assembling the terms, the energy
equation reads

dE

T 7 —c¢, (1.9)
where

Z={(fu) (1.10)

is the energy injection rate. Equation (1.9) encapsulates the competition between large-scale
energy input and small-scale viscous dissipation. In a statistically stationary state, dE/dt = 0
on average, and we obtain

(Z) = (), (1.11)
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Figure 1.1. Left panel shows the kinetic energy density defiend in Eq. (1.4) for Re ~ 40 and right shows
the same for Re ~ 40000. We see the emergence of multiple scales and complex structures as the Re is
increased.

which simply states that, in steady state, energy is injected at the large scales is statistically
same the as dissipation. Throughout this thesis, all the measurements will be done on the
nonequilibrium steady state where this balance is statistically valid and we are specifically
interested in the Re — oo limit, when the flow becomes turbulent. A superficial reading of
Eq. (1.8) may suggest that € goes to 0 as Re — oo or v — 0, but it has been shown that even
in that limit dissipation persists and attains a finite value. This persistence of dissipation in
the inviscid limit, the dissipative anomaly , is one of the most fundamental and still not fully
understood facts about turbulence [2, 15-17]. We discuss dissipative anomaly briefly in a later
section and it underpins the entire statistical theory developed in the chapters that follow.

Before developing the theoretical framework for a statistical theory, it is important to pause
and ask: why does a statistical description become not merely useful, but necessary? The
Navier-Stokes equations (1.1) are a (infinite dimensional) deterministic dynamical system.
Given an initial condition u(x, 0), the subsequent evolution of the flow is, in principle, uniquely
determined. There is no randomness built into the equations themselves. Yet in the limit of small
viscosity v — 0, equivalently, at large Reynolds number, the solutions become extraordinarily
complex. The velocity field develops structure across a vast range of spatial and temporal scales
simultaneously, and the solutions become sensitive to initial conditions.

This is illustrated in Fig. 1.1, which shows snapshots of the kinetic energy field from two
direct numerical simulations at different Reynolds numbers. At low Re (left), the energy field is
smooth and varies on a single characteristic scale. At high Re (right), the field develops structure
across many scales: large-scale sweeping motions coexist with fine-scale patches of intense
activity. The intermittent character is more prominent in Fig. 1.2, which shows a snapshot of the
dissipation field e(x, t) alongside a one-dimensional cut through the domain. The cut reveals a
signal that is quiescent for extended intervals, punctuated by sharp, intense bursts, a hallmark
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Figure 1.2. Pseudo-color plots show successively zoomed two-dimensional slices of the dissipation
field (1.8) for fully developed three-dimensional turbulence. The line plot shows a one-dimensional cut
of the same field, providing a visual representation of intermittency.

of intermittency, and the feature that makes a statistical description both necessary and difficult.

Tracking the exact trajectory of such a solution—resolving every filament, every fluctuation—
is neither practical nor illuminating. No two realizations initialized from slightly different
conditions will agree pointwise after a short time 3, even as their statistical properties remain
indistinguishable. In a probabilistic description, rather than asking what is u(x, t)?, we ask:
what are the probability distributions, moments, and correlations of these fields? These quantities are
reproducible, experimentally measurable, and, as we shall see, governed by scaling laws that
reflect the physics of turbulent cascade. The recognition that statistical theories can explain
the complex solutions of the Navier-Stokes equations, without requiring knowledge of any
individual solution, is the foundational insight of the modern theory of turbulence.

One of the earliest attempts to use statistical physics ideas to understand turbulent flows
originates from the foundational ideas of Richardson, Kolmogorov, and Obukhov. The first
major breakthrough was the phenomenological theory by Kolmogorov in 1941 [5, 6] -K41, which
postulates that the statistical properties within the inertial range—far from both the large-scale
forcing L and the small-scale viscous dissipation 7—are universal and independent of the
specific details of the large-scale forcing, boundary effects and small scale dissipation.

K41 AND SELF-SIMILARITY

Figure 1.3 shows a schematic of the Richardson cascade picture (adapted from Ref. [2]) of
turbulence, which states that energy is injected at large scales, generating large eddies that
subsequently break into smaller ones, transferring energy to progressively smaller scales. Kol-
mogorov argued that far from the forcing scale and far from the dissipation scale, the physics is
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independent of the particular fluid being studied and the mechanism by which it is forced.

At the non-equilibrium steady state, where energy injection rate equals flux equals dissi-
pation rate, the statistics of fluctuations at a scale ¢ in the inertial range L >> ¢ > 1 — with L
the injection scale and 7 the dissipation scale — are governed by two parameters: the scale ¢
itself, and the mean energy dissipation rate . Two-point statistics are studied via moments of
the longitudinal velocity increment

A

oup = u(x+£,t) —u(x,t)] - ¢, (1.12)

where 7 is the unit vector along the separation £.
A modern and precise formulation of these ideas [2] recasts Kolmogorov’s original univer-
sality arguments in terms of self-similarity, and can be summarized by three core postulates:

* Restoration of Symmetries: Although symmetries such as homogeneity and isotropy are
broken by the large-scale forcing mechanism, they are restored locally and statistically in
the inertial range.

* Self-Similarity: The turbulent velocity field is globally self-similar, characterized by a
unique Holder exponent /. In the K41 framework, i = 1/3 everywhere in the fluid

domain.

* Dissipative Anomaly: In the limit of vanishing kinematic viscosity (v — 0), the mean
energy dissipation rate approaches a finite, non-zero constant £ > 0.

Based on these postulates and using dimensional analysis the p-th order longitudinal structure
function:

Sp(€) = ((6ug)P) ~ (E0)P/3 ~ e3¢5, (1.13)

which follows by dimensional analysis from [¢] = L?T~2 and [éu,] = L T~!: the only combina-
tion of £ and ¢ with dimensions of velocity to the p-th power is (£ £)/3.

The K41 framework is not purely dimensional, however. For p = 3, the scaling (1.13) is
corroborated by an analytically exact result derived directly from the Navier—-Stokes equations
under the K41 symmetry assumptions alone, the Kdrmdn-Howarth—-Monin relation, which
yields the four-fifths law:

((6ur)®) = -

This is an exact result in turbulence theory, and it is derived from the Navier-Stokes equations

Gl

£l (1.14)

by only assuming local homogeneity, which fixes the prefactor in (1.13) for p = 3 without any
closure assumption and serve as a check for numerics or any new theory to understand scaling
of moments of velocity difference.

While these assumptions yield the elegant linear scaling {, = p/3 (where ((5u;)?) ~ (%),
extensive experimental and high-resolution numerical measurements have conclusively shown
systematic deviations from this linear prediction [3, 18-20]. This nonlinear dependence of
{p on p is known as anomalous scaling or multiscaling, a direct consequence of intense spatial
fluctuations in the energy transfer process: intermittency.
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Figure 1.3. Schematic representation of the Richardson cascade; adapted from Ref. [2]). Energy is injected
at large scales which flows through scales and dissipated at small scale. In this picture, larger eddies
break into smaller eddies in a space filling way.

K62 AND THE REFINED SIMILARITY HYPOTHESIS

The first correction to K41 was proposed by Kolmogorov himself in 1962 [21] along with the
Kolmogorov—-Obukhov multiplicative cascade picture. In the previous K41 theory the central
assumption was self-similarity of the energy transfer, in other words, the energy flow from
bigger eddies to smaller eddies happen in an uniform way. Kolmogorov proposed a refined
similarity approach, which implicitly assumed that the energy flux (and thus the dissipation)
was non-uniformly distributed, or there are large-scale statistical fluctuations in the distribution of
energy dissipation [2, 16] which cannot be ignored and can potentially break the K41 universality.
Figure 1.4 shows a schematic for the Kolmogorov-Obhukov multiplicative cascade, which shows
the random distribution of energy dissipation at different scales keeping the mean dissipation
at all scales fixed. Kolmogorov therefore proposed that inertial-range statistics at scale ¢ are
governed not by the global mean &, but by the dissipation rate averaged locally over a ball B, of
size {:

eo(x) = [Dl,g 5 dx’e(x +x). (1.15)
Consequently, the Refined Similarity Hypothesis postulates that the structure functions should
scale conditionally upon this local dissipation:

((ur)P) ~ ()P = (eh"*yer /3, (1.16)

More formally, Kolmogorov proposed local universality, and stated that one can define a local

1/3 such that the normalized increment du,/U,, conditioned on a

velocity scale U, = (g,¢)
sufficiently high local Reynolds number (Rey = ¢U,/v > 1), has a universal distribution, and

statistically independent of both ¢ and ¢,. These arguments
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The theoretical challenge of determining the scaling exponents 7, is thus reduced to modeling
the statistical moments of the coarse-grained dissipation, (¢}). To achieve this, distribution
of the fluctuations of coarse-grained dissipation needs to be known. Kolmogorov proposed a
log-normal model based on three assumptions [16, 21]:

1. By construction, the mean is conserved across scales: (g/) = &.

2. The logarithm of the coarse-grained dissipation, log ¢/, follows a Gaussian (normal) distri-
bution.

3. The variance of log ¢/ grows logarithmically with the scale ratio:
07 = Var[loge/] = —2A — 2uxlog(¢/L), (1.17)

where ik is the universal intermittency coefficient ~ 0.13, and A is a constant that is not
important in the scaling laws we are interested in and L is the integral scale.

Under these assumptions, we can directly compute the moments (¢}). Noting that (}) is
identically the moment generating function of the Gaussian random variable log ¢/, evaluated
at p:

(ePloBer) = exp (p(logs@ + ;pzag‘) . (1.18)

Enforcing the mean conservation constraint ((g;) = &) requires that

(exp(loger)) =€ =exp ((log €) + ;0’,%) (1.19)

Substituting this and Eq. (1.17) into Eq. (1.18) yields:

7\ ~Hxp(p=1)
) . (1.20)

(e)) = & exp BP(P - 1)0%] o< & (L
Finally, inserting this result into the RSH (Eq. 1.16), we obtain the K62 prediction for the
anomalous velocity scaling exponents:
gng—wg—”(1—§). 1.21)
While this phenomenological log-normal derivation yields an explicit, parabolic correction
to K41, its fundamental physical justification, and the framework to generalize beyond log-
normality, is best understood through a Large Deviation Principle (LDP) applied to multiplica-
tive cascades.
There are other models that explains the non-linear nature of { p on p, one famous model
is, She-Leveque [20, 22, 23] where a hierarchy of structures is assumed with the most singular
structure as vortex filaments and corrections are shown to be of the form,

/3
- @p ] . (1.22)

In the Kolmogorov refined similarity the statistics of coarse-grained dissipation is assumed to

ép:g‘i‘Z

be log-normal. She-Leveque corrections can be arrived by taking the coarse-grained dissipation
field to be Log-Poisson [22, 23].
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LOCAL SELF-SIMILARITY AND MULTIFRACTAL THEORY

Probably the most modern theory of turbulence which rationalizes anomalous scaling comes
from Parisi and Frisch in their famous multifractal model [2, 24, 25] . This model extends the
refined similarity assumption to local-self similarity [2]. This is motivated from the symmetry of
the scaling transformation of the Navier-Stokes equations in the Re — oo limit.

One readily verifies that the Navier-Stokes equations in the limit v — 0 remains invariant
under the scaling transformation,

x—=Ax , u—=sAu , t— (1.23)

for any A > 0 and any scaling exponent /1 € IR. This is the scaling group of the Euler equations:
the equations are invariant under the simultaneous rescaling of space by A, time by AM and
velocity by A", for an arbitrary value of h. Under this condition where the scaling exponent or
the Holder exponent can take any arbitrary values, the velocity differences scale as

[/
St = [u(x+£) —u(x)].l ~ ug (i) . (1.24)

For the Kolmogorov 1941 theory, i = 1/3 which refres to global self-similarity. Now, under the
assumptions of local-self similarity, we say that the velocity field has a local Holder exponent
and the relation §,u ~ ¢" is valid with a local exponent exponent h(x) which characterizes the
local regularity of the field. Large h corresponds to smooth regions, small & to singular, intense
events. The K41 theory corresponds to the degenerate case (x) = 1/3 everywhere.

Now, where does these exponents live, or more precisely, what is the distribution of the set
of points with Holder exponent € [h, h + dh]. Multifractal theory says that the set of points
where hi(x) ~ h forms a fractal set S(h) of fractal dimension D(h) [2, 24]. The function D(h), the
singularity spectrum, encodes the geometry of flow corresponding to the Holder /: it tells us that
there are a continuous set of Holder exponents corresponding to fractal dimension D (/). Now,
let us see how to compute the moments of velocity differences based on multifractal theory.

SCALING OF VELOCITY DIFFERENCE MOMENTS

The multifractal spectrum D(h) is not directly observable from the velocity difference statistics,
but it governs the scaling of the structure functions, which are. The p-th order longitudinal
structure function is defined as

Sp(0) = (JpuPy ~ £, 7 <L < L. (1.25)

To compute {;, we note that the contribution to the average from points with Hélder exponent 1
scales as /"7, weighted by the probability of finding such a point or probability of intersection of
a ball of size ¢ with a fractal set of dimension D (). In d = 3 spatial dimensions, the number of
inertial-range cells of size £ that is required to cover the fractal set S(h) is given by (¢/L) P,
which immediately implies that the probability of intersection scales as (¢/L)> P(""). So the
structure function receives a contribution
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50~ [ (ﬁ)ph' (f)s_m an(h) = | (f)pm_mm dp(h), (1.26)

where, dyu(h) gives the weight of different exponents, whose exact form does not matter, as
we will look in the limit //L — 0 where the dominant contribution of the integral can be
approximated by a saddle point approximation. In the limit //L — 0, this integral is dominated
by the value of i that minimizes the exponent, giving

{p = inf [ip +3 — D(h)]. (1.27)

As we mentioned before, any theory must respect the four-fifths law which constraints {3 =
inf,[3h + 3 — D(h)] = 1. Note that {, is the Legendre transform of D (%) [2]. Conversely, D(h)
can be recovered from the measured exponents {,, by the inverse Legendre transform,

D(h) = inf [hp +3 =] (1.28)

The K41 prediction {, = p/3 corresponds to the degenerate spectrum D(1/3) = 3, whichis a
monofractal spectrum. While the multifractal framework provides and elegant explanation for
the observed multiscaling of the structure functions and quantitatively measures the systematic
deviation , it does not apriori provides a way to measure D(h). This is where, looking at the
dissipation (coarse-grained dissipation) statistics is helpful and gives a concrete way to measure
the multifractal spectrum. There are compelling reasons to recast the framework directly in
terms of the coarse-grained dissipation rate €.

While a microscopic theory for the anomalous scaling in fully developed turbulence remains
an open question, there has been success in explaining this for the passive scalar turbulence
within the Kraichnan framework [26, 27].

MULTIFRACTAL DISSIPATION

Unlike the signed velocity increment 1, the coarse-grained dissipation field e, > 0 is a positive
measure on the fluid domain, and therefore admits, without modification, the full multifractal
machinery developed by Halsey et al. [28] for characterizing the distribution and nature of
singularities on strange attractors — namely, the generalized dimensions D, and the singularity
spectrum f(a). The bridge between the two descriptions is provided by Kolmogorov’s Refined
Similarity Hypothesis [21, 29]

3
£y ~ (‘SLZ) . (1.29)
The multifractal framework suggests
gg ~ " (1.30)

with & = 3h — 1 varying locally. Thus the coarse-grained dissipation in balls of size ¢ scales as ¢*,
with the exponent a varying in space. In other words, the field is locally far from uniform and
the variation of & quantifies this non-uniformity. Note that K41 implies 1 = 1/3, and hence a
uniform dissipation « = 0. Now, we proceed as before and compute moments of ¢, which gives,
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(eh) = / (£/L)T@ (0/L)P* dp(a) ~ €7, (1.31)

with 7, = inf, [pa + 3 — f(a)]. This framework will serve as the theoretical backbone of the first
part of this thesis.

MULTIPLICATIVE CASCADES AND LARGE DEVIATION THEORY

The multifractal theory that we have described so far is focused on geometry where singularities
are assumed to exist with a distribution characterized by the fractal dimension [2]. There exist a
natural interpretation of multifractal theory via the Large Deviation Principle. The mathematical
underpinning of anomalous scaling and multifractal theory is deeply rooted in the theory of
Large Deviations [30]. One way to understand multifractality using Large Deviation principle is
through the Obukhov-Kolmogorov multiplicative cascade model. To build intuition for how
Large Deviation Principle govern extreme fluctuations, it is instructive to first consider a toy

model before applying the formalism to the multiplicative energy cascade.

LARGE DEVIATION AND COIN TOSS

Consider an experiment consisting of N independent tosses of a fair coin. Let the random
variable X; € {0,1} represent the outcome of the i-th toss. The law of large numbers dictates
that as N — oo, the empirical mean (1/N) YN, X; converges to the true expectation value,
(X)=1/2.

Now, for finite but large N what is the probability of getting a value a. This is same as
finiding the probability of n = aN heads after N tosses, the probability of this specific outcome
is given by the binomial distribution:

P(n) = (2’) (;)N (132)

Defining the observed mean as &« = 1/ N, we seek the probability P(«) of observing an empirical
mean « that deviates from 1/2. Using Stirling’s approximation (x! ~ x*e~¥) for large N, the
probability density can be rewritten as:

NNe—N 1\
P() ~ NN N — aNyN NN (z)

_ 1 AN
©aaN(1 — @)NO-a) \ 2

=exp{—N[alog(2a) + (1 — a)log(2(1 —a))]}. (1.33)

This result can be cast into the canonical form of a Large Deviation Principle:
P(a) < exp[—NI(a)], (1.34)

where I(a) = alog(2a) + (1 — a)log(2(1 — «)) is the strictly convex rate function (or Cramér
function). The function I(«) exhibits a global minimum of 0 at « = 1/2, consistent with the law
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Figure 1.4. A schematic for the Kolmogorov-Obukhov multiplicative process.

of large numbers, but critically, it quantifies the exponential penalty for observing fluctuations
away from the mean. The typical fluctuations are given by central limit theorem which is obtained

by truncated the rate function at the quadratic order around its extrema.

THE MULTIPLICATIVE CASCADE AND LARGE DEVIATION THEORY

We now map this logic directly onto the turbulent dissipation field. Following the Kolmogorov-
Obukhov multiplicative cascade process, the coarse-grained dissipation at an intermediate scale
¢, is formed by successive, random subdivisions of the large-scale energy flux e;. As illustrated
in Fig. 1.4, this is represented as a product of dimensionless multipliers M;:

n
e, = eLMiMy--- My = e [ [ M. (1.35)
i=1
Taking the logarithm and dividing by the cascade depth n yields an empirical mean:

o= 1 log <%) _1 ilog/\/li. (1.36)
n er n=

Assuming a dyadic scale subdivision (¢, = L/2"), the cascade depth is proportional to the

logarithmic scale ratio: n = log,(L/¢}).

If we assume the multipliers M; are independent and identically distributed (i.i.d.) random
variables, Eq. (1.36) represents the sample mean of n independent variables. This allows us to
invoke fundamental theorems from probability theory to describe the statistics of the coarse-
grained dissipation [2]:
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Law of Large Numbers (LLN): In the limit of infinite cascade depth (n — o), the empirical
mean converges almost surely to the expectation value of the multipliers. Defining the effective
scaling exponent a = 1 log(ey, /¢1.), we have a — (log M) = a*.

Central Limit Theorem (CLT): For finite n, typical fluctuations around the mean a* are of
order O(1/+/n) and follow a Gaussian distribution. Specifically, the probability density function
for small deviations behaves as P(«x ~ a*) ~ exp [—n(a — a*)?/(20?)], where 0> = Var|log M].

Large deviation principle (LDP): While the CLT adequately describes typical fluctuations,
the intermittent nature of turbulence is dominated by extreme, rare events (i.e., fluctuations of
order O(1) away from the mean). To capture these tails, one must invoke the Large Deviation
Principle (Cramér’s Theorem) [30]. The LDP states that the probability density of observing an
arbitrary exponent a decays exponentially with the cascade depth:

P(a) < exp[—nf(a)], (1.37)

where f(«) is the rate function (or Cramér function). Because n « log(L/¢,), this exponential
decay in n translates directly to the power-law scaling of the moments of the coarse-grained
dissipation [31].

LAGRANGIAN PICTURE AND MULTIFRACTAL DISSIPATION ALONG TRAJEC-
TORIES

The Eulerian description of turbulence — tracking the velocity field from a fixed point in
space — is the natural framework for both experiments and simulations. However, it is not
the only natural framework, nor always the most illuminating one. Many physical processes
in turbulence are inherently tied to the motion of fluid particles: the dispersion of pollutants,
the aggregation of inertial particles, heat and mass transfer, and the dynamics of swimming
microorganisms are all governed by what a fluid parcel experiences along its trajectory rather
than what an observer at a fixed point measures. This motivates the Lagrangian description,
in which one follows individual fluid particles as they are advected by the flow. The two
descriptions are, of course, related — they describe the same physical flow — but the relationship
between their respective statistics maybe nontrivial. A Lagrangian particle does not sample the
flow uniformly: it is swept preferentially through regions of intense activity, spending time in
each region in proportion to the local eddy turnover time rather than uniformly in space. It is
this biased sampling of the multifractal dissipation field that makes the Lagrangian picture both
distinct from and complementary to its Eulerian counterpart, and that gives the bridge between
the two its nontrivial structure.

So far, the multifractal description has been developed in the Eulerian frame, where one
observes the velocity field at fixed points in space. A complementary and physically natural
description follows fluid particles as they are advected by the flow — the Lagrangian frame.
Along a particle trajectory X(t), the relevant velocity increment is

drv=0v(t+ 1) —0(t), (1.38)
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where 7 is a time lag. The Lagrangian structure functions are defined as
L
SE(T) = (|6:0|P) ~ 7%, (1.39)

and the K41 prediction for the Lagrangian exponents follows from dimensional analysis with
(€) and T as the only relevant parameters, giving g; = p/2. Just as in the Eulerian case,
real turbulent flows deviate from this prediction: the measured exponents { [’5 are a nonlinear
function of p, with deviations growing with order, reflecting the same intermittent dissipation
field responsible for Eulerian anomalous scaling. These Lagrangian exponents are related to
their Eulerian counterparts {,, through linear bridge relations [32, 33].

The Eulerian-Lagrangian Bridge

Bridge relations connect Eulerian and Lagrangian multifractal properties by assuming that
temporal statistics along particle trajectories can be inferred from spatial statistics of the flow
through simple dimensional arguments. Such relations work reasonably well for velocity
increments, for which empirical scaling exponents measured in the Eulerian and Lagrangian
frames are broadly consistent with these mappings [32]. Their validity for energy dissipation,
however, remains an open and far less explored question. The traditional argument underlying
bridge relations relies on the assumption that Lagrangian tracers sample dissipation in a manner
that faithfully reflects the local Eulerian structure of turbulence. Specifically, it is assumed that,
over a time interval 7, a tracer remains within a ball B of spatial size ¢ and samples a dissipation
field that is approximately constant over this region and time. The central assumption is that

—1/32/3
;0

this time interval 7 is given by the local eddy turnover time, 7, = ¢ , where ¢/ denotes

the Eulerian dissipation coarse-grained over B,. One then writes
Er ~ gy for T~1 = 821/362/3. (1.40)

This relation implies that the statistics of £; can be inferred from those of ¢/, and conversely.
Such relations have achieved notable success for velocity fluctuations and are often regarded as
robust and broadly applicable across turbulent flows. Their extension to dissipation, however, is
far less secure. In this case, bridge relations rely on assumptions about how Lagrangian tracers
sample spatially coarse-grained Eulerian fields and about how local dissipation fluctuations are
related to the eddy turnover dynamics experienced along particle trajectories.

Multifractal Spectrum of Lagrangian Dissipation

Similar to the Eulerian case where we computed moments of coarse-grained dissipation (g/)? ~
07, with 9, = inf,(pa +3 — f(«)), here we ask, how does the moments of coarse-grained
dissipation (e,)? scales with the coarse-graining time along the Lagrangian trajectory. Essential
step of this calculation is to put (¢/)” and (e,)? in the same footing and apply the bridge relation.
To understand this more precisely we write the explicit steps,

d3x T d3x dt
g = eo(x, t —z// eo(x, t) ——— 1.41
= fy st = LS ot i 14D
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Now, we convert the space integral to an integral over the trajectories originating from the ball

of size /¢ 3 3
T dt d°xg / _ d°xg
~ X (tx0), 1) ——— = —.
£ /B(/O 0(X(£; o) )TE B, ~ Js, B

Now if we apply a mean-field like assumption that dissipation experienced by all the tracer in a
given ball B, is approximately same and drop the integral giving

(e0)? = (e,)F (1.42)

For the Lagrangian case, the same multifractal measure applies, but now the coarse-graining
time 7, depends on a through:
T~ (2703, (1.43)

which can be inverted to express £ in terms of 7, and «:

0~ (1.44)

Substituting, the coarse-grained dissipation and the measure weight become:
£z, ~ 0% ~ ,%306/(2—“)/ 3f(®) T§(3*f(ﬂé))/(2*a), (1.45)
so that the moment integral becomes:
(eh,) ~ /Tgp“/@_“) -75(3_““)/(2_“) da (1.46)
Evaluating by saddle point as 7, — 0, we obtain:

7} 3 (pa+3—f(a))
(eh) ~ 1,7, ')/II; = 12f > . (1.47)

Equation (1.47) is the Lagrangian analogue of the Eulerian Legendre transform (1.27): it ex-
presses the scaling of Lagrangian dissipation moments entirely in terms of the multifractal rate
function f(«), which is in principle accessible from Eulerian measurements. The K41 prediction
corresponds to f(a) = 3 and & = 0, giving ’y;% = p — alinear function, just as ¢ ’% = p/2is linear
in p.

In Chapter 2 we will take a critical look at the theory, specifically the Large Deviation picture,
that we have described so far and try to understand the Eulerian and Lagrangian dissipation in

a unified way.

1.2 CHAOS AND PREDICTABILITY

A defining feature of fully developed turbulence is its chaotic nature. It is perhaps the most
celebrated example of a chaotic many-body system. In contrast to other examples of chaotic,
classical, many-body systems, turbulent flows have the distinction of being central across
the natural world. The degree of chaos is quantified in a dynamical system using Lyapunov

exponents.



CHAPTER 1. INTRODUCTION 16
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Figure 1.5. Two trajectories initialized within ) of the reference trajectory x(t) diverge exponentially at
rate A1, the largest Lyapunov exponent.

Understanding chaos in the Navier-Stokes equations is not merely of mathematical interest
— it is central to some of the most important open questions in fluid mechanics. A positive
Lyapunov exponent sets an intrinsic predictability time for turbulent flows. Errors in initial
conditions — whether from measurement noise or numerical discretizations — grow exponentially
on a timescale A; !, placing a fundamental limit on weather forecasting and other applications
that is entirely independent of computational power. The chaotic nature of a turbulent flow,
directly controls the rate of mixing.

Consider a finite-dimensional dynamical system:
x = F(x), x € R". (1.48)

Given two initially close trajectories x(t) and x(t) + (), the evolution of the infinitesimal
perturbation d(t) is governed by the linearized equation:

o =J(x(t) 4, (1.49)

where ] = DF(x) is the Jacobian of F evaluated along the reference trajectory. The Lyapunov ex-
ponents Ay > Ay > --- > A, characterize the asymptotic average rates of growth or contraction
of perturbations along the n principal directions in phase space. Formally, the largest Lyapunov
exponent is defined as:

_ [RIGI
A = lim lrw<n\ (1.50)

If the largest Lyapunov exponent is positive then the system is said to be chaotic. Nearby
trajectories diverge exponentially in time, rendering long-time prediction impossible in practice,
even when the equations of motion are known exactly. Figure 1.5 shows a schematic for and
exponentially diverging trajectory.

This framework is well-established for finite-dimensional systems, but turbulence is gov-
erned by the Navier-Stokes equations, which define an infinite-dimensional dynamical system.
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In this setting the phase space is replaced by a function space, and the familiar notion of a
phase-space trajectory requires more care. A rigorous finite-dimensional description can still be
recovered if the dynamics collapse onto a finite-dimensional attractor — this is known to happen
for certain driven-dissipative PDEs, but establishing it requires proving the existence of absorb-
ing sets and global attractors, most of which remains an open problem for the three-dimensional
Navier-Stokes equations.

Whether turbulence effectively evolves on such a finite-dimensional attractor is therefore
a central open question. In practice, two approaches are used to bypass this difficulty and
estimate the degree of chaos directly. The first is the Lagrangian approach, where the flow is
seeded with tracer particles and their separation is tracked over time to estimate the largest
Lyapunov exponent. The second is the Eulerian approach, where a velocity field is perturbed
infinitesimally and one tracks how the two fields diverge, or decorrelate, in time. In this thesis
we take the Eulerian view and aim to understand the scaling laws that govern chaos in turbulent
flows.

Turbulent flows are not merely statistically complex—they are chaotic in the sense of dynam-
ical systems. As we have seen, turbulent flows are multiscale and hence admit the possibility
of scale-dependent Lyapunov exponents [34, 35]. There had been a lot of work in the atmo-
spheric community regarding scale-dependent Lyapunovs [36, 37], one intuition is weather is
predictable at large length and time-scales but it is an extremely difficult task to predict weather
at short time scales and locally. So, somehow the predictability depends on how much scale
resolution we are talking about.

RUELLE’'S ARGUMENT

The first systematic prediction for the scaling of the largest Lyapunov A with Re was given by
Ruelle [38], using dimensional arguments rooted in Kolmogorov’s theory. The key observation
is that chaos is driven by the fastest, most intense velocity gradients in the flow—those at the
smallest active scales. One therefore identifies A with the inverse of the fastest timescale of the
turbulent cascade.

In K41, three timescales are naturally associated with a scale ¢ in the inertial range. The eddy

turnover time,

T =—, (1.51)

measures how long a structure of size ¢ takes to turn over, where é1 is the characteristic velocity

difference at scale ¢. The viscous diffusion time,
7=, 1.52
0 " (1.52)
measures the timescale on which viscosity acts at scale ¢. Finally, the large-scale turnover time is

T, = ~mms (1.53)
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Figure 1.6. Evolution of an initially localized perturbation. We show snapshots of how an initially
localized perturbation |6x(x, t)|? evolves spatio-temporally in a turbulent flow.

which sets the overall timescale of the energy-containing motions. The dissipation scale 7 is
defined precisely as the scale at which these two timescales balance,

7| —y = 7| rmy (1.54)
which, combined with the K41 scaling du, ~ (f)!/3, yields the Kolmogorov scale
1/3 1/4 17
_ (v , T Re3/4 1.55
()" en a5

Since A is set by the fastest timescale, which occurs at the dissipation scale, Ruelle identified
A~Ts ! and by taking a ratio of 7, and 1;.

A~ 17 '/Re, (1.56)
L

which follows from combining Egs. (1.55) and (1.53). This is Ruelle’s prediction: the largest

1/2

Lyapunov exponent scales as A ~ Re'/~ in units of the integral time scale.

THE EFFECT OF INTERMITTENCY

Ruelle’s argument, elegant as it is, rests on the K41 assumption that the velocity field scales
uniformly with a single exponent 1 = 1/3 throughout the flow. In the presence of intermittency,
the local scaling of velocity differences is not universal but depends on position, characterized
by a fluctuating Holder exponent /(x) as discussed while discussing multifrctality. The natural
generalization is to replace the K41 scaling with the multifractal scaling,

h
Suy ~ (Le)'/3 (i) , (1.57)
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for a locally fluctuating exponent h. The dissipation scale is no longer a fixed length but becomes
a fluctuating quantity that depends on h: equating 7, and 7} with the scaling (1.57) yields [39]

U (Lh) ~ Re~1/(14h) (1.58)

which reduces to the K41 result 17/L ~ Re™3/* when I = 1/3, as expected. Consequently, the
Lyapunov exponent itself becomes a function of 1 [40],

Ah) ~ Ty =1 Re1=M/(+h), (1.59)

and the observed, globally measured Lyapunov exponent reflects a nontrivial average over the
multifractal measure of 1 values. Setting # = 1/3 in Eq. (1.59) recovers Ruelle’s prediction (1.56),
confirming that K41 is the special case of a more general intermittency-dependent scaling.

The central difficulty, however, is that it is not a priori clear how the effect of intermittency
enters the observed scaling of A with Re. The globally measured LLE is not simply A(h) evaluated
at the most probable h: the exponential sensitivity of (1.59) to h, combined with the fractal
geometry of the sets on which each / is realized, means that rare, intense events with h < 1/3
may dominate the Lyapunov scaling even though they occupy a negligible fraction of the volume.
Establishing precisely how intermittency deforms the Ruelle prediction—and quantifying the

1/2

departure from A ~ Re'/“—requires going beyond dimensional arguments and engaging

directly with the Navier-Stokes equations. This is the problem we take up in Chapter 3.

EULERIAN DESCRIPTION VIA DECORRELATORS

We now construct two, nearly identical, velocity fields u® = Ugeady and uo® = up? + Sug, where
the form of Jug ensures that system B remains incompressible. We choose the amplitude of
perturbation €y sufficiently small [41] and localise it in space around xo; the precise choice of xg
is irrelevant and can be chosen to be the center of our domain.

We choose these fields — up® and uo® — as initial conditions = 0 for the Navier-Stokes
equation, evolve them independently in time, and calculate the velocity difference du(x, t) =
uB(x, t) — uA(x, t) for t > 0. From such velocity differences, we are able to construct the
decorrelator ¢(x, t) = 3|du(x, t)|? [42, 43]. It is easy to show, starting from the Navier-Stokes
equation written separately for systems A and B, that the decorrelator follows an evolution

(written in component form and sum over repeated indices assumed)

d t
(P(a);, ) = oW, — (5u1~51~j(5u]- + V(Suivzéui (1.60)

with the strain-rate tensor §;; = %(aiu]‘-“ +0juf') and
W; = (u + Su;) ¢ + du; / dx'G(x,x) [afk(ufauk + Sujup + duduy)], (1.61)

where G(x,x') is the Green'’s function obtained from the Poisson equation for pressure, and v the
coefficient of kinematic viscosity. Spatio-temporal spread of ¢(x, t) is shown in Fig. 1.6. We anal-
yse this problem further in Chapter 3, using decorrelator we investigate the Reynolds-number
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dependence of the maximal Lyapunov exponent. We show that the Lyapunov exponent scales
with Reynolds number as A ~ Re”, with an exponent & = 0.59 &= 0.04 exceeding the classical
mean-field prediction. By explicitly separating the nonlinear strain and viscous contributions to
decorrelator growth, we show that this departure is associated by intermittent fluctuations of
the strain-rate tensor, which dominate the short- time growth of the infinitesimal perturbations
over viscous damping. We also perform tests using a reduced shell model and finally show
that the dynamical origin of chaotic divergence in turbulence is closely linked to intermittent

strain-rate fluctuations.

1.3 ANALYSIS APPROACH TO THE NAVIER-STOKES EQUATIONS

So far, our approach to turbulence has been rooted in statistical physics. Indeed, the complexity
and limited predictability of turbulent flows justify the use of statistical-physics tools to describe
their dynamics, and statistical approaches have been successful in capturing key aspects of
turbulence, offering explanations that align well with experimental observations [2, 44-46]. The
Navier-Stokes equations, however, constitute a deterministic (infinite-dimensional) dynamical
system. An important goal of mathematical analysis is therefore to recover the main facts
of turbulence theory within a deterministic, assumption-free framework, without relying on
phenomenological hypotheses such as the existence of a self-similar cascade or a clear sepa-
ration between the large-scale forcing and the small-scale dissipation [13, 47-50]. When such
assumptions are satisfied, the statistical framework effectively predicts scaling laws; when they
are violated, for instance, due to forcing at intermediate scales, statistical predictions often lose
their validity !. Mathematical bounds derived directly from the Navier-Stokes equations, by
contrast, do not rely on any such assumptions, and therefore provide a more general framework
for computing quantities such as the energy dissipation rate even when no cascade picture is
available.

One of the central questions in this programme is whether empirical observations such
as the dissipative anomaly—the persistence of a finite energy-dissipation rate ¢ in the inviscid
limit (v — 0)—can be shown to be consistent with the Navier—Stokes equations without any
additional assumptions. Two complementary lines of inquiry address this question, and we
describe each in turn. The first is to derive rigorous bounds on the energy dissipation rate
directly from the equations of motion. Mathematical results of this type generally take the form
of bounds for the time average of Sobolev norms of Navier-Stokes weak solutions; interestingly,
statistical predictions often correspond to the saturation of these bounds. The second is to
establish the existence of weak solutions to the Euler equations and to determine whether they
coincide with the v — 0 limit of Navier-Stokes solutions.

IFor instance, if the Fourier spectrum of the forcing scales as a power of k — a setting appropriate for turbulent
flows generated by fractal grids [51, 52] — the law of finite energy dissipation is violated and e grows linearly with Re
[53].
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BOUNDS ON THE ENERGY DISSIPATION RATE

We consider the Navier-Stokes equations on a domain of characteristic scale /¢, forced by a
divergence-free body force f, V - f = 0. Two non-dimensional parameters characterise the
system. The first is the Reynolds number, constructed from a characteristic velocity U and the

domain scale,

Re = u—g, (1.62)
v
which measures the ratio of inertial to viscous forces. The second is the Grashof number,
C(1f]l2)

where | |2 is the L2-norm of f, defined as (1/¢?) [ |f|*dx, and () denotes a long-time average.
Crucially, Gr is constructed from the forcing amplitude alone and is therefore an input param-
eter, in contrast to Re, which is a response of the system and is known only a posteriori. This
distinction matters: bounds expressed in terms of Gr are genuine a priori estimates, while those
expressed in terms of Re require an additional step relating the two. The early estimates of this
sort for the body-forced Navier-Stokes equations were indeed expressed in terms of Gr, intro-
duced as a natural mathematical input parameter by Foias et al. [54]. However, experimental
measurements and statistical theories are typically expressed in terms of Re, so a meaningful
comparison requires converting the mathematical bounds to a Re-dependent form.

To derive such bounds, we take the L? inner product of the Navier-Stokes equation (1.1)

with u and integrate over the domain, yielding the instantaneous energy equation,

1d/|u|2 dx = —1// |Vul? dx+/f-udx. (1.64)
24t
Applying the Cauchy-Schwarz inequality to the forcing term,
[ £udx < [fll]ull, (165)
one obtains the energy inequality
1d
s [luPax < v [ [VuP dx+ [l 166

Taking a time average over [0, T] and applying Cauchy-Schwarz once more to separate the

time-averaged product gives
€= <V/ IVUIZdX> < ([[ull2llfll2)r + O(T™) < ([ull2)r {Ifl2)r +O(T),  (167)
T

where the O(T~!) term accounts for the boundary contribution from the time derivative and
vanishes in the long-time limit.> Expressing (||u||2)7 through U and (||f||2) 7 through Gr, one
arrives at the primary bound,

e <14 ReGr+O(T™). (1.68)

2This is guaranteed only if the kinetic energy is uniformly bounded in time, which can be proved by applying
Cauchy-Schwarz, Young’s inequality, and Gronwall’s lemma. See the later sections for a sketch of the proof.
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This is a rigorous inequality: no assumptions are made about the nature of the flow, no closure
hypotheses are invoked, and there is no restriction on Re.

To eliminate Gr in favour of Re, one requires an estimate relating the two. For periodic
boundary conditions and square-integrable forcing, Doering and Foias [8] established

Gr < ¢ (Re2 + Re), (1.69)
for a dimensionless constant cp. Substituting into (1.68) and retaining leading-order terms,
e < v (co Re® + ¢4 ReZ) , (1.70)

for constants g, c1. Forming the normalised dissipation rate D = e /U®, the quantity most directly
relevant to the dissipative anomaly, this becomes

el _
Dzmgc(ﬁ—clRe L (1.71)

In the limit Re — oo, the bound on the normalised dissipation approaches a finite constant,
entirely consistent with anomalous dissipation in fully developed turbulence. The laminar
limit Re — 0 is also captured: the characteristic strain rate scales as U/¢, so ¢ ~ v(U/ 2)2,
and normalising gives e/ /U° ~ v/(Ul) = Re™!, consistent with the second term in (1.71). Tt
is striking that these scaling relations emerge as rigorous inequalities with no physical input

whatsoever.

WEAK SOLUTIONS AND THE ONSAGER CONJECTURE

The dissipative anomaly itself hints at the existence of irregular solutions. One way to see this is
through the Kolmogorov scaling assumption, which assigns a Holder exponent / to the velocity
increments, u ~ ¢"". In more mathematically precise terms, considering |((du)%)| < (|ou|®), one
can write

(|6up?) /0 < C31, (1.72)

In the limit ¢ — 0, the energy dissipation vanishes unless i < 1/3. This suggests the existence
of “rough” velocity fields for which & < 1/3 and the gradients are not classically defined. This
observation is closely connected to the Onsager conjecture [15]: in such rough fields, classical
derivatives in the Navier-Stokes equations fail because gradients can blow up as the scale ¢
approaches zero. Mathematically, solutions can still exist in a distributional sense, known as
weak solutions. There has been considerable progress on this front [17, 55, 56], largely by moving
the analysis into scale space [17, 57], which makes the mathematics regular enough to handle.
Weak solutions thus allow a rigorous analysis of energy dissipation and non-smooth behavior
that classical formulations cannot describe.

TWO-DIMENSIONAL TURBULENCE AND EFFECTS OF FORCING

We employ the analysis approach to establish rigorous bounds on dissipation in two-dimensional
turbulence. In two dimensions, the Navier-Stokes equations admit two quadratic invariants for
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2
12/

where w is the vorticity w = e3 - (V x u). Estimation of dissipation bound requires estimating

strong solutions: energy and enstrophy. Enstrophy is defined as, v£~2 { [ w?dx) = v/ 2| w|

two quantities, the energy dissipation rate, ¢, and the enstrophy dissipation rate, x. To define
the enstrophy dissipation rate we need to vorticity equation corresponding to (1.1) and write
down the enstrophy balance equation. Taking the curl of Eq. (1.1) yields the vorticity equation

orw—+u-Vw =vAw+ ¢, (1.73)

where ¢ = e3 - (V X f). The enstrophy balance is obtained by multiplying Eq. (1.73) by w and

integrating over space
1d

2df

The presence of these two invariants alters the dynamics of the system. Specifically, the

w2, +v||[Vw|?, :Fz/QaJcpdx. (1.74)

Kraichnan-Leith-Batchelor (KLB) theory posits that an inverse energy transfer toward large
scales occurs simultaneously with a direct enstrophy cascade toward small scales (see Refs. [58,
59] for a review). This phenomenology implies that, in a forced state, ¢ vanishes as viscosity
approaches zero, while the time-averaged enstrophy dissipation rate x remains finite.

Similar to the three-dimensional case, mathematical estimates for € and x have traditionally
been formulated in terms of the Grashof number Gr [60-62]; however, comparing these against
experimental and numerical data requires converting them into a Re-dependent form. Rigorous
upper bounds as a function of Re were derived by Alexakis and Doering [63] and Gibbon and
Pavliotis [64] for periodic boundary conditions, provided the second derivative of forcing is
square-integrable.

Regarding the forced case in two dimensions, existing Re-dependent estimates for ¢ and
X require forcing with a high degree of regularity 3. In contrast to the three-dimensional
setting, there has been, to our knowledge, no extension of such estimates to less regular forcing.
Nevertheless, weak solutions are known to exist for sufficiently less-regular forcing * and
numerical simulations have shown that forcing regularity significantly influences turbulent flow
behavior even in two dimensions [65, 66]. So, it is natural to ask if it is possible to extend the
bounds on energy and enstrophy dissipation calculations to the full range of forcing regularity
allowed by the theory of weak solutions. This is the precise question we will explore in Chapter 5.

DEGREES OF FREEDOM AND THE ATTRACTOR DIMENSION

A related quantity of interest is the number of degrees of freedom in turbulent flow. Landau and
Lifshitz used dimensional analysis to give a heuristic account of this count. The idea is, if there is
a minimum length scale /j4;, of the flow, usually identified by dimensional analysis, the number

of boxes need to fill up the whole domain is proportional to ﬁ"fn, where d is the embedding
—d

Min*
the minimum scale is the Kolmogorov dissipation scale 17, while in two-dimensional turbulence the

dimension. So, a working definition of degrees of freedom is given by ¢ In three dimensions

analogous scale is the Kraichnan scale.

3At the least the second derivative of forcing should be square integrable, see [63, 64].
4In Chapter 5 we rigorously define what we mean by forcing reqularity.
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Figure 1.7. Full phase space is denoted by H and the bounded energy solutions are denoted by a ball M.
The solutions asymptotically approaches A. Figure adapted from Ref. [67].

Mathematically, an alternative and rigorous definition is provided by the dimension of
the global attractor. Driven dissipative dynamical systems, often, despite being posed on an
infinite-dimensional function space, exhibit a remarkable property in the presence of forcing
and dissipation: their long-time dynamics collapse onto a finite-dimensional object. Let us try to
understand this by sketching the steps. Given the Navier-Stokes equations (1.1), can we prove
that the energy is bounded?

1d

1
5&“””%2 :VHV”H%Z‘FE/Q]C(X)'V(XJ) dx. (1.75)

Applying the Cauchy-Schwarz inequality £~2 [, f - udx < 72|/ f[|;2 || Vu|[;2 and Young’s
inequality to the forcing term gives

Sl < IVl + 5 R (176)
Then, the Poincaré inequality implies
d /1, 4®v (1, 1 2
3 (Gl < =257 (Gl + gl .77

Finally Gronwall’s lemma applied to this linear differential inequality gives

62

g2z | T (1 — exp(—4m*vt/£2)). (1.78)

1 1
§||u|]%2 < §||u0]|7i2 exp(—47r2vt/€2) +

Hence [|u||?, is uniformly bounded in time and in the long time limit

, 1 ) 72 5
timsup 5 | fu*dx <M W/’f’ dx (1.79)
Figure 1.7, adapted from Ref. [67], illustrates this concept of a bound restricts the function space.
These bounds guarantee that the long time dynamics settles down on a subset of H. If further
bounds on enstrophy dissipation can be derived then one can restrict the phase-space further
and finally to the gloabal attractor A C H.
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A is a compact set on which the long-time dynamics is confined [68] (see also Refs. [69, 70]).
Thus, asymptotically in time, any initial condition outside A approaches it, while any trajectory
starting on .A remains there for all time. The existence of such an attractor reflects the effectively
finite-dimensional behavior of an otherwise infinite-dimensional dynamical system. Bounds for
the fractal dimension of the attractor, d¢(.A), indeed provide a mathematically rigorous notion
of the ‘degrees of freedom’ of the system (see also refs. [67, 71] for an informal introduction).
Restricting to periodic boundary conditions — the setting considered here — Constantin, Foias,
and Temam [72] were the first to obtain an estimate of d¢(.A) in terms of Gr (see also [73] for a
simpler proof based on the vorticity rather than the velocity field).

dp <1 Gr*3 (1 + log Gr)'/? (1.80)

Let us pause and try to understand this result intuitively. We recall that 7, is the analogue
of Kolmogorov scale # in two-dimensional turbulence, built using the viscosity v and the
space-time averaged viscous enstrophy dissipation x = v(|Au|?) via

= v e, (1.81)

A classical estimate for the two-dimensional Navier-Stokes equations gives x < ||f[|2,L2v 1,
from which one recovers 7, /L ~ Gr~'/3. The bound (1.80) therefore agrees with the Kraichnan
length scale to within logarithmic corrections, and does so on entirely rigorous grounds. Note
that the scaling d ~ 77, 2 for the two-dimensional attractor agrees with Landau-Lifshitz degrees of
freedom within logarithmic corrections.

Later, Gibbon and Pavliotis [64] converted this estimate into a Re-dependent estimate under
the more restrictive assumption of forcing (second derivative of forcing is square integrable) is
given by

df(A) < coRe(1+1InRe)'/?, (1.82)

This bound is also consistent with the notion of degrees of freedom. Since 77, is the smallest length
scale in the system, we identified d¢(A) ~ (£/1,)*. Comparing this interpretation of d(A)

-1/ 2, consistent with

with (1.82) yields an estimate of the enstrophy dissipation scale, 77, ~ ¢Re
the KLB theory [58].

These rigorous results on attractor dimension, shown here, are for forcings which are highly
regular but existence of attractor is proved for forcing with lower regularity [72]. In Chapter 5

we generalize these results for two-dimensional Navier-Stokes for the full forcing regularity.

1.4 ONE-DIMENSIONAL HYDRODYNAMIC SYSTEMS

The final two chapters of this thesis concern hydrodynamic models beyond the incompressible
Navier-Stokes equations. We focus mainly on one-dimensional hydrodynamic systems and
their possible extensions to two dimensions. One-dimensional models bypass many of the
complications inherent to three-dimensional Navier-Stokes turbulence, and have long served as
testing grounds for ideas that are difficult to access in full generality. The canonical example is
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the Burgers equation,
0l + Udyu = vaiu, (1.83)

Its appeal lies in combining the essential nonlinearity of fluid motion with sufficient analytical
tractability to admit exact solutions [10].

There are two natural routes to arriving at Burgers-like equations, and they reflect two
complementary views. The first is a top-down approach: one begins with the Navier-Stokes
equations which is essentially a force-balance equation and reduces to one dimension, discarding
the incompressibility constraint. The inviscid (v = 0) Burgers equation can be obtained via a
Hamiltonian framework as well [74]. The second is a bottom-up approach: one begins with a
microscopic lattice model and derives an hydrodynamic description in the continuum limit. The
lattice model corresponding to Burgers equation in is the Weakly Asymmetric Simple Exclusion
Process (WASEP) [11, 12], in which particles hop preferentially in one direction on a lattice
subject to an exclusion constraint.

In last two chapters of this thesis we adopt both these perspectives. From the top-down,
Hamiltonian viewpoint, we study the isentropic Euler equations in one dimension, which
constitute the natural generalization of inviscid Burgers to a compressible fluid with an equation
of state. From the bottom-up, lattice viewpoint, we study a specific two-species exclusion
process, a generalization of WASEP to two conserved species, whose continuum limit yields a
system of coupled Burgers-like equations.

While one-dimensional systems may appear to be a significant simplification, they arise
naturally in several physical contexts: as effective descriptions of three-dimensional flows
with imposed symmetry, as models of quasi-one-dimensional cold-atom systems through
dimensional reduction, experiments of active systems through narrow channels, transport in
roads, and as minimal models in which the essential nonlinear structure of hydrodynamics can
be studied analytically and numerically with high precision.

1.4.1 ISENTROPIC EULER EQUATIONS

We construct the equations of motion from a Hamiltonian framework, following [74, 75]. Sev-
eral key assumptions are made: The fluid is a single-component, Galilean invariant system
with negligible entropy generation (hence isentropic) and local energy functional. Under these
assumptions, a general Hamiltonian can be written as (we have ignored the quantum correc-
tion involving gradients of the density field p): Under these assumptions, the most general
hydrodynamic Hamiltonian consistent with Galilean invariance and locality takes the form [75]

H= /dx [P;’z + pg(p)] , (1.84)

where £(p) is the internal energy per unit mass. The first is the kinetic energy, the second is the
thermodynamic internal energy encoding the equation of state.

To extract the equations of motion, we equip the Hamiltonian with a Poisson bracket. The
natural Poisson bracket for a one-dimensional fluid is [74, 75]

{p(x),0(x")} = 9x0(x — %), (1.85)
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with all other brackets vanishing: {p,p} = {v,v} = 0. This is the noncanonical Poisson bracket
of ideal hydrodynamics; it encodes the fact that p and pv (not v alone) are the natural canonical
variables of the fluid [74].

The equations of motion for any functional F|[p, v] are then given by

oF = {F, H}, (1.86)

from which the evolution equations for p and v follow by taking 7 = p(x) and F = v(x)
respectively. The functional derivative of H with respect to v is

0H
5o = 00, (1.87)

since v appears only in the kinetic energy term. Applying the bracket (1.85),

0H
oo ={p,H} = —0x ((50> = —0dx(pv), (1.88)
which gives the continuity equation,
dip + 9x(pv) = 0. (1.89)

The functional derivative of H with respect to p requires more care, as p appears in all three
terms of (1.84). Computing each contribution:

5 [po* 0P

(sp/z ax =2, (1.90)
0
55 | PE ) dx = (05 (0)) = £(p) + € (0) = wlp), (1.91)

where w(p) = 9,(0&(p)) is the specific enthalpy, which plays the role of the chemical potential
at zero temperature. Collecting terms, the full functional derivative is

6H  ©v?

% - ? + Z{)(p) (1.92)

The equation of motion for v then follows from

0H
atU - {U, H} — —ax ((5()) ’ (1.93)
giving
UZ

The pressure P(p) determined by the equation of state through d,P = p d,w and the Standard
isentropic Euler equations becomes,

9ip + 9x(pv) =0, (1.95)
010 + 00,0 + :)BXP =0. (1.96)
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The Hamiltonian framework describes ideal, non-dissipative flow. Dissipation is incorporated
by supplementing the equations of motion with a Rayleigh dissipation functional,

1
F= 5 [dxnso)@:0)?, (1.97)

where #75(p) is the bulk viscosity of the one-dimensional fluid. The dissipative contribution to
16F

the momentum equation is obtained as — o607 yielding an additional term %Bx (7p0xv) on the
right-hand side of Eq. (1.94). The rate of energy dissipation is 2F, which is positive definite
for 7 > 0, ensuring thermodynamic consistency. In the chapters that follow, we consider
both the purely Hamiltonian case (75 = 0), relevant to the isentropic Euler equations and their
connections to quantum gases, and the dissipative case, relevant to the active matter model.

A superficial reading of Egs. (1.95)-(1.96) suggests that these equation are for a of a single-
component, Galilean-invariant, classical fluid. This is true, however these equations can serve
as a semiclassical description for quantum gases capturing the essential quantum nature. The
essential quantum nature of its constituent bosons or fermions is effectively captured through a
clever choice of the specific enthalpy w(p) « p°. The exponent 6 determines, in what follows,
the kind of gas that our system models. For example, § = 1 recovers the Gross-Pitaevskii limit
of the weakly coupled Bose gas; 6 = 2/5 describes the limiting case of a unitary Fermi gas.

This semiclassical description has served as useful models for quantum gases; however, as
with Burgers equation, no closed-form analytical solution is available. We therefore take up
this problem in Chapter 6, where we explore asymptotic solutions for an expanding gas that
can be computed analytically for various scenarios and compare them against direct numerical
simulations. We also explore the relaxation dynamics for the gases in a trapping potential.
Finally, we extend the asymptotic scaling solutions to the symmetric two-dimensional case.

1.4.2 HYDRODYNAMICS OF LATTICE GASES

The hydrodynamic equations we have discussed so far — the Navier-Stokes equations, the
isentropic Euler equations, the Burgers equation — are all arrived at through a top-down
approach: one starts from continuum mechanics and writes down the equations governing the
density and velocity fields at the macroscopic level. There is, however, a complementary bottom-
up approach, in which one begins with a microscopic model of interacting particles on a lattice
and derives the emergent hydrodynamic description in the continuum limit. This approach has
several virtues. It makes the microscopic origin of each term in the hydrodynamic equation
explicit: diffusion coefficients, drift velocities, and nonlinear interactions all emerge from specific
features of the microscopic dynamics rather than being postulated at the outset. It also provides
a natural framework for studying fluctuations beyond the deterministic hydrodynamic limit,
since the microscopic model defines a well-posed stochastic process whose fluctuation statistics
can be computed systematically. Lattice gas models have therefore served as an important
testing ground for ideas in nonequilibrium statistical mechanics, and the connection between
their microscopic dynamics and emergent hydrodynamics is by now well understood in several
canonical cases [76].
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Figure 1.8. Schematic of the Weakly Asymmetric Simple Exclusion Process (WASEP) on a one-dimensional
lattice. Occupied sites (teal) carry a particle; empty sites (gray) do not. A particle hops to the right at
rate r + €/2 and to the left at rate r — €/2. The exclusion constraint forbids hopping onto an occupied
site (dashed arrow, X). In the continuum limit a — 0, the mean-field density p(x, t) satisfies the viscous
Burgers equation.

To illustrate this bottom-up route concretely, we derive the viscous Burgers equation from
the Weakly Asymmetric Simple Exclusion Process (WASEP) — the simplest lattice model whose
hydrodynamic limit is a nonlinear conservation law. This derivation serves two purposes: it
demonstrates the preliminary idea we use in Chapter 7, and it establishes the Burgers equation as
a genuine emergent hydrodynamic description rather than merely a simplified model equation.

The WASEP Model

Particles hop on a ring of N sites with lattice spacing a = L/ N, subject to an exclusion constraint,
each site is occupied by at most one particle. The hopping is weakly asymmetric: the rate of
jumping to the right is p = r 4 €/2 and to the left is g = r — €/2, where r is the symmetric part
and € < r is the weak asymmetry that drives the system out of equilibrium. The occupation
number at site i is n; € {0,1}.

Evolution Equation for the Mean Density

The evolution of the mean occupation (1;) follows from the microscopic hopping rules as
sketched in 1.8. A site i gains a particle from the left if site i — 1 is occupied and site 7 is empty,
and from the right if site i 4 1 is occupied and site i is empty; it loses a particle by the reverse
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processes. Writing out all four contributions,

%(”0 - <(7 + %) ni—1(1—mn;) + (V - g) nit1(1—mn;)

€ €

- (V + 5) ni(1—mnipq) — (V - Q) ni(1— ni—1)> : (1.98)

For simplicity, we close this equation using a mean-field approximation °, factorizing two-point
correlations as (1;1;41) = n;n;+1.Collecting symmetric and asymmetric contributions separately,

€
n; = r(nip1 +ni_g —2n;) + 5 (nj—1 — 2nn_1 — nigq +2n4n;) . (1.99)

dt 2(

The first term is a discrete Laplacian. To identify the second term, we add and subtract n; and
2n? to rewrite the asymmetric part in terms of discrete gradients,

2
ini ranz+€< 2%—%4 on; )

dt 0i2 0i ' oi
azn,- d
=r—g —eo (n; —n?). (1.100)

Continuum Limit

We pass to the continuum by introducing the physical coordinate x = ia and identifying the
continuum density field p(x,t) ~ n;. Under this substitution, Eq. (1.100) becomes

P 282p 0 B

Two hydrodynamic parameters emerge naturally from the microscopic rates and geometry: the
diffusion constant

2 L?
D=ra"= er, (1.102)
and the drift coefficient .
A=ae=€e— 1.1
ae = e, (1.103)
so that Eq. (1.101) takes the compact form
d 9% 0
i D8x2 /\a (p(1—=p)). (1.104)

This is the viscous Burgers equation in disguise. To see this explicitly, substitute u = A(1 — 2p),
which gives
ou  du 0*u
= = D=,
o Tax T Vo
the standard viscous Burgers equation, with D playing the role of viscosity. The nonlinear

(1.105)

advection term udu arises entirely from the exclusion interaction: it is the macroscopic signature
of the microscopic constraint that no two particles can occupy the same site. In the symmetric
case € = 0, the drift vanishes and Eq. (1.104) reduces to the diffusion equation, as expected.

5This neglects all the effects of stochasticity in the microscopic model, this is only justified if the noise is subleading
in the large system limit. We discuss these issues in details in Chapter 7
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The WASEP derivation thus provides a microscopic justification for the Burgers equation that
is entirely independent of the top-down Navier-Stokes reduction: the same continuum equation
emerges from a simple exclusion process in the hydrodynamic limit. In Chapter 7, we generalize
this construction to a two-species exclusion process, where the two conserved densities produce
a system of coupled Burgers-like equations, and we study the resulting hydrodynamics both
analytically and through Monte Carlo simulations of the underlying microscopic dynamics.

1.5 OVERVIEW

We begin this thesis by examining scaling laws that govern the statistics of coarse-grained dissi-
pation field in fully developed turbulence. In Chapter 2 we perform a systematic comparison
of Eulerian and Lagrangian statistics of energy dissipation. We show that, despite strong inter-
mittency, Eulerian dissipation does not organize into a classical scale-invariant multiplicative
cascade: its spatial correlations, coarse-grained statistics, and multiplier distributions are incom-
patible with multifractal or log-divisible descriptions. In sharp contrast, dissipation sampled
along Lagrangian trajectories exhibits clear signatures of a temporal multiplicative cascade,
including logarithmic time correlations, linear scaling of cumulants with the logarithm of the
time scale, scale-invariant multipliers, and a well-defined Large Deviation principle. We further
demonstrate that classical bridge relations fail for dissipation because they rely on a mean-field
assumption that neglects fluctuations across trajectories. Instead, we propose an alternative
interpretation in which Eulerian dissipation statistics emerge from temporal cascade dynamics
along Lagrangian paths, with Eulerian multipliers encoding the scale-to-scale inheritance of
fluctuations. These results identify dissipation intermittency as intrinsically Lagrangian in
nature and call for a reassessment of cascade phenomenology formulated purely in Eulerian
space.

In Chapter 3 we examine the scaling laws that characterize chaos in turbulent flows. We
investigate the Reynolds-number dependence of the maximal Lyapunov exponent in fully de-
veloped turbulence, which quantifies the rate of chaotic divergence of nearby velocity fields.
Using decorrelators constructed from infinitesimally perturbed flows, we find that the Lya-
punov exponent scales with Reynolds number as A ~ Re”, with an exponent « = 0.59 £ 0.04
exceeding the classical mean-field prediction. By explicitly separating the nonlinear strain
and viscous contributions to decorrelator growth, we show that this departure is associated
by intermittent fluctuations of the strain-rate tensor, which dominate the short-time growth
of the infinitesimal perturbations over viscous damping. Direct numerical simulations of the
Navier-Stokes equations and complementary tests using a reduced shell model yield consistent
scaling behavior, indicating robustness within the frameworks considered. Our results show
that the dynamical origin of chaotic divergence in turbulence is closely linked to intermittent
strain-rate fluctuations. [77].

In Chapter 4 we revisit the Equal-time scaling exponents in fully developed turbulence,
which typically exhibit non-anomalous scaling in the inverse cascade of two-dimensional
turbulence and anomalous scaling in three dimensions. We demonstrate that multiscaling is
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not confined to longitudinal scalar velocity increments, but also emerges in structure functions
constructed from the magnitude and orientation of the velocity vector. This decomposition
uncovers pronounced multiscaling in the two dimensional inverse cascade, which remains
largely obscured when using conventional longitudinal structure functions. In particular, angle-
based observables display strong departures from normal scaling together with signatures of
saturation at high orders in both two- and three-dimensional turbulence. To investigate the
extent to which these properties are specific to turbulence, we compare our results with synthetic
Gaussian velocity fields possessing the same two-point statistics as turbulent flows. Remarkably,
we find that much of the multiscaling phenomenology of the geometric observables survives
even in correlated Gaussian fields that lack nonlinear cascade dynamics. This suggests that
the dominant mechanism underlying the observed scaling originates not solely from turbulent
intermittency, but more generally from the statistical structure of the observables themselves.
We argue that the bounded and ratio-like nature of the angular increments enhances the role of
correlations, kinematic constraints, and the geometry of low-velocity regions, thereby producing
a class of multiscaling observables whose dominant scaling behavior can already emerge in
correlated random fields. Our results therefore point to an observable-dependent interpretation
of multiscaling in turbulence and clarify why certain classes of observables may be captured
surprisingly well by synthetic or quasi-Gaussian descriptions despite the strongly non-Gaussian
nature of turbulent flows [78].

Up to this point, the methods we use are more in line with statistical physics approaches
to studying the three dimensional Navier-Stokes equations. In Chapter 5 we use tools from
mathematical analysis to find estimates on the scaling laws for energy and enstrophy dissipation
in two-dimensional turbulence. Mathematical estimates for the Navier-Stokes equations are
traditionally expressed in terms of the Grashof number, which is a dimensionless measure of the
magnitude of the forcing and hence a control parameter of the system. However, experimental
measurements and statistical theories of turbulence are based on the Reynolds number. Thus,
a meaningful comparison between mathematical and physical results requires a conversion
of the mathematical estimates to a Reynolds-dependent form. In two dimensions, this was
achieved for sufficiently smooth forcing. Nonetheless, numerical simulations have shown that
the phenomenology of turbulence is sensitive to the degree of regularity of the forcing that
sustains it. Therefore, we extend the available estimates for the energy and enstrophy dissipation
rates as well as the attractor dimension to the full range of forcing regularity as allowed by the
theory of weak solutions. The main result is the existence of three distinct regimes as a function
of the regularity of the forcing [79].

In the final two chapters, we explore other hydrodynamic equations in one spatial dimension
and their possible extension to two dimensions. In Chapter 6, we study scaling solutions of the
isentropic Euler equations and their connections to quantum gases. The evolution of quantum
gases, released from traps, is studied through hydrodynamics, both analytically and numerically,
in one and two dimensions. In particular, we demonstrate the existence of long time self-similar
solutions of the Euler equations, for the density and velocity fields, and derive the scaling
exponents as well as the scaling functions. We find that the expanding gas develops a shock-like
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front and the size of the cloud grows in time as a power law. We relate the associated exponent
to that appearing in the corresponding equation of state of the quantum gas. Furthermore, we
study the relaxation dynamics of a trapped quantum gas and show that the resulting steady
state is in excellent agreement with that derived analytically. Our hydrodynamic approach is
versatile and can be used to unravel several other far-from-equilibrium collective phenomena of
extreme nature, relevant to the growing experimental interests in quantum gases. [80].

In Chapter 7 we work on the bottom-up approach to hydrodynamics. We work with a
generalization of the WASEP model, as discussed in the introduction. We present a fluctuating
hydrodynamic description of an active lattice gas model with excluded volume interactions
that exhibits motility-induced phase separation under appropriate conditions. For quasi-one
dimension and higher, stability analysis of the noiseless hydrodynamics gives quantitative
bounds on the phase boundary of the motility-induced phase separation in terms of spinodal
and binodal. Inclusion of the multiplicative noise in the fluctuating hydrodynamics describes
the exponentially decaying two-point correlations in the stationary-state homogeneous phase.
Our hydrodynamic description and theoretical predictions based on it are in excellent agreement
with our Monte Carlo simulations and pseudospectral iteration of the hydrodynamics equations.
Our construction of hydrodynamics for this model is not suitable in strictly one-dimension
with single-file constraints, and we argue that this breakdown is associated with micro-phase
separation. [81].

In Chapter 8 we provide a conclusion, open questions and outlook.



INTERMITTENCY OF TURBULENT
DISSIPATION IS INTRINSICALLY
LAGRANGIAN

Energy dissipation lies at the core of turbulence phenomenology, yet the statistical organization of
its intermittent fluctuations remains unclear, particularly when comparing Eulerian and Lagrangian
descriptions. Using direct numerical simulations of homogeneous isotropic turbulence with Lagrangian
tracers at Taylor-scale Reynolds numbers up to Ry ~ 1285, we perform a systematic comparison of
Eulerian and Lagrangian statistics of energy dissipation. We show that, despite strong intermittency,
Eulerian dissipation does not organize into a classical scale-invariant multiplicative cascade: its spatial
correlations, coarse-grained statistics, and multiplier distributions are incompatible with multifractal or
log-divisible descriptions. In sharp contrast, dissipation sampled along Lagrangian trajectories exhibits
clear signatures of a temporal multiplicative cascade, including logarithmic time correlations, linear
scaling of cumulants with the logarithm of the time scale, scale-invariant multipliers, and a well-defined
large-deviation principle. We further demonstrate that classical bridge relations fail for dissipation because
they rely on a mean-field assumption that neglects fluctuations across trajectories. Instead, we propose an
alternative interpretation in which Eulerian dissipation statistics emerge from temporal cascade dynamics
along Lagrangian paths, with Eulerian multipliers encoding the scale-to-scale inheritance of fluctuations.
These results identify dissipation intermittency as intrinsically Lagrangian in nature and call for a

reassessment of cascade phenomenology formulated purely in Eulerian space .

2.1 INTRODUCTION

Turbulence research has long been driven by paradox. Time and again, a theoretical framework
appears to capture the essential physics of turbulent motion—often through a universal law or a

1This work is done in collaboration with Jérémie Bec, Siddhartha Mukherjee, and Samriddhi Sankar Ray.
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Figure 2.1. (a) Snapshots of the local Eulerian energy dissipation field €y(x, t) in a two-dimensional slice
of the simulation at R, = 730, shown at increasing magnification corresponding to regions of linear size
(b) 1024 77 and (c) 128 77. Intense dissipation events appear highly localized and filamentary in space. (d)
Dissipation sampled along different Lagrangian tracer trajectories, &y(t) = €o(X(t), t), shown for the
same flow. Individual tracers experience strongly intermittent temporal fluctuations, illustrating the
contrast between spatial and temporal organization of dissipation.

scaling principle—only for new experiments or numerical evidence to reveal subtle but signifi-
cant departures from that picture. Kolmogorov’s 1941 theory [2] provides the most celebrated
example. Its elegant dimensional arguments and prediction of universal inertial-range scaling
form one of the cornerstones of modern turbulence theory. Yet high-resolution experiments and
numerical simulations have revealed persistent intermittency, extreme fluctuations, and anoma-
lous scaling [82, 83], demonstrating that turbulent fluctuations deviate significantly from simple
self-similarity. These extreme events, which concentrate velocity gradients and dissipation into
rare but intense structures, challenge the classical picture of a smooth scale-invariant cascade.

Comparable surprises have emerged from the Lagrangian viewpoint, which follows indi-
vidual fluid particles along their trajectories rather than examining the flow at fixed spatial
locations [84]. Advances in experimental particle tracking and large—scale numerical simulations
have made it possible to probe turbulent dynamics from this perspective with unprecedented
detail. Measurements of Lagrangian observables—such as velocity increments, accelerations,
and temporal structure functions—reveal strong intermittency and extreme events that are often
even more pronounced than suggested by Eulerian measurements alone [32]. Phenomena such
as spontaneous stochasticity [85, 86], whereby initially coincident tracers separate unpredictably
even in the absence of molecular diffusion, further illustrate the fundamentally stochastic char-
acter of turbulent transport and mixing. These observations suggest that intermittency may be
closely tied to the dynamical history experienced by fluid elements as they sample the turbulent
cascade.

Energy dissipation provides a particularly sharp lens through which these tensions become
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visible. In fully developed turbulence, the dissipation field is neither uniform nor smooth but
instead concentrates in rare and intense events that dominate the dynamics at the smallest
scales [82, 87, 88]. This strong intermittency has long motivated multifractal descriptions of
the dissipation field, originally formulated in an Eulerian framework through the statistics of
spatially coarse—grained dissipation and their associated scaling exponents [2, 89]. Within this
phenomenological picture, the refined similarity hypotheses of Kolmogorov and Obukhov [21,
90] relate local fluctuations of dissipation to the anomalous scaling of velocity increments,
placing dissipation at the center of turbulence phenomenology [31, 89]. A complementary
probabilistic formulation interprets the cascade through a large—deviation principle, which
characterizes the statistics of rare but dynamically important fluctuations across scales [2, 91].

Despite its broad success, this framework leaves several fundamental questions unresolved.
To what extent is intermittency truly encoded in the dissipation field itself? How robust is
the multifractal interpretation when examined beyond idealized scaling assumptions? And
more generally, how should dissipation statistics be interpreted when viewed from different
observational frames, such as the Eulerian and Lagrangian descriptions of the flow?

Connections between these two perspectives are traditionally established through so—called
bridge relations, which aim to infer temporal statistics along particle trajectories from spatial
statistics of the flow using dimensional arguments [92-94]. Such relations have achieved notable
success for velocity fluctuations and are often regarded as robust and broadly applicable across
turbulent flows. Their extension to dissipation, however, is far less secure. In this case, bridge
relations rely on assumptions about how Lagrangian tracers sample spatially coarse-grained
Eulerian fields and about how local dissipation fluctuations are related to the eddy turnover
dynamics experienced along particle trajectories.

This raises a more fundamental question about the direction in which information should
flow between the two descriptions. If dissipation fluctuations experienced along trajectories are
intrinsically intermittent and reflect the dynamical history of fluid elements, can Eulerian dissi-
pation statistics truly be regarded as the primary object from which Lagrangian behavior should
be inferred? Or should the relationship instead be inverted, with Lagrangian intermittency
providing the dynamical foundation for understanding the organization of Eulerian dissipation
structures?

In this paper we address these questions by performing a systematic comparison of Eulerian
and Lagrangian statistics of energy dissipation in homogeneous isotropic turbulence. We show
that dissipation intermittency exhibits fundamentally different statistical organizations in the
two frames of observation. Dissipation sampled along Lagrangian trajectories displays clear
signatures of a multiplicative cascade in time, including logarithmic correlations, scale-invariant
multiplier statistics, and a large-deviation structure consistent with log—divisible processes. In
contrast, the Eulerian coarse—grained dissipation field cannot be described within the standard
multifractal or log—divisible framework: its statistics display a marked scale dependence that
reflects a fundamentally different cascade structure. These findings suggest that dissipation
intermittency is intrinsically Lagrangian in nature, and that Eulerian dissipation statistics should
be interpreted as coarse projections of an underlying temporal cascade experienced along
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Figure 2.2. Schematic diagram showing a multiplicative cascade process.

particle trajectories.

A first visual impression of this contrast between spatial and trajectory—based views of
dissipation is provided in Fig. 2.1, which illustrates the highly localized structure of the Eulerian
dissipation field together with the strongly intermittent temporal fluctuations experienced along

representative Lagrangian tracer trajectories.

To investigate these questions quantitatively, we analyze high-resolution direct numerical
simulations of homogeneous isotropic turbulence with embedded Lagrangian tracer particles.
The flow is governed by the three-dimensional incompressible Navier—Stokes equations. The
velocity field is denoted by v(x,t), and the local kinetic energy dissipation rate is eo(x, t) =
2vS;;S;j, where S;; = (ajvi + aivj) /2 is the rate—of-strain tensor and v the kinematic viscosity.

At high Reynolds number, the dissipation field develops increasingly singular spatial struc-
tures and is therefore analyzed through its coarse-grained form ¢,(x, t), defined as the average
of gg over a ball of size ¢ centered at x. By homogeneity, the mean dissipation rate € = (o) = (&)
is independent of ¢, where angular brackets denote time averaging, equivalent to ensemble
averaging with respect to the invariant turbulent measure.

Within a multifractal description, the coarse-grained dissipation is expected to exhibit
power—-law scaling of its moments, (s?) ~ {77, where 7y, is a nonlinear and concave function of
p. To test this prediction and to compare Eulerian and Lagrangian statistics on equal footing,
we perform direct numerical simulations using a pseudo—spectral method with resolutions up
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Figure 2.3. (a) Probability density functions of the local dissipation ¢ for different Reynolds numbers; the

dotted curve indicates a log-normal reference. (b) Spatial covariance of log ¢¢ as a function of separation

r. The dashed line shows a quadratic logarithmic dependence « [log(|r|//.)]?, inconsistent with the

logarithmic correlations expected from a scale-invariant multiplicative cascade. (c) Mean y;, = (log(e,/£))

and variance 07 of the logarithm of the coarse-grained dissipation as functions of the coarse-graining scale

£. Both exhibit a nonlinear dependence on log(¢/L). (d) Centered and variance-normalized probability

density functions of Ay = log(e,/€) for different ¢, showing collapse onto a non-Gaussian master curve.
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N3 n A L Tﬂ 1L, R/\

5123 0.005 0.17 1.17 0.035 1.98 220
10243 0.0020 0.073 1.53 0.022 1.76 315
20483 0.0027 0.11 3.03 0.021 2.25 420
40963 0.00074 0.038 1.86 0.051 9.68 730
81923 0.00051 0.036 1.18 0.006 1.95 1285

Table 2.1. Parameters of the direct numerical simulations analyzed in this work. Here 5 = 13/4/g1/4

is the Kolmogorov dissipative length scale, A = /15v 12,/ the Taylor microscale, and L = u3,,;/€

rms

the integral length scale, with u;ms = 1/{|v[2) /3. The corresponding time scales are the Kolmogorov
time 7, = \/v/ and the large-eddy turnover time 7;, = u%,/&. The Taylor-scale Reynolds number is
Ry = urmsA /v. Together, these simulations span more than an order of magnitude in R and provide the
basis for the Eulerian and Lagrangian statistical analyses presented throughout the paper.

to 4096° grid points, corresponding to Taylor-scale Reynolds numbers up to R, = 730, and
seed the flow with Lagrangian tracer particles. For the Eulerian measurements we additionally
present results at R, = 1285 using publicly available data from the Johns Hopkins Turbulence
Database (JHTD) [95-97].

2.2 MULTIFRACTALITY AND LARGE DEVIATIONS

The multifractal description of turbulence interprets intermittency as the statistical outcome of a
multiplicative cascade across scales. Within the phenomenological framework introduced by
Kolmogorov and Obukhov [2, 21, 90], the dissipation at a scale ¢ is obtained through successive
refinements from the integral scale L. Denoting by ¢, the dissipation at the largest scale and
by ¢, the dissipation coarse—grained over a scale ¢, the cascade is represented as a product of
random multipliers,
n
&y, ZELM1M2"'M” = ELHMi/ (2.1)
i=1

where M; = ¢, /¢y, quantifies the transfer of dissipation fluctuations between successive
scales (see Fig. 2.2). For simplicity we consider a dyadic cascade with ¢, = L/2", so that the
cascade depth is n = log,(L/ /).

Taking logarithms transforms this multiplicative process into an additive one,

L jog (&0 —lilo M,; 2.2)
n o8\ gy ne CMEs '

If the multipliers M; are assumed to be independent and identically distributed random vari-
ables, the right-hand side of Eq. (2.2) corresponds to the empirical mean of n independent incre-
ments. Standard results from probability theory then describe the behavior of the coarse-grained
dissipation across scales.

In the limit of large cascade depth, the empirical average converges to its expectation value,
implying that the quantity & = % log(ey, /€1) approaches the mean increment (log M) = a*.
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1/2 and follow approximately

For finite n, typical fluctuations around this value are of order n~
Gaussian statistics with variance ¢ = Var[log M]. However, turbulence is dominated by rare,
intense events whose fluctuations remain of order unity even as n increases. The probability of

observing such atypical values of « is therefore governed by a large—deviation principle [30],

P(a) < expln (3 - f(a))], (2.3)

where f(«) is the large-deviation rate function. In the geometric interpretation of multifractal
theory, 3 — f(a) corresponds to the scaling dimension (or co-dimension) of the set of points
characterized by exponent « [31, 89].

Because the cascade depth grows logarithmically with the scale separation, n o log(L/¢), this
exponential dependence on 7 translates directly into power—law scaling of the coarse-grained
dissipation moments,

((ee/eL)) ~ (€/L)%, (2.4)

where the exponents x, follow from a Legendre transform of the rate function, x, = inf, (pa +
3 — f(«)) [2, 31]. This relation forms the basis of the multifractal prediction that the moments of
dissipation obey power-law scaling with a nonlinear dependence of x, on the order p.

The following section examines whether Eulerian dissipation statistics actually satisfy these

predictions of a scale-invariant multiplicative cascade.

2.3 EULERIAN DISSIPATION: ABSENCE OF A SCALE-INVARIANT
SPATIAL CASCADE

Before turning to detailed measurements, it is useful to clarify the logic of the analysis that fol-
lows. Classical multiplicative cascade models predict a specific statistical structure for Eulerian
dissipation across scales. In particular, they imply three intertwined properties: logarithmic
spatial correlations of the logarithm of dissipation, scale-invariant multiplier statistics, and
power-law scaling of coarse-grained moments. Rather than testing these properties in isolation,
we examine whether they form a consistent statistical organization across scales. The failure of
any one of these ingredients already challenges the multiplicative cascade interpretation; their
collective behavior provides a more stringent assessment.

We begin with the simplest observable: the one-point statistics of the Eulerian dissipation
field. Figure 2.3(a) shows the distribution of the instantaneous dissipation €y. At small values,
the distribution follows a power-law behavior « 8‘3/ 2 over more than two decades. This behavior
has been reported previously and attributed to a chi-squared distribution arising from a quasi-
Gaussian distribution of the rate-of-strain tensor near its zeros [95, 98]. At large values, the
tail of the distribution is well approximated by a log-normal form, consistent with earlier
experimental observations [16, 99]. While such log-normal tails naturally evoke multiplicative
cascade dynamics, one-point statistics alone cannot establish the existence of such a process.
This must be assessed through the scale dependence and correlation structure of the field.

A more stringent test of a multiplicative cascade concerns the spatial correlations of the

logarithm of the dissipation field. In standard multifractal cascade models, the logarithm of
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dissipation is expected to exhibit logarithmic spatial correlations over an inertial range, which
constitutes a defining signature of multiplicative cascade processes. However, as shown in
Fig. 2.3(b), the spatial covariance of the logarithmic dissipation,

Cov[Ao(x), do(x+7)] = {Ao(x)Ao(x+7)) = (A§(x)),
where Ag(x) = log[eo(x, ) /€], (2.5)

shows no evidence of a clear logarithmic scaling regime as a function of the separation |r|.
This observation calls into question the widely used assumption that Eulerian dissipation is
log-correlated in space [100]. Instead, the data are more consistent with a behavior of the form

Cov[Ag(x), Ao(x +#)] o [log(|r|/€c)])?, (2.6)

suggesting a more intricate spatial organization than predicted by standard cascade models.

Deviations from the classical cascade picture become even more apparent when examining
the statistics of the coarse-grained dissipation field ¢;,. As shown in Fig. 2.3(c), the mean y, and
variance o7 of the logarithmic dissipation A, = log(¢,/€) do not exhibit the linear dependence
on log(¢/L) expected for a scale-invariant cascade [2, 16]. Instead, their scale dependence is
well described by a quadratic behavior proportional to [log(¢/L)]?. Such nonlinear scaling has
been observed in cascade models that relax strict scale invariance [101, 102].

Despite this breakdown of classical scaling, a form of statistical self-similarity persists in
the shape of the fluctuations of A, around its mean. As shown in Fig. 2.3(d), the probability
density functions of log(e,/&) collapse onto a single master curve over more than two decades
in £ when centered and rescaled to unit variance. This observation motivates the inertial-range
scaling form

Plog(e,/e) (A €) ~ U%‘I’(A_” ’) , <UL, (2.7)

where the scaling function ¥ is clearly non-Gaussian, as indicated by the dotted line in Fig. 2.3(d).
In particular, the distribution exhibits a small but robust negative skewness k3 = ((Ay —
ue)®) /o3 < 0. For Ry = 730 we measure k3 ~ —0.085, with no significant dependence on
Reynolds number.

The departure from multifractal scaling can equivalently be expressed in terms of the
moments of the coarse-grained dissipation. The collapse of the standardized distributions,
Eq. (2.7), implies

log((e¢/8)") ~ pue + P(poy), (2.8)

where ®(x) = log [ e¥(y) dy is the cumulant-generating function associated with ¥. Writing
®(x) = Y52 knx" /n! shows that the standardized cumulants ,, fully determine the scaling
behavior.

The constraint that the mean dissipation remain constant, (¢;,) = &, implies py =~ —P(0y).
As shown in Fig. 2.4(a), the scaling identity (2.8) is well supported by the numerical data. The
function ® shows at most weak Reynolds-number dependence and deviates clearly from the
quadratic form ®(x) ~ x?/2 expected for a log-normal cascade. Including the cubic correction
x3x% /6 significantly improves the description, while higher-order terms contribute negligibly.
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€y, /€, , for a fixed scale ratio £, /¢, 1 = 1/2, demonstrating clear scale dependence. (d) Mean and
variance of log M, as functions of scale, revealing an approximately logarithmic growth and ruling out

scale-invariant multiplier statistics.



43 2.3. EULERIAN DISSIPATION: ABSENCE OF A SCALE-INVARIANT SPATIAL CASCADE

The scaling relation (2.8) is incompatible with the classical multifractal prediction (}) o £7r.
Consistency with such power-law scaling would require the variance 07 to scale linearly with
log ¢ and the generating function ®(x) to be purely quadratic. Neither condition is satisfied
by the data: the variance exhibits a quadratic dependence on log ¢ (Fig. 2.3(c)), and ® departs
significantly from the quadratic form (Fig. 2.4(a)). We therefore conclude that Eulerian coarse-
grained dissipation does not obey multifractal power-law scaling.

This conclusion is reinforced by a direct examination of the local slopes of the moments
(¢}), shown in Fig. 2.4(b). Except for a narrow interval around ¢ ~ 4 x 10~3L ~ 105 ~ 0.2, no
well-defined plateau emerges. Although averaging slopes over this interval yields exponents
compatible with log-normal or log-Poisson models, this apparent agreement does not persist
across scales. In the upper part of the inertial range (¢ 2 A), no consistent power-law behavior is
observed.

One might attribute the absence of scaling to finite Reynolds number effects. However, the
simulations analyzed here achieve a scale separation of approximately A /L ~ 50, over which
no clear scaling regime appears. Moreover, the behavior of the mean and variance of loge,
(Fig. 2.3(c)), the collapse of its probability density functions (Fig. 2.3(d)), the moment scaling
(Fig. 2.4(a)), and the corresponding local slopes (Fig. 2.4(b)) all fail to reveal any clear crossover
near { ~ A.

Further insight can be obtained by examining the statistics of the Eulerian multipliers
M, =¢, /ey, with €, /¢, _1 = 1/2. As shown in Fig. 2.4(c), the probability density functions
of M,, vary significantly with the cascade level n, indicating that the multipliers are not scale-
invariant. A collapse is obtained only after standardizing the distributions of log M, to zero
mean and unit variance (inset of Fig. 2.4(c)). The mean and variance of log M,, shown in
Fig. 2.4(d), both vary approximately linearly with log ¢, and exhibit a better collapse when
scales are normalized by the Kolmogorov length 7, indicating a residual viscous influence.

This scale dependence of the multipliers prevents the existence of a standard large-deviation
principle for the Eulerian cascade. Writing

n

log(eg, /e1) = ) log M;

i=1
shows that the variance of the total logarithmic dissipation depends on both the multiplier

variances and their cross-scale correlations,

n
Var [log 2&1] =) Var[log M;] + ) _Cov[log M;,log M;]. (2.9)
L i=1 i#]

As shown in Fig. 2.4(d), the multiplier variance grows approximately linearly with the cas-
cade index, Var[log M;]| o i, while the cross-scale covariances are negligible (inset of Fig. 2.4(d)).
Summing these contributions yields

n
Var [log ?”] o Y i~ n® o [log(£y /L)) (2.10)
L i=1

Thus the quadratic scaling observed in the data arises naturally from the scale dependence of
the Eulerian multipliers.
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Taken together, these results demonstrate that Eulerian dissipation, while strongly intermit-
tent, does not organize into a classical multiplicative cascade across spatial scales. Logarithmic
correlations, multifractal power-law scaling of moments, and scale-invariant multiplier statistics
are all absent in a robust manner. Instead, Eulerian dissipation exhibits only a weaker form of
scale invariance, limited to the standardized shape of its fluctuations.

This raises a question: should this intermittency arise more naturally in a Lagrangian and not
in an Eulerian framework? Since dissipation is ultimately experienced along fluid trajectories,
a description based solely on spatial coarse-graining may obscure dynamical structures that
are organized in time rather than in space. This motivates a direct examination of dissipation

intermittency from a Lagrangian perspective.

24 LAGRANGIAN DISSIPATION AS A TEMPORAL MULTIPLICA-
TIVE CASCADE

In contrast to the absence of a spatial cascade in the Eulerian frame, the Lagrangian description
reveals a remarkably simple statistical structure. Tracer particles are evolved according to
the Lagrangian dynamics dX /dt = v(X, t), and the instantaneous dissipation sampled along
their trajectories is defined as &)(f) = €o(X(t),t). By construction, the one-time probability
distribution of & coincides with the single-point Eulerian distribution of ¢y shown in Fig. 2.3(a).
Differences between Eulerian and Lagrangian descriptions therefore arise not from single-point
statistics but from the correlations and scale dependence of the fluctuations.

The two-time correlations of the logarithm of the Lagrangian dissipation, log &y(t), are shown
in Fig. 2.5(a). A clear logarithmic decay with the time lag 7 is observed, indicating that the
Lagrangian dissipation behaves as a log-correlated stochastic process. This behavior stands in
sharp contrast to the Eulerian dissipation field, whose logarithm does not exhibit logarithmic
correlations in space. The Lagrangian dynamics therefore reveal a statistical structure that is
absent in the Eulerian description.

To investigate the scale dependence of these fluctuations, we introduce the temporally
coarse-grained Lagrangian dissipation,

g:(t) = 1 /t+T g(t)dt. (2.11)
t

Further evidence that the Lagrangian dissipation is organized as a multiplicative process is
provided by the statistics of log ;. As shown in Fig. 2.5(b), both the mean and the variance of
log &; vary linearly with log(7/t.) over more than a decade in timescale. This behavior contrasts
sharply with the quadratic dependence observed for the Eulerian coarse-grained dissipation
and is consistent with fluctuations generated by a scale-invariant multiplicative process in time.

Such behavior naturally leads to a large-deviation description of the coarse-grained dissipa-
tion. In particular, the probability density function of &; is expected to satisfy

logp(B;T) _ _ log(&:/¢)
log(t/7) = f(B). = log(t/7)’ (2.12)
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where f(B) is a concave rate function characterizing the fluctuations. This prediction is tested in
Fig. 2.5(c), which shows the distributions of the coarse-grained dissipation &; for various time
lags and Reynolds numbers. The collapse onto a universal curve when the data are expressed in
terms of the rescaled variable B provides strong support for the large-deviation form (2.12).
To further probe the multiplicative structure of the cascade, we consider the Lagrangian
multipliers
Ny =8, /8, ., T = 11./2™.

Figure 2.5(d) shows the distributions of these multipliers for different cascade levels m. The
approximate collapse of the distributions across scales indicates that the multiplier statistics
are nearly scale invariant, providing additional evidence that the Lagrangian dissipation is
organized through a multiplicative cascade in time.

Taken together, these results indicate that the Lagrangian dissipation behaves as a log-
divisible process. The large-deviation structure of logé:, the linear scaling of its mean and
variance with log(7/1.), and the approximate scale-invariance of the multiplier statistics all
point toward a multiplicative cascade developing along particle trajectories. In such processes,
dissipation fluctuations over a time interval can be viewed as the product of a sequence of
random multipliers, implying that log & is a sum of statistically stationary, scale-dependent
increments. This additive structure of the logarithm is consistent with infinite divisibility, a
defining property of log-divisible processes. While the present observations do not uniquely
identify the underlying stochastic law (e.g., log-normal, log-Poisson, or more general Lévy-
driven models), they provide strong evidence that Lagrangian dissipation is governed by a
multiplicative stochastic mechanism in time.

The emergence of a well-defined multiplicative cascade in the Lagrangian frame naturally
raises the question of how these temporal statistics relate to spatial statistics measured in the
Eulerian description. Classical bridge relations were introduced precisely to connect these two
perspectives by mapping temporal fluctuations along trajectories to spatially coarse-grained
quantities. In light of the strong Lagrangian cascade signatures observed here, it is therefore
natural to re-examine the validity of these relations for dissipation.

2.5 REVISITING BRIDGE RELATIONS: FROM SPATIAL SAMPLING
TO TEMPORAL INHERITANCE

Bridge relations connect Eulerian and Lagrangian multifractal properties by assuming that
temporal statistics along particle trajectories can be inferred from spatial statistics of the flow
through simple dimensional arguments. Such relations work reasonably well for velocity
increments, for which empirical scaling exponents measured in the Eulerian and Lagrangian
frames are broadly consistent with these mappings [32]. Their validity for energy dissipation,
however, remains an open and far less explored question.

The traditional argument underlying bridge relations relies on the assumption that La-
grangian tracers sample dissipation in a manner that faithfully reflects the local Eulerian struc-
ture of turbulence. Specifically, it is assumed that, over a time interval 7, a tracer remains within
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Figure 2.6. (a) Classical bridge-relation picture, in which a Lagrangian tracer samples the Eulerian
coarse-grained dissipation &, within a spatial region of size ¢ over a time 7;. (b) Lagrangian cascade
picture proposed here, where tracers located within a region of size £ inherit dissipation fluctuations from
larger scales at earlier times. In this interpretation, the relevant quantity linking Eulerian and Lagrangian
statistics is the Eulerian multiplier e,/ €,/ rather than ¢, itself.

a ball B, of spatial size £ and samples a dissipation field that is approximately constant over this
region and time (see the sketch on the left-hand side of Fig. 2.6). The central assumption is that

1/3£2/3

this time interval 7 is given by the local eddy turnover time, 7, = ¢, , where ¢, denotes

the Eulerian dissipation coarse-grained over B,. One then writes
Er~egy for T~T = 821/362/3. (2.13)

This relation implies that the statistics of &; can be inferred from those of ¢/, and conversely.
However, this logic leads to an apparent inconsistency. If £; behaves as a log-divisible (i.e.,
multiplicative) process, as supported by our Lagrangian analysis in the previous section, then
the same property should be inherited by ¢, under the mapping (2.13). By contrast, our Eulerian
results in Sec. 2.3 demonstrate that £, does not exhibit log-divisible statistics. This incompatibility
indicates that the classical bridge relation fails when applied to dissipation.

To understand this more precisely, consider the expression for the Eulerian coarse-grained

dissipation over a spatial ball B:

d3x
g = /eo(x t)]BA
[ e
5 O 1B 7,
df(ﬂSXO
t t
/Bz/ fo(X(t:x0), )Tz |By|

~ xO
= g (2.14)
/B/ 1B

In words, this relation shows that the Eulerian coarse-grained dissipation ¢, can be expressed

Q

%

as an average, over all Lagrangian tracers initially located within By, of the time-averaged
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Figure 2.7. The conditional average of the logarithmic separation of tracer pairs that end within the same
spatial region of size ¢, conditioned on the local coarse-grained dissipation €. The dashed line indicates
Richardson super-diffusive scaling. Insets show the conditioning procedure and the corresponding
doubling times T,,, consistent with the eddy-turnover estimate T,y ~ 1, = szl/ 3¢2/3 These results
support the interpretation of dissipation fluctuations as dynamically inherited from larger scales.

Lagrangian dissipation &;, sampled along each trajectory. Thus, ¢ and &;, are related only
through this additional spatial averaging over tracer initial conditions. A direct identification
g, ~ &g, would therefore require the Lagrangian dissipation to be nearly uniform across all tracers
within By. This amounts to a mean-field approximation that neglects fluctuations between
trajectories. The breakdown of the classical bridge relation for dissipation, as demonstrated by
our results, indicates that such fluctuations are essential and cannot be ignored.

In contrast to the classical bridge relation described above, an alternative picture views the
Lagrangian coarse-grained dissipation as the outcome of a temporal multiplicative cascade
developing along particle trajectories. In this scenario, dissipation fluctuations experienced by a
tracer at time f over a time lag 7, are not determined by the dissipation within a single Eulerian
ball of size /. Instead, they arise from a sequence of interactions with larger eddies encountered
at earlier times. For example, tracers located within a region of size ¢ at time  inherit dissipation
levels that were imprinted by eddies of size 2¢ at an earlier time t — 7y (see the right-hand
side of Fig. 2.6). This naturally leads to a cascade interpretation in the Lagrangian frame, in
which fluctuations are transmitted from large to small temporal scales through multiplicative
processes.

Within this perspective, it is not the Eulerian coarse-grained dissipation ¢ itself, but rather
the Eulerian multiplier M = g,/€y, that encodes the local refinement of dissipation experi-
enced along trajectories and relates directly to the Lagrangian coarse-grained dissipation &,.
Mathematically, the modified picture corresponding to Eq. (2.14) is

& dx p

& tf (2.15)

ey B, € By
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Figure 2.8. Conditional average of the logarithm of the coarse-grained Lagrangian dissipation &,, evalu-
ated over the time scale 7, = szl/ 302/3, for tracers ending within a spatial region of size £. Conditioning is
performed on the local Eulerian multiplier M = €;/¢&5,. The collapse across different £ demonstrates that
Lagrangian dissipation fluctuations are directly linked to Eulerian scale-to-scale multipliers, supporting
the proposed temporal-inheritance cascade picture.

This mechanism emphasizes temporal inheritance rather than instantaneous spatial sam-
pling, and provides a coherent framework for interpreting the log-divisible statistics observed
in the Lagrangian dissipation field.

Numerical experiments provide direct support for this picture. Figure 2.7 shows that tracers
ending within a region of size ¢ and associated with a given coarse-grained dissipation ¢,
have followed separating trajectories over a characteristic doubling time T,, ~ T/, consistent
with eddy-turnover scaling. This backward-in-time separation reflects the fact that tracers
retain memory of their past embedding within larger eddies. Figure 2.8 further shows that
the Lagrangian dissipation coarse-grained over 7, correlates with the Eulerian multiplier M =
€/ €y, confirming that dissipation fluctuations experienced along trajectories are shaped by the
cascade of Eulerian structures across scales. Moreover, data corresponding to different coarse-
graining scales collapse onto a single curve, indicating the scale-independent, inertial-range
nature of this relation. Taken together, these results support a causal, scale-local transfer of
dissipation statistics consistent with a Lagrangian multiplicative process, rather than a direct
mapping from Eulerian fields at a fixed spatial scale.

2.6  CONCLUSIONS

These results show that intermittency in turbulence cannot be understood solely from spatial
statistics of the dissipation field, but instead reflects dynamical processes unfolding along
Lagrangian trajectories. A central organizing idea in turbulence theory is that intermittency
arises from a universal cascade process that can be expressed through multifractal statistics of
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energy dissipation. Our results demonstrate that this picture is incomplete in a fundamental
way. Energy dissipation does not possess a single, frame-independent cascade structure: its
intermittent dynamics are organized primarily in time along Lagrangian trajectories rather than
in space. The commonly assumed equivalence between Eulerian and Lagrangian dissipation
statistics—mediated by bridge relations—fails precisely because dissipation fluctuations are
not spatially self-similar in the Eulerian frame. In this sense, intermittency in turbulence is
intrinsically Lagrangian in nature.

To reach this conclusion, we performed a systematic comparison of Eulerian and Lagrangian
statistics of energy dissipation in homogeneous isotropic turbulence. By combining analyses of
single-point distributions, correlation functions, coarse-grained fields, large-deviation properties,
and multiplier statistics, we showed that the statistical organization of dissipation depends
fundamentally on the frame of observation and cannot be captured by a single universal cascade
description.

In the Eulerian frame, although the instantaneous dissipation exhibits approximately log-
normal one-point statistics, its spatial correlations and coarse-grained properties do not support
the existence of a scale-invariant multiplicative cascade. In particular, the absence of logarithmic
spatial correlations, the nonlinear dependence of cumulants on scale, and the pronounced scale
dependence of Eulerian multipliers collectively rule out a log-divisible or multifractal cascade
interpretation of Eulerian dissipation in the inertial range.

In sharp contrast, dissipation sampled along Lagrangian trajectories displays all the defining
signatures of a multiplicative cascade in time. These include logarithmic temporal correlations,
linear scaling of the mean and variance of the logarithm of the coarse-grained dissipation with
the logarithm of the time scale, a well-defined large-deviation principle, and approximately
scale-invariant statistics of Lagrangian multipliers. Taken together, these results provide strong
evidence that Lagrangian dissipation behaves as a log-divisible stochastic process consistent
with a temporal multiplicative cascade.

Building on these findings, we revisited classical bridge relations that aim to connect Eule-
rian and Lagrangian dissipation statistics through dimensional arguments. We showed that
such relations implicitly rely on a mean-field assumption, namely that dissipation fluctuations
experienced by different Lagrangian trajectories within the same spatial region are effectively
uniform. Our results demonstrate that this assumption is violated for dissipation, leading to a
breakdown of the classical bridge relation. We proposed instead an alternative interpretation in
which Lagrangian dissipation fluctuations arise from a temporal cascade inherited from larger
Eulerian scales, with Eulerian multipliers encoding the scale-to-scale refinement of dissipation
along particle trajectories. Numerical evidence supports this picture and highlights a causal,
scale-local mechanism linking Eulerian and Lagrangian statistics without requiring a direct
one-to-one mapping between coarse-grained fields.

More broadly, these results clarify long-standing ambiguities in the interpretation of dissipa-
tion intermittency and cascade phenomenology. While the Lagrangian description naturally
reveals a multiplicative cascade structure in time, the Eulerian dissipation field does not admit
an equivalent spatial cascade interpretation. This distinction suggests that Lagrangian statis-
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tics provide a privileged framework for identifying the dynamical mechanisms underlying
intermittency in turbulence.

Future work may explore how these conclusions extend to anisotropic or inhomogeneous
flows, to other turbulent observables, or to stochastic models that explicitly incorporate temporal
cascades along particle trajectories. More generally, the present results open the way toward
turbulence models in which intermittency is formulated primarily in time along Lagrangian
paths rather than inferred from spatial statistics alone.



INTERMITTENT FLUCTUATIONS
DETERMINE THE NATURE OF
CHAOS IN TURBULENCE

In this chapter, we investigate the Reynolds-number dependence of the maximal Lyapunov exponent in
fully developed turbulence, which quantifies the rate of chaotic divergence of nearby velocity fields. Using
decorrelators constructed from infinitesimally perturbed flows, we find that the Lyapunov exponent scales
with Reynolds number as A ~ Re”, with an exponent « = 0.59 £ 0.04 exceeding the classical mean-field
prediction. By explicitly separating the nonlinear strain and viscous contributions to decorrelator growth,
we show that this departure is associated by intermittent fluctuations of the strain-rate tensor, which
dominate the short-time growth of the infinitesimal perturbations over viscous damping. Direct numerical
simulations of the Navier—Stokes equations and complementary tests using a reduced shell model yield
consistent scaling behavior, indicating robustness within the frameworks considered. Our results show
that the dynamical origin of chaotic divergence in turbulence is closely linked to intermittent strain-rate
fluctuations.

This chapter closely follows the work [77] .

3.1 INTRODUCTION

Fully developed, incompressible turbulence is perhaps the most celebrated example of a chaotic
many body system. In contrast to other examples of chaotic, classical, many-body systems,
turbulent flows have the distinction of being central across the natural world. Unsurprisingly,
therefore, physicists working in problems ranging from astrophysics, atmospheric sciences,
oceanography, and of course fluid dynamics have to factor in the underlying chaotic nature of

IThis work is done in collaboration with Aikya Banerjee, Sugan D. Murugan, Subhro Bhattacharjee, and Samriddhi
Sankar Ray; part of the theoretical foundation of this study was reported in the MS Thesis of Aikya Banerjee.
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such flows [103]. This ubiquity is not surprising: After all the Navier-Stokes equation underlies
all such systems leading to solutions which are turbulent in the limit of small viscosities of such
fluids [2].

While mathematical and engineering tools remain indispensable, the ideas of statistical
physics provide the basis for much of our understanding of turbulence, especially in its most
general form where the flow is homogeneous and isotropic. In particular, chaos along with the
other fingerprint of fully developed turbulence, namely intermittency, and their dependence
inter alia on the Reynolds number Re, forms a major challenge in a complete understanding
of turbulence. The degree of chaos is usually quantified by the (largest) Lyapunov exponent
A of the flow. By using arguments tracing back to Kolmogorov’s seminal work from 1941,
Ruelle showed that A o v/Re [38]. This is a consequence of associating the (largest) Lyapunov
exponent with the inverse of the smallest time-scale of the flow 7, « 1/ V/Re, obtained most
simply from phenomenological arguments, and thence the A-scaling. More generally, assuming
a Holder exponent h characterising the flow, it is easy to show A « Ret#h [40]; indeed taking the
monofractal, Kolmogorov limit [5] of a unique /1 = 1/3 recovers the Ruelle scaling.

The result A o \/Re implicitly assumes a unique dissipative scale characteristic of a monofrac-
tal flow. However, observational, experimental, and numerical evidence against this is over-
whelming. Indeed, a rationalisation of turbulence rests on the multifractal approach [104]
developed by Frisch and Parisi [24]. Adapting this model, which allows for a spread of Holder
exponents & in the flow, leads to the revised scaling obtained by Crisanti et al. A o< Re”, with
a =~ 0.459 [40].

This scaling exponent & < 0.5 has been challenged in recent years. For example, Berera and
Ho [105] have recently reported & = 0.53. This lack of consensus between the theoretical estimate
and measurements — as well as the lack of agreement between different simulations [34, 40, 105—
109] — suggests that the origins of chaos in turbulence is far from settled.

But is there a way to address the microscopic origin of & from the Navier-Stokes equation
itself and connect it to the intermittent aspect of fully developed turbulence? And what role
does the non-locality (in length scale) of interactions — a defining feature of the Navier-Stokes
equation — play? Let us emphasise right away that in what follows intermittency enters here
only in this operational sense, through the statistics of velocity-gradient fluctuations relevant
for perturbation growth, rather than as a subject of phenomenological characterization across
scales.

3.2 DECORRELATOR FOR THE NAVIER-STOKES

In this paper we show that this is indeed possible through recently constructed ideas of decor-
relators [110] — largely limited to Hamiltonian [42, 111, 112] systems in the context ergodicity,
thermalisation and chaos — and adapt them for driven-dissipative, non-equilibrium systems
such as turbulence. Consequently, by using a suitable mix of theory and numerical simulations,
we uncover the competing effects of the viscous and nonlinear terms to show exactly how the
chaos and the scaling A ~ Re" emerges along with what determines the value of « = 0.59 =+ 0.04.
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We also confirm the robustness of this result by using a dynamical systems approach to tur-
bulence with the additional advantage of exploiting its nearest and next-nearest neighbour
interactions to investigate short-time effects of locality which are absent in the Navier-Stokes
equation. The objective of this work is not to establish the existence of intermittency or to char-
acterize its multifractal structure, both of which are well established. Rather, we determine how
fluctuations of the strain-rate field enter the short-time growth of infinitesimal perturbations
and thereby control the Reynolds-number scaling of the maximal Lyapunov exponent.

We begin with the three-dimensional, incompressible, unit-density Navier-Stokes equation,
driven by an external force to a non-equilibrium statistically steady state. The force f varies to

ensure a constant energy injection [113] Z = (f-u) = (¢), where the mean energy dissipation rate
(g) is the temporal ==~ and spatial (- - -) average of the spatio-temporally fluctuating dissipation
e(x, t) characteristic of such non-equilibrium steady states of fully developed turbulence with a
statistically steady velocity field ugieaqy- This follows from the familiar, instantaneous (spatially-
averaged) kinetic energy E balance: ‘fi—f = —(¢) + Z with a mean kinetic energy Ey = E.

We now construct two, nearly identical, velocity fields u® = Usteady and uo® = up? + duy,
where the form of dug ensures that system B remains incompressible. We choose the amplitude
of perturbation €y sufficiently small [41] and localise it in space around xo; the precise choice of
Xp is irrelevant and can be chosen to be the center of our domain.

We choose these fields — ug® and uo® — as initial conditions = 0 for the Navier-Stokes
equation, evolve them independently in time, and calculate the velocity difference du(x,t) =
ub(x,t) — u?(x,t) for t > 0. From such velocity differences, we are able to construct the
decorrelator ¢(x, t) = 1|du(x, t)|? [42, 43]. It is easy to show, starting from the Navier-Stokes
equation written separately for systems A and B, that the decorrelator follows an evolution

(written in component form and sum over repeated indices assumed)

a(PS;/ t) = aiWi — 51/[1'51']'(511]‘ + v§uiV2(5ui (31)

with the strain-rate tensor §;; = %(aiu]‘-“ +0juf') and
W; = (ud 4 ou;) ¢ + du; / dx'G(x,x) [sz-k(ufwk + 5u]-ukA + dujduy))’, (3.2)

where G(x,x') is the Green’s function obtained from the Poisson equation for pressure, and v
the coefficient of kinematic viscosity [41].

A further simplification exploits the statistical isotropy and homogeneity of fully devel-
oped turbulence to construct, over the volume V, the spatially averaged decorrelator ®(t) =
+ [ dx¢(x,t) = (¢). This leads to a simple cancellation of the divergence term in Eq. (3.1) and a
resulting evolution equation for the integrated decorrelator:

. dd
D= T Bs + By, (3.3)
where Bs = —(6u- S - bu) and B, = v(du- V?6u) as the contributions from the non-linear strain

and dissipative terms, respectively. There is one additional remark to make. In the derivations
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Figure 3.1. Left panel shows representative plots of the normalised spatially averaged decorrelator
&/P, Bs/P and B,/ P vs time for Re = 178.5. The pair of vertical dashed lines indicate the short-time
exponential-growth phase. (Inset) Probability density function of the 72 direction cosines of u (at short
times) showing a preferential growth of the difference field along the compressional i = 3 direction.
Right panel shows Semilog plots of ® vs ¢ from DNSs for different Re showing an exponential regime
followed by saturation at a value 2E( (dashed horizontal line). The insets show two snapshots at (left)
t = 0 and (right) t = 12.5 of the square of the difference field |du|? for Re = 178.5. (See Ref. [114] for the
full evolution of |dul?.)

of Egs. (3.1)-(3.3) we have neglected the forcing terms on systems A and B. This is perfectly valid
at short times but in the long time t — oo limit it plays a critical role as we shall see below.

At short times we conjecture an exponential growth of the decorrelator: ®/® = A. We
confirm this numerically by integrating Eq. (3.3) with an initial perturbation field du and
measurements of the strain-rate tensor S drawn from direct numerical simulations (DNSs) of
the Navier-Stokes equation [41].

In Fig. 3.1 we show a representative plot of ®/® vs time for Re = 178.5 displaying a clear
plateau A demarcated by a pair of vertical dashed lines. While this is not very surprising, given
that turbulence is chaotic, it is far from obvious how to trace its origins in the structure of
Eq. (3.3) and in particular how the competing effects of the strain and viscous terms conspire to
give such exponential-growth phases. In Fig. 3.1 we plot s and B, (compensated by ®) and
find strong evidence of their short-time exponential growth — the plateau between the vertical
dashed lines — corresponding to Lyapunov exponents As and A, respectively. Furthermore,
the dissipative effect of the viscous term A, = B,/® ~ O(1/71;) < 0is compensated by the
effect of the strain term Ag = Bs/® > [A;|, leading to an overall positive Lyapunov exponent
A=As+ Ay
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3.3 REYNOLDS DEPENDENCE OF LARGEST LYAPUNOYV: EFFECT
OF STRAIN RATE FLUCTUATIONS

How do we understand the origins of As > |A,| and hence A > 0? The answer lies in decom-
posing the strain term in the eigenbasis of the strain tensor du - S - du = Y\=3 #27,|du|?, with 7;
direction cosines of u (along the eigendirections) and ; the eigenvalues. Thus for A > 0, the
overall negative sign on Bs implies that at short times, this sum must be dominated, even if
marginally, by the statistics of the eigenvalue in the compressional direction, since y3 < 0, over
the extensional (y; > 0) and intermediate (2 2 0) directions. This bias for the compressional
direction is confirmed by the marginally flatter distribution of ﬁ%, plotted in the inset of Fig. 3.1.

At such short times, a careful analysis of Bs shows [41] that Bs ~ (73) + 'ygtd, where, 'ygtd =
V{(73 — (73))?). And hence, the Reynolds number dependence of As must be dominated by
the competing effects of the mean (73) eigenvalue and their intermittency-induced fluctuations
,Ygtd_

Of course in the long time limit, s — 0, all eigenvalues are sampled equally [41] leading to
(6u-S - du) « Y'=34; = 0 because of incompressibility. We see from Fig. 3.1 that this is indeed
the case as the compensated s term rapidly falls to 0 for t 2 25.

Does the viscous term B, also go to zero similarly at late times leading to & = 0? At such

late times it is easy to show that [41] B, — —2(g). Indeed, in Fig. 3.1 we do see a clear saturation
of the normalised viscous term to a value consistent with —2(e) ~ 1.6 (corresponding to the
simulations from which the rate of strain matrix is drawn). A trivial consequence of this is that
within the framework of Eq. (3.3) ® = —2(e) (clearly seen in Fig. 3.1) and suggesting that the
decorrelator never saturates. However this is a contradiction: By definition, the decorrelator is
defined as the spatial average of the velocity difference of systems A and B, and hence at long
times ® — 2E since the cross-correlator (up - ug) vanishes as the fields decorrelate as t — co.
This contradiction is resolved by recalling that the derivation of Eq. (3.3) neglects the effective
energy injection. While at short times, this is zero, at long times this contribution is no longer

irrelevant. In fact we can show [41] that (6f - du) = 2(¢) as t — oo and thus compensates the
viscous contribution —2(e) [41] leading to & = 0.

How consistent are these ideas in actual measurements of the decorrelator in DNSs of the
Navier-Stokes equation? We check for this by solving the incompressible Navier-Stokes equation
on a 27 triply-periodic domain by using a pseudospectral method with a large-scale constant
energy Z = (e) [113] injection scheme to drive the flow and maintain it in non equilibrium
statistically steady state with a mean (time averaged) energy Ey; see [41] for a detailed summary
of the numerical scheme and the parameters used. By using the same protocol described earlier,
we calculate the decorrelator @ for several different values of the Reynolds number Re. In Fig. 3.1
we show representative snapshots at ¢t = 0 (left inset) and t = 12.5 (right inset), corresponding
to the initial and exponential-growth phases, respectively. (Ref. [114] shows the full evolution of
|6ul?)

These difference fields allow us to construct the spatially averaged decorrelator ® which we
plot, on a semilog scale, in the main panel of Fig. 3.1 as a function of time. We see a convincing
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Figure 3.2. A loglog plot of A, ADNS 'ygtd and —(3), obtained from various DNSs versus the Reynolds
number Rey (DNS) (bottom X axis), as well as the Lyapunov exponent obtained from the shell model
AGOY (rescaled by a constant factor to overlap with the DNS data since the Reynolds number ranges are
different) with the corresponding shell model Reynolds numbers Re(GOY) (top X axis). (Inset) A loglog
plot of the probability density function P for A, showing a power-law |A, |~ tail.

exponential regime from which we can extract the Lyapunov exponent APNS, followed by a
saturation at a value approximately equal to 2Ey, indicated by the dashed horizontal line, as
our theory suggests. (We have confirmed from our data that the onset of the saturation of the
decorrelators (see Figs. 3.1 and 3.1) is of the order of the inverse of the Lyapunov exponent.) We
can now summarise these ideas in answering the question of how consistent are the various
(largest) Lyapunov exponents — A and APNS — with each other given the different ways in
which they are derived? In Fig. 3.2 we show a composite plot of A and APN® versus the Reynolds
number Rey (bottom x-axis). We estimate the Lyapunov exponents APNS from a linear fit in
the exponential-growth phase of the decorrelators (see Fig. 3.1); the errors on such fits yield
the errorbars on APNS. We find our errorbars smaller than the symbols sizes in Fig. 3.2. The
errorbars for the exponent 3 are extracted likewise and are of the same order as those on APNS.
The exponent A is obtained differently. We use plots of ®/®, such as the one shown in Fig. 3.1,
to extract A and its error bar as the mean and standard deviation of the plateau, respectively.

We find remarkable consistency (within error bars) between the different measurements of
the Lyapunov exponents and they seem to follow a universal scaling: APNS = A ~ Re", with
a = 0.59 + 0.04. The theory developed earlier suggests a connection between the Lyapunov
exponent and the statistics of 3 with Ag ~ (7y3) + 'ygtd [41]. The departure of the measured

Lyapunov exponents (Fig. 3.2) from a Kolmogorov-like mean field result A ~ (3) ~ v/Re, is a
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clear indication that the deviation must stem from intermittent fluctuations and the dominant
scaling in the statistics of 73 is due to 'ygtd ~ Re”*. In Fig. 3.2 we show a plot of 'ygtd from
our DNSs and find a near perfect agreement with the Lyapunov exponent confirming the

robustness of this theory: A = APNS = 5td

~ Re%°. Furthermore, we confirm that the mean
eigenvalue -(73) ~ v/Re (Fig. 3.2) consistent with the simpler scaling analysis, not accounting
for fluctuations, and at odds with the measured Lyapunov exponent.

It is important to observe that even at very short times, before the exponential growth phase,
our results from the Navier-Stokes equation summarised in Fig. 3.1 do not suggest an initial
power-law growth which has been seen in many local models of chaotic systems [115, 116].
Could this — as well as the somewhat self-similar evolution of the difference field (see Fig. 3.1,

insets) — be a consequence of the essential non-local nature of the equation?

3.4 TEST ON A SHELL MODEL

To test this as well as the robustness of our conclusions, we use a phenomenological (cascade)
model for turbulence namely the Gledzer-Ohkitani-Yamada (GOY) shell model [116-118] for
complex dynamical variables u, associated with a scalar, exponentially growing, wave-number
kyn = ko2", with the shells numbers being integers 1 < n < N (see [41] for further details
and caveats). We note that shell models lack explicit spatial structure and therefore cannot
represent spatial intermittency or the full triadic geometry of the Navier-Stokes equations.
Here they are used solely as reduced dynamical systems to test the robustness of Lyapunov
scaling while keeping in mind that several studies have shown how shell models capture the
effect of intermittency in measurements such as the scaling exponents of equal-time structure
functions [2, 115].

In the statistically steady state [41], let the velocity field be denoted as u%. We now construct
a second field uf = u{Vn # n, and uEP =(1+ eo)uﬁp. Our choice of 1, = 16 ensures that the
tiny perturbation (with €y = 10~%) are always added at wavenumbers just before the onset of
the dissipation scales for all the Reynolds number being considered. (We have checked that our
results are robust to the specific choice of 1, or variations in €y.)

We now use the nearly-identical fields u4 and u? as initial conditions and evolve the GOY
shell model independently for systems A and B and hence construct the shell model decorrelator
¢n(t) = (Jul — uB2/2) The (-) denote an ensemble averaging over independent realisations of
the initial field u%'. While it is straightforward to write the evolution equation for ¢, [41], we
find this is neither revealing nor analytically tractable. Instead, we choose to work with the
numerically constructed ¢, and assess its behaviour from our simulations.

Given the local nature of interactions in the shell model [115], it is reasonable to expect that
decorrelators such as ¢, may well have a self-similar short time growth followed by an eventual
exponential rise with a saturation as t — co. In the inset of Fig. 3.3 we show a loglog plot of the
temporal evolution of ¢, for a small initial time window 0 < t < 0.5 with a clear power-law
range for n < n,. This power-law eventually (t 2, 0.1) gives way to the exponential-growth
phase of decorrelators. The Lyapunov exponent characterising such shell-by-shell decorrelators
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Figure 3.3. Semilog plot of the shell model decorrelator ®5OY vs t for different Re showing an exponential
growth. (Inset) Loglog plot of the shell-specific decorrelator ¢, for different shells (the arrow indicates
the direction n = 1 to n = 16 shells) at very early times shows a power-law growth.

¢n are of course n-dependent. Hence we find it useful to construct the n-independent Lyapunov

®CGOY = yN ¢, . In the main panel of Fig. 3.3 we

exponent AGOY via the integrated decorrelator
show a semilog plot of the temporal evolution of ®%©Y for different values of Re showing, yet
again, a clear exponential growth, with a shell model Lyapunov exponent A9, followed by a
saturation to values roughly corresponding to 2E,, with Ej the statistically steady state energy
in our shell model.

In Fig. 3.2, along with the results from the Navier-Stokes equation, we overlay AS9Y

versus
the Reynolds number Rey corresponding to the GOY shell model (top x-axis); the Lyapunov
exponents are obtained from fits in the exponential-growth phase of the shell model decorrelators
as shown in 3.3; the errors on such fits yield error bars which are smaller than the symbols sizes
in Fig. 3.2. Clearly, comparing with the results from the Navier-Stokes equation, we find AG°Y =
APNS = ) ~ Re", with & = 0.59 + 0.04. Remarkably, combining the shell model and DNS data

Fig. 3.2 shows that our reported scaling holds for nearly 7 decades in Reynolds number.

In this work we have shown how recent ideas of decorrelators [42, 110-112, 119] provide a
microscopic way to understand the origins of chaos in fully developed turbulence. Remarkably,
these ideas are just as robust for simpler, cascade models of turbulence where locality [115]
ensures an initial scale-invariant growth of the decorrelator. We find signatures of these fluctua-
tions in one further aspect of the strain and viscous terms in Eq. (3.3) which connects with the
idea of intermittency. The theory developed by us involve the mean exponents: As and A, (and
hence A) are obtained from the spatial integrals over the corresponding terms. However, it is



CHAPTER 3. INTERMITTENT FLUCTUATIONS DETERMINE THE NATURE OF CHAOS IN
TURBULENCE 60

possible to measure the local exponents Ag(x) = f{;’u‘%fg and A, (x) = Vfg‘ﬁgj‘;“ in the exponential-

growth phase and thence their probability distribution functions P. These distribution are

found to have exponential (for As(x)) or power-law (for A, (x); see inset of Fig. 3.2) tails strongly
suggestive of intermittency and its connections with the question of chaos in turbulence. Further,
« > 1/2 also suggests that real turbulence would enhance Lagrangian and scalar mixing by
a significant shortening of the mixing time-scales ~ 1/A and increased stretching rates and
hence ought to be factored in in modeling of such phenomena. We do not explore these ideas,
as well as its implications for Lagrangian chaos [120, 121], any further here but leave it for a
more detailed study of the statistics of 85 and B, in future. Furthermore, because the decorrela-
tor is a second-order quantity, the present analysis does not access the multifractal hierarchy
of turbulent fluctuations; this limitation does not affect the conclusions regarding Lyapunov

scaling.

3.A DIRECT NUMERICAL SIMULATIONS

3.A.1 THE NAVIER-STOKES EQUATION

We perform direct numerical simulations (DNSs), by using a pseudospectral method, of the
three-dimensional (3D), incompressible, unit density Navier Stokes equation, with the pressure

field P

aa‘tl+u.Vu:yV2u—VP+f. (3.4)

on a periodic box of size L = 27t with N* collocation points. We choose N = 256 and N = 512
(to check for numerical convergence) and vary the coefficient viscosity 1073 < v < 32 x 1073
to obtain Reynolds numbers 50 < Re < 1400. We use a second-order Adams-Bashforth for
time-marching with a time step 6t = 5 x 10~* (for N = 256) and 6t = 4 x 10~* (for N = 512).

We initialise the flow with a random initial condition such that the initial energy spectrum
E(k) = Aok? exp(—kz/ 2k%) with Ay = ko = 1. The system is driven to a non-equilibrium
steady state (NESS) through a large-scale forcing with a constant energy injection at large scales
corresponding to wavenumber 1 < k¢pee < 2.

This statistically steady velocity field u is taken as the initial field for system A: up® = u
and further define the initial condition for system B via uo® = up? + dug. We use a Gaussian
perturbation ug(x) = €9 exp{(—(x — x0)?/20%) }x with €g = 107>, 0p = 4dx and xo = (7, 7T, 77)
at the center of the domain and which also satisfies the incompressibility constraint.

The nearly identical fields up® and ug® are then used as initial conditions for the Navier-
Stokes equation and evolved as before. The decorrelator is calculated from the evolution of such
twin simulations as ¢(x, ) = [u® — u*|?/2 and thence ®(t) = [ dx¢(x,t)/V. The decorrelators
are then used to estimate the Lyapunov exponents (obtained by fitting the initial exponential
growth phase) and its dependence on the Reynolds number.
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3.A.2 THE GLEDZER-OHKITANI-YAMADA (GOY) MODEL

The Gledzer-Ohkitani-Yamada or the GOY shell model

;tun = ik, [un+2un+l - 1”n+1”n71 - gunflun—Z]* - Vk;%un +f (3.5)
is one of several cascade models which mimic Navier-Stokes turbulence and are designed to
achieve very high Reynolds number. In such models, the velocities u, (with boundary conditions
u_1 = uy = un+1 = Un+2 = 0) associated with a scalar, exponentially growing, wave-number
ky = ko2", are complex, dynamical variables. The shell numbers range from 1 < n < N; in our
simulations we choose N = 22 and the coefficient of viscosity variesas 2 x 1077 < v < 64 x 1077
yielding Reynolds numbers in the range 8.7 x 10° < Re < 2.6 x 10%; the shell model, Reynolds
number is simply defined as Re = |uyms|/kov. The equation is integrated numerically by using
a second-order Runge-Kutta scheme with a time step 6t = 2 x 10~°. The constant amplitude
forcing f = 0.1, applied on the n = 2 shell, drives the system to a statistically steady state [122].

As with the strategy for the Navier-Stokes equation, we first obtain a non-equilibrium
statistically steady state with an energy spectrum E(k,) = |u,|*/k, ~ k;5/3 over an inertial
range of shells whose extent is determined by Re. We use this steady state velocity field to
define the initial field for system A — u/; and construct the initial condition for system B
via u8 ) = (14 €0)dy,n,uf}y. In all our simulations we have used ¢y = 0.001 and 1, = 16.
Numerically it has been seen that the shell wise decorrelators first show a power-law rise
later followed by the exponential-growthregime. The initial power law largely depends on the
distance from the perturbed shell. Therefore, we add the perturbation in a fixed shell n, = 16
for all values of Re.

A final remark and note of caution is necessary. Shell models are not derived directly from
the Navier-Stokes equations and contain no explicit information about spatial structures [123].
However, they respect the symmetries and conservation laws of the Navier—Stokes equations
and, remarkably, reproduce two-point statistics, including the scaling of structure functions
with intermittency corrections.

3.B DERIVATION OF THE DECORRELATOR FROM THE NAVIER-
STOKES EQUATION AND ITS LIMITS

3.B.1 EVOLUTION EQUATION FOR ¢(r,t) AND &

In this section we provide the derivation of the equation of motion of the decorrelator for the
Navier-Stokes equation and in particular estimate the long and short time limits of Bs and §;;.
We begin by recalling that the pressure term in the Navier-Stokes equation can be rewritten
as a Poisson equation
V2P = —0,u;0;u; (3.6)

by exploiting the incompressibility constraint. This Poisson equation underlines the non-local
nature of turbulence.
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It is useful, in what follows, to have a Green’s function representation
P(x) = — / dX/G(X, X/) [ajuiaiuj]/ (37)

where the / denotes the quantity evaluated at x’.
This allows us to construct the evolution equation of the solenoidal velocity perturbation

Su=uP —utin component form

851/{,‘
ot

= —du;ojul* — ufajéui — 9 </ dx'G(x,x) [afk(uﬁauk + Sujup + (5uj(5uk)]/> +vV20u; + 6 f;

(3.8)
and hence, via a dot product of du with Eq. (3.8), the equation for the decorrelator ¢(r, t):
?;f = —0u;S;jou; — OW; + véu;V>5u; + Su;id f;. (3.9)
Here, S;; = %(ajuf‘ + aiuf) is the strain-rate tensor and W; = uB¢ + su; [ dx'G(x,x') [afk(uﬁéuk +
(5uju,f‘ + 51/{]’51/[]()]/.
A spatial integration with ® = [ dx¢ now leads to the cancellation of the divergence term
and hence
dd 2 —
E = —<5uisl‘]’(51/l]'> + v(éuiv (5ui> + <(5u15f1> = ﬁs + ,3;7 + <5u15f1> (310)

the evolution equation for our spatially integrated decorrelator as discussed in the main text of
the manuscript.

3.B.2 SHORT AND LONG-TIME ASYMPTOTICS OF B

At early times, (du;0f;) = 0 (since the forcing terms are nearly identical), the pre-saturation
exponential growth of the decorrelator with the Lyapunov exponent A = APNS ~ A is controlled
by the short time asymptotics of Bs. Hence, in what follows, we drop the contribution from g,
to simplify presentation. (The B, term is treated separately in the following subsection.)

We now expand du;S;;0u; in the eigenbasis of the strain-rate tensor, with eigenvalues v; and
the square of the direction cosines cos? 6; = 77 € [0,1], to obtain

st(]) = —p(x,t) F(x,t) (3.11)
with T =2Y? | 4;7?. By choosing an integrating factor via 3;@(x, t) = I(x, t), it follows:
p(x, t) = ¢(x,0) exp{[O(x,0) — O(x, )] }. (3.12)
Furthermore, spatial averages (- - -) = & [, dx (over the whole domain V = (277)) lead to
(1) = (#(x0)exp[O(x,0) — O(x1)])

< cf; e (0) (explO(x,0) — O, 1) (3.13)

In the last line, we have used the inequality that for any g(x), i(x) > 0, (g(x)h(x)) < (sup, g(x))h(x).
Here fmax = sup,¢(x,0) and ®(0) are constants (independent of Re). Therefore, ignoring the
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constant pre-factor we can write that ®(t) < ®(0)(exp[©(x,0) — O(x,t)]). Introducing the
notation A® = ©(x,0) — O(x, t), it thus follows trivially that —

P(7)

AN

(0)(exp{[20])}
© 1

®(0) [Z <A®P>]

p=0 P

®(0) exp{ (ln [;;<A@p>] ) }

®(0) exp{ <ln 1+ i 1'<A®p)] ) }
p=1 P

P(0) exp{ [i ;!(A@@ } (3.14)

p=1
In the last step, we have used the inequality log(1 + x) < x where, x > —1 (L,(A@") /p!
is positive in the growth phase because of the compressional bias). Considering terms up to

AN

N

AN

AN

O(A®?), to account for corrections stemming from intermittent fluctuations [105]

P(t) < D(0) exp [(A@) + ;(A@zﬁ = exp [Ag) t+ /\éz) t} ~ exp{(Ast)}. (3.15)

The problem then reduces to evaluating Ag) and A(Sz) and then examine their Reynolds
number dependence. The dominant contribution between the two will determine how Ag, and

in turn the Lypunov exponent A scales with Re.

Let us consider the first order term (A®) (and hence A(Sl)) in terms of I':

o) = — [dn(reon))
- —Z/Otdt1<'yi(x,t1)ﬁ?(x,t1))

) /O it (ra(x 1)
< 2yt (3.16)

IN

In the third step, we used the fact that —y;, =72 < —73 and ) ﬁlz = 1. Therefore, -
Y2 yit? < —(A2 + A3 + A3)y3 < —7s. For the ease of writing let us denote —(3) = y and
154 = 0. Both u and o are positive definite. Thus, (A®) < ut. Simple phenomenological
arguments suggest that the mean eigenvalue is inversely proportional to the Kolmogorov time-
scale and hence scales as v/Re. Thus Aél) ~ v/Re and recovers the classical, mean-field result. We
confirm this is indeed correct in Fig. 4 in the main text where (|y3|) is shown to scale perfectly
with the theoretical prediction of VvRe.



CHAPTER 3. INTERMITTENT FLUCTUATIONS DETERMINE THE NATURE OF CHAOS IN
TURBULENCE 64

Let us now try to break down the second term (A@?). We solve in the following fashion —

t t
<A@2> = 4</0 dtl/o dtZ’}/i(X,tl)ﬁ%(x,h)’)/j(x,tz)ﬁ]z-(x,t2)>
t t S ,
4/0 dt1/0 dts (7 12 (%, 1) (%, 1) 22 (3, 12)] )

t t
16 [ dtr [ dtallys(x, 1)l 1 1))

16(73)tet
16(0? + p?)tct (3.17)

IN

VAN

IZANRZA

In the second step we have used the triangle inequality and in the third step we used
that 121 [7i7] < |72 +79300F + 72083 + [13]23 < [72](AF + 23) + |s|(A] + A3) < |7alAf +
|v3] < 2|7s| (since |72] < |vs3| and |#?] < 1. Here, t. is the characteristic auto-correlation
time scale for the ~ 1/A as the time scale at which two systems decorrelates (predictibility
time) « 1/A. Therefore, (A@%) < 16(0? + p?)+. So, At < ut +2(p* + 02)t/A and therefore,
A2 —2u) —8(u? +¢?) S 0.

From here it is just a matter of algebra (A is positive) to show that —

2u + /A2 + 32(u2 + 0?)
2

1+ \/9u? + 807
1+ \/9;!2 + 802 + 12V 20
4y + 220 (3.18)

>
A

AN

IZANRZAN

Since, we are only interested in the general scaling relations (particularly in terms of the mean
and fluctuation components), we drop the constant prefactors. Thus A <y + 0 = (73) + 75,
Hence the Reynolds number scaling of the Lyapunov exponent will be determined by the

Reynolds number scaling of (73) and 75,

This is as far as we can go theoretically. We now turn to measurements of (7y3) and 75 from
our DNS(s) and find (Fig. 4, main text) that while )\gl) = (y3) ~ v/Re (consistent with the mean
field estimate), )\g) = 7514 ~ Re", with & = 0.59 £ 0.04. Since « > 0.5 (the mean field result),
in the limit of large Reynolds numbers, the scaling of /\gz) dominates over the scaling Aél) and
hence APNS = A ~ Ag ~ Aéz) ~ Re" as summarised in Fig. 4 of our manuscript. An alternative

route to the same scaling laws can be obtained, for instance, via a cumulant expansion.

At long times, beyond the exponential-growth phase when the systems have started to
completely decorrelate the forcing term can not be neglected. Thus as t — oo, we estimate
(6uiofi) = (uBfBY + (wd fA) — (WP A+ ulr fB)) — 2(e). As we shall see below, this exactly
compensates the contribution of the viscous term 8, at long times.
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3.B.3 SHORT AND LONG-TIME ASYMPTOTICS OF g,

The viscous term can be expanded as

‘3;7 = v(éuivzéui> = —v(BjcSu,-ajéu,)
= —v((aiufaiuf + aiufaiuf - Zaiufaiuf))

=  —4vTr(S?) + 2v(0;u?9;uB) = 2(e) + 2v(9;ut9;ub). (3.19)
] ] ] ]

We find at short times, in the exponential-growth phase, this terms scales as 8, = o(1/ T,7),
where 7, = /% corresponds to the smallest Kolmogorov time scales. However, at long times

t — oo, systems A and B decorrelate leading to <8iu]-Aaiu}3> — 0 and hence B, ~ —2(¢) (see
Fig. 3.4(a) as well as the main text). This is easily understandable because, on average, dissipation

is balanced by the energy injection derived above.

3.C DECORRELATOR IN THE SHELL MODEL FOR TURBULENCE

It is possible to construct an evolution equation for the decorrelator in our shell model but, as we
shall see, its structure is less transparent than what we have seen for the Navier-Stokes equation.
By subtracting the GOY model equations for systems A and B we obtain the evolution of the

shell-by-shell velocity difference 6u, = uf — uf:
d €
ﬁéu” =tk [(Supouly q + Uy 20Uy 1 + Oyy2bllyy1) — X((Sunﬂu‘,ﬁ\,l + uly Oty 1 + Othy 101, 1)
-1
+ E;—l@mhﬂﬁq+uﬁyhmq+5mhﬁmkﬂr—vﬁ&w. (3.20)

22
From this by suitably multiplying with the complex conjugate field éu*, the decorrelator obeys

d tk €
—n = [(Otnsottly 10ty + UL OUy 10Uy + Oy 20Uy 110Uy) — — (Othy10Un1ty_
dt 2 A
e—1
+ uﬁﬂéun,léun + Suy 10Uy du, 1) + ( F ) (5un_2uﬁ_1(5un + uﬁ_léun,léun
+ Suy 20Uy, 10uy)]* + c.c. — 2UK5 . (3.21)

where c.c. means complex conjugate. A summation over all shells leads to simplifications in the
evolution of the GOY model decorrelator ®SOY
d L N
ECDGOY = 5 Y knledunuly 1 0unio + (1 — €)unduuyaubyy — 1y Stty 4101y 2)]

+ cc—2v) Kipn (3.22)

Further progress is only possible through a numerical solution of the decorrelator equation
as we report in the main text of the manuscript. The shell-wise decorrelator at very short times
show a power-law growth with a wavenumber-dependent scaling exponent. In particular at
long times when the decorrelator saturates, we find, unsurprisingly, |6u|? ~ |uy|? ~ k;2/ as
shown in Fig. 3.4(d).
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Figure 3.4. (a) Plots of B, at late times, for different Reynolds numbers, showing a saturation to
72@ (black dotted, horizontal line). (b) A plot of the probability distribution of components of du (for
Re = 358.2), for the Navier-Stokes equation, along the three eigen vectors of the strain rate tensor at
late times once the decorrelator saturates. Note that the normalisation used while computing the pdf is
[ P(n?)dn? = 1. (c) The distribution of the compressional eigenvalues for different values of Re. Both
the peak and the spread of the distribution scales with Re. (d) The evolution of ¢, vs k;, for the GOY
shell model, on a loglog scale at different times; the late time shows an asymptotic scaling corresponding
to k; 2% indicated by the dashed line.



GEOMETRIC INTERMITTENCY IN
TURBULENCE

Equal-time scaling exponents in fully developed turbulence typically exhibit non-anomalous scaling in
the inverse cascade of two-dimensional (2D) turbulence and anomalous scaling in three dimensions. In
this chapter we demonstrate that multiscaling is not confined to longitudinal scalar velocity increments,
but also emerges in structure functions constructed from the magnitude and orientation of the velocity
vector. This decomposition uncovers pronounced multiscaling in the 2D inverse cascade, which remains
largely obscured when using conventional longitudinal structure functions. In particular, angle-based
observables display strong departures from normal scaling together with signatures of saturation at high
orders in both two- and three-dimensional turbulence. To investigate the extent to which these properties
are specific to turbulence, we compare our results with synthetic Gaussian velocity fields possessing
the same two-point statistics as turbulent flows. Remarkably, we find that much of the multiscaling
phenomenology of the geometric observables survives even in correlated Gaussian fields that lack nonlinear
cascade dynamics. This suggests that the dominant mechanism underlying the observed scaling originates
not solely from turbulent intermittency, but more generally from the statistical structure of the observables
themselves. We argue that the bounded and ratio-like nature of the angular increments enhances the
role of correlations, kinematic constraints, and the geometry of low-velocity regions, thereby producing
a class of multiscaling observables whose dominant scaling behaviour can already emerge in correlated
random fields. Our results therefore point to an observable-dependent interpretation of multiscaling in
turbulence and clarify why certain classes of observables may be captured surprisingly well by synthetic
or quasi-Gaussian descriptions despite the strongly non-Gaussian nature of turbulent flows.

This chapter closely follows the work [78] !.

IThis work is done in collaboration with Siddhartha Mukherjee, I. V. Kolokolov, V. V. Lebedev, Takeshi Matsumoto,
and Samriddhi Sankar Ray.
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4.1 INTRODUCTION

Kolmogorov’s 1941 theory remains the peg on which our understanding of the statistics of
non-equilibrium stationary states of three-dimensional (3D) fully developed, statistically ho-
mogeneous and isotropic turbulence rests [124]. It provides a statistical physics framework to
interpret universality in turbulence through two-point correlation functions. Such p-th order
correlation functions Sy;(r) = ((duy)”) — called longitudinal (hence the superscript L) structure
functions in turbulence — are defined through the scalar velocity increment & ul; = du, - t, where
the Ju, is the (vector) velocity difference between points A and B separated by a distance vector r
and t = r/|r|. The angular brackets (- - -) correspond to an ensemble average, typically over space
and time in the non-equilibrium, statistically, steady state. For separations within the inertial
range of turbulence 7 < r < £, where 7 is the (small) dissipative scale and ¢ the large (integral
scale) of turbulence, and where the flow is known, from experiments and numerical simulations,
to be statistically homogeneous and isotropic, scale-invariance leads to S%(r) o 1% [124]. The
equal-time longitudinal exponents { ]15 = p/3 scale linearly with p — the normal scaling form —
follow from assumptions of homogeneity, isotropy and a finite energy dissipation rate ¢ (and
hence flux), along with an ¢ independence, in the limit of high Reynolds number.

While such a normal scaling form for the third-order exponent yields {3 = 1, a manifestation
of a scale-independent energy flux and consistent with the Karman-Howarth relation [124],
we know that the measured exponents deviate significantly from the p/3 scaling for p # 3.

L
In particular, in the inertial range, S%(r) = Clﬁ <£>p/3—§p (sr)p /3 [124], where Q; is a convex,
monotonically increasing function of p while satisfying the constraint & = 1 [124]. This
anomalous, multiscaling, rationalised through the Parisi-Frisch multifractal formalism [24], is a
fundamental property of turbulence whose origins lie in the ubiquitous intermittent nature of
turbulent flows.

At the same time, it is well known that not all statistical observables in turbulence are equally
sensitive to intermittency. While high-order moments of velocity increments probe rare, intense
fluctuations and therefore strongly deviate from Gaussian predictions, several lower-order or
suitably constructed observables are often well captured by models that rely primarily on two-
point statistics, such as quasi-Gaussian closures. This raises a natural and important question:
to what extent does the manifestation of multiscaling depend on the choice of observable itself?

Intriguingly buried in the definition of the scalar increment 6ul are the tangled contributions
coming from the statistics of the velocity amplitudes 14 and ug as well as the cosines of the
angles — cos 05 = 1ia - Fand cos 0 = {ip - ¥ — the unit velocity vectors make with the unit vector
between points A and B: For example, S} (r) = (1% cos? 0a + u3 cos? 0 — 2uup cos O cos 0g).

We confirm from numerical simulations that ui and cos? 8, are uncorrelated (likewise for
point B) and hence (u3 cos?0a) = (u3)(cos?0a) = co 02, where cg = (cos?0,) = 1/3 follows
trivially from a uniform distribution of orientations in 3D. But what about the correlations
involving the velocity amplitudes and the cosine of the angles? Indeed, can the mixed correlation
functions be simply written as products of correlations between the amplitudes and the angles?

Data from Direct Numerical Simulations (DNSs), whose details are discussed later, show
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Figure 4.1. Left panel: A comparison of the mixed correlator (2uaupcos6a cosfp) and
(2uaup)(cosfx cosBp) as well as (inset) (cosOa cosfg) and (uaup), normalised to 1 at r = 0, in three-
dimensional turbulence. Right panel: Log-log plots of the second-order structure functions vs /7.
Upper inset: Local slopes of 5; and S‘;COSG for p = 2 (lower set of curves) and p = 6 (upper set of curves);
the pair of vertical lines denote the inertial range. Lower inset: Analogous plots as those in the upper
inset but for local slopes extracted via ESS.

unambiguously (see Fig. 4.1) that (uaup cos0a cosOp) # (uaup)(cosfa cosbp). Furthermore,
the velocity amplitude correlation (uaug) decays faster with r than the correlation function of
the angular part (cos 6, cos0p) (Fig. 4.1, inset). This result [125] underlines the fact that the
statistics of the amplitudes and geometry of the velocity vectors are just as complex and perhaps
equally fundamental, which deserves a thorough investigation.

A key observation emerging from this decomposition is that the angular variables, unlike
the velocity amplitudes, do not depend explicitly on the magnitude of the velocity field. In
particular, quantities such as cos 6 are bounded and encode purely geometric information about
the orientation of the velocity vectors relative to the separation direction. This suggests that
such observables may be comparatively insensitive to the extreme amplitude fluctuations that
underlie intermittency in turbulence.

This raises a natural question: is the multiscaling behaviour associated with such geometric
observables a uniquely turbulent phenomenon, or can it arise more generally in correlated
fields that share similar two-point statistics? In other words, to what extent is the observed
scaling controlled by the nonlinear dynamics of the turbulent cascade, and to what extent is it a
consequence of more generic statistical and kinematic constraints?

There is one other reason which motivates the present study. Recent measurements [126]
of the scaling exponents C;E of the transverse structure functions — S;(r) = ((6u})"), where
Sul = du-#! with -7 = 0 — find a systematic, statistically significant departure from C]r;
suggestive of the role of geometry. Specifically, Buaria and Sreenivasan [126] show that { ; has
stronger signatures of multiscaling, with a possible saturation of CZ forp 2 8.

This motivates the question of whether the classical projected increments, from which longi-
tudinal and transverse structure functions are built, truly capture the strongest manifestations of
intermittency — or whether alternative increments can reveal even richer multiscaling behaviour.
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By separating velocity amplitudes from the local flow geometry via increments of cos 5 and
cos B, we uncover a family of structure functions that exhibit equally strong anomalous scaling
and, strikingly, reveal persistent intermittency in the nominally non-intermittent inverse-cascade
regime of two-dimensional turbulence when viewed solely through ¢ ]l;'

In what follows, we first present detailed results from direct numerical simulations of three-
and two-dimensional turbulence, which establish the multiscaling properties of these geometric
observables. We then turn to synthetic Gaussian fields with similar two-point statistics to assess
the extent to which these features are specific to turbulence or reflect a more general statistical
mechanism.

We use the publicly available data from the Johns Hopkins Turbulence Database (JHTD) [95-
97] — with Taylor-scale based Reynolds numbers Re, = 418 and 610 corresponding to resolu-
tions 10243 and 4096°, respectively— which is obtained from pseudo-spectral direct numerical
simulations (DNSs) of the incompressible, 3D Navier-Stokes equation with forcing at large scales.
The exponents we report are, within error-bars, the same for both these Reynolds number; the
data we present in the figures are from the larger Reynolds number simulation.

4.2 GEOMETRIC OBSERVABLES IN HOMOGENEOUS AND ISOTROPIC
TURBULENCE

p/3=¢
We define structure functions S = ([ou,|F) = C} (g) " (er)P”3, for the amplitude increment

ou, = ug — up, and S‘;,COSQ = (|0cosb,|P) = Cgcose (%) _Xp, for the cosine-angle increment
0 cos 0, = cos g — cos 0. The scaling form Ansatz is in direct corollary with that assumed for
the longitudinal structure functions in the inertial range. In End Matter, we show consistency of
such scaling forms and find, in particular, the Kolmogorov constants C; ~ C§ > C$<°s¢ [127].

We begin by analysing these observables in direct numerical simulations of homogeneous
and isotropic turbulence in both three and two dimensions. The aim of this section is primarily
phenomenological: to establish the scaling properties of the geometric observables and compare
them with those associated with more conventional velocity increments. Questions concerning
the degree to which these properties are uniquely turbulent, or instead reflect more general
statistical constraints, will be addressed in Sec. II1.

In Fig. 4.1 we show representative log-log plots of S} and $°°5¢ against 7/ from which
emerge the scaling exponents ¢, and x». From purely dimensional arguments it is reasonable to
expect & = (5. In the upper inset of Fig. 4.1 (lower pair of curves) we show semilog plots of the
local slopes for S§ and S5°%?. In the inertial range, denoted by the pair of vertical dashed lines,
we find a plateau whose value yields ¢, ~ x> ~ é% = 2/3 (up to intermittency corrections).

What is most revealing is the behaviour of higher-order exponents. For illustration, we
consider the sixth-order structure functions. A local-slope analysis (upper inset of Fig. 4.1) gives
the corresponding exponents. While the velocity-amplitude increment shows only a marginal
inertial-range plateau, the plateau for S2°°¢ is markedly clearer. Moreover, the resulting
exponents differ substantially from the classical longitudinal value (dash-dotted line), with
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Xe # Co < 'g. Because high-order exponents in turbulence are notoriously sensitive to finite-
Reynolds-number effects [124], we further validate this result using extended self-similarity
(ESS) [19, 128]. The ESS local slopes, shown in the lower inset of Fig. 4.1 for p =2 and p = 6,
confirm that the exponent ratios ¥, = x»/x3 and {fp = (/3 deviate significantly from the
corresponding longitudinal ratios { II; /% throughout the inertial range.

The contrast between the scaling behaviour of the velocity amplitudes and that of the angle-
based observables is particularly striking at higher orders. Since the angular increments are
bounded and insensitive to the overall magnitude of the velocity field, this already hints that
the observed multiscaling may not arise from precisely the same mechanism responsible for the
intermittency of conventional longitudinal increments.

A note of caution is warranted. Because our observables involve velocity amplitudes and
directional cosines, there is no Karman-Howarth-type constraint that would enforce a unit
third-order exponent. Consistently, as shown in the inset of Fig. 4.2, we find x3 = {3 # 1 within
error bars. Therefore, our use of ESS with the third-order structure function is strictly procedural:
it extends the apparent scaling range (lower inset of Fig. 4.1) and yields exponent ratios rather
than bare exponents [19, 128]. Throughout this manuscript we use the term “bare exponents” to
denote those obtained from direct log-log fits of the structure functions versus 7, in contrast to
the ESS-based exponent ratios.

The comparison of the local slopes of the second and sixth-order moments — and the fact
that they deviate increasingly from the classical longitudinal exponents at higher orders —
motivates a systematic calculation of the scaling exponents and the corresponding exponent
ratios through ESS.

In Fig. 4.2 we show plots of the exponent ratios §, and ¢, versus p [129], with both showing
a pronounced departure from normal scaling. To confirm that this is not an artefact of extended
self similarity, we calculate the bare exponents as a function of p as well. In the inset of Fig. 4.2
we show the corresponding bare exponents and find trends consistent with those obtained
from ESS. In particular, the scaling exponents associated with the angle increments display a
markedly stronger departure from the longitudinal exponents than those associated with the
velocity-amplitude increments.

While our investigation is motivated by the structure of the longitudinal increment, the
results reveal that multiscaling behaviour is robust across a broad family of geometric observ-
ables. In End Matter we show that several other angle-based increments, such as 66, = 05 — 63
(with exponents 77, and —7t < 66, < ), §sinf, = sinfs — sinfp (with exponents ), and
sin 40, = sin[f — O] (with exponents 7p), also exhibit clear signatures of multiscaling with
Xp = 1p # Bp = Vp-

Given the lack of a Kirmdn-Howarth constraint, these observables may be more susceptible
to finite-Reynolds-number effects and subdominant corrections. Nevertheless, the correspond-
ing ESS exponent ratios — which compensate for infrared and ultraviolet corrections that
contaminate the finite-Re inertial range [19, 128] — collapse onto a single curve. This collapse
strongly suggests that the different angular increments probe a common underlying statistical
structure associated with the geometry of the velocity field.
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An important point, however, is that such a collapse by itself does not establish that the
underlying mechanism is uniquely tied to the nonlinear dynamics of turbulence. As we shall
show later, remarkably similar scaling behaviour can emerge even in synthetic correlated fields
that are not solutions of the Navier-Stokes equations.

All of this throws up a tantalising question in the context of two-dimensional turbulence [130].
We know that the inverse cascade regime L >> r > Lg, where L is the forcing scale and L the
large scale of the system set by the drag coefficient, in forced, two-dimensional turbulence obeys
the Kolmogorov normal scaling theory and the associated longitudinal exponents { ]]; = p/3[131-
134]. It is therefore natural to investigate whether structure functions constructed from velocity
magnitudes and angular increments exhibit departures from this conventional scaling behaviour.

We perform pseudo-spectral DNSs of the incompressible, 2D Navier-Stokes equation in
the vorticity-streamfunction formulation in a 27t periodic domain with hyperviscosity (vA®)
and hypodrag (¢A~1!) terms. We force the system at high wavenumber k such that k 1<
k| < kf+ 1 with kf = 997. Hyperviscosity v = 1.05 x 10~* and hypodrag a = 35 [135].
From statistically steady velocity fields obtained from our DNSs, we measure, as in the 3D
problem discussed above, the equal-time scaling exponents x,, ¢,, By, 7p, and 7, along with
their counterparts %, :fp, ﬁp, ¥p, and 7], obtained from ESS [19, 128].

In the inset of Fig. 4.2 we plot the bare exponents as a function of the order p. Remarkably,
the exponents associated with the angle-based structure functions show clear anomalous scaling
with a suggestion of saturation at large p, more pronounced than in three-dimensional turbulence
(see Fig. 4.2). In the main panel of Fig. 4.2 we show the corresponding exponent ratios. While
¢, does not significantly deviate from normal scaling, pronounced multiscaling emerges for
the exponents related to the angular observables. This is qualitatively similar to what is seen
in three-dimensional turbulence, including the observation that while x, ~ 1, # B, = 7, the
corresponding exponent ratios collapse once more onto a single multiscaling curve.

The appearance of strong multiscaling in angle-based observables within the inverse-cascade
regime is particularly intriguing because conventional longitudinal structure functions in this
regime exhibit near-normal Kolmogorov scaling. At face value, this could be interpreted as a
previously hidden form of intermittency associated with the geometry of the flow. However, as
we demonstrate in the next section, much of this behaviour is already reproduced by synthetic
Gaussian fields with comparable two-point statistics, pointing instead toward a more general
geometric and statistical origin.

4.3 GENERALITY OF GEOMETRIC MULTISCALING: COMPARI-
SON WITH GAUSSIAN FIELDS

The results of the previous section establish that structure functions constructed from angular
increments exhibit strong multiscaling behaviour in both three- and two-dimensional turbulence.
A natural question therefore arises: to what extent are these observations a consequence of
the nonlinear dynamics of turbulence itself, and to what extent do they reflect more general
statistical properties of correlated vector fields?
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Figure 4.2. Left panel: Plots of the scaling exponent ratios ,, £, Bp, 7p and 7, (obtained via ESS) and
(inset) the bare exponents &y, xp, Bp, 7p and 17, for three-dimensional turbulence. Right panel: Plots of
the scaling exponent ratios ¥, & P Bp, ¥p and 7], (obtained via ESS) and (inset) the bare exponents x, ¢p,
By, vp and 17, for two-dimensional turbulence.

To address this question, we construct synthetic Gaussian velocity fields with prescribed
two-point statistics matching the inertial-range energy spectrum of turbulence. In particular, we
generate statistically homogeneous and isotropic Gaussian fields with energy spectrum E (k) ~
k~5/3 and analyse the same geometric observables introduced in Sec. II. By construction, these
synthetic fields contain neither coherent turbulent structures nor nonlinear cascade dynamics,
while retaining the same low-order correlation properties as turbulent velocity fields.

As expected, conventional longitudinal structure functions constructed from the synthetic ve-
locity increments display essentially normal scaling, with no significant signatures of anomalous
multiscaling. Remarkably, however, the angular structure functions exhibit scaling behaviour
that is nearly indistinguishable from that observed in turbulent flows. In particular, the ESS
exponent ratios associated with the angular increments show clear nonlinear dependence on the
order p, together with indications of saturation at large p, closely paralleling the behaviour seen
in the Navier-Stokes data (see Fig. 4.3).

This observation has an important implication. The multiscaling behaviour associated with
the geometric observables cannot be attributed solely to the intermittent cascade dynamics
of turbulence, since it already survives in Gaussian correlated fields that are not solutions of
the Navier-Stokes equations. Instead, the dominant mechanism responsible for the observed
scaling must arise more generally from the statistical structure of the observables themselves.

The key point is that the angular increments are fundamentally different from conventional
velocity increments. The latter directly probe fluctuations in the velocity amplitude and are
therefore highly sensitive to rare intense events. In contrast, the angular observables involve
ratios of velocity components to the local velocity magnitude. To leading order in a scaling
sense, the angular increment behaves as

ou,

5(cosb,) ~ T’
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where this relation should be interpreted as a scaling estimate rather than a controlled Taylor
expansion. The corresponding structure functions therefore involve moments of the form

dcosf |§ur|P
s~ (i)

This has several important consequences. First, the angular increments are bounded quan-

tities, unlike conventional velocity increments. Consequently, the corresponding structure
functions are far less sensitive to extreme amplitude fluctuations. Second, because the ob-
servable has a ratio structure, correlations between the increment éu, and the local velocity
magnitude |u| become important. Finally, events associated with small velocity magnitude con-
tribute disproportionately to the angular increments, enhancing the role of geometric structures
associated with the near-zero set of the velocity field.

These mechanisms are already present in Gaussian correlated fields possessing the same
two-point statistics. Consequently, synthetic fields reproduce much of the observed multiscaling
phenomenology despite the absence of genuine turbulent intermittency in the conventional sense.
The similarity between the turbulent and synthetic results therefore suggests that geometric
observables probe a statistical regime that is dominated less by cascade dynamics and more by
correlations, boundedness, and kinematic constraints.

At the same time, turbulence is not entirely irrelevant. Quantitative differences remain visible
in the detailed statistics of the increments and in the geometry of the near-zero regions of the
velocity field. For example, the fractal properties of the zero sets show measurable differences
between turbulent and synthetic fields (see Fig. 4.4), even though both display similar large-scale
scaling behaviour. Likewise, the probability distribution functions of the angular increments
retain non-Gaussian features in the turbulent case. These differences indicate that turbulence
modifies the statistical parameters of the geometric multiscaling, while leaving the underlying
mechanism largely intact.

The comparison with synthetic fields therefore leads to a reinterpretation of the results
of Sec. II. Rather than identifying a form of multiscaling unique to turbulence, the angular
observables appear to probe a broader class of statistical and geometric effects that can already
emerge in correlated Gaussian fields. Turbulence then acts to renormalise and modify these
effects quantitatively through the dynamics of the cascade.

In the next section, we develop a phenomenological framework for understanding these
observations in terms of ratio observables, correlation effects, and the geometry of the near-zero
sets of the velocity field.

4.4 INTERPRETATION: GEOMETRY, CORRELATIONS, AND SAT-
URATION

The comparison with synthetic Gaussian fields suggests that the multiscaling properties of the
angular observables are controlled less by the detailed nonlinear dynamics of turbulence and
more by the statistical and geometric structure of the observables themselves. In this section, we
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develop a phenomenological interpretation of the scaling behaviour observed in Secs. II and
III, focusing in particular on the role of boundedness, ratio structures, and the geometry of the
near-zero sets of the velocity field.

The starting point is the observation that the angular increments are fundamentally different
from conventional longitudinal velocity increments. Whereas the latter directly probe fluctua-
tions of the velocity field itself, the former depend only on the orientation of the velocity vector.
Consequently, the angular observables are dimensionless and bounded: |6 cos6,| < 2, [66,| < 7,
and similarly for the related observables introduced in Sec. II.

This boundedness has an immediate consequence for the scaling exponents. Conventional
structure functions can continue to acquire increasing contributions from progressively rarer
and more intense fluctuations as the order p increases. In contrast, for bounded observables
the dominant contributions at sufficiently large order arise not from arbitrarily large events but
from increasingly localised spatial regions where the angular increments remain finite. This
naturally leads to a tendency toward saturation of the scaling exponents at large p, consistent
with the behaviour observed in both the turbulent and synthetic fields.

A simple scaling argument illustrates the origin of this behaviour. To leading order in a

scaling sense, the angular increments behave as
ou,
ul’

To make this more explicit, let us consider regions where the velocity field locally vanishes with

5(cosb,) ~

a scaling exponent &, such that |u| ~ 7". In such regions, the angular increments remain finite
even as the velocity magnitude becomes arbitrarily small. If the set supporting these events
possesses an effective fractal dimension D(h), then standard multifractal arguments suggest a
contribution of the form

7

Sgcose (},) ~ rph—i—d—D(h)

where d is the spatial dimension. Since the observables are bounded, the minimisation over &
can lead to saturation of the exponents at large order p,

Xp = Xoos p — oo.

The observed flattening of the exponent curves in both two- and three-dimensional turbulence
is qualitatively consistent with this scenario.

Importantly, however, the existence of saturation itself does not require fully developed
turbulence. Correlated Gaussian fields already possess nontrivial zero sets and spatial corre-
lations, and therefore generate similar scaling behaviour for ratio observables. In this sense,
the dominant mechanism responsible for the observed multiscaling is geometric and statistical
rather than exclusively dynamical. Turbulence then modifies the details of the scaling through
the non-Gaussian statistics generated by the cascade.

This interpretation also sheds light on the behaviour of the inverse cascade in two-dimensional
turbulence. Conventional longitudinal structure functions in the inverse cascade exhibit near-
normal Kolmogorov scaling and correspondingly weak signatures of intermittency. Neverthe-
less, the angular observables continue to display strong multiscaling and apparent saturation.
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From the perspective developed here, this does not necessarily imply the existence of strong
intermittent amplitude fluctuations in the inverse cascade. Rather, it reflects the fact that geo-
metric observables probe a distinct statistical sector dominated by correlations, boundedness,
and the geometry of low-velocity regions.

The emergence of similar exponent ratios for several distinct angular observables — includ-
ing 4 cos 0, 86, 0 sin 0,, and sin (06, ) — further supports this picture. Although these observables
differ microscopically, they share common kinematic constraints and probe similar geometric
structures of the velocity field. Their collapse onto nearly identical ESS scaling curves therefore
suggests the existence of a broader class of geometric multiscaling observables.

The phenomenology developed here naturally raises a broader question concerning the inter-
pretation of multiscaling in turbulent flows. The results of this work suggest that the existence of
anomalous scaling alone may not always be sufficient to identify genuinely turbulence-specific
intermittency mechanisms. Instead, the statistical content of multiscaling can depend strongly
on the observable under consideration. Some observables probe extreme amplitude fluctua-
tions generated by the nonlinear cascade, whereas others may primarily reflect more generic
geometric and correlation-based effects already present in correlated Gaussian fields.

Viewed from this perspective, geometric observables provide a useful diagnostic framework
for disentangling different sources of multiscaling in complex flows. Turbulence remains
crucial in quantitatively modifying the scaling exponents and probability distributions, but
the underlying geometric mechanism responsible for the multiscaling of bounded angular
observables appears to be considerably more general.

4.5 PHENOMENOLOGICAL INTERPRETATION OF GEOMETRIC
MULTISCALING

The results of Secs. I and III suggest that the multiscaling properties of the geometric observables
are controlled not solely by turbulent cascade dynamics, but also by the statistical structure of
the observables themselves. In particular, the strong similarity between turbulence and synthetic
Gaussian fields indicates that the dominant mechanism must be sufficiently general to survive
even in correlated random fields lacking nonlinear Navier-Stokes dynamics. In this section,
we develop a phenomenological interpretation of the observed scaling behaviour based on
three key ingredients: the ratio structure of the observables, the boundedness of the angular
increments, and the enhanced role of regions where the velocity magnitude becomes small.
We consider angular structure functions of the form Sf,(r) = (|0(cos 0)|?), where cosf =
(u-7)/|u| and
ou
jul

This relation should be interpreted as a scaling estimate rather than a controlled Taylor expansion.

d(cos @) ~

Numerically, these structure functions display three distinct regimes: approximately linear
scaling at low orders, weak but systematic multiscaling at intermediate orders, and signatures
of saturation at sufficiently large p. Remarkably, this phenomenology is observed not only in
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Figure 4.3. Main panel: ESS exponent ratios {, associated with the angular structure functions in
homogeneous and isotropic turbulence and in synthetic Gaussian velocity fields possessing the same
two-point statistics. Despite lacking nonlinear cascade dynamics and coherent turbulent structures, the
Gaussian fields reproduce much of the multiscaling phenomenology observed in turbulence, including
pronounced departures from normal scaling and indications of saturation at large order p. The dashed
line denotes normal scaling for reference. Inset: ESS exponent ratios ¢, associated with conventional
velocity-amplitude increments in the synthetic Gaussian field. In contrast to the angular observables,
the conventional structure functions remain close to normal scaling. Together, these results suggest that
the dominant mechanism underlying the multiscaling of bounded geometric observables originates
not solely from turbulent intermittency, but more generally from correlations, ratio structures, and the
geometry of low-velocity regions.

turbulent flows but also in synthetic Gaussian fields with the same two-point statistics.
The key point is that the angular increments behave as bounded ratio observables. The
corresponding structure functions therefore involve moments of the form

So(r) ~ <||(Z‘,Lp>,

which differ fundamentally from conventional velocity structure functions. Such moments are

strongly sensitive to correlations between the increment du and the local velocity magnitude |u|,
while simultaneously enhancing the contribution of rare events associated with small velocity
magnitude.

The persistence of multiscaling in synthetic Gaussian fields can already be understood within
this framework. Let u; = u(x) and up = u(x + r) be jointly Gaussian variables with covariance
(uuz) = 2p(r), where p(r) = 1 — ar?". Then uy = puy + /1 — p? 1, with 5 an independent
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(a) (b)

Figure 4.4. Representative iso-surfaces of small velocity magnitude in (a) correlated Gaussian velocity
fields and (b) homogeneous and isotropic turbulence with matching two-point statistics. The visuali-
sations highlight the complex spatial organisation of low-velocity regions and near-zero sets that play
an enhanced role in the statistics of bounded ratio observables such as é(cos 0). Although the detailed
morphology differs between the turbulent and Gaussian fields, both exhibit highly structured extended
low-velocity regions, consistent with the phenomenological interpretation developed in Sec. IV. Estimates
of the corresponding fractal dimensions yield dr ~ 2.7 for the turbulent field and dr ~ 2.5 for the
Gaussian field, while the phenomenological estimate based on the local Holder exponent gives dr ~ 2.65.
These values are broadly consistent with the idea that the multiscaling and saturation properties of the
geometric observables are influenced by the geometry of the near-zero sets of the velocity field.

Gaussian variable. The increment therefore takes the form éu = (p — 1)uy + /1 — p*#. For
small separations, p — 1 ~ r?" while y/1 — p2 ~ 7", so that the stochastic contribution dominates

and du ~ 1"

, as expected. Importantly, however, the increment remains correlated with the local
velocity magnitude, implying that the ratio observable inherits nontrivial scaling behaviour
even in Gaussian fields.

Motivated by these observations, we phenomenologically decompose the angular structure

SQP(T’) - Sp (T) Szpero(r),

where S;,yp represents typical inertial-range fluctuations away from velocity zeros, while S7*™°
denotes contributions associated with regions where the local velocity magnitude becomes
anomalously small.

The typical contribution takes the scaling form

S;YP (1’) ~ rPh—’Yp’



79 4.5. PHENOMENOLOGICAL INTERPRETATION OF GEOMETRIC MULTISCALING

where the effective correction exponent 7y, > 0 phenomenologically captures the influence of
correlations between éu and |u|, together with the enhanced weighting of low-velocity events
in the ratio observable. In practice, 7, is determined empirically from the measured scaling
behaviour.

The second contribution arises from the bounded nature of the angular increments. Unlike
conventional velocity increments, quantities such as é(cos 6) remain finite even as |u| — 0. Con-
sequently, events associated with near-zero velocity magnitude contribute disproportionately to
high-order moments. If the probability of encountering such events scales as P(r) ~ r%", then

dh
s5e0(r) ~ 1,

Since this contribution is independent of p, it naturally produces a tendency toward saturation
of the scaling exponents at sufficiently large order.

The geometric origin of this scaling can be understood heuristically in terms of the spa-
tial structure of the near-zero sets of the velocity field. For a field characterised locally by
Holder exponent &, the probability of encountering zeros within a region of size r decreases
algebraically with r. In d spatial dimensions, the simultaneous vanishing of all velocity compo-
nents corresponds to the intersection of the zero sets associated with each component. Under
generic intersection assumptions, this leads phenomenologically to an effective codimension
proportional to di, and hence to a zero-set contribution scaling as r#".

Combining the two contributions yields the phenomenological form
Sf](r) ~ P 4 APl

where A = O(1) reflects the bounded amplitude of the angular increments. The corresponding
scaling exponent is therefore controlled by the dominant of the two contributions,

{p = min(ph — v, dh).

This form naturally produces near-linear scaling at small order, weak multiscaling at interme-
diate order through the correction exponent y,, and eventual saturation at sufficiently large p,
qualitatively consistent with the numerical observations in both two- and three-dimensional
turbulence as well as in correlated Gaussian fields.

The phenomenology developed here should not be interpreted as a complete theory of
geometric multiscaling. Rather, it provides a unified framework for understanding why bounded
ratio observables can display strong anomalous scaling even in the absence of fully developed
turbulent cascade dynamics. From this perspective, turbulence acts primarily to renormalise the
detailed statistics and geometry of the underlying correlated field, while leaving the dominant
geometric mechanism largely intact.

The present results are also consistent with a broader body of work showing that several
statistical properties of turbulence can be captured surprisingly well by synthetic or quasi-
Gaussian descriptions when the observables are dominated primarily by low-order correlations
and kinematic constraints rather than by extreme amplitude fluctuations. Examples include
the successful description of energy spectra and two-point statistics within quasi-normal and
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EDQNM-type closures, as well as the emergence of nontrivial scaling behaviour in synthetic
random-flow models such as the Kraichnan ensemble. In a related sense, correlated Gaussian
fields already possess complex nodal geometries and nontrivial zero-set statistics, which nat-
urally influence bounded ratio observables such as those studied here. Our results suggest
that the geometric multiscaling of angular observables belongs partly to this broader class of
correlation-dominated statistical phenomena.

4.6 CONCLUSIONS

In this work, we have investigated a class of geometric observables in homogeneous and
isotropic turbulence constructed from the amplitudes and orientations of velocity vectors. By
decomposing the longitudinal velocity increment into contributions associated with the velocity
magnitudes and the angular geometry of the flow, we uncovered a broad family of structure
functions whose scaling properties differ significantly from those of conventional longitudinal
velocity increments. In particular, the angular increments exhibit pronounced multiscaling
behaviour in both three-dimensional turbulence and in the inverse-cascade regime of two-
dimensional turbulence, where standard longitudinal structure functions display near-normal
Kolmogorov scaling.

Our results therefore demonstrate that the manifestation of multiscaling depends strongly on
the observable under consideration. While traditional velocity increments probe fluctuations of
the velocity amplitudes, the geometric observables introduced here probe correlations associated
with the orientation of the velocity field and the structure of low-velocity regions. This distinction
becomes especially important at high orders, where the angular observables display stronger
departures from normal scaling and clear indications of saturation.

The most important result of this work, however, emerges from the comparison with syn-
thetic Gaussian fields possessing the same two-point statistics as turbulent flows. Remarkably,
we find that much of the observed multiscaling phenomenology survives even in correlated
Gaussian fields that are not solutions of the Navier-Stokes equations and possess neither coher-
ent turbulent structures nor nonlinear cascade dynamics. In particular, the geometric observables
in such synthetic fields exhibit nonlinear ESS exponent ratios, signatures of saturation, and
scaling behaviour qualitatively similar to those observed in both two- and three-dimensional
turbulence.

This observation leads naturally to a reinterpretation of the multiscaling associated with
geometric observables. Rather than arising solely from intermittent cascade dynamics in the
conventional sense, the dominant mechanism appears to originate more generally from the sta-
tistical structure of the observables themselves. The angular increments are bounded quantities
and involve ratios of velocity increments to local velocity magnitudes. Consequently, they are
comparatively insensitive to extreme amplitude fluctuations while simultaneously enhancing
the statistical importance of regions where the velocity magnitude becomes small. Their scaling
properties therefore depend strongly on correlations, boundedness, and the geometry of the
near-zero sets of the velocity field.
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Viewed from this perspective, the similarity between the turbulent and Gaussian results is
not accidental. Correlated Gaussian fields already possess nontrivial spatial correlations and
complex zero sets, and therefore naturally reproduce many of the geometric and statistical
mechanisms that control the scaling of ratio observables. Turbulence then acts not as the sole
origin of the multiscaling, but rather as a dynamical process that renormalises and quantitatively
modifies an underlying geometric mechanism that is already present in correlated fields more
generally.

This interpretation also clarifies why the angular observables continue to display strong
multiscaling in the inverse cascade of two-dimensional turbulence despite the near-normal
scaling of conventional longitudinal structure functions in that regime. Our results suggest
that such behaviour need not imply the presence of strong intermittent amplitude fluctuations
associated with the energy cascade itself. Instead, the geometric observables probe a distinct
statistical sector dominated by boundedness, kinematic constraints, and the spatial organisation
of low-velocity regions. The appearance of similar scaling behaviour in synthetic Gaussian fields
supports this interpretation.

More broadly, the present work suggests that the statistical content of multiscaling in tur-
bulence may depend crucially on the class of observables being considered. Some observables,
such as conventional velocity increments, are strongly tied to the non-Gaussian amplitude
fluctuations generated by turbulent cascades. Others, particularly bounded geometric or ratio
observables, may derive a substantial part of their multiscaling from more generic correlation-
based mechanisms that survive even in Gaussian fields. In this sense, the existence of anomalous
scaling alone may not always be sufficient to identify uniquely turbulence-specific intermittency

mechanisms.

Our findings also suggest a broader perspective on the use of synthetic and quasi-Gaussian
descriptions in turbulence. It has long been known that several low-order statistical properties
of turbulent flows, including energy spectra and certain correlation functions, are often captured
surprisingly well by quasi-normal closures and synthetic Gaussian models. The present work
shows that this correspondence can extend significantly further for suitably chosen observables,
particularly those dominated by kinematic constraints and geometric correlations rather than by
extreme amplitude fluctuations. At the same time, important differences remain: turbulence
modifies the detailed statistics of the increments, the geometry of the near-zero sets, and the
probability distribution functions in ways not fully reproduced by Gaussian fields. Thus, while
synthetic fields can capture the dominant scaling mechanism for geometric observables, they do
not provide a complete description of turbulent intermittency.

The framework developed here therefore opens several directions for future work. It would
be interesting to investigate whether similar geometric multiscaling emerges in compressible
turbulence, magnetohydrodynamic turbulence, rotating and stratified flows, active matter
systems, or quantum fluids. Equally important is the development of a more systematic theory
connecting the scaling exponents of geometric observables to the statistics and dimensions of the
near-zero sets of correlated vector fields. Such investigations may help clarify more generally
which aspects of multiscaling are genuinely dynamical consequences of turbulence and which
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Figure 4.5. Loglog plots of the different second-order structure functions for increments of (a) the
longitudinal velocity (b) velocity amplitudes and (c) the cosine-angles. Each panel is accompanied by
the scaling form (valid in the inertial range) from which factors in the anomalous part of the scaling;
for (c) we do not have a dimensional form for the scaling since the cosine-angle structure functions are

dimensionaless.

arise from broader geometric and statistical structures common to correlated random fields.

Taken together, our results suggest that geometric observables provide a complementary
route for probing multiscaling in complex flows. By separating amplitude fluctuations from
geometric correlations, they reveal a class of scaling phenomena that straddles the boundary
between turbulence-specific intermittency and more universal statistical mechanisms present in

correlated fields.

APPENDIX

4.A SCALING FORM FOR THE SECOND-ORDER STRUCTURE
FUNCTIONS

We show the accuracy of the scaling form (see main text)

/3-8y
i) = <t (5)" " ()
/3-8,
Si(r) = ¥ <f>p (er)P”? (A-2)
S(Scosf)(r) — C5C059 <€>Xp (A-3)
2 2 r

of the second-order structure functions. Of course, such a form for longitudinal increments
is well known [124], and in Fig. 4.5(a) we fit this form to extract Ct = 2.3 [127] by using the
integral length scale / = 1.39 and mean dissipation rate ¢ = 1.41. We then use the same L to fit,
in panels (b) and (c), respectively, the second-order structure function S3 for the amplitude and
S5<0s9 for the cosine-angle increments. In particular, our fits yield C* ~ 1.8 and C°<°*¢ ~ 0.5.
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Figure 4.6. Plots of the local slopes for structure functions increments ¢ sin 6, (b) dsinf, and (c) 6,
with (upper panel) and without (lower panel) the use of extended self-similarity in three-dimensional
turbulence. A similar quality of scaling is also obtained for two-dimensional turbulence.
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Figure 4.7. Representative plots of the probability distribution functions of (a) éu,, (b) J cos 6,, and (c) 56,
for different values of /1.

4.B APPENDIX B: MULTISCALING EXPONENTS AND THE PROB-
ABILITY DISTRIBUTION OF INCREMENTS

In this section we analyse the multiscaling exponents for the p-order, equal-time structure
function exponents, associated with the increments (|6sin6,|P) = (|sinf, — sinfp|P) ~ rfr,
(|sind6,|7) = (| sin[0a — O]|P) ~ 17, and (|66,|P) = (|[6a — OB]|P) ~ 1'Tr.

These exponents are obtained through a local slope analysis (as discussed in the main text;
see Fig. 4.6). The bare exponents, as well as those obtained via ESS, are listed in Table 4.1, for
three-dimensional and in Table 4.2, for two-dimensional turbulence.

Multiscaling of inertial range exponents are associated with non-Gaussian tails of the proba-
bility distribution functions of the increments themselves. In Fig. 4.7 we show representative
plots of the probability distribution functions of (a) éu,, (b) écos8,, and (c) 46, for different
values of r/#, which show clear non-Gaussian tails. In particular, for the velocity amplitude
increments (Fig. 4.7(a)), large values of r /1 lead to a Gaussian distribution with ever widening

tails as r/# fall in the inertial range.
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1|030+0.03 | 0462 +0.005 | 0.324+0.02 | 0.457 £0.005 | 0.36 £0.01 | 0.424 + 0.004
21047 +0.04 | 0.790£0.003 | 0.51 £0.03 | 0.786 +0.003 | 0.61 =0.02 | 0.769 £ 0.005
3 | 0.56+0.06 1.00 0.63 £0.04 1.00 0.79 £0.02 1.00

4 | 0.634+0.06 | 1.128+0.006 | 0.72£0.05 | 1.131 £ 0.005 | 0.92 +0.02 1.15+0.01
51068+007| 1.22+0.01 0.77 £0.05 1.22 +£0.01 0.98 £0.02 1.24 +0.03
6 | 0.72+0.07 1.28 4 0.02 0.81 £0.05 1.28 4 0.02 1.03 £ 0.02 1.28 +0.04

Table 4.1. A summary of the equal-time scaling exponents B,, vp, and 7, with the corresponding

exponent ratios obtained via ESS (denoted by a tilde) for three-dimensional turbulence.

By

By

Tp

Tp

My

fp

0.23 £0.04
0.34 £ 0.06
0.41 +£0.07
0.45 £ 0.07
0.47 £0.08
0.49 +£0.08

N Ul = LW N~

0.55£0.03
0.83 £0.01
1.00
1.11+£0.01
1.18 £0.03
1.24 +£0.04

0.21 £0.04
0.32 +£0.06
0.39 £0.07
0.43 +0.08
0.46 = 0.08
0.48 +=0.08

0.54 £0.02
0.83 £ 0.01
1.00
1.11+£0.01
1.19 +£0.02
1.24 £0.02

0.30 £0.03
0.49 +0.04
0.59 +£0.03
0.65£0.01
0.69 £0.01
0.71 £0.02

0.49 £0.03
0.80 £ 0.03
1.00
1.10+£0.03
1.16 =0.05
1.21 £0.07

Table 4.2. A summary of the equal-time scaling exponents ,, vp, and 77, with the corresponding

exponent ratios obtained via ESS (denoted by a tilde) for two-dimensional turbulence.



FORCING EFFECTS ON ENERGY AND
ENSTROPHY DISSIPATION IN
TWO-DIMENSIONAL FLOWS

Mathematical estimates for the Navier—Stokes equations are traditionally expressed in terms of the Grashof
number, which is a dimensionless measure of the magnitude of the forcing and hence a control parameter
of the system. However, experimental measurements and statistical theories of turbulence are based
on the Reynolds number. Thus, a meaningful comparison between mathematical and physical results
requires a conversion of the mathematical estimates to a Reynolds-dependent form. In two dimensions,
this was achieved for sufficiently smooth forcing. Nonetheless, numerical simulations have shown that
the phenomenology of turbulence is sensitive to the degree of reqularity of the forcing that sustains it.
Therefore, we extend the available estimates for the energy and enstrophy dissipation rates as well as the
attractor dimension to the full range of forcing reqularity as allowed by the theory of weak solutions. The
main result is the existence of three distinct regimes as a function of the regularity of the forcing.
This chapter closely follows the work [79] .

5.1 INTRODUCTION

The complexity and the limited predictability of turbulent flows justify the use of statistical tools
to describe their dynamics. Statistical approaches have indeed been successful in capturing
key aspects of turbulence, offering explanations that align well with experimental observations
[44? -46]. The Navier-Stokes equations, however, are a deterministic (infinite-dimensional)
dynamical system. Thus, an important goal of mathematical analysis is to prove the main
facts in turbulence theories within a deterministic framework [13, 47-50]. Mathematical results
generally take the form of bounds for the time average of Sobolev norms of Navier-Stokes

1This work is done in collaboration with John D. Gibbon and Dario Vincenzi.
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weak solutions; interestingly, statistical predictions often correspond to the saturation of the
mathematical bounds.

The early rigorous estimates for the body-forced Navier-Stokes equations were expressed in
terms of the generalized Grashof number Gr, a dimensionless measure of the magnitude of the
forcing introduced by Foias et al. [54]. This is a natural choice from a mathematical point of view,
since the magnitude of the forcing appears as an input parameter for the problem. However,
experimental measurements and statistical theories of turbulence are typically expressed in
terms of the Reynolds number Re, which is based on the velocity or the energy dissipation
rate and therefore emerges as a response of the system. Thus, a meaningful comparison
between mathematical and physical results requires a conversion of the mathematical bounds
to a Re-dependent form. For periodic boundary conditions and square-integrable forcing, this
conversion was carried out by Doering and Foias [8]. They showed that Gr < c1Re + cRé?,
where the prefactors depend only on the functional shape of the forcing and are uniform in
the other parameters of the system. Moreover, Doering and Foias [8] derived a rigorous upper
bound for the time-averaged energy dissipation rate ¢ that captures the laminar flow behaviour
at small Re and is consistent with the dissipative anomaly? in three dimensions at large Re.
Under the assumption of narrow-band forcing, this estimate was later extended to Sobolev
norms of the velocity of any order [137, 138].

As mentioned above, the result in [8] holds for square-integrable forcing. However, in a
periodic domain, weak solutions of the Navier-Stokes equations are known to exist under
more general conditions, namely the forcing must only be in the Sobolev space H~! [69].
Loosely speaking, H® is the space of functions that have zero spatial average and whose Fourier
coefficients decay faster than k—* —d/2 ¢ large k, where k is the wavenumber and d = 2, 3 is the
space dimension. Hence, for weak solutions to exist, the Fourier coefficients of the forcing must
only decay faster than k'~%/2 (as opposed to k~9/2 for square-integrable forcing). Although the
existence theory ensures that the global energy balance holds in the sense of an energy inequality
also for these less regular forcings, it does not immediately clarify how dissipation bounds are
modified. In three dimensions, this issue was addressed by Cheskidov, Doering, and Petrov [9].
Their analysis shows a qualitative transition: when the forcing is no longer square-integrable, ¢
is allowed to grow as a power of Re with an exponent that depends on the degree of regularity
of the forcing.

Broad-band forcings have been considered in the physics literature in order to investigate
a potential breakdown of the classical cascade phenomenology. In three dimensions, Kol-
mogorov’s theory assumes that energy injection is concentrated around a characteristic length
scale which itself is much larger than the viscous scale. Forcings whose action extends over
a wide range of scales, and even reach the viscous range, do not display the necessary scale
separation between injection and dissipation. This overlap leads them to generate a different
phenomenology. For instance, if the Fourier spectrum of the forcing scales as a power of k — a set-
ting appropriate for turbulent flows generated by fractal grids [51, 52] — the law of finite energy

2An estimate of ¢ for body-forced turbulence in terms of Re was first derived by Foias [136]. That estimate captured
the dissipative anomaly in the infinite-Re limit, but it included a spurious volume-dependent prefactor.
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dissipation is violated and e grows linearly with Re [53]. This is consistent with the result pre-
dicted by Cheskidov et al. [9]. Power-law forcings are also at the heart of renormalisation-group
(RG) approaches. The canonical setting is white-in-time Gaussian forcing whose covariance in
Fourier space scales like k*~9~Y, where y is an expansion parameter®. Some of the key objectives
of the RG approach have been the calculation of the Kolmogorov constant and the dependence
of the energy spectrum on the scaling exponent of the forcing [140? —-142]. The same kind of
forcing has been employed beyond the RG framework to investigate the effect of the injection
mechanisms on the statistics of the velocity field [143-147]. In particular, the critical threshold
Ye = 4 was found to separate two regimes: for y < y. the small scales are forcing-dominated
and display nearly dimensional scaling, whereas for y > y. the small-scale statistics become
essentially forcing-independent and exhibit the same anomalous scaling found in flows forced
only at large scales [144]. This transition is again consistent with the result of Cheskidov et al. [9],
since y, = 4 is the value below which the covariance of the forcing ceases to be square-integrable.
Thus, these studies demonstrate the strong impact of the forcing regularity on the dissipation of

energy in three dimensions.

In two dimensions, the Navier-Stokes equations possess two quadratic invariants in the sense
of strong solutions ; namely, energy and enstrophy. This fact strongly modifies the dynamics of
the flow. Indeed, the Kraichnan-Leith-Batchelor (KLB) theory states that an inverse transfer of
energy to large scales coexists with a direct cascade of enstrophy to small scales (see [58, 59] for
a review). This phenomenology suggests that, in a forced state, ¢ vanishes as viscosity tends
to zero, while the time-averaged enstrophy dissipation rate x remains finite. As in the three-
dimensional case, mathematical estimates of € and x have typically been expressed in terms of
Gr [60-62], but once again the comparison with experimental and numerical results requires a
conversion of the results to a Re-dependent form. Rigorous upper bounds in terms of Re were
obtained by Alexakis and Doering [63] and Gibbon and Pavliotis [64] for periodic boundary
conditions and under the assumption that the forcing is in H?; i.e. its second derivative is square
integrable. The strategy employed was to apply the methods of Doering and Foias [8] to the
vorticity equation instead of the equations for the velocity. The infinite-Re limit of the resulting
bounds is consistent with the KLB prediction of a dual cascade. More stringent bounds apply
when the forcing is monochromatic or injects energy in a finite set of wavenumbers at a constant
rate. In these cases, both € and x vanish as Re tends to infinity, and the enstrophy cascade
disappears [63, 148, 149]. An analogous result holds for white noise forcing [150]. Incidentally,
enstrophy dissipation also vanishes in the inviscid limit when forcing is absent and turbulence

decays at long times [151, 152] — see also [153] and references therein.

Returning to the forced case, we have seen that, in two dimensions, the available Re-
dependent estimates of ¢ and x require that the forcing possesses a relatively high degree
of regularity (the forcing must be at least in FH?). Contrary to the three-dimensional case, to our
knowledge there has been no extension of such estimates to less regular forcing. Notwithstand-

ing this, weak solutions are known to exist for forcing in H~1, and numerical simulations have

3Using a forcing term with power-law correlation is a strategy for introducing a small parameter into the
Navier-Stokes equations. The functional RG formalism now allows for non-perturbative approaches [139].
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demonstrated that even in two dimensions the regularity of the forcing has a strong impact on
the turbulent flow [65, 66]. In particular, these simulations have clarified certain discrepancies
between the RG predictions and the KLB theory and have shown the existence of different dy-
namical regimes, the KLB scenario being observed only when the forcing is sufficiently regular.
Therefore, our aim here is to extend the existing Re-dependent estimates for the time-averaged
dissipation rates € and x to forcings in H?® with —1 < s < 2. To this end, we combine the methods
of [63] and [64] with those of [9]. In essence, our strategy is to apply the techniques developed
for the three-dimensional Navier-Stokes equations with H*-forcing to the vorticity equation in

two dimensions.

Another crucial difference between two and three dimensions is that the two-dimensional
Navier-Stokes equations on a periodic domain are known to possess a global attractor A
if the forcing is square-integrable. A is a compact set on which the long-time dynamics is
confined [68] (see also [69, 70]). Thus, asymptotically in time, any initial condition outside .A
approaches it, while any trajectory starting on .4 remains there for all time. The existence of
such an attractor reflects the effectively finite-dimensional behaviour of an otherwise infinite-
dimensional dynamical system. Bounds for the fractal dimension of the attractor, d f(A), indeed
provide a mathematically rigorous notion of the ‘degrees of freedom” of the system (see also
[67, 71], for an informal introduction). Restricting to periodic boundary conditions — the setting
considered here — Constantin, Foias, and Temam [72] were the first to obtain an estimate of
d¢(A) in terms of Gr (see also [73] for a simpler proof based on the vorticity rather than the
velocity field). Later, Gibbon and Pavliotis [64] converted this estimate into a Re-dependent
estimate under the more restrictive assumption of H2-forcing. The Re-based estimate of [64]
matches the heuristic prediction for the degrees of freedom of two-dimensional turbulence.
Here, by using the new bound for x, we also extend the estimate of d f(.A) in [64] to the case of
less regular forcing.

Our results for ¢, x, and d f(A) are summarized in table ?? in which only the large-Re bounds
are shown. While the first line represents the special case of monochromatic or constant-¢ forcing,
the rest of the table refers to the case of H’-forcing. Our analysis reveals the existence of three
distinct regimes depending on the value of s. The case s > 2 is that studied in [63, 64]. Our
estimates correspond to 0 < s < 2. The last line (—1 < s < 0) is a straightforward adaptation
of the three-dimensional result of [9] to two dimensions. The rest of this article is organised as
follows. In §5.2 we introduce the functional setting and briefly recall the relevant results from
the literature. In §5.3 we present the derivation of our estimates, and in §5.4 we offer some
concluding remarks.

5.2 DEFINITIONS AND PREVIOUS TWO-DIMENSIONAL RESULTS

We consider the incompressible Navier-Stokes equations on the periodic domain Q) = [0, £]%:

ou+u-Vu+Vp=vAu+f, V-u=0, (5.1)
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Forcing xe/ud el/ud ! 7 ds(A) Refs.
single-k or fixed-e | Re ™! Re~1 Rel/3 Rel/2 Re2/3(1 +InRe)1/3 [63, 148, 149]
s>2 RV Re~1/2 Rel/2 ReS/8 Re(1+InRe)1/3 [63, 64]
2-g s 4+s 3+s 2(4+s) 1/3
0<s<2 Re2Ts | Re w2 Re3@+s) Re2(2+5) Re3@+) (1+ InRe)l/
s 3+s
-1<s<0 — Re™ s+2 _ Re2(2+s) o [9]

Table 5.1. Large-Re estimates for the two-dimensional Navier-Stokes equations with H® constant-in-
time forcing. If the forcing is time dependent, the estimates for the time-averaged dissipation rates are
multiplied by a prefactor tha depends on the Strouhal number, i.e. the ratio of the convective time of the
flow to the characteristic time scale of the forcing (see § 5.3.3 for the details).

where u(x, t) is the velocity field, p(x, t) pressure, v the kinematic viscosity, and f(x) an ex-
ternally applied, time-independent, divergence-free forcing (in §5.4, we will comment on the
extension of the results to the case of time-dependent forcing). We also assume that both the
forcing and the initial velocity uo(x) have zero mean, so that u(x, t) remains zero-mean at all
times. To take advantage of the structure of the Navier—Stokes equations in two dimensions, it
is convenient to study the evolution of the scalar vorticity

w=e3-(Vxu). (5.2)
Taking the curl of (5.1) yields the vorticity equation
oiw+u-Vw =vAw+ ¢, (5.3)

where ¢ =e3- (V x f).

Given a vector field g(x, t), we define its Fourier coefficients gx (¢) through
glxt) =Y &(t)e™,  gi(t) =72 / g(x, t)e *¥dx. (5.4)
P’ 0

Since we only consider zero-mean vector fields, all Fourier series are understood to be over the
wave-vectors k = 27tn/{ with n € Z? such that k = |k| # 0. In particular, if the field g(x, t) is
divergenceless, then k - gx(t) = 0 and the following identity holds

[(V x g)kl* = |k x gkl* = K*|gk|* — (k- 8x)* = K[« |*. (5.5)

We aim to study (5.1) and (5.3) as the degree of regularity of the forcing varies. To this end, we
consider the homogeneous Sobolev space H*(Q)). A field g € H*(Q) if and only if it has zero
mean and its H*-norm, defined by

gl = Y _(ek)*|gxl?, (5.6)
k

is finite. Note that we follow the definition of the H*-norm used in [9]; this definition differs
from the usual one by a factor of £°~! but has the advantage of simplifying the calculations,



CHAPTER 5. FORCING EFFECTS ON ENERGY AND ENSTROPHY DISSIPATION IN
TWO-DIMENSIONAL FLOWS 90

since ||g|| ;= has the dimension of |g| for all s. The parameter s characterizes the regularity of the
tield, higher values of s corresponding to smoother fields. In particular, s = 0 corresponds to
the L>-norm (here defined with the volume normalization prefactor for consistency with the
definition of the H°-norm)

Igll7. =072 | lg(x, t)Pdx =Y I8k (£)* = I8l 30 - (5.7)
Q k

The forcing in (5.1) is thus taken to be in H*(Q)) and of the form
f(x) =F®(( 1x), (5.8)
where F > 0 is the magnitude and ® is a dimensionless field such that
/ch(x)dx:O, V-®=0, [®]=1. (5.9)

We shall refer to @ as the ‘shape’ of the forcing. Recall that weak solutions of (5.1) are known to
exist fors > —1 [69].

The time-averaged energy and enstrophy dissipation rates are defined as

e=vl? </ |Vu|2dx> , x=vl"? </ |Vw|2dx> , (5.10)
0 0

(-) =lim sup -dt. (5.11)

T—o0

respectively, where

In terms of the H®-norms the same quantities are expressed as

e= vt (ul2) = v{lwld),  x=ve2(lwlZ) = vt ulfe) . 612)

The length scales 77, and 7. corresponding to energy and enstrophy dissipation are

1/3 1/4 1/3 1/6
e = <€) , Ty = <X> . (5.13)

These scales are also known as the Kolmogorov and Kraichnan length scales, respectively.
We now briefly recall the previous estimates of ¢, x, and the attractor dimension. For f € H1,
only a bound for ¢ is available
e < V3G, (5.14)

where Gr, = v7203|| || ;-1 is a Grashof number based on the H~!-norm [154, 155]. The absence
of a bound for x means that it is not known whether a global attractor exists in this case. The
traditional estimates of ¢ and x in terms of the Grashof number assume f € L2(Q)) and define
Gras

Clflle
Gr=— 5. (5.15)

The corresponding bounds on the energy and enstrophy dissipation rates read (see e.g. [47, 48])

e < VG, x < V300G, (5.16)
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Under the same assumptions on the forcing, the bound for the attractor dimension is
dr(A) < cGr*’?(1+1nGr)'/3, (5.17)

where ¢y is a positive dimensionless constant [72, 73]. When the forcing is at small scales, the
bound in (5.17) is improved by a bound that is linear in Gr, [154, 155].

Converting these estimates into a Re-dependent form requires a definition of the Reynolds
number based on a characteristic velocity that remains bounded for all time. To this end, take
the dot product of (5.1) with u and average over () to obtain

1d 1
Sl = vIVulE+ 2 [ ) h v (5.18)

Applying the interpolation inequality £=2 [ f - udx < €| f|| 51 | Vu| ;2 and Young’s inequality
to the forcing term gives

1d v /2
5 sellule < 2 IValid + [ (5.19)

Then, the Poincaré inequality implies

d /1 47rv 02
(3l ) < =252 (Glos) + 5 115 (5:20)

Finally Gronwall’s lemma applied to this linear differential inequality gives

€4
HuHLz < H”OHLZ exp(—4m?vt/(?) + W\\f\]%{,l(l — exp(—4r?vt/ (7). (5.21)

Hence ||u[|?, is uniformly bounded in time. This fact lead Doering and Foias [8] to define the
Reynolds number in terms of the time-averaged L?-norm of the velocity as

ur
Re= ==, u? = (|lull?,) . (5.22)

The conversion of (5.16) and (5.17) to a form based on this definition of Re was achieved under
the assumption of sufficiently regular forcing. For f € H2((}), the estimates equivalent to (5.16)
and (5.17) are [63, 64]

£3
I < —I— Re’ (5.23)

and
df(A) < coRe(1+1nRe)'/?, (5.24)

with c1 and ¢ positive dimensionless constants. The estimates of ¢ and x are consistent with a
residual dissipation of enstrophy and the absence of a direct cascade of energy in the infinite-Re
limit. Regarding the attractor dimension, ds(.A) can be interpreted as a mathematical definition
of the number of degrees of freedom of the system [67]. Since 7, is the smallest length scale in
the system, the number of degrees of freedom can in turn be related to the number of boxes of
size 77, that fit into the domain O, which leads to the identification d(A) ~ (¢/1,)?. Comparing
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this interpretation of d¢(.A) with (5.24) yields an estimate of the enstrophy dissipation scale,
Ny ~ (Re~'/2, consistent with the KLB theory [58]. Finally, in the special case of single-k or
constant-¢ forcing, the energy and enstrophy dissipation rates are both bounded by Re™!, and a
direct cascade of enstrophy must be ruled out in the limit of infinite Re [63, 148, 149].

In the next section, we show how to obtain Re-dependent estimates for less regular forcing,
namely for f € H*(Q) with —1 <s < 2.

5.3 ESTIMATES FOR H° FORCING

531 THECASEO(O <s<2

We first consider the range 0 < s < 2, for which (5.1) has strong solutions [69, 70]. The enstrophy
balance is obtained by multiplying (5.3) by w and integrating over space
1d
2 dt

The enstrophy ||w||?, can be shown to be bounded for all time in a similar way to ||u||2,. First,

]2, + v]| Vel :ﬂ/qum. (5.25)

the forcing term is estimated by using the interpolation inequality

E*Z/wal?dx <LIValzllgllg-r = Vel ral £l (5.26)

Then, Young’s inequality is applied to the forcing term and Poincaré inequality to the dissipation
term, as in (5.19) and (5.20). Finally, Gronwall’s lemma gives

2
87212

where wy = e3 - (V X ug). Therefore, the time average of the time derivative of ||w/||?, vanishes.

1
lwllf> < 5 llewollf2 exp(—4mvt/£2) + 1 £1I72(1 — exp (—4m>vt/ (%)), (5.27)

It follows that the time-averaged enstrophy dissipation rate satisfies

x =102 < /Q w<pdx> ) (5.28)

To estimate the right-hand side of (5.28), we use Parseval’s theorem, the triangle inequality, and
identity (5.5)

E*Z

N

ﬂ/ d
Qw<p x

/Q(qu)-(VXf)dx
< Yol x| |k x fyl

k
Y Pl | el - (5.29)
k

We then rearrange the sum and apply the Cauchy-Schwarz inequality

E_Z/qubdx <02 Y (0P | fil < €72 Y (0k)2 || (k)] i
k k

1/2

1/2 R
< /2 Z(ﬁk)2(2_5)|ﬁk|2:| [Zk:(gk)25|fk‘2]

k
— FO2ulf (5.30)
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To relate x to Re, we need to estimate the time average of ||u|| 2« in terms of x and U. The
following interpolation identity is obtained by rearranging the terms in ||u#|| 32« and then using

a Holder inequality
2s _2s
Il . = (R a2 = Y (k) ) = (Jael?)'
k k
415 12 o 2 :
< (metm?) (L)
k k
]2 (a2, (5.31)

where we have used the fact that 0 < s < 2. Taking the square root of both sides, time averaging,
and using a Holder inequality leads to

2—s 2+4s
1—3 H T AN
(el e < (lalla® ol ) < (i) * () © (5.32)

An application of Jensen’s inequality to the last term, together with the definitions of x and U,
gives

2—s s
KD 1
Qoullpey < (llulZe) ™ (llul)

2—s E
= wHF (v ul) * ((ul)’
< (W TxT UL, (5.33)
Combining (5.28), (5.30) and (5.33) gives
02 2—s s
x < L2F (uﬂ) s (5.34)
which leads to
X v (TIRFrIsULS . (5.35)
It remains to estimate F. We take a smooth time-independent field ¢ such that
V.p=0, /<I>-tpdx>0 (5.36)
Q

(3 can be, for example, a suitable Galerkin truncation of ®). We then multiply the Navier-Stokes
equation (5.1) by ¢ and integrate over space

/Qtp-atudx—i—/ntlw(wV)udx:—/Qtp-Vpdx—i—v/oxp-Audx—i-/Qf-tlex. (5.37)

By integrating by parts and using V - u = 0 on the nonlinear term and V - ¢ = 0 on the pressure
term, we obtain

/Qf‘ll’dx:/QIIJ'atudx—l—/Qu-th-udx—v/ou-At[de. (5.38)

The long-time average of both sides eliminates the time-derivative term, since ||#||?, is uniformly

</Qu-Azpdx>

bounded in time, see (5.21). Therefore

€‘2</Qf-tpdx><€‘2 </Qu-V1[J-udx>

+ b2

. (5.39)
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Now, we apply the Cauch-Schwarz and Jensen’s inequalities and get

”</Qf "/’dx> < NVl (llullE) +viiagle )

1/2

< IVl (lluliz) +viiagpl e (llullz.)

= Vel + vl g U, (5.40)
where V = (V. After rewriting the left-hand side of (5.40) as

6‘2/ fopdx = Pz—z/ ® - pdx, (5.41)

0 0
we find

F < U + cue2U, (5.42)
together with

-1 -1
1= (Ez/ncbwpdx) IV, = <€2/Q<I>-1/de> g2, (5.43)

where c; and c; are not related to the same coefficients in §5.2. Finally, combining (5.35) and
(5.42), we obtain the estimate for the rescaled time-averaged enstrophy dissipation rate

Xt
w
Note that the prefactors only depend on the shape of the forcing. For Re > 1, (5.44) yields the

4
< Re¥s (cl + czRe_l) e (5.44)

following estimate for the inverse of the enstrophy dissipation length scale

B X 1/6 4+s
=t ($> < cjRe3C) (5.45)

with ¢} = C%B(ZH). To estimate the time-averaged energy dissipation rate, we use the interpola-

tion inequality in (5.31) fors =1

1/2

242 (5.46)

[ell g < ([ 2

We now square both members, time average, and use the Cauchy-Schwarz inequality to obtain

1/2 1/2
(NullZ) < (llallgzllelz) < (lullf) " (lullf) (5.47)
After multiplying by v/ 2 we find
e < 1/1/2)(1/2LI. (5.48)
The estimate for x in (5.44) can be used to bound the right-hand side

el
us

The inverse of the energy dissipation length scale can now be estimated using (5.49) in the

2
< Re 7 (c1 + czRe’l) - (5.49)

definition of 7,
-1 e\ /4 " gt 1" 2(2]+‘:)
=1 (ﬁ) < c/Re?2 o) = (5.50)
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We conclude this study of the case 0 < s < 2 with the estimate of the attractor dimension df(.A).
We recall that ds(.A) is related to 7, via the following bound [72]

_17\2 —1\11/3
de(A) < cs(fy ') [1+In (7)) (5.51)
Plugging (5.45) into (5.51) gives
, 2(4+s) 44s \ 1/3 1/3
df(A) < chRe3T (1 +InRe325 ) < 4Rex= 9 (1+InRe) (5.52)

where ¢} is a constant related to c¢j and c3. The scaling exponent varies between unity for s = 2
and 4/3 fors = 0.

53.2 THECASE —-1<s5<0

If —1 < s <0, the above derivation does not work as a bound for yx is not available. However,
we can obtain a bound for € by working with the velocity equation instead of the vorticity
equation and following the same procedure used in [9] for three dimensions. For completeness,
we recall the main steps below (see [9] for the details). Since ||u|?, is uniformly bounded, the
time-derivative term in (5.18) vanishes upon taking a time average. Thus, € can be expressed as

s:£2</0f-udx>. (5.53)

The integral in the right-hand side can be estimated as

) . 1/2 1/2
02 [ foudy <Y Ifllin] < [ka)zﬂfkﬁ] [E oL !2] (:54)
k

k k

= Fllullgy+ < Fllull gillull 5, (5.55)

where an interpolation inequality similar to (5.31) has been used in the last step. Taking the time
average of both sides and using Holder’s and Jensen’s inequalities gives

s 2(14s) | 24s

<F(lullg il < F(luld) 2 (lul 27 ) * < Pvieeiut™, (5.56)

Using the bound on F in (5.42) and rearranging gives
< Re s Re~1) 75 557
5 S Re “(c14+cRe™) (5.57)

The final estimate has the same form as (5.49), but now —1 < s < 0.

5.3.3 TIME-DEPENDENT FORCING

The estimates derived in the previous sections can be generalised to the case of deterministic but
time-dependent forcing by applying the methods outlined in section 3 of [63]. However, some
variations are necessary, since here the forcing is not in H?(Q)). We give the main steps below.
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The forcing is now taken of the form f(x,t) = F(t)®({"'x,t), where ® satisfies the same
properties as in (5.9) for all ¢. It is also assumed that the magnitude of the forcing is uniformly
bounded in time and has finite mean square

F? = (F*(t)) < oo. (5.58)

Let us first consider the case 0 < s < 2. The bound in (5.27) continues to hold provided that
| £1|, is replaced by sup, || f||2,. Hence, ||w||;> remains bounded for all t, and x can again be
estimated as in (5.28). An intermediate bound for x is obtained by using the Cauchy-Schwarz
inequality to split the time average of the product of F(¢) and the H>~*-norm of the velocity and
then proceeding as in § 5.3.1:

_ . 1/2 o= _ 1/2
X < Fllulgee) < 2R (R )" < 2F (il lul)

s—2
4

< O (Jul3e) T (lulf)t = 028 (vet) T U (5.59)

Rearranging yields a bound analogous to (5.35) where now F is replaced by F:
2—s 4s 2s

x v refrsFrsns (5.60)

To estimate F in terms of U, we multiply the Navier-Stokes equations by 3 = (—A)~M f, where
A = PAand M > 1—s/2 (the reason for this condition will be clear immediately). After
integrating by parts and time averaging, we obtain the analogous of (5.39) and (5.40) (note that
the term involving the time derivative of the velocity can no longer be ignored)

€‘2</Qf-zpdx> < </Qu-8ttpdx>‘+€_2 </Qu-Vt[J-udx>‘+vE_2

</Qu-A1[de>‘

1/2 1/2 1/2 1/2
< (oepllfz) " (llullz2) +(51:PHV¢HL°°)<H"H%2>+V<HAII’H%2> (Ilull?2)

= (=B AR )+ 7 (sup 9 (=B) Ml U+ v (1 f B

The constraint M > 1 — s/2 ensures the existence of the last term. The left-hand side can be
bounded from below so as to make the dependence on F explicit:

2 </Qf tpdx> = (F?|| @3, ) = a 'F? (5.62)

with
al = inf 1D (1% - (5.63)

Plugging (5.62) into (5.61) and dividing through by a~'F gives
F <awpl + by 07U + bvt U, (5.64)

where

a)f:F71<Hat(—g)foH%z>1/2 (5.65)

1/2
)

(5.61)
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is a time frequency associated with the forcing and

_ ~ o~ _ 1/2
by =aF 'sup |[V(=A) ™Mfllie,  bo=aF " (| fIPpnm) - (5.66)
t
We now use (5.64) in (5.60) to obtain
I 2 1)\ 7
){173 < Re? (aSr + by 4+ byRe 1) o , (5.67)
where
o=t (5.68)
r= .

is the Strouhal number, i.e. the ratio of the eddy turnover time of the flow to the characteristic
time scale of the forcing (e.g. [156, 157]). The prefactor b, can be made independent of F(t) by
noting that

by < asup ||®|| g20-m) - (5.69)
t

However, b; depends not only on the shape of the forcing, but also on the ratio of the maximum
excursion of F(t) to its root-mean-square value. It can indeed be written as

S sup, F(t)
b — v —A M(D oo_ti.
L= asup [V (-8) Mo TR

(5.70)
Finally, by applying (5.48), we find the following bound for the time-averaged energy dissipation

rate

el _ s _ %

5 <ReE (aSr—i—bl 1 byRe 1) L (5.71)
Let us now consider the case —1 < s < 0. When the forcing depends on time, the bound on
the energy, see (5.21), holds with || f||7, replaced by sup, || f||3.. Therefore, ||u]|;2 is uniformly
bounded in time, and ¢ is estimated again as in (5.53). We then proceed as in § 5.3.2 with an

additional application of the Cauchy-Schwarz inequality to split the time average:

a 172 _ = _ 2(14s)\ 172
e < (Fllullg) < F(lul3 )" < F (lull2 i)

= -3 Lis - s s
< F(llullfn) * (llullz) * = Fvae—e2u'™. (5.72)

This bound is the same as (5.56) with F replaced by F. Therefore, by using (5.64) and rearranging,

we find

el s 1\ s

B < Re 76 (aSr + b1+ by Re 1) s (5.73)
Thus, for all —1 < s < 0, the bounds on the time-averaged dissipation rates retain the same
form as in the case of time-independent forcing with the addition of a Sr-dependent prefactor
that becomes relevant at large Re. Moreover, b; now depends on features of the forcing other

than just the shape.
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54 CONCLUDING REMARKS

Our results for constant-in-time forcing are summarised in table ??, in which only the large-Re
bounds are shown. Leaving aside the special case of single-k or constant-¢ forcing, three distinct
regimes can be identified as the degree of regularity of the forcing is varied. For s > 2, the
estimates obtained in [63, 64] are consistent with the dual-cascade scenario. In the second
regime (0 < s < 2), a direct cascade of energy must still be ruled out in the Re — oo limit.
However, the amount of energy injected at small scales increases as s decreases, so that ¢
decreases monotonically as a function of Re, but increasingly slowly. In this regime, x is allowed
to grow with Re. As energy injection at small scales increases, the bound on the number of
degrees of freedom of the system (quantified by the attractor dimension) also grows from Re for
s = 2 to Re*/3 for s = 0. Finally, for —1 < s < 0, the time-averaged energy dissipation rate can
increase with Re, similar to what is found in three dimensions for non-square-integrable forcing
[9, 53]. For all —1 < s < 2, if the forcing is time-dependent, the large-Re estimates of the mean
dissipation rates are multiplied by a Sr-dependent prefactor.

It is noteworthy that three dynamical regimes are also observed in the two-dimensional
Navier-Stokes equations with power-law stochastic forcing [65, 66]. The covariance of the forcing
in Fourier space is taken proportional to k>~Y with y > 0. If y > 6, the enstrophy flux is constant,
and a direct cascade of enstrophy is observed. In the range 4 < y < 6, there is scale-by-scale
balance of the energy and enstrophy fluxes. In addition, the enstrophy flux increases with k,
whereas the energy flux decays. For 0 < y < 4, the system displays an inverse energy cascade.
While some similarities with our results may exist for the two regimes with more regular forcing,
a systematic comparison of the two systems may not be appropriate. Indeed, our forcing is
deterministic whereas in [65, 66] the forcing is stochastic and the analysis explicitly uses its
Gaussian and white-in-time properties. Moreover, the range 0 < y < 2 is not covered by our
study : for weak solutions to exist, the Fourier coefficients of the forcing must decay with k.

It is also interesting to note that the lower bound on the mean square velocity in (5.42) holds
independently of the degree of regularity of the forcing. Therefore, if the forcing is constant in
time and the Grashof number is defined in terms of the H*-norm of the forcing as Gr = (3v~2F,
then the Doering and Foias relation between Gr and Re does not depend on s, and

Gr < clRe2 + coRe (5.74)

for all s > —1. If the forcing is time-dependent, it is appropriate to define Gr in terms of the
root-mean-square of the magnitude of the forcing, i.e. Gr = ¢>v—2F. In this case,

Gr < (aSr+ by)Re? + byRe. (5.75)

In conclusion, the main result of our study is that the scenario predicted in [63] and [64] only
applies if the forcing is highly regular. By investigating the full range of forcing regularity (as
allowed by the theory of weak solutions), we have shown that alternative scaling regimes are
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possible and as the forcing regularity is varied, the Navier-Stokes equations undergo transitions
between three different dynamical states.



EXTREME DYNAMICS AND
RELAXATION OF QUANTUM GASES

The evolution of quantum gases, released from traps, is studied through hydrodynamics, both analytically
and numerically, in one and two dimensions. In particular, we demonstrate the existence of long time
self-similar solutions of the Euler equations, for the density and velocity fields, and derive the scaling
exponents as well as the scaling functions. We find that the expanding gas develops a shock-like front and
the size of the cloud grows in time as a power law. We relate the associated exponent to that appearing in
the corresponding equation of state of the quantum gas. Furthermore, we study the relaxation dynamics
of a trapped quantum gas and show that the resulting steady state is in excellent agreement with that
derived analytically. Our hydrodynamic approach is versatile and can be used to unravel several other
far-from-equilibrium collective phenomenon of extreme nature, relevant to the growing experimental
interests in quantum gases.
This chapter closely follows the work [80]'.

6.1 INTRODUCTION

The non-equilibrium dynamics of cold atomic gases has been a subject of great interest re-
cently both experimentally and theoretically [158-167]. Fascinating experiments have been
performed [168-172] to observe the free expansion and relaxation of trapped quantum gases and
there has been significant progress in their theoretical understanding through the framework
of hydrodynamics [75, 173-177] and generalized hydrodynamics [178]. While many of the
observed experimental features can be explained by Euler hydrodynamics, the role of viscosity
and its quantum aspects has been explored in experiments [179-181] and some features are now
understood from theory [182-184]. However, the exact form of the viscous dissipation in the
hydrodynamic equation is far from known.

IThis work is done in collaboration with Abhishek Dhar, Manas Kulkarni, and Samriddhi Sankar Ray.
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Figure 6.1. (a) Time evolution of the density and velocity profiles of a freely expanding 1D quantum gas
with § = 2/5, shown at early times before the emergence of scaling behavior. (b) The upper panel shows
the late-time evolution of the density profile. The lower panel displays rescaled density plots, t’p versus
& = x/1tY, exhibiting excellent data collapse and precise agreement with the exact scaling function (black
dashed line) given by Eq. (6.12a). (c) The upper panel shows the velocity profile at late times, while the
lower sub-panel presents the rescaled velocity profiles, which shows excellent data collapse and perfect
agreement with the exact scaling function described by Eq. (6.12b).

In the context of dynamics in quantum gases, there has been immense activity in bosons [185],
fermions [186] and various mixtures [187-189]. Such dynamics shines light on the consequences
of the underlying interactions that lead to exotic collective phenomenon. There has been studies
in understanding dynamics near an equilibrium background (such as sounds waves [190-196])
and dynamics very far from equilibrium (for e.g., resulting in shock waves [75, 171, 197, 198]
or energy dynamics [199]). However, in these systems dynamics of extreme nature is far less
understood. One such specific problem is to study an evolution that mimics a blast that can arise
from a sudden release of a substantial amount of particles or energy from a localized region.
Some natural challenges while studying these problems include: (i) establishing rigorously the
collective hydrodynamic description (ii) unavailability of analytical solutions, especially very
far from equilibrium even if a phenomenological hydrodynamic theory is available.

At the level of Euler hydrodynamics, one of the most interesting results are the so-called
self-similar scaling solutions [200], first discussed by Taylor, von Neumann and Sedov [201-204]
in the context of atomic explosions. The main question there is to understand the time evolution
of the hydrodynamic fields, namely density, momentum and energy, for an initial state where a
huge amount of localized energy is released in an otherwise cold ambient gas — this is referred
to as the blast problem. Following the classic work of TvNS, there has been much recent interest
in the blast problem, in particular looking at direct comparisions of the Euler predictions with
results from microscopic molecular dynamics simulations and understanding the effects of
dissipation [205-212]. In a different context there has been immense activity devoted to the
expansion of gaseous ellipsoids into a vacuum under the assumption that the gas velocity is
proportional to radius. Flows satisfying this condition, known as homologous flows, preserve
the geometric structure of the ellipsoid as it expands, and such and other self-similar solutions
in the context of astrophysics were analyzed in several works [213-215].

So far, work on self-similar solutions has remained largely focused on classical systems. The
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main goal of the present paper is to examine self similar solutions for blasts in quantum gases.
The simplest set up is the release of a gas from a trap, the Euler equations would predict the
formation of a sharp shock [216-218] front and a basic question is how this front evolves with
time. In this work we show examples where this can be predicted precisely. Furthermore we
also consider quantum gases confined in traps and study the approach to equilibrium using the
framework of hydrodynamics. While the physics of blasts is rooted in the fascinating, collective
dynamics of the constituent bosons or fermions, it is possible to capture many of the essential,
experimentally measurable dynamics through a coarse-grained hydrodynamic description.

Here we consider the zero temperature case where it is sufficient to consider the equations
for the density field, p(x, t), and velocity field, v(x, t). The hydrodynamic Euler equations, in the
presence of an external trapping potential, Uyrap (), are given by

?ft’ LV (ov) =0, (6.1a)
ov
3 +v-Vv+ Vw = —VUiap, (6.1b)

where the specific enthalpy w is related to the pressure, P, via the relation d,P = pd,w. A
knowledge of the zero-temperature equation of state of the quantum gas thus enables us to write
the hydrodynamics equations. As is well known [216-218], for a broad class of initial conditions,
Euler equations develop shock discontinuities which, in real systems, get regularized due to the
presence of dissipation (Navier-Stokes terms). In our numerical study we use such a dissipative
regularization scheme. Interestingly, a large number of quantum gases, both bosonic as well as
fermionic, have a simple power-law form for the specific enthalpy

w(p) = Dp’. (6.2)

As examples in one-dimensional (d = 1) systems, we have: § = 1 and § = 2 for the Lieb-Liniger
gas of bosons at weak and strong coupling respectively [219]; § = 2/5 is the limiting case of
a quasi-1D (cigar-shaped) unitary Fermi gas [75, 171, 220-222]; 6 = 2/3 for unitary Fermi gas
in plane-wave limit. In dimensions d > 1 examples include: 6 = 2/d for weakly interacting
fermions at zero temperature. On the other hand, the unitary Fermi gas in 4 dimensions also
shares the same dependence on 6. However, there is an overall renormalization in comparison to
weakly interacting case [171, 197]. Remarkably, the unitary fermi gas, being a strongly correlated
quantum fluid, shares deep resemblance to very different systems such as the quark-gluon
plasma [159, 223-225] thereby enabling a hydrodynamic description. It is important to note
that quantum statistics (bosonic or fermionic) and interactions is completely contained in the
equation of state.

It is worth noting that, beyond cold gases, the well-known Riesz family of gases [226-230]
provides an important and distinctly complementary example described by Egs. (6.1,6.2). This
family comprises of particles with all-to-all interactions of power-law type characterized by an
exponent, say s. The collective theory of the Riesz family of gases in a broad range of parameter
space falls under the general structure of Egs. (6.1a) and (6.1b). In particular, a class of these
models are of finite-ranged type [228]. It was shown in Ref [228] that a finite-ranged version
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of the Riesz gas in one dimension characterised by exponent s, would correspond to 6 = s
[Eq. (6.2)] for any s > 0. This immediately offers us a plethora of possibility of realization of the
same collective dynamics for a wide window of 4.

Before proceeding further, it is important to emphasize that Eq. (6.1) along with Eq. (6.2) or
its generalizations appears in several other contexts. One notable example is in the quantum
hydrodynamics of several types of Bose Einstein Condensates [175, 177]. Self-similar solutions of
Nonlinear solutions in Madelung form (containing dispersive terms) have been discussed [231].

The precise set-up where we study blasts in quantum gases is motivated by experiments
in cold atoms using, e.g, time-of-flight (TOF) techniques, a standard tool in atomic physics for
probing momentum and coherence in quantum gases. In TOF experiments, atoms are cooled in
a (typically harmonic) trap, abruptly released, and allowed to expand for a set time, and then
imaged via absorption imaging techniques [232-234]. In the present work we study, through
Euler hydrodynamics (Egs. 6.1), the dynamical evolution of such gases after their release from
the trap. We show that, at long times, they evolve into self-similar forms and provide a complete
analytic and numerical understanding. Secondly, we also consider the problem of a quantum
gas in a trap (Uyap 7# 0) and study the relaxation dynamics to the steady state distribution.
In this case, we add the Navier-Stokes corrections to Egs. (6.1). For reasons explained later,
we restrict ourselves to 0 < § < 2 for the one dimensional case and 0 < é < 1 for the two
dimensional case.

Before proceeding further we briefly summarize our main findings:

1. For an expanding quantum gas initially held in a confining potential, we obtain self-
similar solutions for both the density and velocity fields. These scaling laws exhibit
striking robustness, as demonstrated by the collapse of spatial profiles obtained via direct
numerical simulations onto universal curves.

2. We highlight the emergence and underlying physics of shock-like fronts — regions with
very steep gradients in the hydrodynamic variables — that arise during such expansions.
These structures correspond to inviscid shocks of the Euler equations, which appear as
regularized shocks in numerical simulations due to the presence of dissipation. The growth
of the shock front with time is shown to have a power-law form.

3. We derive analytical expressions for the associated scaling exponents and scaling functions
and, crucially, establish their direct connection to the equation of state—and thus to the spe-
cific quantum gas under study. As a notable by-product, this provides an experimentally
accessible method to infer the equation of state solely from the measured exponents.

4. We present a detailed, systematic analysis of the relaxation dynamics of trapped quantum
gases toward their steady states. Where comparisons are possible, we find excellent

agreement between our analytical predictions and high-resolution numerical simulations.

This paper is organized as follows. In Sec. 6.2, we discuss the one-dimensional gas without
any external trap. Both evolution in zero (Sec. 6.2.1) and finite background (Sec. 6.2.2) are
discussed. We then discuss the relaxation dynamics of one-dimensional gas in a trap in Sec. 6.3.
The two dimensional case is discussed in Sec. 6.4. We end with conclusions along with an
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outlook in Sec. 6.5. Details of direct numerical simulations are provided in Appendix. 6.A.

6.2 FREE EVOLUTION IN ONE-DIMENSIONAL CASE

We begin with the one-dimensional (1D) problem with the trap switched off and consider the
Euler equations for the density and velocity fields:
dp  Odpv
ot ox

v 9 [0 5
e (5 oe) =0 (6.3b)

0, (6.3a)

We consider initial condition where we start with a density profile on top of a uniform density
background pp and zero velocity field. The cases with background density either zero and
non-zero will be considered separately in the following sections. Let us assume that the density
profile has a spatial spread over a characteristic length ¢ and a typical size pg. We can then
transform to dimensionless variables

H(Dpp)' 2

v
7 7 N _AN1 /9 - _ t. 6.4
p/po—p, x/0— x (ng)l/z—mJ - — (6.4)
This corresponds to setting D = 1 in Eq. (6.3b) and we will henceforth assume this.
We will consider below the two case where an excess of particles is introduced in a localized

region, either in an empty region (Sec. 6.2.1) or one with a finite density of particles (Sec. 6.2.2).

6.2.1 EVOLUTION IN A VACUUM

In this section, the initial condition is a spatially localized mass (with centre of mass at the origin)
of a gas with pg = 0 and net zero momentum. It is expected that the Euler equations should, at
long times, develop a shock and the hydrodynamic fields have scaling forms. At long times the
fields p, v will therefore take the forms
_ _ x

p(x,t) =t £(8), v(x,t) =t g(¢) , where ¢ = 7, (6.5)
f and g are scaling functions and b and c are scaling exponents. Plugging the forms in Eq. (6.5)
into Eq. (6.3b) and requiring that the resulting equations in f(¢) and g(&) have no explicit
time-dependence fixes the scaling exponents b and c as

2 0

b=572 ‘T uis (6.6)

We then get the following ordinary differential equations (ODEs) for the scaling functions f and
g

d(fg) af _ 0.
. bg% —bf =0; (6.7a)
5 2

ag T 2dE T tdE
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Let us indicate the location of the shock in scaled variable as §¢. Therefore, it follows that the
position of the shock is given by

R(t) = &t (6.8)

At the level of the inviscid Euler equations, the solutions described below correspond to weak
solutions featuring genuine shock discontinuities. In practice, all numerical simulations necessar-
ily involve a small regularization, implemented either through artificial viscosity or dissipative
terms, to ensure numerical stability. As a result, the shock appears as a narrow but smooth front.
In the limit of vanishing regularization, this front converges to the inviscid shock predicted
analytically. Throughout the paper, we therefore refer to the numerically observed structures as
shock-like fronts or regularized shocks, while reserving the term “shock” for the corresponding
inviscid solution. Let us denote the shock velocity

U=R, 6.9)

and the fields (p—,v_) and (p+ = 0,v4 = 0) just behind and in front of the shock, respectively.
The Rankine-Hugoniot [210, 211] boundary conditions then give:

2 )
v =1, v/iﬂ’ —u (6.10)
and hence
1/6
§2b2
fo= (fz , g =&b. (6.11)

With these boundary conditions, we can solve Eq. (6.7) to get

/6
G2-0)+68
$(&) =bE. (6.12b)
The factor ¢y is fixed by using the mass conservation equation
&f
| dzr@ = m, (613)
which, for é < 2, gives
o
(2—6)"(64+2)*° M\
Cf = T3 , (6.14)
oF (3 =53 55)

where > F; represents the Hypergeometric function. Equation. (6.14) shows that we can get an
explicit form of shock location & for § < 2. One can immediately see that the case 6 = 1 gives
&r =3(M/4)V3.

We now test the scaling solutions in Egs. (6.12a) and (6.12b) through direct numerical solution
of the hydrodynamics equations. The details of the pseudospectral numerical method employed
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Figure 6.2. (a) Early time profiles for density and velocity for § = 2/5 and for background density pp = 1
before the development of scaling structure. (b) Long time density and velocity profiles for 6 = 2/5
with the insets depicting the density profiles at different times. In the main panel the markers represent
p — pp at different times with the space rescaled as ¢ = x/t. The dashed line represents the analytical
formula for the density given in Eq. (6.22). (c) The inset shows the shock location R(t) (midpoint of the
smoothened shock) and ramp location X(¢) as a function of time. Dashed line is a guide to the eye sowing
the ballistic behaviour. The main panel shows the scaling exponent as a function of background density
pp for the same excess density same. As expected pp — 0 the exponents goes to the vacuum exponents.

is provided in Appendix. 6.A. We chose extremely localised yet generic, initial conditions. For a
system of length L,

p(x,0) = 2}7exp(—x2/02) with e <L (6.15a)
v(x,0) = 0. (6.15b)

In Fig. 6.1 we show results from direct numerical simulation for the time evolution of density and
velocity for § = 2/5. In panel (a), we show relatively early time evolution and the subsequent
emergence of the shock-like fronts. In panels (b) and (c) we show the late time evolution of
density and velocity and their anticipated scaling and fit to the analytical predictions for the
scaling functions given in Egs. (6.12a) and (6.12b). It is interesting to note that the self-similar
solution is symmetric about the origin and insensitive to the details of the initial condition. We
have numerically verified that, for the class of asymmetric initial density profiles we have tested,
starting from highly skewed initial conditions instead of the symmetric one in Eq. (6.15a), the
system evolves toward the same long-time scaling solution. Representative examples of such
asymmetric initial conditions and their subsequent evolution are shown in Appendix A (see
Fig. 6.A.1), where we demonstrate convergence to the same scaling form.

6.2.2 EVOLUTION IN A FINITE DENSITY BACKGROUND

We now consider the case where we add mass to an existing finite background density pg. The
localized mass density will then propagate and simultaneously spread. At sufficiently large
times, the excess density is a perturbation and one can then do a linearized theory, which would
predict the propagation to be ballistic characterized by a speed of sound v;. If the initial excess
density is large then the initial propagation will be sub-ballistic. However, after a considerable
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Figure 6.3. This plot shows the convergence of the rescaled profile to the analytical solution given
in Egs. (6.22a) and (6.22b) for 6 = % and pp = 1. As the system size increases, the numerical profile
approaches the asymptotic limit and converges to the analytical expression.

time has passed, the excess density will become small compared to the background thereby
validating a linearized theory. The linearized theory can be obtained from Eq. (6.3) as (setting
D=1)
dAp dAv dAv d
) 5% — (Ap) = 1

= TP =0 5+ 5 (8p) =0, (6.16)
where Ap and Av denote small perturbations to justify linearization. Equation (6.16) immediately
gives the sound speed [75, 222, 235]

cs =1/00%. (6.17)

We now discuss the scaling solutions at long times. We expect ballistic behaviour at long times
and hence we assume the form

p=pp+ f(x/t), v=g(x/t), (6.18)

where f(x/t) and g(x/t) are scaling functions that we seek to compute analytically. Plugging
Eq. (6.18) into Eq. (6.3) yields

G- 0%+ + B>j§ 0 (6.199)
S(f +pB)°~ 1?; (g - C) i = (6.19b)

where we recall that § = x/t. Equation (6.19) is a linear homogeneous equation in f" and g’ and
therefore a solution exists only if the determinant (g — &) — §(f + pp)° = 0. This immediately
gives us a relation between g and f

g =C+Vo(f+pp)% (6.20)
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Plugging Eq. (6.20) into Eq (6.19a) one gets
£(1+38/2)Vo(f +p8)""*f' + (f + p5) = 0. (6.21)

This can be integrated to yield (the physical solution)

f(§)=pp—@ (6.22a)
g(&) =&— V6 (205 — @) (6.22b)
where, »
- <2(5+1)§i/22_51/26> | 629
Note that, as requried, the following conditions are satisfied
f(@=0¢)=0, g(l=¢c)=0. (6.24)

In Fig. 6.2(a) we show the density (upper panel) and velocity (lower panel) profiles for
different times with the background density pp = 1 with § = 2/5. Clearly, both fields evolve
ballistically. After some time, the shock front R(¢) moves with the sound speed, i.e., R(t) = cst
where we recall that ¢ is given in Eq. (6.17). Given the symmetric nature of the evolution, we
track the shock moving towards the right. In Fig. 6.2(b) we show the plot in scaled and shifted
variables (§ — cs) where ¢ = x/t. In Fig. 6.2(c) we plot the scaling exponent b as a function of
background density pg. In the large system size limit, we observe exponent b = 1 independent
of 4. Clearly, as pp — 0, we recover the freely-evolving gas limit where, as seen earlier b = ﬁ.
In the inset of Fig. 2(c) we plot the position of shock and the ramp as a function of time. The
thick black line, as a guide to the eye, confirms the ballistic motion of R(t). We further analyze
the shock front in Fig. 6.3. We demonstrate that as one increases the system size, the numerical
profile approaches the asymptotic limit and converges to the analytical expression given in
Eq. (6.22).

We next discuss some analytical estimates for the location of the shock and its scaling with
time. For this, we revisit the expression of f(&) in Eq. (6.22a). Note that for relatively small
¢ — cs, we have

f@—cs) = AE —c) +O((E —)?), (6.25)
where s/
2 pp
A= — . 6.26
215 s (6.26)
Next we require by normalization,
(Cs"!‘xmax/t) M
f/ f@)de = =, (6.27)

where we recall that M is the excess mass and the factor of 2 is because we are considering one
side of the profile. Simplifying Eq. (6.27) by using Eq. (6.25) gives
Mt

max — . 6.28
Xma 1 (6.28)
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Figure 6.4. Spatial profiles, at different times, of the (a) density and (b) velocity fields of a gas confined in
a trap (dashed blue line) with w? = 0.1 for the fully nonlinear set of equations in Eq. (6.30). (c) Time series
of the perturbation in the density Ap (lower inset) and velocity Av (upper inset) at a fixed chosen location
showing a decaying, oscillatory relaxation to the steady state. The successive peaks Ap. and Av, are
indicated by red and blue markers. In the main panel we show a semi-log plot of Ap, and Av, suggesting
exponentially damped solutions of the evolution equations of the perturbed field. The decay time scale
1/ is in excellent agreement with the time-scale obtained from the linearized analysis (Sec. 6.3) as shown
by the dashed line.

We next evaluate the height of the shock at § = cs 4+ xmax/t. To do so, we plug the value of

f(g —Cs = xmax/t) =1 @ (629)

We have numerically that verified that f (¢ — ¢s = Xmax/t) ~ 1/ V/t. In fact, our numerical results

Xmax/t in Eq. (6.25) to give

are also consistent with the precise coefficient vV M A given in Eq. (6.29).

6.3 RELAXATION OF A ONE-DIMENSIONAL TRAPPED GAS

So far, we have discussed cases when there is no external confinement. In this section, we discuss
the case when we have a confining potential Uiap # 0. Starting from some nonequilibrium
initial condition we study how the gas evolves and eventually reaches a steady state. The
hydrodynamic equations are given by

dp , 9pv _

atoax 70 (6.302)
v 9 [(® 5 W, 0%v
ot ax <2+p T ) ~Vox? (6.306)

where we are using dimensionless variables as in Eq. (6.4) and w and v are also made dimen-

sionless via

wo v
—— W, i — V. 6.31
Do)z " (D)0 7
In contrast to the free expansion case, the presence of viscosity in Eq. (6.30b) prevents the
formation of shock discontinuities; here dissipation plays a physical role and governs the
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Figure 6.5. Upper and lower half of panel (a) shows the time series of Ap and Av respectively at a chosen
spatial location. The markers shows the data obtained from direct numerical simulation of Eq. (6.35) and
the dashed lines show the fit with a damped sinusoidal function of the form Csin(Q ¢t + D)e~ 7. The
legend shows the extracted fitting parameters namely -, (2 and this agrees perfectly (up-to four decimal
places) with the values obtained by using the boundary conditions given in Eq. (6.42). Panels (b) and (c)
shows the perturbed density and velocity profiles for different time snapshots computed by solving the
linearized Eq. (6.35) represented by markers. The dashed line shows the analytical expressions given in
Egs. (6.50) and (6.51) which perfectly agrees with the numerical simulations of linearised equations.
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Figure 6.6. (a) Time series of the density Ap and velocity perturbations Av at a fixed spatial location
for large (upper panel) and small (lower panel) initial perturbations. Markers represent the nonlinear
evolution [Eq. (6.30)], while the black dashed line indicates the corresponding linear evolution [Eq. (6.35)].
Since Av differs significantly in magnitude from Ap, it has been scaled by a constant factor for visualization
on the same plot. Panels (b) and (c) show the comparison of the full nonlinear and linearized dynamics for
the time evolution of Ap and Av for large (upper panel) and small (lower panel) perturbations. Markers
denote the nonlinear evolution, while dashed lines represent the solutions of the linearized equations.
Upper panels of (b) and (c) clearly demonstrates that for large perturbations, the linearized and nonlinear

evolutions do not agree, whereas the lower panel of (b) and (c) show that for smaller perturbations the

linear approximation is excellent agrees with the nonlinear evolution.
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relaxation toward the steady state. In Eq. (6.30b), the trap we consider is of quadratic type. This
is because, this is most ubiquitous in cold atom experimental setups [222, 236]. Our formalism
can also be adapted and generalized for other trapping potentials such as of quartic type [237]
and box potential [238-240]. Note that a more realistic form for the dissipative term in Eq. (6.31)
would be 9, (pd,v) / p. For simplicity, we replace it with the form vd2v which is expected to be
a good approximation for shallow traps and avoids numerical issues related to divergences
associated with the 1/p factor.
It is easy to see that the steady state solutions of Eq. (6.30) takes the form

(,L]2€l2 1/6 x2 1/6
Pss = ( 5 > <1 - az> , Uss =0 (6.32)

where the constant a is fixed by the constraint

dx pss(x) = M. (6.33)

In Fig. 6.4, we show results from direct numerical simulations of Eq. (6.30) for § = 2/5. Since we
are using a pseudospectral method with Fourier basis which is suited for periodic boundaries
we smoothen the quadratic potential near the boundary and make it periodic to avoid numerical

errors (see Appendix. 6.A). In other words, without the smoothening, ag;”” is discontinuous

at the boundary making the pseudospectral method ill-suited. We show in Fig. 6.4(a) density
and (b) velocity profiles at several different times. Clearly at late time both the density and
velocity fields converge to analytical expressions given in Eq. (6.32). Figure 6.4(c) displays an
exponential decay in p and v at a fixed spatial location. We analytically derive the corresponding
decay timescale later in this section.

As can be noticed in Fig. 6.4 (a) and (b), both the density and velocity profiles show damped
oscillatory relaxation to the steady state. We now provide an in-depth understanding of this
transient behaviour and, in particular, compute the associated damping rate and frequency. A
full solution of the time-dependent hydrodynamic equations is challenging. However, for initial
conditions that are close to the steady state one can consider a linearized dynamics. As we shall
now show, such equations are amenable to analytic treatment and in fact also provide insights
into the late time dynamics of even far-from equilibrium initial conditions.

To proceed further, we make the following substitution into Eq. (6.30)

P =pss+A0p,v=Av, (6.34)
where recall that ps is given in Eq. (6.32). Retaining terms linear in the perturbation we obtain
o0Ap 0
P 0 AD = )
5 + axpss v=0, (6.35a)
AN 9 54 9?Av
—— +0—ps Do =V——. .
o5 + 5axpss pP=vaa (6.35b)

Note that Eq. (6.35) is linear in Ap and Av but with space dependent coefficients making them
still challenging to solve. Nevertheless we can in fact obtain the spectrum completely. Let us
look for solutions of Eq. (6.35) of the form

(Dp(x,t), Av(x, ) = (p(x), p(x))e M. (6.36)
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Plugging this into Eq. (6.35) gives us the following equations for ¢ and ¢:
dzl/’ 6d 5 4d(pssy)

ViZ " ad™s T ax Ap =0, (6.37)
_ 1d(pssp)

p(x) = T e (6.38)

Plugging in the explicit form of pss in Eq. (6.32) into Eq (6.37) leads to the form:

d? d
(c1+ czxz) P llzj + c;;xd—l’b +ayp=0, (6.39)
where,
2425 w6
T = -V -+ )L , C0 = —ﬁ, (640)
w? w?

3 = —A(5+1)/C4:—<)\+A>- (6.41)

These equations have to be solved with the boundary conditions

p(a) = p(—a) =0. (6.42)

This will give us to a set of eigenfunctions {¢,,, ¢, } and corresponding allowed eignevalues
{An} for our linear equations. From the structure of the eigenvalue equations [Eq. (6.38)], it is
clear that the eigenvalues and eigenfunctions come in complex conjugate pairs. We now note
that Eq. (6.39) is in the form of the Legendre equation whose general solution can be expressed
in terms of the associated Legendre functions of the first and second kinds:

P(x) = R(x)[A1P(a1, a2, a3x) + A,Q(a1, a2, a3x)], (6.43)
where
_252+C3
R(x) = (c1+cx?) = (6.44)
\/C% — 2003 — 4eocs + ¢ — 0
= 6.45
M 26, ( )
2c) +c3 . [c2

_ _; /e 4

as 2C2 ’ as 1 Cl/ (6 6)

and Aj, A; are arbitrary constants. Without loss of generality we can set A; = 1 since this can
be fixed by normalization. We then have two complex unknown parameters, namely A; and
A, These are determined by imposing the two boundary conditions ¥, (+a) = 0. We solve for
these unknown parameters numerically using Mathematica.

The general solution of Eq. (6.35) is given by

(Ap(x,t), Av(x,t)) Z P lpn(x (x)]e~ M, (6.47)

where the constants p,, are determined from the initial conditions. At large times, the eigenvalue
with the smallest value for the real part will dominate. There are two such eigenvalues which
we denote as

Am =y £iQ), (6.48)
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Figure 6.7. The time evolution of the two-dimensional density for 6 = % starting from a localized density
profile and zero momentum, we clearly observe the emergence of a shock-like structure and a scaling
form. Animation of the time evolution is available in Ref [241].

where v > 0 and () are real. These provide us with the time scale for decay and the frequency of
the oscillations, namely ! and Q) respectively. The expected forms for the density and velocity
fields at late times can also be determined. Writing the dominant eigenfunctions [Eq. 6.47] in the

form
Pu(x) = Fi(x)e™), g, (x) = Fp(x)e™®20), (6.49)

we have the following late time forms:

Ap(x,t) = CiFy(x) sin(aq (x) — B1 — Qt)e™ ™, (6.50)
Av(x,t) = CoFa(x) sin(az(x) — o — Qt)e ', (6.51)

where Cy, Gy, B1, B2 are constants that are fixed by the initial conditions. In the numerics for the
nonlinear case these constants can be fixed by using the value of Ap and Av at some late time
snapshot because in the early time there might be contribution from other eigen-functions which
may lead to an incorrect estimation of the constants. In Fig. (6.5), we compare the analytical
predictions [Egs. (6.50), (6.51)] with direct numerical solutions of the linearized equations
[Eq. (6.35)] and find excellent agreement. To further validate the calculations with the linearized
equations, in Fig. 6.6 we explicitly compare numerical simulations of the full nonlinear system
[Eq. (6.30)] with those of the perturbation equations [Eq. (6.35)]. For small perturbations, the
linearized equations accurately approximate the full nonlinear dynamics. However, as the
perturbation strength increases, deviations become apparent, indicating the breakdown of the

linear approximation.

6.4 TWO-DIMENSIONAL CASE

In this section, we discuss the evolution, in two dimensions, of an initially localized mass of
a quantum gas with zero total momentum. We only consider expansion into a vacuum. The
initial mass distribution is assumed to have radial symmetry and so we look for solutions of the
hydrodynamic equations which have this symmetry. In particular, we need to only consider the
density field p, and the radial component of the velocity vector field v. Clearly, the space-time
dependence of the fields will have the form p = p(r,t),v = v(r, t) and the corresponding Euler
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Figure 6.8. (a) The early time evolution of the radial density and the velocity before developing the
scaling form as described in Eq. (6.52) for d = 2 and § = 2/5. Upper panel of (b) and (c) show the radial
density and velocity profiles for late times after development of the scaling form whereas the lower half
of panel (b) and (c) show the rescaled density and velocity profiles and the analytically computed scaling
functions f and g described in Eq. (6.69). Note that the shock is smoothened; hence the location of the
shock front used in Eq. (6.69) is the mean of this smoothened shock front which leads to a difference of
1% from the analytical obtained shock position in Eq. (6.71).

equations in radial coordinates are

dp , dpv  d— B
E + o 4+ 7pz)r =0 (652&)
Jdv 0
at+ar< +p> (6.52b)
As in Sec. 6.2.1 we expect that asymptotically the dynamics develops a scaling form as
plr 1) = 2 F(), 0(r,8) = t7g(0), with ¢ =T, (6.53)

where the factor, 2b, for the density scaling appears since fooo drrp(r,t) has to be conserved.
Plugging Eq. (6.53) into Eq. (6.52) and requiring that any explicit time dependence goes away,
we get

1
and the corresponding ordinary differential equations for the scaling functions
af 18
b —I— —2bf =0; 6.55a

(8 —b8) 4= 1% at é’ f= (6.55a)

af ‘5

—b —cg=0. 6.55b
gz T ) a8 (6.55b)

We now discuss the Rankine-Hugoniot conditions which turn out to be identical to the 1D
case given by Egs. (6.10) or (6.11). To derive the first Rankine-Hugoniot condition, we integrate
the first conserved quantity, [rpdr, across the shock at position R, i.e., over the interval
[R — A, R + A] and then take the limit as A — 0. This yields

d [R+A
a/R_A rodr = 0 (6.56)
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which implies
(o— —p+)RU— (p—v— —p4v4)R = 0, (6.57)

where p_ and v_ denote the radial density and velocity before the shock, and p; and v
denote the density and velocity after the shock. Noting that p; = v, = 0 gives the first
Rankine-Hugoniot condition

v_=U. (6.58)

To derive the second Rankine-Hugoniot condition, we use the second conserved quantity,
f rvdr, and integrate it around the shock

d [R+A
o / rodr = 0. (6.59)
R-A
which implies
R+A
(reo_ —ryo)U+ rojodr = 0. (6.60)
R-A
We now simplify the second term
R+A R+A 1
/ rdyu dx = —/ 7o, < v? +p ) dr (6.61)
R-A R

S
“Jeu |G o)
—d,

(o)

Plugging Eq. (6.61) back in Eq. (6.60) and taking the limit A — 0 gives us the second Rankine-
Hugoniot condition

v U= ; 2 +0°. (6.62)
By using Eq. (6.58) in Eq. (6.62), we get

_ Lo
. = 2U . (6.63)

In terms of scaled variables given in Eq. (6.53), we get

1 1/6
_=b¢p, fo= (21;25}) , (6.64)

which takes into account that the shock position is given by R = ¢ ftb and shock velocity U = R.
We now want to find the solutions to Eq. (6.54). We take an Ansitz g(¢) = k ¢ and substitute
it in Eq. (6.55a) yielding

(—bE + k&) f+kf—af+kf—0 (6.65)
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To ensure a non-zero solution for Eq. (6.65), we need k = b. So, g(&) = b . We verify via direct
numerical simulations that this is indeed the case. Now we substitute g(&) = b ¢ in Eq. (6.55b)

and get
5f5—1jf; —ch& = 0, (6.66)
which simplifies to
‘fjf; =cbd. (6.67)
Integrating Eq. (6.67) from ¢ to § we get,
ch 1/
£ = <f5<cf> -5 (G- 62)) : (6.68)
Finally, the analytical solution for f and g can be summarized as
_ cb 1/6
fo = (Fen-5E-) ., g=b (669

where we recall that b is given in Eq. (6.54) and f(¢) can be obtained from the Rankine-Hugoniot
condition [Eq. (6.64)]. What remains is to find ¢ from mass conservation

¢
/0 TdEEf(E) = M, (6.70)

which yields (for 6 < 1)

(1-a-0s1) (@+1)"F s
6= ST : (6.71)

Next we test our analytical prediction via direct numerical simulations. First we solve the
full two-dimensional equations i.e. Egs (6.1a) and (6.1b) for 6 = 2/5 and Uyqp = 0 starting from
a localised density profile and zero velocity. Figure. 6.7 shows the density evolution for early
and late times demonstrating blast-like phenomenon and the emergence of a scaling form. In
Fig. 6.8, we show the numerical results obtained from solving Eq. (6.52) numerically for d = 2
and 6 = 2/5. (a) Figure 6.8(a) shows the early time behavior and upper half of panels (b) and (c)
show the radial density and velocity for relatively late times. In the lower panels pf Fig. 6.8 (b)
and (c) we show excellent agreement between rescaled numerical profiles and analytical scaling
functions given in Eq. (6.69).

6.5 CONCLUSIONS AND OUTLOOK

To summarize, we have investigated quantum dynamics in highly out-of-equilibrium situations,
both in one and two dimension, via hydrodynamics and using both analytical calculations and
direct numerical simulations. We demonstrated that at long times, the hydrodynamic fields
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evolve to self-similar forms, that are independent of the details of the localized initial conditions.
We derived analytically the scaling exponents and scaling functions and thus characterized
completely the features of this highly nonequilibrium process. In particular, for a gas with the
equation of state P ~ p°*! and evolving in a vaccuum, the front grows with time as R(t) ~ ,
whereb =2/(24 ) and 1/(1+ ¢) in one and two dimensions respectively. We also investigated
the relaxation dynamics of a confined quantum gas. At late times we see a damped oscillatory
relaxation, where the damping coefficient and frequency can be computed analytically from a
linearized theory. We validated our analytical findings by extensive numerical simulations and
found excellent agreement between the two.

Our work targets a distinct and largely unexplored regime: the extreme dynamics of expand-
ing or very strongly confined quantum gases and the existence of exact self-similar solutions.
This focus has led to several genuinely new results. First, we provide an explicit analytical
derivation of the scaling exponents and scaling functions governing the expansion—including
the formation of shock-like fronts—and establish their direct link to the equation of state and
vice versa. Second, while numerical simulations in one and two dimensions are well established,
the level of quantitative agreement we demonstrate between analytical predictions and high-
resolution simulations has not previously been achieved. Moreover, the rapid expansions and
shock-driven phenomena at the heart of our study stand in sharp contrast to the field’s tradi-
tional emphasis on equilibrium or close-to-equilibrium, which has left such far-from-equilibrium
behavior largely uncharted. Consequently, our work establishes the robustness of the hydrody-
namic framework for these experimentally relevant problems and opens the door to systematic

exploration of even more complex nonequilibrium dynamics in quantum gases.

An important and interesting question concerns the extension of our results to finite, but
low, temperatures. A proper treatment would require incorporating energy conservation and
an additional hydrodynamic equation for the temperature field, leading to a coupled set of
equations for density, velocity, and energy. While temperature-dependent corrections to the
equation of state are expected to modify the scaling behavior, a systematic analysis of these
effects lies beyond the scope of the present work and is left for future study. A second point
is the choice of initial conditions. Based on the numerical simulations performed, we find that
in one dimension the long-time scaling solution is robust with respect to the symmetry of the
initial condition for the class of initial profiles we have examined. In two dimensions, more
general initial conditions could lead to solutions with different symmetries, for example, elliptic
shock profiles, that have been discussed earlier [214, 215] and it will be interesting to investigate
in the quantum context.

Our methodology is highly adaptive and expected to be of relevance in understanding far
from equilibrium dynamics in a variety of interacting quantum systems. It will be interesting to
explore quantum gases in higher spatial dimensions, relaxing the assumptions of symmetry [242-
244], which would make the effective one dimensional description ill-suited. It would also
be important and interesting to extend our techniques to open quantum systems such as
dissipative quantum fluids [245, 246]. Beyond cold quantum gases, our collective formalism
and subsequent analysis of self-similar solutions is also relevant in several other contexts
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Figure 6.A.1. (a) Early-time evolution of density and velocity profiles, showing the effects of initial
asymmetry reducing gradually. (b) The upper panel shows the late-time evolution of the density profile.
The lower panel displays rescaled density plots, t?o versus & = x/t?, exhibiting precise agreement with
the exact scaling function (black dashed line) given by Eq. (6.12a). (c) The upper panel shows the velocity
profile at late times, while the lower sub-panel presents the rescaled velocity profiles, which show data
collapse and perfect agreement with the exact scaling function described by Eq. (6.12b). This provides
an example where the initial asymmetry tends to vanish over time, and the solution asymptotically
converges to the scaling form given in Egs. (6.12a) and (6.12b).

such as finite-ranged Riesz gas [228] and hydrodynamics of a plasma of strongly interacting
quarks and gluons produced in relativistic heavy ion collisions [159, 223, 224, 247]. As noted
earlier, our protocol is well-suited to TOF measurements, where atoms are cooled, released,
and imaged via absorption [232-234]. Testing these predictions appears to be within reach of
current experimental capabilities, and the potential observation of self-similar scaling solutions

warrants further investigation.

6.A DIRECT NUMERICAL SIMULATIONS AND ROBUSTNESS OF
INITIAL CONDITIONS

We perform direct numerical simulations using a fully-dealiased pseudospectral method with
periodic boundary conditions in both one and two dimensions. Spatial discretization is carried
out using a Fourier basis, and time integration is performed via either the classical fourth-order
Runge-Kutta (RK4) method or the integrating factor RK4 (IFRK4) scheme, depending on the
stiffness of the equations [248].

To simulate the inviscid equations, we introduce a small artificial viscosity in both the density
and velocity equations to regularize sharp gradients and suppress numerical instabilities. More
precisely, in the simulations we replace the Euler equations in Egs. (6.1a)-(6.1b) and work with
the following dissipative equations

9
ait’ +V - (pv) = 1V, (6.72a)
N . Vvi Vet Vlirap = vV?V. (6.72b)

ot
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For the range of values that we consider in this paper,ie,0 < <2in1Dand 0 < < 1in 2D,
one can easily check that, for the case of free evolution, the dissipation terms become irrelevant
in the long time scaling regime. The viscosity is chosen to ensure numerical stability while
preserving the key features of the inviscid dynamics. Convergence is verified by simultaneously
increasing the resolution and decreasing the viscosity [249]; in the asymptotic regime, we confirm
that the features of the solution remain unaffected for the case of free evolution. Note however,
that for the 1D trapped gas discussed in Sec. 6.3, the viscosity plays a significant role in the long
time relaxation to the steady state.

For one-dimensional simulations, we use 212 < N < 216 collocation points. In two dimen-
sions, we use N x N grids with 22 < N < 21, The time step, dt, is chosen adaptively based on
the system size, subject to the Courant-Friedrichs-Lewy (CFL) stability condition.

For freely evolving systems (i.e., without background density), we set the system size to
L = N (dx = 1), and find convergence in the scaling regime for L ~ 214 For cases with a finite
background density, convergence is slower, and we obtain reliable results for L ~ 21°.

In Fig. 6.A.1, we examine the influence of initial conditions on the scaling function. We
analyzed localized initial conditions that are skewed but have their center of mass at the origin.
We observe that while the system initially retains this asymmetry, it tends to lose memory
of the initial condition over time, eventually converging to the asymptotic scaling solution.
To quantify this relaxation, we compared symmetric and asymmetric simulations using the

deviation metric \/ ((0sym — Pasym)?), where psym and pasym correspond to the solutions for
symmetric and asymmetric initial conditions, respectively and () mean an integral over space.
We found that the deviation decreases from an initial value of 0.08 at t = 0 to 0.0002 at ¢ = 70000,
corresponding to a reduction to 0.25% of the initial value. Furthermore, we verified these results
across various system sizes, confirming that the deviation metric decreases consistently as the
system size increases.

In the presence of a harmonic trapping potential, we solve Eq. (6.30) without adding artificial
viscosity to the continuity equation. While the Fourier pseudospectral method remains appli-
cable, the non-periodic nature of the potential is incompatible with strict periodic boundary
conditions. To suppress boundary artifacts, we apply a mild smoothing of the potential near
the edges of the domain. All simulations are performed with a fixed computational domain of
length L = 27t. This issue does not arise in the linearized perturbation equations [Eq (6.35)],
where the quadratic trap does not appear explicitly and its effects are encoded through the
steady-state background.

To solve the two-dimensional equations in polar coordinates [Eq. (6.52)], we impose non-
periodic boundary conditions appropriate for the radial geometry. Specifically, we set v = 0
and d,p = 0 atr = 0, following Ref [250]. In contrast to the Cartesian case, periodic boundary
conditions hence pseudospectral methods are no longer applicable. We used a second-order
finite difference scheme to approximate the spatial derivatives, while time integration was
carried out using the classical fourth-order Runge-Kutta (RK4) method.

Most of the codes used in the numerical results reported here can be found in Ref [241].



HYDRODYNAMICS OF A
HARD-CORE ACTIVE LATTICE GAS

In this chapter we present a fluctuating hydrodynamic description of an active lattice gas model with
excluded volume interactions that exhibits motility-induced phase separation under appropriate conditions.
For quasi-one dimension and higher, stability analysis of the noiseless hydrodynamics gives quantitative
bounds on the phase boundary of the motility-induced phase separation in terms of spinodal and binodal.
Inclusion of the multiplicative noise in the fluctuating hydrodynamics describes the exponentially decaying
two-point correlations in the stationary-state homogeneous phase. Our hydrodynamic description and
theoretical predictions based on it are in excellent agreement with our Monte Carlo simulations and
pseudospectral iteration of the hydrodynamics equations. Our construction of hydrodynamics for this
model is not suitable in strictly one-dimension with single-file constraints, and we argue that this
breakdown is associated with micro-phase separation.

This chapter closely follows the work [81] .

7.1 INTRODUCTION

Active matter commonly refers to nonequilibrium systems with energy injections at the micro-
scopic scale that independently drives individual constituents and often leads to large scale
self-organized structures [251-254]. Although they are inspired by living matter, active systems
have been realized in synthetic objects such as Janus particles [255], vibrated rods [256], driven
granular systems [257], motor driven robots [258, 259], and even in quantum matter [260]. The
prominence of the field comes from the novel emergent collective behaviors that often comes as
a surprise from an equilibrium viewpoint. Beside their potential applicability [261, 262], these
emergent many-body structures pose an intriguing challenge for nonequilibrium statistical

IThis work is done in collaboration with Soumyabrata Saha, Abhishek Dhar, Tridib Sadhu, and Sanjib Sabhapandit;
Soumyabrata is a graduate student at TIFR.
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mechanics. In recent decades, major efforts have been devoted to developing a theoretical
understanding based on effective field theories [263] and large scale computer simulations [264—
266]. However, even for simple characteristic many-body phases of active matter, namely the
Motility-Induced Phase Separation (MIPS) [267, 268], there is no clear bottom-up theoretical
understanding, analogous to equilibrium statistical mechanics for liquid-gas coexistence, that
could relate the large scale phases to the underlying microscopic dynamics.

A promising bottom-up approach for many-body dynamics is in terms of fluctuating hy-
drodynamics, that has been phenomenally successful in capturing nonequilibrium fluctuations
in diffusive transport models [269], Hamiltonian dynamical systems [270, 271], and even in
quantum integrable models [272-274]. Hydrodynamics description has also proven tremen-
dously effective in active matter [275-279], although a rigorous derivation relating to micro-
scopic dynamics is available only for a handful of cases. One such example is an active lattice
gas [280, 281], whose hydrodynamics was proven in mathematical terms and its fluctuation
extension incorporating a stochasticity has been recently obtained [282, 283] using intriguing
mapping to a well-known ABC exclusion model. However, the model involves an exchange
dynamics between particles that seems unphysical, presumably incorporated to sustain MIPS.
Most well-known off-lattice active dynamics [267, 284-286] are for impassable particles with
finite volume hard core which provides the much-needed activity-induced caging effect to
sustain MIPS. In fact, volume exclusion is expected in natural examples of living or synthetic
active matter.

In this article, we propose a lattice model, that is inspired by [280], but without the exchange
dynamics. The dynamics of our model is closer to realistic off-lattice dynamics of active matter
that are known to exhibit MIPS [267]. For our model in the quasi-one-dimension of a periodic
two-lane ladder lattice, there is a stable MIPS state at certain range of high activity and density.
For this model, we derive the fluctuating hydrodynamics using a field-theoretical approach that
is generalizable and independent of the previous method in [282, 283]. Within the hydrody-
namics we show how dynamical instabilities of the coupled equations of hydrodynamic fields
quantitatively bound the MIPS boundaries. Moreover, we find that correlations from the fluctu-
ating hydrodynamics have excellent agreement with their Monte Carlo results and capture the
qualitative features seen [287] in well-known off-lattice active matter models. Our construction
of the hydrodynamics straightforwardly extends for the higher dimensional generalization of

the model and in particular, they capture the existence of MIPS in two dimensions.

The rest of the article is organized as follows. In Section 7.2 we precisely define the model in
the quasi-one-dimensional (quasi-1D) ladder lattice and present its fluctuating hydrodynamic
description in Section 7.3. The spinodal and binodal bounds on the MIPS phase boundary
obtained using stability analysis of the noiseless hydrodynamics is discussed in Section 7.4.
In Section 7.5 we compute the spatial correlations of density and magnetization by incorporating
the noise into the hydrodynamic description. Further generalizations to higher dimensions
are presented in Section 7.6. The limitations of our hydrodynamic construction in strictly one-
dimensional lattice are discussed in Section 7.7 and conclude the article in Section 7.8. Additional
details about the construction of the fluctuating hydrodynamics and numerical analysis are
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Figure 7.1.1. Quasi-1D model: A schematic of the model defined in items (1)-(3) on a two-lane ladder
lattice with periodic boundary condition.

relegated to the Appendixes.

7.2 A QUASI-1D MODEL

We consider a two-species lattice gas with average density py € [0,1], on a periodic two-lane
ladder-lattice, with each lane j = {1,2} containing L sites indexed asi = {1, 2, ..., L}. To
incorporate hard-core repulsion among particles, we enforce a simple exclusion condition that
each site can contain at most one particle at a given instance. The two species denoted by (+)
and (—), representing internal orientations of an active particle, follow a persistent dynamics on
the lattice with intermittent switching of the orientations, as defined below. (See Fig. 7.1.1 for a
schematic of the same.)

1. Biased diffusion: a (+) particle atsite (i, j) hops tosite (i1, j) atrate 7, [(£a/a)* + (¢ /a) /2]
while a (—) particle at site (7, j) hops to (i £ 1, ) site at rate Tp_l [(€4/a)* F (Lp/a)/2], pro-
vided the target site is empty.

. . . . _ . —1 .
2. Tumbling: a (+) particle at any site converts to a (—) particle at rate T and vice versa.

3. Lane crossing: a particle at a site (i, 1) on lane 1 hops to the site (i,2) on lane 2 at rate 7, '

and vice versa, provided the target site is empty.

The above dynamics mimics self-propelled particles with persistence time T, self-propulsion
speed ¢,/ T, and thermal diffusivity D = (3 /1,. The internal state (+) represents the particle’s
preferred direction of motion, towards right and left, respectively. The ratio of the persistent
length £, and the diffusive length /4, known as the Péclet number Pe = £, /{4, is a standard
measure of activity. The parameter a denotes lattice spacing, which we set to unity throughout
this article.

Multilane lattice models are natural descriptions of protein transport along microtubule [288]
and for breaking integrability in quantum transport [289]. The quasi-one-dimensional geometry



123 7.3. AHYDRODYNAMIC DESCRIPTION

with the lane crossing effectively describes motion inside narrow channels, where particle size is
comparable to the diameter of the channel, allowing occasional crossing [290-293].

A microscopic configuration of the system at a given time 7 is specified in terms of the
binary occupation variables nli](r) for each species 0 = (+) respectively, where n{;(7) = 1 or
0 depending on whether the site (i, j) is occupied by the species ¢ or not. A more convenient
choice to describe the dynamics is in terms of the total occupation variable, n;; = nf] +n;

and the polarization variable, MZ-,]- = nfj — n... Due to the exclusion condition, njj = {0,1}

ij°
depending on the occupancy of the site, while M; ; = {0, £1} depending on the species of the

occupant.

7.3 A HYDRODYNAMIC DESCRIPTION

We now present a hydrodynamic description by coarse-graining these variables such that fast
fluctuations are locally equilibrated over a hydrodynamic scale and slow modes smoothly
evolve. For our dynamics the relevant length and time scales are /4 and 7,. The hydrodynamics
is defined in the rescaled coordinates (x,t) = (i/£q, T/1p), by taking /g, £, and T, large, while
keeping the diffusivity D = ¢4/, and the Péclet number Pe = ¢,/ {4 finite. For finite T, < Tp,
the adjacent sites of the two lanes effectively equilibrate at the hydrodynamic scale, implying
their evolution is described by the same coarse-grained variables n; ;(T) ~ p(x,t) and M; ;(T) ~
m(x,t), independent of the lane index j.

We show in Appendix 7.A that the evolution of p(x,t) and m(x,t) follows the coupled
fluctuating hydrodynamics

dip = 920 — Pedy [m (1 —p)] + €52 9x17,, (7.1a)
om = (1—p)d3m +maip —Pedy[p (1 —p)] —2m
+ 031 (e +275), (7.1b)

where 1, 7, and 17 are Gaussian noises each of zero mean with covariance (17, (x, £)11,(x', ')) =
Sp,q0(x —x")d(t —t'), with the mobility matrix Sy, = Sym = 20(1 —p), Spm = Smp = 2m(1—p),
Sf,r = p, and zero for the rest. The nonconservative noise 7 is due to tumbling events in the
dynamics. The same hydrodynamics extends for multilane generalizations with the number of
lanes < /4. The effective particle exchange rate along the quasi-one dimension is much reduced
compared to the exchange rate in [280], resulting in a different hydrodynamics.

Our detailed derivation for (7.1), presented in Appendix 7.A, is based on an evaluation
of the Martin-Siggia-Rose-Janssen-de Dominicis action [294-297] of the stochastic differential
equation (7.1) following a coarse-graining of the microscopic generator [298]. This method is
generalizable for variations of the dynamics and dimensionality. It is fundamentally different
from a derivation [282] for a related model [280], which rests on mapping to stochastic diffusive
models whose hydrodynamics is well tested. Such mapping relies on a very specific choice of the
parameters, and not extendable for our model. Compared to the hydrodynamics in [280, 282],
the diffusion matrix and the mobility matrix are significantly different.
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Figure 7.3.1. Test of hydrodynamics: Time evolution of the hydrodynamic density p(x, t) and polarization
m(x, t), starting from a Gaussian profile p(x,0) centered around the middle of the system, with (+)
particles placed at the left half and (—) particles at the right half. The solid lines represent noiseless
hydrodynamic evolution (7.1), while the points represent Monte Carlo simulations of the microscopic
dynamics in (1)-(3). The dashed lines indicate the steady-state profile from hydrodynamics. The plots
are for bulk density py = 0.66 and microscopic parameter values {4 = 1024, 7, = 2502, lp = 1044, and
T« = 0.1, and system size L = 4¢4, which corresponds to Pe = 10.

In Fig. 7.3.1, we compare the noiseless limit of hydrodynamics (7.1) with direct Monte
Carlo simulation of the microscopic dynamics (1)—(3). In the initial state, the left half of the
system is occupied with (+4) particles and the right half with (—) particles, each drawn from
a Bernoulli distribution with a site-dependent average density (n;) = p(i/{4,0), shown in
Fig. 7.3.1. Hydrodynamic density and polarization profiles are obtained by coarse-graining over
boxes containing 200 sites. Only profiles of lane-one, averaged over 64 ensembles, are shown
in Fig. 7.3.1. For iterating the hydrodynamics we numerically integrate (7.1) with zero noise
using a Fourier-pseudospectral method [299]. An excellent agreement seen in the evolution
of the profiles, asymptotically converging towards an inhomogeneous state, indicates a phase
separation between high density and low-density regions.

74 SPINODAL AND BINODAL ANALYSIS

It is readily seen from (7.1) that uniform density p(x) = pp and m(x) = 0 is a stationary solution
of the noiseless hydrodynamics. An inhomogeneous phase-separated state, widely known as the
MIPS for active matter systems, is an indication of the instability of this globally homogeneous
solution. The spinodal curve on the (Pe, pg) plane describes the onset of instability against
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Figure 7.3.2. Phase diagram: Spinodal and binodal, given by (7.2) and (7.3) respectively, plotted with the
solid and dashed lines. Along the dash-dotted line, the prefactor of the exponential in (7.4) diverges. The
points represent the “liquid” and “gas” densities obtained from Monte Carlo simulations and numerical
iteration of hydrodynamics. The error bars indicate the uncertainty due to the width of the density
distribution around the peaks shown in the insets. The bimodal density distribution inside the spinodal
region is an indication of MIPS, whereas the unimodal density distribution outside the binodal region
is an indication of the homogeneous phase. In the inset, the points are from Monte Carlo simulations
and the solid lines are from an analytical calculation in Appendix 7.D. We use L = 4096 in Monte Carlo
simulations and hydrodynamics equation solved numerically using Fourier spectral method with 1024
modes.

linear perturbations. A standard linear stability analysis of the noiseless hydrodynamics (7.1)
(shown in Appendix 7.E) predicts Pe?(1 — pg) (200 — 1) > 2 as the unstable regimes. Thus, for
0 < Pe < 4, a homogeneous state with any density 0 < pg < 1is always stable under linear
perturbations. On the other hand, for Pe > 4, the homogeneous state is unstable if

2 2
(Y <2 (2 -
The spinodal curve is shown in Fig. 7.3.2. Indeed, we see from Fig. 7.3.1 that if the parameters
(Pe, po) are chosen from within the spinodal region, the density profile p(x, t) evolves to an
inhomogeneous state. The spinodal region given by Eq. (7.2) incidentally coincides with that for
the model in [280].
The binodal curve gives the two densities in a phase-separated state where a “liquidlike”

high-density p; phase coexists with a “gaslike” low-density p, phase. Following [300, 301], we
find that for our noiseless hydrodynamics (7.1) (details in Appendix 7.F), the two coexistence
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Figure 7.4.1. Correlations: Solid lines plot the analytical results of the correlation functions whereas the
points are from numerical simulations. The insets show the asymptotic decay of the correlation functions
(with a constant shift in order to show up in the log-linear plot), with the dashed guiding lines plot (7.4)
with a shift for better visibility. The parameters used in the simulations are £y = 10.24, 7, = 202, by =24y,
T« = 0.1, L = 10044 and py = 0.25, and we average over 10° statistically independent time steps to
generate a clean curve for comparing with hydrodynamic predictions.

densities are determined by a pair of relations

go(pg) = golpr) and  ho(pg) = ho(pr), (7.3)

where go(p) = Pep (1 —p) — (2/Pe)In (1 —p) and hy(p) = [2/(9Pe)] (1 — p) 3 + (Pe/6) (3 —
40) (1 — p) 2. We numerically solve the above pair of relations (7.3) and obtain the binodal
curve, which we plot in Fig. 7.3.2 along with the spinodal. Evidently, the volume fraction v of
the “liquid” region(s) is given by p;v + p4(1 — v) = py, i.e., v = (po — pg)/ (1 — pg)- Therefore,
for Pe > 4, for any global density p, < po < py, it is possible to sustain a nonzero fraction
0 < v < 1 of aliquid region within the analysis of the noiseless hydrodynamics. In particular,
the parameters between the spinodal and the binodal curves correspond to a metastable region
where, depending on the initial condition, the noiseless hydrodynamics (7.1) leads to either a
homogeneous state or a phase-separated state (see Fig. 7.F.2).

We also numerically iterate the noiseless hydrodynamics (7.1) for a long time so that it
reaches a stationary state, and determine the steady-state “liquid” and “gas” densities, by
choosing the minimum and maximum densities in the density profile, respectively. However, in
Monte Carlo simulations, identifying the lowest and highest densities is less straightforward due
to the fluctuating nature of the density profile. To address this, we extract density distributions
and average them over steady-state profiles (depicted in the inset). The resulting bimodal
density distribution indicates the presence of two distinct densities, characteristic of MIPS.
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7.5 TWO-POINT CORRELATIONS

We now compute the correlation functions in the stationary-state homogeneous phase, us-
ing the fluctuating hydrodynamics of (7.1). For example, the density-density correlation for
far-separated points in the stationary-state homogeneous phase has the asymptote (see Ap-

pendix 7.G)
A _ !
Cop(x, x') ~ Bﬁd exp{(— |x Clx ’)}, (7.4)

where A = Pe?0% (1 — po)?//1—p0/2, B =2 —Pe*(1— po)(2 — po)(2p0 — 1), and the corre-
lation length ¢1 = /1 — po/2. The line along which the denominator B vanishes, indicating
breakdown of linearized hydrodynamics, is shown in Fig. 7.3.2. Its full form and the other

correlation functions are given in Appendix 7.G. We compare our analytical correlation pre-
dictions with Monte Carlo simulations in Fig. 7.4.1 and find excellent agreements. An indirect
verification of the multiplicative noise terms in (7.1) comes from this comparison of correlations
with Monte Carlo results.

7.6 GENERALIZATION TO 4 DIMENSIONS

There are several ways one can generalize our quasi-1D model to higher dimensions. The
straightforward generalization takes the number of lanes to be O(¢4) with 7, = (3/ Tp- In this
case, the noiseless hydrodynamic description along the active direction remains the same as in
the quasi-1D case (see Appendix 7.B). On the other hand, in an isotropic generalization, we
define the d-dimensional version of the model on a periodic hypercubic lattice of L sites and
average density pg € [0,1]. The lattice sites indexed as (i1, iz, ...,i;), where iy =1, 2, ..., L with
k=1,2,...,d. The system is composed of 24 distinct species denoted by 0 = 1,2, ...,2d corre-
sponding to the 2d possible directions of self-propulsion denoted by 7, = +%;, £%,,..., £%;.
In this model, a particle of ¢ species hops at rate 7, 1(63 + £, /2) in the 7, direction and at rate

T, 1(¢3 — £5/2) in the other 2d — 1 directions, prov1ded that the target site is empty. In addition,
a particle changes its species, i.e. tumbles, at rate 7, !. The fluctuating hydrodynamics for this

P
microscopic dynamics turns out to be (detailed derivation in Appendix 7.B)

s = (1—p) V2o +ps V0 = Pe Vo (1 p)] - 7

_ 2 —por) + 05 d/2 [ﬁ.ﬁa+ Z ;7(7_)0,] ) (7.5)

o' #Eo o' #o

1 ((2) ()

Here, the conservative zero-mean Gaussian noise, ij, = (17(, Mo s e ) arising from the

biased-hopping dynamics, has the covariance <11((7k) (%,1) 17((7]/{/) (X, 1)) = 200(1—p) 85,07 i jor 6(X —
X") 6(t — t') while the nonconservative zero-mean Gaussian noise, 1, .o+ = —1,_,, arising from
the tumbling dynamics, has the covariance (/g (¥, t) 7y g (X', 1)) = (00 + 0o ) S0,p00 g 6(X —
X)o(t—t).

Since the analysis of the above hydrodynamics equation (7.5) is similar to the quasi-1D case,
we do not repeat it here. Instead, we perform Monte Carlo simulations for the two-dimensional
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Figure 7.6.1. MIPS: Monte Carlo simulation for the two-dimensional models on a 512 x 512 square
lattice with pg = 0.62. Left figure corresponds to the two-species (— and <) generalization and right
to the four-species (—, 1, - and |) generalization. The colors indicate species (magenta=—, cyan=1,
green=<—, red=]). For the two-species model /4 = 128 and for the four-species model ¢4 = 32, with
Pe = 12 and 7, = /3 in both cases. The holes in the high-density phase were seen earlier in active
systems [302, 303].

microscopic model (d = 2) with both generalizations. We observe MIPS in our simulations for
some parameters, as shown in Fig. 7.6.1, indicating that MIPS can emerge in two-dimensional
systems, even without the exchange dynamics of [280]. Therefore, in dimensions higher than
one, neither achieving a strong mixing effect nor observing the MIPS requires an exchange
dynamics between the particles making our choice of dynamics naturally conducive for the
desired results.

7.7 A STRICTLY 1D MODEL

For the version of our model on a periodic one-lane lattice with the dynamics (1) and (2), ex-
clusion interaction introduces single-file constraint, which preserves positional order of the
particles. Our hydrodynamics construction, relying on an assumption of local equilibrium
measure, predicts the same fluctuating hydrodynamics (7.1) as in the quasi-1D case, which
predicts the same phase boundary as in Fig. 7.3.2. However, our Monte Carlo simulation of this
1D model does not support MIPS [304] for the similar parameter ranges as in Fig. 7.3.2; neither
do the correlations match with their hydrodynamics prediction (see Fig. 7.G.2). Evidently, the
predicted hydrodynamics does not work for this strictly 1D geometry, resonating similar find-
ings [305, 306]. This is further confirmed by a direct comparison of the noiseless evolution (7.1)
of average fields with Monte Carlo simulation (see Fig. 7.D.4).

Hydrodynamics is by construction about effective dynamics of slow modes rising from local
equilibrium of fast modes. Compared to higher dimensions, the single-file constraint in 1D
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Time

Figure 7.7.1. Kymographs: Comparison of space-time trajectories of particles at long hydrodynamic
times for two-lane (left) and one-lane (right) models. Black indicates a tracer. The figures correspond to
parameter values (Pe = 6, and pp = 0.2) outside the binodal curve in Fig. 7.3.2. Time evolution of the
trajectories for different Pe are available in [307].

preserves the local order of species, and therefore, local polarization at microscopic time scales
< Tp. This fight between activity and local conservation, results in the formation of a large
number of microclusters, that does not coarsen as seen in the kymographs of particles in Fig. 7.7.1.
Compared to the fluidlike evolution in the two-lane model in its homogeneous phase, the particle
movements are severely restricted in the one-lane model at the same parameter values. This
reduced effective diffusivity and drift of particles break our specific assumption about local
equilibration (details in Appendix 7.D), invalidating the hydrodynamics construction.

7.8 CONCLUSION

In the spirit of statistical mechanics, we have proposed a minimal model of interacting active
particles where the simplest kind of steric interaction leads to macroscopic phase separation
even in quasi-one dimension. It would be of interest to verify our prediction in experimental
realizations of active transport inside narrow channels [308] or in optical lattices [289]. The
simplicity of our model allows us to theoretically analyze the macroscopic properties using
a systematic bottom-up hydrodynamics theory. This hydrodynamic formulation potentially
could serve as a minimal macroscopic description for MIPS, that is shared between different
microscopic models, in the spirit of the Landau theory of phase transitions. There is a plethora
of active dynamics [265, 284, 309, 310] belonging to this class for which a detailed fluctuating
hydrodynamics is not available. It would be interesting to see how the fluctuating hydrodynam-
ics results for the present work compare with other models, including a full characterization of
macroscopic fluctuations in terms of large deviations [311-314]. Our current work provides a
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crucial step in this promising direction.

7.A AN ACTION FORMULATION FOR THE QUASI-1D MODEL

Here, we present a derivation of the fluctuating hydrodynamic description for the quasi-1D
model introduced in the main text, following a similar route that was used earlier in [298, 315]
for the symmetric simple exclusion process (SSEP) and related stochastic lattice gases. The
dynamics of our model is defined in items (1)—(3) of the main text and schematically shown in
Fig. 7.1.1.

The configuration of the system at any time 7 is described by n(7) = {n(7),n;;(7) } where
the occupation variables take the values

(n5(0), n;5()) = {(1,0), (0,1), (0,0)} (7.6)

depending on whether the ith site of the j lane is occupied by a particle of species (+) or (—),
or unoccupied, respectively. The simple exclusion interactions ensure that at any given time,
no more than one particle of either species occupies a site. The system configuration evolves in
time due to same-lane biased hopping, tumbling and lane crossing. The changes in occupation
variables of a site relate to counters associated to the dynamical events in the infinitesimal time
interval between T and T + dt:

”?,El(7+dT)_”ft1( T) = B;- 11(T) (T):Fﬁ,l(T)
— LF(7), (7.7a)

n,(T+dt) —nj5(1) = B, (1) = Bi5 (1) F Tia(7)
+ LF(7), (7.7b)

where BY j(T) is the net number of same-lane hopping of the o-species particles between the ith
and (7 4 1)th sites of the jth lane; L is the net number of lane crossings of the o-species particles
from the (i, 1)th site to the (i,2)th site; 7;;(7) corresponds the net number of (4-)-species to (—)-
species tumblings at the ith site of the j lane. For an infinitesimal dt, the various possible values
that these variables can take are listed in Table 7.1. The rates ensure the exclusion condition and
preserve the total number of particles.

Our interest lies in determining the probability that the system starting from an initial
configuration n(0) evolves into a final configuration n(T). This transition probability can be
written as a path integral over all possible evolution of the trajectories {n(7), B(7), T (1), £L(7)}

as
n(T T—dr L
Pr[n(T)[n(0)] = /n( 0 1_% H (5 £ (tdT) - (1),BE , , (1)~ B (1) F Tia (1) L7 ()
T 1

X, 5 (T+dT)—n 2(7),3}m(r)—Bi%z(r)q:Ti,z(r)Jrcii(T))> ,
{B(1),T(1),£(1)}

(7.8)
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(Bfy, By, By, By, Tia, Tias L7, L7) Rate
(1,0,0,0,0,0,0,0) T (Gt /2 nfy (U—nf —npyy)
(-1,0,0,0,0,0,0,0) T (B —Lp/2) niyy (1= —n)
(0,1,0,0,0,0,0,0) T (= lp/2) iy (L —myy — 1)
(0,-1,0,0,0,0,0,0) Tp_1 ((3+6p/2) nig (1=nf —ny)
(0,0,1,0,0,0,0,0) T ((A+6p/2) iy (1=, — 1y y)
(0,0,-1,0,0,0,0,0) 7—'1::_1 (63— £p/2) ni, (1=njh—n,)
(0,0,0,1,0,0,0,0) T (G = lp/2) niy (1=nyp = ni,)
(0,0,0,-1,0,0,0,0) T (GGt lp/2) nipy (1= — )
(0,0,0,0,+1,0,0,0) T, g
(0,0,0,0,0,+1,0,0) T, gy
(0,0,0,0,0,0,1,0) (1= nfy —npy)
(0,0,0,0,0,0, —1,0) ol (1—nfy —npy)
(0,0,0,0,0,0,0,1) Ty (1= nfy —npy)
(0,0,0,0,0,0,0, —1) T, (1—nfy —npy)

Table 7.1. Possible values of the various dynamical events for the quantities in (7.7) and corresponding
rates.
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where the Kronecker-delta function é, , incorporates the particle conservation in (7.7), and the
angular brackets denote the average over histories of {B(7), T (1), £(7)}. The path integral
measure on the occupation variables is defined as

/ Dn) = TTIT1 7 g . (7.9)

We use an integral representation of the Kronecker-delta function é, , = (271i)~ f diie7(a-b)
and introduce a response variable 7 ]( T) at every site for both species. Subsequently, performmg

the averages over the variables B7, 7; ; and L7 using Table 7.1, we write the transition probability

1]’
in an action formulation,
n(T) o Kindl+Hng
Pr(n(T)|n(0)] = /( | [Dn) [Di] X rAl+Hin ] (7.10)
n(0
with the “kinetic” term
R R r g, (7)
Kln,n] = ZZ Z ngj(O) ngj(O) —ngj(T) ﬁ‘l’](T) —I—/O dr (ng]-('r) (iT > (7.11)
i=1j=1¢=(+)

i=lj=lo=(%)
(. L T ity i + Cor
+ E g};/o dt [(e M — 1) n; (1-— ”i+1,j) — (e j J— 1) f1 (1- ni,j)
N (eAlH] i — 1)ng; (1= nip) + (e oM — 1)n M1 (1 ”11)]
+1ii/TdT|:(eﬁi,j_ﬁ1/_l)n —|—( 1]_1) :|
Tp im0 i
1 & T
_|_72 Z / dr{(eﬂ ”11_1) (1—7112)—|-(811 ”12_1) (1—1111)}
T>< Zzla:(i) 0

(7.12)

where n; i(T) = ¥, ny ]-(T) denotes the total occupation number of the ith site of j lane at time 7.
The path integral measure on the conjugate response variable is defined as

/ ]1[ ]L[]]E[ I /m M. (7.13)

0 i=1j=10=(&) —in 2701

7.A.1 THE HYDRODYNAMIC LIMIT

Given the diffusive nature of the dynamics for our quasi-1D model, the local statistics of
occupation variables in a region of length scale /4 reach a local equilibrium over a period of
time scale 7, = (3 /D with respect to a slowly varying density profile. Considering that, in these
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length and time scales, the diffusion dominates over drift or tumbling, this local equilibrium
measure is best approximated by the product measure,

(1,0) with prob. p/ (7) (7.14a)
(njj(r),n;j(r)) =14 (0,1) with prob. p; (1) (7.14b)
(0,0) with prob. 1 — p;(7) (7.14¢)

similar to the SSEP on two lanes. Here, p:*(7) = p(i/ {4, T/ T,) are slowly varying local average
densities with p;(7) = p;" () + p; (7).

An important assumption is that p7"(7) in the two lanes are the same. This is justified
considering that in the time scale 7, > 7, particles frequently switch lanes before diffusing on
the lane. This results in fast equilibration of adjacent sites on the two lanes.

To be consistent with this local equilibrium assumption, the response variables are also
considered as slowly varying and the same on the two lanes. More precisely,

(1) = s (=) = PE(D). (7.15)

In the hydrodynamic scale, defined by the rescaled coordinates (x,t) = (i/{4, T/7p), the hydro-
dynamics description of the model is in terms of the evolution of these slowly varying fields
p+(x,t) and ps(x,t) gives.

In obtaining the transition probability between the initial and final hydrodynamic densities,
p(0) and p(T), from the action formulation in (7.10)—(7.12), the leading contribution comes from
typical microscopic configurations associated to the hydrodynamic fields, such that

Z nd( (0 Z p7 (0 ), and
Z n i ( Z o7 ( (7.16)

for large /4 and T,,. Taking average of Pr [n(T) | n(0)] in (7.10)—(7.12) over occupation variables
using the local equilibrium measure (7.14) give the transition probability in hydrodynamic scale,

Pelp(T)|p(0)] = [ [Dp) [Dp] (eXnsl¥ine)) 7.17)
0(0) {n(7)}
with K and H in (7.11) and (7.12), respectively.

In performing the average, in the large /4 and T, limit, the local equilibrium probability
measure at different times are assumed to be independent of one another, except correlations
through their slowly varying density fields. This way, the leading-order behavior of the transition
probability,

p(T) ST [ edr () 2T T o (0(0) P7(0) £ (T) 57(T))
Pelp(T) [p(0)] = [ D) [DPIT (e90) B (FOROHDIT) - (715)
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with the action

doy f Pl =7 v o7 =P
ZZ Z)(z] dr>+ )3 [(e’“ P 1) nf; (1= nigaj) + (e i —1) z+1](1_”irj)]

i=1j=1 L o=(x o2

76 b7 0. .—0, _
+ 2: {(epiﬂ -1 nleJ (1 =ni1j) = (epl P — 1) nf, i+1,] (1—myj) — (efr1™Fi —1) i (1—ni41)
p

1 p
+ (ep, Pt — 1)n Mii1,) (1- ”i,j)} + g [(epi -0 1) nj] + (eﬁ?—P, —-1) ZJ } (7.19a)

where we used (7.16). Notably, the contribution in the action from lane-crossing (involving 7.)
vanishes due to the fast equilibration assumption between the two lanes, equating their local
densities and conjugate fields in (7.15).

Further simplification comes from the dt — 0 limit, where

[T (et > ~ HedT (7.20)

The averaging of the action essentially reduces to replacing n;; £ (1) and nf’cz(’c) by pi (1) in (7.19a)
This leads to

P(T) P T L .
Pr[p(T)|p(0)] = /p o [PelDP e?Jo dri 8, (7.21)
where the action is
. d do: 62 JU
Si=-p; o —p EE 4 [( PP = 1) pf (1= piga) + (PP = 1) p (1 pisa)
drt dt T

+ (ePi P — 1) p;fH (1—pi)+ (eﬁfml — 1) Pi1 (1- Pi)}
E o+ _ 5t

2}(’ [(ep,ﬂ B 1) pf (1= piga) — (% Ph —1) pfy (1= 1)
p

— (ePri i —1) p; (1 —pig1) + (€7 Prn —1) iy (1— Pi)}
1 65t P -

+ = (PP 1) pi 4 (PP = 1) p7 |- (722)

ol
p
In writing (7.22), we used an integration by parts in the T variable to cancel the exponential term

+

outside the averaging in (7.18).

For writing the path integral in terms of the hydrodynamic fields, we use the definition of
p+(x,t) and p+(x,t) in (7.14) and (7.15) and perform gradient expansions, for large {4 and 75,.
Keeping the leading-order terms

P [ps (5 T) [ps(5,0)] = [ [Dpa] (D] 24 W 4[5 5 0epsd-aw) il

o0 (7.23)

with the effective Hamiltonian
L
H= [ dr{ps (1=p) @01 +p- (1—p) (20 )?
— [(1=p-) xps +p+ 9xp— — Pepy (1 p)] 3xp+
— [(1 = p+) dxp— +p—9xp+ +Pep_ (1 —p)] 0xp-
+ (P = 1) puy + (PP = 1) p} (7.24)



135 7.A. AN ACTION FORMULATION FOR THE QUASI-1D MODEL

where we denote T/1, = T and L/{q = IL. Note, that in our choice of rates, the thermal
diffusivity, D = éé / Tp and Péclet number, Pe = £,/ {4 are kept finite.
Action in terms of density and polarization fields

The action in (7.23) describes the stochastic hydrodynamics of the model. More convenient
hydrodynamic fields for active matter are the total density (0 = p+ + p—) and the polarization
(m = p4 — p-) fields. By defining the corresponding response fields p = (p3 + p-)/2 and
m = (p+ — p—)/2in (7.23) we get the transition probability

Pr[p(x,T),m(x,T) | p(x,0),m(x,0)]

~ / D] [Dmi] [Dp] [Dii] e 2% Syt at [ dx (pavo-+ii im ) —Hip,ip,m)| (7.25)

with the effective Hamiltonian

L
H= [ dx {p(1=0) (0:p)*+p(1—p) Qi) +2m (1= p) 8:p s
— [0xp —Pem (1 —p)] 0xp[(1 — p) 0xm + mdxp — Pep (1 — p)] 9,
+2psinh? i — msinhzm}. (7.26)

Gaussian approximation

The effective Hamiltonian in (7.26) is non-Gaussian in 7. For most states away from transition
lines, fluctuations are small and it is reasonable to assume 7 to be small. A similar quadratic
approximation was done in [282] for a related dynamics. Keeping up to the quadratic order

terms in small 77, the Hamiltonian is given by

L S . S . R m o s
(7.27)

with Spp = Sym =20 (1 —p), S¢r = p,Spm = 2m (1 — p) and the average conserved currents
due to diffusion drift

Jo = —0xp +Pem(1-p) (7.28)
Jm=—(1—p)oxm —mdp+Pep(1—p) (7.29)

and the nonconserved tumbling current
] f= m (730)

7.A.2 THE FLUCTUATING HYDRODYNAMICS EQUATIONS

The hydrodynamic action in (7.25) with the Gaussian effective Hamiltonian (7.27) is the Martin-
Siggia-Rose-Janssen-De Dominicis action [294-297] of a fluctuating hydrodynamics equation,
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01 = —0y (]_p - (7.31a)

1
)
_ 1 -
dpm = —0y <]m - 7701 ’7rn> —2 <]f - \/1@ ’7f>' (7.31b)

where 71 = (17, 11 11 f)T is a multivariate Gaussian noise vector, whose probability distribution is

PI‘(I]) N e—2’1 Jdtdt dxdx y(x,t)TE y(x' ) (7.32)

with the covariance matrix

X = 5(.’){ — x’) 5(t - t/) Sp,m Sm,m 0 . (733)
0 0 Sp

7.B GENERALIZATION TO d DIMENSIONS

Here, we generalize the action formalism and thus, the fluctuating hydrodynamic description
for our model on a d-dimensional hyper-cubic lattice with L? sites with periodic boundaries.
The lattice sites are indexed by their Cartesian coordinates (i1, 1, ...,i;) with iy = {1,2,...,L}
fork =1,2,...,d. We discuss two possible generalizations of the active dynamics, as described
in the main text.

7.B.1 CASEI: TWO-SPECIES GENERALIZATION

This case corresponds to the system composed of particles of two-species [denoted as (£)]
similar to the quasi-1D model. The (+) particles move persistently in the +£; direction (which
we refer to as active direction) with the motion being symmetric along all other directions
{£%,...,£%4} (which we refer to as passive directions). The microscopic dynamics is defined
as

e Biased hopping: A (+) particle at site (i1, ia, . . ., i) hops to the site (i1 1,1y, ..., i) at rate
(éﬁ +¢,/2)/ 7 and to the sites (i1, i+ 1,...,14),...,(i1,i2,...,ig = 1) at rate Eﬁ/rp, while
a (—) particle at site (i, ia, ..., i) hops to the site (i1 £ 1,1, ...,1;) at rate (63 Flp/2)/7p
and to the sites (iy,ip £ 1,...,14),...,(i1,i2,...,i; = 1) at rate Eé/rp, provided that the
target site is unoccupied

e Tumbling: A (+) particle converts to a (—) particle at rate 1/7, and vice versa

Starting from an initial configuration p- (x, tin;), the probability that the system eventually
reaches a final configuration p.+ (x, tg,,) has a hydrodynamic path integral description

Pr [0+ (%, tin) | 04 (%, tini)] = / [Dp+] [Dp+] o4 [ dt [ d% (0 0up++0- 3p—) —Hp= , p]] (7.34)
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with the Hamiltonian given by

- =~ 2 =
H= /dx {p+ (1=p) |[VP+|"+p- (1—p) |VP-
—[(1=p-) Vs +p+ Vo —Pep. (1-p) #1] - Vi
— [ =p+) Vo +p-Vps +Pep- (1—p) 1] -
+ (e P — 1) py + (&P~ —1) p_} (7.35)
and where we have denoted p = p4 + p_. The derivation is following similar analysis as

presented in Appendix 7.A.
The fluctuating hydrodynamic equation corresponding to this action formalism is given by

oo+ = (1—p) V2ps + p+ VZp F Pedy, [p+ (1 — p)]

1 e .
F (04 =p-) + g (Vi £115) (7.36)
d

with the Gaussian noises having zero means and covariances ((7+ (%, t) - £) (7+ (¥, ') - £)) =
po(xX—

20+ (1—p) S 6(X—X')6(t —t') and (1 (X, t) yp(¥,t')) = 55) (t—t).

7.B.2 CASE II: 24d-SPECIES GENERALIZATION

In this generalization, the system is composed of particles belonging to 2d number of species
(denoted as o = { (%)} withk =1,2,...,d), corresponding to the possible internal orientations
in the spatial directions 7, = {£%£} with k = 1,2,...,d. This corresponds to the isotropic
generalization of our quasi-1D model in higher dimensions. The microscopic dynamics is
defined as
e Biased hopping: A particle of (4 ) species atsite (i, 12, .. ., i;) hops to the site (i1, 12, . . ., ix +
1,...,1) atrate (3 + £, /2) /T, and to the other adjacent sites at rate (¢3 — £ /2) /T, while
a particle of (—); species at site (i1, iy, ...,iz) hops to the site (i1, ip,...,ix —1,...,i4) at
rate (¢4 + {,/2)/ 1, and to the other adjacent sites at rate (¢35 — ¢,/2)/7,, provided that
the target site is unoccupied.

* Tumbling: A particle of ¢ species converts to any other species at rate 1/7p.

Starting from an initial configuration p, (X, tini ), the probability that the system eventually
reaches a final configuration p,(x, tgn) has a hydrodynamic path integral description

Pr (05 (%, tin) | po (%, tini)] = / [Dp] [Dp] o l4 [ 4[] A% Lo(Po drpe) ~Hlpope]] (7.37)

where the Hamiltonian is given by

H = /de{pa (1—0) [Voo|" = [(1=p) Voo
(o4
+ s Vo —Peps (1 —p) ] - Vo

Y o (e 1)} (7.38)
o' #o
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and we have denoted p =}, p,.
Corresponding to this action formalism, the fluctuating hydrodynamics for the o-species
particle is then given by

000 = (1 —p) V%0, + pr V0 — Pe \V/ (oo (1—p)] - 7o

1
- Z —Po') gd/z (V Mo + Z 77(7%0’) (7.39)

o' #o o'#o
with the Gaussian noises having zero means and covariances ( (77, (%, t) - £) (ijo (X', ') - %)) =
X—

200 (1 =) b0 O 6(X = %) 6(t — t') and (Ho—or (X, 1) 1y (X', 1)) = (00 + Por) Gr,p Bty O
X o(t—t).

7.C THE STRICTLY 1D MODEL WITH EXCHANGE DYNAMICS

Until now, we have strictly imposed the exclusion constraint which forbids two particles in
adjacent sites to cross each other on the 1D lattice. However, in certain physical examples, this
single-file constraint may be partially relaxed. For example, the dynamics of active particles
inside a channel whose width is of the order of the diameter of the particles [291]. Motivated
by this scenario, we discuss the case where two adjacent particles on the 1D lattice are allowed
to exchange their positions at a constant rate, in addition to their usual biased-hopping and
tumbling dynamics described in items (1) and (2) of the main text.

Precisely, we consider the model on a one-dimensional lattice with the following dynamics:

* Biased hopping: A (+) particle at site i hops to site i +- 1 at rate (¢4 £ ¢,/2) /1, while a
(—) particle at site i hops to site i + 1 at rate (¢4 F £, /2) /T, provided that the target site
is empty.

e Tumbling: A particle changes its internal orientation (i.e. (4) to (—) and vice versa) at
rate 1/ 7.

e Particle-position exchanging: A pair of (£) particles at sites i and i 4 1, exchanges their
positions at rate ¢2/ .

Following the same procedure outlined in Appendix 7.A, we write the transition probability
of the system starting from an initial configuration p (x, tini) and reaching a final configuration
P+ (%, tn) in terms of a path integral

Pr [P(x/ tﬁn) (x tfln | P 1n1) (x/ tini)]
~ / [Dp] [Dmi] [Dp] [Diit] e o] &) dx @ore o) ~Hlpm o], (7.40)

The corresponding fluctuating hydrodynamic equation for the density field is identical to
the one in (7.31a) with the same parameters, while that for the polarization field is similar to the
one in (7.31b) but with the modified values of J,, and (17, (x, ) 17 (', t')).

The £ = 1 limit corresponds to the lattice-gas model in [280] for which the fluctuating
hydrodynamic description was derived [282] using an ingenious mapping to known integrable
models. The mapping does not straightforwardly extend for the dynamics with arbitrary £.
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Figure 7.D.1. For the quasi-1D model: The number density distribution from Monte Carlo simulation
compared with the distributions (7.43) and (7.44) for appropriate phases in the two-lane ladder model
defined in the main text. The bulk-average density is pg = 0.75. For (a), the parameter values correspond
to the homogeneous phase and for (b), they are for the phase-separated state.

Remark. In the £ = 0 limit, the hydrodynamic description breaks down, as discussed in the
main text and also in the next Appendix.

7.D NUMERICAL EVIDENCE FOR LOCAL EQUILIBRIUM

Our construction of the fluctuating hydrodynamics crucially relies on an assumption of local
equilibrium. For our choice of rates in items (1)—(2) in the main text, diffusion dominates in
length scales of order ¢4, and consequently, the nearby sites within this diffusive length are
expected to reach a local equilibrium in times 1, ~ ¢4 around a quasistatic average density
defined in (7.14). A consequence of this particular local equilibrium assumption is that the total
number N of particles, irrespective of their polarity, in a region of I ~ /4 sites centered around
i > x{q at time T =~ {7}, is given by the binomial distribution [316]

Pr, (N | p(x,£)) = (;) o(x, O (1—p(x, 1) 7Y, (7.41)

where p(x,t) is the slowly varying local average density. Taking N and ! to be large, while
keeping n = N/I finite, a Stirling’s approximation gives

Prl(n|p):exp{{—l[nan+(1—n)1n1_””}. (7.42)

In the homogeneous stationary state i.e., outside the binodal region, the most probable
local average density profile is uniform p(x) = pg everywhere. The probability Pr(n) of the
number-density of particles sampled over random boxes of fixed length I in the bulk comes
from (7.42) corresponding to this typical average density pg, leading to

Pr(n) = Pri(n|po). (7.43)
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Figure 7.D.2. For the strictly-1D model: Comparison of Monte Carlo results of number density distribu-

tion and (7.43). Panel (a) show good agreement, supporting local equilibrium for bulk average density

po = 0.25 and low Péclet number. However, as shown in panel (b) at higher Péclet but at same pg, even

though the system is in homogeneous phase, the (7.43) significantly differs from numerically observed

distribution, indicating breakdown of our local equilibrium assumption.
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Figure 7.D.3. Validity of noiseless hydrodynamics in the quasi-1D model: A comparison of the

evolution of density p(x,t) and polarization m(x,t) from Monte Carlo simulation of the microscopic
dynamics and from the noiseless hydrodynamics in (7.31). The evolution starts from a step initial profile
for both p(x,0) and m(x,0), centered around the middle of the system. The solid lines represent noiseless
hydrodynamics evolution (7.31), while the markers represent Monte Carlo simulations of the microscopic

dynamics. To compare with the noiseless hydrodynamics, the Monte Carlo results are binned over 20

sites and averaged over 64 realizations. The hydrodynamic simulations are performed in the domain
[0,L/¢q = 4] using a pseudospectral method with 2° modes, described later in Appendix 7.H. The plots
are for pg = 0.25 and the system size L = 4(4 with the dynamical parameters (4 = 128, 7, = (3, £, = 2{g4,

and Ty = 0.05, which corresponds to Pe = 2. These parameters correspond to a homogeneous stationary

state.
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3 4

Figure 7.D.4. Breakdown of noiseless hydrodynamics in the strictly-1D model: A similar comparison
between hydrodynamic evolution and Monte Carlo simulations of microscopic dynamics for the single-
lane model, for identical parameter values as in Fig. 7.D.3. The noticeable deviations between the
microscopic and the hydrodynamics indicate unsuitability of the latter for the 1D model.

In the phase-separated stationary state, i.e. inside the spinodal region, there are two typical
average densities, p; and pg, corresponding to the liquid and the gas phases, respectively. In
random sampling of the box position, probability for the box to be inside the liquid or the gas
region is proportional to their volume fraction. This results in the probability of number density

inside randomly sampled boxes,
Pr(n) = vPri(n|p;) + (1 —0)Pri(n|pg), (7.44)

where v = (o9 — pg)/ (01 — pg) denotes the volume fraction of the liquid phase.

The number-density distributions in (7.43) and (7.44) are an indirect test of the local equi-
librium assumption. To verify this crucial assumption, we numerically measure Pr(n) from
samples of stationary-state configurations generated using Monte Carlo simulation of the quasi-
one-dimensional dynamics. Comparison of the numerical results against the distributions
(7.43) and (7.44) are shown in Fig. 7.D.1. The left panel, corresponding to a parameter regime
outside the binodal (high density, low activity), thus in the homogeneous phase, shows excellent
agreement with (7.43). The right panel depicts a high-density, high-activity regime where MIPS
forms, as evidenced by the bimodal distribution. There is good agreement with (7.44), except
slight deviations originating from contributions near the liquid-gas interface, which are not
included in (7.44).

A similar test of local equilibrium for the strictly 1D case, shows a different scenario than in
the quasi-one-dimensional case. At very low Péclet value and low density, the local equilibrium
assumption is consistent as shown in the left panel of Fig. 7.D.2. However, at higher Péclet,
but still inside the homogeneous phase, the number distribution differs from the theoretical
prediction (7.43), suggesting a breakdown of our specific assumption of local equilibrium.

The consequence of local equilibrium for quasi-one-dimension and its breakdown for strict
one dimension is reflected in the validity of hydrodynamics in describing the Monte Carlo
evolution, shown in Figs. 7.D.3 and 7.D 4.
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7.E THE SPINODAL ANALYSIS

The noiseless hydrodynamics is obtained from (7.31) by setting the noise terms equal to zero

op = _ax]_p/ (7.45a)
0m = —0x [ — 2]_f, (7.45b)

where the conservative currents J, and J,, arising due to biased-diffusion dynamics are given
in (7.28) and (7.29) respectively while the nonconservative current J¢ arising due to tumbling
events is given in (7.30).

A particular solution for the stationary state of (7.45) is given by the homogeneous profiles
p(x,t) = po and m(x,t) = 0. A linear stability analysis of the homogeneous solution give the
spinodal curves for MIPS. Our analysis is similar to [280, 300] used in a related problem. We
perturb the stationary homogeneous profiles as p(x,t) = po + dp(x,t) and m(x, t) = dm(x,t)
with 6p and dm being small fluctuations in the hydrodynamic fields. This allows us to write the
hydrodynamics for the small perturbations up to the leading order as

0:(6p) = 92(3p) — Pe (1 — po) 9 (dm), (7.46a)
0;(6m) = (1 — pg) 3%(6m) — Pe (1 — 200) 3x(dp) — 2 5m. (7.46b)

Defining the continuous Fourier transformation

Sp(k, 1) (. Sp(x,t)
B - % /0 xe (7.47)

om(k,t) om(x,t)

for a large L/ /4, we can rewrite the Fourier-transformed noiseless hydrodynamic equations for
the small fluctuating fields as

dp(k,t) —k? —iPe (1 —po)k
ot =
om(k,t) iPe (200 — 1)k —(1—po)k?—2
Sp(k,t)
X , (7.48)
sm(k,t)
where k = 2mnly/L withn =0, £1, £2, - - -. The eigenvalues of the above matrix are given

by
AL(k) = —1— (1 - %O)kZ

s K
[T+ [Pe*(1 = po) (200 = 1) — po] K2 + =2 —, (7.49)
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which obey the symmetry A, (—k) = A (k).

The two eigenvalues A, (0) = 0 and A_(0) = —2 corresponding to the k = 0 mode re-
spectively describe the invariance of the spatially integrated total density [ dxp(x,t) and the
exponential decay of the spatially integrated polarization M(t) = [dxm(x,t) = M(0)e %,
which also directly follows from (7.45).

The homogeneous solutions become linearly unstable at large wavelengths when one of
the eigenvalues corresponding to the first mode [i.e.,, k = +271/(L/¢4)] becomes positive,
At (2t/(L/4q)) > 0. This, consequently, puts a condition on the macroscopic size of the system

L/ty> 2y~ o (7.50)
\/Pe2 (1—po) (200 — 1) —2

Note that the term within the square root in the denominator must be positive, i.e.,

as

Pe? (1 —po) (200 — 1) > 2. (7.51)

Interestingly, this is the same instability condition found earlier [280], where the single-file
constraint is not respected and a & pair of particles at neighboring sites is allowed to exchange
their positions at a rate £3 /7,. The above condition is equivalent to

(0o —07) (0o — pj,) <0, (7.52)

2 2
3 1 4 3 1] 4
s e - s _ - — _
=gz g\! <Pe> cand =7+ 41 <Pe> ' (7.59)

Therefore, for Pe > 4, the system is linearly unstable in the spinodal region given by py € [0}, pj].

where

7F THE BINODAL ANALYSIS

For a system in a phase-separated state, a high-density liquidlike phase and a low-density
gaslike phase coexist. The binodal or the coexistence curve gives the two densities, denoted
by p; and p, respectively, as a function of a control parameter, which in our case is the Péclet
number Pe. To compute the binodal, we use the procedure followed in [280, 300], which we
outline below for the convenience of the readers.

The stationary state is given by d;p = 0, which has a zero flux due to symmetry, which gives

us J, = 0. Using (7.28), we obtain
1 dxp 1
m= 51 0 = ——eax [In(1—p)]. (7.54)

The stationary state for the polarization field i.e., dym = 0 gives us 9y [, — 2]_f = 0, which,

using (7.29), (7.30) and the above expression of m, can be rewritten as d,g = 0, where

2(p) = g0(p) + Alp) (E)xp)2 — k920 = const, with (7.55)
2
go(p) =Pep(l—p) — 5-In(1—p), (7.56)
2 1 1
Ap) = “Pel—p’ and x = Pe- (7.57)
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Figure 7.E1. The binodal curves are given by the pair of conditions go(pg) = go(p;) and ho(pg) = ho(p01),
where the expressions of g (p) and h(p) are given by (7.56) and (7.69) respectively. Here, go(p) and h(p)
are plotted as a function of p on the left and right figures, respectively. For Pe < 4, both are monotonic
functions of p. On the other hand, for Pe, both gy(p) and hy(p) have a minimum and a maximum. For
Pe = 4, there is an inflection point at p = 3/4, where the first and the second derivatives of both gy and
hg vanish.

The spinodal curve is equivalently defined by g;(p) = 0, whose two solutions are given by pj
and pj, respectively [see (7.53)].
7.F1 FIRST RELATION

In the coexisting phase, density is homogeneous in the liquid (p;) and gas (o,) phases: d,p =
920 = 0 in the two phases, giving

go(pg) = go(p1) = g(Pe), (7.58)

For Pe < 4, go(p) is a monotonic function of p. On the other hand, it has a maximum
and minimum at o] and pj respectively for Pe > 4 [see Fig. 7.F.1]. For Pe = 4, there is
an inflection point at p = 3/4, where both g{(p) and g{ (p) are zero. For Pe > 4, any line
go(p) = const € (0(pf), go(p5,)), intersects the go(p) vs. p curve at three points, and therefore,
there exists an infinite number of solutions for (7.58). Hence, we need another relation for fixing
the coexistence densities, which we discuss below.

7.F2 SECOND RELATION

Consider the following integral across the liquid-gas interface in a phase-separated state
X
I= / dx g(p) 0xR(p), (7.59)
Xg

where R(p) is some function of p, and x, and x; are any two points inside the gas and liquid
phases respectively. Since g(p) = § is constant, the above integral yields

I=g[R(p1) — R(pg)]- (7.60)
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Figure 7.F.2. Metastability: Numerical evolution of the noiseless hydrodynamic equation (7.31) for
regions outside the spinodal curve but inside the binodal curve demonstrates that a homogeneous
solution is linearly stable, but nonlinear instabilities could drive the system to an inhomogeneous MIPS
state. The two panels correspond to two initial states with same initial Gaussian total density profile
p(x,0) but different initial polarization fields m(x,0) = A sin2mx/L with amplitude A = 0.02 for panel
(a) and A = 0.2 for panel (b). The parameters Pe = 10 and py = 0.4 are for a region between the spinodal
and binodal curves. The small inhomogeneity of m(x,0) in panel (a) drives the system towards a uniform
final state, whereas larger inhomogeneity in panel (b) leads to an inhomogeneous MIPS state.

On the other hand, substituting the expression of ¢(p) from (7.55) in the integral gives

1—/ dx go(p) xR (p)

+ / dx [A(p) R (p) (9:p)> — x R'(p) 3%0] Bsp. (7.61)
Now we choose R(p) such that the second integral is zero. Consider the relation
dx[A(p) (3:0)] = [A'(p) (9xp)* +2A(p) Fp] 0xp- (7.62)
Choosing 2A(p) = —x R'(p) and k R”(p) = —2A(p) R'(p), the above relation gives
~o.[ER(p) <axp>2] = [A() R (p) (00"

R'(p) 33p] 0:p. (7.63)

Since dxp = 0 in the liquid and the gas phases, the integral over the above expression across the
interface is zero. Hence, defining go(p) = d¢(R)/dR, from (7.61) we get

I'=¢(R;) —¢(Rg) (7.64)

where R; = R(p;) and Ry = R(pg). Combining the two expressions of I, (7.60) and (7.64), we
arrive at the relation

ho(Rg) = ho(Rl) where ho(R) = R(I)/(R) - (P(R) (765)
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For the particular form of A(p) given above, the above differential equation of R(p) can be
solved exactly to give (up to an additive and a multiplicative constant)

R(p) = ;u_lp)g (7.66)

Inverting the above equation, we can express p(R) =1 — (3R)71/ 3

, which in turn gives
2
¢'(R) = Pe[1 — (3R) /3] (3R) /3 + 3pe In BR). (7.67)

Now, integrating with respect to R gives (up to an additive constant, which does not show up in
the relation)

. [(BR)'3 13, 2R
¢(R) = Pe [2 1| (3R)"* + 2o [In (3R) — 1]. (7.68)
Therefore, hy(R(p)) can be expressed in terms of p explicitly as
2 1 Pe 3 —4p

hO(p> = ﬁ (1 _p)3 + Z (1 — p)z (769)

and the second coexistence relation can now be written as

ho(pg) = ho(pr)- (7.70)

The qualitative behavior of hy is similar to that of go(p) [see Fig. 7.E.1]. For Pe < 4, hy(p) is a
monotonic function of p, whereas for Pe > 4, it has a maximum and a minimum at pj and pj,
respectively . For Pe = 4, there is an inflection point at p = 3/4, where both &(p) and h{(p) are
zero.

Interestingly, the two solutions of hj(p) = 0 are same as that of g{(p) = 0 and are given
by p; and pj, respectively [see (7.53)]. This follows from using ¢’(R) = go(p), writing hp(p) =
R(p)go(p) — $(R(p)) and taking a derivative with respect to p

ho(p) = R(p) 80(p) + R'(p) go(0) — R'(p) ¢'(R)
= R(p) &o(p)- (7.71)

The binodal curves are obtained by numerically solving the relations go(os) = go(p;) and
ho(pg) = ho(p1), where the expressions of gy () and ho(p) are given by (7.56) and (7.69) respec-
tively.

Remark. In the intermediate region between the spinodal and binodal curves, the uniform
homogeneous solution of the noiseless hydrodynamics is linearly stable, although there are two
additional solutions corresponding to the two binodal densities p; and p,. In practice, these

solutions are selected depending on the initial state, as shown in Fig. 7.F.2.

7.G THE TWO-POINT CORRELATIONS IN THE STATIONARY-
STATE HOMOGENEOUS PHASE

In this appendix, we present the derivation of the two-point correlations of the hydrodynamic
fields in the stationary state of the homogeneous phase of our quasi-1D model. This serves as an
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x10~3

Figure 7.G.1. Correlations in the homogeneous phase in quasi-1D model: An excellent agreement
between the hydrodynamic predictions in (7.83), indicated by solid lines, and their results from a
Monte Carlo simulation, indicated by plot markers. The results are for the homogeneous phase with
po = 0.25, Pe = 2. For the simulation, the microscopic correlations Cp,(i,i") = (niny) — (n;) (nyr),
Com(i,i") = (niMy) — (n;) (My), and Cp(i,i') = (MiMy) — (M;) (My), where, i and i’ denotes the
lattice sites, n; = {0,1} and M; = {0, 1} denotes the total occupation and polarization of the it" site, and
(-) denotes the averaging over time after reaching the stationary state. Using the translational symmetry,
due to periodic boundary conditions, spatial averaging is conducted to further refine the averaging. For
comparing with the fluctuating hydrodynamics results, we use the re-scaling as x — x’ = (i — ') /{g.
Evidently, the Cy,(x) and Cyn (x) are symmetric in x, while the Cpy, (x) is anti-symmetric in x.

indirect check of our fluctuating hydrodynamic description, reported in eq. (1) of the main text.
Our result for the correlations is valid up to the leading order in 1/¢4 and for this purpose, we
use the Gaussian noise approximation, ignoring any subleading terms.

The analysis follows a standard approach [282, 317, 318] for correlations using fluctuating
hydrodynamics. We begin our derivation by adding small fluctuations, ép(x, t) and dm(x, t)
which are of at most O(1/1/Z4) around the stationary-state homogeneous fields, p(x,t) = po
and m(x, t) = 0 respectively. The definition of the two-point correlations of the fluctuating fields
then readily follows

Cop(x,x") = (bp(x,t) 6p(x', 1)), (7.72a)
Com(x,x") = (6p(x,t) 6m(x', 1)), and (7.72b)
Conm (x, ") = (dm(x, t) om(x',1)). (7.72¢)

Putting these perturbed total density and polarization fields in eq. (1) of the main text and
keeping only the terms which are at most linear in dp and dm, we obtain

o =D, + F(x,t) (7.73a)
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Figure 7.G.2. Correlations in the homogeneous phase in strictly-1D model: Similar comparison of
correlations in the single-lane model for parameters identical to Fig. 7.G.1. The significant deviation
between the hydrodynamic and the Monte Carlo results indicate breakdown of the former in the strict
1D geometry.

where the deterministic, D, and fluctuating, F(x,t) components are respectively given as

6§ —Pe (1 — PO) ax
D, = , (7.73b)

—Pe(1-200)9x (1 —po)d% —2

200 V1 —p00x1p

F(x,t) = 7,
V1= 00 0xtim + V215

(7.73¢)

where 71,(x,t), (x,t) and 7¢(x, ) are delta-correlated Gaussian white noises with unit self-
covariance and zero cross covariance.

In the large hydrodynamic system size limit L /{3 — co, we define the continuous-Fourier-
transformed fluctuating hydrodynamic fields as

op(k, t) 1 o . op(x,t) .
= L dx e (7.74)

sk, t) dm(x,t)

and subsequently rewrite the fluctuating hydrodynamic equations in the Fourier space

op(k,t) so(k,t) | _
3 = Dy + E(k,t) (7.75a)

siii(k, ) siii(k, )
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with the deterministic and fluctuating components in the Fourier space respectively given by

—k? —iPe(1—po) k
Dy = , (7.75b)

—iPe(1—2p0)k —(1— po)k? —2

N 5 i/T— pokifi(k t)

E(kt) =, /% , (7.75¢)
d

V(1= po) k2 +212(k, t)

where 71 (k, t) and 72 (k, t) are Gaussian noises with mean and covariance

(1a(x,t)) = 0and (7.75d)
(a2, 1) o (X)) = O 6(x —X) 6(t — 1), (7.75€)
where o, o’ = {1,2}.

The differential equations in (7.75a) can now be readily solved which leads to the solutions

of the fluctuation fields in Fourier space in terms of Dy and F(k, t) as

(Sﬁ(k/ t) t ,
= / dt' ePe=H) F(k, ') (7.76)

siii(k, )

poA{ABk4 + [4A + Pe2 A2 + 2)k% +2[2 + Pe? A] }

Cop(k, k') =
po (o) {ABK* + [2A + Bx2Jk2 + 2x2 H g

S(k+k'), (7.77)

where we have defined:
A=1—-py, B=2-—p, (7.78)

and the parameter

x = /2 Pe (1 - po) (200 1) (7.79)

determines the onset of linear instability of the stationary-state homogeneous fields under small
perturbations i.e., the spinodal region.

The k = (k' =) 0 mode relates to the spatial integral of the fluctuations of the total density
field, [ dxdp(x,t). Although the total number of particles in the two-lane system as a whole
is conserved, the number of particles in each of the lanes is allowed to fluctuate due to the
lane-crossing dynamics. This particle number fluctuation in the two lanes of the system can
be assumed to be independent of each other in the long time limit which implies that the
2 x Cpp(k, k') must vanish when k = (K’ =)0. We take this into account by including an
additional k = (k' =) 0 term proportional to the infinitesimal intermode width £4/L, such that

the correlation in (7.77) is now given as
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poA{ABk4 1 [4A + P2A2 + x2)k2 + 22 + Pe2A]} 00A[2 + Pe?A]
{ABK + 24 + B2 + 222} g 2x°L

Cop(k, k') =

S(k)| 60k + 1)

(7.80a)

Similarly, the correlations of total density with polarization and polarization with polarization

are respectively given as

B —2iPep3 A (AK>+2)k
~ {ABK* + 2A + B2Jk? 4+ 2x2} 44

Com(k, k') S(k+K), (7.81)

Com(b ) = po { ABK* + 2B +Pe? A(1 — 209)? + Ax?]k® + 2x2} 5(k £ 1) 782)
e {ABK* + 2A + BX2]k2 + 2x2} Uy ' '

In the above two expressions of the correlations involving the polarization fields, we do not
have any additional k = (k" =) 0 term, as the spatially-integrated fluctuating polarization fields
J dxém(x, t) do not vanish.

Finally, we take the inverse Fourier transformation of the expressions in (7.80a-7.81), which
gives the two-point correlations for the fluctuating hydrodynamic fields in the stationary-state
homogeneous phase. These are respectively given by

Pe2p2 A2 \/7 ) _ x| A A2 + Pe?A]
N = 0 Lo T X =< z P2 sy — oy PoAle T T A
Cop(x,x") Dy ge ot < VAe % |x+ 7 S(x— ') 2L , (7.83a)
Pep2A[2 _ k| _ x|
Com(x,x") = sgn(x — x') Dpé)d [Be O 4+ (x*-2) o }, (7.83b)
Pe?p3 A(1 -2 [2 1 =
Coum (x,x") = Fo D(Ed Po) B¢ a - %e 2 |+ Z—Zé(x —x'), (7.83¢)

where the two "correlation lengths" corresponding to the length scales of the exponentially
decaying long-range correlations are

& = P and = VITPO (7.84)

-5 "
Two important observations are in order at this point. First, all three correlations show a
divergence when 2 — Pe? (1 — po) (2 — po) (200 — 1) — 0. In fact, our results for the correlations
are not valid in the region 2 — Pe? (1 — pg) (2 — po) (200 — 1) < 0. Second, & > & in the region
2 —Pe?(1—pg) (2—po) (200 — 1) > 0. Consequently, the first exponential term in each of the
correlations dominates over the second exponential term when the two points in space are
far-separated i.e., x — x’ > 0.

There is an excellent agreement, shown in Fig. 7.G.1, between the hydrodynamic results for
the correlations in (7.83) and corresponding results from a direct Monte Carlo simulation.

Remark. For the strictly 1D model, one would arrive at the same two-point correlations in the
stationary-state homogeneous phase owing to the similar fluctuating hydrodynamic equations
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in the two geometries. Only the additional shift corresponding to the zero momentum mode in
the strictly 1D model would be twice that in the quasi-1D model. However, due to a breakdown
of hydrodynamics, the exact correlation functions obtained from the Monte Carlo simulations
show (see Fig. 7.G.2) a clear mismatch with the analytical expressions.

7H DETAILS OF THE NUMERICAL SIMULATIONS

For the microscopic dynamics we use the usual Monte Carlo method. We consider a periodic
lattice with two lanes with L sites in each lane. We choose time step dt = 0.01 to convert the
rates to probability for the Monte Carlo simulations. The lane-crossing rate 1/, is taken as 10,
20 or 40 depending on the simulation.

To solve the hydrodynamic equations we employed the standard Fourier pseudospectral
method [299], with nonlinear terms computed in real space using the Z dealiasing rule [299].
Time integration was performed in Fourier space utilizing the standard Runge-Kutta fourth
order (RK4) method and the Integrating factor Runge-Kutta fourth order (IFRK4) method, with
a time step (dt) of 1073 or 107, depending on the system’s resolution. Some relevant codes for
this project can be found in [319].



CONCLUSION AND OUTLOOK

This thesis spans three complementary areas: (i) statistical physics of turbulence, (ii) mathemati-
cal analysis of the Navier-Stokes equations, and (iii) hydrodynamics of active lattice gases and
semiclassical description quantum gases. Much of the focus is to understand the emergence
of scaling laws, two-point correlations, asymptotic scaling solutions, and rigorous bounds on
certain observables. The governing equations in each case are nonlinear partial differential equa-
tions, with almost no analytical handle. Variety of tools from statistical mechanics, mathematical
analysis and numerics are used to understand these hydrodynamic equations. As always, this
thesis opens up more problems than it answers. Below we summarize the conclusions and the
open questions.

The first three chapters addressed incompressible Navier-Stokes turbulence in three dimen-
sions, where the Kolmogorov 1941 theory provides the natural starting point. Despite its success,
K41 rests on the assumption of uniform, space-filling energy dissipation — an assumption that
real turbulent flows violate. The departures from K41, collectively described as intermittency;,
were the central subject of these chapters.

Chapter 2 examined dissipation statistics from both Eulerian and Lagrangian perspectives
using high-resolution direct numerical simulations with large scale separation. We show that, de-
spite strong intermittency, Eulerian dissipation does not organize into a classical scale-invariant
multiplicative cascade: its spatial correlations, coarse-grained statistics, and multiplier dis-
tributions are incompatible with multifractal or log-divisible descriptions. In sharp contrast,
dissipation sampled along Lagrangian trajectories exhibits clear signatures of a temporal mul-
tiplicative cascade, including logarithmic time correlations, linear scaling of cumulants with
the logarithm of the time scale, scale-invariant multipliers, and a well-defined large-deviation
principle. Finally we propose an alternative interpretation of the classical bridge relation in
which Eulerian dissipation statistics emerge from temporal cascade dynamics along Lagrangian
paths, with Eulerian multipliers encoding the scale-to-scale inheritance of fluctuations.

This chapter raises several further directions. First, while we have strong indirect evidence
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supporting the modified bridge relation we propose, direct verification would be valuable.
Second, a natural extension of this work would be to apply the coarse-grained dissipation
statistics framework to the coarse-grained flux, which may prove to be a more appropriate
quantity to examine. Third, a detailed comparative study of between dissipation and pseudo-
dissipation.

In Chapter 3, we studied chaos in turbulent flows through the framework of decorrelators.
The largest Lyapunov exponent A, which governs the degree of chaos at small scales, is predicted

by Ruelle’s classical argument to scale as A ~ Re!/?

. Starting from the Navier-Stokes equations,
we have analytically shown that intermittent fluctuations of the strain-rate field modify the
Ruelle scaling. We further established that the degree of chaos in turbulence is controlled by
fluctuations of the compressional eigenvalue of the strain-rate tensor. This provides a concrete
and previously unquantified link between intermittency and predictability through the Navier—

Stokes equations.

We derived scaling laws for the largest Lyapunov exponent; however, a given flow pos-
sesses a full distribution of Lyapunov exponents, and a natural direction for future work is the
characterization of the complete Lyapunov spectrum.

In Chapter 4, we revisited the structure of velocity increment statistics through a geometric
decomposition. Conventional structure functions measure longitudinal velocity increments,
which conflate contributions from the amplitude and the orientation of the velocity difference
vector. By separating these two contributions, we identified geometric multiscaling laws that are
invisible to standard longitudinal measurements. These results show that intermittency leaves
its signature not only in the magnitudes of velocity fluctuations but also in the geometry of the
flow field, and that a complete picture of anomalous scaling requires attending to both.

Chapter 5 turned to two-dimensional Navier-Stokes turbulence, where the physics is qual-
itatively different and tools from mathematical analysis are used to find bounds on scaling
laws. Under power-law forcing at all scales, the conventional cascade picture breaks down,
and the phenomenological picture breaks down. Using mathematical analysis tools we derived
strict upper bounds on the energy and enstrophy dissipation rates as functions of the Reynolds
number. These bounds, obtained without any modeling assumptions, identify the scaling of
dissipation with Re in a rigorous way and provide a complement to the statistical viewpoint of
the earlier chapters. We also derived bounds on the attractor dimension, quantifying the degrees
of freedom.

The tools that we have used are for deterministic forcing, however there are numerical
simulations available for stocastic power-law forcing. It would be very intersting to see how to
modify our methods so that they are suitable for two-dimensional Navier-Stokes with stochastic
power-law forcing.

The final two chapters examined one-dimensional hydrodynamic models from two comple-
mentary directions. In Chapter 6, we studied the evolution of quantum gases, released from
traps, is studied through hydrodynamics, both analytically and numerically, in one and two
dimensions. In particular, we demonstrate the existence of long time self-similar solutions of the
Euler equations, for the density and velocity fields, and derive the scaling exponents as well as



CHAPTER 8. CONCLUSION AND OUTLOOK 154

the scaling functions. We find that the expanding gas develops a shock-like front and the size of
the cloud grows in time as a power law. We relate the associated exponent to that appearing in
the corresponding equation of state of the quantum gas. Furthermore, we study the relaxation
dynamics of a trapped quantum gas and show that the resulting steady state is in excellent
agreement with that derived analytically. Our hydrodynamic approach is versatile and can be
used to unravel several other far-from-equilibrium collective phenomenon of extreme nature,
relevant to the growing experimental interests in quantum gases.

In this study, the extension to two-dimension is rather limited, since we assume spherical
symmetry. It would be interesting to understand the asymptotic dynamics without the spherical
symmetry. Relaxation dynamics in a trap is only studied for the quadratic trap

In Chapter 7, we presented a bottom-up approach to derive hydrodynamic equations from
microscopic models. We present a fluctuating hydrodynamic description of an active lattice gas
model with excluded volume interactions that exhibits motility-induced phase separation under
appropriate conditions. For quasi-one dimension and higher, stability analysis of the noiseless
hydrodynamics gives quantitative bounds on the phase boundary of the motility-induced
phase separation in terms of spinodal and binodal. Inclusion of the multiplicative noise in the
fluctuating hydrodynamics describes the exponentially decaying two-point correlations in the
stationary-state homogeneous phase. Our hydrodynamic description and theoretical predictions
based on it are in excellent agreement with our Monte Carlo simulations and pseudospectral
iteration of the hydrodynamics equations. Our construction of hydrodynamics for this model
is not suitable in strictly one-dimension with single-file constraints, and we argue that this
breakdown is associated with micro-phase separation.

Although the model is described in two dimensions but the full analysis is left for a future
project. We have explicitly shown the breakdown of hydrodynamics in strictly one dimension
due to breakdown of local equilibrium but exactly what causes this breakdown and how to
write down the hydrodynamics correctly is still an open question. Also, it would be interesting
to see how the fluctuating hydrodynamics results for this work compare with other models,
including a full characterization of macroscopic fluctuations in terms of large deviations.
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