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Abstract

We study the ‘unusual localisation’ of information in theories of Quantum Gravity.
For this, we mainly consider a low-energy effective field theory description of gravity
in asymptotically flat and de Sitter spacetimes. In addition to this, we also consider a
scenario in string theory, related to unstable D-branes.

As for the effective theory of gravity in flat and de Sitter spacetimes, we see that even
in the GN → 0 limit, imposing the gravitational constraints leads to information being
holographic in nature. An explicit example of this is discussed by considering scalar
field theory in flat spacetime and arguing that the gravitational Gauss’ law leads to
holography of information, even for finite regions.

We then turn to a cosmological setting, where we study implications of gravitational
constraints for scalar field theory in de Sitter. We see that the constraints are much
stronger in de Sitter, owing to the fact that Cauchy slices are compact. We compute
cosmological correlators in the gravitationally constrained states and see signatures
of holography of information for perturbative states with a small number of excita-
tions. We then propose a heavy observer model which reproduces QFT-like correla-
tions, thereby helping to reconcile holography with the notion of locality.

Finally, we study tachyon dynamics on an unstable D-brane in string theory. Earlier
works on this subject suggest, in the classical (gs → 0) limit, an equality between open
and closed string descriptions of the physics of a decaying D-brane. We advance this
map further and show that by quantising the tachyon effective theory, using collec-
tive field theory methods, one can map it to a sub-sector of Klein-Gordon theory. And
the Hilbert space we obtain consists of coherent states and excitations on top of them.
This is in agreement with the fact that a decaying D-brane produces a coherent state of
closed strings. We then discuss how this result is amenable to an interpretation of hav-
ing an ‘unusual localisation’ of information in the sense that the open string degrees
of freedom know about the closed string states into which the D-brane is expected to
decay.
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Chapter 1

Introduction

Understanding Quantum Gravity has been one of the primary goals of theoretical
high-energy physics. Not only does it give a single framework to address all four fun-
damental forces of nature, but it also allows us to answer questions regarding black
holes, the physics of the early universe, and so on. But I think it is equally important
to acknowledge the hope that understanding Quantum Gravity will widen the hori-
zon of our knowledge and will lead to more questions regarding our universe that
we are not even equipped to comprehend, given our current theoretical framework.
This hope stems from a historical standpoint. Let us take electricity and magnetism,
phenomena which were initially understood to be completely unrelated. As we made
progress, it was understood that a single theory could explain them. This led to further
questions and a better understanding. A similar story holds for the Standard Model as
well - from the developments in quantum mechanics to finally arriving at a reasonably
deep understanding of gauge theories - we saw that all the fundamental forces except
gravity could be consistently addressed within the framework of quantum field the-
ory. Furthermore, the development of the theory forced us to ask questions related to
the Higgs particle and so on. It is in this spirit that I would like to motivate the need
for studies on Quantum Gravity. They will answer some questions that we already
have, but more importantly, they will also enable us to ask new questions.

There are many approaches to understanding Quantum Gravity. The most straight-
forward one is to develop a theory that could consistently address gravity and other
quantum field theories. String theory is one such framework. Developments in String
theory led to a better understanding of gauge theories and their relationship with the-
ories of gravity. One of its most important achievements is the AdS/CFT correspon-
dence, which provides us with a toy model of quantum gravity for a universe with
a negative cosmological constant. There is still a long way to go before we can un-
derstand quantum gravity in universes with a positive or zero cosmological constant.
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Alternatively, one could try to understand properties expected of a theory of quantum
gravity by working within a low-energy effective field theory approximation. Here,
one looks for peculiar properties of quantum gravity that could be extracted at this
energy scale. In my opinion, a historical analogy would be the development of the
least action principle. We had Newtonian mechanics, which could explain particle dy-
namics. However, the principle of least action explains the same theory in a rather
different way: the particle takes the path which minimises the action. And we know
that this notion naturally carries over to quantum mechanics, with necessary modifica-
tions. In the case of an effective field theory analysis of quantum gravity, our hope is
the same. We would like to find properties and principles that would then naturally
have an extension in a full-fledged Quantum theory of gravity.

In this thesis, we will mostly follow the low-energy effective field theory approach
to quantum gravity. We treat gravity as a gauge theory with diffeomorphisms as the
gauge redundancies. The principal objective will then be to understand the differ-
ences between gravity and other well-known gauge theories like electromagnetism.
From physical intuition alone, one can immediately see that gauge theories like elec-
tromagnetism have particles that can attract or repel each other, whereas in gravity,
particles can only attract. This means that electromagnetism has positive as well as
negative charge whereas gravity has only one kind of charge and it only attracts. We
will study implications stemming from this physical distinction. In particular, we will
study how, in gravity, information is stored in a radically different way compared to
other gauge theories.

On a more technical note, our approach to understanding distinctions between the ef-
fective theory of gravity and other gauge theories is to carefully study the constraint
equations in both cases. As we know, a gauge theory has redundant degrees of free-
dom. Thus, not all equations of motion will be evolution equations 1. Rather, some
will be equations that relate the initial data of the degrees of freedom to each other.
These equations are the constraint equations, as they constrain the initial data, like
Gauss’ law in electromagnetism. The Hamiltonian formalism is well-suited to un-
derstanding the implications of constraint equations. For example, consider a system
with phase space variables qi, pi; i = 1, 2, . . . N, out of which some are redundant. Let
the constraint equation be denoted as C[qi, pi] = 0, which will be obeyed by all classi-
cal solutions 2. Furthermore, these constraints generate gauge transformations, under
which all physically measurable quantities remain invariant, as gauge symmetry is an

1Evolution equations relate the second time derivative of a degree of freedom to its first and zeroth
derivatives. For example, 1

m Fx(t), ẋ(t) = ẍ(t)
2Recall that the set of classical solutions is in one-to-one correspondence with the set of all allowed

initial conditions.
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artifact of the redundancy in the description [1].

δFobs = {F, C} = 0, C[{q(cl)
i }, {p(cl)

i }] = 0 (1.1)

Here Fobs is a quantity that can be measured, and it is a function of the phase space
variables. The Poisson bracket is denoted by {. . . } and {q(cl)

i }, {p(cl)
i } denote a classi-

cal solution. In quantum theory, these conditions become statements regarding the set
of all allowed states and operators in the theory.

δF̂obs = −i[F̂, Ĉ] = 0, Ĉ[{q̂i}, { p̂i}]|ψ⟩ = 0 (1.2)

Here, we used the hat symbol to emphasize that we are dealing with quantum oper-
ators 3. Equations (1.2) are much stronger than (1.1) because, roughly speaking, the
classical constraints are like conditions imposed on the expectation values, whereas
quantum constraints are imposed directly on the states and operators.

In the case of gravity, the constraint equations are known as Wheeler-DeWitt equa-
tions, and they are more powerful compared to other gauge constraints. As we ex-
plained earlier, this is because gravity couples to everything, and it is always attrac-
tive. In electromagnetism, you can hide a region of positive charge by covering it with
a region of negative charge such that, when measuring from the outside, one sees a
neutral object. In the case of gravity, you cannot hide anything, as there is no com-
pensating negative energy one can use. These differences between gravity and other
gauge theories can be made mathematically precise by analysing (1.2). Furthermore,
one can establish that, in the case of gravity, information available in a region is also
available in its complement. This property is called the Holography of information.

We start with a simple scenario in Chapter 2 where the holographic nature of infor-
mation in theories of gravity could be explicitly seen. We consider scalar field theory
in 3+1-dimensional asymptotically Minkowski spacetime and show - within the lin-
earised gravity approximation- that information is holographic in nature, even for fi-
nite regions. The setup of the problem involves a sphere of finite radius R, in the t = 0
slice, and two observers, one stationed inside the ball and another at the boundary of
the ball (fig. 1.1).

Both observers are given access to a state |ψ⟩, by which we mean that they could make
measurements on this state. Then, by computing correlation functions, they are asked
to uniquely identify the state |ψ⟩ 4. But the domain in which they are allowed to make
measurements is restricted. The red observer is bound to stay inside the ball, whereas

3Also, we have put h̄ = 1.
4Or, in other words, given two states |ψ1⟩ and |ψ2⟩, they are asked to distinguish between them.
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Figure 1.1: A ball of finite radius, with an observer inside the ball and one at the
boundary.

the blue observer is allowed to make measurements only in a radial band outside
the ball. One can then show that, depending on the state, the observers may either
be able to uniquely identify the state or obtain partial information about the state.
However, in both cases, whatever information is accessible to the inside observer is also
available to the outside observer. We will show this explicitly by providing an algorithm
with which the observers can go about extracting information from the state, by means
of measuring correlation functions. As we will elaborate further in Chapter 2, this
‘unusual localisation of information’ happens only in theories of gravity, and it is a
direct consequence of the gravitational constraints.

The implications of gravitational constraints become much more interesting when we
consider gravity in asymptotically de-Sitter spacetime. This is discussed in Chapter 3,
where we will again consider scalar field theory coupled to gravity and work in the
GN → 0 limit. Here, the constraints are much stronger owing to the fact that de-Sitter
has compact spatial slices. A simple analogy from electromagnetism can explain the
reason for this. The electromagnetic Gauss’ law tells you that the total charge is equal
to the flux at the boundary. But if there is no boundary, then the total charge should
be zero.

QΣ =
∫

Σ
ρ =

∫
∂Σ

E⃗ · n⃗ = 0; as ∂Σ = 0 (1.3)

In quantum theory, the corresponding statement is that the allowed states in the theory
would be annihilated by QΣ, i.e., QΣ|ψ⟩ = 0. Similarly, for gravitational constraints
in de Sitter, one obtains the result that the allowed states in the theory will be annihi-
lated by charges generating de Sitter isometries, i.e., states have SO(1,d+1) invariance.
This will amount to the fact that information is holographic in nature. We will ex-
plicitly demonstrate perturbative signatures of holography by computing lower-point
functions in microscopically simple states. One important aspect that will be of great
interest is the fact that correlation functions in simple states will not look like the vac-
uum 5 correlations in a non-gravitational QFT. Such correlation functions are of utmost

5Also called the Hartle-Hawking state or the Bunch-Davis vacuum
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importance in the study of Cosmology, and one would naturally expect some limit in
which the correlation functions computed in our gravitational theory reduce to local
QFT correlators. We show that this indeed is possible by introducing a ‘heavy’ ob-
server and coarse-graining the set of observables. More precisely, correlation functions
defined relationally with respect to the state reduce to vacuum-like correlations in an
ordinary QFT. This construction further makes holography of information consistent
with our mundane notion of locality, as it is possible to obtain local QFT correlations
within the framework of gravitationally constrained states and operators.

Given these examples where one studies the holographic nature of information us-
ing the effective theory of gravity in flat and de Sitter space-times, it is natural to
ask whether such an ‘unusual localisation of information’ is seen in String theory. Of
course, for gravitational theories in AdS spacetimes, we have the AdS/CFT corre-
spondence, which is a statement of holographic duality and it is much stronger than
holography of information. In the case of flat and de Sitter spacetimes, we don’t have
anything as concrete as the AdS/CFT correspondence yet. However, it is still pos-
sible to look for instances where there is some notion of an ‘unusual localisation of
information’ in String theory. It is in this context that we study tachyon dynamics
on an unstable D-brane in bosonic/super string theory. An unstable D-brane has a
tachyonic mode in the open string spectrum owing to the tachyonic field (T) sitting at
the maximum of the potential V(T). If one displaces the tachyon away from the maxi-
mum, it rolls towards the minimum in a peculiar way, and such a scenario is described
by time-dependent solutions in string theory. Physically, the results of this tree-level
open-string theory analysis can be summarised as follows: the D-brane decays when
the tachyon rolls down the potential, and in the x0 → ∞ limit, one is left with a system
of non-rotating, non-interacting dust. Interestingly, one can turn on gs and study the
closed string radiation produced by the decaying D-brane. Then, taking the gs → 0
limit, one observes that the final closed string radiation is localised in the plane of the
original D-brane, and it has properties similar to the system of dust obtained from
open string analysis. This equivalence in description, in the classical limit, suggests
that the open string degrees of freedom already know about the closed string states
into which the D-brane is expected to decay. This could be considered as an instance
of ‘unusual localisation of information’. We study this further and show that it is pos-
sible to map the tachyon effective theory, which describes the dynamics of tachyon in
an unstable D-brane, to a subsector of Klein-Gordon theory. In particular, the Hilbert
space consists of coherent states and excitations on top. This is in agreement with the
coherent state of closed string modes that results from the decay of the D-brane, as
the D-brane acts as a time-dependent source for closed strings. Although one needs
a string theory computation to prove the equivalence between the open string de-
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scription and the closed string description at the quantum level, our results from the
tachyon effective field theory seem to suggest that this might be possible. Further-
more, one might be able to make the notion ‘open string degrees of freedom already
know about the closed string states into which the D-brane is expected to decay’ more
precise.

The thesis consists of the following:

• Holography of information in a ball of finite radius is discussed in Chapter 2.
Here, emphasis is given to how the gravitational Gauss’ law gives the observer
at the boundary access to information that the inside observer already has. It is a
slight rewriting of the paper [2], and I thank my collaborator Nava Gaddam for
his contributions to this project.

• Cosmological correlators in gravitationally constrained de Sitter states are dis-
cussed in Chapter 3. Here, we focus more on the implications of gravitational
constraints rather than describing how to solve the constraints, i.e., we start
with gravitationally constrained states, citing previous works on this subject,
and compute correlation functions in these states and analyse the result. Ex-
cept for the introduction and part of the discussion section, this is a verbatim
reproduction of the work [3], and I would like to thank my collaborators, Tuneer
Chakraborty and Suvrat Raju, for their contributions to this work.

• Tachyon effective field theory and its mapping to a subsector of Klein-Gordon
theory are discussed in Chapter 4. This chapter is heavily based on [4], and I
thank my collaborators Athira P V and Priyadarshi Paul for their contributions.
I would also like to thank Ashoke Sen for his guidance in this work.
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Chapter 2

Holography

In theories of gravity, information is localised in an unusual way compared to other
gauge theories. Working in the low-energy effective field theory, one can observe the
holographic nature of information by a careful analysis of the gravitational constraints.
This was performed in asymptotically AdS, flat, and de Sitter spacetimes in [5–7] re-
spectively. The general conclusion one arrives at after these studies is termed the ‘prin-
ciple of Holography of information’, and it states [7, 8]:

“Information that is available in a region of the Cauchy slice is also available in its
complement."

In this chapter we will describe a simple treatment of scalar field theory in flat space-
time and show how the notion of holography of information arises from the gravita-
tional Gauss’ law [2].

In AdS and flat spacetimes, the way to prove holography of information goes by
putting an observer at a small radial band at the boundary of the Cauchy slice (fig. 2.1)
and arguing that this observer can distinguish between any two states in the the-
ory [5, 6]. In this Chapter, we will consider a simpler question, “What happens when
the observer is stationed at a finite radius? What amount of information is available
to this observer?". In particular, we will be interested in the case of asymptotically flat
spacetimes and ask whether correlation functions on the boundary of the ball capture
all the information of all correlators in the bulk of the ball. We will follow the analysis
presented in [2].

One can already guess the answer by stating the results of [5] and [6] in a different way.
Here, the statement is that an observer at the boundary of the Cauchy slice has access
to all the information in the bulk. Equivalently, information available to an observer

7



Figure 2.1: An observer at the boundary of the Cauchy slice of AdS (left) and flat (right)
spacetimes can distinguish between any two states in the bulk.

having access to the full Cauchy slice 1 is also available to an observer in a small radial
band at the boundary of the Cauchy slice. An analogous statement for finite regions
will be that information available to an observer inside a ball of finite radius will also be
available to an observer in a small radial band at the boundary of the ball. In this chapter,
we will show that this statement is true within the confines of linearised quantum
gravity for generic low-energy (free Klein-Gordon) states in flat space created by the
action of unitaries on the vacuum to leading order in a certain perturbative parameter.
For an infinite sub-class of these states, our results are perturbatively exact and valid
to all orders in this same parameter. Unlike at infinity, massive and massless fields can
be captured within the same framework.

It should be mentioned right away that our result for a finite region [2] is weaker than
the corresponding result at infinity [5, 6]. This is due to the fact that there are a lot
of advantages to making a statement at a small band at the boundary of the Cauchy
slice. Most importantly, one can formulate the result at infinity in a gauge-invariant
way by mapping this region to a small band at the boundary of the spacetime 2, such
that the results are given in terms of boundary variables that are gauge invariant. We
will discuss this issue and related limitations of the finite region result in Section 2.6.

1Recall that the Cauchy slice has full information of the theory
2For AdS, this is a small time band t ∈ [0, ϵ] at the boundary of AdS [5], whereas for flat spacetime,

it is a small band u ∈ [−∞,− 1
ϵ ] at null infinity (for a massless field) [6]
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2.1 Setup

We consider a scalar field coupled to gravity in asymptotically flat spacetime. The
action is given by,

S =
1

16πGN

∫
d4x

√
g R − 1

2

∫
d4x

(
gµν∂µϕ(x)∂νϕ(x) + m2ϕ(x)2

)
(2.1)

Although we have chosen a mass parameter m for the scalar field, our analysis will go
through for the massless case (m = 0) also. In perturbation theory, one can write the
metric as 3,

gµν = ηµν + hµν. (2.2)

Although it is common usage to pull out a factor of
√

GN from hµν, we will not do it
as we will only work up to the first non-trivial order in GN.

One can now consider a spherical region of radius R in the t = 0 Cauchy slice. Fix a
coordinate system {t, x⃗}, such that integrating the local Gauss’ law constraint 4 over
the ball, we get the familiar statement of the Gauss’ law [9].

∫
|⃗x|≤R

(
T(ϕ)

00 + T(h)
00

)
=

1
16πGN

∫
|⃗x|=R

d2x ni
(
∂jhij − ∂ihjj

)
(2.3)

Here ni is a normal vector to the surface of the ball, and i, j run over the spatial compo-
nents. We have kept only the leading order term in GN, such that the LHS is O(G0

N).
At this order, the Gauss’ law could be read as follows: the energy density of the scalar
field

(
T(ϕ)

00

)
and free gravitons

(
T(h)

00

)
integrated over the bulk of the ball is equal to a

boundary integral of the gravitational fluctuations.

Let us omit the energy of the gravitons for simplicity. They can be easily taken into
account at this order in perturbation theory as they are just free propagating gravi-
tons, decoupled from the scalar field. Upon canonical quantisation of the theory, (2.3)
becomes an operator statement.

HR[ϕ] = H∂R[h]

Where HR[ϕ] ≡
1
2

∫
|⃗x|≤R

d3x :
(

π(x⃗)2 + (∇⃗ϕ(x⃗))2 + m2ϕ(x⃗)2
)

:

and H∂R[h] ≡
1

16πGN

∫
|⃗x|=R

d2x ni
(
∂jhij − ∂ihjj

) (2.4)

Here π is the conjugate momentum of ϕ and : : denotes normal ordering. The fact that
energy density of a scalar field integrated over a finite volume (HR) becomes equal to a

3We work in the −+++ signature for the Minkowski metric
4which is just the time-time component of Einstein’s equations
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boundary operator (H∂R) given in terms of hij, is a key implication of the gravitational
constraint that we will use throughout. As a technical aside, one should keep in mind
that the finite region Hamiltonian HR has quadratic fluctuations that scale with R. One
has to smear this operator appropriately such that it has a well-defined R → ∞ limit.
This point is discussed in Appendix A.1. We will not worry about this, as we will only
work with a finite value of R.

Observers and observables

We can now introduce the observers and observables so as to set up the problem.
Consider an observer stationed at the boundary of this ball (See fig. 1.1), who is only
allowed to make measurements in a small radial band at the boundary. We would
like to understand the amount of information accessible to this observer. To make the
question precise one has to first define what is meant by information in a region.

Definition: Given a state |ψ⟩, the information regarding the state |ψ⟩ available in a region
R is defined as the set of all correlation functions involving the field variables and their conju-
gate momenta one can measure in the region R.

For example, consider a function O(n) (⃗y1, y⃗2, . . . , y⃗n) which is made using the field
variables and their conjugate momenta inserted at the points y⃗i; i = 1, 2, . . . , n 5. The
correlation function ⟨ψ|O(n) (⃗y1, y⃗2, . . . , y⃗n)|ψ⟩ ; ∀ y⃗i ∈ R is, according to our defini-
tion, part of the information about the state |ψ⟩ available in the region R. It should be
obvious why this defines information about the state |ψ⟩ available in the region R. An
observer restricted to the region R has access to only operators of the form,∫

R
d3x1d3x2 . . . d3xn f (x⃗1, x⃗2, . . . , x⃗n)O(n)(x⃗1, x⃗2, . . . , x⃗n)

Here f is a smearing function and the integral is restricted to the region R 6. So, given
the expectation value, ⟨ψ|O(⃗y1, y⃗2, . . . , y⃗n)|ψ⟩, for all values of y⃗i in the region R, one
can compute the expectation value of any operator having local support in R.

Having defined what we mean by information in a region, we would like to show
that for theories of gravity, information is holographic even for finite regions. The key
idea is to consider two observers, one inside the ball and the other at the boundary.
Then, by analysing the measurements that can be performed by both observers, we
show that the information available to the observer at the boundary is the same as

5n can be any positive integer.
6We have considered R as a spatial region, as the observers we will consider in this chapter will be

making measurements about a ball of finite radius in the t = 0 slice.
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that available to the observer inside the ball.

Our strategy will be the following:

1. An observer is placed inside the ball, allowed to make measurements of the form,
⟨ψ|O (⃗yi) |ψ⟩; |⃗yi| ≤ R, where y⃗i = y⃗1, y⃗2, . . .. Note that O (⃗yi) would consist of
monomials of the field ϕ and momenta π inserted at the points y⃗1, y⃗2, . . ..

2. An observer is placed at a small radial band at the boundary of the ball. The set
of all measurements that the boundary observer can make on a state |ψ⟩ is of the
form ⟨ψ|O (⃗zi) |ψ⟩; R ≤ |⃗zi| ≤ R + ϵ. Here, in addition to monomials of the field
ϕ and momenta π inserted at the points z⃗1, z⃗2, . . ., the observer also has access
to the operator H∂R[h], owing to Gauss’ law (2.4).

3. One has to now consider a state |ψ⟩, and show that whatever information can be
extracted by the inside observer regarding this state, by measuring correlation
functions, can also be extracted by the observer at the boundary.

Figure 2.2: Observers inside the ball and outside the ball, along with the operators
they could choose to use.

This completes the setup of our problem. One has to now define an ‘interesting’ class
of states |ψ⟩ to work with. This is because some classes of states are more interesting
in the sense that, in a non-gravitational theory, the boundary observer might not be
able to detect this state at all. We will next describe this interesting set of states, which
are of the form of localised unitary excitations on top of the vacuum.

Notation:

• States are defined, and measurements are being made in the t = 0 Cauchy slice.

• Points that may take values anywhere in the t = 0 slice will be labelled by x⃗i.
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• Points that may take values exclusively inside a ball of radius R will be labelled
by y⃗i. So, y⃗i will label the measurements made by the observer inside the ball.
This observer will often be called ‘inside/bulk observer’.

• Points that may take values exclusively in a small radial band near the boundary
of the ball of radius R will be labelled by z⃗i. So, z⃗i will label the measurements
made by the observer at the boundary of the ball. This observer will often be
called ‘outside/boundary observer’.

• n-point field insertions of the form ϕ(x⃗1)ϕ(x⃗2) . . . ϕ(x⃗n) will be compactly de-
noted as ϕn({x⃗}).

• Vacuum two-point functions of fields are denoted using the usual Wick contrac-

tion symbol, ⟨0|ϕϕ|0⟩ = ϕϕ

2.2 Class of states

We motivate an interesting class of states that are of relevance to the holography of
information by a simple example. Consider a localised unitary excitation on top of the
vacuum, parametrised by the function f (x⃗).

|ψ⟩ = ei
∫

d3x f (x⃗)ϕ(x⃗)|0⟩ ≡ U|0⟩ (2.5)

Take f (x⃗) to have support only in the compact region R in the Cauchy slice. Put
an observer in the complement R̄, such that R and R̄ are space-like separated by
definition. In a non-gravitational theory, the observer will not be able to ‘see’ the state
|ψ⟩. This can be shown as follows. Note that in a non-gravitational theory, the observer
can measure a correlation function of operators of the form O ({⃗zi}) ≡ O(⃗z1, z⃗2, . . . ),
which are built from ϕ and π inserted at the points zi. Then, owing to the fact that
z⃗i ∈ R̄ is space-like separated from R, we have [U, O ({⃗zi})] = 0. Using this, we get,

⟨ψ|O ({⃗zi}) |ψ⟩ = ⟨0|U†O ({⃗zi})U|0⟩
= ⟨0|O ({⃗zi})U†U|0⟩
= ⟨0|O ({⃗zi}) |0⟩

(2.6)

Thus, in a non-gravitational theory, the localised unitary excitation is inaccessible to
an observer in the complement of the unitary.

The above argument can be generalised as follows: any two states |ψ1⟩ and |ψ2⟩ that
differ by the action of a localised unitary, |ψ2⟩ = U|ψ1⟩, will be indistinguishable in
the region spacelike separated from the region of support of the unitary (for a non-
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gravitational theory).

Thus, the interesting class of states that we would like to consider is of the form of
unitary excitations on top of the vacuum,

|ψ⟩ = exp

{
iγ

∞

∑
n=1

∫ n

∏
i=1

d3xi fn (x1, x2, . . . , xn) : O(n)(x⃗1, x⃗2, . . . , x⃗n) :

}
|0⟩ (2.7)

Here, O(n) (x⃗1, x⃗2, . . . , x⃗n) is a function given in terms of monomials in ϕ and π eval-
uated at n points. The : : sign denotes normal ordering, which, as we are in the free
theory limit, corresponds to subtracting out all the lower-point Wick contractions from
the expression for O(n). This could be considered as a suitable choice of basis, which
will provide technical simplicity as we will see later. The fn are real-valued functions
such that the operator acting on the vacuum is a unitary 7. γ is a small parameter we
introduced so as to keep the energy of the state controlled, to avoid backreaction 8.

We will work with states given in (2.7), and show that, in theories of gravity, one can
use Gauss’ law to access localised unitaries that are space-like separated. We will be
able to prove holography of information to all orders in γ, when the O(n) in (2.7) con-
sists only of either ϕ or π. In the general case where O(n) has both ϕ and π insertions,
we work in perturbation theory in γ and show that the results hold to linear order in
γ.

2.3 Simple example

Having defined observers, observables, and the interesting class of states, one should
now show that information is holographic. This proceeds by working with the set
of states in (2.7) and showing that the bulk and boundary observers can extract the
same amount of information regarding the functions { fn} by measuring correlation
functions.

Before getting into long calculations, we would like to discuss the simplest scenario,
which will make the basic idea clear. From (2.7), consider the case where only f1 ̸= 0.

7Contrast this class of states with the often used basis of states in QFT,

|ψ⟩ =
nmax

∑
n=0

∫ n

∏
i=1

d3xi gn (x⃗1, x⃗2, . . . , x⃗n)O(n)(x⃗1, x⃗2, . . . , x⃗n)|0⟩

If nmax is finite, then two states of the form (7) do not differ by a localised unitary, and hence there exists
no region in which they look the same. So, it is trivial to distinguish between two such states.

8One can easily see that ⟨ψ|H|ψ⟩ ∝ γ2
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The state is given by 9,
|ψ⟩ = eiγ

∫
d3x f1(x⃗)ϕ(x⃗)|0⟩ (2.8)

We have a set of states parametrised by the function { f1(x⃗)}. We do not assume any-
thing about the region of support of f1(x⃗).

Given such a state to an observer, if they could make some measurements and extract the profile
of the function f1(x⃗), then we say that they have uniquely identified the state.

We will now show how observers inside and outside the ball will go about it. The
observer inside the ball will measure π(⃗y) correlation function to get,

⟨ψ|π(⃗y)|ψ⟩ = ⟨0|e−iγ
∫

d3x f1(x⃗)ϕ(x⃗)π(⃗y)eiγ
∫

d3x f1(x⃗)ϕ(x⃗)|0⟩

= ⟨0|
(

π(⃗y)− iγ
∫

dx f1(x⃗)[ϕ(x⃗), π(⃗y)]
)
|0⟩

= γ
∫

d3x f1(x⃗) δ(x⃗ − y⃗)

= γ f1(⃗y)

(2.9)

Here, in the intermediate steps, we used the BCH formula,

eXYe−X = Y + [X, Y] +
1
2
[X, [X, Y]] + ....

and the canonical commutation relation,

[ϕ(x⃗), π(⃗y)] = iδ(x⃗ − y⃗).

Equation (2.9) tells you that the inside observer can measure π(⃗y) correlation function
to get the profile of the function f1(x⃗) inside the ball (Recall that, by definition, the in-
side observer can only make measurements inside the ball). The next natural question
is whether the outside observer can access the same amount of information.

We already saw that in a non-gravitational theory, the outside observer will never be
able to see a unitary excitation localised inside. However, in gravity, you can make use
of the gravitational Gauss’ law (2.4) to see the excitation localised inside. To this end,
the outside observer will measure the H∂Rπ(⃗z) correlation function.

⟨ψ|H∂Rπ(⃗z)|ψ⟩ = ⟨ψ|HRπ(⃗z)|ψ⟩

= ⟨0|
(

HRπ(⃗z)− iγ
∫

d3x f1(x⃗)[ϕ(x⃗), HRπ(⃗z)] + . . .
)
|0⟩

= γ
∫

d3x Θ (R − |⃗x|) f1(x⃗)⟨0|π(x⃗)π(⃗z)|0⟩

(2.10)

9We consider O(1) = ϕ, and the other case O(1) = π can be treated in the same manner.
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In the first step, we used Gauss’ law (2.4) to replace H∂R with HR. The commutator of
ϕ(x⃗) with HR could be easily computed from the definition of HR in (2.4) by use of the
canonical commutation relations. The Θ function is the usual Heaviside theta, which
follows from the fact that Hamiltonian density is integrated only up to radius R.

[ϕ(x⃗), HR] = iΘ (R − |⃗x|)π(x⃗) (2.11)

Note that there should have been a contribution to (2.10) from the following term,

⟨0|(−iγ)
∫

d3x f1(x⃗)HR[ϕ(x⃗), π(⃗z)]|0⟩ = γ f1(⃗z)⟨0|HR|0⟩

Here, this is zero, ⟨0|HR|0⟩ = 0, as the Hamiltonian is normal ordered. However,
when we generalise this procedure to more general states, we would also assume that
the function fn doesn’t have support in the radial band accessible to the boundary
observer. This is just for the sake of technical simplicity, because our main aim is
to show the usage of Gauss’ law to extract information. Terms which arise due to
[ϕ(x⃗), π(⃗z)] = iδ(x⃗ − z⃗) could be locally measured by the boundary observer and
separately taken care of.

Equation (2.10) tells you that the boundary observer can make measurements at differ-
ent points z⃗, so as to effectively invert the integral equation to get f1(x⃗). But, owing to
the presence of the theta function, Θ (R − |⃗x|), they will only be able to invert for the
profile of the function f1(x⃗) inside the ball. And this precisely matches the information
accessible to the inside observer.

Thus, we can conclude, at least for the simple state, |ψ⟩ = eiγ
∫

d3x f1(x⃗)ϕ(x⃗)|0⟩, that whatever
information about the state is accessible to the inside observer is also available to the outside
observer.

This simple example presents the key idea involved in showing that information is
holographic. Since we want this simple example to be as self-contained as possible,
we will also sketch a procedure by which the outside observer can invert the integral
equation (2.10) to extract the function f1.

Let us assume for simplicity that the function f1 is spherically symmetric (Methods
to take care of the angular dependence are discussed in Appendix A.3). For massive
scalar fields, the two-point function of π is given by [2],

⟨0|π(x⃗)π(⃗z)|0⟩ = −m2K2 (|⃗x − z⃗|)
4π |⃗x − z⃗|2

(2.12)

Where Kn(z) is the modified Bessel function of the second kind. Substituting this in
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(2.10), series expanding in x
z (we use the notation |⃗x| ≡ x), and performing the angular

integrals, we get,

⟨ψ|H∂Rπ(⃗z)|ψ⟩ = γ
∫

d3x Θ (R − |⃗x|) f1(x⃗)

(
−m2K2 (|⃗x − z⃗|)

4π |⃗x − z⃗|2

)

= −2πγ
∫

dxdθ x2 sin θ f1(x)
m2

4π

K2

(
z
√

1 − 2 x
z cos θ + x2

z2

)
z2
(

1 − 2 x
z cos θ + x2

z2

)2

= −γ
∫

dx f1(x)
{

x2 c1(z) + x4 c2(z) + x6 c3(z) + .....
}

(2.13)

where,

c1(z) =
m2K2(mz)

z2

c2(z) =
m2K2(mz)

24z2 − m3K3(mz)
4z3

c3(z) =
m6K2(mz)

1920z2 − m5K3(mz)
80z3

. . .

(2.14)

Thus, we get a linear combination of the moments of the function,
∫

dx xn f1(x), with
known coefficients (cn(z)). One can take the m → 0 limit of the cn(z)s given above to
get the corresponding coefficients in the case of a massless scalar field. As for inverting
for the function f1, note that, if the function f1(x) is determined by N moments, then
we have to make measurements at N points, get a system of linear equations, and
solve for the moments. For most of the functions that are of interest, you can uniquely
identify the function from all of its moments 10.

This concludes our analysis of the simplest scenario, where the state is parametrised by
a single function f1. We saw the importance of Gauss’ law, which allows the observer
at the boundary to access localised excitations inside by use of H∂R = HR. We will
next generalise this procedure.

2.4 A protocol for extracting information

The basic idea involved in showing the equivalence of information available for the
inside and outside observers was outlined in the last section by using a simple state.
We will now consider a general state of the form (2.7) and devise a protocol by which

10More on the technical details of this inversion procedure is explained in Appendix A.3.
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the inside and outside observers can access information on the functions { fn} that
define the state. We will first consider the case where the unitary has only ϕ excitations,
which could be denoted as,

|ψ⟩ = exp

{
iγ

∞

∑
n=1

∫ n

∏
i=1

d3xi fn (x1, x2, ..., xn) : ϕ(x⃗1)ϕ(x⃗2) . . . ϕ(x⃗n) :

}
|0⟩

≡ exp

{
iγ

∞

∑
n=1

∫
fnϕn

} (2.15)

Like in the example of the simple f1 case, our protocol to show holography of infor-
mation will be the following:

• We start with states of the form (2.15), parametrised by a set of functions { fn}.

• We provide a step-by-step measurement procedure for the inside observer to
extract information about the functions { fn}, one by one.

• An analogous measurement procedure, involving the use of Gauss’ law, is pro-
vided for the outside observer to extract information about the functions { fn}.

• We show that the information extracted by both observers is the same, and hence,
information is holographic.

2.4.1 Extracting f1

The bulk observer will measure the π correlator so as to get f1.

⟨ψ|π(⃗y)|ψ⟩ = γ f1(⃗y) (2.16)

It is important to note that the result is unchanged from (2.9), although we have a
more general state, with fn ̸= 0. This is due to the fact that the ϕ insertions in the
unitary (2.15) are normal ordered. So, while applying the BCH formula on a general
term

∫
fnϕn, one of the ϕs will commute with the π to produce a Dirac delta function.

But the vacuum expectation value of the remaining n − 1 fields is zero, since this is
subtracted off at the beginning, by normal ordering.

For example,

⟨0|
[∫

f3ϕ3, π(⃗y)
]
|0⟩ ∼

∫
d3x1d3x2d3x f3(x⃗1, x⃗2, x⃗3) ⟨0| : ϕ(x⃗1)ϕ(x⃗2)δ(x⃗3 − y⃗) : |0⟩ ∼ 0

Since : ϕ(x⃗1)ϕ(x⃗2)ϕ(x⃗3) := ϕ(x⃗1)ϕ(x⃗2)ϕ(x⃗3)− ϕ(x⃗1)ϕ(x⃗2)ϕ(x⃗3)− . . . (2.17)
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Similarly, one can show that, for the boundary observer, H∂Rπ(⃗z) isolates f1.

⟨ψ|H∂Rπ(⃗z)|ψ⟩ = γ
∫

d3x Θ (R − |⃗x|) f1(x⃗)⟨0|π(x⃗)π(⃗z)|0⟩ (2.18)

This follows from normal ordering as well as the fact that we’ve chosen the functions
fn to have no local support in the radial band where the boundary observer is making
measurements. We emphasize that the requirement is just for technical simplicity; in
the general case, one can always find this contribution by local measurements and
subtract it off [2].

As we explained in the previous section, these measurements, π for the insider and
H∂Rπ for the outsider, help them to extract the profile of the function f1 inside the ball.
One can next go about extracting f2.

2.4.2 Extracting f2

The inside observer will measure π(⃗y1)ϕ(⃗y2) and the outside observer will measure
H∂Rπ(⃗z1)ϕ(⃗z2) to isolate f2. Just like in the case of f1, one can show that, owing to
normal ordering and the fact that the unitary is solely composed of ϕ, one can isolate
f2 to get,

: ⟨ψ|π(⃗y1)ϕ(⃗y2)|ψ⟩ := γ
∫

d3x2 f̃2(⃗y1, x⃗2)ϕ(x⃗2)ϕ(⃗y2)

: ⟨ψ|H∂Rπ(⃗z1)ϕ(⃗z2)|ψ⟩ := γ
∫

d3x1d3x2 f̃2(x⃗1, x⃗2)Θ (R − |⃗x1|)π(x⃗1)π(⃗z1)ϕ(x⃗2)ϕ(⃗z2)
(2.19)

We have introduced some notation here. The measurement is defined by subtracting
the state-independent vacuum contribution,

: ⟨ψ|π(⃗y1)ϕ(⃗y2)|ψ⟩ := ⟨ψ|π(⃗y1)ϕ(⃗y2)|ψ⟩ − ⟨0|π(⃗y1)ϕ(⃗y2)|0⟩ (2.20)

And, f̃2 is defined as,
f̃2(x⃗1, x⃗2) = f2(x⃗1, x⃗2) + f2(x⃗2, x⃗1) (2.21)

The symmetrization of the function f2 is a result of the symmetry in interchanging the
ϕ fields in the definition of the state,

∫
d3x1d3x2 f2(x⃗1, x⃗2)ϕ(x⃗1)ϕ(x⃗2), given in (2.15).

It is clear from (2.19) that the bulk and boundary observers could extract the same
amount of information about the function f2. One could explicitly find the dependence
of f̃2 on one of the arguments inside the ball. As for the other argument, the integration
kernel is the same for both bulk and boundary observers, so whatever information
could be extracted out will be the same. Technical details involved in inverting for f2
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are given in Appendix A.3.

It is important at this point to distinguish between formal reconstructibility and prac-
tical reconstructibility. Take the example of f2 discussed above. Here the second ar-
gument of f̃2 is integrated against the same kernel for bulk and boundary correlators.
So whatever practical difficulty is there for the bulk observer to invert for the function
will also be there for the boundary observer. As for the first argument, measurement
proceeds exactly as in the f1 case: the bulk observer makes local measurements to
extract the profile of the function and the boundary observer has to make the same
number of measurements to get the function. However, practically, things are not as
easy as they look. Realistically, both the observers will make a finite number of mea-
surements and then try to invert for the function. One easy way to think about it is
to consider expanding the function f̃2 as a linear combination of a finite set of basis
functions. The coefficients of this expansion will define the data associated with the
function f̃2. So, the number of measurements made by both the bulk and boundary
observers has to be equal to the number of unknown coefficients. But this finiteness
in data means that we are approximating the function f̃2 to be a linear combination
of the basis functions. This procedure, in general, has a finite amount of error asso-
ciated with it. Increasing the number of elements in the appropriately chosen set of
basis functions will reduce the error. This argument makes it clear that practical re-
constructibility is different from formal reconstructibility. But for our purpose, which
is to show equivalence of information available to the bulk and boundary observers,
the formal reconstructibility will suffice.

2.4.3 Extracting fn

The strategy for extracting information about the functions fn might be clear by now.
One has to successively extract out f1, f2, . . . by means of π, πϕ, ... correlators for the
bulk observer, and H∂Rπ, H∂Rπϕ, ... for the boundary observer. We saw how it works
for f1 and f2 in the previous sections. One would next compute π(⃗y1)ϕ(⃗y2)ϕ(⃗y3) for
the bulk and H∂Rπ(⃗z1)ϕ(⃗z2)ϕ(⃗z3) for the boundary so as to isolate f3. However, as
one can easily check, the corresponding correlators will have, in addition to f3, terms
involving f1. You can then use the data you already have about f1 to effectively isolate
f3. This is the reason for extracting out information in a particular order. A general
formula for extracting out the function could be given as follows,

Inside observer. The inside observer measures π(⃗y1)ϕ(⃗y2) . . . ϕ(⃗ym), denoted com-
pactly as π(⃗y1)ϕ

m−1({y⃗}). As we saw in the computations for f1 and f2, inserting
exactly one π means that the BCH formula truncates at O(γ), and we get a linear
integral equation for fn.
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: ⟨ψ|π(⃗y1)ϕ
m−1({y⃗})|ψ⟩ :≡ ⟨ψ|π(⃗y1)ϕ

m−1({y⃗})|ψ⟩ − ⟨0|π(⃗y)ϕm−1({y⃗})|0⟩

= −iγ ∑
n

∫ ( n

∏
i=1

d3xi

)
fn ({x⃗})

n

∑
k=1

[ϕ(x⃗k), π(⃗y1)]⟨0| : ϕn−1({x⃗}) : ϕm−1({y⃗})|0⟩

where ϕn−1({x⃗}) does not have an insertion at x⃗k

= γ ∑
n

∫ ( n

∏
i=1

d3xi

)
fn ({x⃗})

n

∑
k=1

δ (x⃗k − y⃗1) ⟨0| : ϕn−1({x⃗}) : ϕm−1({y⃗})|0⟩

where ϕn−1({x⃗}) does not have an insertion at x⃗k

(2.22)

One can see by use of wick contractions that the RHS is non-zero only when m + n is
even. Furthermore, if n > m, then the term vanishes because the n − 1 field insertions,
: ϕn−1({x⃗}) :, coming from the state, are normal ordered such that any self contraction
is zero, by definition. So, we get a non-zero correlator only when n ≤ m. Thus, the
correlator π(⃗y1)ϕ

m−1({y⃗}) gets contributions from fm and other lower point functions
evenly separated, fm−2, fm−4, . . . . So, one has to extract the functions starting from the
lowest ones ( f1, f2, . . . ), and then use this data to obtain the higher point functions. A
similar protocol could also be followed by the boundary observer.

Outside observer. The outside observer measures, H∂Rπ(⃗y1)ϕ
m−1({y⃗}) to isolate the

function fm, starting from m = 1.

: ⟨ψ|H∂Rπ(⃗z1)ϕ
m−1({⃗z})|ψ⟩ :≡ ⟨ψ|H∂Rπ(⃗z1)ϕ

m−1({⃗z})|ψ⟩ − ⟨0|H∂Rπ(⃗z1)ϕ
m−1({⃗z})|0⟩

= −iγ ∑
n

∫ ( n

∏
i=1

d3xi

)
fn ({x⃗})

n

∑
k=1

[ϕ(x⃗k), H∂R]⟨0| : ϕn−1({x⃗}) : π(⃗z1)ϕ
m−1({⃗z})|0⟩

where ϕn−1({x⃗}) does not have an insersion at x⃗k

= γ ∑
n

∫ ( n

∏
i=1

d3xi

)
fn ({x⃗})

n

∑
k=1

Θ (R − |⃗xk|)π(x⃗k)π(⃗z1)⟨0| : ϕn−1({x⃗}) : ϕm−1({⃗z})|0⟩

where ϕn−1({x⃗}) does not have an insersion at x⃗k

(2.23)

Just like we explicitly computed for f1 and f2, except for the point x⃗k, integration
kernels are the same for bulk and boundary observables. As for the point x⃗k, the kernel

is δ(x⃗k − y⃗1) for the bulk observable, and Θ (R − |⃗xk|)π(x⃗k)π(⃗z1) for the boundary
observable. This makes sure that the information accessible to the inside observer is
the same as that for the outside observer.

The following table summarises the protocol we have outlined so far, which allows
the bulk and boundary observers of the ball to access the same amount of information
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from a unitary excitation of ϕ fields on top of the vacuum.

|ψ⟩ = exp
{

∑∞
n=1
∫

fnϕn}
Bulk observer Boundary Observer Information

π(⃗y) H∂Rπ(⃗z) f1
π(⃗y1)ϕ(⃗y2) H∂Rπ(⃗z1)ϕ(⃗z2) f2

. . . . . . . . .
π(⃗y1)ϕ(⃗y2) . . . ϕ(⃗yn) H∂Rπ(⃗z1)ϕ(⃗z2) . . . ϕ(⃗zn) fn

2.5 Most general unitary excitations on the vacuum

In all of the calculations so far, we have restricted ourselves to a sub-space of states
of the form (2.15). While this is an infinite class of states parameterised by an infinite
set of functions fn, we know that the most general states contain insertions of the
conjugate momentum too, and the class is (at least morally speaking) doubly infinite,
parameterised by functions fn,m as shown below,

|ψ⟩ = exp

{
∑
n,m

∫ (n+m

∏
i=1

d3xi

)
fn,m ({x⃗}) ϕ(n) ({x⃗})π(m) ({x⃗})

}
(2.24)

Owing to the extra insertions of the conjugate momentum in the states, none of the
correlation functions terminate at any finite order in γ. Therefore, even identifying
what information the bulk correlators contain about the functions fn,m that define the
state is difficult to quantify.

However, in this section, we show that at linear order in γ, the bulk correlators can
indeed be reproduced by certain boundary correlators, lending credibility to the gen-
erality of the principle. In order to do so, we will consider an O (γ) expansion of the
general states up to two particles (this can be done to incorporate any finite n-particle
scenario, but with more tedious work)

|ψ⟩ = exp
(

iγ
∫ (

f1,0ϕ + f0,1π + f2,0 : ϕ2 : + f1,1 : ϕπ : + f0,2 : π2 :
))

|0⟩ , (2.25)

where the arguments of the functions and fields are left implicit.
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One-point functions

The bulk one-point functions in this state can easily be computed to give

: ⟨ψ|π (⃗y) |ψ⟩ : = γ f1,0 (⃗y) +O
(

γ2
)

and (2.26)

: ⟨ψ| ϕ (⃗y) |ψ⟩ : = −γ f0,1 (⃗y) +O
(

γ2
)

. (2.27)

The corresponding boundary one-point functions are then

: ⟨ψ| HRπ (⃗z) |ψ⟩ : = γ
∫

f1,0 (x⃗)π (x⃗)π (⃗z)Θ (R − |⃗x|) + O(γ2) and (2.28)

: ⟨ψ| HRϕ (⃗z) |ψ⟩ : = γ
∫

f0,1 (x⃗) ∂tπ (x⃗) ϕ (⃗z)Θ (R − |⃗x|) + O(γ2) . (2.29)

Here the kernel, ∂tπ (x⃗) ϕ (⃗y) is given by [2],

∂tπ (x⃗) ϕ (⃗y) =
m2

4π2 |⃗x − y⃗|2
K2 (m|⃗x − y⃗|) . (2.30)

Applying the inversion algorithm that we have already used in the case of f1 in Section
2.3, we see that these boundary correlators allow us to find exactly the same informa-
tion as the bulk correlators 11.

Two-point functions

There are three inequivalent bulk two-point functions at hand, all of which are non-
trivial in the general state (2.25). These are given by

⟨ψ| ϕ (⃗y1) ϕ (⃗y2) |ψ⟩ = −γ
∫

f1,1 (x⃗1, y⃗1) ϕ (x⃗1) ϕ (⃗y2) + (⃗y1 ↔ y⃗2) +O
(

γ2
)

(2.31)

⟨ψ|π (⃗y1)π (⃗y2) |ψ⟩ = γ
∫

f1,1 (⃗y1, x⃗2)π (x⃗2)π (⃗y2) + (⃗y1 ↔ y⃗2) +O
(

γ2
)

(2.32)

⟨ψ|π (⃗y1) ϕ (⃗y2) |ψ⟩ = γ
∫

f̃2,0 (⃗y1, x⃗2) ϕ (x⃗2) ϕ (⃗y2) − γ
∫

f̃0,2 (⃗y2, x⃗2)π (x⃗2)π (⃗y1)

(2.33)

+O
(

γ2
)

,

where the tilde on the functions refers to a symmetrisation in x⃗1 and x⃗2. Of course, a
fourth correlator ⟨ψ| ϕ (⃗z1)π (⃗z2) |ψ⟩ can be obtained from the third one above. The
corresponding boundary two-point functions are then given, respectively, by the stan-

11y⃗ is restricted to be inside the ball by definition of a bulk measurement whereas the boundary kernel
is multiplied by the theta function, Θ (R − |⃗x|)
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dard prescription with an insertion of the finite-radius Hamiltonian

⟨ψ| HRϕ (⃗z1) ϕ (⃗z2) |ψ⟩ = −γ
∫

f1,1 (x⃗1, x⃗2) ϕ (x⃗1) ϕ (⃗z1) ∂tπ (x⃗2) ϕ (⃗z2)Θ (R − |⃗x2|)

+ (⃗z1 ↔ z⃗2) +O
(

γ2
)

(2.34)

⟨ψ| HRπ (⃗z1)π (⃗z2) |ψ⟩ = γ
∫

f1,1 (x⃗1, x⃗2)π (x⃗1)π (⃗z1)π (x⃗2)π (⃗z2)Θ (R − |⃗x1|)

(2.35)

+ (⃗z1 ↔ z⃗2) +O
(

γ2
)

⟨ψ| HRπ (⃗z1) ϕ (⃗z2) |ψ⟩ = γ
∫

f̃2,0 (x⃗1, x⃗2)π (x⃗1)π (⃗z1) ϕ (x⃗2) ϕ (⃗z2)Θ (R − |⃗x1|)

− γ
∫

f̃0,2 (x⃗1, x⃗2) ∂tπ (x⃗1) ϕ (⃗z2)π (x⃗2)π (⃗z1)Θ (R − |⃗x1|)

(2.36)

+O
(

γ2
)

.

Up to O(γ), it is easy to see that both bulk and boundary correlators contain the same
information about the state 12. As an example, let us consider (2.33) and (2.36). First,
it is evident that the kernels conjugating the functions f2,0 and f0,2 in both the bulk
and boundary integrals are identical for the argument x2. These are the field and
conjugate momentum two-point functions, respectively. Moreover, the two functions
appear in the same linear combination in both equations. Therefore, both the bulk and
boundary equations yield the same information about the functions in terms of one
variable. The bulk equation gives us a linear combination of the functions in terms of
the second variable, but restricted to be inside the ball. From the boundary equation,
owing to the step function, we may extract exactly the same information.

Therefore, even without having to invert these expressions for the functions defining
the state, it is nevertheless evident that the boundary correlators allow for exactly the
same information about the state to be extracted.

2.6 Discussion

In this chapter, we considered linearised gravity coupled minimally to a free Klein-
Gordon scalar field theory. We defined a certain basis of states that are excitations
built out of unitary operators acting on the vacuum in flat space (2.7). These states
were motivated by an interest in understanding a notion of holography of informa-
tion in finite regions of space. We chose a ball of radius R for this end. We put two

12See Appendix A.3 for a discussion on the possibility of expanding the functions in a basis and
extracting the coefficients by solving linear equations associated with the O(γ) term
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observers, one inside the ball and one at the boundary of the ball. We could show,
for states of the form of unitaries made of ϕ acting on the vacuum (2.15), that there
exists a protocol by which the bulk and boundary observers can make measurements
to identify a state. However, as the bulk and boundary observers are placed in finite
regions, unlike observers at infinity, they could not uniquely identify any arbitrary
state. We saw this, for example, in the case of the state |ψ⟩ = ei

∫
f1ϕ|0⟩, that the profile

of the function f1 outside the ball is inaccessible to both the bulk and boundary ob-
servers. Thus, we say that these finite region observers have only partial information
regarding states defined in general over the entire Cauchy slice. But even this infor-
mation, which is available in finite regions, is holographic. This is because whatever
information regarding the states (2.15) is available to the observer inside the ball is also
available to the observer at the boundary of the ball. We could show this for states of
the form (2.15) to all orders in the parameter γ, whereas for the most general unitaries
of the form (2.24), we could make a statement at O(γ). These results lend credibility to
a notion of holography of information in finite regions of spacetime, without having
to go to infinity, at least within the confines of our setup.

However, there are several obvious shortcomings of our work that warrant mention.
As we already mentioned, our results are valid to linear order in γ for the most general
unitaries in (2.24). Our technology fails to give us conclusive answers either way at
higher orders. It would be a significant improvement to find a method to determine
whether the principle of holography of information in a ball of finite radius holds to
all orders in perturbation theory. Also, we have restricted our attention to linearised
gravity. Therefore, all states we considered are only built out of scalar operators. How-
ever, it is rather straightforward (even if slightly more cumbersome) to include free
gravitons in the theory. This requires us to include the gravitational stress-tensor in
(2.4), which we ignored. Since our construction for finite region boundary observ-
ables that contain the bulk information involves a special choice of basis of states and
corresponding correlators, this may easily be extended to the case of graviton field
insertions and the corresponding conjugate momentum insertions. However, going
beyond free gravitons is a significant challenge. It comes with further challenges that
entail the positivity (or potential lack thereof) of the finite-radius Hamiltonian.

Although we have not incorporated these effects in the present chapter, a self-interacting
Klein-Gordon field should pose no conceptual problems. The kernels that are involved
in inverting for the information of the states from the (bulk/boundary) correlators will
now be significantly more involved, depending on the nature of the interactions. Nev-
ertheless, we expect the conceptual conclusions to remain unchanged.

Another comment is that we have fixed a finite radius in the bulk to define our lo-
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cal region of interest. This is, of course, an ill-defined quantity because it is entirely
gauge dependent. Of course, we expect that physical quantities measured in any
gauge should all be consistent with each other. Strictly speaking, there are no local
gauge-invariant observables in quantum gravity. At the leading order in interactions
that we are concerned with, this is not an issue. However, when non-linearities dis-
cussed above are taken into consideration, observables can be defined in a gauge-
invariant manner, for example, by defining them relationally to points on the bound-
ary of spacetime. It would be good if the finite region notion of holography could be
formulated in a gauge-invariant way by defining quantities with suitable gravitational
dressing [10, 11].

Despite the possibility for further improvements, even the simplistic scenario we have
considered here is enough to demonstrate the powerful implications of the gravita-
tional constraints in relation to quantum information. Taking Gauss’ law of gravity
into account for a ball of finite radius in flat spacetime, we saw that the gravitational
fluctuations at the boundary of the ball store information holographically. An ob-
server at the boundary of the ball can use these gravitational fluctuations to access the
same amount of information as is available to an observer inside the ball. As we dis-
cussed at the beginning of this section, constraints are much stronger in gravity com-
pared to other gauge theories. For example, consider scalar electrodynamics. Here,
QR = i

∫
R (ϕ∗∂tϕ − ϕ∂tϕ

∗) will be a boundary term given in terms of the electric field
at the boundary. However, if you have a unitary excitation inside the ball of the form
eiγ

∫
d3x f (x⃗)ϕ∗(x⃗)ϕ(x⃗)|0⟩, then the QR operator will not see this excitation,

⟨0|e−iγ
∫

f ϕ∗ϕQRe−iγ
∫

f ϕ∗ϕ|0⟩ = ⟨0|QR|0⟩; as [QR, ϕ∗ϕ] = 0

Thus, we can find localised unitaries that commute with QR, such that the boundary
observer cannot access them using Gauss’ law. In the case of gravity, QR is replaced by
HR, and we don’t have a negative charge analogue of energy so as to hide information.
This makes gravity more powerful, and information gets stored holographically in
theories of gravity.

In the next chapter, we will pursue this further and analyse the implications of grav-
itational constraints in de Sitter spacetime. Here, Gauss’ law becomes much more
powerful, as the Cauchy slices are compact.
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Chapter 3

Cosmology

In the previous chapter, we studied the implications of gravitational constraints in
asymptotically flat space-time by considering scalar field theory minimally coupled to
gravity. We saw that, upon canonical quantisation, the Gauss’ law constraint results
in quantum information being holographic in nature. One can use the same methods
to study scalar field theory in de Sitter space-time. While quantum field theory in de
Sitter space has been studied extensively, and already provides a rich theoretical play-
ground, the study of gravity [12] has received less attention. New physical effects in
gravity arise from the gravitational constraints. Since our intuition is commonly based
on classical solutions of the equations of motion, the significance of the constraints in
the quantum theory is often overlooked. But as we saw in the previous chapter, a
careful study of gravitational constraints will reveal interesting aspects of gravity, like
holography of information.

Furthermore, as the spatial slices are compact for de Sitter, the gravitational constraints
will become more powerful than in flat spacetime, such that the set of allowed states and
operators will be considerably restricted. One can study correlation functions in such
gravitationally constrained states so as to understand the novel features contributed by
gravity.

From a different perspective, the early Universe is believed to have undergone a pe-
riod of accelerated expansion when it was well-approximated by de Sitter space. There-
fore, a study of de Sitter quantum gravity might be relevant for inflationary physics.

As this chapter is a bit long compared to the previous one, we will quickly summarise
the setup and main results in the following section.
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3.1 Brief summary

The papers [7,13] studied the effects of the quantum gravitational constraints in asymp-
totically de Sitter space by classifying all solutions of the Wheeler-DeWitt equation.
These papers also proposed a norm on this space to obtain a Hilbert space. Finally,
they introduced a class of gauge-fixed observables, termed “cosmological correlators”,
that are labelled by points on the asymptotically late-time slice, although their gauge-
invariant description involves an integral on the entire late-time slice. These observ-
ables are the natural microscopically simple observables in a theory of quantum grav-
ity in asymptotically de Sitter space and are amenable to straightforward perturbative
computations. In this chapter, we will continue to use the phrase “cosmological corre-
lators” to describe them, although we comment more on the terminology below.

These observables obey a surprising property: cosmological correlators labelled by
points in any open set of the late-time slice form a complete set of observables. This
result can be viewed as an extension of the principle of holography of information
[5,6,8,14–17] to de Sitter space. This result, which is related to similar results in anti-de
Sitter space and flat space, tells us that quantum information about the entire space-
time is available in a restricted region but does not provide a full-fledged holographic
dual that captures the dynamics of the theory. The natural hope for a full holographic
dual would be to show, by some extension of these arguments, that dynamics on all
of de Sitter space can be captured by degrees of freedom on a codimension-1 region of
the late-time slice.

In this chapter, we study the norm and cosmological correlators in the limit where
GN → 0 but the fields continue interacting via perturbative nongravitational interac-
tions. One might naively expect that, in the limit GN → 0, all gravitational effects
vanish. However, this is incorrect; in [7,13], it was shown that the GN → 0 limit of the
gravitational Hilbert space is not the QFT Hilbert space. Physically, this is because as
one takes GN → 0, it is necessary to still impose the Gauss law [18–23]. The Gauss law
restricts the Hilbert space by imposing de Sitter invariance on all states and observ-
ables.

We find the following results:

1. As explained in [7,13], the Euclidean vacuum (also known as the Hartle-Hawking
state [24]), which we denote by |0⟩, is not perturbatively normalizable. A neces-
sary condition for excited states to be normalizable is that they should be orthog-
onal to |0⟩. We formulate Feynman rules for computing the norm of such states
in perturbation theory and provide some sample computations.

2. We formulate Feynman rules for computing cosmological correlators and pro-
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vide sample computations of these observables. We formulate necessary condi-
tions for such computations to give finite values that are free of group-volume
divergences.

3. These cosmological correlators always differ from QFT correlators in the vac-
uum. For instance, they can display interesting non-Gaussian features even
when the vacuum corresponds to a Gaussian wavefunction. We present sev-
eral explicit examples in this chapter. There is nothing mysterious about this
because (a) every normalizable state has excitations on top of the vacuum, (b)
the gauge-fixed operators that we study are labelled by points but are secretly
smeared over the entire late-time slice. Therefore, their correlators pick up the
presence of the excitation. One noteworthy difference from QFT correlators in
excited states is that these correlators are always conformally invariant.

4. Nevertheless, in the presence of an appropriate background state, it is possible
to define “relational observables” whose expectation values resemble QFT cor-
relators in the vacuum. This construction generalizes the AdS construction of
relational observables presented in [25–29]. Here, the microscopic description
of both the state and the observables is complicated, but the final expectation
values correspond to simple QFT observables.

The background state can be thought of as an “observer” as discussed in the
recent literature [30]. However, the “observer” is not introduced by hand as
an auxiliary tool to solve the constraints. Instead, we study an excitation about
the vacuum and set up relational observables while manifestly respecting all the
original constraints.

These results buttress the broad narrative that has developed over a number of stud-
ies. The gravitational constraints allow one to deduce a version of the holographic
principle; this can be explicitly verified for simple perturbative states and observables;
nevertheless, it is possible to construct states and observables where our usual notions
of locality in quantum field theory are restored to a good approximation.

We believe that our perturbative computations are of theoretical interest in under-
standing de Sitter quantum gravity. However, we do not suggest that they have any
immediate observational consequence. It is more natural that the correlations we ob-
serve in the cosmic microwave background or the large-scale structure of the Universe
correspond to correlators of the “relational observables” described above, which are
close to standard QFT observables. To avoid confusion, we do not use the phrase “cos-
mological correlators” for correlators of these relational observables in this chapter.

These relational observables themselves deserve further study — both from a techni-
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cal and a fundamental perspective. An important technical problem is to develop a
systematic perturbative treatment of these relational observables, going beyond the
leading-order treatment that we provide here. A more conceptual issue is to under-
stand their “state dependence”, which is similar to the state dependence of observ-
ables [31,32] in the black-hole interior and raises deeper questions about observations
in a cosmological setting, where the observer is part of the Universe they are studying.

A brief overview of this chapter is as follows. In Section 3.2, we review our setup,
including key results from [7, 13]. In Section 3.3, we set up Feynman rules to compute
perturbative observables in the nongravitational limit. Section 3.4 presents several
sample calculations. Section 3.5 describes the construction of observables dressed to an
observer whose values correspond to QFT vacuum correlators. Appendix B.1 shows
how to find the gauge-invariant operator corresponding to a gauge-fixed cosmological
correlator. Appendix B.2 provides further details of the relational construction and
also includes a quick review of the corresponding construction in AdS/CFT that might
be useful for some readers. Appendix B.3 explains the wavefunction formalism for
principal-series fields, which is slightly subtle because these wavefunctions must be
viewed as coherent-state wavefunctions.

3.2 Background

The papers [7, 13] constrained the allowed states in a theory of quantum gravity in
asymptotically de Sitter space by finding all possible solutions of the Wheeler-DeWitt
equation on the asymptotically late-time slice. The solution space was lifted to a
Hilbert space by means of an appropriate norm, and a version of the principle of
holography of information was proved in terms of gauge-fixed observables termed
cosmological correlators. In this section, we provide a self-contained review of the
relevant results from [7, 13].

In this chapter, our first objective is to explore the structure of the norm and gauge-
fixed cosmological correlators defined in [7, 13] within perturbation theory. For sim-
plicity, we will focus on the GN → 0 limit but allow nongravitational interactions to
persist. This limit was studied in sections 5.2 and 5.3 of [13] and section 5.1 of [7], and
our review summarizes those sections.

We focus on d + 1 dimensional asymptotically de Sitter spacetimes where d ≥ 2.
However, interesting and related results have been obtained by studying the Wheeler-
DeWitt equation in 1 + 1 dimensions [1, 33–35].

29



Matter fields and boundary values. We use massive scalar fields to model the matter
sector of the theory. Consider a late-time slice of de Sitter space where the spatial
metric takes the form (we denote κ =

√
8πGN)

gij −→
Ω→∞

Ω2

(1 + |x|2)2 (δij + κhij), (3.1)

which is the metric of a sphere with small fluctuations scaled up by a large Weyl factor.
Since we focus on the GN → 0 limit, we will ignore the effect of the metric fluctuations
hij in this chapter. A scalar field of mass m is expected to die off in the large Ω limit as

χ −→
Ω→∞

(
Ω

1 + |x|2

)−∆

χ(x) +
(

Ω
1 + |x|2

)−∆

χ(x) + . . . , (3.2)

where ∆(d − ∆) = m2 in the free-field limit. This is simply the usual “extrapolate
limit” in de Sitter space.

We denote ∆ ≡ d − ∆. For light fields ∆ is real and can be chosen so that ∆ < d
2 . In

this case, the fields are said to belong to the “complementary series”; the first term
displayed in (3.2) is the dominant term at late times, and χ(x) can be taken to be
real. Fields with larger values of m correspond to complex values of ∆ = d

2 + iµ and
∆ = d

2 − iµ. In this case, the fields are said to belong to the “principal series.” In that
case, the second term in (3.2) is also important.

We will present expressions below where we distinguish between χ and χ so that they
are valid when χ is in the principal series. For complementary-series fields, the reader
should simply identify χ and χ.

In this chapter, we will confine our attention to the boundary values χ(x) and χ(x)
and not make reference to the bulk field. The description of the bulk origin of these
operators above is provided only for intuition. Indeed, in the interacting theory, the
map (3.2) between bulk and boundary fields might need to be improved as discussed
in [36]. We will only require that the boundary values, χ(x) and χ(x), transform in a
specified manner under de Sitter transformations, regardless of how they are obtained.
Note also that these transformation properties do not allow for field redefinitions of
the boundary values.

States. Let |0⟩ be the Euclidean vacuum. We use the term “Euclidean vacuum” in-
terchangeably with “Hartle-Hawking state”.

In the nongravitational limit, it was shown in [13] that the states satisfying the Gauss
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law take the form
|Ψ⟩ = ∑

m

∫
dx⃗ δGm(x⃗)χ(x1) . . . χ(xm)|0⟩, (3.3)

where x⃗ ≡ (x1, . . . , xm) and δGm(x⃗) is a function that obeys the same Ward identities
as the connected correlation function of m operators of dimension ∆.

δGm(x⃗) ∼ ⟨O(x1) . . . O(xm)⟩connected. (3.4)

We omit the subscript ng on the states that was used in [7, 13] since we are always in
the nongravitational limit.

We would like to make a few comments. First, as we explain in Appendix B.3, it is
convenient to think of states produced by excitations of χ rather than χ. Of course,
when χ is in the complementary series, this distinction is irrelevant.

Second, we use ∼ rather than = to emphasize that the function on the left is only
constrained by the Ward identities but need not necessarily obey the constraints of lo-
cality or unitarity that such correlators would obey in a physical CFT. The subscript
“connected” also implies that δGm(x⃗) is not invariant under separate conformal trans-
formations of subsets of its arguments, and this will be important later.

Third, on the late-time slice that we are studying, the action of the de Sitter group re-
duces to the conformal group. It is easy to see that the states (3.3) are invariant under
conformal transformations: the transformation of δGm under a conformal transforma-
tion is compensated by the transformation of χ(xi). It is also easy to see that these
states correspond to the group-averaged Hilbert space described by Higuchi [19, 20].
Here, one starts with a QFT state of the form,

|ψQFT⟩ = χ(⃗y1)χ(⃗y2) . . . χ(⃗ym)|0⟩,

and averages it over the de Sitter group to get a de Sitter invariant state.

|ψ̂⟩ =
∫

dU U|ψQFT⟩. (3.5)

Here U is the unitary implementing de Sitter group transformations, and dU is the
Haar measure of the group. One can perform the group averaging and show that (3.5)
reduces to (3.3). We refer the reader to [13] for more details.

Finally, the δGm are not fully fixed by de Sitter invariance for m > 3 and different
choices of δGm yield different states. The reader may think of the states as being la-
beled by these choices.
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The form (3.3) was derived in [7, 13] from a detailed analysis of a nongravitational
limit of solutions of the Wheeler-DeWitt equation in asymptotically de Sitter space.
Nevertheless, the invariance of states under the conformal group can be understood
via a simple physical argument. When one studies a gauge theory in a noncompact
space, the Hilbert space contains states that carry nonzero charge and therefore trans-
form in nontrivial representations of the global symmetry group. In the same way,
when one studies gravity in asymptotically flat space or anti-de Sitter space, it is natu-
ral to include states that have nonzero charges under the asymptotic symmetry group.
However, when one places the gauge theory on a compact manifold, the Gauss law
forces us to restrict attention to states that transform in the trivial representation of the
symmetry group. For instance, this has interesting physical consequences when one
studies SU(N) theories on a sphere [37]. This constraint must be preserved even as
one takes the gauge coupling to zero. In global de Sitter space, the Cauchy slices are
compact. Therefore, the gravitational Gauss law forces us to consider de Sitter invari-
ant states. We comment more on the contrast between the classical and quantum cases
below, after discussing the norm.

Norm. The states (3.3) are not normalizable in the standard QFT norm. This is clear
because the smearing functions are not compactly supported. So a naive QFT compu-
tation of the norm of (3.3) receives an infinite contribution coming from the volume of
the conformal group. In [7] it was shown that, starting with a natural norm in the grav-
itational case (obtained by squaring and integrating the wavefunction and dividing by
the volume of the diff and Weyl redundancy), the nongravitational norm reduces to

(Ψ, Ψ) = K⟨Ψ|Ψ⟩, (3.6)

where, on the right-hand side, we simply have the usual QFT norm of the state given
formally by

⟨Ψ|Ψ⟩ = ∑
m,m′

∫
dx⃗dx⃗′ δGm(x⃗)δG∗

m′(x⃗′)⟨0|χ(x′1) . . . χ(x′m)χ(x1) . . . χ(xm′)|0⟩ . (3.7)

The usual angular bracket norm is used exclusively for the QFT norm, and we omit
the subscript QFT that was used in [7, 13].

This expression has a divergence that is proportional to the volume of the conformal
group that arises from the integrals over the coordinates that appear in the state above.
This is cancelled by the constant

K ≡ vol(SO(d − 1))
vol(SO(1, d + 1))

. (3.8)
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This norm coincides with Higuchi’s expression [19, 20] up to an unimportant normal-
ization. 1

One can make sense of the infinite volume of the conformal group simply by fixing
three points in the integral above to 0,1, and ∞.

(Ψ, Ψ) = ∑
m,m′

∫
dx⃗dx⃗′δ(z1)δ(z2 − 1)δ(z̃3) δGm(x⃗)δG∗

m′(x⃗′)

× ⟨0|χ(x′1) . . . χ(x′m′)χ(x1) . . . χ(xm)|0⟩,
(3.9)

where z̃3µ =
zµ

3
|z3|2

, and z1, z2, z3 are any three coordinates from the set (x1, . . . xm, x′1, . . . x′m′).
Since the norm requires us to fix at least three points, we note that the vacuum state
itself is not a normalizable element of the Hilbert space. This issue has been noted
earlier [20, 30] and we refer the reader to [38] for a recent discussion. Higher-genus
effects are studied in [39, 40].

An aside on dS invariance. The construction of dS-invariant states and the norm de-
scribed above might appear counterintuitive to some readers, particularly those who
study classical de Sitter solutions. It is easy to find classical solutions that satisfy the
constraints, but are not de Sitter invariant even asymptotically; so why do the con-
straints force de Sitter invariance on quantum states?

A simple analogy might help to explain the difference between the classical and quan-
tum theory. Consider an ordinary quantum field theory in d+1 dimensions, with a
local field ϕ(x), and let us impose the constraint P = 0, where P is the momentum
operator. (We have invented this toy model to illustrate some aspects of the de Sitter
constraints, and we do not claim that it has any deep physical significance.)

In the classical theory, it is easy to find solutions that satisfy this constraint. One simply
considers a solution to the equation of motion whose center-of-mass momentum is
zero. For example, we take one lump of field moving to the left and another moving
to the right.

On the other hand, the quantum constraint P|Ψ⟩ = 0 forces states to be translationally
invariant. The only normalizable state that satisfies this is the vacuum, |0⟩. But it is
possible to consider states

|Ψ⟩ =
∫

dx1 . . . dxn f (x1, . . . xn)ϕ(x1) . . . ϕ(xn)|0⟩, (3.10)

1One could immediately note that positivity of the inner-product follows from positivity of the QFT
inner product. Also, the group averaging way of representing the QFT state, as given in (3.5) makes
it clear that the group volume quotient will not be regulator dependent when one studies UV or IR
divergences. We will not discuss these aspects further in this chapter.
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for any smearing function that satisfies f (x1, . . . xn) = f (x1 + a, . . . xn + a) for all vec-
tors a. These states satisfy the constraint. They are not normalizable in the original
QFT norm, but one can define a new norm

(Ψ, Ψ) =
⟨Ψ|Ψ⟩

vol(Rd)
, (3.11)

that makes these states normalizable subject to some additional constraints on f . The
original vacuum is no longer normalizable, although the Hilbert space is again infinite-
dimensional. We expect that carefully taking the classical limit in this new Hilbert
space should lead us back to the set of classical solutions with zero center-of-mass
momentum.

Cosmological correlators. The authors of [7] defined a set of gauge-fixed observables
in the constrained de Sitter Hilbert space that were called “cosmological correlators.”
The definition in the full gravitational theory is given in [7]. In the nongravitational
limit, the definition simplifies significantly. The cosmological correlator of n insertions
is simply defined by

⟨⟨Ψ|C(y1, . . . yn)|Ψ⟩⟩CC = ⟨Ψ|χ(y1) . . . χ(yn)|Ψ⟩. (3.12)

Note that in the expression above, the points yi are fixed by hand and not integrated
over. Of course, it is possible to study a linear combination of such cosmological cor-
relators by smearing them with a sequence of functions gq (⃗y).

⟨⟨Ψ|C[g1, . . . gn]|Ψ⟩⟩ =
n

∑
q=1

∫
dy⃗gq (⃗y)⟨Ψ|χ(y1) . . . χ(yq)|Ψ⟩. (3.13)

This is just the usual smearing that is often useful for correlation functions, and gq (⃗y)
are not constrained by conformal invariance.

The expression (3.13) reduces to a linear combination of QFT vacuum expectation val-
ues.

⟨⟨Ψ|C[g1, . . . gn]|Ψ⟩⟩CC = ∑
m,m′,q

∫
dx⃗dx⃗′dy⃗ δG∗

m′(x⃗′)δGm(x⃗)gq (⃗y)

× ⟨0|χ(x′1) . . . χ(x′m′)χ(y1) . . . χ(yq)χ(x1) . . . χ(xm)|0⟩.

(3.14)

Two comments are in order. First, the reader might worry that the expectation values
on the right-hand side of (3.13) suffer from group-volume divergences. Intuitively, 3
fixed points are sufficient to absorb the divergence of the group volume. A little more
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thought shows that what we really need is that only connected diagrams with at least
three fixed points should contribute to (3.14). Following this intuition, it will be shown
below that for n ≥ 3, provided we impose some constraints on the smearing functions
gq, the cosmological correlator is finite.

Second, it was shown in [7] that the cosmological correlators can be written as expec-
tation values of a gauge-invariant operator

⟨⟨Ψ|C(y1, . . . yq)|Ψ⟩⟩CC = (Ψ, OΨ) , (3.15)

where, in the nongravitational limit,

O =
1

vol(SO(d-1))

∫
dUU†χ(y1) . . . χ(yq)U, (3.16)

and dU is the Haar measure on the conformal group. It is shown in the Appendix that
this integral can be performed explicitly in some cases and leads to

O =
∫

d⃗z G(⃗z)χ(z1) . . . χ(zq). (3.17)

Here, G is a function that obeys the Ward identities of CFT correlators in terms of
the variables zi. The function depends on the fixed points yi, but this dependence
is kept implicit in the expression above. Appendix B.1 provides explicit examples of
this relation. Although our computations will not use the representation (3.16), it is
important from a conceptual perspective since it tells us that cosmological correlators
are secretly nonlocal observables even though they are labeled by points. This should
not be surprising given that a theory of gravity can have no local gauge-invariant
observables.

Holography of information. In [7], it was shown that specifying cosmological cor-
relators in any open set of the late-time slice specifies them everywhere. This is in-
dicative of the holographic properties of gravity: in a nongravitational field theory,
correlators on different parts of the late-time slice carry separate pieces of quantum in-
formation; but, in gravity, this quantum information is squeezed down to correlators
in an infinitesimal region. Incidentally, this is consistent with the conclusion reached
in [41] from very different considerations.

As an aside, the phrase “dS/CFT” is sometimes used to simply refer to the fact that the
coefficients of the Hartle-Hawking wavefunction are related to CFT correlators. How-
ever, this is not necessarily related to holography or even to gravity. The “CFT” that
appears in this context is simply a machine for determining properties of the Euclidean
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vacuum. Holography is always a statement about the unusual localization of quan-
tum information in quantum gravity in all states, and not just about the properties of
one state.

Our results for cosmological correlators in Section 3.4 serve to verify the holographic
properties of gravity in de Sitter space in the perturbative limit. However, our con-
struction of Section 3.5 also shows that, in an appropriate limit, holography can be
obscured in gravity. This is important since it is by obscuring holography that we
regain the QFT limit and mundane notions of locality.

Generating function. Before concluding this section, it is useful to introduce some
notation that will be helpful below.

We see above that both the norm (3.9) and cosmological correlators (3.14) can be rep-
resented as integrated quantum-field-theory correlators in the Euclidean vacuum. So
it is convenient to introduce a generating function for these QFT correlators

Z[J, J] = ⟨0|e
∫

J(x′)χ(x′)dxe
∫

J(x)χ(x)dx|0⟩

= ∑
n

1
n!m!

∫
dx⃗dx⃗′ J(x1) . . . J(xm)J(x′1) . . . J(x′n)⟨0|χ(x′1) . . . χ(x′n)χ(x1) . . . χ(xm)|0⟩.

(3.18)

One subtlety here is that, in the case of principal series, χ(x) and χ(x) commute only
up to a contact term. So we are careful to place χ on the right and χ on the left — a
convention that we have already tacitly adopted above. Appendix B.3 explains why
this convention is superior to the opposite convention where the χ are placed on the
right.

As usual, this functional can be related to a generating function of “connected correla-
tors”, W, via

Z[J, J] = eW[J,J]. (3.19)

The correlators we want can then be recovered via functional differentiation, and after
integrating with the functions that define the external states.

We normalize the vacuum so that

Z[0] = 1 W[0] = 0, (3.20)

which ensures that vacuum bubbles, which are disconnected from all other pieces of
the diagram, do not contribute to any correlator.
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3.3 Perturbative observables

In this section, we formulate Feynman rules to compute the norm of perturbative
states and gauge-fixed perturbative cosmological correlators as defined in (3.12).

As we have explained above, these computations reduce to integrated QFT vacuum
correlators. Vacuum correlators in a QFT can be computed using the in-in formalism
[42] or by computing the wavefunction by analytic continuation from AdS [43]. Here,
we will simply assume that the wavefunction for the Euclidean vacuum is given to us,
and we will remain agnostic about how it was computed.

The discussion of [7, 13] focused on wavefunctions of both the metric and of matter
fluctuations, χ. Since we are interested in the GN → 0 limit, we will ignore the metric
fluctuations. This limit is slightly subtle: one must first square the wavefunction and
then perform the trivial integral over the metric fluctuations to obtain a wavefunction
that depends on the matter fields. Moreover, [7, 13] carefully kept track of a leading
phase-factor in the wavefunction. The correlators we study here are insensitive to the
phase factor. So we will simply take the effective wavefunction of the matter fields to
have the form

Ψ0[χ] = e∑∞
n=2

∫
dx1...dxnλn−2Gn(x⃗)χ(x1)...χ(xn), (3.21)

where each Gn obeys the Ward identities of an n-point conformal correlator of opera-
tors with dimension ∆ [44, 45] and we have included a perturbative parameter λ for
book-keeping.

A vacuum correlator is now computed via

⟨0|χ(x1) . . . χ(xn)χ(x′1) . . . χ(x′m)|0⟩ =
∫
[DχDχ]|Ψ0[χ]|2χ(x1) . . . χ(xn)χ(x′1) . . . χ(x′m).

(3.22)
As explained in Appendix B.3, this expression naturally computes correlators where
the χ appear to the right of the χ. Second, the measure of integration must be nor-
malized carefully and, when χ is in the principal series, gives rise to some contact-
term contributions in the propagators that we describe below. Interactions can now
be treated simply by expanding the non-Gaussian pieces in the wavefunction, and the
norm (3.9) and (3.14) can be computed through smeared and integrated linear combi-
nations of such correlators.

Feynman rules

We present Feynman rules in position space. In some cases, it is convenient to perform
the integral by Fourier transforming to momentum space, and the momentum-space
rules can be obtained easily from the rules given below.
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Propagators. For principal-series fields we need to keep track of the following kinds
of propagators, each of which corresponds to a free-field two-point function.

Free − field expression Symbol Value

⟨0|χ(x)χ(y)|0⟩ cχχδ(x − y)
⟨0|χ(x)χ(y)|0⟩ cχχ

|x−y|2∆

⟨0|χ(x)χ(y)|0⟩ cχχ

|x−y|2∆

The first line above involves a contact term that allows the contraction of χ and its con-
jugate [46]. It arises because if the wavefunction is written as a function of χ(x), then
χ(x) can be thought of as its canonical conjugate. The explicit forms of the constant
coefficients cχχ, cχχ and cχχ are given in Section 3.4. As mentioned above, χ(x) always
appears to the right of χ(x).

For the complementary series, there is no conjugate field and no contact term. There-
fore, only the χ − χ propagator displayed above is relevant.

Vertices. We also get interaction vertices by expanding the wavefunction in (3.22).
However, it is important to note that the bra and the ket themselves contribute as
effective vertices in the computation of a norm or a correlator in (3.9) or (3.14). We
distinguish the vertices that come from the bra, the ket, the wavefunction, and its
conjugate using different colors. This leads to the following Feynman rules.

Origin Symbol Value

Ket δGn(x1, x2, . . . xn)

Bra δG∗
n(x1, x2, . . . xn)

Ψ[χ] λn−2Gn(x1 . . . xn)

Ψ∗[χ] λn−2G∗
n(x1 . . . xn)

The bra-ket and contributions from the wavefunction and its conjugate must all be
integrated over the coordinates xi.

Fixed points. Not all points in the diagram are integrated. Each diagram must have
at least three fixed points. In the computation of a norm, there are exactly three fixed
points that arise from the formula (3.9). The computation of a cosmological correlator
has three or more fixed points that arise from the insertions of the operators in (3.14).
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Figure 3.1: A diagram that displays a potential divergence due to the group volume.

These fixed points will be displayed explicitly in each diagram.

The presence of these fixed points is important. Each vertex involves a conformally
covariant function. Therefore, before we perform the position integrals, the entire
integrand obtained by joining the vertices with propagators is conformally covariant.
If all the external points were integrated over, we would get a divergence proportional
to the volume of the conformal group. The presence of at least three fixed points helps
to avoid this divergence, subject to some additional constraints that we discuss next.

As is standard, the contribution of a diagram is obtained by simply joining the vertices
with propagators and performing the position integrals associated with each vertex.
We provide examples in the next section.

3.3.1 Group-volume divergences

For some diagrams, the presence of three fixed points might be insufficient to remove
the divergence coming from the volume of the conformal group. This happens when
the Feynman diagram breaks up into the product of two disconnected conformally co-
variant terms. In this section, we explain how to remove some simple group-volume
divergences by restricting attention to states and observables that satisfy certain con-
ditions. We divide the discussion into two parts: group-volume divergences in the
norm and group-volume divergences in cosmological correlators. The Feynman dia-
grams discussed here follow from the rules given above. However, the reader might
find some of them unfamiliar due to the presence of vertices associated with the bra
and the ket. If so, it is possible to skip this subsection on a first reading, examine the
examples in Section 3.4, and then return to this subsection.

Group-volume divergences in the norm

Recall that the norm is computed by multiplying the QFT norm of a state by the fac-
tor K, which is, itself, inversely proportional to the volume of the de Sitter group.
Equivalently, the norm may be computed by fixing any three points in the conformally
invariant integral that appears in its computation.

The diagram shown in Figure 3.1 provides an example of how disconnected diagrams
might retain a divergence even after fixing three points. This diagram appears in the
computation of the norm of a three-particle state in the presence of an interaction that
also contains a three-point term. The reader can consult the examples in the next
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section if this is not apparent. For now, the origin of the diagram is not crucial; it is
only necessary to note that although three points have been fixed in the contribution
of the ket, the diagram retains a divergence because the contraction of the bra and the
interaction yields a conformally invariant integral and a corresponding group-volume
divergence.

Group-volume divergences that arise from such disconnected diagrams can be avoided
by restricting attention to those states that satisfy

⟨0|Ψ⟩ = 0, (3.23)

and also
⟨0|χ(x)|Ψ⟩ = ⟨0|χ(x)|Ψ⟩ = 0. (3.24)

Physically, these are very natural requirements to impose. The vacuum and one-
particle states are non-normalizable. Therefore, it makes sense to subtract off their
contribution from external states. Note that the overlap of a de Sitter-invariant state
with a one-particle state can only be a constant, independent of x, since that is the only
contribution allowed by conformal invariance [47].

We now prove that imposing these conditions leads to the removal of disconnected di-
agrams. In terms of the generating function of connected correlators the computation
of a norm corresponds to

(Ψ, Ψ) = K ∑
m,m′

∫
dx⃗dx⃗′ δGm(x⃗)δG∗

m′(x⃗′)

× δ

δJ(x′1)
. . .

δ

δJ(x′m′)

δ

δJ(x1)
. . .

δ

δJ(xm)
eW[J,J]

∣∣∣∣
J=J=0

.
(3.25)

We define
δ

δJ(x1)
. . .

δ

δJ(xm)
eW[J,J] = P[J, J, x1, . . . xm]eW[J,J], (3.26)

where P[J, J] is a functional of J and J obtained by acting with m functional derivatives
on a polynomial of W[J, J]. It is related to vacuum correlators through

P[J = 0, J = 0, x1, . . . xm] = ⟨0|χ(x1) . . . χ(xm)|0⟩. (3.27)

If we had just been computing this vacuum correlator, then those terms in P that con-
tain multiple powers of W would correspond to disconnected diagrams where some
of the points xi are disconnected from each other. However, in the computation under
consideration, all these diagrams are linked by the ket vertex. This is evident above in
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the presence of the smearing function δGm(x⃗) that links all the external points.

Now consider acting with one of the remaining functional derivatives

δ

δJ(x′1)
P[J, J, x1, . . . xn]eW[J] =

δP[J, J, x1, . . . xn]

δJ(x′1)
eW[J] + P[J, J, y1 . . . yn]

δ

δJ(x′1)
eW[J].

(3.28)
The first term on the right-hand side comprises diagrams where the point x′1 is con-
nected to at least one of the xi points. But the functional δGm(x⃗) connects the different
xi insertions together and therefore the first term comprises diagrams where x′1 is con-
nected to the xi. The second term generates a disconnected diagram.

Proceeding this way, we see that disconnected diagrams are only obtained if each δ
δJ(x′i)

functional derivative acts on the eW[J,J] factor. But, defining P analogously to P above,
this implies that the set of disconnected diagrams factorizes into

∑
n,m

δG∗
n(x⃗′)δGm(x⃗)P[J = 0, J = 0, x1, . . . xn]P[J = 0, J = 0, x′1, . . . x′m]

= ∑
n

δG∗
n(x⃗′)P[J = 0, J = 0, x′1, . . . x′n]∑

m
δGm(x⃗)P[J = 0, J = 0, x1, . . . xm],

(3.29)

but these terms correspond to the overlap of the state with the vacuum and its conju-
gate. Therefore, setting this to zero gets rid of diagrams where the bra and the ket are
disconnected.

Even if the diagram is connected, a one-particle state is not normalizable since it is not
possible to fix 3 points in the integral for the norm. Condition (3.24) disallows such
states. Repeating the argument above, it can be seen that this condition also removes
potential group-volume divergences from diagrams where the bra and the ket can be
separated by cutting a single line.

Group-volume divergences in cosmological correlators

We now turn to cosmological correlators. The formal analysis in this case is similar to
the analysis performed above for the norm, and so we will simply state the results and
provide some illustrative examples.

Some obvious group-volume divergences are removed by imposing

⟨0|C|0⟩ = 0. (3.30)

In addition the smearing functions that enter (3.13) must obey certain constraints. The
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integral of these smearing functions over any one coordinate must vanish∫
dxigq(x⃗) = 0 ∀i. (3.31)

This must hold for each gq(x⃗). We emphasize that here the dxi is a single integral and
so the condition above can be expanded as∫

dx1gq(x⃗) =
∫

dx2gq(x⃗) . . . =
∫

dxqgq(x⃗) = 0. (3.32)

Second, for any pair of coordinates i,j we impose

∫
dxidxj

gq(x⃗)
|xi − xj|2∆ = 0. (3.33)

The condition (3.30) may be satisfied by simply subtracting off a suitable multiple of
the identity from C. Equations (3.31) and (3.33) can be satisfied by appropriate choices
of smearing functions.

Equations (3.31) and (3.33) can also be expressed in Fourier space. Defining

g̃q (⃗k) =
∫

gq(x⃗)ei⃗k·⃗x ∏
j

dxj, (3.34)

the conditions (3.31) and (3.33) read∫
dki g̃q (⃗k)δ(ki) = 0

∫
dkidk jδ(ki + k j)g̃q (⃗k)|ki − k j|2∆−d = 0. (3.35)

These conditions can be satisfied by choosing g̃(⃗k) so that it vanishes whenever any of
the ki vanish or when ki + k j = 0 for any pair of arguments:

g̃(⃗k)
∣∣∣
ki=0

= 0; g̃(⃗k)
∣∣∣
ki+kj=0

= 0. (3.36)

Repeating the arguments above now shows that some obvious group-volume diver-
gences are removed by these conditions. Diagrams where the points in the cosmologi-
cal correlator are completely disconnected from the bra and the ket vanish by virtue of
(3.30). An example is shown in Figure 3.2a. Now consider those diagrams where only
one or two external points from the cosmological correlator are connected to one part
of the diagram, whereas the other points are connected to another part; an example
is shown in Figure 3.2b and another example is shown in Figure 3.2c. Such diagrams
vanish by virtue of (3.31) and (3.33). This leaves us with diagrams that are either com-
pletely connected or those that break up into two or more disconnected pieces, each of
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which is connected to at least three points from the cosmological correlator. But these
fixed points are enough to absorb the integral over the conformal group.

(a) (b) (c)

Figure 3.2: The three kinds of diagrams that are removed by the conditions (3.30),
(3.31) and (3.33). All these represent contributions to a four-point cosmological corre-
lator in a three-particle state, where the vacuum has three-point interactions.

Some other potential divergences in cosmological correlators, such as the one shown
in Figure 3.3, are removed by the condition (3.23).

Figure 3.3: A divergent contribution to a 3-point cosmological correlator in a 3-particle
state that is removed by condition (3.23).

Additional divergences and renormalization. We emphasize that the removal of
simple group-volume divergences does not remove all divergences associated with
the norm, or with cosmological correlators. For instance, at higher orders in perturba-
tion theory, we see the usual UV divergences that appear in any effective field theory
computation. In general, it is necessary to appropriately renormalize the wavefunc-
tion by adding counterterms to ensure that cosmological correlators are finite. We
postpone an analysis of such effects to future work.

3.4 Sample computations

In this section, we provide some sample calculations that illustrate the use of the Feyn-
man rules presented in the previous sections. We will compute norms and the values
of cosmological correlators in a variety of states.

A striking feature of these computations is that every simple state yields cosmologi-
cal correlators that differ from QFT expectation values in the Euclidean vacuum. We
present several examples where the Euclidean vacuum is Gaussian and therefore vac-
uum expectation values trivially factorize into products of two-point functions. Nev-
ertheless, a nontrivial excited state in such a theory gives rise to nontrivial conformally
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invariant cosmological correlators. It is the conformal invariance that is special; even
in a free nongravitational field theory in de Sitter space, excited states can give rise to
nontrivial correlation functions for operator insertions on the late-time slice, but these
correlators are never conformally invariant since the underlying excited state cannot
be conformally invariant while being normalizable.

For technical simplicity, we will study fields in the principal-series representation. In
this case, we are able to borrow various tools and orthogonality relations from har-
monic analysis that make it possible for us to compute explicit position space correla-
tors. To this end, we will use many of the results from [48]. We will quote mathemat-
ical identities relevant to us in the main text itself, but interested readers are encour-
aged to consult [48] to understand them from a representation theory point of view.
Since these calculations are provided for the purpose of illustration, and they are per-
formed at the lowest nontrivial order in perturbation theory, we set aside potential
subtleties with principal-series fields that might arise at higher orders in perturbation
theory [36].

This section is divided into two parts. In the first part, we study a Gaussian vacuum,
and then we study an interacting vacuum. In both cases, we obtain beautiful closed-
form answers for three- and four-point cosmological correlators in various states. The
structural aspects of these answers deserve further investigation that we postpone to
future work.

The norm of group-averaged states was previously studied from a Fock-space per-
spective in [21].

3.4.1 Cosmological correlators in excited states about a Gaussian vac-

uum

We start by considering the case of a Gaussian vacuum. We will consider the case
where the vacuum has n different principal-series fields, denoted by χi, having con-
formal weight ∆i =

d
2 + iµi. The nonzero correlators in the vacuum are [46]

⟨0|χi(x)χj(x′)|0⟩ = cχiχi

|x − x′|2∆i
δij ; cχiχi =

Γ[∆i]Γ[ d
2 − ∆i]

4π
d
2+1

⟨0|χi(x)χj(x′)|0⟩ =
cχiχi

|x − x′|2∆i
δij ; cχiχi

=
Γ[∆i]Γ[∆i − d

2 ]

4π
d
2+1

⟨0|χi(x)χj(x′)|0⟩ = cχiχi
δ(x − x′)δij ; cχiχi

=
coth πµi + 1

4µi
.

(3.37)
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All higher-point correlators in the vacuum factorize into products of the two-point
functions given above. In terms of the wavefunction (3.21), this means that it has
Gaussian terms but no non-Gaussian terms.

3-particle state

We will start with the simplest example of a nontrivial state. Consider a theory with
a single field in the principal-series, χ(x) (and its conjugate field χ), having conformal
weight ∆ (∆ for the conjugate field). This theory has a single 3-particle state. We write
it as

|3⟩ =
∫

dx1dx2dx3δG3(x1, x2, x3) : χ(x1)χ(x2)χ(x3) : |0⟩. (3.38)

Here :: denotes normal ordering. The form of δG3(x1, x2, x3) is fixed by conformal
invariance to be

δG3(x1, x2, x3) =
C∆∆∆

|x1 − x2|∆|x1 − x3|∆|x2 − x3|∆
. (3.39)

The constant C∆∆∆ fixes the overall normalization of the state.

The bra corresponding to the ket above is

⟨3| =
∫

dx1dx2dx3δG∗
3 (x1, x2, x3)⟨0| : χ(x1)χ(x2)χ(x3) : . (3.40)

The norm ⟨3|3⟩ gets a contribution from the diagram displayed in Figure 3.4.

Figure 3.4: Diagram contributing to the norm of the 3-particle state

We find — either by using the Feynman rules discussed in Section 3.3 — or by directly
contracting the bra and the ket,

(3, 3) = 3!c3
χχK

∫
dx1dx2dx3|δG3(x1, x2, x3)|2

= 3!c3
χχ|C∆∆∆|2.

(3.41)

To get the final equality, we gauge fixed the integral, which leaves behind only the
constant coefficients. We refer the reader to section 5.3 of [13] for details.

Integrals over conformally invariant structures of the kind that appear above were also
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studied extensively in [48]. To make contact with their notation, we define

⟨O∆1(x1)O∆2(x2)O∆3(x3)⟩ ≡
C∆1∆2∆3

|x1 − x2|∆1+∆2−∆3 |x1 − x3|∆1+∆3−∆2 |x2 − x3|∆2+∆3−∆1
.

(3.42)
The notation is designed to be reminiscent of the correlation function of CFT operators
although we reiterate that there is no physical CFT here; it is simply that the gravita-
tional constraints force the states to be smeared with functions that obey the Ward
identities of CFT correlators.

Using this notation, the result (3.41) can also be derived from the formula

∫ dx1dx2dx3

vol(SO(1,d + 1))
⟨O∆1(x1)O∆2(x2)O∆3(x3)⟩⟨O∆1(x1)O∆2(x2)O∆3(x3)⟩

=
C∆1∆2∆3C∆1∆2∆3

vol(SO(d − 1))
.

(3.43)

In our case, since we are considering principal-series fields C∆∆∆ = C∗
∆∆∆ which gives

back (3.41). One can choose the value of |C∆∆∆| to normalize the state to have norm 1,
although we will keep it as it is.

Normal ordering the operators is important to ensure that additional diagrams, with
self-contractions, such as Figure 3.5 do not contribute to the norm. Normal ordering
also automatically ensures that the conditions of Section 3.3 are met for this state.

Figure 3.5: A potentially divergent contribution to the norm of the 3-particle state that
is removed by normal ordering

Cosmological correlators in the 3-particle state

We now turn to the computation of cosmological correlators. The simplest one to
compute is a three-point cosmological correlator. However, we find that

⟨⟨3|χ(y1)χ(y2)χ(y3)|3⟩⟩ = 0. (3.44)

This can be seen by expanding the expression above, which yields the expectation
value of 9 fields in the vacuum. This expectation value vanishes since the number of
insertions is odd (Recall that the vacuum is free).
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So we now turn to the computation of a four-point cosmological correlator

⟨⟨3| : χ(y1)χ(y2)χ(y3)χ(y4) : |3⟩⟩.

Through normal ordering, we again ensure that the operator has no vacuum expecta-
tion value. In addition, it is to be understood that the result of this correlator is always
smeared with a function of yi that obeys the conditions (3.36).

One of the Feynman diagrams that contributes to this correlator is displayed in Figure
3.6. Denoting its value by F1, we find that

Figure 3.6: Diagram contributing to a 4-point function in a 3-particle state

F1 = (3!)2
∫ ( 3

∏
i=1

dxidx′i

)
δG∗

3 (x1, x2, x3)δG3(x′1, x′2, x′3)

× χ(y1)χ(x1)χ(y2)χ(x2)χ(x3)χ(x′3)χ(y3)χ(x′1)χ(y4)χ(x′2)

= (3!)2c2
χχc

3
χχ

∫ ( 3

∏
i=1

dxidx′i

)
δG∗

3 (x1, x2, x3)δG3(x′1, x′2, x′3)

× 1

|y1 − x1|2∆
1

|y2 − x2|2∆ δd(x3 − x′3)δ
d(y3 − x′1)δ

d(y4 − x′2)

= (3!)2c2
χχc

3
χχ

∫ ( 3

∏
i=1

dxi

)
δG∗

3 (x1, x2, x3)δG3(y3, y4, x3)
1

|y1 − x1|2∆
1

|y2 − x2|2∆ .

(3.45)

The three remaining integrals are known conformal integrals. First, we have integrals
that, in the CFT literature, are called “shadow transforms”. This converts a three-point
function of operators with dimensions ∆1, ∆2, ∆3 to a three-point function of operators
with dimensions ∆1, ∆2, ∆3. We write this as

⟨OS[∆1](y1)O∆2(x2)O∆3(x3)⟩ ≡
∫

dx1⟨O∆1(x1)O∆2(x2)O∆3(x3)⟩
1

|y1 − x1|2∆1

=
C∆1∆2∆3 N(∆1 + ∆2 − ∆3, ∆1 + ∆3 − ∆2, 2∆1)

|y1 − x2|∆1+∆2−∆3 |y1 − x3|∆1+∆3−∆2 |x2 − x3|∆2+∆3−∆1

≡
CS[∆1]∆2∆3

|y1 − x2|∆1+∆2−∆3 |y1 − x3|∆1+∆3−∆2 |x2 − x3|∆2+∆3−∆1
,

(3.46)
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where

N(a, b, c) =
π

d
2 Γ[ d−a

2 ]Γ[ d−b
2 ]Γ[ d−c

2 ]

Γ[ a
2 ]Γ[

b
2 ]Γ[

c
2 ]

. (3.47)

The notation S[∆] keeps track of the fact that shadow transformations have been per-
formed and the resulting numerical factors are absorbed into the three-point function.
Multiple shadow transforms can be performed in sequence. We will use the same
notation below to indicate the shadow transformation of more-general expressions.

In the case at hand, we have two shadow transforms and obtain

δG∗(yS[∆]
1 , yS[∆]

2 , x3) ≡
∫

dx1dx2δG∗
3 (x1, x2, x3)

1

|y1 − x1|2∆
1

|y2 − x2|2∆

=
C∗

∆∆∆N(∆, ∆, 2∆)N(∆, 2∆, 2∆ − ∆)

|x3 − y1|∆|x3 − y2|∆|y1 − y2|2∆−∆

≡
C∗

S[∆]S[∆]∆

|x3 − y1|∆|x3 − y2|∆|y1 − y2|2∆−∆
.

(3.48)

Thus we arrive at the expression,

F1 = (3!)2c2
χχc

3
χχ

∫
dx3δG∗

3 (y
S[∆]
1 , yS[∆]

2 , x3)δG3(x3, y3, y4). (3.49)

The last integral is an integral of the product of two three-point functions over a com-
mon point. This gives rise to a four-point partial wave using the formula [48]

Θ∆1∆2∆3∆4
∆ (x1, x2, x3, x4) =

∫
dx⟨O∆1(x1)O∆2(x2)O∆(x)⟩⟨O∆3(x3)O∆4(x4)O∆(x)⟩.

(3.50)

Hence,

F1 = (3!)2c2
χχc

3
χχ

∫
dx3δG∗

3 (y
S[∆]
1 , yS[∆]

2 , x3)δG3(x3, y3, y4)

= K1Θ∆∆∆∆
∆ (y1, y2, y3, y4),

(3.51)

where,

K1 = (3!)2c2
χχc

3
χχ

C∗
S[∆]S[∆]∆

C∆∆∆
. (3.52)

The full 4-point cosmological correlator can be easily written down, taking into ac-
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count other Feynman diagrams obtained by simply permuting the external legs.

⟨⟨3| : χ(y1)χ(y2)χ(y3)χ(y4) : |3⟩⟩

= K1

(
Θ∆∆∆∆

∆ (y1, y2, y3, y4) + Θ∆∆∆∆
∆ (y1, y3, y2, y4) + Θ∆∆∆∆

∆ (y1, y4, y2, y3)
)

.
(3.53)

Note that the normal ordering prescription automatically removes the term in the four-
point function that could have been the product of two two-point functions.

Explicit formulas for the four-point partial waves in terms of hypergeometric functions
for d = 2, 4, 6 can be found in [49].

So we see that the three-particle state gives rise to a beautiful and explicitly confor-
mally invariant formula for the four-point cosmological correlator.

4-particle state

For our next example, it is convenient to consider a theory with two scalar fields χ1

and χ2, both in the principal-series. The reason for studying two fields rather than one
is simply that it allows us to perform the relevant conformal integrals analytically as
we explain at the end of the computation.

A four-particle state in the theory is,

|4⟩ =
∫ ( 4

∏
i=1

dxi

)
δG4(x∆1

1 , x∆1
2 , x∆2

3 , x∆2
4 ) : χ1(x1)χ1(x2)χ2(x3)χ2(x4) : |0⟩, (3.54)

where, for clarity, we have placed a superscript on the points to indicate the conformal
weights of the function G4. Conformal invariance restricts the form of δG4(x∆1

1 , x∆1
2 , x∆2

3 , x∆2
4 )

up to arbitrary functions of the cross ratios. One convenient choice is to parameterize
δG4 in terms of the conformal partial waves.

δG4(x∆1
1 , x∆1

2 , x∆2
3 , x∆2

4 ) =
∫ d

2+i∞

d
2

d∆
2πi

I(∆)Θ∆1∆1∆2∆2
∆ (x1, x2, x3, x4) . (3.55)

Here I(∆) is a function that parameterizes the state. We are allowed to choose I(∆)
and different choices define different states. Since we defined the partial wave using
(3.50), the normalization of Θ∆1∆1∆2∆2

∆ also depends on the choice of some coefficients
C∆1∆1∆ and C∆∆2∆2

. These can always be reabsorbed into a redefinition of I(∆) since
the only combination that can appear is the product I(∆)C∆1∆1∆C∆∆2∆2

.

Harmonic analysis on SO(1, d + 1) tells us that the conformal partial waves satisfy an
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orthogonality relation [48] (We denote ∆ = d
2 + is and ∆

′
= d

2 − is′).

∫
∏4

i=1 dxi

vol(SO(1,d + 1))
Θ∆1∆2∆3∆4

∆ (x1, x2, x3, x4)Θ
∆1∆2∆3∆4

∆′ (x1, x2, x3, x4)

=
C∆1∆2∆C∆1∆2∆

vol(SO(d − 1))

C∆3∆4∆C∆3∆4∆

vol(SO(d − 1))
2πδ(s − s′)

µ(∆)
.

(3.56)

Here µ(∆) — the Plancherel measure of the representation — is given by

µ(∆) =
Γ[∆]Γ[∆]

πdΓ[ d−2∆
2 ]Γ[ d−2∆

2 ]vol(SO(d))
. (3.57)

The norm of the state can now be easily computed using the orthogonality relation of
the conformal partial waves. The relevant diagram is shown in Figure 3.7. (We use
blue lines for χ1 and red lines for χ2)

Figure 3.7: Norm of the 4-particle state

Applying the Feynman rules to this diagram, we find

(4, 4) = (2!)2c2
χ1χ1

c2
χ2χ2

K
∫ ( 4

∏
i=1

dxi

)
δG∗

4 (x∆1
1 , x∆1

2 , x∆2
3 , x∆2

4 )δG4(x∆1
1 , x∆1

2 , x∆2
3 , x∆2

4 )

= (2!)2c2
χ1χ1

c2
χ2χ2

vol(SO(d − 1))
∫ d

2+i∞

d
2

d∆
2πi

I(∆)∗
∫ d

2+i∞

d
2

d∆′

2πi
I(∆′)

×
∫ dx1dx2dx3dx4

vol(SO(1,d + 1))

(
Θ∆1∆1∆2∆2

∆ (x1, x2, x3, x4)
)∗

×
(

Θ∆1∆1∆2∆2
∆′ (x1, x2, x3, x4)

)
= (2!)2

c2
χ1χ1

c2
χ2χ2

vol(SO(d − 1))

∫ d
2+i∞

d
2

d∆
2πi

|I(∆)|2

µ(∆)
∣∣C∆1∆1∆

∣∣2∣∣∣C∆∆2∆2

∣∣∣2.

(3.58)

Here, we have used the orthogonality relation of the conformal partial waves in the
final step. As we can see from the final expression, one can appropriately choose
I(∆)C∆1∆1∆C∆∆2∆2

so as to get a finite norm for the state.

The Feynman diagrams for a single-field model are similar to those for the two-field
model. However, these diagrams would lead to the integral of the product of two par-
tial waves, where the points on the left are paired with the points on the right in all
possible combinations. But the partial wave is only symmetric under the interchange
of points 1 ↔ 2 and 3 ↔ 4. Therefore, while such an integral can still be evaluated nu-
merically, one cannot obtain a simple analytic answer using the orthogonality relation
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above. This explains our choice of the two-field model for illustrative purposes. The
same considerations guide us in the examples below.

Cosmological correlators in the 4-particle state

The three-point cosmological correlator vanishes in the 4-particle state when the vac-
uum is Gaussian.

⟨⟨4|χ1(y1)χ1(y2)χ1(y3)|4⟩⟩ = 0. (3.59)

Expanding the expression above leads to a vacuum correlator with 11 insertions which
vanishes since it cannot be factorized into a product of 2-point functions.

So, we turn to the four-point function ⟨⟨4| : χ1(y1)χ1(y2)χ1(y3)χ1(y4) : |4⟩⟩. The rel-
evant Feynman diagram for the 4-point function is shown in Figure 3.8. Denoting its
value by F2, we see that

Figure 3.8: Four-point cosmological correlator in a four-particle state

F2 = (2!)3c2
χ1χ1

c2
χ2χ2

c2
χ1χ1

∫
dx1dx2δG∗

4 (y
S[∆1]
1 , yS[∆1]

2 , x∆2
1 , x∆2

2 )δG4(y
∆1
3 , y∆1

4 , x∆2
1 , x∆2

2 ),
(3.60)

where we have used S[∆1], S[∆2] to indicate that δG4 has been shadow transformed.
Parsing this further, we find

F2 = (2!)3c2
χ1χ1

c2
χ2χ2

c2
χ1χ1

∫ d
2+i∞

d
2

d∆
2πi

I(∆)∗
∫ d

2+i∞

d
2

d∆′

2πi
I(∆′)∫

dx1dx2

((
ΘS[∆1]S[∆1]∆2∆2

∆ (y1, y2, x1, x2)
)∗

Θ∆1∆1∆2∆2
∆′ (y3, y4, x1, x2)

)
= (2!)3c2

χ1χ1
c2

χ2χ2
c2

χ1χ1

∫ d
2+i∞

d
2

d∆
2πi

|I(∆)|2
∣∣∣C∆∆2∆2

∣∣∣2
vol(SO(d − 1))µ(∆)

×
∫

dx⟨OS[∆1](y1)OS[∆1](y2)O∆(x)⟩∗⟨O∆(x)O∆1(y3)O∆1(y4)⟩

=
∫ d

2+i∞

d
2

d∆
2πi

|I(∆)|2
∣∣∣C∆∆2∆2

∣∣∣2
vol(SO(d − 1))µ(∆)

K2(∆)Θ
∆1∆1∆1∆1
∆

(y1, y2, y3, y4).

(3.61)

Here,

K2(∆) = (2!)3c2
χ1χ1

c2
χ2χ2

c2
χ1χ1

C∗
S[∆1]S[∆1]∆

C∆1∆1∆
(3.62)
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Here, we first write the conformal partial wave as an integral over the 3-point func-
tions as given in (3.50). Then, we use the following result for integrating a product of
two three-point structures, which is called a “bubble integral” [48].∫

dx1dx2⟨O∆1(x1)O∆2(x2)O∆(x)⟩⟨O∆1(x1)O∆2(x2)O∆′
(x′)⟩

=
C∆1∆2∆C∆1∆2∆

vol(SO(d − 1))µ(∆)
δd(x − x′)2πδ(s − s′).

(3.63)

The factor K2(∆) has various 3-point function coefficients, including those arising
from shadow transforms. It ensures the proper normalisation of the conformal par-
tial wave as given in (3.50). Also note that, once we account for the normalization of
Θ∆1∆1∆1∆1

∆
, it is only the product I(∆)C∆1∆1∆C∆∆2∆2

that enters the expression as antici-
pated.

One can now write down the 4-point correlator, taking into account other diagrams
obtained by permuting the external lines.

⟨⟨4| : χ1(y1)χ1(y2)χ1(y3)χ1(y4) : |4⟩⟩

=
∫ d

2+i∞

d
2

d∆
2πi

I4(∆)
(

Θ∆1∆1∆1∆1
∆

(y1, y2, y3, y4) + y2 ↔ y3 + y2 ↔ y4

)
,

(3.64)

where

I4(∆) = |I(∆)|2
∣∣∣C∆∆2∆2

∣∣∣2
vol(SO(d − 1))µ(∆)

K2(∆). (3.65)

So the four-point cosmological correlator is also given in terms of conformal partial
waves, with the coefficient function I4(∆) being determined in terms of the parameters
defining the state.

3 + 4-particle state

In the previous sections, we computed four-point cosmological correlator in a simple
3-particle state and a 4-particle state. Both these states have a vanishing three-point
correlator as the vacuum is Gaussian. It is possible to obtain a non-zero three-point
function in a state that is a linear combination of 3- and 4-particle states.

|ψ⟩ = a|3⟩+ b|4⟩

|3⟩ =
∫ ( 3

∏
i=1

dxi

)
δG3(x∆1

1 , x∆2
2 , x∆2

3 ) : χ1(x1)χ2(x2)χ2(x3) : |0⟩

|4⟩ =
∫ ( 4

∏
i=1

dxi

)
δG4(x∆1

1 , x∆1
2 x∆2

3 , x∆2
4 ) : χ1(x1)χ1(x2)χ2(x3)χ2(x4) : |0⟩.

(3.66)
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Here, we have taken a two-field model and defined states with some foresight so as to
obtain an analytic answer. The form of the three-point function is fixed by conformal
invariance, and its coefficient can be computed numerically in more general states,
including a single-field model.

As in the previous two examples, δG3 and δG4 can be written as

δG3(x∆1
1 , x∆2

2 , x∆2
3 ) = ⟨O∆1(x1)O∆2(x2)O∆2(x3)⟩ =

C∆1∆2∆2

|x1 − x2|∆1 |x1 − x3|∆1 |x2 − x3|2∆2−∆1

δG4(x∆1
1 , x∆1

2 x∆2
3 , x∆2

4 ) =
∫ d

2+i∞

d
2

d∆
2πi

I(∆)Θ∆1∆1∆2∆2
∆ (x1, x2, x3, x4). (3.67)

We can first compute the norm of the state |ψ⟩. Since the vacuum is Gaussian, there
are no cross terms of the form (3, 4), and we get

(ψ, ψ) = |a|2 (3, 3) + |b|2 (4, 4) . (3.68)

The computation of ⟨3|3⟩ and ⟨4|4⟩ follows in the exact same manner as we have done
in the previous sections. We will quote the answer below.

(ψ, ψ) =2!|a|2c2
χ2χ̄2

cχ1χ̄1

∣∣C∆1∆2∆2

∣∣2
+ |b|2

(
(2!)2

c2
χ1χ1

c2
χ2χ2

vol(SO(d − 1))

∫ d
2+i∞

d
2

d∆
2πi

|I(∆)|2

µ(∆)
∣∣C∆1∆1∆

∣∣2∣∣∣C∆∆2∆2

∣∣∣2) .
(3.69)

We now move on to the computation of the 3-point function. This will get contribu-
tions only from the cross terms. More explicitly,

⟨⟨ψ|χ(y1)χ(y2)χ(y3)|ψ⟩⟩ = a∗b⟨⟨3|χ(y1)χ(y2)χ(y3)|4⟩⟩+ b∗a⟨⟨4|χ(y1)χ(y2)χ(y3)|3⟩⟩.
(3.70)

Second, conformal invariance forces

⟨⟨ψ|χ(y1)χ(y2)χ(y3)|ψ⟩⟩ =
c

|y1 − y2|∆|y1 − y3|∆|y2 − y3|∆
. (3.71)

Our task is to determine c in terms of the parameters that define the state. As a check
we see that only the combinations aC∆1∆2∆2 and I(∆)C∆1∆1∆C∆∆2∆2

can appear in the
answer.

The diagram that captures the term ⟨⟨3|χ1(y1)χ1(y2)χ1(y3)|4⟩⟩ is shown in Figure 3.9.
Denoting its value by F3 we have,
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Figure 3.9: A contribution to the 3-point function in the 3+4-particle state

F3 = (2!)2c2
χ1χ1

c2
χ2χ2

cχ1χ1

∫
dx1dx2δG∗

3 (y
S[∆1]
1 , x∆2

1 , x∆2
2 )δG4(y

∆1
2 , y∆1

3 , x∆2
1 , x∆2

2 )

= (2!)2c2
χ1χ1

c2
χ2χ2

cχ1χ1

∫ d
2+i∞

d
2

d∆
2πi

I(∆)

×
(∫

dx1dx2⟨OS[∆1](y1)O∆2(x1)O∆2(x2)⟩∗Θ∆1∆1∆2∆2
∆ (y2, y3, x1, x2)

)
=

K3

|y1 − y2|∆1 |y1 − y3|∆1 |y2 − y3|∆1
.

(3.72)

Here, we have used the bubble integral formula (3.63) to integrate over x1 and x2 and
arrive at the 3rd equality. In the final step, the numerical factor is given by

K3 =
(2!)2c2

χ1χ1
c2

χ2χ2
cχ1χ1 I(∆1)C∗

S[∆1]∆2∆2
C∆1∆2∆2

C∆1∆1∆1

vol(SO(d − 1))µ(∆1)
. (3.73)

The diagram that captures the term ⟨⟨4|χ1(y1)χ1(y2)χ1(y3)|3⟩⟩ is shown in Figure 3.10.
Denoting its value by F4, we have

Figure 3.10: Another contribution to the 3-point function in the 3+4-particle state

F4 = (2!)2c2
χ1χ1

c2
χ2χ2

cχ1χ1

∫
dx1dx2δG∗

4 (y
S[∆1]
1 , yS[∆1]

2 , x∆2
1 , x∆2

2 )δG3(y
∆1
3 , x∆2

1 , x∆2
2 )

= (2!)2c2
χ1χ1

c2
χ2χ2

cχ1χ1

∫ d
2+i∞

d
2

d∆
2πi

(I(∆))∗

×
(∫

dx1dx2

(
ΘS[∆1]S[∆1]∆2∆2

∆ (y1, y2, x1, x2)
)∗

δG3(y
∆1
3 , x∆2

1 , x∆2
2 )

)
=

K4

|y1 − y2|∆1 |y1 − y3|∆1 |y2 − y3|∆1
.

(3.74)

Here,

K4 =
(2!)2c2

χ1χ1
c2

χ2χ2
cχ1χ1

I(∆1)
∗|C∆1∆2∆2 |2C∗

S[∆1]S[∆1]∆1

vol(SO(d − 1))µ(∆1)
. (3.75)
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Adding these two contributions and taking into account other diagrams which are
related to these by permutation of the external legs we get,

⟨⟨ψ|χ1(y1)χ1(y2)χ1(y3)|ψ⟩⟩ =
c

|y1 − y2|∆1 |y1 − y3|∆1 |y2 − y3|∆1

c = 3 × (a∗bK3 + b∗aK4) .
(3.76)

Here again, we see that c is given purely in terms of the data defining the state. This
example suggests that even if the vacuum has a vanishing 3-point function, an appro-
priately chosen ‘excited’ state can have large non-Gaussianity.

3.4.2 Cosmological correlators in the presence of a non-Gaussian vac-

uum

In the previous examples, we took the vacuum to be Gaussian. In this subsection, we
study a case where the vacuum wavefunction has an interaction term, and the leading
contribution to the correlator comes from this interaction.

We now introduce a third field χ3, which is again motivated by our desire to obtain
explicit answers. Consider a state |ψ⟩ defined as follows.

|ψ⟩ = a|3⟩+ b|4⟩

|3⟩ =
∫

dx1dx2dx3δG3(x∆1
1 , x∆2

2 , x∆2
3 ) : χ1(x1)χ2(x2)χ2(x3) : |0⟩

|4⟩ =
∫

dx1dx2dx3dx4δG4(x∆1
1 , x∆1

2 , x∆3
3 , x∆3

4 ) : χ1(x1)χ1(x2)χ3(x3)χ3(x4) : |0⟩

δG3(x∆1
1 , x∆2

2 , x∆2
3 ) =

C∆1∆2∆2

|x1 − x2|∆1 |x1 − x3|∆1 |x2 − x3|2∆2−∆1

δG4(x∆1
1 , x∆1

2 , x∆3
3 , x∆3

4 ) =
∫ d

2+i∞

d
2

d∆
2πi

I(∆)Θ∆1∆1∆3∆3
∆ (x1, x2, x3, x4).

(3.77)

We take the vacuum to have a four-point interaction term as given below. In the nota-
tion of (3.21), this means that

Ψ0[χ] = ΨGauss exp

{
λ2
∫ 4

∏
i=1

dxi G4(x∆2
1 , x∆2

2 , x∆3
3 , x∆3

4 )χ2(x1)χ2(x2)χ3(x3)χ3(x4)

}
,

(3.78)
where ΨGauss comprises the Gaussian 2-point terms that give rise to the propagators
above (see (B.68)), and we have shown the four-point term explicitly. We take G4 to be
of the form

G4(x∆2
1 , x∆2

2 , x∆3
3 , x∆3

4 ) =
∫ d

2+i∞

d
2

d∆
2πi

L(∆)Θ∆2∆2∆3∆3
∆ (x1, x2, x3, x4), (3.79)
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where λ is a perturbative parameter. Admittedly, this non-Gaussianity is slightly con-
trived since we have chosen a term that couples χ2 to χ3 but set other non-Gaussianities
to zero. This choice is made for the purpose of obtaining a simple analytic answer. We
invite the reader to generalize this to other cases.

The normal ordering in (3.77) can be defined using the same subtractions as in the
free-field case. This is sufficient to ensure the conditions of Section 3.3 at lowest order
in perturbation theory.

(a) (b)

Figure 3.11: Feynman diagrams for the 3-point function in a 3+4-particle state built on
a non-Gaussian vacuum.

We will compute ⟨⟨ψ|χ1(y1)χ1(y2)χ1(y3)|ψ⟩⟩. Without the non-Gaussianity shown
above, this quantity would have vanished. In the presence of the non-Gaussianity,
the two relevant diagrams are shown in Figure 3.11. (We use blue for χ1, red for χ2

and black for χ3). Denoting the value of the diagram in Figure 3.11a by F5 we find

F5 = λ2(2!)3c2
χ1χ1

c2
χ2χ2

c2
χ3χ3

cχ1χ1

∫ 4

∏
i=1

dxiδG∗
3 (y

S[∆1]
1 , x∆2

1 , x∆2
2 )G4(x∆2

1 , x∆2
2 , x∆3

3 , x∆3
4 )

× δG4(y
∆1
2 , y∆1

3 , xS[∆3]
3 , xS[∆3]

4 )

= λ2(2!)3c2
χ1χ1

c2
χ2χ2

c2
χ3χ3

cχ1χ1

∫ d
2+i∞

d
2

d∆
2πi

L(∆)
∫ d

2+i∞

d
2

d∆′

2πi
I(∆′)

×
∫ 4

∏
i=1

dxiδG∗
3 (y

S[∆1]
1 , x∆2

1 , x∆2
2 )Θ∆2∆2∆3∆3

∆ (x1, x2, x3, x4)Θ
∆1∆1S[∆3]S[∆3]
∆′ (y2, y3, x3, x4)

= λ2 K5

|y1 − y2|∆1 |y1 − y3|∆1 |y2 − y3|∆1
.

(3.80)

The xi integrals can be done using the usual techniques. First, we write the conformal
partial waves in their integral representation (3.50) and then use the bubble integral
formula (3.63). In the final step, the numerical factor is given by

K5 =
(2!)3c2

χ1χ1
c2

χ2χ2
c2

χ3χ3
cχ1χ1 L(∆1)I(∆1)C∗

S[∆1]∆2∆2
C∆2∆2∆1

C∆1∆3∆3C∆1∆1∆1C∆1S[∆3]S[∆3]

(vol(SO(d − 1))µ(∆1))
2 .

(3.81)
Note that the 3-point function has the required functional form. The multiplicative
constant K5 depends on the interaction vertex as well as the state.
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Denoting the value of the diagram in Figure 3.11b by F6 we have

F6 = λ2(2!)3c2
χ1χ1

c2
χ2χ2

c2
χ3χ3

cχ1χ1

∫ 4

∏
i=1

dxiδG3(y
∆1
3 , xS[∆2]

1 , xS[∆2]
2 )G4(x∆2

1 , x∆2
2 , x∆3

3 , x∆3
4 )

× δG∗
4 (y

S[∆1]
1 , yS[∆1]

2 , x∆3
4 )

= λ2(2!)3c2
χ1χ1

c2
χ2χ2

c2
χ3χ3

cχ1χ1

∫ d
2+i∞

d
2

d∆
2πi

L(∆)
∫ d

2+i∞

d
2

d∆′

2πi
I(∆′)∗

[
∫ 4

∏
i=1

dxiδG3(y
∆1
3 , xS[∆2]

1 , xS[∆2]
2 )Θ∆2∆2∆3∆3

∆ (x1, x2, x3, x4)
(

ΘS[∆1]S[∆1]∆3∆3
∆′ (y1, y2, x3, x4)

)∗ ]
= λ2 K6

|y1 − y2|∆1 |y1 − y3|∆1 |y2 − y3|∆1
.

(3.82)

Here,

K6 =
(2!)3c2

χ1χ1
c2

χ2χ2
c2

χ3χ3
cχ1χ1

L(∆1)I(∆1)
∗C∆1S[∆2]S[∆2]C∆2∆2∆1

∣∣C∆1∆3∆3

∣∣2C∗
S[∆1]S[∆1]∆1

(vol(SO(d − 1))µ(∆1))
2 .

(3.83)
One can multiply by a factor of 3 to take into account other diagrams obtained after
permuting y1, y2 and y3. One also has to consider diagrams arising from the conjugate
of the interaction vertex (contributed by Ψ∗[χ]). These diagrams are shown in Figure
3.12.

(a) (b)

Figure 3.12: Additional Feynman diagrams for the 3-point cosmological correlator in
a 3+4-particle state built on an interacting vacuum

The calculation of these Feynman diagrams is identical to the previous calculations,
and we will not repeat it here. They evaluate to

λ2 K7

|y1 − y2|∆1 |y1 − y3|∆1 |y2 − y3|∆1
,

and
λ2 K8

|y1 − y2|∆1 |y1 − y3|∆1 |y2 − y3|∆1
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respectively, with the constants given by

K7 =
(2!)3c2

χ1χ1
c2

χ3χ3
c2

χ2χ2
cχ1χ1 L(∆1)

∗ I(∆1)C∗
S[∆1]S[∆2]S[∆2]

C∗
∆2∆2∆1

∣∣∣C∆1∆3∆3

∣∣∣2C∆1∆1∆1

(vol(SO(d − 1))µ(∆1))
2 ,

(3.84)
and

K8 =
(2!)3c2

χ1χ1
c2

χ2χ2
c2

χ3χ3
cχ1χ1

L(∆1)
∗ I(∆1)

∗|C∆1∆2∆2 |2C∗
∆1∆3∆3

C∗
∆1S[∆3]S[∆3]

C∗
S[∆1]S[∆1]∆1

(vol(SO(d − 1))µ(∆1))
2

(3.85)
So, the O(λ2) result for the 3-point function is given by,

⟨⟨ψ|χ1(y1)χ1(y2)χ1(y3)|ψ⟩⟩ = 3λ2 a∗b (K5 +K7) + b∗a (K6 +K8)

|y1 − y2|∆1 |y1 − y3|∆1 |y2 − y3|∆1
. (3.86)

3.5 Relational observables

In the previous sections, we have studied cosmological correlators of “simple oper-
ators” in simple states. We found that these correlators do not match the vacuum-
expectation values of QFT operators. In this section, we show that in the presence
of a heavy background state, which can be thought of as an observer, it is possi-
ble to construct relational observables whose correlators correspond to QFT vacuum-
expectation values to good accuracy. Our construction utilizes the techniques initially
developed in [25,32] and recently utilized in [27–29]. In Appendix B.2.1, we provide a
quick review of the construction of relational observables in AdS/CFT. We urge read-
ers more familiar with that setting to scan Appendix B.2.1 to gain intuition about the
construction below. The study of relational observables has a long history going back
to DeWitt [50]. (See [51–53] and references in those papers for discussion from various
perspectives.) Related recent work in the AdS context may be found in [54–57]. The
dS construction of [58] is also related, although the objective there was to construct
observables in a static patch, whereas here we are interested in the late-time slice.

3.5.1 Simple observables

We will construct operators whose expectation values and variances will match those
of simple QFT observables in the vacuum. By simple QFT observables, we mean low-
point polynomials in the light fields of the theory that are localized to a given patch of
the late-time slice.

More explicitly, let χ(x) be the late-time value of a matter field. As above, this field

58



R
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x1

x2

x3

x4

Figure 3.13: A heavy background excitation (shown as a red blob) in the region R′

allows us to define relational observables that mimic QFT observables in the region R
far from the background excitation.

can be in the principal series or the complementary series. Consider the set of QFT
observables

Alight = span{χ(x1), χ(x1)χ(x2), . . . χ(x1) . . . χ(xn)}, (3.87)

where we impose the cutoff n < nc. The cutoff cannot be taken to be “too large” and
we make this more precise below. Furthermore, we take all the points xi to be localized
in a given region R on the late-time slice. See Figure 3.13.

To the extent that we can ignore this cutoff, the set Alight is also an algebra in that one
can multiply elements of Alight to obtain other elements in Alight. This is precisely the
sense in which local bulk algebras appear in the boundary theory — a discussion that
was initiated in [59] and has later been extended in the language of von Neumann
algebras following [60]. In this chapter, we do not explore this algebraic structure
further.

We denote the QFT expectation values of these operators in the Euclidean vacuum
state by

⟨a⟩ ≡ ⟨0|a|0⟩, (3.88)

with a ∈ Alight.

Statement of objective. The setup above allows us to precisely state the objective of
our construction. We seek to construct a de Sitter invariant state, Ψobs, and a map,
a → â, that maps each element a ∈ Alight to a de Sitter-invariant operator â with the
property that

(Ψobs, âΨobs) = ⟨a⟩. (3.89)

The relation above is expected to hold at leading order in perturbation theory in GN.
The map will be state-dependent in that it will depend on the background state Ψobs.
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3.5.2 QFT background state

Next, we require a quantum field theory state that can serve as an appropriate back-
ground. Upon group averaging, this state will give rise to a dS invariant “observer”.

The QFT background state that we require must have two important properties. First,
we require the state to have the property that

⟨Ψback|a|Ψback⟩ ≈ ⟨0|a|0⟩, (3.90)

where |0⟩ is the Hartle-Hawking state. Here, the ≈ sign means that the correlators are
equal to high accuracy. This accuracy will be one of the determinants of the accuracy
of our construction.

Physically, this condition is easy to achieve. Recall that the elements of Alight are all
centered in a particular region R. If the background state has excitations in another
part of the late-time slice, then we expect that the presence of the excitations will not
affect probes in R.

Next, recall that, on the quantum field theory Hilbert space, the de Sitter group can
be realized via unitary operators, U, that map a field operator on the late-time slice to
another operator also on the late-time slice. We require the QFT background state to
satisfy the property that if a ∈ Alight then if U is outside of a small set, Σ ⊂ SO(1, d+ 1)
near the identity, we have

|⟨Ψback|Ua|Ψback⟩| ≪ 1, U /∈ Σ. (3.91)

The basic idea is to consider a state made up of a large number of well-localized ele-
mentary excitations. The action of any element of the de Sitter group (except for ele-
ments that are parametrically close to the identity) moves these elementary excitations
around. This produces a state that is orthogonal to the original state.

The state must be “heavy” since it must have a large number of excitations to satisfy
(3.91). This does not require the state to have enough localized energy density to back-
react substantially. As explained in [29], even a single virion is heavy enough to meet
the condition (3.91) but too small to warp the spacetime appreciably.

In Appendix B.2.2, we provide an explicit example of a state satisfying (3.91) and (3.90)
in the free-field approximation. We do not see any obstacle to finding a state that
satisfies these properties in the interacting theory. Going forward, we will simply
assume that such a state has been found.
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3.5.3 Auxiliary smeared quantities

The last technical step that is required is to define some auxiliary smeared versions of
the little Hilbert space and operators. Their utility will be apparent below.

First, we choose a set Σ′ ⊂ SO(1, d + 1) which is also centered about the identity. We
want Σ′ to have the property that it is much larger than Σ but still corresponds to small
elements of the conformal group in the sense that

⟨aUbU†⟩ ≈ ⟨ab⟩, U ∈ Σ′. (3.92)

In what follows, we will neglect terms that are of size vol(Σ)
vol(Σ′) .

We now define a smeared little Hilbert space about the original QFT state as

Hsm = span{aU|Ψback⟩, a ∈ Alight, U ∈ Σ′}. (3.93)

Note that, by the Reeh-Schlieder property of ordinary quantum fields in de Sitter space
[61], this space is dense in the space

H′
sm = span{Ua|Ψback⟩, a ∈ Alight, U ∈ Σ′}. (3.94)

We now define the projector P to be the projector onto the space Hsm.

Next, for every operator a we define a “smeared” operator

ā =
1

vol(Σ′)

∫
Σ′

UaU†dU, (3.95)

If a contains some local operators, then the conformal transformations move these
operators about by a small amount. To the extent that all elements of Σ′ are close to
the identity, we expect that insertions of ā are indistinguishable from insertions of a
within expectation values, and we will assume this below.

Finally, we define a slightly smeared version of the state |Ψback⟩ as

|ψback⟩ =
N√

vol(Σ′)

∫
Σ′

dUU|Ψback⟩, (3.96)

where the normalization constant N is chosen as

N−2 =
∫
⟨Ψback|U|Ψback⟩dU. (3.97)
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This ensures that

⟨ψback|ψback⟩ =
N 2

vol(Σ′)

∫
Σ′

dU
∫

Σ′
dV⟨Ψback|UV|Ψback⟩ = 1. (3.98)

In the last line, we note that for any V ∈ Σ′ we must have UV ∈ Σ for the inner
product to be appreciable. Therefore, the inner product vanishes unless U is in a small
open set about V†. Hence, up to edge-effects of size vol(Σ)

vol(Σ′) , we can extend the integral
over U to the entire group. We then use the invariance of the Haar measure to redefine
U → UV so that the integrand is independent of V. The integral over V cancels the
factor of vol(Σ′) in the denominator, and the remaining integral over U cancels the
factor of N 2.

Physically, we can think of the state |ψback⟩ as a superposition of states where the
background density has been “moved around” a little by conformal transformations.
Using the same steps as above, we see that

⟨ψback|a|ψback⟩ = N 2
∫
⟨Ψback|Ua|Ψback⟩dU. (3.99)

Since we are still focused on insertions far away from the background, it is natural to
expect that

⟨ψback|a|ψback⟩ = ⟨a⟩. (3.100)

This leads us to the conclusion that

N 2
∫
⟨Ψback|Ua|Ψback⟩dU = ⟨a⟩ (3.101)

This shows that the normalization factor chosen to normalize the state in (3.97) is also
the correct normalization factor to use in (3.101). The utility of defining |ψback⟩ is that
it allows us to give a physical proof of this result. If one has a more macroscopic
description for |Ψback⟩, then it might be possible to prove (3.91) and (3.101) directly as,
for instance, was done in section 7.6 of [26]. We will not need |ψback⟩ again.

3.5.4 Observer state and relational observables

We now have all the ingredients to construct “relational observables” whose correla-
tors in an appropriate “observer state” are like correlators of simple QFT operators in
the Hartle-Hawking state.

For any QFT operator a ∈ Alight, we define

â =
1

vol(Σ′)

∫
VaPV†dV. (3.102)
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We also define the state
|Ψobs⟩ = N1

∫
dUU|Ψback⟩. (3.103)

with N1 = N (vol(SO(d − 1)))−
1
2 . It is manifest that â is a dS invariant operator and

|Ψobs⟩ is a dS-invariant state since both the operator and the state are group averaged.

We also note that the state |Ψobs⟩ is normalized correctly since

(Ψobs, Ψobs) = N 2 1
vol(SO(1, d + 1))

∫
⟨Ψback|U†V|Ψback⟩dUdV

= N 2
∫
⟨Ψback|V|Ψback⟩dV = 1,

(3.104)

In going from the first line to the second line, we use the invariance of the Haar
measure to redefine V → U†V. The integral over U then cancels the volume of
SO(1, d + 1), leaving behind an integral that manifestly cancels the normalization fac-
tor.

We now show that expectation values of the operators â on the state |Ψobs⟩ yield the
vacuum expectation values ⟨a⟩. First note that

â|Ψobs⟩ =
N1

vol(Σ′)

∫
VaPV†U|Ψback⟩ dVdU

=
N1

vol(Σ′)

∫
UWaPW†|Ψback⟩ dWdU

= N1

∫
Uā|Ψback⟩ dU

(3.105)

Here we first defined V = UW and so V† = W†U†. There is no Jacobian factor due
to the invariance of the Haar measure. Next, we note that the projector restricts the
range of the W integral to W ∈ Σ′. This restriction is not exact but, by (3.91), it is valid
up to terms of size O

(
volΣ
volΣ′

)
. In words, acting with the hatted operator on the group-

averaged state is the same as acting with the smeared operator on the original state
and then group averaging the result.

Therefore,

(Ψobs, âΨobs) =
N 2

vol(SO(1, d + 1))

∫
dUdU′⟨Ψback|(U′)†Uā|Ψback⟩

= N 2
∫

dU⟨Ψback|Uā|Ψback⟩

= ⟨a⟩.

(3.106)

In the first step here, we redefined U → (U′)†U. There is no Jacobian due to the invari-
ance of the Haar measure, and the integral over U′ simply cancels the volume of the
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conformal group. We then used the relation (3.99) and approximated the expectation
value of the smeared operator by that of the original operator.

Repeating the manipulations above shows that the map a → â preserves the product
structure of Alight. Namely,

â1 â2 . . . ân|Ψobs⟩ = N1

∫
Uā1 ā2 . . . ān|Ψback⟩ dU, (3.107)

and therefore,
(Ψobs, â1 . . . ânΨobs) = ⟨a1 . . . an⟩, (3.108)

As a special case, this shows that the variance of â in the state |Ψobs⟩ coincides with the
variance of a in the vacuum. This provides evidence that the quantum probabilities
of various outcomes obtained by measuring â in the state |Ψobs⟩ are close to those of
outcomes obtained by measuring a in |0⟩.

This completes the construction of relational observables whose expectation values in
a particular state match the vacuum expectation values of simple operators.

The proof above also shows why the smeared quantities in Section 3.5.3 were neces-
sary. The key relation (3.105) is valid up to terms of order vol(Σ)

vol(Σ′) . If one tries to make
the projectors too sharp, by reducing vol(Σ′), then this invalidates this relation. Some
more comments may be found in Appendix B.2.

3.5.5 Comments on the construction

We would like to make some comments on the construction presented in the previous
subsection.

1. A salient feature of the observables is that they are tailored to a specific back-
ground state. This state-dependence is manifest in the projectors that appear
in (3.102). In particular, the same observables would not make sense in an-
other state. This can be justified as follows. A physical observer finds them-
selves in a particular state of the Universe. In that state, they choose to describe
the physics around them using observables whose correlators behave like those
of simple local operators. On the other hand, state dependence raises broader
questions and potential paradoxes that have been explored in the context of
AdS/CFT [26, 62, 63]. (See [8] for a review.) So this feature of the construction
deserves further attention.

2. This construction is valid to leading order in GN perturbation theory. The valid-
ity of the construction relies on (3.91), but the size of Σ is typically perturbative
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in GN. (See Appendix B.2 for an example.) It is an open technical problem to ex-
tend this construction to higher orders in perturbation theory. We do not see any
obstacle to this extension, although we would like to caution the reader against
premature claims in the literature which suggest that such an extension is trivial.
Such an extension is important to understand gravitational corrections to these
relational observables. Some of the technical issues are explained in [29].

3. While it might be possible to improve (3.106) so that it is valid at higher or-
ders in perturbation theory, it can never be made exact. The accuracy of the
approximation is controlled by features of the background state. This tells us
that if one makes precise-enough measurements to detect the background, then
the nonlocal features of these cosmological observables eventually become evi-
dent. Therefore, the principle of holography of information is valid as an exact
statement, even in the presence of a heavy background.

3.6 Discussion

In this chapter, we studied cosmological correlators in the Hilbert space of gravitation-
ally constrained de Sitter states in the GN → 0 limit. Even in this limit, it is necessary
to impose the global part of the constraints and this forces all states to be de Sitter
invariant. The Hilbert space is obtained by group averaging ordinary QFT states and
defining the inner product to be the QFT inner product divided by the volume of the
de Sitter group.

We utilized a convenient representation of such states that was obtained in [13] by
taking the nongravitational limit of solutions to the WDW equation in asymptotically
de Sitter space: de Sitter invariant states are obtained by smearing ordinary field exci-
tations above the Euclidean vacuum with an appropriate conformally covariant func-
tion.

Gauge-invariant operators can also be obtained by group averaging QFT operators.
Group averaging a product of ordinary quantum-field operators leads to a gauge-
invariant operator that is represented by smearing the product of operators with a
conformally covariant function. The gauge-fixed version of such an observable was
termed a “cosmological correlator” in [7].

In Section 3.3, we formulated Feynman rules to compute cosmological correlators in de
Sitter invariant states. We also explained how to remove a simple set of group-volume
divergences that might appear in some observables. This leads to some necessary
conditions for states to have finite norm, and for observables to have finite expectation
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values.

In Section 3.4, we evaluated cosmological correlators in some simple examples. A
striking feature of our result is that cosmological correlators take on nontrivial values
even when the Euclidean vacuum is represented by a Gaussian wavefunction. We
utilized techniques from harmonic analysis on the conformal group to obtain explicit
expressions for some cosmological correlators. The final expressions are all confor-
mally covariant, which is expected from the analysis of the symmetries of conformal
correlators performed in [7].

The fact that cosmological correlators differ from QFT correlators in the vacuum, and
can be nontrivial even when the vacuum is trivial, is to be expected. Any normalizable
state must have excitations on top of the vacuum, and these excitations also contribute
to the cosmological correlator. However, in the gravitational case, this contribution
is conformally invariant. In a nongravitational QFT, cosmological correlators in nor-
malizable excited states are never conformally invariant unless the excitation doesn’t
contribute to the correlator at all.

Nevertheless, one might ask whether it is possible to find any observables whose ex-
pectation values approximate quantum-field theory cosmological correlators in the
Euclidean vacuum. We answer this question affirmatively in Section 3.5. The trick is
to consider a heavy background state obtained by group averaging a QFT-state that
is localized in one part of the late-time slice. We then define relational observables
with respect to this background state. This construction utilizes techniques previously
developed to study quasilocal observables in AdS/CFT in [25–29].

The construction of Section 3.5 does not violate the principle of holography of infor-
mation. This is because while the expectation values of the observables constructed
in 3.5 approximate expectation values in the Euclidean vacuum to leading order in
perturbation theory, a sufficiently precise examination of a sufficiently high-point cos-
mological correlator would cause the construction to break down and would reveal
the presence of the heavy background.

The holographic properties of gravity are somewhat analogous to unitarity in ordinary
quantum field theories. Unitarity is an exact statement at the nonperturbative level
and is important for the consistency of the theory. Unitarity can also be verified for
light observables about empty space, such as the S-matrix of a few incoming and a
few outgoing particles. Nevertheless, in the presence of a heavy background when
one coarse-grains the set of observables, physics appears dissipative. This is a feature,
not a bug, because it helps to reconcile the principle of unitarity with our mundane
experience of dissipation.
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The same regimes apply to the principle of holography of information. In principle,
gauge-fixed correlators in any open set on the late-time slice provide complete infor-
mation about the state. The calculations of 3.4 show that this result has perturbative
signatures; in perturbative states with a small number of excitations, low-point cos-
mological correlators are sensitive to the excitations. Nevertheless, in the presence of
a heavy background, when one coarse-grains the set of observables, several distinct
states can resemble the Hartle-Hawking state. This is also a feature, and not a bug, be-
cause it helps to reconcile holography with our mundane experience of local physics.

The relational observables of Section 3.5 are related to the observables that can be
defined in the presence of an observer [30] or in the presence of a timelike boundary
[64]. A benefit of the relational perspective is that the observer arises naturally from
the property of an excitation in a closed universe, and one does not need to puncture
the spacetime; the cost that one must pay is that the construction is technically more
elaborate.

This study raises several interesting issues that we hope to address in future work.
An immediate extension is to improve the analysis of Section 3.4 to incorporate loops.
This will require us to renormalize UV and IR divergences [65–68] and incorporate
the effects of anomalous dimensions in the fields. From a more conceptual perspec-
tive, certain singularities of QFT correlators are fixed by a “flat space limit” [69–71].
This constrains the correlator everywhere [72]. Is there a similar structural constraint
that the cosmological correlators in the gravitational Hilbert space must obey in the
perturbative limit?

Another relevant technical problem is to extend the construction of Section 3.5 to
higher orders in perturbation theory. The construction so far yields relational observ-
ables that approximate QFT correlators that are smeared by the action of elements of
the conformal group drawn from a small open set near the identity. But this smearing
is not nonperturbatively small. This means that the relational observables differ from
QFT correlators at higher orders in perturbation theory. Can one systematically eval-
uate these effects? Does the short-distance structure of relational observables obey the
Hadamard condition at higher orders in perturbation theory and yield a finite local
stress-tensor using the usual methods of QFT in curved spacetime [73]?

Next, there has been considerable recent work on the formal properties of quantum
field theory in de Sitter space [74–80]. Are these analyses modified if, instead of bare
quantum-field observables, one uses the dressed observables presented in Section 3.5?

In this Chapter, our calculations were performed within an infinite-dimensional Hilbert
space. Nonperturbative corrections to the inner product may cause the true Hilbert
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space to be finite dimensional [81–89]. We do not expect the perturbative results pre-
sented here to be affected by such corrections.

There has also been recent discussion on the possibility that the Hilbert space of a
closed Universe might be one-dimensional [90–92]. Since our analysis is perturbative,
it does not shed much light on this issue. However, some of the arguments given for a
one-dimensional Hilbert space are not very persuasive. For instance, it might naively
appear that the Hartle-Hawking state is the only normalizable state that satisfies the
constraints. But, as we have discussed, an alternative quantization gives rise to a rich
Hilbert space. Moreover, the observation that the entanglement wedge of a point is the
entire spacetime is consistent with the principle of holography of information: gauge-
fixed observables in an infinitesimal open set of the late-time slice are sufficient to
tell us about the entire spacetime when it is in a pure state. Arguments based on the
gravitational path integral are somewhat inconclusive because the rules are ill defined.

On the other hand, the construction of [13] assumes the existence of continuous fami-
lies of solutions to the Wheeler-DeWitt equation; the excited states that appear in this
chapter are obtained by differentiating those solutions with respect to the continuous
parameters. This assumption is valid in effective field theory but perhaps subtle UV ef-
fects disallow such families. Moreover, it is true that a closed Universe always remains
in one state since, in the absence of external sources, it is impossible to transition to
another state. So, perhaps an observer in one state can never learn about the presence
of other states in the Hilbert space!

These considerations lead to deeper questions about the nature of observations in a
cosmological setting. The standard von Neumann theory of measurements envisions
a modification of the Hamiltonian of the observed system that couples it to a pointer.
Clearly, this does not make sense in the context of gravity, where a local modification
of the Hamiltonian is inconsistent with the constraints. So a complete description of
measurements is only possible in an autonomous setup where the observer is part
of the system. Presumably, this more-sophisticated theory will also elucidate how
the state-dependent observables of Section 3.5 are automatically selected by such an
observer in the semi-classical limit.

This completes our study of gravitational constraints. In Chapters 2 and 3, we saw
how gravitational theories localise information in a radically different way compared
to other gauge theories. In the next chapter, we consider a situation in string theory
where a different kind of ‘unusual localisation of information’ could be seen.
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Chapter 4

Tachyons

We have been primarily discussing low-energy effective theories of gravity and the
importance of gravitational constraints in making quantum information holographic
in nature. The notion of boundary degrees of freedom having access to information
in the bulk is mainly motivated by the concrete scenario in string theory where we
have a holographic gauge-gravity duality in the form of the AdS/CFT correspon-
dence [93]. Here we see that a gravitational theory in AdS spacetime is dual to a
lower-dimensional CFT living at the boundary. A lot of computations have been per-
formed towards the successful verification of this conjecture [94, 95]. This motivates
one to look for other examples in string theory where we can have similar dualities.
However, till now, the AdS/CFT correspondence remains the most precise and useful
holographic duality one could deduce from string theory.

In this context, we would like to take motivation from our studies on low-energy effective
theories of gravity and look for scenarios in string theory where there seems to be some
‘unusual’ localisation of information. It is in this spirit that we would like to study
tachyon dynamics on unstable D-branes.

It was shown in [96–98] that properties of the system resulting from the decay of an
unstable D-brane, obtained from tree-level open string theory analysis, match with
properties of closed string radiation produced by the same D-brane, computed from a
closed string analysis [99] (in the gs → 0 limit). This equivalence, at least classically,
tells you that the open string degrees of freedom localise information in an ‘unusual’
way in the sense that they know about the final closed string states produced by the
decaying D-brane.

In this chapter, we advance this idea further. We show that one can give a prescrip-
tion to map the tachyon effective theory (obtained from a tree-level open string theory
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analysis [100]) to a subsector of Klein-Gordon theory, namely coherent states and ex-
citations on top. This sits nicely in agreement with the open-closed equivalence dis-
cussed above because the decaying D-brane acts as a time-dependent source for closed
strings, and the final closed string state is indeed a coherent state [99]. However, care
should be taken to interpret the results. Our results are only suggestive of a possi-
ble extension of open-closed equivalence beyond the classical regime. One has to do
string theory computations at finite gs to concretely prove such an equivalence. But
we hope that this should be possible, in light of our results.

4.1 Brief summary

The dynamics of a tachyon on an unstable D-p-brane in string theory can be described
by the following effective action [98, 100–102].

S = −
∫

dpx V(T)
√

1 + ηµν∂µT∂νT (4.1)

Here T is the tachyon field and V(T) is the potential governing its dynamics. V(T)
has a maximum at T = 0 and approaches zero in the limit T → ∞ ( Figure 4.1). In
this limit, the classical equations of motion obtained from (4.1) reduce to Euler and
continuity equations for relativistic non-interacting dust. Given such a simple classi-
cal description, it is natural to ask whether this theory can be quantised. After all, at
the classical level, the system behaves like a collection of particles. One might there-
fore attempt the usual perturbative quantisation methods used in scalar field theories.
However, this approach fails because there are no plane wave solutions around the
minimum of the potential. This suggests that a different approach to quantisation is
needed. In this chapter, we suggest a quantisation procedure based on collective field
theory methods. Collective field theory arises as a natural candidate because clas-
sically the system looks like non-interacting dust, and in collective field theory, one
starts with a system of particles and trades the particle degrees of freedom for the col-
lective field. Since we know the quantum description of a collection of free particles,
we could understand the quantum mechanics of the collective theory obtained from
it.

The collective theory analysis gives the simple result that the quantum theory of the
tachyon effective action near the minimum of the potential describes a subsector of
Klein-Gordon theory. More precisely, the Hilbert space consists of a coherent state |C⟩
of particles at rest and excitations on top of it, a†

k⃗1
a†

k⃗2
....a†

k⃗n
|C⟩. This is schematically

shown in figure 4.2.

One would have naturally expected some relation with the Klein-Gordon theory be-
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Figure 4.1: Qualitative form of the tachyon potential V(T): A tachyon displaced away
from the maximum will roll towards the minimum. However, the minimum is at
T → ∞, and the tachyon will reach the minimum only asymptotically.

cause its Fock space contains states having a large number of relativistic particles.
However, a more precise understanding of the result involves concepts from string
theory. There are two equivalent descriptions at play here. One is the open-string the-
oretic description [96] and another is a closed string description [99,103,104]. One gets
the tachyon effective theory on the open-string side, whereas on the closed-string side,
we get radiation of massive closed strings, which can be described using Klein-Gordon
theory. Earlier works have established classical agreement between the physics of
these two descriptions [97, 105]. Our results advance this map and point in the direc-
tion of a quantum equivalence between open and closed descriptions. We emphasise,
however, that our result does not prove the open-closed quantum duality, and the
appearance of coherent states is only suggestive of such an interpretation.

Figure 4.2: The spectrum in Klein-Gordon theory has a vacuum state |0⟩ and excita-
tions on top. On the other hand, the Hilbert space of tachyon theory has a coherent
state |C⟩ and excitations on top.
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To be more specific, note that an unstable D-p brane in 25 + 1 dimensional bosonic
string theory or 9 + 1 dimensional superstring theory has a tachyonic mode in the
open-string spectrum [98]. This is due to the tachyon field (T) being at the maximum of
the potential V(T). One can displace the tachyon from the maximum of the potential
and let it roll towards the minimum of the potential 1. In a tree-level analysis, such a
scenario is captured by time-dependent solutions in open-string theory [96]. Here, one
observes that the energy density of the system - which includes the D-brane tension as
well as the kinetic and potential energies of the tachyon - stays constant during time
evolution. However, the pressure goes to zero asymptotically (x0 → ∞). Thus, in the
late-time limit, the system behaves like pressureless dust.

It is important to note that the tachyon approaches the minimum of the potential only
asymptotically. The vacuum of the theory corresponds to a zero-energy, zero-pressure
time-independent configuration where the tachyon is at rest at the minimum of the po-
tential. This corresponds to a system without any D-branes, and hence physical open-
string degrees of freedom are absent [96]. This, in the effective field theory, trans-
lates to the statement that there are no plane wave solutions around the minimum
of the potential [100]. The action given in (4.1) is not obtained from a direct string
theory calculation; it is an effective description that captures the physics of a rolling
tachyon [100–102, 106–109].

On the closed string side, one can turn on gs, and study the closed strings resulting
from the decay of the unstable D-brane [99, 104, 110–112]. It turns out that the D-
brane completely decays away, transferring all its energy to closed strings, which are
mostly localised along the plane of the original D-brane. Also, most of the energy of
the D-brane gets transferred to closed string states of mass ∼ g−1

s . One can see that
the decaying D-brane acts like a time-dependent source for closed strings, and the
final state obtained in this process is a coherent state [110]. We note that these closed
string states follow the relativistic dispersion relation E =

√
p2 + m2. So an effective

field-theoretic description could be given by Klein-Gordon theories having different
masses.

Classically, one could see similarities between the two descriptions. We get pressure-
less dust in the late-time limit from open-string theory and closed string radiation
localised along the plane of the original D-brane from the closed string analysis. We
are advancing this further in this work. The final closed string state obtained from a
decaying D-brane is a coherent state of the closed string mode [99]. What we obtain
from quantising the tachyon effective theory using collective theory methods is also a

1In the case of bosonic string theory, V(T) is not symmetric about T = 0. Rolling it in the direction
without the minimum will result in a singularity. Our analysis is only applicable to the case when the
tachyon rolls towards the minimum
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coherent state |C⟩ (and excitations on top of it). This suggests a duality between the open
and closed string theory descriptions [97, 105, 113]. Note that our analysis is only sugges-
tive and not sufficient to establish such a duality, which can only be done by a proper
string theory analysis.

This chapter is organised as follows:

• In section 4.2, we introduce the Tachyon effective action and describe its clas-
sical dynamics near the minimum of the potential. We see that, classically, the
tachyon behaves like non-interacting, non-rotating dust. Analysing the classical
equations of motion, we further establish the absence of plane wave solutions
around the minimum.

• In section 4.3, we review the collective field theory methods for a collection of
free particles. We first discuss them in the simple context of non-relativistic par-
ticles in 4.3.1 and then generalise the results to the relativistic case in 4.3.2.

• In section 4.4 we use collective theory methods to quantise the tachyon effective
field theory. The Hilbert space description of the Tachyon theory is obtained and
is compared with states in a Klein-Gordon theory.

• We conclude with discussions and future directions in 4.5.

4.2 Tachyon effective theory

In this section, we briefly review the tachyon effective action proposed in [114], which
describes the classical dynamics of the tachyon field. We will also explain the absence
of plane wave solutions around the vacuum.

4.2.1 Classical dynamics

Following [114], the tachyon field is described by the effective action,

S = −
∫

dp+1x V(T)
√

1 + ηµν∂µT∂νT (4.2)

The potential V(T) has a maximum at T = 0 and decays exponentially for large T.
Near the minimum of the potential at T → ∞, it behaves as V(T) = e−

αT
2 where

α = 1 for bosonic string theory and α =
√

2 for superstring theory. The exponential
form of the potential is chosen so that the late-time dynamics of the tachyon field
reproduce the expected behaviour of a rolling tachyon [96, 100, 115, 116]. In particular,
as the tachyon rolls towards the minimum of the potential, the pressure approaches
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zero while the energy density remains finite. Due to this constant energy density, one
can see that this asymptotic limit is different from the minimum energy configuration
where the tachyon is at rest at the minimum of the potential with zero energy and
pressure. Therefore, in all the analysis that follows, even though we work in the large
T limit, we never truly reach the vacuum solution.

To study the classical dynamics in the T → ∞ limit, it is convenient to use the Hamil-
tonian formalism. Since the Lagrangian is proportional to the potential V(T), which
vanishes in this limit, the Lagrangian description becomes less useful. The Hamilto-
nian formulation, however, remains well defined and allows us to analyze the dynam-
ics more easily.

The momentum conjugate to T is given by

Π(x) =
δS

δ∂0T(x)
=

V(T)∂0T(x)√
1 + (∂T)2

, (4.3)

which leads to the Hamiltonian

H =
∫

dpx
√

Π2 + V(T)2
√

1 + (∇T)2. (4.4)

In the T → ∞ limit, near the minimum of the potential, the V(T)2 term can be ne-
glected, and the Hamiltonian reduces to

H =
∫

dpx |Π(x)|
√

1 + (∇T)2. (4.5)

In what follows, we drop the absolute value sign and assume Π > 0. Hamilton’s
equations give

∂0T =

√
1 + (∇⃗T)2,

∂0Π(x) = ∇⃗ ·

 Π(x)∇⃗T√
1 + (∇⃗T)2

 .
(4.6)

Now, let us define uµ = −∂µT and ϵ(x) = Π(x)√
1+(∇T)2

. In terms of these variables, the

equations of motion take the form

u2 = −1, ∂µ (ϵ(x)uµ) = 0. (4.7)

These are precisely the equations governing relativistic, non-rotating, non-interacting
dust with four-velocity uµ and energy density ϵ(x). This implies that the classical
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dynamics of the tachyon field near the minimum of the potential is that of pressureless
dust, where ∂µT plays the role of the velocity field, and Π(x) corresponds to the local
energy density2. Although the classical dynamics becomes simple in this limit, the
analysis of quantum fluctuations around this background is more subtle. In particular,
the usual perturbative quantisation breaks down, as we now discuss.

4.2.2 Failure of perturbative quantisation

Given the tachyon effective action and its simple classical dynamics, one might expect
that the usual perturbative quantization can be carried out. However, as was shown in
[100], the absence of plane wave solutions around the minima of the potential implies
that such a perturbative quantisation is not possible. We summarize this property
below. Expanding the square root in (4.2), we get

S = −
∫

dp+1x e−
αT
2

(
1 +

ηµν

2
∂µT∂νT + ....

)
(4.8)

Now, defining a new field ϕ = e−
αT
4 , the above expression reduces to

S =
∫

dp+1x
16
α2

(
−ηµν

2
∂µϕ∂νϕ − α2

16
ϕ2 + ....

)
(4.9)

The minimum of the potential is at ϕ = 0. By ignoring the higher derivative terms, we
see that ϕ = a eik·x is a solution of the equation of motion, with k2 = − α2

8 . However,
this ceases to be a solution when one takes into account all the higher derivative cor-
rections. To see this, we rewrite the action in terms of ϕ without expanding the square
root,

S = −
∫

dp+1xϕ2

√
1 +

16
α2 ϕ−2ηµν∂µϕ∂νϕ (4.10)

The corresponding equation of motion is

∂µ

 ∂µϕ√
1 + 16

α2 ϕ−2ηµν∂µϕ∂νϕ

 =
α2

8

 ϕ + 8
α2 ϕ−1ηµν∂µϕ∂νϕ√

1 + 16
α2 ϕ−2ηµν∂µϕ∂νϕ

 (4.11)

Substituting ϕ = aeik·x gives
a√

1 − 16
α2 k2

= 0 (4.12)

2This physical interpretation of the field Π will become important later when we try to quantise the
system using collective theory methods
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This is not satisfied by any choice of kµ and therefore we must have a = 0. Thus,
there are no plane-wave solutions around the minimum of the potential. This result
agrees with the expected properties of the tachyon vacuum. The vacuum corresponds
to the configuration where the tachyon is at rest at the minima of the potential, and the
system has zero energy and zero pressure. This means the absence of D-branes and
physical open string degrees of freedom.

Since perturbative quantization relies on expanding the field in terms of plane-wave
modes, the usual perturbative approach cannot be applied. This motivates the search
for an alternative quantization method. In the following, we will use insights from
collective field theory to quantise the tachyon effective theory.

4.3 Collective field theory

The basic idea of collective field theory is to trade discrete quantum mechanical de-
grees of freedom for a continuous field degree of freedom. Works by B. Sakita, A.
Jevicki, and collaborators [117–119] are good resources for collective field theory con-
cepts relevant to the context we are working on. We will see that collectivising a system
of free particles gives an alternative quantum description in terms of field variables,
which in the h̄ → 0 limit will also give the classical equations of motion governing
pressureless dust. We will briefly review the collective field description for a collection
of N∗ free non-relativistic particles, as this will make some of the analysis conceptually
easier to grasp. We will then generalise it to relativistic particles.

4.3.1 Non-relativistic free particles

Consider a system of N∗ free non-interacting non-relativistic particles in p spatial di-
mensions, with the Hamiltonian,

H =
N∗

∑
i=1

p⃗ 2
i

2m
(4.13)

In the usual particle description, the dynamics of this system is written in terms of
the phase space coordinates {x⃗i, p⃗i}, where {x⃗i; i = 1, 2, .., N∗} denotes the positions
of the particles and p⃗i = −ih̄∇⃗x⃗i

is the conjugate momentum in the position space.
In the collective description, instead of working with the particle coordinates {x⃗i, p⃗i}
we describe the system using a field ϕ(⃗y) and its conjugate momentum π(⃗y), where
π(⃗y) = −ih̄ δ/δϕ(⃗y). The quantum theory is then formulated in terms of these fields.
In particular, the Hamiltonian and the Hilbert space will be expressed in terms of these
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variables. Following [117–119], the field is related to the particle positions through

ϕ(⃗y) = m
N∗

∑
i=1

δ(⃗y − x⃗i) (4.14)

However, this relation should not be viewed as a strict definition of ϕ(⃗y). In the collective
description, ϕ(⃗y) is treated as an independent field variable. The relation above is
instead implemented through a non-trivial Jacobian that appears in the inner product
of the field theory. We will see how this arises below.

The Jacobian is defined such that the quantum mechanical inner product between two
QM states ψ1 and ψ2 is equal to the field theory inner product between corresponding
wavefunctionals Φ1[ϕ] and Φ2[ϕ].

(ψ1, ψ2) =
∫ ( N

∏
i=1

dp x⃗i

)
ψ∗

1 (x⃗1, .., x⃗N∗)ψ2 (x⃗1, .., x⃗N∗)

=
∫ ( N

∏
i=1

dp x⃗i

)(∫
Dϕ δ

[
ϕ(⃗y)− m ∑

i
δ(⃗y − x⃗i)

])
Φ∗

1 [ϕ]Φ2[ϕ]

=
∫

Dϕ JN∗ [ϕ]Φ
∗
1 [ϕ]Φ2[ϕ]

(4.15)

The steps performed above require some explanation. The first equality is the usual
QM inner-product for an N∗ particle system. In the second line, we inserted an identity

1 =
∫

Dϕ δ

[
ϕ(⃗y)− m ∑

i
δ(⃗y − x⃗i)

]
. (4.16)

The wavefunctionals Φ1 and Φ2 are defined by demanding that enforcing (4.14) on Φ1

and Φ2 should give ψ1 and ψ2.

Φ1[ϕ]

∣∣∣∣
ϕ(⃗y)=m ∑N∗

i=1 δ(⃗y−x⃗i)

= ψ1(x⃗1, x⃗2, ..., x⃗N∗)

Φ2[ϕ]

∣∣∣∣
ϕ(⃗y)=m ∑N∗

i=1 δ(⃗y−x⃗i)

= ψ2(x⃗1, x⃗2, ..., x⃗N∗)

(4.17)

Note that there might be different wavefunctionals (Φ) which will reduce to the same
QM wavefunction (ψ) under (4.14). So, one could say that the map from the collective
theory state to the state in quantum mechanics is many-to-one. We will comment more
on this later.
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The final equality in (4.15) defines the Jacobian as,

JN∗ [ϕ] =
∫ ( N

∏
i=1

dpxi

)
δ

[
ϕ[⃗y]− m

N∗

∑
i=1

(⃗y − x⃗i)

]
. (4.18)

For computations, it is convenient to write this Jacobian as,

JN∗ [ϕ] =
∫

Dλ ei
∫

dpy λ(⃗y)ϕ(⃗y)
(∫

dpx e−imλ(x⃗)
)N∗

(4.19)

by introducing an auxiliary field λ(y), which allows the functional delta function to
be written in Fourier form.

Thus, in the collective description, the quantum states are represented by wavefunc-
tionals Φ[ϕ], and the inner product between these states is defined using the Jacobian
that encodes the relation between ϕ and the particle coordinates. With this setup, we
now analyze the Hamiltonian in terms of the collective fields and study the result-
ing eigenstates. We will also compute the inner product between these eigenstates
and check that it agrees with the result obtained in the original quantum mechanical
description.

Hamiltonian and eigenstates

In this section, we rewrite the Hamiltonian (4.13) in terms of the collective fields ϕ and
π, and study the corresponding eigenstates and the spectrum of the theory.

It can be shown, using (4.14) and application of the chain rule of differentiation, that
operators invariant under exchanging any two particles could be written in terms of
the collective field and its conjugate. So, the Hamiltonian could be written in terms of
ϕ and π. We will first show how to write ∑N∗

i=1 p⃗i in terms of ϕ and π. Generalising this

method to H = ∑N∗
i=1

p⃗2
i

2m is straightforward and we derive this in the Appendix C.1.2.

∑
i

p⃗i = −ih̄ ∑
i
∇⃗x⃗i

= −ih̄ ∑
i

∫
dpy

(
∇⃗x⃗i

ϕ(⃗y)
) δ

δϕ(⃗y)

= −ih̄ ∑
i

∫
dpy ∇⃗x⃗i

mδ(⃗y − x⃗i)
δ

δϕ(⃗y)

= −ih̄
∫

dpy

(
∑

i
mδ(⃗y − x⃗i)

)
∇⃗y⃗

δ

δϕ(⃗y)

=
∫

dpy ϕ(⃗y)∇⃗y⃗π(⃗y)

(4.20)
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In going to the second line, we applied the chain rule to rewrite derivatives with re-
spect to xi in terms of the collective variable ϕ(⃗y). The third line follows from the
definition of ϕ(⃗y) given in (4.14), which will be imposed by the Jacobian while com-
puting any matrix element. In the last step, we again used the defining expressions for
ϕ(⃗y) and π(⃗y).

One should be cautious about the derivation given in (4.20). Here we used the chain
rule to go from {x⃗i; i = 1, 2, .., N∗}, having a finite number of degrees of freedom, to
ϕ(⃗y), which has infinitely many degrees of freedom. Strictly speaking, such a change
of variables is ill-defined. A more precise derivation is given in Appendix C.1.1, where
we start from the quantum mechanical expression for

(
ψ1,
(

∑N∗
i=1 p⃗i

)
ψ2

)
and then use

(4.16) to get to a field theoretic expression. The final answer will be the same as what
we got in (4.20) using the naive chain rule for differentiation.

Similar manipulations can be performed to get the expression for ∑i p2
i , in terms of ϕ

and π. So, the Hamiltonian is obtained as,

H =
N∗

∑
i=1

p2
i

2m
=

1
2

∫
dpy ϕ(⃗y)

(
∇⃗π(⃗y)

)2
− ih̄

2m

∫
dpy ϕ(⃗y)∇⃗2π(⃗y) (4.21)

Note that the second term is linear in π, and therefore carries an explicit factor of
h̄. It may thus be interpreted as a quantum correction. In particular, if this term is
neglected, the resulting equations of motion reduce to those of a fluid. We will show
this explicitly in section 4.3.1.

Given the Hamiltonian in the collective description, we now determine its energy
eigenfunctionals and the corresponding spectrum. Using the relation (4.17), which
relates the quantum mechanical wavefunctions ψ to the collective theory wavefunc-
tionals Φ, we construct the corresponding states in the collective description. The
simplest case to consider is N∗ = 1, i.e., the one-particle quantum mechanical system.
(From now on, we set h̄ = 1, restoring it whenever necessary.)

For single-particle QM, the energy eigenstate is just a plane wave,

ψ⃗k(x⃗) = ei⃗k·⃗x

Hψ⃗k(x⃗) =
k⃗2

2m
ψ⃗k(x⃗)

(4.22)

Following the reasoning explained earlier, the corresponding wavefunctional is ob-
tained by requiring that substituting the definition of the collective field (4.14) repro-
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duces the original quantum-mechanical wavefunction. This leads to

Φ⃗k[ϕ] =
1
m

∫
dpy ei⃗k·⃗yϕ(⃗y) (4.23)

One can see that substituting ϕ(⃗y) = mδ(⃗y − x⃗) will give the QM energy eigenstate
(4.22) as required. One can also check that (4.23) is an eigenstate of the Hamiltonian.

H Φ⃗k[ϕ] = − 1
2m

∫
dpy ′ϕ(⃗y ′)∇⃗2

y⃗ ′
δ

δϕ(⃗y ′)

1
m

∫
dpy ei⃗k·⃗yϕ(⃗y)

= − 1
2m2

∫
dpy′dpyei⃗k·⃗yϕ(⃗y ′)∇⃗2

y⃗ ′δ(⃗y ′ − y⃗)

=
k⃗2

2m
Φ⃗k[ϕ]

(4.24)

Here, we did an integration by parts to get the last step. This simple example makes
the key idea involved in finding the eigenstates clear. We will later introduce a sys-
tematic way to write down energy eigenstates by means of a creation operator. For the
purposes of this section, we will work with a small value for N∗, and this is enough
to understand the main concepts involved. We now turn to the case N∗ = 2. The
two-particle eigenfunction is

ψ
(⃗k1 ,⃗k2)

(x⃗1, x⃗2) = ei⃗k1 ·⃗x1ei⃗k2 ·⃗x2 + x⃗1 ↔ x⃗2 (4.25)

with,

Hψ
(⃗k1 ,⃗k2)

=
k⃗2

1 + k⃗2
2

2m
ψ
(⃗k1 ,⃗k2)

(4.26)

Using the same prescription, the corresponding collective wavefunctional becomes

Φ
(⃗k1 ,⃗k2)

[ϕ] =
1

m2

∫
dpy1dpy2 ei⃗k1 ·⃗y1ei⃗k2 ·⃗y2ϕ(⃗y1)ϕ(⃗y2)−

1
m

∫
dpy ei(⃗k1+⃗k2)·⃗yϕ(⃗y) (4.27)

and one can verify that

HΦ
(⃗k1 ,⃗k2)

[ϕ] =
k⃗2

1 + k⃗2
2

2m
Φ

(⃗k1 ,⃗k2)
[ϕ] (4.28)

For simplicity, we have omitted the conventional normalization factor 1√
2
. One can

verify the last equation given above by the usual techniques of functional differentia-
tion. Have a look at Appendix C.1.2 for detailed calculations.

Alternatively, one could directly solve the time-independent Schrödinger equation for
the collective theory Hamiltonian. This is analogous to the Schrödinger picture treat-
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ment of the Klein-Gordon theory, and it leads to the same energy eigenstates. The
details are given in Appendix C.1.3.

Computing the inner product

It remains to check that the inner product in the collective theory reproduces the usual
quantum-mechanical result. One can verify that this is indeed the case. We will see
that (4.15) holds in general as expected. We will start with the simple case of N∗ = 1,
where the QM inner product gives(

ψ⃗k1
, ψ⃗k2

)
= (2π)pδ(⃗k1 − k⃗2) (4.29)

One can use the explicit form of the Jacobian given in (4.19) to compute the field theory
inner product as follows,(

Φ⃗k1
, Φ⃗k2

)
1
=
∫

Dϕ J1[ϕ]Φ∗
k⃗1
[ϕ]Φ⃗k2

[ϕ]

=
1

m2

∫
dpy1dpy2e−i⃗k1 ·⃗y1ei⃗k2 ·⃗y2

(∫
Dϕ J1[ϕ]ϕ(⃗y1)ϕ(⃗y2)

) (4.30)

The subscript “1” on the LHS is to denote that we are in N∗ = 1. The term in the
bracket can be computed easily. We will do it for general N∗ as it will be useful later.

∫
Dϕ JN∗ [ϕ]ϕ(y1)ϕ(y2) =

∫
DϕDλei

∫
λϕ

(∫
dpxe−imλ(x⃗)

)N∗

ϕ(⃗y1)ϕ(⃗y2)

=
∫

DλDϕ

(
− δ2

δλ(⃗y1)δλ(⃗y2)
ei
∫

dpy λ(⃗y)ϕ(⃗y)
)(∫

dpxe−imλ(x⃗)
)N∗

= −
∫

Dλ
δ2δ [λ]

δλ(⃗y1)δλ(⃗y2)

(∫
dpxe−imλ(x⃗)

)N∗

= m2N∗(N∗ − 1)VN∗−2 + m2N∗VN∗−1δp (⃗y1 − y⃗2)

(4.31)

In the last step, we did an integration by parts, followed by performing the λ inte-
gral using the δ functional. V is the spatial volume of the D − p brane (V =

∫
dpy).

Substituting (4.31) for N∗ = 1 in (4.30) gives,(
Φ⃗k1

, Φ⃗k2

)
1
= (2π)pδ(⃗k1 − k⃗2) (4.32)

We see that this is exactly the QM inner product. This is expected from the equality of
inner products in collective theory and quantum mechanics (4.15) which arises from
the definition of the Jacobian.

One can also perform similar computations for N∗ = 2 states given in (4.27) and arrive
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at the same conclusion (See C.1.7 for calculations).(
ψ
(⃗k′1 ,⃗k′2)

, ψ
(⃗k1 ,⃗k2)

)
= 2{2πδ(⃗k1 − k⃗′1)2πδ(⃗k2 − k⃗′2) + k⃗1 ↔ k⃗2}(

Φ
(⃗k′1 ,⃗k′2)

, Φ
(⃗k1 ,⃗k2)

)
2
= 2{2πδ(⃗k1 − k⃗′1)2πδ(⃗k2 − k⃗′2) + k⃗1 ↔ k⃗2}

(4.33)

The results we have discussed so far suggest that collective field theory is effectively
capturing N∗-particle quantum mechanics. However, trading finitely many degrees of
freedom in QM for infinitely many degrees of freedom of a field in collective theory
means we expect some sort of many-to-one mapping. This is indeed the case, but the
Jacobian constrains the field by imposing (4.14) such that the Hilbert space structure
is the same as that of N∗-particle quantum mechanics.

Hilbert space structure

Having discussed the Hamiltonian, the eigenstates, and the inner product, we now
describe the Hilbert space structure of the collective theory.

Consider collective field theory with N∗ = 1. We saw in the previous section that the
one-particle energy eigenstates in quantum mechanics can be mapped to the eigen-
functionals Φ⃗k defined in (4.23). However, the collective theory also admits states such
as Φ⃗k1 ,⃗k2

. Since the Hamiltonian does not depend on N∗, even in the N∗ = 1 sector the

state Φ⃗k1 ,⃗k2
is an eigenstate of the Hamiltonian with eigenvalue (⃗k2

1 + k⃗2
2)/2m. Thus,

the interpretation of such states within the N∗ = 1 theory requires some clarification.
These states are in fact null states of the N∗ = 1 theory. To see this, note that the Ja-
cobian J1 imposes ϕ(⃗y) = mδ(⃗y − x⃗), and substituting this in the expression for Φ⃗k1 ,⃗k2

evaluates to zero.

Φ⃗k1 ,⃗k2
=

1
m2

∫
dpy1dpy2 ei⃗k1 ·⃗y1+i⃗k2 ·⃗y2 ϕ(⃗y1)ϕ(⃗y2)−

1
m

∫
dpy ei(⃗k1+⃗k2)·⃗yϕ(⃗y)

=
1

m2

∫
dpy1dpy2ei⃗k1 ·⃗y1+i⃗k2 ·⃗y2ϕ(⃗y1)

(
ϕ(⃗y2)− mδ(⃗y2 − y⃗1)

)
N∗=1
=

1
m2

∫
dpy1dpy2ei⃗k1 ·⃗y1+i⃗k2 ·⃗y2 mδ(⃗y1 − x⃗)

(
mδ(⃗y2 − x⃗)− mδ(⃗y2 − y⃗1)

)
= 0

(4.34)

Here the superscript N∗ = 1 above the 3rd equality means that we are imposing
ϕ(⃗y) = mδ(⃗y − x⃗). One can also show this using the Jacobian explicitly, and this is
given in the Appendix C.1.6. The statement on the field theory side is that the inner
product of Φ⃗k1 ,⃗k2

with any other state is zero, and hence the state is null.

(
Φ, Φ⃗k1 ,⃗k2

)
1
= 0 ∀ Φ ⇒ Φ⃗k1 ,⃗k2

= 0 (4.35)
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Similarly, one can show that the 3-insertion energy eigenstate Φ⃗k1 ,⃗k2 ,⃗k3
is also a null

state. The result can be generalized. Thus, all higher-insertion states are null in the
N∗ = 1 theory. The only remaining possibility is the zero-insertion state. Such a state
will just be a constant, independent of ϕ. We choose this constant to be unity, as it
is just a matter of normalisation. This state will have important applications later, so we
denote it by C, i.e., C[ϕ] = 1.

It turns out that the state C in the N∗ = 1 collective theory could be interpreted as
a 1-particle state in QM with zero momentum. This also follows from the fact that
the Jacobian enforces ϕ(⃗y) = mδ(⃗y − x). One can arrive at this result from a field
theory perspective by noting that the Jacobian makes sure that the operator

∫
dpy ϕ(⃗y)

is equivalent to N∗m (See C.1.5).

Φ⃗k=0 =
1
m

∫
dpy ϕ(⃗y) N∗=1

= 1 (4.36)

This tells you that the state Φ⃗k=0 is the same as C! This is an instance of the many-to-
one mapping we mentioned in earlier sections.

These results point in the direction that the Hilbert space of N∗ = 1 collective field
theory is the same as the 1-particle QM Hilbert space denoted by H1. The energy
eigenstates in QM are in one-to-one correspondence with the states Φ⃗k. Naively, one
might think that the collective theory has more (and different) states than QM, but the
Jacobian constrains the field ϕ such that we get effectively a one-particle Hilbert space.

Similar results go through for N∗ = 2 collective theory also. The states Φ⃗k1 ,⃗k2,..,⃗kn
for

n > 2 are all null states, whereas the state Φ⃗k should be identified with Φ⃗k,0 and the
state C should be identified with Φ⃗k1=0,⃗k2=0. These results can be generalised to any
value of N∗.

We conclude this section by summarizing the main results:

• Quantum Mechanics of N∗ number of particles can be reformulated in terms of
the collective field ϕ and its conjugate momentum π.

• Although the field ϕ appears to have infinitely many degrees of freedom, the
nontrivial Jacobian in the inner product effectively constrains it so that the theory
remains equivalent to ordinary quantum mechanics.

• The Hilbert space of collective theory is the same as that of N∗-particle QM,
i.e., HN∗ . However, the map from collective theory to QM is many-to-one. The
Hilbert space is spanned by states Φ⃗k1 ,⃗k2,..,⃗kN∗

which are N∗-particle energy eigen-

states with momenta k⃗1, k⃗2, ..., k⃗N∗ . Energy eigenstates having N∗ − s insertions
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(Φ⃗k1 ,⃗k2,...,⃗kN∗−s
) are equivalent to an N∗-insertion state (Φ⃗k1 ,⃗k2,..,⃗kN∗

) with s of the
momenta put to zero whereas states having more than N∗ insertions (Φ⃗k1 ,⃗k2,..,⃗kn

; n >

N∗ ) are null.

Hence, the collective description provides an alternative quantum formulation of the
system in terms of field variables. We will now show that, in the h̄ → 0 limit, this
description also gives the classical equations of motion of non-relativistic pressureless
dust.

Classical limit

We now briefly examine the classical limit of the non-relativistic collective Hamilto-
nian given in (4.21). In the limit h̄ → 0, the Hamiltonian reduces to,

H =
1
2

∫
dpy ϕ(⃗y)

(
∇⃗π(⃗y)

)2
(4.37)

The corresponding Hamilton’s equations are,

δH
δϕ(⃗y)

= −∂tπ ⇒ ∂tπ +

(
∇⃗π

)2

2
= 0 ∇⃗⇒ ∂t(∇⃗π) + ∇⃗π · ∇⃗(∇⃗π) = 0

δH
δπ(⃗y)

= ∂tϕ ⇒ ∂tϕ + ∇⃗ ·
(

ϕ∇⃗π
)
= 0

(4.38)

Defining the velocity field v⃗ = ∇⃗π, we get,

∂tv⃗ + v⃗ · ∇⃗v⃗ = 0, ∂tϕ + ∇⃗ · (ϕv⃗) = 0 (4.39)

These are precisely the Euler and the continuity equations for a pressureless (dust-like)
non-relativistic fluid. Thus, in the classical limit, the collective field theory reproduces
the dynamics of pressureless matter. This result is important because, in the large
T limit, the tachyon effective action also describes pressureless dust. Thus, we ex-
pect that the relativistic collective theory will reproduce the correct classical tachyon
dynamics and, moreover, provide a natural way to include quantum effects through
systematic h̄-corrections.

4.3.2 Relativistic free particles

In this section, we analyze the relativistic free N∗-particle system in the collective
description and study the corresponding Hilbert space structure. We will explicitly
show how the classical part of the collective Hamiltonian maps to the tachyon effec-
tive Hamiltonian. This will also provide insights into how the tachyon effective action

84



can be quantised by including the order h̄ terms that arise from the collective theory.

For the system of relativistic free particles, a collective field theory description can be
obtained in an identical way to the non-relativistic case we discussed in previous sec-
tions. The steps involved are the same, and the conclusions we could draw from them
are also analogous. The only difference is that the relativistic Hamiltonian is different
from the non-relativistic Hamiltonian. This will be reflected in the observation that
the form of the Hamiltonian in collective theory, as well as energy eigenvalues, will be
different.

Collective Hamiltonian

We start with a system of N∗ relativistic free particles of mass m, given by the Hamil-
tonian,

H =
N∗

∑
i=1

√
p⃗2

i + m2 (4.40)

Let us introduce the collective field ϕ(x) in the same way as in the non-relativistic case
(see (4.14)).

ϕ(⃗y) = m
N∗

∑
i=1

δ(⃗y − x⃗i)

As discussed in the previous section, one can use the chain rule of differentiation to
write terms of the form ∑i p⃗ n

i in terms of the collective field ϕ and its conjugate mo-
mentum π. By expanding the square root in (4.40) and replacing each term in the ex-
pansion with the collective variables, we obtain the first few terms as, (See Appendix
C.1.4 for details),

N∗m =
∫

dpy ϕ(⃗y)

N∗

∑
i=1

p⃗ 2
i

2m
=

1
2

∫
dpy ϕ(y)

(
∇⃗π(y)

)2
− ih̄

2m

∫
dpy ϕ(⃗y)∇⃗2π(⃗y)

−
N∗

∑
i=1

p⃗ 4
i

8m3 = −1
8

∫
dpy ϕ(⃗y)

(
∇⃗π(⃗y)

)4
+

ih̄
4m

∫
dpy ϕ(⃗y)∇⃗π(⃗y) · ∇⃗

(
∇⃗π(⃗y)

)2

+
ih̄
4m

∫
dpy ϕ(⃗y)∇⃗2π

(
∇⃗π(⃗y)

)2
+

h̄2

8m2

∫
dpy ϕ(⃗y) ∇⃗ · ∇⃗

(
∇⃗π(⃗y)

)2

+
h̄2

8m2

∫
dpy ϕ(⃗y)∇⃗2π(⃗y)∇⃗2π(⃗y) +

h̄2

4m2

∫
dpy ϕ(⃗y)∇⃗π(⃗y) · ∇⃗

(
∇⃗2π(⃗y)

)
− ih̄3

8m3

∫
dpy ϕ(⃗y)∇⃗4π(⃗y)

(4.41)

One can see a general pattern here. ∑i p⃗n
i will have terms up to O(h̄n−1). Examining

the O(h̄0) terms, we see that they can be resummed to get the classical part of the
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Hamiltonian.

H =
∫

dpy ϕ(⃗y) +
1
2

∫
dpy ϕ(⃗y)

(
∇⃗π(⃗y)

)2
− 1

8

∫
dpyϕ(⃗y)

(
∇⃗π(⃗y)

)4
+ .... + O(h̄)

=
∫

dpy ϕ(⃗y)
(

1 +
1
2

(
∇⃗π(⃗y)

)2
− 1

8

(
∇⃗π(⃗y)

)4
+ ....

)
+ O(h̄)

=
∫

dpy ϕ(⃗y)

√
1 +

(
∇⃗π(⃗y)

)2
+ O(h̄)

(4.42)

If we identify ϕ = Π, π = −T, then the O(h̄0) term (classical part) matches precisely
the T → ∞ limit of the Tachyon effective hamiltonian in (4.5). Therefore, the equations
of motion obtained from the leading term in (4.42) will describe the dynamics of a non-
interacting, non-rotating fluid. And we can say that the classical parts of collective
theory and tachyon effective theory are related by a canonical transformation. The
higher-order terms in (h̄) can be considered as quantum corrections to the tachyon
effective theory Hamiltonian.

Hilbert space structure

Having obtained the Hamiltonian, one can now write down the energy eigenfunction-
als and study the Hilbert space structure. It turns out that the eigenfunctionals have
the same form as in the non-relativistic theory, except that their energy eigenvalues
change owing to the relativistic dispersion relation. The Hilbert space will be, HN∗ ,
the relativistic N∗-particle Hilbert space.

To see that the form of the wavefunctionals does not change, note that in quantum
mechanics, plane waves are eigenstates of the relativistic Hamiltonian, having ωk =√⃗

k2 + m2 as the eigenvalue.√
p⃗2 + m2 ei⃗k·⃗x =

√
−∇⃗2

x⃗ + m2 ei⃗k·⃗x

=

√⃗
k2 + m2 ei⃗k·⃗x

= ω⃗k ei⃗k·⃗x

(4.43)

So a general N∗-particle energy eigenstate is given as,

ψ (x⃗1, x⃗2, ..., x⃗N∗) = ei⃗k1 ·⃗x1ei⃗k2 ·⃗x2 ....ei⃗kN∗ ·⃗xN∗ + permutations (4.44)

Just like we did in the non-relativistic case, one can now write down the corresponding
energy eigenfunctional Φ⃗k1 ,⃗k2,...,⃗kN∗

of the collective theory Hamiltonian. The guiding
idea is that, when the relation (4.14) is imposed, the collective theory wavefunctionals
should reproduce the corresponding quantum mechanical wavefunctions. This im-
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plies that the form of the eigenfunctionals remains the same as in the non-relativistic
theory. Thus, the structure of the Hilbert space remains unchanged going from the
non-relativistic to the relativistic case. The Hamiltonian and its eigenvalue, however,
now follow the relativistic dispersion relation.

For example, the N∗ = 1 case will have eigenstates,

ψ⃗k(x⃗) = ei⃗k·⃗x

Hψ⃗k(x⃗) = ω⃗kψ⃗k(x⃗)

⇒ Φ⃗k =
1
m

∫
dpy ei⃗k·⃗yϕ(⃗y)

HΦ⃗k =

(
m +

k⃗2

2m
− k⃗4

8m3 + ...

)
Φ⃗k = ω⃗kΦ⃗k

(4.45)

Similarly, the N∗ = 2 case will have eigenstates,

ψ
(⃗k1 ,⃗k2)

(x⃗1, x⃗2) = ei⃗k1 ·⃗x1ei⃗k2 ·⃗x2 + x⃗1 ↔ x⃗2

Hψ
(⃗k1 ,⃗k2)

=
(

ω⃗k1
+ ω⃗k2

)
ψ
(⃗k1 ,⃗k2)

⇒ Φ
(⃗k1 ,⃗k2)

[ϕ] =
1

m2

∫
dpy1dpy2 ei⃗k1 ·⃗y1ei⃗k2 ·⃗y2ϕ(⃗y1)ϕ(⃗y2)− m

∫
dpy ei(⃗k1+⃗k2)·⃗yϕ(⃗y)

HΦ
(⃗k1 ,⃗k2)

[ϕ] =

(
2m +

k⃗2
1 + k⃗2

2
2m

−
k⃗4

1 + k⃗4
2

8m3 + ....

)
Φ

(⃗k1 ,⃗k2)
[ϕ] =

(
ω⃗k1

+ ω⃗k2

)
Φ

(⃗k1 ,⃗k2)
[ϕ]

(4.46)

Note that the collective theory Hamiltonian was obtained by expanding the square
root in the quantum mechanical Hamiltonian and then writing each term in terms of
collective variables. Therefore, one must check term by term that the states Φ⃗k, Φ⃗k1 ,⃗k2

defined above are indeed eigenstates (see appendix C.1.4). There is a subtlety here
regarding the first term in the Hamiltonian (4.41). Its action on a general state cannot
be further simplified a priori. ∫

dpyϕ(⃗y) Φ⃗k1 ,⃗k2,...,⃗kn

This is in contrast to the other terms in the Hamiltonian. For example, acting with the

field theory expression for ∑N∗
i=1

p⃗ 2
i

2m , we directly get the correct eigenvalue.

(
1
2

∫
dpy ϕ(y)

(
∇⃗π(y)

)2
− ih̄

2m

∫
dpy ϕ(⃗y)∇⃗2π(⃗y)

)
Φ⃗k1 ,⃗k2,...,⃗kn

=

(
n

∑
i=1

k⃗2
i

2m

)
Φ⃗k1 ,⃗k2,...,⃗kn

So, we would expect the action of
∫

dpyϕ(⃗y) to give an eigenvalue equation. This is
ensured by the Jacobian. One can show that working with collective field theory at
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fixed N∗, the operator
∫

dpy ϕ(⃗y) is equivalent to N∗m. (We discuss the proof in C.1.5).(
Φ1,

∫
dpy ϕ(⃗y) Φ2

)
= N∗m ∀Φ1, Φ2

⇒
∫

dpy ϕ(⃗y) Φ⃗k1 ,⃗k2,...,⃗kn
= N∗m Φ⃗k1 ,⃗k2,...,⃗kn

(4.47)

So, the Jacobian makes sure of the fact that the operator
∫

dpy ϕ(⃗y) is equivalent to
N∗m, i.e.,

∫
dpy ϕ(⃗y) = N∗m. This result will have implications for understanding the

Hilbert space of collective theory.

Once we have the states, we can now compute the inner product between the states
to understand the Hilbert-space structure. Note that the form of the Jacobian remains
unchanged when going from the non-relativistic case to the relativistic case. Since
the Jacobian determines which states are null and which states are equivalent to each
other, the conclusions we obtained in the non-relativistic case continue to hold here:

For a fixed N∗ relativistic collective theory,

1. The Hilbert space HN∗ is spanned by Φ⃗k1 ,⃗k2,..,⃗kN∗
which are N∗ particle energy

eigenstates with momenta k⃗1, k⃗2, .., k⃗N∗ .

2. The state C is to be understood as an N∗ particle state (Φ⃗k1 ,⃗k2,..,⃗kN∗
) with all par-

ticles at rest and the state Φ⃗k is an N∗ particle state with one particle having
momentum k⃗ and the remaining N∗ − 1 particles at rest. Generalising this, one
can say Φ⃗k1 ,⃗k2,..,⃗kn

; n < N∗ corresponds to an N∗-particle state having n of the

particles with momenta k⃗1, k⃗2, ..., k⃗n and the remaining N∗ − n particles at rest.

3. The states Φ⃗k1 ,⃗k2,..,⃗kn
for n > N∗ are all null states.

We conclude the section by writing down different energy eigenstates. They are all
N∗-particle states with different numbers of particles at rest.

C = 1

Φ⃗k =
1
m

∫
dpyei⃗k·⃗yϕ(⃗y)

Φ⃗k1 ,⃗k2
=

1
m2

∫
dpy1dpy2 ei⃗k1 ·⃗y1ei⃗k2 ·⃗y2ϕ(⃗y1)ϕ(⃗y2)−

1
m

∫
dpy ei(⃗k1+⃗k2)·⃗yϕ(⃗y)

.............

Φ⃗k1 ,⃗k2,...,⃗kn
=

1
mn

∫ n

∏
i=1

(
dpyi ei⃗ki ·⃗yi

)
ϕ(⃗y1)

n

∏
j=2

(
ϕ(⃗yj)− m

j−1

∑
i=1

δ(⃗yj − y⃗i)

)
(4.48)
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4.4 From Collective theory to Tachyon effective theory

In the previous sections, we showed that the collective Hamiltonian for relativistic
particles agrees with the tachyon effective Hamiltonian at the classical level. This sug-
gests that the collective description may provide a useful way to study the quantum
structure of the tachyon theory. In particular, the matching of the classical Hamiltoni-
ans indicates that the collective variables (ϕ, π) and the tachyon variables (Π, T) are
related by a canonical transformation,

ϕ = Π, π = −T. (4.49)

In this section, we study this map in more detail. As we will see, the situation is more
subtle in tachyon theory. Imposing physical requirements, we see that the Jacobian
appearing in the inner product is modified, the naive collective field theory eigenstates
are not eigenstates of the tachyon Hamiltonian, and the interpretation of the states
is different. To understand these differences more clearly, we begin by examining
an important distinction between the collective description and the tachyon effective
theory.

4.4.1 Difference between tachyon theory and collective theory

There is an important difference between the N∗-particle collective theory and the
tachyon effective theory. In the collective description, the field ϕ satisfies the constraint∫

dpy ϕ(⃗y) = N∗m.

In contrast, the corresponding quantity∫
dpy Π(⃗y)

in the tachyon theory represents the total rest mass of the system and is not fixed; it can
take different values depending on the energy of the original Dp-brane configuration.
Therefore, in order to pass from the collective theory to the tachyon theory, we must
relax the constraint

∫
dpy ϕ(⃗y) = N∗m. Relaxing this condition effectively allows N∗

to vary. This has the following consequences:

• The condition
∫

dpy ϕ(⃗y) = N∗m is enforced by the Jacobian JN∗ . If this condition
is relaxed, the Jacobian must also be modified.

• In collective theory, the states listed in (4.48) are N∗-particle energy eigenstates.
However, these states no longer remain eigenstates of the tachyon Hamiltonian.
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This also changes the way we interpret these states: they can now be viewed as states
with different particle numbers rather than having a fixed N∗-number of particles.
In ordinary quantum field theory, different particle-number sectors are connected by
creation and annihilation operators. These operators change the eigenvalue of the
number operator and allow us to move from one particle-number sector to another.
As we will see, an analogous set of well-defined operators also emerges in tachyon
theory once this condition is relaxed.

To understand how such a structure may arise in the present case, let us first recall
how this works in the Klein–Gordon theory. In the Klein–Gordon theory, the number
operator is given by

N =
∫ dpk

(2π)p a†
k⃗
a⃗k .

It satisfies the commutation relations

[N, a⃗k] = −a⃗k , [N, a†
k⃗
] = a†

k⃗
. (4.50)

These relations show that a⃗k and a†
k⃗

change the eigenvalue of N: the operator a⃗k lowers
the particle number, while a†

k⃗
raises it. In this way, they connect different particle-

number sectors.

In terms of these operators, the Hamiltonian takes the simple form

H =
∫ dpk

(2π)p ω⃗ka†
k⃗
a⃗k . (4.51)

We now ask whether an analogue of N, a⃗k and a†
k⃗

exists in the tachyon theory. The an-
swer is yes. Moreover, it will allow us to write the tachyon Hamiltonian in a compact
form similar to (4.51). We now construct these operators explicitly.

Motivated by the relation
∫

dpy ϕ(⃗y) = N∗m in collective theory, we define the number
operator in tachyon theory as

N =
1
m

∫
dpy Π(⃗y) (4.52)

We now look for operators a⃗k and a†
k⃗

satisfying (4.50). With some effort, one can verify
that the following operators satisfy these relations:

a⃗k =
∫

dpy e−i⃗k·⃗yem δ
δΠ(⃗y)

a†
k⃗
=

1
m

∫
dpy ei⃗k·⃗y Π(⃗y)e−m δ

δΠ(⃗y)

(4.53)
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3 For example, one finds that,

[N, a⃗k] =

[
1
m

∫
dpy′Π(y⃗′),

∫
dpy e−i⃗k·⃗yem δ

δΠ(⃗y)

]
=

1
m

∫
dpy′dpye−i⃗k·⃗y

[
Π(y⃗′), em δ

δΠ(⃗y)

]
= −

∫
dpy′dpye−i⃗k·⃗yδ(⃗y − y⃗′)em δ

δΠ(⃗y)

= −a⃗k

(4.54)

In the 3rd equality, we used the result,[
Π(⃗y′), e

m δ
δΠ(⃗y ′)

]
= mδ(⃗y − y⃗ ′)em δ

δΠ(⃗y) , (4.55)

which can be easily derived from the BCH formula,

em δ
δΠ(⃗y) Π(y⃗′)e−m δ

δΠ(⃗y) = Π(y⃗′) + mδp (⃗y − y⃗′). (4.56)

Similarly, one can check that a†
k⃗

satisfies the required commutation relation. Moreover,
these operators obey [

a⃗k1
, a†

k⃗2

]
= (2π)pδp

(⃗
k1 − k⃗2

)
. (4.57)

We have therefore relaxed the constraint
∫

dpy ϕ(⃗y) = N∗m when going from col-
lective theory to tachyon theory. In the tachyon theory, the corresponding quantity∫

dpy Π(y) is proportional to the number operator and is unrestricted. This allows
us to introduce creation and annihilation operators. As we mentioned earlier, this also
means that the Jacobian in tachyon theory must differ from the one in collective theory.
It turns out that demanding consistency of the structure we introduced so far uniquely
determines the Jacobian. We will see this explicitly in the next subsection.

4.4.2 Jacobian of the tachyon theory

Recall that in collective theory, the inner product, for a fixed N∗, is defined as

(Φ1, Φ2) =
∫

Dϕ JN∗ [ϕ]Φ
∗
1Φ2. (4.58)

In tachyon theory, however, we are not working within a fixed N∗ sector. As we have
seen, the operators a⃗k and a†

k⃗
do not commute with the number operator

∫
dpy Π(y),

and therefore they allow us to move between different particle sectors. For this reason,

3Restoring h̄, we get, a⃗k =
1
h̄

∫
dpy e

−i⃗k·⃗y
h̄ em δ

δΠ(⃗y) and a†
k⃗
= 1

m
∫

dpy e
i⃗k·⃗y

h̄ Π(⃗y)e−m δ
δΠ(⃗y) . The expressions

for H and N remains unchanged in terms of a⃗k and a†
k⃗
.
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we cannot use the Jacobian JN∗ that appears in the collective theory inner product.
Instead, we define the tachyon theory inner product with an arbitrary Jacobian and
then determine it uniquely by requiring that the creation and annihilation operators
are Hermitian conjugates of each other. We explain this construction in this subsection.

Consider a general inner product of the form,

(Φ1[Π], Φ2[Π]) =
∫

DΠ J[Π]Φ1[Π]∗Φ2[Π]. (4.59)

Note that under this inner product, the Hermitian conjugate of δ
δΠ(⃗y) is given by,

(
δ

δΠ(⃗y)

)†

= − δ

δΠ(⃗y)
− 1

J[Π]

δJ[Π]

δΠ(⃗y)
. (4.60)

So, the condition that a†
k⃗

and a⃗k are Hermitian conjugates of each other can be written
as, (

a†
k⃗

)†
= a⃗k

⇒ 1
m

∫
dpy⃗e−i⃗k·⃗yem

(
δ

δΠ(⃗y)+
1
J

δJ[Π]
δΠ(⃗y)

)
Π(⃗y) =

∫
dpye−i⃗k·⃗yem δ

δΠ(⃗y)

⇒ 1
m

e−m δ
δΠ(⃗y) em

(
δ

δΠ(⃗y)+
δ ln J[Π]
δΠ(⃗y)

)
Π(⃗y) = 1

(4.61)

One can simplify this expression further. First, note that the argument of the second
exponential can be written as,

m
δ

δΠ(⃗y)
+ m

δ ln J[Π]

δΠ(⃗y)
= e− ln J[Π] m

δ

δΠ(⃗y)
eln J[Π] (4.62)

This is of the form BAB−1, and it can be exponentiated using eBAB−1
= BeAB−1. This

leads to,

em
(

δ
δΠ(⃗y)+

δ ln J[Π]
δΠ(⃗y)

)
= e− ln J[Π]em δ

δΠ(⃗y) eln J[Π] (4.63)

Substituting this in (4.61) will simplify it further if one uses the fact that the adjoint

action of e−m δ
δΠ(⃗y) on a functional F[Π] will shift the argument of F by a delta function

peaked at y⃗ having strength m.

e−m δ
δΠ(⃗y) F[Π(⃗y ′)]em δ

δΠ(⃗y) = F[Π(⃗y ′)− mδ(⃗y ′ − y⃗)] ≡ F[Π − mδy] (4.64)

We introduced a compact notation in the last step. One can apply (4.63) and (4.64) in
(4.61) to obtain,
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1
m

e−m δ
δΠ(⃗y) e− ln J[Π]em δ

δΠ(⃗y) eln J[Π]Π(⃗y) = 1

⇒ 1
m

e− ln J[Π−mδy]eln J[Π]Π(⃗y) = 1

⇒ 1
m

eln J[Π]−ln J[Π−mδy]Π(⃗y) = 1

⇒ J[Π − mδy] =
Π(⃗y)

m
J[Π]

(4.65)

To solve for the final expression, go to functional momentum space and write,

J[Π] =
∫

Dλ ei
∫

dpy λ(⃗y)Π(⃗y) J[λ] (4.66)

In momentum space, the condition (4.65) reduces to,

i
m

δJ[λ]
δλ(⃗y)

= e−imλ(⃗y) J[λ] (4.67)

This can be solved to get,

J[λ] = exp
{∫

dpy e−imλ(⃗y)
}

(4.68)

Writing down the series expansion of the exponential puts the Jacobian in a form fa-
miliar from the collective field theory discussions.

J[Π] =
∫

Dλ ei
∫

dpy λ(⃗y)Π(⃗y) exp
{∫

dpx e−imλ(x⃗)
}

=
∫

Dλ ei
∫

dpy λ(⃗y)Π(⃗y)
∞

∑
n=0

1
n!

(∫
dpx e−imλ(x⃗)

)n

=
∞

∑
n=0

Jn[Π]

n!

(4.69)

where Jn[Π] corresponds precisely to the Jacobian associated with the N∗ = n sector
of the collective theory. Thus, the Jacobian in tachyon theory is naturally a sum over
all N∗-sector Jacobians. This is consistent with the operator structure: the operators a⃗k
and a†

k⃗
connect different N∗ sectors.

The Jacobian will play an important role in the Hilbert space structure of the tachyon
theory. On a technical note, one can immediately see that using the Jacobian (4.69),
the states listed in (4.48) (under the exchange of ϕ with Π) will have inner products
different from those in collective theory. Here, one has to compute the collective field
theory inner product using Jn and then perform the sum over n weighted by 1

n! . We
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will address the implications of these changes in section 4.4.5.

4.4.3 Tachyon theory Hamiltonian

We now discuss the Hamiltonian in tachyon theory. We know from the classical limit
of collective field theory that the tachyon theory variables and collective theory vari-
ables are related by a canonical transformation (4.49). We further suggest that the
Hamiltonian obtained from the collective theory Hamiltonian under this transforma-
tion is the tachyon theory Hamiltonian.

Htachyon =
∫

dpy Π(⃗y) +
1
2

∫
dpy Π(⃗y)

(
∇⃗T(y)

)2
+

ih̄
2m

∫
dpy Π(⃗y)∇⃗2T(y) + ...

(4.70)
The first term describes the correct classical dynamics of a rolling tachyon near the
minimum of the potential, while the O(h̄) and higher order terms can be considered
as quantum corrections. In other words, we are adding O(h̄) and higher order terms
to the Hamiltonian given in Section 4.2, to incorporate quantum corrections. To show
the effectiveness of these h̄-corrections, we first show, using the creation and annihi-
lation operators introduced in the last section (4.53), that the Hamiltonian (4.70) has a
compact form analogous to the Klein-Gordon Hamiltonian given in (4.51) 4.

Htachyon =
∫ dpk

(2π)p ω⃗ka†
k⃗
a⃗k

=
∫ dpk

(2π)p

{
m +

k⃗2

2m
− k⃗4

8m3 + ..

}(
1
m

∫
dpy ei⃗k·⃗y Π(⃗y)e−m δ

δΠ(⃗y)

)(∫
dpy′ e−i⃗k·⃗y ′

e
m δ

δΠ(⃗y ′)

)

Consider the first term in the curly brackets. It is easy to show that this matches pre-
cisely with the first term in (4.70).

∫ dpk
(2π)p m

(
1
m

∫
dpy ei⃗k·⃗y Π(⃗y)e−m δ

δΠ(⃗y)

)(∫
dpy′ e−i⃗k·⃗y ′

e
m δ

δΠ(⃗y ′)

)
=
∫

dpydpy′(2π)pδ(⃗y − y⃗ ′)

(
1
m

Π(⃗y)e−m δ
δΠ(⃗y)

)(
e

m δ
δΠ(⃗y ′)

)
=
∫

dpy Π(⃗y)

(4.71)

By similar manipulations, one can show that the other terms will also match (see Ap-
pendix C.1.4 for details). It is then trivial to check that the Hamiltonian will have the
required commutation relations.

[Htachyon, a⃗k] = −ωk a⃗k , [Htachyon, a†
k⃗
] = ωka†

k⃗
(4.72)

4One has to restore h̄ factors in a⃗k and a†
k⃗

to get the precise matching with (4.70); however, we will let
h̄ = 1 in the derivations for simplicity.
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Thus, we find a close similarity between the tachyon theory and the Klein–Gordon
theory. In particular, one can introduce creation and annihilation operators in terms of
which both the number operator and the Hamiltonian can be written. These operators
satisfy the usual commutation relations, just as in the Klein–Gordon theory.

4.4.4 Theory A and Theory B

A lot has happened in the last few sections. It might be a good point to pause and
reflect on the developments.

1. In the h̄ → 0 limit, the collective theory Hamiltonian (4.42) agrees with the
tachyon effective Hamiltonian (4.5) (with the identification: ϕ = Π, π = −T).
One can say that this is the main motivation to study collective field theory, that the
classical dynamics looks the same.

2. When one considers all the h̄-terms in the collective theory Hamiltonian, and
takes into account the non-trivial Jacobian JN∗ , the theory becomes a consistent
quantum theory describing N∗ relativistic free particles. The Hilbert space of the
theory is HN∗ .

3. One would’ve then suggested adding identical h̄-terms to the tachyon effective
theory Hamiltonian to get Htachyon (4.70), defining the Jacobian of the theory to
be JN∗ and claiming that the tachyon effective theory is also describing quantum
mechanics of N∗ relativistic particles. But this is not what we are doing.

4. What we are doing instead is to take Htachyon as the Hamiltonian, but change the

Jacobian to J[ϕ] = ∑∞
n=0

Jn[ϕ]
n! . The change in Jacobian results from imposing the

physical condition that
∫

dpy Π(⃗y) should be unconstrained.

So we have two consistent quantum theories, Theory A and Theory B.

Name Canonical variables Hamiltonian Jacobian
Theory A Π, T Htachyon JN∗ [ϕ]

Theory B Π, T Htachyon J[ϕ] = ∑∞
n=0

Jn[ϕ]
n!

Theory A describes the quantum mechanics of N∗ relativistic free particles. In this
theory, due to the Jacobian JN∗ , the value of

∫
dpy Π(⃗y) is fixed to be N∗m.

Theory B, on the other hand, has
∫

dpy Π(⃗y) = Nm where N =
∫ dpk

(2π)p a†
k⃗
a⃗k is a

number operator, having an unconstrained spectrum. The creation and annihilation
operators take you from one eigensector of the number operator to another. We will
study the Hilbert space of Theory B in Section 4.4.5.
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At the level of classical equations of motion, obtained in the h̄ → 0 limit, Theory A and
Theory B are the same. However, quantum mechanically, they are different. Physical
properties of Theory B are more similar to what we expect in a quantum version of
tachyon effective theory. Thus, we suggest that Theory B should be equated with tachyon
effective theory. This is what we mean by quantising tachyon effective theory. In other words,
by adding the h̄-terms to the Hamiltonian and introducing the Jacobian, we map the
tachyon effective theory to Theory B, which is a consistent quantum theory as it stands.

Since we spent a considerable amount of time studying operators, states, inner prod-
ucts, etc., in Collective theory (Theory A), it will be important to point out which of
the results derived there will be valid/useful for Theory B (Tachyon theory).

• Collective theory was used to get to Theory A. After that, we make a departure
from collective theory by imposing physical requirements on the theory. This
introduces more structure (like creation/annihilation operators), which in some
sense "deforms" the theory to get to Theory B. This theory has the desired prop-
erties that one would expect to have in a quantum tachyon theory.

• The form of the operators (Hamiltonian, Momentum, etc) in Theory A and The-
ory B will be the same

• As the Hamiltonian is the same for both Theory A and Theory B, one would
expect the list of states given in (4.48) to be the eigenstates (under, ϕ = Π, π =

−T ) of both Theory A and Theory B. This is almost true, except for the first term
in Htachyon. Given an energy eigenstate Φ⃗k1 ,⃗k2,...,⃗kn

from (4.48),

Theory A: Htachyon Φ⃗k1 ,⃗k2,...,⃗kn
=

(
N∗m +

n

∑
i=1

k⃗2
i

2m
+ ....

)
Φ⃗k1 ,⃗k2,...,⃗kn

Theory B: Htachyon Φ⃗k1 ,⃗k2,...,⃗kn
=

(∫
dpy Π(⃗y) +

n

∑
i=1

k⃗2
i

2m
+ ....

)
Φ⃗k1 ,⃗k2,...,⃗kn

We used the fact that
∫

dpy Π(⃗y) = N∗m in Theory A, but no such restriction is
there in B. This difference is crucial, and it means that the states Φ⃗k1 ,⃗k2,...,⃗kn

will be
N∗-particle energy eigenstates in Theory A, but in Theory B, they are no longer
energy eigenstates and their physical interpretation will be different.

• The inner products will be different in Theory A and Theory B. However, since
the Jacobian in Theory B is J[ϕ] = ∑∞

n=0
Jn[ϕ]

n! , we can use methods developed in
collective theory to compute the inner product between any two states using Jn,
and then sum over n with the weight 1

n! to get the inner product in Theory B (See
Appendix C.2). This, along with the last point, implies that the Hilbert space
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structure of Theory A is different from that of Theory B.

In the next section, we will study the Hilbert space structure of Theory B (Or tachyon
theory), and compare how it differs from Theory A (Or collective field theory). We
will also enquire about the similarities between Theory B and Klein-Gordon theory,
because Theory B has creation and annihilation operators in terms of which the Hamil-
tonian looks exactly like the Klein-Gordon Hamiltonian.

4.4.5 Hilbert space of tachyon theory

The tachyon theory has similarities with both collective theory and Klein-Gordon the-
ory. Our starting point was the assertion that the tachyon theory Hamiltonian is the
same as the collective theory Hamiltonian up to a canonical transformation. We then
further imposed the physical requirement of the existence of different particle number
sectors on the tachyon theory. This led to the introduction of creation and annihilation
operators, which expressed the number operator and Hamiltonian in a form analo-
gous to Klein-Gordon theory. However, in this section, we will see that the Hilbert-
space structure of tachyon theory is different from those of both collective theory and
Klein-Gordon theory.

In Klein-Gordon theory, the Hilbert space is spanned by states of the form,

|⃗k1, k⃗2, ..., k⃗n⟩ =
(

n

∏
i=1

a†
k⃗i

)
|0⟩ (4.73)

Here |0⟩ denotes the vacuum state. These states form the usual Fock space and are
eigenstates of the Hamiltonian (4.51). Since the tachyon Hamiltonian also has the form
(4.51), one might expect the eigenstates of tachyon theory to be of the same form (4.73).
However, this is not the case. In particular, the vacuum state |0⟩ is not accessible in the
tachyon theory description.

Recall that the definition of the vacuum state is that it is annihilated by the operator
a⃗k. Suppose Ψ[Π] is the vacuum state in tachyon theory. Then,

a⃗kΨ[Π] = 0∫
dpy e−i⃗k·⃗yem δ

δΠ(⃗y) Ψ[Π] = 0

⇒
∫

dpy e−i⃗k·⃗yΨ[Π(y⃗′) + mδ(⃗y − y⃗′)] = 0

⇒ Ψ[Π(y⃗′) + mδ(⃗y − y⃗′)] = 0

⇒ Ψ[Π] = 0

(4.74)
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Thus, the only solution is the trivial one. This means that one cannot express the
vacuum state in the tachyon theory variables. This can be explained using the fact that
the rolling tachyon solution in string theory is distinct from the vacuum configuration
where the tachyon is placed at the minimum of the potential, having zero energy. This
is reflected on the tachyon theory side in the fact that the vacuum is inaccessible to the
theory. We will comment more on this in 4.4.5.

The discussion above shows that even though the operators and their commutation re-
lations are similar, the Hilbert space of tachyon theory is different from that of Klein–Gordon
theory. In particular, the vacuum state is not a part of the tachyon theory Hilbert space.

This leaves us with the set of states given in (4.48), which are the energy eigenstates in
collective theory. Since the Hamiltonians of collective theory and tachyon theory have
the same form, one would expect that the eigenstates of collective theory (under the
substitution ϕ = Π and π = −T) will be eigenstates of the tachyon theory. However,
this is not the case as we will show below. 5

First, note that the repeated action of creation operators on C generates precisely the
set of states given in (4.48). This can be verified as follows,

a†
k⃗
C =

1
m

∫
dpy ei⃗k·⃗y Π(⃗y)e−m δ

δΠ(⃗y) · 1

=
1
m

∫
dpy ei⃗k·⃗y Π(⃗y)

= Φ⃗k

(4.75)

And, in general, an n-particle energy eigenstate of collective theory is compactly writ-
ten as,

Φ⃗k1 ,⃗k2,...,⃗kn
=

n

∏
i=1

a†
k⃗i
C (4.76)

It is good to re-emphasise here that in collective theory, the state given above is an
N∗-particle energy eigenstate having n non-zero momenta, labelled by {⃗k1, k⃗2, .., k⃗n}.
However, in tachyon theory, they cannot be interpreted as such because the form of
the Jacobian is different. 6

From the form of these states, it is clear that, if the states ∏n
i=1 a†

k⃗i
C are to be eigenstates

of H, then the state C itself must be an eigenstate of H(or equivalently of N). But this

5The collective theory states in (4.48) are given in the ϕ basis. When we talk about the same states in
tachyon theory, it is implicit that the ϕ is replaced with Π.

6For example, see (C.42). Here, it is important that the Jacobian JN∗ imposes
∫

dpy ϕ(⃗y) = N∗m. This
is not the case in tachyon theory as the Jacobian is J[ϕ] = ∑∞

n=0
Jn
n! , leaving

∫
dpy Π(⃗y) unconstrained.
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is not the case. This can be easily shown using the action of a⃗k on C.

a⃗k C =
∫

dpy e−i⃗k·⃗yem δ
δΠ(⃗y) · 1

=
∫

dpy e−i⃗k·⃗y

= (2π)pδp (⃗k) · C.

(4.77)

This shows that C is an eigenstate of the annihilation operator. Hence, it will not be an
eigenstate of N or H7. This implies that the states ∏n

i=1 a†
k⃗i
C are also not eigenstates

of the tachyon Hamiltonian. On the other hand, (4.77) tells you that C is a coherent
state. So the states ∏n

i=1 a†
k⃗i
C should be interpreted as excitations built on top of this

coherent state.

Formally, coherent states can be written as exponentials of creation operators acting
on the vacuum. In the present case, the above relations imply that C may be written as

|C⟩ = ea†
0⃗ |0⟩ (4.78)

where the creation operator carries zero momentum. The state |0⟩ here denotes the
tachyon vacuum. Although we have argued earlier that the tachyon vacuum cannot
be accessed within the effective theory, it is still useful to introduce it formally in order
to express the coherent state in this way. Thus, the lowest energy state accessible to
tachyon theory is C, a coherent state created by the zero-momentum creation operator
acting on the tachyon vacuum, i.e., a coherent state of particles at rest.

Let us now summarise the main points of this section. We started with the Hamil-
tonian of the tachyon theory (4.70). This Hamiltonian is obtained from the collective
theory Hamiltonian (4.41) through the canonical transformations (4.49). Moreover, it
has a form similar to the Klein–Gordon Hamiltonian (4.51), upon using creation and
annihilation operators (4.53). Despite these similarities, the Hilbert space of tachyon
theory is different from those of both Klein–Gordon theory and collective theory. Com-
paring with Klein-Gordon, we see that the tachyon theory does not have an analogue
of the vacuum state. So, one does not have the usual Fock space states of the form
(4.73) in tachyon theory. On the other hand, comparing with collective theory, we see
that, owing to the change in the form of the Jacobian (4.69), the lowest energy state
C becomes a coherent state of particles at rest and therefore not an eigenstate of the
Hamiltonian. These results suggest that the Hilbert space of tachyon theory consists

7As C is an eigenstate of a⃗k, it should also be an eigenstate of a†
k⃗

in order to be an eigenstate of N. But

this is not possible as a†
k⃗

and a⃗k do not commute with each other and hence cannot have simultaneous
eigenstates.
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of a coherent state C of particles at rest, and then excitations on top of it 8.

Htachyon = span
{

Φ⃗k1 ,⃗k2,....,⃗kn
= a†

k⃗1
a†

k⃗2
....a†

k⃗n
C; n ∈ Z≥0

}
(4.79)

The state C is the lowest energy state as all the particles are at rest. One can then in-
crease the energy and particle number by acting with creation operators on C. The
inner product between any two states in (4.79) can be obtained either by directly using
the Jacobian (4.69), or by using commutation relations between creation and annihila-
tion operators and the norm of C. Relevant computations are compiled in C.2.

This concludes our discussion of the tachyon theory Hilbert space. We have a coherent
state C and excitations on top of this. Thus, the tachyon effective theory captures a subsector
of Klein-Gordon theory. To see this more clearly, recall that in Klein–Gordon theory, one
can also construct coherent states. In particular, a coherent state can be produced by
acting with the creation operator with zero momentum. The excitations of the field can
then be viewed as fluctuations on top of this coherent state. From this point of view,
the tachyon theory can be understood as describing this sector of the Klein–Gordon
theory: a coherent state corresponding to the zero-momentum mode together with the
excitations built on top of it.

One can understand the physical meaning of this coherent state from the closed string
analysis presented in [99]. In string theory, the decaying D-brane acts as a time-
dependent source for closed string radiation. In the case of homogeneous decay, where
the tachyon field depends only on time, the final closed string state is a coherent state
of closed string modes eαa† |0⟩. The coherent state C that appears in the tachyon anal-
ysis can be understood in a similar way. Excitations on top of this coherent state take
into account inhomogeneities in the initial D-brane configuration, corresponding to
small spatial variations of the tachyon field on the brane. Given this interpretation,
the energy of the coherent state can be related to the energy of the initial D-brane con-
figuration. Moreover, one would expect the quantity

∫
dpy Π(⃗y) to have a continuous

spectrum, whereas the number operator N has a discrete spectrum. So, one would
expect the quantity ⟨

∫
dpy Π(⃗y)⟩ to be related to the continuous parameter α. In the

next section, we will see how to go about this.

8There is a distinction between the case of a D-brane having finite volume (V) and the V → ∞ case.
We are primarily interested in a D-brane of infinite volume. More details on this distinction are given
in Appendix C.2.4
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Coherent state and initial D-brane system

In this section, we study the energy associated with the coherent state C. We begin by
writing down the expectation value of the Hamiltonian H in this state (C.2),(

C, Htachyon C
)

(C, C) = mV (4.80)

One would like the state |C⟩ to have energy parameterised by a real number. This is be-
cause the original D-brane system can have different values of energy, which is a sum
of the D-brane tension and the energy (kinetic+potential) of the rolling tachyon. This
should be reflected in the energy of the coherent state in the tachyon theory. Also, the
closed string analysis performed in [99] suggests the coherent state of a closed string
mode has the form eαa† |0⟩ where α is the one-point disk amplitude of the closed string
mode. So the coherent state in tachyon theory should also admit a similar parametriza-
tion. This can be achieved by redefining the creation and annihilation operators in
tachyon theory (4.53) by multiplying a⃗k by a real number C and a†

k⃗
by 1

C such that the
commutation relations and expressions for H, N are unchanged.

a⃗k = C

∫
dpy e−i⃗k·⃗yem δ

δΠ(⃗y)

a†
k⃗
=

1
C

1
m

∫
dpy ei⃗k·⃗y Π(⃗y)e−m δ

δΠ(⃗y)

(4.81)

With this definition, the action of the annihilation operator on the state C becomes,

a⃗k C = (2π)p δ(⃗k) C C (4.82)

In Klein–Gordon notation, the state can therefore be written as a coherent state of the
zero- momentum mode.

|C⟩ = eCa†
0 |0⟩ (4.83)

However, one should note that, unlike in a Klein-Gordon theory, here a⃗k and a†
k⃗

depend
on a real number C. What this essentially means is that the Jacobian will also have a
C-dependence given by the following equation,

JC[Π] =
∫

Dλ e
∫

dpyλ(⃗y)Π(⃗y) exp
{∫

dpx C2e−imλ(⃗y)
}

. (4.84)

This result can easily be seen from a slight modification of the calculations given in
4.4.2. What we have done essentially is to change the Jacobian such that the wave-
functional C[Π] now represents the state eCa†

0 instead of ea†
0 . Alternatively, one could’ve

stayed with the Jacobian J[Π], in which case the state C will represent ea†
0 |0⟩, such that

to get to another coherent state eCa†
0 one has to act with the operator e(C−1)a†

0 on C. The

101



technical aspects of this fact are discussed in Appendix C.2.3.

The norm and expectation value of H can now be computed to be,

(C, C) = eC
2V(

C, Htachyon C
)

(C, C) = C2mV
(4.85)

Since the coherent state C has particles at rest, the expectation value of the number
operator (N) times m also coincides with the expectation value of energy given above.

⟨
∫

dpy Π(⃗y)⟩ ≡ (C, Nm C)
(C, C) = C2mV (4.86)

So, the quantity ⟨
∫

dpy Π(⃗y)⟩ is parametrised by a real number C2 and physically it can
be used to encode the energy of the original D-brane configuration so that different D-
brane decays will result in different coherent states. Under such an interpretation, the
quantity C2 is proportional to the initial energy of the rolling tachyon configuration.
Note that C → 0 is a singular limit: the annihilation operator vanishes in this limit, and
the creation operator blows up. One would’ve expected the C2 → 0 limit to describe
the vacuum state where the tachyon is placed at the minimum of the potential. How-
ever, this is not the case, and this is in accordance with the fact that time-dependent
rolling solutions are distinct from the vacuum solution [96, 120, 121]. Even if the ini-
tial configuration has a slight positive energy ϵ > 0, the tachyon will roll towards the
minimum, and it will not reach the vacuum in finite time. This translates into the fact
that the vacuum state is not accessible in the tachyon effective theory, as we see from
our analysis.

4.5 Discussion

In this chapter, we studied the quantization of the tachyon effective action proposed
in [114] in the late-time limit. At the classical level, the tachyon system behaves like
non-interacting, non-rotating dust. This motivated us to ask whether a similar picture
exists at the quantum level, and in particular, whether the spectrum resembles that
of relativistic free particles. Because plane wave solutions are absent in this theory,
the usual perturbative quantization cannot be applied. We therefore had to look for
an alternative way to quantize the system. We thus turned to collective field theory,
motivated by the fact that pressureless dust - described in terms of continuous vari-
ables such as energy density and velocity- microscopically corresponds to a collection
of free relativistic particles. Collective field theory provides precisely this type of con-
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struction, where a system having discrete degrees of freedom is described in terms
of continuous field variables. Furthermore, we found that the classical part of rela-
tivistic collective field theory gives the dynamics of free relativistic dust, matching the
tachyon effective theory in the large T limit. This relation provides a natural way to
incorporate systematic h̄ corrections to the tachyon Hamiltonian so as to map it to a
quantum theory of free particles. Using this framework, we could determine the spec-
trum of the tachyon theory. We found that the lowest energy state of the theory is a
coherent state C of particles at rest, and the excited states are built on top of this co-
herent state. So, the Hilbert-space structure of tachyon theory consists of the coherent
state C and excitations on top of this, i.e., a subsector of Klein-Gordon theory.

This structure admits a natural interpretation from the point of view of string theory.
In string theory, tachyons are associated with unstable D-branes, and the rolling of
tachyons on an unstable D-brane is described by classical time-dependent solutions in
open string theory [96] 9. Studying the energy-momentum tensor of this system, one
observes that in the late time limit, it behaves like pressureless dust localised on the
plane of the original D-brane. On the other hand, in a closed string description, the
decaying D-brane acts as a time-dependent source producing closed string radiation.
In the gs → 0 limit, one can see that the closed string radiation produced from the
decay is localised along the plane of the initial D-brane [98, 99, 124–128]. So, in both
open string analysis and closed string analysis, the classical properties of the final
system resulting from the decay of a D-brane are the same. In this chapter, we advance
this equality to a quantum level. The analysis performed in [99] suggests that the final
closed string state produced from a homogeneous decay of a D-brane is a coherent
state of the closed string mode. The lowest energy state we obtain in the tachyon
effective theory is also a coherent state. This is suggestive of a duality between the
open string description and closed string description. In our description, apart from
the coherent state, we also have excitations on top of the coherent state. This could be
interpreted as the fact that there can be inhomogeneities due to open-string excitations
on the initial D-brane.

Another interesting result is that the vacuum state is not accessible in tachyon theory.
This can also be understood from known results in string theory [96, 98, 129]. The
vacuum configuration is a time-independent solution where the tachyon sits exactly
at the minimum of its potential, and the system has zero energy and pressure [120,121].
The rolling tachyon solution, on the other hand, is a time-dependent solution in open
string theory where the tachyon is displaced from the maximum of the potential and
rolls towards the minimum. In an ordinary scalar field theory, one would expect the

9Also see [122, 123] for recent discussions on rolling tachyon solutions from the point of view of
OSFT.
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field to oscillate around the minimum of the potential. However, this does not happen
for the tachyon. Instead, the tachyon rolls down the potential while keeping its energy
density constant, and it never reaches the minimum in finite time. Even if the tachyon
has a small positive energy, it continues to roll towards the minimum [96]. In our
analysis, the energy of the coherent state |C⟩ is proportional to |C|2 > 0. This means
that our description can only describe time-dependent solutions of string theory where
the initial system has at least a small positive energy to begin with. Hence, the vacuum
state is not accessible in this description.

The results we obtained in this analysis are amenable to an interpretation in terms of
an ‘unusual localisation of information’. The key point to note here is that the open
string description of a decaying D-brane matches the closed string description of the
same. This is different from the usual equivalence between the open string description
and the closed string description in perturbative string theory for stable D-branes. The
situation we have is more interesting as we are dealing with unstable D-branes.

Even after the D-brane has completely decayed away into closed string radiation, the original
open string degrees of freedom know some things about the closed string states resulting from
the decay. This is the precise sense in which we attribute a notion of ‘unusual localisation of
information’ to this scenario.

However, we emphasise that our results are only suggestive of such an interpretation,
and one has to do a string theory computation at finite gs to prove the equivalence. We
hope to pursue this in the future.
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Chapter 5

Outlook

We tried to understand how, in theories of gravity, information is encoded in a peculiar
way compared to local QFTs. In Chapters 2 and 3, we looked at this from an effective
field theory perspective. For flat spacetime, working in perturbation theory in GN

and keeping only the leading-order contribution, we saw that gravitational Gauss’
law will lead to holography of information, even for finite regions. We showed it
explicitly for unitary excitations on top of the vacuum in a fixed coordinate system,
and it would be useful to frame it in a more general way, using gravitationally dressed
gauge-invariant observables, and by using algebraic QFT techniques. However, even
at the simplistic level in which we approached the problem, it is clear that gravitational
Gauss’ law is more powerful than its counterpart in other gauge theories, such that
quantum information gets stored holographically.

In the case of de Sitter spacetime, the implications of the gravitational constraints are
much more constraining, owing to the compactness of the Cauchy slice. In flat space-
time, any general state of the form of excitations on top of the vacuum will continue
to be an allowed state in the gravitational theory. Here, the effects of gravity will be to
holographically store information regarding this state at the boundary of space-time.
This is not the case in de Sitter, in the sense that only SO(1, d + 1) invariant states in
a de Sitter QFT would be uplifted to allowed states (solutions of the Wheeler-DeWitt
equation) in a gravitational theory. This has serious implications as we saw in Chapter
3, where we computed cosmological correlators in gravitationally constrained de Sitter
states. The lower-point correlators in perturbative states with a small number of exci-
tations show signatures of holography, which makes them different from the usual de
Sitter QFT correlations in the vacuum. One has to introduce a heavy observer state and
coarse-grain the related observables to obtain QFT-like correlations from this gravita-
tionally constrained Hilbert space. This analysis sheds light on the peculiar properties
of gravitational theories and also teaches us that even within the constrained theory,
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there is room to maneuver, so as to get back to our notion of locality and so on.

Finally, in Chapter 4, we studied a scenario different from the ones in the previous
chapters. Here, we studied decaying D-branes in string theory, and quantised the
tachyon effective theory using collective field theory methods. The resulting Hilbert
space consists of coherent states and excitations on top, such that it is a sub-sector of
the Klein-Gordon theory. We suggested an interpretation of this result along the lines
of [97, 98], that the original open string degrees of freedom seem to know something
about the closed strings into which the D-brane decays. Thus, we see an ‘unusual
localisation of information’ in this context also, although it is different to the notion
of holography of information that we saw in the previous chapters. However, the key
point to note here is that all these are theories of gravity, and information seems to
have unusual localisation properties.

From a broader perspective, we can think of it in the following way. From String The-
ory, we got to the AdS/CFT correspondence, which gave a concrete example of holo-
graphic duality. Inspired by this, we could look for signatures of holography even in
low-energy effective theories of gravity, and this led to an understanding of the holog-
raphy of information. We could now go back to String Theory and look for scenarios,
like the one we have discussed, where an unusual localisation of information could be
seen. This seems to be an interesting direction to explore, and we hope to pursue this
in the future.
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Appendix A

Technical details for Chapter 2

In this section, we compile various computations related to Chapter 2.

• Section A.1 computes the quadratic fluctuations of the finite-radius Hamiltonian
operator HR in the vacuum. This quantity diverges in the R → ∞ limit. This
means that one has to be careful while taking the large R limit. The correct pro-
cedure is to define a smeared version of HR and then take the limit.

• The gravitational Gauss’ law used in (2.3) is derived in Section A.2.

• Technical details involved in inverting the integral equations to extract informa-
tion about the functions fn are discussed in Section A.3.

A.1 Quadratic fluctuations of the Hamiltonian

Consider the mode expansion of a massive scalar field in asymptotically flat space in
3+1 dimensions with mostly plus signature

ϕ(x) =
∫ d3k√

(2π)3 2ω⃗k

(
a⃗keik·x + a†

k⃗
e−ik·x

)
with

[
a⃗k, a†

k⃗′

]
= δ(3)

(⃗
k − k⃗′

)
. (A.1)
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The corresponding Hamiltonian density is then given by,

H (t, x⃗) :=
1
2

:
(

ϕ̇2 + (∇ϕ)2 + m2ϕ2
)

:

= −1
2

∫ d3k d3q
(

ω⃗kωq⃗ + k⃗ · q⃗
)

2 (2π)3 √ω⃗kωq⃗

[
a⃗kaq⃗e−i(ω⃗k+ωq⃗)t+i(⃗k+q⃗)·⃗x

+ a†
k⃗
a†

q⃗ei(ω⃗k+ωq⃗)t−i(⃗k+q⃗)·⃗x − a†
k⃗
aq⃗e−i(ω⃗k+ωq⃗)t+i(⃗k−q⃗)·⃗x

− a†
q⃗ a⃗kei(ω⃗k+ωq⃗)t−i(⃗k−q⃗)·⃗x

]
, (A.2)

Integrating this density over a finite region of space from, say, r = 0 to r = R allows
us to define

H (R, t) :=
∫
|⃗x|≤R

d3x H (t, x⃗) =
∫ R

0
r2dr

∫ π

0
sin (θ)dθ

∫ 2π

0
dϕH (t, r, θ, ϕ)

=
1
2

∫ d3k d3q
(

ω⃗kωq⃗ + k⃗ · q⃗
)

(2π)2 √ω⃗kωq⃗

[
a†

k⃗
aq⃗D (k − q, R, t)− a⃗kaq⃗D (k + q, R, t) + h.c.

]
,

(A.3)

where we defined

D (q, R, t) := D (q, R) e−iq0t :=
sin (|⃗q| R)− |⃗q| R cos (|⃗q| R)

|⃗q|3
e−iq0t . (A.4)

We now smear the above operator (A.3) in time in terms of a small length scale η, say
about the t = 0 slice, as

Hsm :=
∫ +∞

−∞
dt g (t) H (R, t) with g (t) :=

1
η
√

π
exp

(
− t2

η2

)
. (A.5)

Carrying out the time-smeared integral in (A.5), we find

Hsm =
1
2

∫ d3k d3q
(

ω⃗kωq⃗ + k⃗ · q⃗
)

(2π)2 √ω⃗kωq⃗

[
a†

k⃗
aq⃗D̃ (k − q, R, η)− a⃗kaq⃗D̃ (k + q, R, η) + h.c.

]
,

(A.6)

where we now defined

D̃ (q, R, η) := D (q, R) exp

(
−
(
q0)2

η2

4

)
. (A.7)
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Therefore, we see that the vacuum expectation value of the quadratic fluctuations of
this smeared operator takes the form

⟨Ω|H2
sm|Ω⟩ =

∫
dt1dt2 g (t1) g (t2) H (R, t1) H (R, t2) . (A.8)

Since ∫ +∞

−∞
dt g (t) e±ibt = exp

(
−b2η2

4

)
, (A.9)

we see that the quadratic fluctuations of the momentum integrals in the smeared
Hamiltonian at finite radius converge owing to the exponential suppression.

In the large R limit, however, the operator is still divergent. To deal with this, in [6],
an additional radial smearing was proposed to ensure that the R → ∞ limit does not
result in divergent quadratic fluctuations for massless scalar fields. A refined smear-
ing can be employed to deal with the massive case. In this thesis, we only concern
ourselves with the determination of a localised state inside a ball of the fixed radius
R in terms of correlation functions on the boundary of the said ball, with no large R
limit. To this end, a time-smeared Hamiltonian suffices.

A.2 Finite-radius Hamiltonian as a boundary operator

In this section, we review the standard result that the Hamiltonian defined in (2.4)
is indeed a boundary term on the surface of the ball. To this end, let us consider
Einstein’s equations in the presence of matter sources:

Rµν −
1
2

gµνR = 8πGTµν . (A.10)

Perturbing the metric about flat space as

gµν = ηµν + hµν , (A.11)

we have the following first-order variations of its derivatives

Γµ(1)
νλ =

1
2

ηµρ
(
∂νhρλ + ∂λhρν − ∂ρhνλ

)
R(1)

µν =
1
2

(
∂λ∂µhλν + ∂λ∂νhλµ − ∂2hµν − ∂µ∂νh

)
R(1) = ∂λ∂ρhλρ − ∂2h .

(A.12)
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As is common practice, we defined the quantities h := ηµνhµν and ∂2 := ∂µ∂µ. Consid-
ering higher order variations, we may in general write

Rµν = R(1)
µν + ∑

n
R(n)

µν and R = R(1) + ∑
n

R(n) . (A.13)

The summation here includes all the non-linear terms in hµν. In this notation, Ein-
stein’s equations can now be written as

R(1)
µν − 1

2
ηµνR(1) = 8πGTµν +

1
2

hµνR +
1
2

ηµν ∑
n

R(n) − ∑
n

R(n)
µν

=: 8πG
(

Tµν + Th
µν

)
, (A.14)

where we have defined all the non-linear terms in metric perturbations suggestively
as Th

µν. The reason for doing so is the simple observation that

ηµρ∂ρ

(
R(1)

µν − 1
2

ηµνR(1)
)

= 0 which implies that ηµρ∂ρ

(
Tµν + Th

µν

)
= 0 .

(A.15)

Therefore, we may consider Th
µν as the energy-momentum tensor associated with the

fluctuations hµν. This allows us to now integrate both sides of the equations (A.14)
inside the ball of radius R, using the unit vector in the radial direction ni, as

∫
|⃗x|≤R

d3x⃗
(

T00 + Th
00

)
=

1
8πG

∫
|⃗x|≤R

d3x⃗
(

R(1)
00 − 1

2
η00R(1)

)
(A.16)

=
1

16πG

∫
|⃗x|≤R

d3x⃗ ∂i
(
∂jhij − ∂ihjj

)
(A.17)

=
1

16πG

∫
|⃗x|=R

d2x ni
(
∂jhij − ∂ihjj

)
. (A.18)

In this thesis, we focus on linearised gravity1 and therefore ignore the energy-momentum
tensor associated with the gravitons. With the knowledge that the energy-momentum
tensor of a free Klein-Gordon scalar field is

Tµν = ∂µϕ∂νϕ − 1
2

gµν

(
gρσ∂ρϕ∂σϕ + m2ϕ2

)
, (A.19)

1It is an interesting exercise to extend our results to the non-linear gravitational theory, which we
expect to be straightforward at quadratic order.
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we see that ∫
|⃗x|≤R

d3x⃗ T00 =
1
2

∫
|⃗x|≤R

d3x⃗
(

ϕ̇2 + (∇ϕ)2 + m2ϕ2
)

=
∫
|⃗x|≤R

d3x⃗ H (t, x⃗)

=
1

16πG

∫
|⃗x|=R

d2x ni
(
∂jhij − ∂ihjj

)
. (A.20)

Therefore, we see that the finite-radius Hamiltonian is indeed a boundary term in
terms of metric fluctuations in linearised quantum gravity. Of course, we may include
corrections to this by including non-linear terms in the metric fluctuations.

A.3 Inversion for a correlator from its moments

In this appendix, we describe what information we may infer about the functions
fp
({

x⃗p
})

given measurements of the kind discussed in eq. (2.22) and eq. (2.23).

A.3.1 Inversion for bulk correlators

We begin with the result for the generic bulk correlator of interest (2.22):

⟨ψ|π (⃗y) ϕm ({y⃗m}) |ψ⟩ − ⟨0|π (⃗y) ϕm ({y⃗m}) |0⟩ =

= −iγ
∫ ∞

∑
i=1

(
i

∏
j=1

d3x⃗k

)
fi ({x⃗i})

i

∑
k=1

⟨0| : ϕi−1 ({x⃗i−1}) : ϕm ({y⃗m}) |0⟩
[
iδ3 (|⃗xk − y⃗|)

]
.

(A.21)

As we saw in section 2.3, the one-point function allows us to determine the function
f1 (x⃗1) defining a one-particle state. To illustrate how we may invert this integral equa-
tion for the function fi ({x⃗i}) in general, let us now specialise to the case of the two-
point function where m = 1:

O2 (⃗y1, y⃗2) := ⟨ψ|π (⃗y1) ϕ (⃗y2) |ψ⟩ − ⟨0|π (⃗y1) ϕ (⃗y2) |0⟩

=
mγ

4π2

∫
d3x⃗1

(
K1 (m |⃗y2 − x⃗1|)

|⃗y2 − x⃗1|

) [
f2 (x⃗1, y⃗1) + f2 (⃗y1, x⃗1)

]
=:

mγ

4π2

∫
d3x⃗1

(
K1 (m |⃗y2 − x⃗1|)

|⃗y2 − x⃗1|

)
f̃2 (⃗y1, x⃗1) . (A.22)

We first observe that the dependence on one of the arguments, y⃗1, is explicit in this
equation. Therefore, given a fixed y⃗2, we may simply make various measurements
everywhere inside the ball to determine the dependence of the function f̃2 on y⃗1.
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Moreover, in order for this correlator to be well-behaved, we assume that the func-
tion f2 (x⃗1, y⃗1) is such that the correlator does not blow up when x⃗1 approaches y⃗2. In
what follows, we will use the identities:

1
Γ (n + 1)

∫ ∞

0
ds sn e−s|⃗y2−x⃗1|m =

1

|⃗y2 − x⃗1|m(n+1)
(A.23)

Kn (z) = Γ
[

n +
1
2

]
(2z)n
√

π

∫ ∞

0
du

cos (u)

(u2 + z2)
n+ 1

2
, (A.24)

combining which we have

Kq (m |⃗y2 − x⃗1|)
|⃗y2 − x⃗1|l

= Γ
[

q +
1
2

]
(2m)q
√

π
|⃗y2 − x⃗1|q−l

∫ ∞

0
du

cos (u)(
u2 + m2 |⃗y2 − x⃗1|2

)q+ 1
2

=
(2m)q
√

π
|⃗y2 − x⃗1|q−l

×
∫ ∞

0
du cos (u)

∫ ∞

0
ds sq− 1

2 exp
[
−s
(

u2 + m2 |⃗y2 − x⃗1|2
)]

.

(A.25)

Therefore, we may write

O2 (⃗y1, y⃗2) =
m2γ

2π2
√

π

∫
d3x⃗

[ ∫ ∞

0
du cos (u)

×
∫ ∞

0
ds s

1
2 exp

[
−s
(

u2 + m2 |⃗y2 − x⃗|2
)] ]

f̃2 (⃗y1, x⃗)

=
m2γ

2π2
√

π
∑
ℓm

∫ ∞

0
|⃗x|2 d |⃗x|

[ ∫ ∞

0
du cos (u)

∫ ∞

0
ds s

1
2 e−s(u2+m2 |⃗y2|2+m2 |⃗x|2)

∫
dΩ(2)

x⃗ e2sm2y⃗2 ·⃗x
]

f̃ ℓm
2 (⃗y1, |⃗x|)Ym

ℓ

(
Ω(2)

x⃗

)
=

2m2γ

π
√

π
∑
ℓm

∫ ∞

0
|⃗x|2 d |⃗x|

[ ∫ ∞

0
du cos (u)

∫ ∞

0
ds s

1
2 e−s(u2+m2 |⃗y2|2+m2 |⃗x|2)

(
2sm2 |⃗y2|

)ℓ
iℓ
(

2sm2 |⃗y2| |⃗x|
) ]

f̃ ℓm
2 (⃗y1, |⃗x|)Ym

ℓ

(
Ωy⃗2

)
,

(A.26)

where iℓ (x) is the spherical Bessel function that respects the identity

∫
dΩ(2)

x⃗ e2sm2y⃗2 ·⃗xYm
ℓ (Ω) = 4π

(
2sm2 |⃗y2|

)ℓ
Ym
ℓ

(
Ωy⃗2

)
iℓ
(

2sm2 |⃗y2| |⃗x|
)

. (A.27)
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The spherical Bessel I function can also be written in terms of reverse Bessel functions
as

iℓ (x) =
e−xθℓ (x)− exθℓ (−x)

2 (−x)ℓ+1 with θℓ (x) :=
ℓ

∑
n=0

xℓ−n

2nn!
(ℓ+ n)!
(ℓ− n)!

. (A.28)

This implies that

iℓ
(

2sm2 |⃗y2| |⃗x|
)

=
ℓ

∑
n=0

[
e−(2sm2 |⃗y2||⃗x|) − e(2sm2 |⃗y2||⃗x|) (−1)ℓ−n

(2sm2 |⃗y2| |⃗x|)n+1

]
(ℓ+ n)!

2n+1n! (−1)ℓ+1 (ℓ− n)!
.

(A.29)

Therefore, we have that∫ ∞

0
ds s

1
2 e−s(u2+m2 |⃗y2|2+m2 |⃗x|2)

(
2sm2 |⃗y2|

)ℓ
iℓ
(

2sm2 |⃗y2| |⃗x|
)

=

=
ℓ

∑
n=0

(
(−1)−n

(
u2 + m2 (|⃗x| − |⃗y2|)2

)−ℓ+n− 1
2 − (−1)−ℓ

(
u2 + m2 (|⃗x|+ |⃗y2|)2

)−ℓ+n− 1
2

22n+2−ℓm2n+2−2ℓ |⃗y2|−ℓ (|⃗x| |⃗y2|)n+1

× Γ
[
ℓ− n +

1
2

]
(ℓ+ n)!

n! (ℓ− n)!

)
with n <

1
2
+ ℓ . (A.30)

We may now easily carry out the u-integral in (A.26) to find:

∫ ∞

0
du cos (u)

∫ ∞

0
ds s

1
2 e−s(u2+m2 |⃗y2|2+|⃗x|2)

(
2sm2 |⃗y2|

)ℓ
iℓ
(

2sm2 |⃗y2| |⃗x|
)

=

=
ℓ

∑
n=0

√
πmℓ−n (ℓ+ n)!

2n+2m2n! (ℓ− n)!
|⃗y2|ℓ

|⃗x|n+1 |⃗y2|n+1

×
[
(−1)−n Kℓ−n (m ||⃗x| − |⃗y2||)

||⃗x| − |⃗y2||ℓ−n − (−1)−ℓ Kℓ−n (m |⃗x|+ |⃗y2|)
|⃗x|+ |⃗y2|ℓ−n

]
. (A.31)

By making many measurements at various angular positions of y⃗2, we may expand
them in spherical harmonics. Then, from the orthogonality of the spherical harmonics,
(A.26) implies

Oℓm
2 (⃗y1, |⃗y2|) =

γ

π

ℓ

∑
n=0

∫ ∞

0

|⃗x|2 d |⃗x| |⃗y2|ℓ

|⃗x|n+1 |⃗y2|n+1
mℓ−n (ℓ+ n)!

2n+1n! (ℓ− n)!
f̃ ℓm
2 (⃗y1, |⃗x|)

×
[
(−1)−n Kℓ−n (m ||⃗x| − |⃗y2||)

||⃗x| − |⃗y2||ℓ−n − (−1)−ℓ Kℓ−n (m |⃗x|+ |⃗y2|)
||⃗x|+ |⃗y2||ℓ−n

]
.

(A.32)
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This integral can now be split into a region where |⃗x| < |⃗y2| and another where |⃗x| >
|⃗y2|. In the former, we may expand the integrand in a power series in |⃗x|

|⃗y2| whereas in

the latter, the expansion may be done in |⃗y2|
|⃗x| . This expansion takes the following form:

Oℓm
2 (⃗y1, |⃗y2|) =

γ

π

ℓ

∑
n=0

∫ ∞

0

|⃗x|2 d |⃗x| |⃗y2|ℓ

|⃗x|n+1 |⃗y2|n+1
mℓ−n (ℓ+ n)!

2n+1n! (ℓ− n)!
f̃ ℓm
2 (⃗y1, |⃗x|)

×


∑∞

q=0 |⃗x|
q c(q)ℓn (|⃗y2|) when

|⃗x|
|⃗y2|

< 1

∑∞
q=0 |⃗y2|q c(q)ℓn (|⃗x|) when

|⃗x|
|⃗y2|

> 1 ,
(A.33)

where the kernels can be worked out systematically

c(0)ℓn (r) =
[
(−1)n − (−1)ℓ

] (1
r

)ℓ−n
Kℓ−n (mr)

c(1)ℓn (r) =
[
(−1)n + (−1)ℓ

]
m
(

1
r

)ℓ−n
Kℓ−n+1 (mr)

c(2)ℓn (r) =
1
2

[
(−1)ℓ − (−1)n

]
m
(

1
r

)ℓ−n+1 [
mrKℓ−n (mr) + (2ℓ− 2n + 1)Kℓ−n+1 (mr)

]
...

This expansion results in a system of linear equations for different points of measure-
ment |⃗y2| with coefficients being the various moments of the function f̃2 that we aim
to determine. At this stage, massive and massless cases need to be treated separately.

It is rather subtle to take the massless limit in (A.32) because in that case, the u-integral
results in divergent contributions in the ℓ = n sector. The cleanest way to address this
is to simply start with the massless kernel in (A.22). Then, we may perform the spher-
ical averaging of the exponential to obtain the spherical Bessel function iℓ. Thereafter,
we may separate out each partial wave independently to split it into internal and ex-
ternal moments. Alternatively, we may write the result of the spherical average in the
form of reverse Bessel polynomials as we did in the massive case. In the latter case,
however, the ℓ = n sector has to be treated separately before performing the s and u in-
tegrals. In that case, it turns out that the expansion in the region |⃗x| > |⃗y2| comes with
negative powers of |⃗x| instead of the combinations of Bessel functions as we found
above. Then, a simple redefinition as |⃗x| = 1

w turns them into positive moments in
terms of the new parameter w. Then we may split the integral into two parts from 0
to |⃗y2| and then from |⃗y2| to ∞. This way, solving the system of linear equations for
various measurements at various radial positions |⃗y2| allows us to determine the de-
pendence of the function everywhere in space, in terms of its internal (within the ball)
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and external (outside the ball) moments. Clearly, this procedure works for all func-
tions that have a well-defined inverse Laplace transform, which is what we demand
of the functions defining the states. The conclusion is then that we have knowledge of
the function f̃2 everywhere in space on one argument, whereas our knowledge of its
dependence on the other argument is limited to within the ball.

In the massive case, however, the situation is slightly more complicated. The internal
moments are identical, and we may determine the function inside the ball entirely
using the same method. However, the expansion outside the ball contains kernels
which are combinations of the modified Bessel functions, as can be seen in (A.33).
This makes it harder to determine exactly what information about the function f̃2 we
have access to outside the ball.

Basis of functions: To address this concern of external moments in the case of mas-
sive fields, we may approach the problem in an alternative fashion. We may pick an
appropriate basis of functions to expand f̃ ℓm

2 (⃗y1, |⃗x|) in. This gives us undetermined
coefficients that govern the linear combination of the basis functions that yield our
function of interest f̃ ℓm

2 (⃗y1, |⃗x|). Now, by making many different measurements for
each value of |⃗y2|, we may determine these coefficients by solving a system of linear
equations. Therefore, by measuring the correlator for all values of |⃗y2| in a small region
(which is still an infinite number of measurements), we may determine the function
exactly. A finite number of measurements yields the function within a certain error
that depends on various factors, such as the appropriateness of the choice of basis
functions, etc. This, of course, requires us to have knowledge of a good basis to begin
with that is practical and appropriate for the physical system at hand. Moreover, the
basis functions must be analytic everywhere in space to prevent the coefficients of the
basis expansion from being dependent on space. This implies that sufficiently precise
measurements inside the ball will give us all information about the function in both
arguments everywhere in space. However, this is an artefact of our prior knowledge
of a good basis and the approximation that the function defining the state f2 can be
expanded in a linear combination of analytic functions.2 This is a counter-intuitive re-
sult, as we expect that correlators inside the ball should have no access to unitary local
excitations far away from the ball. In a practical sense, this is still true in that given
some experimental precision, two states may very well differ dramatically far outside
the ball, provided that their difference within the ball falls within that experimental
precision that the low-energy observer has no access to.

On the other hand, this method of expanding into a basis of functions can be done

2Generically, the functions defining the state were not assumed to be analytic. However, this expan-
sion into a basis approximates the functions in a superposition of analytic basis elements.
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for both the massive and massless cases alike. Notwithstanding this, there is still an
important difference between the two cases in practice. Since the kernels in the mas-
sive case are modified Bessel functions outside the ball, they fall off exponentially. By
contrast, the massless case exhibits power-law fall-offs. This means that extracting the
coefficients corresponding to modes beyond a Compton wavelength (of the massive
field) away from the ball is increasingly harder. By contrast, the massless case has
long-range effects that are easier to detect.3

In the following sub-section, we will see that when there are multiple variables in the
function to be inverted for, there is a general multivariate moment expansion from
which we will be able to invert for the corresponding function fn where one of its
arguments is restricted to be inside the sphere of radius R.

A.3.2 Inversion for boundary correlators

In the main text, we found the boundary correlator that was relevant for the bulk one-
point function to be

O1 (⃗z) := ⟨ψ| HRπ (⃗z) |ψ⟩ − ⟨0|π (⃗z) |0⟩

=
−m2γ

4π2

∫
d3x⃗ f1 (x⃗)

K2 (m |⃗x − z⃗|)
|⃗x − z⃗|2

Θ (R − |⃗x|) . (A.34)

Now, using (A.25) and the following steps, we may write this as

O1 (⃗z) =
−m4γ

π2
√

π

∫
d3x⃗ f1 (x⃗)

∫ ∞

0
du cos (u)

∫ ∞

0
ds s

3
2 e−s(u2+|⃗y2−x⃗1|2)Θ (R − |⃗x|) .

(A.35)

The only difference between the s-integral in this expression and the corresponding
integral in (A.30) is an extra power of s in front of the exponential. Therefore, while
the resulting expression after carrying out the s and u integrals change, the conclusion
can explicitly be checked to be the same that we may invert the above correlator for
the function f1 (x⃗) using all its moments. As is evident, the explicit appearance of the
Θ-function restricts our knowledge of the one-particle exponent to within the sphere
of radius R.

3We are grateful to R. Loganayagam for discussions on this point and several other subtleties dis-
cussed in this appendix.
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Similarly, the boundary correlator that corresponds to the bulk two-point function is

O (⃗z, z⃗1) := ⟨ψ| HRπ (⃗z) ϕ (⃗z1) |ψ⟩ − ⟨0| HRπ (⃗z) ϕ ({⃗zm}) |0⟩

=
−m3γ

16π4

∫
d3x⃗1d3x⃗2 f̃2 (x⃗1, x⃗2)

[
K2 (m |⃗x2 − z⃗|)

|⃗x2 − z⃗|2
K1 (m |⃗x1 − z⃗1|)

|⃗x1 − z⃗1|
Θ (R − |⃗x1|)

]
.

(A.36)

This integral contains two fractions, both of which have appeared earlier in this ap-
pendix, resulting in a product of expressions of the kind (A.25). Therefore, we may
proceed as before to carry out the integrals arising from this product. Furthermore,
we may expand the left-hand side of the correlator in partial waves by moving around
both along the angular directions of z⃗ and z⃗1. Consequently, we will find internal and
external moments as in the bulk. Therefore, from this bi-variate moment expansion,
we may invert for the symmetrised function f̃2 (x⃗1, x⃗2) everywhere provided one of
the arguments (labelled x⃗1 in this case) is inside the sphere of radius R. The depen-
dence on the other argument is identical to the bulk correlator because the kernel is
identical. Therefore, without further inverting the functions, we already see that all
information that we have of the function f2 from the bulk correlators is also available
to the boundary correlator in a small radial band. Of course, we may proceed to invert
for the function either in its moments or alternatively, again, by expanding the func-
tion f̃2 in an appropriate basis to turn the problem into a system of linear equations.
This is precisely the same information as contained in the bulk two-point function in
(2.19).

All higher-point functions will similarly involve multi-variate moment expansions or
systems of linear equations arising from expanding them into a basis, from which we
will be able to invert for all information about the corresponding symmetrised support
function f̃n, where one of the arguments will be restricted to be inside the sphere of
radius R.
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Appendix B

Technical details for Chapter 3

In this section, we compile various computations related to Chapter 3.

• Section B.1 explains how to represent cosmological correlators as expectation val-
ues of gauge-invariant operators.

• A brief review of relational observables in the AdS/CFT context is given in Sec-
tion B.2.1. This is followed by an explicit construction of a heavy observer state
in de Sitter in Section B.2.2.

• Subtleties involved in the wavefunctional representation of gravitationally con-
strained states in the late-time limit of de Sitter are discussed in Section B.3.

B.1 Cosmological correlators as gauge-invariant expecta-

tion values

In this Appendix, we explain how to represent cosmological correlators as expectation
values of gauge-invariant operators. It is sufficient to study cosmological correlators
corresponding to simple monomials of the field operators since more general correla-
tors can be written as linear combinations of these. In the nongravitational limit, we
use the simple relation

⟨Ψ|χ(z1) . . . χ(zn)|Ψ⟩ = (Ψ, OΨ) , (B.1)

where
O =

1
vol(SO(d − 1))

∫
Uχ(z1) . . . χ(zn)U†dU, (B.2)
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where dU is the Haar measure on the set of unitary operators, U, that implement
conformal transformations in the QFT Hilbert space.

We recall that if g is an element of the conformal group, these operators act on fields
via

Uχ(x̃)U† = Λ(x̃, g)∆χ(x), (B.3)

where

x = gx̃; Λ(x̃, g) =
∣∣∣∣∂x
∂x̃

∣∣∣∣ 1
d

. (B.4)

Here, we use gx̃ to denote the action of the conformal transformation g on x̃. We
caution the reader that the notation is slightly different from [13].

Therefore, we can write

O =
1

vol(SO(d − 1))

∫
dg ∏

i
Λ(g, zi)

∆χ(gzi), (B.5)

where dg is the Haar measure on the conformal group. Inserting an identity in the
form

1 =
∫

∏
i

δ(xi − gzi)dxi. (B.6)

We see that we can write
O =

∫
G(x⃗, z⃗)∏

i
χ(xi)dxi, (B.7)

where
G(x⃗, z⃗) =

1
vol(SO(d − 1))

∫
∏ δ(xi − gzi)Λ(g, zi)

∆dg. (B.8)

While this provides an explicit expression for G in terms of an integral over the con-
formal group, it is difficult to perform this integral by brute force. The objective of
the calculations below is to identify the smearing function G in various cases. We
proceed in three steps. First, we identify the conformal transformation properties of
G under transformations of xi and zi. Next, we use this to constrain the form that G
can take. Finally, we provide explicit expressions for G in the case of 3-point and 4-
point cosmological correlators and explain how these calculations can be generalized
to higher-point correlators.

Transformation of the smearing function under conformal transformations. We
first show that under a conformal transformation of the points xi

G(γx⃗, z⃗) = Λ(γ, xi)
−∆G(x⃗, z⃗). (B.9)
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This is also necessary to ensure that the operator, as written in the form (B.7), is invari-
ant under conformal transformations so that the transformation of G compensates for
the transformation of the fields.

We see that
δ(γxi − gz) = δ(xi − γ−1gzi)Λ(γ, xi)

−d, (B.10)

and, in the presence of the delta functions,

Λ(g, zi) = Λ(γ, xi)Λ(γ−1g, zi). (B.11)

The required property (B.9) then follows by substituting the relations above into (B.8)
and using the invariance of the Haar measure under left multiplication.

Using a similar argument, one may also check that under a conformal transformation
of the points zi, we have

G(x⃗, γ⃗z) = Λ(γ, xi)
−∆G(x⃗, z⃗). (B.12)

General form of the smearing function. The delta functions in (B.8) imply that the
cross ratios of the xi must necessarily be the same as the cross ratios of the zi. This,
together with the transformation of G under independent conformal transformations
of xi and zi derived above, leads to the conclusion that one can write

G(x⃗, z⃗) = C1(xi)C2(zi)C(u⃗z)D(u⃗x, u⃗z). (B.13)

Here C1(xi) transforms as a conformal correlator of operators of dimension ∆, C2(zi)

transforms as a conformal correlator of operators of dimension ∆, and C is an arbitrary
function of the cross ratios made of the zi. We denote the list of cross ratios by u⃗z.
Finally, D is a product of delta functions that sets u⃗z to the cross ratios made out of the
xi, which we denote by u⃗x. D only appears when n > 3.

Provided that the number of points satisfies, 3 < n ≤ d + 2, we can simply set

D = ∏
α

δ(uz
α − ux

α), (B.14)

where the product runs over all cross ratios indexed by α. However, when n > d + 2,
some of the cross ratios are redundant, in which case only a smaller number of delta
functions can be imposed explicitly.

The form (B.13) has some redundancy since C can be absorbed into C2. We have writ-
ten it as above so that C1 and C2 can be chosen as per convenience, and the task then
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reduces to finding C.

Before we explain how to fix G explicitly, we note that the relation (B.2) defines a
many-to-one map between gauge-fixed operators and gauge-invariant operators, i.e.,
multiple distinct monomials on the right-hand side of (B.2) might get mapped to the
same gauge-invariant operator. For instance, if one acts on a monomial with any uni-
tary from the conformal group that transforms the fields according to (B.3), one obtains
a distinct monomial. However, the image of this new monomial under the map (B.2)
is the same as that of the previous monomial.

Next, the following formula, derived in [13], is helpful. Let us use the notation x⃗′

to denote the list of x positions with the first three fixed x1 = z1, x2 = z2, x3 = z3:
x⃗′ ≡ (x1 = z1, x2 = z2, x3 = z3, x4 . . . xn). Then

1
f

∫
dUdx⃗′UG(x⃗′, z⃗)∏

i
χ(x′i)U

† =
∫

dx⃗G(x⃗, z⃗)∏
i

χ(xi), (B.15)

with
f = vol(SO(d-1))(|x′12||x′23||x′13|)−d. (B.16)

The task at hand is to deduce a smearing function G consistent with (B.13) so that the
left-hand side reduces either to the desired monomial or one of its images under the
action of a unitary. This is most conveniently done by choosing an appropriate ansatz
for G and fixing parameters in the ansatz. We now do this explicitly for the case of
3-point and 4-point cosmological correlators and indicate the generalization to higher
points.

B.1.1 3-point cosmological correlator

For the case of the 3-point cosmological correlator, we see that (B.13) forces a specific
form on G

G(x⃗, z⃗) =
1

|x12|∆|x13|∆|x23|∆|z12|∆|z13|∆|z23|∆
, (B.17)

and the overall constant is fixed using (B.15). This case is simple because there are no
cross ratios, and so C and D cannot appear at all.

B.1.2 4-point cosmological correlator

For the case of the 4-point correlator, we make an ansatz of the form

G(x⃗, z⃗) =
1

∏i<j |xij|
2∆
3 |zij|

2∆
3

δ(ux − uz)δ(vx − vz)h(uz, vz), (B.18)
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where h is a smooth function of

uz =
|z41||z23|
|z43||z12|

; vz =
|z42||z13|
|z43||z12|

. (B.19)

h can be fixed using (B.15) by demanding that the smearing function reduce the re-
stricted integral over x4 to the product χ(z1) . . . χ(z4) or one of its conformal images.
Moreover, since h depends only on the cross ratios, we can fix it in the special case
where z1 = 0, z2 = 1, z3 = ∞. In this setting uz = |z4| and vz = |1 − z4|.

For this choice with x1, x2, x3 set to z1, z2, z3 the prefactors above (including the contri-
bution of f ) become

(|z12||z23||z13|)d 1

∏i<j |xij|
2∆
3 |zij|

2∆
3

=
1

u
2d
3

z

1

v
2d
3

z

. (B.20)

We find that h must be

h =
u

2d
3

z v
2d
3

z∫
dx4δ(|x4| − uz)δ(|1 − x4| − vz)

=
2d−3u

2d
3

z v
2d
3

z

uzvzΩd−2 [(uz + vz + 1) (uz + vz − 1) (−uz + vz + 1) (uz − vz + 1)]
d−3

2
.

(B.21)

Substituting this value of h into (B.18) yields the correct smearing function for the four-
point cosmological correlator. This answer holds for arbitrary values of zi and not just
for the special values that we chose above to fix h.

B.1.3 Higher-point cosmological correlators

In principle, the procedure outlined above works for an arbitrary-point correlation
function. However, when the number of points is high enough, some of the cross
ratios become redundant. In this case, the delta functions that appear in the smearing
function must be restricted to the independent cross ratios.

We naively obtain n(n−3)
2 cross ratios from n points. But for large n, this is an over-

estimate, and not all cross ratios are independent. Each point has d coordinates and
therefore n points have nd degrees of freedom. Of these, conformal transformations
can at most remove dim(SO(d + 1, 1)) = (d+1)(d+2)

2 degrees of freedom. Therefore,
for large n the number of independent cross ratios is given by nd − dim(SO(d + 1, 1)).
The two formulas cross over at n = d + 2 and, in general, the number of independent
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cross ratios is given by [130]

Nind =


n(n−3)

2 n ≤ d + 2

nd − (d+1)(d+2)
2 n > d + 2

. (B.22)

In general, one must choose an ansatz with delta functions that set Nind cross ratios of
x equal to those of z. The precise smearing function can then be obtained, as above,
after computing the volume of the compact space left undetermined by these delta
functions.

B.2 More details on relational observables

B.2.1 Review of relational observables in AdS/CFT

In this Appendix, we provide a lightning review of the construction of relational
observables in AdS/CFT. The construction we present below was first presented in
[25, 26] to obtain operators in the interior of the eternal black-hole that had a specified
commutator with the boundary Hamiltonian. It is closely related to the construction
of “mirror operators” in the single-sided black hole [31, 32]. The same construction
was recently applied to non-black hole states in [27, 28] to obtain operators that com-
mute with the boundary Hamiltonian. The construction was slightly refined in [29]
where it was shown that the relational observables obtained via this method take on
the form of a crossed product that has been studied recently in [30,131]. The appeal of
this approach is that one does not need to introduce an “observer”, and the properties
of the background states naturally give rise to an autonomous notion of time. Second,
this approach shows that relational observables confined to a compact region are only
approximate; their existence does not contradict the principle of holography of infor-
mation, and from a fine-grained perspective, observables in a bounded region are also
accessible in its complement.

Let |ψ⟩ be a state in the bulk theory, with energy that is parametrically larger than the
AdS scale

E = ⟨ψ|H|ψ⟩ ≫ 1, (B.23)

where the AdS scale is set to unity. In addition, we require the spread of energies in the
state to be large

δE =
√
⟨ψ|H2|ψ⟩ − ⟨ψ|H|ψ⟩2 ≫ 1, (B.24)

while δE
E ≪ 1.
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In a typical state with these properties, it is possible to “dress” operators so that they
approximately commute with the ADM Hamiltonian. Let Alight be the set of simple
bulk operators that we are interested in. For instance, this set might correspond to
products of bulk field operators in some region

Alight = span{ϕ(x1), ϕ(x1)ϕ(x2), . . . ϕ(x1)ϕ(x2) . . . ϕ(xn)}. (B.25)

Two points must be kept in mind.

1. The Hamiltonian itself is not included in Alight. The distinction between ordinary
operators and the Hamiltonian is clear at lowest order in perturbation theory, but
subtle beyond lowest order since the OPE of ordinary operators can generate the
Hamiltonian.

2. This set is not quite an algebra since the order of the highest monomial that
appears in (B.25) must be cut off to prevent the construction from breaking down.
We refer the reader to [25, 26, 29, 32] for more discussion of the cutoff.

We may now consider a family of “little Hilbert spaces” [32] produced by first time-
translating |ψ⟩ and then acting with elements of Alight on |ψ⟩

Ht = Alighte−iHt|ψ⟩. (B.26)

Under reasonable conditions (see [29] for a more detailed discussion) it may be shown
that Ht is dense in the space

H′
t = e−iHtAlight|ψ⟩. (B.27)

This is a limited version of the Reeh-Schlieder property, and we will use this property
below.

For a typical heavy state, we expect that correlators of simple operators are time trans-
lationally invariant.

⟨ψ|eiHtae−iHt|ψ⟩ = ⟨ψ|a|ψ⟩. (B.28)

For a typical state, |ψ⟩, one may also show that these little Hilbert spaces are orthogo-
nal to each other if the difference in time-parameters is larger than 1

δE .1

|⟨ψ|ae−iHt|ψ⟩| ≪ 1, ∀ a ∈ Alight, if |t| ≫ 1
δE

. (B.29)

1As discussed in [29], this assumes that functions of H are not elements of Alight. For instance

⟨ψ| e−iHt

H |ψ⟩ = ⟨ψ|1 − i
∫ t

0 e−iHsds|ψ⟩ ̸= 0. Therefore, at higher orders in perturbation theory, where H
can be generated through OPEs of other operators, the construction needs to be refined.
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Now, let δT be a time interval with the property that

1 ≫ δT ≫ 1
δE

. (B.30)

We now define a smeared Hilbert space

Hsm
t = span{|v⟩ : |v⟩ ∈ Hs for s ∈ (t − δT

2
, t +

δT
2
)}, (B.31)

and we define Pt to be the projector onto Hsm
t . Alternately, we can think of Pt as the

smallest projector that contains projectors onto all the spaces Hs for s ∈ (t− δT
2 , t+ δT

2 ).

The smearing above is physically motivated and was first introduced in [29]. It causes
the relational operators to be defined below to be spread out over a time interval of
size δT. Such a spread is to be expected since an observer with energy spread δE
can only measure time intervals larger than 1

δE . This smearing was not utilized in
the original construction of [25, 26], where projectors onto a specific Ht were used
instead; this oversight was carried over to [27,28]. However, projectors onto a specific
Ht are “too sharp” and, as we will see below, they cause difficulty when one studies
the action of relational operators on the Hilbert space or higher-point functions of
relational operators.

The original elements of Alight, in general, do not commute with H. However, one can
dress them to obtain operators that do commute with H to high precision.

â =
1

δT

∫ Tcut

−Tcut

eiHtaP0e−iHtdt. (B.32)

We refer the reader to [26] for extensive discussion of the cutoff Tcut and its relation to
state dependence.

However, within low-point correlators about the state |ψ⟩ and nearby time-translated
states the precise value of Tcut is unimportant since the state e−iHt|ψ⟩ is orthogonal to
Hsm

0 . For any b, c ∈ Alight,

⟨ψ|c ∂â
∂Tcut

b|ψ⟩ ≈ 0. (B.33)

Hence, for the purpose of the current discussion, we can simply assume that Tcut is
effectively infinite.

Up to the approximations enumerated explicitly above, these operators commute with
the Hamiltonian to excellent accuracy

eiHs âe−iHs = â, (B.34)
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since the only effect of the time translation is to change the limit of the integral over t
in (B.32), which, as explained above, is irrelevant in low-point correlators.

The action of these operators on any element of the original little Hilbert space is given
by

âb|ψ⟩ = 1
δT

∫ δT
2

− δT
2

eiHtae−iHtdtb|ψ⟩+ O
(

1
δEδT

)
≈ āb|ψ⟩, (B.35)

where ā is a smeared version of the original operator obtained by time averaging it
over an interval of size δT.

ā ≡ 1
δT

∫ δT
2

− δT
2

eiHtae−iHtdt. (B.36)

The error term above arises because we recall that projectors onto different little Hilbert
spaces are not exactly orthogonal. So the P0 projector also picks up contributions from
the t integral in the range |t| ∈ ( δT

2 , δT
2 + 1

δE ). However, in the regime where δT ≫ 1
δE ,

this error is negligible. Conversely, if one chooses δT to be too small, it leads to large
errors above and the action of the hatted operators is no longer close to the action of
the original operators.2

Note that āb|ψ⟩ is also an element of H0 by the Reeh-Schlieder property alluded to
above. A short calculation then shows that the correlators of the hatted operators in
the original state reduce to correlators of averaged operators

⟨ψ|â1 . . . ân|ψ⟩ = ⟨ψ|ā1 . . . ān|ψ⟩. (B.37)

To the extent that δT is small compared to other time intervals in the problem, the
distinction between ā and a is physically irrelevant. Therefore, in this regime, the hat-
ted operators approximately commute with the Hamiltonian and act approximately
like the original operators within low-point correlators. They may be thought of as
relational operators that are measured by an “observer” with an autonomous clock
derived from the properties of the state |ψ⟩ that is distinct from the clock on the bound-
ary.

2As noted, the construction (B.32) is a slight variant of the mirror-operator construction. Mirror op-
erators are usually constructed [31,32] by specifying their action on a state through relations of the form
(B.35). The projector construction was presented in [26] as an alternative to a parallel construction that
defined the mirror operators in the eternal black hole in terms of their action on states; this parallel
construction is also described in [28]. But unless one smears the projectors appropriately, the two con-
structions are not equivalent. Even without smearing, the one-point function of the operators works
out correctly as shown in section 7.6 of [26]; however, the action on the Hilbert space is not accurate
and this affects higher-point functions as was also recently noted in [132]. However, [132] propose a
fine-tuned modification of the projector, whereas we feel that the smearing, as earlier described in [29],
provides a more physical solution to the issue.
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B.2.2 Observer states

In this appendix, we provide an explicit example of a free-field state that satisfies the
conditions required of a background QFT state in Section 3.5.

Let ϕ(x) be the late-time limit of a principal-series field. We use this notation to indi-
cate that the background state might comprise a field that is distinct from the observ-
able field, χ(x) although the construction below allows ϕ = χ.

Now consider,

|Ψback⟩ =
∫ ( S

∏
i=1

dxi fi(xi)

)
: ϕ(x1) . . . ϕ(xS) : |0⟩, (B.38)

where the functions f1(x1) . . . fS(xS) are some L2 normalizable smearing functions that
have compact support in the region R′ and the product of fields is normal ordered. We
will consider the limit where S ≫ 1, so that the state contains a “large number” of
particles.

We want these smearing functions to be “random”. The space of L2 normalizable func-
tions is infinite-dimensional, but we can regularize it to avoid functions that vary too
rapidly and then use the Haar measure on this space to select the smearing functions
fi. We then expect these smearing functions to be uncorrelated under the standard L2

inner product. For i ̸= j,

⟨ fi, f j⟩ =
∫

f ∗i (x) f j(x)dx = 0, (B.39)

to a good approximation. More precisely if we regularize the space of L2-normalizable
functions to have dimension D, and each smearing function fi to have unit norm, the
typical size of the inner product is expected to be 1√

D

The normalization constant N2 can then be chosen as

N−2
2 = ⟨Ψback|Ψback⟩ = ∏

i
cϕϕ̄⟨ fi, fi⟩, (B.40)

so the state is unit normalized. Here, the normalization of the propagator is the same
as (3.37)

Now consider an element of the dS group that maps point xi → x̃i. This acts on the
state as

U|Ψback⟩ = N2

∫ ( S

∏
i=1

dxi f̃ (xi)

)
: ϕ(x1) . . . ϕ(xS) : |0⟩, (B.41)
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where
f̃ (xi) = |∂x̃i

∂xi
| ∆̄

d f (x̃i). (B.42)

When U is close to the identity so that the points are moved by only a small amount,
we see that

⟨Ψback|U|Ψback⟩ = ∏
i

⟨ fi, f̃i⟩√
⟨ fi, fi⟩⟨ f̃i, f̃i⟩

≡ ∏
i
(1 − δi), (B.43)

where the numbers δi are defined by the relation above. Here, we have neglected over-
laps ⟨ fi, f̃ j⟩ that come from other Wick contractions since we do not expect a generic
conformal transformation to generate correlations between these random smearing
functions.

In the case where we have a large number of field insertions, we can approximate

∏
i
(1 − δi) ≈ e−Sδ ≪ 1, (B.44)

where δ is the “mean value” of the δi. So if the transformation U moves points by
an amount that is larger than the typical scale of variation of the fi, we expect that
δ = O (1) and the inner product then drops off rapidly if S is large.

We see that this state satisfies both the necessary conditions outlined in the main text.
Since the insertions of ϕ are localized in a region that is well separated from the region
R, we see that

⟨Ψback|a|Ψback⟩ = ⟨a⟩. (B.45)

Second,
⟨Ψback|Ua|Ψback⟩ ≪ 1 (B.46)

for U outside of a small neighbourhood of the identity.

While an explicit construction is difficult to present in the interacting theory, we expect
that a state that satisfies the properties above will continue to exist in the interacting
theory. First, (B.45) is expected to hold on the basis of cluster decomposition if the
excitation and the observables are located on very different parts of the late-time slice.
Second, we used the free-field two-point function to show (B.46). In the interacting
theory, the norm does not factorize into a product of two-point functions. While per-
turbative corrections can remove some of the factors of (1 − δi) in (B.43), this does not
alter (B.46) unless we go to Sth order in perturbation theory. But such a contribution is
highly suppressed in any case.
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B.3 Wavefunctions for the principal series

In this Appendix, we quickly review how principal-series matter fields in de Sitter can
be treated in a wavefunction formalism. This issue was clarified in [133]. Principal-
series wavefunctions in de Sitter space are essentially coherent-state wavefunctions.
Before we proceed to the de Sitter case, we remind the reader of such wavefunctions in
ordinary quantum mechanics; the discussion for de Sitter field theory will be parallel
to this.

B.3.1 Coherent state wavefunctions in quantum mechanics

Consider a single particle with a Hamiltonian

H1p =
p2

2
+

x2

2
. (B.47)

The vacuum is annihilated by the standard annihilation operator

A = (x + ip)/
√

2. (B.48)

To bring out the analogy with de Sitter space, we define new creation and annihilation
operators

a = αA + βA†; a† = β∗A + α∗A†, (B.49)

where α, β are complex numbers that satisfy |α|2 − |β|2 = 1. These operators do not
annihilate the usual vacuum. Instead we can define a different state |0̃⟩ that satisfies
a|0̃⟩ = 0 and is normalized so that ⟨0̃|0̃⟩ = 1.

We now define the state |z⟩ to satisfy

a|z⟩ = |z⟩, (B.50)

which fixes the state up to normalization to be

|z⟩ = eza† |0̃⟩. (B.51)

It is not difficult to check that these states obey the completeness relation∫
[d2z] |z⟩⟨z| = 1, (B.52)

where [d2z] ≡ e−|z|2 d2z
π . This identity is proved by expanding the states (B.51) in terms
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of normalized eigenstates of the number operator a†a|n⟩ = n|n⟩.

|z⟩ = ∑
n

zn
√

n!
|n⟩, (B.53)

and then noting that

∫ d2z
π ∑

n,m
e−|z|2znz̄m|n⟩⟨m| = ∑

n
|n⟩⟨n| = 1. (B.54)

Now, for any state, |Ψ⟩, we can define the wavefunction

Ψ(z) = ⟨z|Ψ⟩. (B.55)

This notation is slightly deceptive since Ψ(z) is, in general, not a holomorphic function
of z. We can compute expectation values of polynomials of z and z̄ by integrating
the polynomial against |Ψ(z)|2. In the operator formalism, such an integral yields
expectation values where the a† appears to the right of the a.∫

[d2z] |Ψ(z)|2znz̄m =
∫
[d2z] ⟨Ψ|an|z⟩⟨z|(a†)m|Ψ⟩ = ⟨Ψ|an(a†)m|Ψ⟩. (B.56)

Here, we first used the fact that |z⟩ is a right eigenvector of a and ⟨z| is a left eigenvector
of a†, followed by the use of the completeness relation.

The analysis so far was kinematic and independent of the Hamiltonian. Now, we turn
to the wavefunction of the true ground state

Ψ0(z) = ⟨z|0⟩. (B.57)

Since A = α∗a − βa†, and A|0⟩ = 0, one can write

|0⟩ = Ne
β

2α∗ (a†)2 |0̃⟩, (B.58)

where N is a normalization we will fix below. Since ⟨z| is a left eigenvector of a† we
find

⟨z|0⟩ = Ne
β

2α∗ z̄2
. (B.59)

The normalization can be fixed by demanding∫
|Ψ0(z)|2[d2z] = 1, (B.60)
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which fixes
N =

1

|α| 1
2

. (B.61)

The wavefunction for states obtained by acting with powers of a† on the true vacuum
is

⟨z|(a†)m|0⟩ = z̄mΨ0(z) =
1

|α| 1
2

z̄mez̄2 β
2α∗ . (B.62)

We see that these wavefunctions are all antiholomorphic. This set of antiholomorphic
wavefunctions already yields a complete basis of states.

There is nothing wrong with wavefunctions that depend on z rather than z̄. For in-
stance, the norm of the wavefunction zΨ0(z) is the same as the norm of z̄Ψ0(z). How-
ever, the states corresponding to these wavefunctions do not have a simple operator
representation in terms of the action of a or a† on |0⟩. Since we already have a complete
basis above, it is redundant to study such wavefunctions.

B.3.2 Wavefunctions for principal-series fields

In [13], the states were described as joint wavefunctions of metric and matter fluctua-
tions. As explained in the main text, strictly speaking, one must mod-square this joint
wavefunction and then integrate out the metric fluctuations in order to focus on the
matter fluctuations. In this Appendix, we provide a simplified treatment starting with
quantum-field theory in de Sitter space, where we simply neglect the metric fluctua-
tions from the start. We then group average these wavefunctions to obtain effective
wavefunctions that can be used to compute gravitational correlators in the GN → 0
limit.

The canonical commutation relation of the bulk field with its conjugate momentum
implies that the boundary values, χ(x) and χ(x), satisfy

[χ(x), χ(x′)] =
1

2µ
δ(x − x′), (B.63)

where ∆ = d
2 + iµ.

Precisely as in the quantum-mechanical example above, one can define coherent states
that satisfy

χ(x)|χ⟩ = χ(x)|χ⟩. (B.64)

Here we have abused notation since the left-hand side displays the operator χ(x) act-
ing on a state and the right-hand side displays an ordinary c-number function χ(x)
acting on the same state. We hope that the context will always make it clear when
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χ(x) is used as an operator and when it is used as an ordinary function. We normalize
these states, just as in the quantum-mechanical example, using

⟨χ|χ⟩ = e2µ
∫

dx|χ(x)|2 , (B.65)

so that they satisfy the completeness relation∫
[DχDχ]|χ⟩⟨χ| = 1, (B.66)

where
[DχDχ] ≡ DχDχe−2µ

∫
dx|χ(x)|2 , (B.67)

and DχDχ is the usual functional measure.

As is well known, the Euclidean vacuum itself is not annihilated by χ(x) [134]. In-
stead, the correct positive-frequency modes are those that are well behaved when one
continues global de Sitter time, τ, to the complex plane and studies the limit τ → −i π

2 ;
the negative-frequency modes are those that are well behaved in the limit τ → +i π

2 .
This is precisely the analogue of the quantum-mechanical problem studied above. The
wavefunction of the free Euclidean vacuum is given by [133]

Ψ0[χ] := ⟨χ|0⟩ = exp

{
µβ∗

α∗C

∫
dx1dx2

χ(x1)χ(x2)

|x1 − x2|2∆

}
. (B.68)

β

α
=

22iµµΓ(iµ)2

π (1 + coth(πµ))
, C =

2d−2∆πd/2Γ(d/2 − ∆)
Γ(∆)

. (B.69)

This is consistent with the momentum space expression in (5.21) of [133], after we
recall the relation

|x|−2∆ = C
∫ dp

(2π)d e−ix·p|p|2∆−d, (B.70)

with C as above. The expression in [133] is valid for all times and also includes an
additional term in the exponent that is proportional to (−η)iµ where η is the Poincare
time. Here, it is removed by the choice of normalization (B.65) and (B.66) and by
discarding a phase that is not relevant for our computations.

In the presence of interactions, the Euclidean vacuum is no longer expected to be Gaus-
sian in the fields, and instead, we have

Ψ0[χ] = exp

{
∞

∑
n=2

∫
dx1 . . . dxn Gn(x1, . . . , xn)χ(x1) . . . χ(xn)

}
, (B.71)

where Gn satisfy the Ward identities of connected conformal correlators of operators
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with dimension ∆. Excited dS-invariant states take on the form

Ψ[χ] =
∫

dx1 . . . dxm δGmχ(x1) . . . χ(xm)Ψ0[χ], (B.72)

where δGm is the difference of two possible Gm. In ket notation, this is

|Ψ⟩ =
∫

dx1 . . . dxm δGm(x1, . . . , xm)χ(x1) . . . χ(xm) |0⟩ . (B.73)

As in the quantum-mechanical example studied above, the correspondence between
the operator notation and wavefunctions is simplest when we study excitations pro-
duced by χ that are represented by anti-holomorphic wavefunctions.

Moreover, using the same arguments as in the quantum-mechanical case, integrating
the squared wavefunction with a polynomial of χ and χ produces an expectation value
where insertions of χ are ordered to the right of insertions of χ.

⟨Ψ|χ(x1) . . . χ(xm)χ(y1) . . . χ(yn)|Ψ⟩ =
∫
[DχDχ] |Ψ[χ]|2χ(x1) . . . χ(xm)χ(y1) . . . χ(yn).

(B.74)

If Ψ[χ] has non-Gaussian terms in the exponent apart from excitations, these can sim-
ply be perturbatively expanded within the functional integral in the usual manner,
reducing the entire expression to a sum of Gaussian expectation values.

The contact term in (3.37) can be understood as coming from the measure [DχDχ].
This naturally yields the propagator with χ on the right, which is all we need in this
thesis. If needed, the propagator with the other ordering can be obtained by adding
the commutator (B.63).
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Appendix C

Technical details for Chapter 4

In this section, we compile various computations related to Chapter 4. In particular,
calculations related to collective theory are given in Section C.1, and tachyon theory
calculations in Section C.2.

C.1 Computations in collective theory

Section C.1.1 explains how to obtain a field-theoretic expression for general quantum-
mechanical operators, using ∑N∗

i=1 p⃗i as an example. The next two sections (C.1.2, C.1.3)
discuss the collective theory Hamiltonian and its eigenstates for the non-relativistic
case, and in section C.1.4 we discuss that for the relativistic case. In C.1.5, we prove∫

dpy ϕ(⃗y) = N∗m from a field theory perspective. This is complementary to discus-
sions in the main text where we motivated this result by using ϕ(⃗y) = m ∑N∗

i=1 δ(⃗y− x⃗i).
Also, we use this identity to show that energy eigenstates having N∗ − s insertions
(Φ⃗k1 ,⃗k2,...,⃗kN∗−s

) are equivalent to an N∗-insertion state (Φ⃗k1 ,⃗k2,..,⃗kN∗
) with s of the mo-

menta put to zero. By similar methods, in C.1.6, we argue that the states Φ⃗k1 ,⃗k2,..,⃗kn
for

n > N∗ are all null states in collective theory at fixed N∗. Inner product computation
for the N∗ = 2 energy eigenstate is given in C.1.7.

C.1.1 Deriving field-theoretic expressions for QM operators

We will derive the collective theory Hamiltonian for the non-relativistic system of free
particles and discuss its eigenstates. However, we will start with finding the field-
theoretic equivalent of the operator ∑N∗

i=1 p⃗i. This is complementary to the derivation
given in (4.20) and also provides a justification for the same.
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Consider the matrix element
(

ψ1,
(

∑N∗
i=1 p⃗i

)
ψ2

)
in QM.

(
ψ1,

(
N∗

∑
i=1

p⃗i

)
ψ2

)
=

((
N∗

∑
i=1

p⃗i

)
ψ1, ψ2

)

=
∫ ( N∗

∏
i=1

dpxi

)(
ih̄

N∗

∑
i=1

∇⃗xi ψ
∗
1(x⃗1, x⃗2, .., x⃗N∗)

)
ψ2(x⃗1, x⃗2, .., x⃗N∗)

=
∫ ( N∗

∏
i=1

dpxi

) ∫
Dϕ δ

[
ϕ(⃗y)− m

N∗

∑
i=1

δ(⃗y − x⃗i)

](
ih̄

N∗

∑
i=1

∇⃗xi ψ
∗
1(x⃗1, x⃗2, .., x⃗N∗)

)
Φ2[ϕ]

=
∫ ( N∗

∏
i=1

dpxi

) ∫
Dϕ

(
−ih̄

N∗

∑
i=1

∇⃗xi δ

[
ϕ(⃗y)− m

N∗

∑
i=1

δ(⃗y − x⃗i)

])
ψ∗

1(x⃗1, x⃗2, .., x⃗N∗)Φ2[ϕ]

(C.1)

In the 3rd equality we inserted the identity (4.16), and replaced ψ2 with Φ2. We cannot
replace ψ1 with Φ1 at this point because ψ1 is being differentiated with x⃗i

1. In the last
equality, we did an integration by parts in the x⃗i variable such that the derivative acts
on the delta functional. This can be further simplified as follows,

(
−ih̄

N∗

∑
i=1

∇⃗xi δ

[
ϕ(⃗y)− m

N∗

∑
i=1

δ(⃗y − x⃗i)

])
= −ih̄

N∗

∑
i=1

∇⃗xi

∫
Dλ ei

∫
dpy λ(⃗y)ϕ(⃗y)e−im ∑N∗

j=1 λ(x⃗j)

=
∫

Dλ ei
∫

dpy λ(⃗y)ϕ(⃗y)e−im ∑N∗
j=1 λ(x⃗j)

(
−mh̄

N∗

∑
i=1

∇⃗x⃗i
λ(x⃗i)

)

=
∫

Dλ ei
∫

dpy λ(⃗y)ϕ(⃗y)e−im ∑N∗
j=1 λ(x⃗j)

(
−h̄

∫
dpy∇⃗yλ(⃗y)

N∗

∑
i=1

mδ(⃗y − x⃗i)

)

= ih̄
∫

dpy
N∗

∑
i=1

m∇⃗xi δ(⃗y − x⃗i)
δ

δϕ(⃗y)

∫
Dλ ei

∫
dpy λ(⃗y)ϕ(⃗y)e−im ∑N∗

j=1 λ(x⃗j)

= ih̄
∫

dpy
N∗

∑
i=1

m∇⃗xi δ(⃗y − x⃗i)
δ

δϕ(⃗y)
δ

[
ϕ(⃗y)− m

N∗

∑
i=1

δ(⃗y − x⃗i)

]
(C.2)

Here, in the first equality, we used the integral representation of the delta functional.
To get the 4th equality, we did an integration by parts in the y⃗ variable. One can

1We tacitly chose the differential operator to act on ψ1 as this will give the field theory operator that
acts on Φ2.
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substitute this expression into (C.1) to get,(
ψ1,

(
N∗

∑
i=1

p⃗i

)
ψ2

)
=
∫ ( N∗

∏
i=1

dpxi

) ∫
Dϕ ψ∗

1(x⃗1, x⃗2, .., x⃗N∗)Φ2[ϕ](
ih̄
∫

dpy
N∗

∑
i=1

m∇⃗xi δ(⃗y − x⃗i)
δ

δϕ(⃗y)
δ

[
ϕ(⃗y)− m

N∗

∑
i=1

δ(⃗y − x⃗i)

])

=
∫ ( N∗

∏
i=1

dpxi

) ∫
Dϕ ψ∗

1(x⃗1, x⃗2, .., x⃗N∗)δ

[
ϕ(⃗y)− m

N∗

∑
i=1

δ(⃗y − x⃗i)

]
(
−ih̄

∫
dpy

N∗

∑
i=1

m∇⃗xi δ(⃗y − x⃗i)
δ

δϕ(⃗y)
Φ2[ϕ]

)

=
∫

Dϕ Φ∗
1 [ϕ]

(∫ ( N∗

∏
i=1

dpxi

)
δ

[
ϕ(⃗y)− m

N∗

∑
i=1

δ(⃗y − x⃗i)

])
(
−ih̄

∫
dpy

N∗

∑
i=1

mδ(⃗y − x⃗i)∇⃗y
δ

δϕ(⃗y)
Φ2[ϕ]

)
=
∫

Dϕ J[ϕ]Φ∗
1 [ϕ]

∫
dpy ϕ(⃗y)∇⃗yπ(⃗y) Φ2[ϕ]

(C.3)

In the second equality, we performed an integration by parts in the ϕ variable. The
final equation is obtained using the defining equations of the conjugate momenta and
the Jacobian. The final result implies that the operator

(
∑N∗

i=1 p⃗i

)
is equivalent to,

(
N∗

∑
i=1

p⃗i

)
⇒

∫
dpy ϕ(⃗y)∇⃗yπ(⃗y) (C.4)

This is precisely what we got in (4.20) by naive application of the chain rule. However,
a more precise derivation, like the one shown here, involves starting with the QM
matrix element and inserting (4.16). Since the final answer is the same, we will only
use the chain rule method to get to field-theoretic expressions for relevant operators.
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C.1.2 Collective theory Hamiltonian and eigenstates; non-relativistic

case

We will derive the expression for the non-relativistic Hamiltonian H = ∑N∗
i=1

p⃗ 2
i

2m in
terms of collective variables ϕ and π.

N∗

∑
i=1

p⃗ 2
i

2m
= − h̄2

2m

N∗

∑
i=1

∇⃗2
x⃗i

= − h̄2

2m

N∗

∑
i=1

∇⃗x⃗i
·
∫

dpy
(
∇⃗x⃗i

ϕ(⃗y)
) δ

δϕ(⃗y)

= − h̄2

2m

N∗

∑
i=1

(∫
dpy ∇⃗2

x⃗i
ϕ(⃗y)

δ

δϕ(⃗y)
+
∫

dpy1dpy2 ∇⃗x⃗i
ϕ(⃗y1) · ∇⃗x⃗i

ϕ(⃗y2)
δ2

δϕ(⃗y1)δϕ(⃗y2)

)
= − h̄2

2m

N∗

∑
i=1

( ∫
dpy ∇⃗2

x⃗i
mδ(⃗y − x⃗i))

δ

δϕ(⃗y)

+
∫

dpy1dpy2 ∇⃗x⃗i
mδ(⃗y1 − x⃗i)∇⃗x⃗i

· mδ(⃗y2 − x⃗i)
δ2

δϕ(⃗y1)δϕ(⃗y2)

)
= − h̄2

2m

N∗

∑
i=1

( ∫
dpy mδ(⃗y − x⃗i))∇⃗2

y⃗
δ

δϕ(⃗y)

+
∫

dpy1dpy2 mδ(⃗y1 − y⃗2)mδ(⃗y2 − x⃗i)∇⃗y⃗1

δ

δϕ(⃗y1)
· ∇⃗y⃗2

δ

δϕ(⃗y2)

)
= − h̄2

2m

(∫
dpy ϕ(⃗y)∇⃗2

y⃗
δ

δϕ(⃗y)
+ m

∫
dpy ϕ(⃗y)

(
∇⃗y⃗

δ

δϕ(⃗y)

)2
)

=
1
2

∫
dpy ϕ(⃗y)

(
∇⃗π(⃗y)

)2
− ih̄

2m

∫
dpy ϕ(⃗y)∇⃗2π(⃗y)

(C.5)

Here we have used the chain rule in the 2nd and 3rd equalities, i.e., ∇⃗x⃗i
=
∫

dy∇⃗x⃗i
ϕ(y) δ

δϕ(⃗y) .

This tacitly assumes that the Jacobian enforces ϕ(⃗y) = m ∑N∗
i=1 δ(⃗y − x⃗i). Thus, ∇⃗x⃗i

ϕ(y)
is a proxy for ∇⃗x⃗i ∑N∗

j=1 mδ(⃗y − x⃗j). This is made explicit in the 4th equality. Integration
by parts is used in the 5th equality, such that derivatives are made to act on δ

δϕ . Then,
we again used the definition of ϕ and π to get to the final expression.

Next, we will show that the state Φ⃗k1 ,⃗k2
is an eigenstate of this Hamiltonian. We put

h̄ = 1 from now on. One can compute relevant terms one by one.

∇⃗2
y

δ

δϕ(⃗y)
Φ⃗k1 ,⃗k2

=
1

m2

∫
dpy1dpy2 ei⃗k1 ·⃗x1+i⃗k2 ·⃗x2

(
ϕ(⃗y2)∇⃗2

yδ(⃗y − y⃗1) + ϕ(⃗y1)∇⃗2
yδ(⃗y − y⃗2)

)
− 1

m

∫
dpy′ei(⃗k1+⃗k2)·⃗y ′∇⃗2

yδ(⃗y − y⃗ ′)

=
1

m2

∫
dpy′ ϕ(⃗y ′)

(
−⃗k2

1ei⃗k1 ·⃗y+i⃗k2 ·⃗y ′
+ k⃗1 ↔ k⃗2

)
+

(⃗
k1 + k⃗2

)2

m
ei(⃗k1+⃗k2)·⃗y

(C.6)
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Using this, we get the action of the 2nd term in the Hamiltonian as,

− 1
2m

∫
dpy ϕ(⃗y)∇⃗2

y

δΦ⃗k1 ,⃗k2

δϕ(⃗y)
=

k⃗2
1 + k⃗2

2
2m

∫ dpy1dpy2

m2 ϕ(⃗y1)ϕ(⃗y2)ei⃗k1 ·⃗y1+i⃗k2 ·⃗y2

+
(⃗k1 + k⃗2)

2

2m

(
−1
m

) ∫
dpyei(⃗k1+⃗k2)·⃗yϕ(⃗y)

(C.7)

To compute the first term in the Hamiltonian, we first have to compute
∇⃗y

δ
δϕ(⃗y) · ∇⃗y

δ
δϕ(⃗y) Φ⃗k1 ,⃗k2

. This is given below,

(
∇⃗y

δ

δϕ(⃗y)

)2

Φ⃗k1 ,⃗k2

= ∇⃗y
δ

δϕ(⃗y)
· 1

m2

∫
dpy1dpy2ei⃗k1 ·⃗y1+i⃗k2 ·⃗y2

(
ϕ(⃗y2)∇⃗yδ(⃗y − y⃗1) + ϕ(⃗y1)∇⃗yδ(⃗y − y⃗2)

)
− ∇⃗y

δ

δϕ(⃗y)
· 1

m

∫
dpy′ei(⃗k1+⃗k2)·⃗y ′∇⃗yδ(⃗y − y⃗ ′)

=
2

m2

∫
dpy1dpy2ei⃗k1 ·⃗y1+i⃗k2 ·⃗y2

(
∇⃗yδ(⃗y1 − y⃗) · ∇⃗yδ(⃗y2 − y⃗)

)
=

1
m2

(
−2⃗k1 · k⃗2

)
ei(⃗k1+⃗k2)·⃗y

(C.8)

So, the first term in the Hamiltonian becomes,

−1
2

∫
dpyϕ(⃗y)

(
∇⃗y

δ

δϕ(⃗y)

)2

Φ⃗k1 ,⃗k2
=

k⃗1 · k⃗2

m2

∫
dpy ϕ(⃗y)ei(⃗k1+⃗k2)·⃗yϕ(⃗y) (C.9)

Adding this to (C.7) we get the result that Φ⃗k1 ,⃗k2
is indeed an eigenstate of the Hamil-

tonian,

HΦ⃗k1 ,⃗k2
=

k⃗2
1 + k⃗2

2
2m

(
1

m2

∫
dpy1dpy2ei⃗k1 ·⃗y1+⃗k2 ·⃗y2ϕ(⃗y1)ϕ(⃗y2)−

1
m

∫
dpyei(⃗k1+⃗k2)·⃗yϕ(⃗y)

)
=

k⃗2
1 + k⃗2

2
2m

Φ⃗k1 ,⃗k2
(C.10)

C.1.3 Directly solving for eigenfunctionals of the Hamiltonian

In collective theory, we used the map (4.14) to obtain the energy eigenfunctionals in
the collective theory, knowing their counterpart in quantum mechanics. Alternatively,
one could directly try solving the time-independent Schrodinger equation for the col-
lective theory Hamiltonian. This is analogous to what we do in usual Klein-Gordon
theory when working in the Schrodinger picture [135]. In this section, we will explic-
itly do this for the non-relativistic Hamiltonian (4.21). Generalising this to the rela-
tivistic Hamiltonian is straightforward in principle, but technically tedious.
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The non-relativistic collective Hamiltonian in h̄ = 1 units is,

H = −1
2

∫
dpy ϕ(⃗y)

(
∇⃗ δ

δϕ(⃗y)

)2

− 1
2m

∫
dpy ϕ(⃗y)∇⃗2 δ

δϕ(⃗y)
(C.11)

If ΦE is an energy eigenstate of energy E, the time-independent Schrodinger equation
is given by,

HΦ[ϕ] = EΦ[ϕ] (C.12)

Inspired by the Gaussian ground state wavefunctional in Klein-Gordon theory, we can
also consider a Gaussian ansatz to begin with.

Φ[ϕ] = exp
{
−
∫

dpy1dpy2 G2(⃗y1, y⃗2)ϕ(⃗y1)ϕ(⃗y2)

}
(C.13)

The time-independent Schrodinger equation will reduce to the following equation for
G2,∫

dpy1dpy2dpy3g3(⃗y1, y⃗2, y⃗3)ϕ(⃗y1)ϕ(⃗y2)ϕ(⃗y3) +
∫

dpy1dpy2g2(⃗y1, y⃗2)ϕ(⃗y1)ϕ(⃗y2)

+
∫

dpyg1(⃗y)ϕ(⃗y) = E

where g1(⃗y) = ∇⃗y⃗1
· ∇⃗y⃗2 G2(⃗y1, y⃗2)

∣∣∣∣
y⃗1 ,⃗y2=y⃗

, g2(⃗y1, y⃗2) = ∇⃗2
y⃗1

G̃(⃗y1, y⃗2)

and g3(⃗y1, y⃗2, y⃗3) = ∇⃗y⃗1
G̃2(⃗y1, y⃗2) · ∇⃗y⃗1

G̃2(⃗y1, y⃗3) with G̃2(⃗y1, y⃗2) = G2(⃗y1, y⃗2) + G2(⃗y2, y⃗1)

(C.14)

One can compare the number of ϕs on both sides of the equation to conclude that only
a trivial solution exists, G(⃗y1, y⃗2) = s ∈ R. So, the ground state having E = 0 seems
to be infinitely degenerate, parametrised by a real number s. However, all of these are
the same state Φ = 1. Notice that the Jacobian JN∗ enforces ϕ(⃗y) = m ∑N∗

i=1 δ(⃗y − x⃗i),
which implies

∫
dpy ϕ(y) = N∗m (See C.1.5). Using this, we get,

Φ[ϕ] = es
∫

dpy1dpy2 ϕ(⃗y1)ϕ(⃗y2) = esN2
∗m2

(C.15)

As the RHS is a number, we can identify this with the Φ = 1 state. This is also an
instance where the many-to-one map from Collective theory to Quantum Mechanics
is evident.

Having obtained the ground state as Φ = 1, we can consider excitations on top of this
state. We propose the following ansatz for an energy eigenstate with non-zero energy.

Φ f =
∫

dpy f (y)ϕ(y) (C.16)
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The time-independent Schrodinger equation reduces to,

∫
dpy ϕ(⃗y)

(
−∇⃗2

2m

)
f (y) = E

∫
dpy ϕ(⃗y) f (⃗y) (C.17)

This gives the usual plane wave solutions for f ,(
∇⃗2 + 2mE

)
f (⃗y) = 0

⇒ f (⃗y) = ei⃗k·⃗y; E =
k⃗2

2m

(C.18)

These are exactly the states Φ⃗k, obtained in the main text. Note that HΦ⃗k = k⃗2

2m Φ⃗k,
and each of these states is to be interpreted as an N∗-particle state with one of them
moving with momentum k⃗ and the remaining at rest. However, if k⃗ = 0, then owing
to the Jacobian, Φ⃗k=0 =

∫
dpyϕ(⃗y) = N∗m, such that it should be identified with the

ground state.

Next, we will consider a general 2-insertion state.

Φ[ϕ] =
∫

dpy1dpy2 f2(⃗y1, y⃗2)ϕ(⃗y1, y⃗2) +
∫

dpy f1(⃗y)ϕ(⃗y) (C.19)

Acting with the Hamiltonian, we get,

HΦ[ϕ] =
∫

dpy1dpy2 g2(⃗y1, y⃗2)ϕ(⃗y1)ϕ(⃗y2) +
∫

dpy g1(⃗y)ϕ(⃗y)

g2(⃗y1, y⃗2) = − 1
2m

(
∇⃗2

y⃗1
+ ∇⃗2

y⃗2

)
, g1(⃗y) = − 1

2m
∇⃗2

y⃗ f1(⃗y)− ∇⃗y⃗1
· ∇⃗y⃗2 f2(⃗y1, y⃗2)

∣∣∣∣
y⃗1 ,⃗y2=y⃗

(C.20)

Using the Schrodinger equation HΦ = EΦ we get the following conditions for f1 and
f2,

(i) − 1
2m

(
∇⃗2

y⃗1
+ ∇⃗2

y⃗2

)
f2(⃗y1, y⃗2) = E f2(⃗y1, y⃗2)

(ii) − 1
2m

∇⃗2
y⃗ f1(⃗y)− ∇⃗y⃗1

· ∇⃗y⃗2 f2(⃗y1, y⃗2)

∣∣∣∣
y⃗1 ,⃗y2=y⃗

= E f1(⃗y)
(C.21)

(i) has a unique solution in terms of plane waves.

f2(⃗y1, y⃗2) = ei⃗k1 ·⃗y1ei⃗k2 ·⃗y2 ; E =
k⃗+1 k⃗2

2
2m

(C.22)

Substituting this in (ii) gives a differential equation for f1 which can also be uniquely
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solved.

− 1
2m

∇⃗2
y⃗ f1(⃗y) =

(
k⃗2

1 + k⃗2
2

2m

)
f1(⃗y)− k⃗1 · k⃗2ei(⃗k1+⃗k2)·⃗y

⇒ f1(⃗y) = mei(⃗k1+⃗k2)·⃗y

(C.23)

So the state having energy eigenvalue k⃗2
1+⃗k2

2
2m can be written as,

Φ =
∫

dpy1dpy2 ei⃗k1 ·⃗y1ei⃗k2 ·⃗y2ϕ(⃗y1)ϕ(⃗y2)− m
∫

dpy ei(⃗k1+⃗k2)·⃗yϕ(⃗y) (C.24)

This state is the same as Φ⃗k1 ,⃗k2
in (4.48), except for an overall 1

m2 normalisation factor.

One can generalise this procedure to obtain other energy eigenfunctionals. Start with
the most general N-insertion state,

Φ =
∫ ( N

∏
i=1

dpyiϕ(⃗yi)

)
fN (⃗y1, .., y⃗N) +

∫ (N−1

∏
i=1

dpyiϕ(⃗yi)

)
fN−1(⃗y1, .., y⃗N−1) + ...

+
∫

dy f1(⃗y)ϕ(⃗y) (C.25)

Writing down the time-independent Schrodinger equation, one can immediately solve
for fN in terms of plane waves, just like the 2-insertion case discussed above. Once fN

is obtained, substituting it back in the equations will give a differential equation for
fN−1 that can be solved. Once fN−1 is fixed, we can solve for fN−2 and so on. One key
point to remember is that the many-to-one mapping of collective theory to quantum
mechanics also results in degeneracies of eigenstates. This we saw explicitly in the case
of the zero energy ground state. However, one takes into account the Jacobian JN∗ and
the fact that it implements ϕ(⃗y) = m ∑N∗

i=1 δ(⃗y − x⃗i) to make sense of the degeneracy.

C.1.4 Collective theory Hamiltonian and eigenstates; relativistic case

The Hamiltonian for relativistic free particles is given as,

H =
N∗

∑
i=1

√
p⃗2

i + m2 = N∗m +
N∗

∑
i=1

p⃗ 2
i

2m
−

N∗

∑
i=1

p⃗ 4
i

8m3 + .... (C.26)

Each term in this expansion can be expressed in terms of collective theory variables ϕ

and π. The first term is easy, as it follows from the definition of ϕ (4.14).∫
dpy ϕ(⃗y) = N∗m (C.27)
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We already computed the second term in (C.5). The ∑i p⃗4
i term can be calculated in a

similar way. A straightforward integration by parts gives,

∇⃗4
xi
=
∫

dpy ∇⃗4
xi

ϕ(⃗y)
δ

δϕ(⃗y)
+
∫

dpy1dpy2

(
2∇⃗xi ϕ(⃗y1) · ∇⃗xi

(
∇⃗2

xi
ϕ(⃗y2)

)
+ ∇⃗2

xi
ϕ(⃗y1)∇⃗xi ϕ(⃗y2) + ∇⃗xi · ∇⃗xi

(
∇⃗xi ϕ(⃗y1) · ∇⃗xi ϕ(⃗y2)

)) δ2

δϕ(⃗y1)δϕ(⃗y2)

+
∫

dpy1dpy2dpy3

(
2∇⃗xi ϕ(⃗y1) · ∇⃗xi ϕ(⃗y2) ∇⃗2

xi
ϕ(⃗y3)

+ 2∇⃗xi ϕ(⃗y1) · ∇⃗xi

(
∇⃗xi ϕ(⃗y2) · ∇⃗xi ϕ(⃗y3)

)) δ2

δ(⃗y1)δ(⃗y2)δ(⃗y3)

+
∫

dpy1dpy2dpy3dpy4∇⃗xi ϕ(⃗y1) · ∇⃗xi ϕ(⃗y2) ∇⃗xi ϕ(⃗y3) · ∇⃗xi ϕ(⃗y4)
δ2

δ(⃗y1)δ(⃗y2)δ(⃗y3)δϕ(⃗y4)

(C.28)

Recall that ∇⃗x⃗i
ϕ(y) is a proxy for ∇⃗x⃗i ∑N∗

j=1 mδ(⃗y − x⃗j) just like in (C.5). One can then

use the delta function property ∇⃗x⃗i
δ(⃗y − x⃗i)

δ
δϕ(⃗y) = δ(⃗y − x⃗i)∇⃗y⃗

δ
δϕ(⃗y) such that all the

derivatives now act on δ
δϕ . The resulting term can be summed over from i = 1 to N∗

to get the following answer.

− h̄4

8m3

N∗

∑
i=1

∇⃗4
x⃗i
= − h̄4

8m3

∫
dpyϕ(⃗y)

{
∇⃗4

y
δ

δϕ(⃗y)
+ 2m∇⃗y

δ

δϕ(⃗y)
· ∇⃗
(
∇⃗2

y
δ

δϕ(⃗y)

)
+ m∇⃗2

y
δ

δϕ(⃗y)
∇⃗2

y
δ

δϕ(⃗y)
+ m∇⃗y · ∇⃗

(
∇⃗ δ

δϕ(⃗y)

)2

+ 2m2
(
∇⃗y

δ

δϕ(⃗y)

)2

∇⃗2
y

δ

δϕ(⃗y)

+ 2m2∇⃗y
δ

δϕ(⃗y)
· ∇⃗y

(
∇⃗y

δ

δϕ(⃗y)

)2

+ m3
(
∇⃗y

δ

δϕ(⃗y)

)4}
(C.29)

Upon the substitution π = −ih̄ δ
δϕ(⃗y) , one can verify that this is the same as what we

wrote in (4.41). One can generalise this procedure to arbitrary higher orders in p⃗2
i . One

would naturally ask the question, "Is there a compact form for the relativistic Hamil-
tonian?" As we saw in 4.4, the answer is yes, given that you introduce creation and
annihilation operators. But we know that for collective field theory we work with a
fixed value of N∗, such that the creation and annihilation operators cannot be intro-
duced without changing the Jacobian. However, we can still use the compact form of
the Hamiltonian in terms of ϕ and δ

δϕ , given below.
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H =
∫ dpk

(2π)p ω⃗ka†
k⃗
a⃗k

=
∫ dpk

(2π)p

√⃗
k2 + m2 1

m

∫
dpy1 ei⃗k·⃗y1ϕ(⃗y)e−m δ

δϕ(⃗y)

∫
dpy2e−i⃗k·⃗y2em δ

δϕ(⃗y)

=
∫

dpy1dpy2
1
m

ϕ(⃗y1)e
−m δ

δϕ(⃗y1) em δ
δϕ(⃗y2)

∫ dpk
(2π)p

√⃗
k2 + m2ei⃗k·(⃗y1−y⃗2)

=
∫

dpy1dpy2
1
m

ϕ(⃗y1)e
−m δ

δϕ(⃗y1) em δ
δϕ(⃗y2)

√
−∇⃗2

y2
+ m2 δ(⃗y1 − y⃗2)

=
∫

dpy
1
m

ϕ(⃗y)e−m δ
δϕ(⃗y)

√
−∇⃗2

y + m2 em δ
δϕ(⃗y)

(C.30)

The term
√
−∇⃗2

y + m2 is to be understood as the series,

√
−∇⃗2

y + m2 = m −
∇⃗2

y

2m
−

(
∇⃗2

y

)2

8m3 + ..... (C.31)

We will compute the expression for the Hamiltonian term by term. Note that,

∇⃗2
ye f (⃗y) = e f (⃗y)

{(
∇⃗y f (⃗y)

)2
+ ∇⃗2

y f (⃗y)
}

∇⃗4
ye f (⃗y) = e f (⃗y)

{(
∇⃗y f (⃗y)

)4
+ 2∇⃗2

y f (⃗y)
(
∇⃗y f (⃗y)

)2
+ 2∇⃗y f (⃗y) · ∇⃗

(
∇⃗y f (⃗y)

)2

+ 2∇⃗y f (⃗y) · ∇⃗
(
∇⃗2

y f
)
+ ∇⃗2

y f (⃗y)∇⃗2
y f (⃗y) + ∇⃗y ·

(
∇⃗y f (⃗y)

)2
+ ∇⃗4

y f (⃗y)
}(C.32)

We used compact notations such as (∇⃗y f )2 = ∇⃗y f · ∇⃗y f . One can use f (⃗y) = m δ
δϕ(⃗y)

and evaluate the expression for H. The first three terms in the series expansion give,
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∫
dpy

1
m

ϕ(⃗y)e−m δ
δϕ(⃗y) mem δ

δϕ(⃗y) =
∫

dpy ϕ(⃗y)∫
dpy

1
m

ϕ(⃗y)e−m δ
δϕ(⃗y)

(
−
∇⃗2

y

2m

)
em δ

δϕ(⃗y) = −
∫

dpy ϕ(⃗y)

(
1
2

(
∇⃗y

δ

δϕ(⃗y)

)2

+
1

2m
∇⃗2

y
δ

δϕ(⃗y)

)
∫

dpy
1
m

ϕ(⃗y)e−m δ
δϕ(⃗y)

(
−

∇⃗4
y

8m3

)
em δ

δϕ(⃗y) = −
∫

dpy ϕ(⃗y)
{

1
8

(
∇⃗y

δ

δϕ(⃗y)

)4

+
1

4m
∇⃗2

y
δ

δϕ(⃗y)

(
∇⃗y

δ

δϕ(⃗y)

)2

+
1

4m
∇⃗y

δ

δϕ(⃗y)
· ∇⃗
(

δ

δϕ(⃗y)

)2

+
1

4m2 ∇⃗
δ

δϕ(⃗y)
· ∇⃗
(
∇⃗2 δ

δϕ(⃗y)

)
+

1
8m2 ∇⃗

2
y

δ

δϕ(⃗y)
∇⃗2

y
δ

δϕ(⃗y)

+
1

8m2 ∇⃗ · ∇⃗
(
∇⃗y

δ

δϕ(⃗y)

)2

+
1

8m3 ∇⃗
4
y

δ

δϕ(⃗y)

}
These precisely match the expressions (C.5), (C.29). It is clear that all terms in the
Hamiltonian will match with those obtained from collective field theory analysis. How-
ever, an all-orders proof looks tedious, and we will not discuss it here (See [4]).

Let us now show that the energy eigenstates given in (4.48) are indeed eigenstates of
the relativistic Hamiltonian. We will use the compact form of the Hamiltonian,

H =
∫

dpy
1
m

ϕ(⃗y)e−m δ
δϕ(⃗y)

√
−∇⃗2

y + m2 em δ
δϕ(⃗y) (C.33)

Let us start with the simple state C.

H C =
∫

dpy
1
m

ϕ(⃗y)e−m δ
δϕ(⃗y)

√
−∇⃗2

y + m2 em δ
δϕ(⃗y) · 1

=
∫

dpy ϕ(⃗y)

= N∗m C

(C.34)

In the last step, we input the fact that we are in a collective theory with fixed N∗ such
that

∫
dpyϕ(y) = N∗m2.

Next, consider the 1-insertion states Φ⃗k.

H Φ⃗k =
∫

dpy
1
m

ϕ(⃗y)e−m δ
δϕ(⃗y)

√
−∇⃗2

y + m2 em δ
δϕ(⃗y)

(
1
m

∫
dpy′ei⃗k·⃗y ′

ϕ(⃗y ′)

)
=
∫

dpy
1
m

ϕ(⃗y)e−m δ
δϕ(⃗y)

√
−∇⃗2

y + m2
(

1
m

∫
dpy′ei⃗k·⃗y ′ (

ϕ(⃗y ′) + mδ(⃗y − y⃗ ′)
))

(C.35)

2Note that this is not true if you are in Tachyon theory. There it is just the number operator times the
mass,

∫
dpy Π(⃗y) = Nm
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where the action of em δ
δϕ(y) shifts the field ϕ(⃗y ′) by mδ(⃗y − y⃗ ′). We will now simplify

the terms in (C.35) one by one. The first term gives,

∫
dpy

1
m

ϕ(⃗y)e−m δ
δϕ(⃗y)

√
−∇⃗2

y + m2
(

1
m

∫
dpy′ei⃗k·⃗y ′

ϕ(⃗y ′)

)
=
∫

dpyϕ(⃗y)
(

1
m

∫
dpy′ei⃗k·⃗y ′ (

ϕ(⃗y ′)− mδ(⃗y − y⃗ ′)
))

=

(∫
dpyϕ(⃗y)− m

)
Φ⃗k

(C.36)

Here also we used e−m δ
δϕ(y) to shift ϕ(⃗y ′). As for the second term in (C.35) we get,

∫
dpy

1
m

ϕ(⃗y)e−m δ
δϕ(⃗y)

√
−∇⃗2

y + m2
(

1
m

∫
dpy′ei⃗k·⃗y ′

mδ(⃗y − y⃗ ′)

)
=
∫

dpy
1
m

ϕ(⃗y)e−m δ
δϕ(⃗y)

√
−∇⃗2

y + m2 ei⃗k·⃗y

=
∫

dpy
1
m

ϕ(⃗y)
√⃗

k2 + m2 ei⃗k·⃗y

= ω⃗kΦ⃗k

(C.37)

Putting these together, we get,

H Φ⃗k =

(∫
dpyϕ(⃗y) + ω⃗k − m

)
Φ⃗k

=
(
ω⃗k + (N∗ − 1)m

)
Φ⃗k

(C.38)

here we expanded the square root ω⃗k =
√⃗

k2 + m2 and also used
∫

dpy ϕ(⃗y) = N∗m.
This makes it clear that Φ⃗k is an eigenstate of the collective theory Hamiltonian, and
it physically means an N∗-particle state with one particle moving with momentum k⃗
and the remaining particles at rest.

We will show that the 2-insertion state is also an eigenstate of the Hamiltonian. The
calculation is straightforward and is very similar to the case we discussed above.

Φ⃗k1 ,⃗k2
=

1
m2

∫
dpy1dpy2 ei⃗k1 ·⃗y1ei⃗k2 ·⃗y2ϕ(⃗y1)ϕ(⃗y2)−

1
m

∫
dpy ei(⃗k1+⃗k2)·⃗yϕ(⃗y)

=
1

m2

∫
dpy1dpy2 ei⃗k1 ·⃗y1+i⃗k2 ·⃗y2 ϕ(⃗y1)

(
ϕ(⃗y2)− mδ(⃗y2 − y⃗1)

) (C.39)

In the second line, we wrote it in a form that will be useful for generalisation. Acting
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with H on this, we get,

H Φ⃗k1 ,⃗k2
=

1
m

∫
dpy ϕ(⃗y)e−m δ

δϕ(⃗y)
√
−∇⃗2

y⃗ + m2 em δ
δϕ(⃗y)

× 1
m2

∫
dpy1dpy2 ei⃗k1 ·⃗y1+i⃗k2 ·⃗y2 ϕ(⃗y1)

(
ϕ(⃗y2)− mδ(⃗y2 − y⃗1)

)
=

1
m

∫
dpy ϕ(⃗y)e−m δ

δϕ(⃗y)
√
−∇⃗2

y⃗ + m2 1
m2

∫
dpy1dpy2 ei⃗k1 ·⃗y1+i⃗k2 ·⃗y2

×
(

ϕ(⃗y1) + mδ(⃗y − y⃗1)

)(
ϕ(⃗y2)− mδ(⃗y2 − y⃗1) + mδ(⃗y − y⃗2)

)
(C.40)

The underlined terms are independent of y⃗. We will denote the term having only the
products of the underlined terms as I1 and the rest of the terms as I2. Let us first
evaluate I1.

I1 ≡ 1
m

∫
dpy ϕ(⃗y)e−m δ

δϕ(⃗y)
√
−∇⃗2

y⃗ + m2 1
m2

∫
dpy1dpy2 ei⃗k1 ·⃗y1+i⃗k2 ·⃗y2ϕ(⃗y1)

(
ϕ(⃗y2)− mδ(⃗y2 − y⃗1)

)
=
∫

dpy⃗ ϕ(⃗y)
∫ dpy1dpy2

m2 ei⃗k1 ·⃗y1+i⃗k2 ·⃗y2

(
ϕ(⃗y1)− mδ(⃗y1 − y⃗)

)(
ϕ(⃗y2)− mδ(⃗y2 − y⃗1)− mδ(⃗y2 − y⃗)

)
=

(∫
dpy ϕ(⃗y)− 2m

)
1

m2

∫
dpy1dpy2 ei⃗k1 ·⃗y1+i⃗k2 ·⃗y2 ϕ(⃗y1)

(
ϕ(⃗y2)− mδ(⃗y2 − y⃗1)

)
=

(∫
dpy ϕ(⃗y)− 2m

)
Φ⃗k1 ,⃗k2

Here we have made use of e±m δ
δϕ(⃗y) ϕ(⃗y ′) = ϕ(⃗y′) ± mδ(⃗y′ − y⃗). Similarly, one can

easily evaluate I2. One just has to keep track of the fact that here there are terms that
depend on y⃗ on which the differential operator

√
−∇⃗2

y⃗ + m2 can act.

I2 =
∫ dpy

m
ϕ(⃗y)e−m δ

δϕ(⃗y)
√
−∇⃗2

y⃗ + m2 1
m2

∫
dpy1dpy2 ei⃗k1 ·⃗y1+i⃗k2 ·⃗y2

(
ϕ(⃗y1)mδ(⃗y − y⃗2) + y⃗1 ↔ y⃗2

)
=
∫

dpy ϕ(⃗y)e−m δ
δϕ(⃗y)

∫ dpy1dpy2

m2 ei⃗k1 ·⃗y1+i⃗k2 ·⃗y2

(
ϕ(⃗y1)

√
−∇⃗2

y⃗ + m2 δ(⃗y − y⃗2) + y⃗1 ↔ y⃗2

)
=
∫

dpy ϕ(⃗y)e−m δ
δϕ(⃗y)

∫ dpy1dpy2

m2 ei⃗k1 ·⃗y1+i⃗k2 ·⃗y2

(
ω⃗k1

ϕ(⃗y1) δ(⃗y − y⃗2) + ω⃗k2
ϕ(⃗y2) δ(⃗y − y⃗1)

)
=
∫

dpy ϕ(⃗y)
∫ dpy1dpy2

m2 ei⃗k1 ·⃗y1+i⃗k2 ·⃗y2

(
ω⃗k1

(ϕ(⃗y1)− mδ(⃗y − y⃗1)) δ(⃗y − y⃗2) + 1 ↔ 2
)

=
(

ω⃗k1
+ ω⃗k2

) 1
m2

∫
dpy1dpy2 ei⃗k1 ·⃗y1+i⃗k2 ·⃗y2 ϕ(⃗y1)

(
ϕ(⃗y2)− mδ(⃗y2 − y⃗1)

)
=
(

ω⃗k1
+ ω⃗k2

)
Φ⃗k1 ,⃗k2
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Adding I1 and I2, we get,

H Φ⃗k1 ,⃗k2
=

(∫
dpy ϕ(⃗y)− 2m + ω⃗k1

+ ω⃗k2

)
Φ⃗k1 ,⃗k2

=
(

ω⃗k1
+ ω⃗k2

+ (N∗ − 2)m
)

Φ⃗k1 ,⃗k2

(C.41)

This is also in accordance with our interpretation that Φ⃗k1 ,⃗k2
is an N∗ particle eigen-

state of the collective Hamiltonian with two particles having momenta k⃗1, k⃗2 and the
remaining at rest. We close this section by generalising the results to an n-insertion
state Φ⃗k1 ,⃗k2,....,⃗kn

, with n ≤ N∗.

H Φ⃗k1 ,⃗k2,...,⃗kn
=

(∫
dpy ϕ(⃗y) +

n

∑
i=1

ω⃗ki
− nm

)
Φ⃗k1 ,⃗k2,...,⃗kn

=

(
n

∑
i=1

ω⃗ki
+ (N∗ − n)m

)
Φ⃗k1 ,⃗k2,...,⃗kn

(C.42)

This can be interpreted as an N∗-particle state with n of the particles moving with
momenta {⃗k1, k⃗2, .., k⃗n} and the remaining N∗ − n particles at rest.

C.1.5 Proof of
∫

dpy ϕ(⃗y) = N∗m

In this section, we will prove that
∫

dpy ϕ(⃗y) = N∗m. This is essentially a result of the
definition of the Jacobian.

JN∗ [ϕ] =
∫ ( N∗

∏
i=1

dpxi

)
δ

[
ϕ(⃗y)− m

N∗

∑
i=1

δ(⃗y − x⃗i)

]
(C.43)

Consider two arbitrary states Φ1 and Φ2 in collective theory. The matrix element of∫
dpy ϕ(⃗y) between these two states can be shown to be equal to N∗m as follows.(
Φ1,

∫
dpy ϕ(⃗y) Φ2

)
=
∫

Dϕ JN∗ [ϕ]Φ
∗
1 [ϕ]

(∫
dpy ϕ(⃗y)

)
Φ2[ϕ]

=
∫

Dϕ
∫ ( N∗

∏
i=1

dpxi

)
δ

[
ϕ(⃗y)− m

N∗

∑
i=1

δ(⃗y − x⃗i)

]
Φ∗

1 [ϕ]

(∫
dpy ϕ(⃗y)

)
Φ2[ϕ]

= N∗m
∫ ( N∗

∏
i=1

dpxi

)
ψ∗

1(x⃗1, x⃗2, .., x⃗N∗)ψ2(x⃗1, x⃗2, .., x⃗N∗)

= N∗m (Φ1, Φ2)

(C.44)
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We have used the definition of the Jacobian in the 2nd equality, followed by defining
the quantum mechanical wavefunctions ψ1 and ψ2 in the 3rd equality as

Φ1[ϕ]

∣∣∣∣
ϕ(y)=m ∑N∗

i=1 δ(⃗y−x⃗i)

= ψ1(x⃗1, x⃗2, .., x⃗N∗)

Φ2[ϕ]

∣∣∣∣
ϕ(y)=m ∑N∗

i=1 δ(⃗y−x⃗i)

= ψ2(x⃗1, x⃗2, .., x⃗N∗).

The final equality follows from the equivalence between the quantum mechanics inner
product and the collective theory inner product owing to the Jacobian (C.43).

One can also prove these results without invoking any quantum mechanics variables
and staying purely on the field theory side. This requires the use of the alternative
form of the Jacobian given in (4.19). But the key idea is just the fact that the definition
of JN∗ implements ϕ(⃗y) = m ∑N∗

i=1 δ(⃗y − x⃗i).

JN∗ [ϕ]
∫

dpy ϕ(⃗y) =
∫

Dλ ei
∫

dpy′ λ(⃗y ′)ϕ(⃗y ′)
(∫

dx e−im λ(x⃗)
)N∗ ∫

dpy ϕ(⃗y)

=
∫

dpy
∫

Dλ

(∫
dx e−im λ(x⃗)

)N∗ (
−i

δ

δλ(⃗y)

)(
ei
∫

dpy′ λ(⃗y ′)ϕ(⃗y ′)
)

=
∫

dpy
∫

Dλ
(

ei
∫

dpy′ λ(⃗y ′)ϕ(⃗y ′)
)(

i
δ

δλ(⃗y)

)(∫
dx e−im λ(x⃗)

)N∗

=
∫

Dλ
(

ei
∫

dpy′ λ(⃗y ′)ϕ(⃗y ′)
)(∫

dx e−im λ(x⃗)
)N∗−1

N∗m
∫

dpy e−imλ(⃗y)

=
∫

Dλ
(

ei
∫

dpy′ λ(⃗y ′)ϕ(⃗y ′)
)(∫

dx e−im λ(x⃗)
)N∗

N∗m

= JN∗ [ϕ] N∗m

This makes it clear that working in collective field theory at fixed N∗ we get,
∫

dpy ϕ(⃗y) =
N∗m.

This result can be put to use for proving the statement: Energy eigenstates having
N∗ − s insertions (Φ⃗k1 ,⃗k2,...,⃗kN∗−s

) are equivalent to an N∗-insertion state (Φ⃗k1 ,⃗k2,..,⃗kN∗
)

with s of the momenta put to zero.

We will show this explicitly for N∗ = 2. We saw, in this case, that the state Φ⃗k,0 should
be identified with Φ⃗k. This follows immediately from using

∫
dpy ϕ(⃗y) = N∗m, in the

definition of Φ⃗k,0.
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Φ⃗k,0 =
1

m2

∫
dpy1dpy2 ei⃗k·⃗y2 ϕ(⃗y1)ϕ(⃗y2)−

1
m

∫
dpy ei⃗k·⃗yϕ(⃗y)

=
2
m

∫
dpy2 ei⃗k·⃗y2 ϕ(⃗y2)−

1
m

∫
dpy ei⃗k·⃗yϕ(⃗y)

=
1
m

∫
dpy ei⃗k·⃗yϕ(⃗y)

= Φ⃗k

(C.45)

In the main text, we motivated this result by directly using ϕ(⃗y) = m ∑2
i=1 δ(⃗y − x⃗i).

Here we see that one can independently derive this in a more field-theoretic way, al-
though the idea is the same, that the Jacobian enforces ϕ(⃗y) = m ∑2

i=1 δ(⃗y − x⃗i). The
proof can be generalised for any value of N∗.

C.1.6 Higher-insertion energy eigenstates are null

We will prove that when you work in collective theory at fixed N∗, an energy eigen-
state Φ⃗k1 ,⃗k2,...,⃗kn

with n > N∗ is a null state in the theory. This is also a direct conse-
quence of the definition of the Jacobian (C.43).

The two-insertion state is given by,

Φ⃗k1 ,⃗k2
=

1
m2

∫
dpy1dpy2 ei⃗k1 ·⃗y1+i⃗k2 ·⃗y2 ϕ(⃗y1)ϕ(⃗y2)−

1
m

∫
dpy ei(⃗k1+⃗k2)·⃗yϕ(⃗y)

=
1

m2

∫
dpy1dpy2ei⃗k1 ·⃗y1+i⃗k2 ·⃗y2ϕ(⃗y1)

(
ϕ(⃗y2)− mδ(⃗y2 − y⃗1)

) (C.46)

In the last line, we wrote it in a form that will be useful for future generalisation.
Working with N∗ = 1, the Jacobian JN∗=1 will enforce ϕ(⃗y) = mδ(⃗y − x⃗). Substituting
this in the above expression gives,

Φ⃗k1 ,⃗k2

∣∣∣∣
ϕ(⃗y)=mδ(⃗y−x⃗)

=
1

m2

∫
dpy1dpy2ei⃗k1 ·⃗y1+i⃗k2 ·⃗y2 mδ(⃗y1 − x⃗)

(
mδ(⃗y2 − x⃗)− mδ(⃗y2 − y⃗1)

)
= 0 (C.47)

This means that the state Φ⃗k1 ,⃗k2
is a null state for N∗ = 1. One can also arrive at this

result from a field theory computation by using (4.19). We will quickly sketch this
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below.

J1[ϕ]Φ⃗k1 ,⃗k2
=
∫

Dλei
∫

dpy′ λ(⃗y ′)ϕ(⃗y ′)
(∫

dpxe−imλ(x⃗)
)

× 1
m2

∫
dpy1dpy2ei⃗k1 ·⃗y1+i⃗k2 ·⃗y2ϕ(⃗y1)

(
ϕ(⃗y2)− mδ(⃗y2 − y⃗1)

)
=
∫ dpy1dpy2

m2 ei⃗k1 ·⃗y1+i⃗k2 ·⃗y2

{ ∫
Dλ

(∫
dpxe−imλ(x⃗)

)
×
(
− δ2

δλ(⃗y1)δλ(⃗y2)
+ imδ(⃗y1 − y⃗2)

δ

δλ(⃗y1)

)
ei
∫

dpy′ λ(⃗y ′)ϕ(⃗y ′)
}

(C.48)

Here in the 2nd equality we used ϕ(⃗y)ei
∫

λϕ = −i δ
δλ(⃗y) ei

∫
λϕ. One can do integration

by parts and show that the terms in the curly bracket evaluate to zero.

∫
Dλ

(∫
dpxe−imλ(x⃗)

)(
− δ2

δλ(⃗y1)δλ(⃗y2)
+ imδ(⃗y1 − y⃗2)

δ

δλ(⃗y1)

)
ei
∫

dpy′ λ(⃗y ′)ϕ(⃗y ′)

=
∫

Dλei
∫

dpy′ λ(⃗y ′)ϕ(⃗y ′)
(
− δ2

δλ(⃗y1)δλ(⃗y2)
− imδ(⃗y1 − y⃗2)

δ

δλ(⃗y1)

)(∫
dpxe−imλ(x⃗)

)
=
∫

Dλei
∫

dpy′ λ(⃗y ′)ϕ(⃗y ′)
(

m2δ(⃗y1 − y⃗2)e−imλ(⃗y1) − m2δ(⃗y1 − y⃗2)e−imλ(⃗y1)

)
= 0

(C.49)

This proves,
J1[ϕ]Φ⃗k1 ,⃗k2

= 0, (C.50)

which implies that for N∗ = 1, the state Φ⃗k1 ,⃗k2
is null.

(
Φ, Φ⃗k1 ,⃗k2

)
N∗=1
= 0 ∀ Φ (C.51)

This argument can be generalised to any value of N∗. We will briefly show it for
Φ⃗k1 ,⃗k2 ,⃗k3

, and then generalise for arbitrary N∗. The 3-insertion energy eigenstate is
given by,

Φ⃗k1 ,⃗k2 ,⃗k3
=

1
m3

∫
dpy1dpy2dpy3 ei⃗k1 ·⃗y1+i⃗k2 ·⃗y2+i⃗k3 ·⃗y3ϕ(⃗y1)

(
ϕ(⃗y2)− mδ(⃗y2 − y⃗1)

)
×
(

ϕ(⃗y3)− mδ(⃗y3 − y⃗2)− mδ(⃗y3 − y⃗1)

) (C.52)

If you put N∗ = 3, you will get the 3-particle energy eigenstate in QM, labelled by
momenta {⃗k1, k⃗2, k⃗3}. If you put N∗ = 2, 1, you can easily see that the state reduces to
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zero as claimed. For example, putting N∗ = 2 in the above equation gives,

Φ⃗k1 ,⃗k2 ,⃗k3
=

1
m3

∫
dpy1dpy2dpy3 ei⃗k1 ·⃗y1+i⃗k2 ·⃗y2+i⃗k3 ·⃗y3

(
mδ(⃗y1 − x⃗1) + mδ(⃗y1 − x⃗2)

)
×
(

mδ(⃗y2 − x⃗1) + mδ(⃗y2 − x⃗2)− mδ(⃗y2 − y⃗1)

)
×
(

mδ(⃗y3 − x⃗1) + mδ(⃗y3 − x⃗2)− mδ(⃗y3 − y⃗2)− mδ(⃗y3 − y⃗1)

)
= 0

(C.53)

This result implies that in N∗ = 2 collective theory Φ⃗k1 ,⃗k2 ,⃗k3
is a null state.

It is clear from here that the general N∗ result will hold. We will briefly argue for
this below. The key equation needed here is the expression for an n-insertion energy
eigenstate. This is given as,

Φ⃗k1 ,⃗k2,...,⃗kn
=
∫ ( n

∏
i=1

dpy⃗i

)
ei ∑n

i=1 k⃗i ·⃗yi ϕ(⃗y1)

(
ϕ(⃗y2)− mδ(⃗y2 − y⃗1)

)
×
(

ϕ(⃗y3)− mδ(⃗y3 − y⃗2)− mδ(⃗y3 − y⃗1)

)
.......

×
(

ϕ(⃗yn)− mδ(⃗yn − y⃗n−1)− mδ(⃗yn − y⃗n−2).... − mδ(⃗yn − y⃗1)

) (C.54)

One can easily convince oneself that this expression for Φ⃗k1 ,⃗k2,...,⃗kn
; n > N∗ reduces to

zero if one substitutes ϕ(⃗y) = ∑N∗
i=1 mδ(⃗y − x⃗i).

C.1.7 Inner-product computation

We want to compute the inner product

(
Φ

(⃗k′1 ,⃗k′2)
, Φ

(⃗k1 ,⃗k2)

)
=
∫

Dϕ Φ∗
(⃗k′1 ,⃗k′2)

[ϕ]
∫

Dλ ei
∫

λϕ

(∫
dpx e−imλ(x)

)2

Φ
(⃗k1 ,⃗k2)

[ϕ],

(C.55)
for the case N∗ = 2. The two-particle state is given by

Φ
(⃗k1 ,⃗k2)

[ϕ] =
1

m2

∫
dpy1dpy2 ei⃗k1 ·⃗y1ei⃗k2 ·⃗y2ϕ(⃗y1)ϕ(⃗y2)−

1
m

∫
dpy ei(⃗k1+⃗k2)·⃗yϕ(⃗y). (C.56)

Then we need to compute the following,(
1

m2

∫
dpy′1dpy′2 e−i⃗k′1 ·⃗y′1e−i⃗k′2 ·⃗y′2ϕ(⃗y′1)ϕ(⃗y

′
2)−

1
m

∫
dpy′ e−i(⃗k′1+⃗k′2)·⃗y′ϕ(⃗y′)

)
∫

Dλei
∫

λϕ

(∫
dpxe−imλ(x⃗)

)2( 1
m2

∫
dpy1dpy2 ei⃗k1 ·⃗y1ei⃗k2 ·⃗y2ϕ(⃗y1)ϕ(⃗y2)−

1
m

∫
dpy ei(⃗k1+⃗k2)·⃗yϕ(⃗y)

)
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Thus, the inner product contains three types of contributions:

• quartic in ϕ,

• cubic in ϕ,

• quadratic in ϕ.

To compute the quartic term, we use the following trick,

∫
Dϕ

∫
Dλϕ(⃗y′)ϕ(⃗y)ei

∫
λϕ

(∫
dpxe−imλ(x⃗)

)2

=
∫

DλDϕ

(
1
i2

δ2

δλ(⃗y)δλ(⃗y′)
ei
∫

dpy λ(⃗y)ϕ(⃗y)
)(∫

dpxe−imλ(x⃗)
)2

=
1
i2

∫
Dλ

δ2δ [λ]

δλ(⃗y)δλ(⃗y′)

(∫
dpxe−imλ(x⃗)

)2

= 2m2 + 2m2Vδp (⃗y − y⃗′)

(C.57)

In the last step, we performed an integration by parts and then carried out the λ in-
tegral using the δ function. Here, V =

∫
dpy denotes the spatial volume of the D − p

brane. By using this trick, we can compute the following general identities,

∫
DλDϕ ei

∫
λϕ

(∫
dx e−imλ(x)

)N

∗
= VN

∗ , (C.58)

∫
DλDϕ ϕ(y1)ϕ(y2)ei

∫
λϕ

(∫
dx e−imλ(x)

)N

∗
= m2

[
N∗VN∗−1δ(y1 − y2) + N∗(N∗ − 1)VN∗−2

]
,

(C.59)

∫
DλDϕ ϕ(y1)ϕ(y2)ϕ(y3)ei

∫
λϕ

(∫
dx e−imλ(x)

)N

∗
(C.60)

= m3
[

N∗VN∗−1δ(y1 − y2)δ(y1 − y3)+

N∗(N∗ − 1)VN∗−2 ∑
pairs

δ(yi − yj) + N∗(N∗ − 1)(N∗ − 2)LN∗−3
]
,

(C.61)

∫
DλDϕ ϕ(y1)ϕ(y2)ϕ(y3)ϕ(y4)ei

∫
λϕ

(∫
dx e−imλ(x)

)N

∗
(C.62)

= m4
[

N∗VN∗−1δ12δ34δ14 (C.63)

+ N∗(N∗ − 1)VN∗−2(δ13δ24 + δ14δ23 + δ14δ13 + δ24δ23 + δ12δ14 + δ12δ13 + δ12δ34
)

(C.64)

+ N∗(N∗ − 1)(N∗ − 2)(V)N∗−3 ∑
pairs

δ(yi − yj) + N∗(N∗ − 1)(N∗ − 2)(N∗ − 3)(V)N∗−4
]
.
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Here δij ≡ δ(yi − yj). For our problem, we set N∗ = 2. Now we can compute each
term in the inner product.

Quadratic Term

The quadratic contribution gives

2
[
(2π)2δ(⃗k1 + k⃗2)δ(⃗k′1 + k⃗′2) + V(2π)δ(⃗k1 + k⃗2 − k⃗′1 − k⃗′2)

]
, (C.65)

Cubic Terms

The cubic contributions combine to give

− 4
[
(2π)Vδ(⃗k1 + k⃗2 − k⃗′1 − k⃗′2) + (2π)2δ(⃗k1 + k⃗2)δ(⃗k′1 + k⃗′2)

]
− 2(2π)2

[
δ(⃗k1)δ(⃗k2 − k⃗′1 − k⃗′2) + δ(⃗k2)δ(⃗k1 − k⃗′1 − k⃗′2)

+ δ(⃗k′1)δ(⃗k1 + k⃗2 − k⃗′2) + δ(⃗k′2)δ(⃗k1 + k⃗2 − k⃗′1)
]
.

(C.66)

Quartic Term

The quartic contribution produces

2
[
(2π)Vδ(⃗k1 + k⃗2 − k⃗′1 − k⃗′2) + (2π)2(δ(⃗k1 − k⃗′1)δ(⃗k2 − k⃗′2)

+ δ(⃗k1 − k⃗′2)δ(⃗k2 − k⃗′1) + δ(⃗k1 + k⃗2)δ(⃗k′1 + k⃗′2)

+ δ(⃗k1 − k⃗′1 − k⃗′2)δ(⃗k2) + δ(⃗k2 − k⃗′1 − k⃗′2)δ(⃗k1)

+ δ(⃗k1 + k⃗2 − k⃗′2)δ(⃗k
′
1) + δ(⃗k1 + k⃗2 − k⃗′1)δ(⃗k

′
2))
] (C.67)

Final Result

After adding all quadratic, cubic, and quartic pieces, all volume-dependent terms can-
cel.

We are left with the expected symmetric result

(
Φ

(⃗k′1 ,⃗k′2)
, Φ

(⃗k1 ,⃗k2)

)
= 2

[
(2π)δ(⃗k1 − k⃗′1)(2π)δ(⃗k2 − k⃗′2) + (1 ↔ 2)

]
. (C.68)

This is precisely the correctly normalized two-particle inner product.
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C.2 Tachyon theory computations

In this section, we perform computations in tachyon theory, using the Jacobian de-
rived in 4.4.2. The techniques are similar to those used in computations of the col-
lective theory inner product in C.1.7, with the only difference being that the tachyon
theory Jacobian is a sum over collective theory Jacobians for different particle num-
bers. Also, unlike in collective theory, one can use the commutator algebra of creation
and annihilation operators to further simplify the computations.

C.2.1 Inner product between states

We will start by computing the norm of the state C.

(C, C) =
∫

DΠ J[Π]1 · 1

=
∫

DΠ
∞

∑
n=0

Jn[Π]

n!

(C.69)

Note that the Π integral can be performed easily,

∫
DΠ Jn[Π] =

∫
DΠ

∫
Dλei

∫
dpy λ(⃗y)Π(⃗y)

(∫
dpx e−imλ(x⃗)

)n

=
∫

Dλ δ [λ]

(∫
dpx e−imλ(x⃗)

)n

=

(∫
dpx

)n

= Vn

(C.70)

Here V =
∫

dpx is the spatial volume of the D-brane. Substituting this result in (C.69),
we get,

(C, C) =
∞

∑
n=0

Vn

n!
= eV (C.71)

Using this, we can compute the inner product between any two states in the tachyon
theory Hilbert space. For example, consider the excited states Φ⃗k1

and Φ⃗k2
. Their inner

product is computed as,(
Φ⃗k1

, Φ⃗k2

)
=
(

a†
k⃗1
C, a†

k⃗2
C
)

=
(
C, a⃗k1

a†
k⃗2
C
)

=
(
C,
(
(2π)pδp (⃗k1 − k⃗2) + a†

k⃗2
a⃗k1

)
C
)

= (C, C)
(
(2π)pδp (⃗k1 − k⃗2) + (2π)pδp (⃗k1)(2π)pδp (⃗k2)

)
.

(C.72)
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Here we used the commutation relation between the creation and annihilation oper-
ators, as well as the action of a⃗k on C given in (4.77). Similarly, one can compute the
inner product between any two states in the tachyon theory Hilbert space.

As an aside, recall that in the main text, we obtained the result that C is to be inter-
preted as a coherent state of particles at rest.

|C⟩ = ea†
0⃗ |0⟩ (C.73)

As a sanity check, we can compute the norm of this state in a Klein-Gordon-like anal-
ysis, using properties of the vacuum state |0⟩.

⟨C|C⟩ = ⟨0|ea0ea†
0 |0⟩

= ∑
n,n′

1
n!n′!

⟨0|an
0(a†

0)
n′ |0⟩

= eV

(C.74)

Here in the intermediate step, we have used ⟨0|an
0(a†

0)
n′ |0⟩ = δn,n′n!Vn. This precisely

matches the computation (C.69) performed using the Jacobian.

C.2.2 Energy of the coherent state

In the last section, we discussed how to compute the inner product between differ-
ent states in the tachyon theory. Using similar methods, we can also compute matrix
elements of operators. In this section, we will briefly discuss the computation of the
expectation value of the Hamiltonian in the coherent state. 3

(C, HC) =
(
C,
∫ dpk

(2π)p ω⃗k a†
k⃗
a⃗k C

)
=
∫ dpk

(2π)p ω⃗k

(
a⃗kC, a⃗kC

)
=
∫ dpk

(2π)p ω⃗k(2π)pδ(⃗k)(2π)pδ(⃗k) (C, C)

= mV (C, C)

(C.75)

Here in the last step, we used the fact that (2π)pδ(0) = V. Notice that here we
used only the algebraic properties of the creation operator and its action on the co-
herent state. One can generalise this computation to compute the matrix element of
the Hamiltonian between any two states.

3We are working with the Jacobian J[Π], so the state |C⟩ = ea†
0 |0⟩, and a⃗k C = (2π)pδ(⃗k) C. One can

easily generalise this computation to the case when the Jacobian is changed to JC[Π].
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C.2.3 Change of basis between J[Π] and JC[Π]

In this section, we will explain the change in the wavefunctional representation of
states when we go from the Jacobian J[Π] to JC[Π]. Since the case of JC[Π] is more
general and putting C = 1 will give you J[Π], we will start with the coherent state
eCa†

0 |0⟩ represented as C[Π] = 1. The creation/annihilation operators and the Jacobian
have the following explicit form.

a⃗k = C

∫
dpy e−i⃗k·⃗yem δ

δΠ(⃗y)

a†
k⃗
=

1
C

1
m

∫
dpy ei⃗k·⃗y Π(⃗y)e−m δ

δΠ(⃗y)

JC[Π] =
∫

Dλ e
∫

dpyλ(⃗y)Π(⃗y) exp
{∫

dpx C2e−imλ(⃗y)
}

.

(C.76)

With this definition, the action of the annihilation operator on the state C becomes,

a⃗k C = 2πδ(⃗k) C C (C.77)

This tells you that the state C is the coherent state of particles at rest, |C⟩ = eCa†
0 |0⟩.

One can immediately ask about the other coherent states in the theory. These can be
obtained by the action of the exponential of creation operators on C, or by solving a
differential equation analogous to (C.77). We will follow the latter route, and one can
show that it is equivalent to the former.

A coherent state β[Π] (of particles at rest) is defined as the eigenstate of the annihila-
tion operator having eigenvalue β.

a⃗k β[Π] = β (2π)pδ(⃗k) β[Π] (C.78)

Using the definition of the annihilation operator in (C.77), this can be written as,

C

∫
dpy e−i⃗k·⃗yem δ

δΠ(⃗y) β[Π] = β (2π)pδ(⃗k) β[Π]

⇒ C

∫
dpy e−i⃗k·⃗yβ[Π + mδy] = β (2π)pδ(⃗k) β[Π]

⇒ β[Π + mδy] =
β

C
β[Π]

(C.79)

Here we have used the notation β[Π + mδy] = β[Π(⃗y ′) + mδ(⃗y ′ − y⃗)].
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One can now go to the Fourier space to solve for β[Π].

β[Π] =
∫

Dλ ei
∫

dpy λ(⃗y)Π(⃗y)β[λ]

β[Π + mδy] =
β

C
β[Π] ⇒ eimλ(⃗y)β[λ] =

β

C
β[λ]

⇒ β[λ] = δ

[
λ(⃗y)− 1

im
ln
(

β

C

) ] (C.80)

So the solution of the functional difference equation is that β[λ] is a delta functional.
One can put this back into the Fourier transform representation to get β[Π]. One gets,

β[Π] = exp
{

ln
(

β

C

)
1
m

∫
dpy Π(⃗y)

}
(C.81)

As a consistency check, note that putting β = C, one gets C[Π] = 1 which is the
coherent state having eigenvalue C, as claimed. One can further see that the logarithm
diverges when β → 0, which is in accordance with our conclusion in the main text that
the vacuum is not accessible in tachyon theory.

Let us now come to the question of equivalence between the states in wavefunctional
representations corresponding to J[Π] and JC[Π]. Using the analysis given above, we
note that the state |β⟩ = eβa†

0 |0⟩ is given the following two representations, which are
related. (We put a subscript to distinguish the representations)

βC[Π] = exp
{

ln
(

β

C

)
1
m

∫
dpy Π(⃗y)

}
; with Jacobian JC[Π]

β1[Π] = exp
{

ln
(

β

1

)
1
m

∫
dpy Π(⃗y)

}
; with Jacobian J[Π]

⇒ βC[Π] = exp
{

ln
(

1
C

)
1
m

∫
dpy Π(⃗y)

}
β1[Π]

(C.82)

Since both representations correspond to the same state |β⟩ = eβa†
0 |0⟩, the inner prod-

uct computations should match4.

⟨β|β⟩ =
∫

DΠ J[Π]β1[Π]β1[Π] =
∫

DΠ JC[Π]βC[Π]βC[Π]

⇒
∫

DΠ J[Π]β1[Π]β1[Π] =
∫

DΠ JC[Π]βC[Π]βC[Π]

⇒
∫

DΠ J[Π]β1[Π]β1[Π] =
∫

DΠ JC[Π] exp
{

2 ln
(

1
C

)
1
m

∫
dpy Π(⃗y)

}
β1[Π]β1[Π]

(C.83)

4Since we chose the constants β and C as real, we can avoid complex conjugation
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This implies that the two Jacobians, J[Π] and JC[Π], should be related by a multiplica-
tive factor. One can check that this indeed is the case.

JC[Π] exp
{

2 ln
(

1
C

)
1
m

∫
dpy Π(⃗y)

}
= J[Π] (C.84)

This makes it clear that the theory remains the same even if we change the Jacobian to JC; only
the wavefunctional representation of the state changes. This is precisely why the wavefunc-
tional C[Π] = 1 corresponds to ea†

0 |0⟩ when we use the Jacobian J[Π] whereas if we
change the Jacobian to JC[Π], the wavefunctional C[Π] = 1 corresponds to eCa†

0 |0⟩.

C.2.4 Allowed states in tachyon theory for finite V and V → ∞ limit

In this section we will discuss the different states that have an admissible wavefunc-
tional representation in the tachyon theory. We will also see that these states have a
finite norm for the case of finite V, which is the volume of the D-brane. However,
in the V → ∞ limit, different states become orthogonal to each other and the Hilbert
space structure is that of a coherent state and excitations on top of it.

A general zero-momentum coherent state |β⟩ = eβa†
0⃗ |0⟩ will have the following wave-

functional representation (We choose C = 1 in (C.81)) in tachyon theory.

β[Π] = e
ln β
m
∫

dpyΠ(⃗y) (C.85)

As we remarked earlier, the β → 0 limit is singular, implying that the vacuum does
not have an admissible wavefunctional representation. The norm of this state is given
by5,

(β, β) = eβ2V (C.86)

So, a normalised state |β̂⟩ will have the form,

|β̂⟩ = e−
β2V

2 |β⟩ (C.87)

The overlap between two such coherent states is given by,

⟨β̂1|β̂2⟩ = e−(β1−β2)
2 V

2 (C.88)

So, at finite V, all these different coherent states have finite norm, and have a non-zero
overlap with each other. However, in the V → ∞ limit, different coherent states be-
come orthogonal to each other. This means that in the large volume limit, the tachyon
theory seems to describe a coherent state background and excitations on top of it, with

5We choose β to be real for simplicity
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different coherent state backgrounds being orthogonal to each other.

In other words, if we define,

Hβ = span
{

Φ⃗k1 ,⃗k2,....,⃗kn
= a†

k⃗1
a†

k⃗2
....a†

k⃗n
β[Π]; n ∈ Z≥0

}
(C.89)

Then, the tachyon theory admits orthogonal subspaces of the form Hβ, with β ̸= 0.

One can also note that these coherent states are to be thought of as backgrounds with
fixed energy density. This can be seen from the expectation value of energy,

(
β̂, Hβ̂

)
= β2mV. (C.90)

The quantity which remains finite in the large V limit is the energy density (β̂,Hβ̂)
V .

Thus the subspace Hβ describes Fock-space fluctuations about a background |β⟩ with
constant energy density.

We close this section by noting that not only the zero-momentum coherent state but a
more general coherent state will also have an admissible wavefunctional representa-
tion. Following the methods used in deriving (C.81), we get, 6for a general state,

| f ⟩ = e
∫ dpk

(2π)p f (⃗k)a†
k⃗ |0⟩, a⃗k| f ⟩ = f (⃗k)| f ⟩

⇒ f [Π] = e
1
m
∫

dpy ln( f̃ (⃗y)))Π(⃗y)

with f̃ (⃗y) =
∫ dpk

(2π)p ei⃗k·⃗y f (⃗k), the Fourier transform of f (⃗k)

(C.91)

Here also note that if f̃ (⃗y) = 0 at some point, we will encounter a singularity. So, only
an appropriate class of functions will have an admissible representation.

6We work with the Jacobian J[Π], having C = 1.
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