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"If we wish to understand the nature of the universe, we have an inner hidden advantage: we
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Abstract

The emergence of shape and form in living systems remains one of the central open
questions in developmental biology. In this thesis, we explore the interplay between
pattern formation, change of form, and growth in development, using a continuum
modeling framework.

First, we explore the couplings between the geometry of a fixed cellular confine-
ment and patterns in the actomyosin cortex of cells. On an arbitrarily shaped two
dimensional domain, we develop a framework for the Galerkin analysis of such pat-
terns far from the linear stability regime. For a circular disk, our analytical results
predict transitions from isotropic to anisotropic patterns as the Pèclet and Damköhler
number in the model are tuned. This is confirmed by an explicit numerical solution
of the model. Extending our numerical analysis to harmonic deformations of the disk,
we show that the emergent patterns are sensitive to the boundary curvature.

Next, we make the domain deformable and explore the interplay of patterns in cell
number density, displacement, and velocity, in ensuring size control in growing tis-
sues. We uncover two special solutions depending on the competition between tissue
elasticity and strength of the active stress – a homogeneous steady state, and a peren-
nially growing phase. We find explicit expressions for the final size and growth rates
respectively, in these two special regimes. The model also shows oscillatory solutions
at low birth-death rates of the tissue. In 2D, the phases persist but growth is isotropic
unless heterogeneities in the initial conditions for the fields and/or shape are imposed.

Finally, we include the dynamics of an orientation field in the simple model above.
The orientation field represents alignment of cell division axes and/or cell rearrange-
ment directions and/or cell shape axes. Including this degree of freedom, we observe,
in addition to states where the domain spontaneously changes shape from a circular
to an elliptical shape, sustained time-dependent states. We then adapt the model to in-
clude observations from a real experimental system, viz explants of zebrafish embryos,
and observe qualitative agreement between our simulations and the experimental sys-
tem.
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Chapter 1

Introduction

Living matter is maintained out of thermodynamic equilibrium by a continuous through-
put of energy. This energy drives morphogenesis – the process by which tissues and
organs acquire their shape and form. Morphogenesis underlies the broader program
of development that transforms a single fertilized cell into a complex, functional or-
ganism, with robust size, shape, and organization.

The study of morphogenesis requires integrating physical principles with biolog-
ical regulation. As tissues grow, their changing geometry both constrains and en-
ables the emergence of spatial patterns, which, in turn, guide and regulate further
growth during development. These coupled dynamics can be formalized through
mechanochemical models, which capture how stresses, flows, diffusion, and reaction
kinetics interact to produce organized structures. By situating development within a
framework of nonequilibrium statistical mechanics, such models highlight how con-
tinuous energy flux sustains the emergence of order, linking microscopic interactions
to macroscopic form.

1.1 Interplay of growth, geometry and patterning in de-
velopment

Development involves a fascinating interplay between spatio-temporal organisation
(patterns), increase in macroscopic size of the system (growth), and change of form
(shape). While these processes typically unfold simultaneously, especially in early
embryogenesis, they are often studied independently of each other. However, the
interplay between growth and patterns is crucial for development. In this section, we
illustrate this for two model organisms, viz the zebrafish Danio rerio and the fruit fly
Drosophila melanogaster.

The underlying principles of development are primarily studied in a handful of
model organisms, chosen for their experimental tractability. These organisms typically
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Figure 1.1: Stages of development of a zebrafish, as explained in [1]. After fertilization,
the actin cytoskeleton – a thin meshwork of actin filaments, myosin motors and other
proteins sitting below the plasma membrane of the cell – contracts and squeezes the
non-yolky cytoplasm into the animal pole of the egg. This separates the cytoplasmic
cap from the underlying yolk. The cap undergoes rapid cleavage. Cells that retain
connection with the yolk form the yolk syncytial layer. Cleavage is followed by epi-
boly – where the cap cells cover the yolk. At 50% epiboly, when the cells have covered
about half the yolk, a thickening – called the germ ring – occurs throughout the mar-
gin of the cells undergoing epiboly. This is followed by the shield stage – a localized
thickening at the future dorsal (back) side of the embryo. As epiboly proceeds, con-
vergence and extension movements take place, followed by formation of precursors
of skeletal fragments called somites. Growth in the pre-somitic mesoderm happens in
tandem with gene expression waves so that somites form at the right location, and are
of the right size. This is the famous clock and wavefront model of somitogenesis. It is
followed by organogenesis – optic vesicles and other cranial structures become more
defined. By 48 hours, the embryo shows twitching and swimming like movements,
and swims away. This figure is reproduced with permission from [1].

13



share several advantageous characteristics, such as fully sequenced genomes, rapid
and well-characterized embryonic development, and short generation times.

Zebrafish are particularly valuable because their embryos are optically transpar-
ent, allowing direct visualization of internal organs and developmental processes. Ze-
brafish development proceeds through a sequence of distinct stages (see fig. 1.1): early
rapid cell divisions post-fertilization (cleavage), the spreading of cells over the yolk
(epiboly), coordinated cell movements establishing the three germ layers (gastrula-
tion), followed by formation of somites (which are precursors of skeletal fragments).
At various stages in its development, patterning processes, growth, and change of
form, work in tandem to ensure the robustness of development. It has been shown, for
instance, that during the cleavage stage, the geometry of the embryo guides asymmet-
ric cell divisions [2, 3]. These divisions are responsible for gradients in cell sizes and
cell cycle progression, and therefore, patterns in cell fate. Further, at the epiboly and
gastrulation stages, patterns in signaling morphogens (Wnt, Nodal and BMP) guide
convergence-extension movements, and geometry dictates how germ layers are posi-
tioned. At the somite formation stage, coordination between the segmentation clock
(a molecular oscillator that drives the formation of somites) and growth in the tissue
anterior to the tip of its tail is important to ensure the right number, size and placement
of somites [4]. Finally, at the post-embryonic stage, growth orients and scales striped
pigmentation patterns, but sometimes qualitatively alters them [5].

The fruit fly Drosophila melanogaster has been a cornerstone of developmental
biology for over a century, owing to its short generation time of about two weeks, small
and well-annotated genome, and the availability of powerful genetic tools that allow
precise manipulation of gene expression. In the early fly embryo, large-scale tissue
flows are guided by the spatial distribution of myosin motors, with dorsal–ventral
symmetry breaking providing the patterning cues that regulate deformation, while the
embryo’s geometry constrains how tissues move [6, 7]. In imaginal discs – epithelial
sacs of precursor cells found in larvae that develop into adult structures such as wings,
legs, antennae, and eyes – morphogens such as Dpp and Wingless establish spatial
patterns that guide cell fate and proliferation. The Hippo pathway integrates these
biochemical signals with mechanical cues from tissue tension and cell–cell contacts,
thereby regulating organ size and ensuring that discs achieve the correct geometry
before metamorphosis [8, 9].

This thesis explores three examples of minimal physical models coupling these
aspects of morphogenesis, viz pattern formation, growth and change of form. In the
next section, we survey some of the diverse ways in which such problems have been
approached until now.
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1.2 Historical and conceptual context

Patterns are ubiquitous in nature, and have inspired many a philosopher and artist.
In his landmark 1952 paper [10], The Chemical Basis of Morphogenesis, Alan Turing pro-
posed that diffusion and reaction of interacting chemicals can spontaneously generate
patterns. This diffusion-driven instability has since been linked to phenomena such
as the Belousov–Zhabotinsky reaction and pigmentation patterns in fish and animal
coats. Yet Turing himself recognized that chemical interactions alone could not fully
explain the emergence of biological form – "Well, the stripes are easy, but what about
the horse part?", he is alleged to have said with regard to the zebra [11]. He advocated
for a mechanical basis of morphogenesis, envisioning models that integrate chemical
patterning with tissue growth, geometric transformations, and mechanical stresses –
capturing the interplay between biochemical signals and the physical forces that shape
living organisms.

Turing’s 1952 paper, and extensions thereof, assumed fixed domains/quasi-statically
changing domains. Real tissues, however, grow and deform simultaneously with pat-
tern formation processes. D’Arcy Thompson’s 1917 classic [12] On Growth and Form
emphasized geometry, scaling and physical laws in shaping organisms, and used the
theory of transformations to compare related morphologies. In the 1980s and 1990s,
Murray and Maini systematically studied reaction–diffusion systems on growing do-
mains, demonstrating how tissue expansion modifies pattern selection, directly link-
ing mathematical biology to embryonic development [13]. Parallel advances in con-
tinuum mechanics came from Rodriguez, Hoger, and McCulloch [14], who introduced
morpho-elasticity in the multiplicative decomposition of the deformation gradient
into growth and elastic parts. This formalism provided a rigorous way to connect
growth, geometry, and elasticity, and was later generalized by Goriely [15, 16] into a
comprehensive mathematical framework for biological growth, emphasizing incom-
patibility, residual stresses, and mechanical instabilities.

Mechanochemical models also advanced during this period. These were mechan-
ical analogues of Turing’s activator/inhibitor system with different diffusivities. In
avian feather bud patterns, for instance, mesenchymal cells migrate on an elastic sub-
stratum. The elastic resistance of the extra-cellular matrix (ECM) acts as an inhibitor
and tunes the spacing between mesenchymal cell clusters [17,18]. Oster and colleagues
integrated extracellular matrix mechanics, cell density, and chemical signaling, high-
lighting how tissues couple biochemical and mechanical cues [19]. More recent ac-
tive mechanochemical models [20, 21] showed how contractility of actomyosin drives
flows, which feed back on myosin patterns via advection (see fig. 1.2). Friction in-
hibits flows and reduces the length scale between rings of actin in the trachea of D.
melanogaster [21].
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Figure 1.2: An example of a mechanochemical model, where gradients in the concen-
trations of stress regulators drive flows, and flows advect the concentration field of the
stress regulator.

Recent work on growth has focused on scaling and size regulation in develop-
ment [22, 23], distinguishing determinate and indeterminate growth phenotypes. In
parallel, models with tissue anisotropy have introduced orientation fields into growth
dynamics, offering new ways to capture directional patterning. Current models often
treat growth and pattern formation separately rather than as a coupled dynamical sys-
tem. It is not well-understood how mechano-chemical patterns are influenced by dy-
namically growing domains / domains with a non-trivial boundary shape, although
this understanding is relatively better developed for Turing models [24–26]. Geome-
try defines boundary conditions and can provide long-range mechanical guidance for
embryogenesis [27]. Geometry also distorts patterns: For instance, buckling of villi
in chick embryos distorts the gradient of the morphogen Sonic Hedgehog (SHH) and
restricts cell proliferation at the base of the villi [28]. Thus, geometry and pattern for-
mation are co-dependent, in general. What about the couplings between growth and
pattern formation? What are the emergent growth behaviors arising from patterns in
scalar, vector and tensor fields? Current approaches [15,16] need a prescription for the
dynamics of the growth tensor, focusing on the consequences of growth (change of
form), not the causes – What are the physical and biological mechanisms (advection,
dilution, diffusion and reactions) that result in different kinds of macroscopic growth
behaviors?

1.3 Central questions

The central questions this thesis tries to address include the following:

1. How do active mechano-chemical patterns "sense" boundary geometry? In a
simple model for patterns in the actomyosin cortex of cells, how do the patterns
change as the geometry of cellular confinement is changed?
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2. How do biological tissues regulate their sizes? What sets the final size and
growth rates? Does an asymptotic size always exist? If not, what is the mecha-
nistic basis of determinate and indeterminate growth phenotypes [22, 23]?

3. How do symmetry-breaking shapes emerge in growing tissues from local anisotropy?
How do the results of such a model compare to experiments?

1.4 Thesis outline

The three chapters following the introduction of this thesis encompass three examples
of the couplings between patterning, growth and change of form in morphogenesis.

In Chapter 2, we ask how boundary geometry affects active mechanochemical pat-
terns. This is in context of a simple model for patterns in the actomyosin cortex of
cells. It is well-known that the homogeneous steady state of this model is unstable to
inhomogeneous perturbations at high activity. However, much of the analysis for the
model is done for unbounded/periodic domains. The cell, nonetheless, is a bounded
system, with a non-trivial shape. As micro-patterning experiments reveal with respect
to patterns in concentration and orientation of cyto-skeletal structures, the geometry of
cell confinement has a non-trivial impact on these patterns. Our aim in this work was
to develop an analytical and numerical framework to solve for actomyosin patterns
on arbitrarily-shaped flat geometries.

In Chapter 3, we explore the emergent growth dynamics in a continuum model
for a growing tissue. We uncover determinate and indeterminate growth phases,
depending on the competition between tissue elasticity and strength of the active
stress at the tissue boundary. Remarkably, both these phenotypes appear in the same
mechanochemical model, though they appear in evolutionarily divergent species. An
extension of this model to tissues with inhomogeneous material parameters leads to
the possibility of understanding proportionate growth in such systems.

In Chapter 4, we study how a nematic order parameter in the simple model for a
growing tissue developed in chapter 3 leads to the emergence of non-isotropic shapes.
This nematic field is representative of alignment of cell intercalation directions and/or
cell shape axes and/or cell division axes. Exploring the parameter space for this
model, we discover a plethora of possible shapes and orientation patterns, including
sustained time-dependent states. We then adapt this model to study the elongation
dynamics of explants from zebrafish embryos. Incorporating experimentally seen sig-
naling profiles of Wnt, our model predictions agree qualitatively with experimental
data.

Finally, in Chapter 5, we conclude with a summary, scope and limitations of our
work, and discuss possible extensions and generalizations.
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Chapter 2

Influence of boundary geometry on
active patterns

2.1 Introduction

Pattern formation is a key driver of morphogenetic events at the cellular and tissue
scales. The spatiotemporal variation of chemical concentration fields, flow fields, and
filament orientation fields are implicated in many morphogenetic patterns. Many such
patterns are mechanochemical in nature: chemical reactions and mechanical forces are
fundamentally intertwined with each other. The origin of mechanical stresses can be
traced to the forces generated by the energy consuming activity of molecular motors in
the cellular cytoskeleton. Mechanochemical patterns in the actomyosin cytoskeleton
are known to drive many cellular processes such as polarity establishment [29, 30],
cell division [31], and cell motility [32–34]. Even large scale shape deformations of
tissues, such as wound healing and convergence-extension movements, are influenced
by actomyosin patterns [35–37].

The actomyosin cortex – a thin meshwork of actin filaments, myosin motors and
associated cross-linking proteins located just beneath the plasma membrane – is an ex-
cellent candidate for mechanochemical pattern formation [38]. Myosin motors use the
energy released in ATP hydrolysis to tug antiparallel actin filaments, generating con-
tractile active stresses in the process [39]. Large scale gradients in these active stresses
drive hydrodynamic flows [40]. At high activity, advective fluxes can overcome the
homogenizing effects of diffusion and lead to spatiotemporal patterns [20, 41, 42].

Theoretical studies of pattern formation typically consider a fixed geometry – usu-
ally Cartesian domains with periodic or no-flux boundaries. On the other hand, mor-
phogenetic patterns in cells and tissues display patterns on dynamical shape-shifting
geometries. The dynamics of shape change is itself controlled by the mechanochem-
ical stresses generated in the system. The resulting feedback between patterns and
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shape leads to very non-trivial problems. An intermediate case is to consider the
regime where the timescales for shape change are longer than the timescales associ-
ated with the formation of patterns. In this quasi-static regime, one can study the ef-
fect of boundary shape on pattern selection. For reaction-diffusion dynamics, such as
Turing systems, the role of boundary geometry in selecting patterns (even on dynami-
cal domains with prescribed deformations) has been studied [24,26,43]. The evolution
of parr-mark patterns from stripes to spots during the growth of Amago trout is an
example of such a system [24]. However, the role of boundary geometry in controlling
mechanochemical patterns has not been explored extensively. Experimentally, such
mechanochemical patterns are seen in cells plated on micropatterned substrates with
controlled boundary shape. For instance, cells adapt their actomyosin cortical patterns
in response to the geometry of their confinement [44–47] (see Figure 2.1).

Figure 2.1: (a) The actomyosin cortex of cells (green) is a thin film of active matter.
The plane shows a cross section for these cells. (b) Concentration patterns seen in
nearly flat cells laterally confined in micro-patterned substrates are sensitive to the
geometrical shape of the confinement. This schematic figure is motivated by the results
in [44, 45].

In this chapter, we consider a minimal mechanochemical model for the actomyosin
cortex modeled as a thin film of an active material. The transport equation for the con-
centration field of an active stress regulator is coupled to the fluid flow resulting from
active hydrodynamics. Considering finite-sized arbitrarily shaped two-dimensional
domains with no-flux boundary conditions, we set up a general formalism to write
an effective Galerkin truncated model for the dominant modes of the patterns. On a
circular domain, our analytical predictions for the existence of anisotropically local-
ized concentration patterns at the boundary, and their transition to isotropic patterns
with change of activity and turnover rate, is in very good agreement with explicit nu-
merical simulations of the model equations. For geometries that are perturbations of
the circular disk, we find that the patterns can spontaneously localize at regions of
high or low boundary curvature depending on parameters. Our results on triangular
shaped domains show remarkable similarity with experimentally observed patterns.
The transitions between various patterns predicted by our model with change in ge-
ometry can be tested experimentally.

19



2.2 Model

The actomyosin cortex is a viscoelastic gel. A very good description of this material
is to consider it as an active viscoelastic fluid. We assume that we are operating at
timescales greater than the Maxwell relaxation time for the cortex (→ 5 s) and develop
an active fluid model. This thin-film model can be derived from the full 3D model
[see Appendix 2.A] under the assumptions that the cortex thickness does not change
in time, and hydrodynamic fields do not vary along the thickness of the cortex. More-
over, in the complete description, flows in the cortex, sourced by the contractility of
the actomyosin system, are coupled to the cytoplasm via the passive stresses gener-
ated therein. It can be shown that these stresses are small compared to the stresses in
the cortex [see Appendix 2.B]. Thus, we neglect cytoplasmic flows and their effects on
cortical flows in our model.

Following [20], we consider the actomyosin system as a one-component fluid in
which myosin motors are immersed. The concentration field changes due to diffusion,
advection, dilution and turnover with the cytoplasm. Thus, we have,

∂tc +→ · (vc) = D↑
2c ↓ κ(c ↓ c0) (2.1)

where c is the effective 2D concentration of actomyosin, v is the effective 2D flow
field, D is the diffusion constant, κ is the turnover rate and c0 is the base-level of the
concentration field. The flow field v arises from force-balance: In the low-Reynolds
number limit, the divergence of a total stress Σ balances friction against the mem-
brane/cytoplasm. That is,

εv = → · Σ (2.2)

where ε is the friction coefficient and Σ is given by

Σ = (ϱb ↓ ϱ)(→ · v)I + ϱ[→v + (→v)T] + ζ∆µ f (c)I, (2.3)

where ϱb and ϱ are the effective 2D bulk and shear viscosities, I is the identity ten-
sor, f (c) is the active stress regulation function, and ζ∆µ is the active stress strength.
We choose a Hill function response for the active stresses: f (c) = c/(c + cs), where
cs is a saturation concentration beyond which the active stresses asymptote to a con-
stant. The active stress is isotropic in-plane. We have neglected degrees of freedom
associated with the orientation of actin filaments.

Boundary conditions are no-flux for the concentration and zero velocities at the
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boundaries:

v
∣∣
∂Ω = 0; (n̂ ·→c)

∣∣
∂Ω = 0, (2.4)

where n̂ is the outward unit normal in the domain. Since f is a function of c, this
implies that (n̂ ·↑ f )

∣∣
∂Ω = 0. On the boundary ∂Ω, the unit normal n̂ and the unit

tangent τ̂ are such that n̂ · τ̂ = 0 and we assume n̂ ↔ τ̂ = ẑ. We also define the normal
derivative ∂n ↗ n̂ ·↑ and the tangential derivative ∂τ ↗ τ̂ ·↑ on the boundary. Scaling
x ↘ x ω, t ↘ t ω2/D, c ↘ c c0, where ω =

√
ϱ/ε, the non-dimensional equations and

boundary conditions are

∂tc = ↓↑ · (vc) +↑
2c ↓ R (c ↓ 1), (2.5)

↑
2
v + (ν2

↓ 1)↑(↑ · v)↓ v = ↓P ↑

(
c

c + c≃

)
, (2.6)

where the Damköhler number R = κω2/D compares the turnover timescale κ↓1 with
the timescale for diffusion on a length-scale ω, and the Péclet number P = ζ∆µ/εD is
the ratio of activity to diffusion. The other non-dimensional parameters are c≃ = cs/c0,
the ratio ν2 = 1 + ϱb/ϱ, and those associated with the size and shape of the domain
Ω, such as the ratio of the domain size to the hydrodynamic length, the aspect ratio
for the domain, etc.

2.3 Effective model for the patterns

In this section, we first develop a formalism to solve (2.6) on any closed two-dimensional
domain Ω of arbitrary shape. Using this framework, we setup a linear stability analy-
sis calculation of the system (2.5) and (2.6) around the homogeneous state (c = 1, v =

0). Next, we will develop a Galerkin truncated system of equations for the expan-
sion coefficients of the concentration field. These equations will provide an effective
low-dimensional model that, as we will demonstrate in Section 2.4, predicts the phase-
diagram of the concentration patterns even in the nonlinear regime.

Let ψj be the orthonormal Neumann eigenfunctions of the Laplace operator on Ω,
i.e., ↑2ψj = ↓λjψj with ∂nψj|∂Ω = 0, λj ⇐ 0, and

∫
Ω ψ†

j ψk = δjk where † represents
complex conjugation. The ψj form an orthonormal basis for expanding any function.
Note that j is, in general, a multi-index. Furthermore, the eigenfunction corresponding
to the zero eigenvalue is a constant on Ω and

∫
Ω ψj = 0 for λj > 0. In particular, we

write

c(x, t) = 1 + ∑
k

ck(t)ψk(x), (2.7)
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where the summation is over the eigenfunctions ψk with eigenvalues λk > 0. We now
multiply (2.5) by ψ†

j (x) and integrate over Ω to obtain

dcj

dt
= ↓(λj + R) cj +

∫

Ω
↑ψ†

j · (vc), (2.8)

where we have performed an integration by parts and used the boundary condition
v|∂Ω = 0. If we can now express the flow v in terms of the concentration c, we will
get a closed system of equations for the cj. Note that this will lead to an infinite hi-
erarchy of equations for the cj. To obtain an effective reduced dynamical system, we
shall truncate the expansion (2.7) by retaining only a few dominant eigenfunctions. A
phase-space analysis of this dynamical system will then yield a phase-diagram of the
possible patterns.

It may be important here to contrast finite arbitrary domains with periodic/infinite
domains. On an unbounded or periodic domain, the Fourier modes are simultaneous
eigenfunctions of the Laplacian, and of every operator in the linearised dynamics.
The stability analysis then factorises: each wavevector contributes an independent
block, and the spectrum follows from a dispersion relation. On a finite domain, this
no longer holds. Expanding a perturbation in the Laplacian eigenbasis diagonalises
only the diffusive part of the dynamics. The advective couplings are not functions of
the Laplacian alone, so they do not share these eigenfunctions, and, instead, connect
distinct modes.

For a given active stress function f (equivalently, given c), an explicit solution of the
flow equation (2.6) is straightforward only in the case of simple rectangular domains.
For more complicated boundary geometries, it is a non-trivial task to obtain a solution
for v satisfying (2.6) with the boundary condition v

∣∣
∂Ω = 0. In the next subsection, we

outline a procedure that, in principle, allows us to compute the vector field v given the
Green’s function for the Dirichlet boundary-value problem for a scalar field satisfying
a modified Helmholtz equation. Subsequently, we use this procedure to compute the
flow field and then develop the Galerkin truncation for a disk shaped domain.

Solving for the active flows

Defining C ↗ ↑↔ v = C ẑ and D ↗ ↑ · v, the flow equation (2.6) leads to

↑
2C ↓ C = 0, ν2

↑
2D ↓ D = ↓P↑2 f . (2.9)

Using (2.6), we get v as

v = ν2
↑D +↑⇒C + P ↑ f , (2.10)
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where ↑⇒ ↗ ẑ ↔ ↑. Note that, owing to the linear term in v in the flow equation,
we can directly write the above expression for v. Else, flows must be obtained from
the curl and divergence of the flow using the Helmholtz decomposition theorem [see
Appendix 2.C].

Using (2.10), the flow boundary conditions n̂ · v|∂Ω = 0 = τ̂ · v|∂Ω translate to the
following coupled equations

ν2∂nD ↓ ∂τC = 0, ν2∂τ D + ∂nC = ↓P∂τ f . (2.11)

It is convenient to work with homogeneous equations. As such, we define

D = D↓ P ∑
j

λj f j

ν2λj + 1
ψj, with f j =

∫

Ω
ψ†

j f . (2.12)

Then C and D satisfy the following homogeneous equations on Ω

↑
2C ↓ C = 0, ν2

↑
2D↓D = 0. (2.13)

with the boundary conditions

ν2∂nD↓ ∂τC = 0, ν2∂τD+ ∂nC = F, (2.14)

where

F = ↓P ∑
j

f j ∂τψj

ν2λj + 1
. (2.15)

Note that in the above equation ∂τ is the tangential derivative evaluated on the bound-
ary ∂Ω. These boundary conditions (2.14) are neither in the Dirichlet form nor in the
Neumann form. Nevertheless we show in Appendix 2.D that the boundary-value
problem defined by (2.13)-(2.14) has a unique solution.

To obtain a useful representation of the solution to (2.13)-(2.14), we relate the solu-
tion to the Dirichlet boundary-value problem associated with (2.13). To this end, sup-
pose Ω is a subset of the plane such that ∂Ω is parameterized by a twice-continuously
differentiable function. Then equations (2.13) possess a unique solution when their re-
spective Dirichlet conditions, i.e., C|∂Ω and D|∂Ω, are prescribed on ∂Ω [48]. In particu-
lar, there exists an operator L (the ‘Green’s function’ for the Dirichlet boundary-value
problem) such that C = L(C|∂Ω). Similarly D = Lν(D|∂Ω) with Lν=1 = L. Moreover,
there is a unique Neumann condition corresponding to the solution of the Dirichlet
boundary-value problem. Let G denote the operator which maps the Dirichlet condi-
tion C|∂Ω to the associated Neumann condition ∂nC when C satisfies ↑2C ↓ C = 0.
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In other words, G(C|∂Ω) = ∂nC. Likewise Gν(D|∂Ω) = ∂nD with Gν=1 = G. The
operators G and Gν are known as Dirichlet-Neumann operators. These operators are
self-adjoint and positive, hence invertible (see Appendix 2.E). Further, we show in
Appendix 2.F that for a large class of domains Ω, the solution to (2.13)-(2.14) can be
expressed in the form

C = BνF , D = AνF, (2.16)

where Bν = L K↓1
ν G↓1, Aν = Lν G↓1

ν ∂τK↓1
ν G↓1 and Kν = G↓1 ∂τ G↓1

ν ∂τ + I with I

the identity operator. Note that L, G, Lν, and Gν can be computed explicitly only for a
few domains Ω ⇑ R2. Despite the rarity of explicit solutions to (2.13)-(2.14) due to the
nontrivial dependence on the shape of the domain Ω, the cases where explicit solu-
tions are available still provide valuable insight. The reason being that the flow v on a
domain Ω is qualitatively similar to the flow on any domain Ωε that is diffeomorphic
to Ω (see Appendix 2.F).

To summarize, using (2.12) and (2.16) we get the formal expressions for the curl
and divergence of the flow

C = ↓P ∑
j

Bν∂τψj

1 + ν2λj
f j, (2.17)

D = ↓P ∑
j

Aν∂τψj + λjψj

1 + ν2λj
f j. (2.18)

and the flow solution

v = ↓P ∑
j

f j uj(x), (2.19)

with

uj(x) =
ν2↑(Aν∂τψj) +↑⇒(Bν∂τψj)↓↑ψj

1 + ν2λj
. (2.20)

In the above expression, it should be noted that though ∂τψj are evaluated at the
boundary ∂Ω of the domain Ω, the result of the action of the operators Aν and Bν

on ∂τψj is a function defined on Ω. The gradients ↑ and ↑⇒ then act on this function
leading to the vector field uj(x) defined on Ω. The vector fields uj(x) act as a basis for
the expansion of the v with expansion coefficients f j.
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Linear stability analysis and Galerkin truncation

We now use the formal solution for the flow (2.19) in (2.8) to systematically analyze
the resulting patterns in the concentration field c(x, t).

To analyze the stability of the homogeneous state (c = 1, v = 0), we consider
c(x, t) = 1 + δc(x, t) ↗ 1 + ∑j δcj(t)ψj(x) with δcj ⇓ 1. It is easy to see from (2.8)
that only the divergence D of the flow contributes to the evolution of the δcj at linear
order. As such, the corresponding approximation for the expansion coefficient f j of
the active stress regulation function f (c) is given by

f j ⇔
c≃

(1 + c≃)2 δcj. (2.21)

Using this approximation in (2.18), the linearized equations of motion for the δcj are

dδcj

dt
= ↓(λj + R) δcj +

P c≃
(1 + c≃)2

[
λj

1 + ν2λj
δcj

+ ∑
k

1
1 + ν2λk

(∫

Ω
ψ†

j Aν∂τψk

)
δck

]
. (2.22)

The integral involving Aν and the eigenfunctions ψj depends on the geometry of Ω
via the Green’s function L and the Dirichlet-Neumann operator G. The evolution
equations for the δcj are coupled to each other. In other words, the linear stability
matrix is non-diagonal in the ψj basis. This turns out to be a generic feature for most
two-dimensional domains. Note that (2.22) holds for all δcj under the assumption that
they are small.

Next, we turn to develop a systematic Galerkin truncation of the modes in the
expansion (2.7). We first consider c≃ ↖ 1 and approximate f (c) ⇔ c(c≃ ↓ c)/c2

≃. We
then use the expansion (2.7) for c, multiply the approximate expression for f by an
eigenfunction ψ†

j and integrate over Ω to get

f j ⇔
(c≃ ↓ 2)

c2
≃

cj ↓
1
c2
≃

∑
l

∑
m

clcm

∫

Ω
ψ†

j ψl ψm. (2.23)

We now insert the above approximation for f j in (2.19) and use the resulting expression
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for v in the evolution equations (2.8) along with the expansion (2.7). This leads to

dcj

dt
= ↓(λj + R) cj ↓

P
c2
≃

[
(c≃ ↓ 2) ∑

k
Ejk ck

+ ∑
k,l

[
(c≃ ↓ 2)Fjkl ↓ ∑

n
EjnInkl

]
ckcl

↓ ∑
k,l,m

[
∑
n
FjknInlm

]
ckclcm

]
, (2.24)

where the expansion coefficients are

Ejk =
∫

Ω
↑ψ†

j · uk, (2.25a)

Fjkl =
∫

Ω
ψk(↑ψ†

j · ul), (2.25b)

Ilmn =
∫

Ω
ψ†

l ψm ψn, (2.25c)

These integrals depend solely on the geometry of the domain Ω (the only material
parameter is ν entering via the operators Aν and Bν).

In principle, equations (2.24) provide an almost exact and closed set of equations
for the time-evolution of the amplitudes cj in (2.7) – the only approximation being
(2.23). However, equations (2.24) are an infinite hierarchy of coupled nonlinear equa-
tions for the cj. As such, to get an effective low-dimensional dynamical system, we
will necessarily have to truncate the expansion by retaining only a few cj. Further,
even after this truncation, obtaining an analytically tractable system requires that we
are able to evaluate the integrals in (2.25) on the domain Ω. This requires that we know
the Neumann eigenfunctions ψj of the Laplacian operator, the Green’s functions L, Lν

for the Dirichlet boundary value problem, as well as the Dirichlet-Neumann operators
G, Gν. As remarked earlier, analytical expressions for these quantities are possible
only in very few cases. However, they can always be computed numerically for any
geometry.

2.4 Patterns on different shapes

We parametrize the domain Ω with a generalized set of orthogonal coordinates {ξ1, ξ2}

such that the boundary ∂Ω is defined as the level set ξ1 = a, where a is a dimension-
less number. Following [49], we will use ϱb/ϱ = 3 (and hence ν = 2) unless stated
otherwise. First, we shall illustrate the formalism developed in the previous section in
the case when Ω is a disk of radius a. The phases resulting from both linear-stability
analysis and the Galerkin truncation will be compared with numerical solutions of
(2.5) and (2.6). Next, we will consider domains that are smooth deformations of the

26



Figure 2.2: Linear stability analysis on a disk-shaped domain. Upon increasing P,
the homogeneous state loses its stability with either (a) anisotropic modes having the
largest growth rate at small R, or (b) isotropic modes having the largest growth rates
at large R. The parameter values corresponding to the dispersion curves in (a) and
(b) are marked in (c). The other parameters are fixed at µ ↗ a/ω = 2, c≃ = 4. From
the phase-diagram in the P ↓ R plane shown in (c), we conclude that linear stability
predicts the pattern will always isotropize at large P.

disk and illustrate how boundary curvature controls the localization of concentration
patterns.

Patterns on a disk

On any domain Ω, the Dirichlet values C|∂Ω and D|∂Ω can be expanded in a suitable
orthonormal basis of functions {un} defined on ∂Ω. The choice of the orthonormal
basis {un} depends on the shape of the domain Ω. On the unit disc, a natural choice
is un = (2π)↓1einθ for θ ↙ [0, 2π] and n ↙ Z. Note the tangential-derivative operator
equals ∂θ in this basis and hence is a diagonal operator. The un form an orthonormal
basis for the space of square integrable functions on the circle denoted by L2(∂Ω). For
such a choice, we note that

∝um, ∂τun′L2(∂Ω) =
∫ 2π

0

dθ

2π
e↓imθ∂θeinθ = inδmn. (2.26)

On a disk of radius a, the normalized Neumann eigenfunctions of the Laplacian are

ψn,k =
1

Nn,k
Jn

(
αn,k

r
a

)
einθ (2.27)

where Jn is the nth order Bessel function of the first kind, n ↙ Z, the αn,k satisfy
J∞n(αn,k) = 0 where ∞ denotes differentiation, k = 1, 2, 3, . . ., and the constant Nn,k is set
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so that ψn,k has unit L2↓norm. The eigenvalue corresponding to ψn,k is λn,k = α2
n,k/a2.

Further

Aνeinθ =
in
ν

In(a)In(r/ν)
dn

einθ, (2.28a)

Bνeinθ =
I∞n(a/ν)In(r)

dn
einθ, (2.28b)

where dn = I∞n(a)I∞n(a/ν) ↓ n2 In(a)In(a/ν) and In is the nth order modified Bessel
function of the first kind.

With this setup, we can now proceed towards the linear stability analysis of the
patterns. We can explicitly evaluate the integral in (2.22) using (2.28a) above. As re-
marked earlier, the linear stability matrix in the case of the unit-disc also turns out to
be non-diagonal in the ψn,k basis. The equations for the perturbation amplitudes δcn,k

remain coupled with respect to the index k. To proceed, we truncate to the first ten
eigenfunctions in the k-index, and then for each n compute the largest eigenvalue Λn

of the linear stability matrix. Figure 2.2(a-b) show the variation of Λn with n at several
parameter values. The growth rates seen in Figure 2.2(a) show that the homogeneous
state becomes unstable with increasing P and transitions into an anisotropic pattern
(n ∈= 0). On the other hand, Figure 2.2(b) shows that homogeneous state loses its
stability and transitions into an isotropic pattern (n = 0). This allows us to construct
the linear stability phase-diagram in the P ↓ R plane for patterns in the disk-shaped
domain. We observe that the homogeneous state can lose its stability, upon increasing
P, to either an anisotropic pattern or an isotropic pattern depending on the value of
the turnover rate R. This linear stability analysis predicts that isotropic patterns can
arise at large P even when R = 0.

Next, we proceed to develop an effective low-dimensional Galerkin model for the
patterns. We truncate the concentration field as c(r, θ, t) = 1 + ρ0 ψ0,1 + ρ1 eiϕ1 ψ1,1 ↓

ρ1 e↓iϕ1 ψ↓1,1 where the amplitudes ρi ↙ R and the phase ϕ1 ↙ R. Using this trunca-
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Figure 2.3: Results from the Galerkin truncated model. (a) Phase portrait of the system
(2.29) where the stable fixed point leads to the anisotropic concentration pattern shown
in (b). The phase is arbitrarily set to ϕ1 = π/2. (c) Isotropic fixed points (ρ0 ∈= 0 and
ρ1 = 0) lead to concentration patterns shown in (d) or (e). The Galerkin truncated
model (2.29) predicts that the fixed point corresponding to the pattern in (d) is unstable
while that corresponding to (e) is stable. We also see in (c) that the homogeneous fixed
point (ρ0 = 0 = ρ1) is unstable. (f) Phase diagram showing stability regions of the
homogeneous, isotropic and anisotropic fixed points from the Galerkin model. Here
µ ↗ a/ω = 2 and c≃ = 4.

tion in (2.24) and evaluating the integrals (2.25), we get

ρ̇0 = ↓

(
R +

α2
0,1

µ2

)
ρ0 ↓

P
c2
≃

[
↓ (c≃ ↓ 2)a01ρ0

↓ (c≃ ↓ 2)(a02ρ2
0 ↓ a04ρ2

1) + a03ρ2
0 ↓ a05ρ2

1

+ a06ρ3
0 + a07ρ0ρ2

1


, (2.29a)

ρ̇1 = ↓

(
R +

α2
1,1

µ2

)
ρ1 +

P
c2
≃

[
(c≃ ↓ 2)a11ρ1

+ [(c≃ ↓ 2)a12 + a13]ρ0ρ1

+ a14ρ1ρ2
0 ↓ a15ρ3

1


, (2.29b)

and ϕ̇1 = 0. Here, µ ↗ a/ω = 2 and apq > 0 are related to the integrals in (2.25)
and their values are listed in Appendix 2.G. We immediately see that the phase ϕ is
decoupled from ρi and can be chosen arbitrarily with the choice fixing the direction
corresponding to θ = 0.

We summarize the results of the patterns arising from the Galerkin truncated model
(2.29) in Figure 2.3. Analyzing (2.29), we find three kinds of fixed-points: (i) ρ0 = ρ1 =

0, (ii) ρ0 ∈= 0, ρ1 = 0, (iii) ρ0 ∈= 0 and ρ1 ∈= 0. These respectively correspond to the
homogeneous state, an isotropic pattern, and an anisotropic pattern. Within isotropic
patterns (ρ1 = 0), the concentration could be localized at the boundary (ρ0 < 0) or
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Figure 2.4: (a) Phase diagram resulting from the numerical integration of (2.5), (2.6).
(b) Anisotropic concentration patterns corresponding to parameter values marked in
the yellow dot in (a). (c-d) Bistable isotropic concentration patterns corresponding to
parameter values marked in the black dot in (a). These center-localised and boundary-
localised isotropic patterns arise by varying initial conditions in the high P and R
region of parameter space. Here µ ↗ a/ω = 2 and c≃ = 4.

localized at the center of the domain (ρ0 > 0). Figure 2.3(a) shows the phase-portrait
of the system around the fixed-point corresponding to the anisotropic pattern. We also
plot, in Figure 2.3(b), the resulting concentration pattern arising from the fixed-point
values for ρi. In Figure 2.3(c), we display the phase-portrait of the system around
the fixed-points corresponding to the two isotropic patterns. We clearly see that the
fixed-point corresponding to ρ0 > 0 is unstable while that corresponding to ρ0 < 0
is stable. Figure 2.3(d-e) show the respective concentration patterns at these fixed-
points. We proceed to analyze the existence and the linear stability of the fixed points
of (2.29) as a function of the parameters. In Figure 2.3(f), we construct the resulting
phase-diagram of the patterns in the P ↓ R plane. The parameter values correspond-
ing to the anisotropic and isotropic patterns shown in Figure 2.3(b,d,e) are indicated
in the phase-diagram. We notice from this phase-diagram that the Galerkin truncated
model predicts that isotropic patterns do not occur when R = 0, i.e., when there is no
turnover of the concentration c. This should be contrasted with the prediction from
the linear stability analysis of the homogeneous state shown in Figure 2.2.

To validate the predictions of the Galerkin truncated model, we numerically solve
the full model (2.5)-(2.6) with the finite-element method (Appendix ??) using the FEn-
iCS library [25, 50, 51]. For each parameter set, we start from the homogeneous state
c = 1 and v = 0 with small random perturbations added to c and time-evolve the
equations until a steady-state is reached. The results of this explicit numerical cal-
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culation are summarized in the phase-diagram Figure 2.4(a). The concentration and
flow patterns corresponding to the parameter values indicated in the phase-diagram
are shown in Figure 2.4(b-e). We observe the following points: (i) we find a very
good agreement between the patterns predicted from the Galerkin model (2.29) (and
Figure 2.3(f)) and those seen from the explicit numerical solution of the partial differ-
ential equations for c and v, (ii) the transition between the anisotropic and isotropic
patterns (occuring in the highly nonlinear regime) predicted by the Galerkin model
is captured quite well in the full numerics, (iii) consistent with the prediction of the
Galerkin model, we do not get isotropic patterns when R = 0, (iv) in contrast to the
prediction of the Galerkin model, we see a stable coexistence of two kinds of isotropic
patterns (shown in Figure 2.4(c-d)) at high values of P and R, and finally (v) the phase
diagram from the Galerkin model indicates that anisotropic patterns will remerge for
large values of P when R is small; this is not seen in the full numerics. It is remarkable
that a low-dimensional Galerkin model retaining only two modes can account for a
large number of features seen in Figure 2.4(a)). Note also that the agreement of the
reduced model with the full PDE model is demonstrated at c≃ = 4, far beyond the
validity of the approximation c≃ ↖ 1.

Deformations of the disk

The formalism that we developed in Section 2.3 applies to any (piecewise) smooth
two-dimensional domain. However, analytical calculations are possible only on those
domains for which the eigenfunctions of the Laplace operator, the Green’s function for
the Dirichlet problem and associated operators can be explicitly obtained. In the pre-
vious section, we showed that the concentration patterns, and the transitions between
them, on a disk shaped domain can be accounted by a low-dimensional Galerkin
model. To explore how the shape of the domain affects the resulting steady state
concentration patterns, we consider smooth perturbations of the disk parametrized
by

r(θ) = a

(
1 +

∞

∑
l=2

rl cos(lθ)

)
, (2.30)

where rl is the amplitude of deformation corresponding to the l-th mode (see Fig-
ure 2.5). We don’t consider l = 1, as it also involves a translation on top of a defor-
mation. This can be seen by computing the centroid (xc

l , yc
l ) for the l’th deformation in

r(θ) = a

1 + rl cos(lθ)


:
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